Artificial gauge fields and topological insulators in Moiré superlattices
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We propose an innovative quantum emulator based on Moiré superlattices showing that, by employing periodical modulation on each lattice site, one can create tunable, artificial gauge fields with
imprinting Peierls phases on the hopping parameters and realize an analog of novel Haldane-like
phase. As an application, we provide a methodology to directly quantify the topological invariant in
such a system from a dynamical quench process. This design shows a robustly integrated platform
which opens a new door to investigate topological physics.

Introduction.—Moiré superlattices (MSs), originating
from rotational alignment or/and lattice constants mismatch between individual layers, open up new strategies for engineering electronic properties [1–3]. When
the twist angle is such that the two monolayers become
commensurate, their Moiré pattern naturally endows (at
least approximately) a triangular superlattice [4]. The
size of the Moiré unit cell can be parametrized as a periodic function of the twist angle setting out a new length
scale orders of magnitude larger than that of the underlying atomic lattices. Consequently, the electrons effectively ‘forget’ the underlying (small) lattice and travel
under the effect of the larger Moiré lattice. Referring to
the approach as twistronics, the recent discovery of correlated Mott insulating states and superconducting phases
in the twisted bilayer graphene (TBG) [5, 6] has drawn
enormous attention and aroused intensive theoretical research [7–11].
Gauge fields unveil one of the most ubiquitous concepts
which describe many branches of physics, ranging from
the standard model [12] to the general theory of relativity [13]. While gauge potentials naturally originate from
classical electromagnetism, artificial gauge fields can also
be created and tuned by engineering quantum states of
matter. In recent years, emulating gauge theories with
minimally invasive means has been realized in a plethora
of platforms, including solids [14], ultracold atoms [15–
17], photonics [18], acoustics [19], and mechanical systems [20]. In particular, engineered systems with artificial gauge field [21, 22] can also extend their proven
quantum simulation abilities further, e.g., to quantum
Hall physics or topological insulators [23, 24]. Demonstrated to date, lattice modulation techniques have been
considered as an efficient means for generating nontrivial topological order and gauge structures in quantummatter systems [24–26]. Inspired by such lattice engineering, we propose to use external field-atom interaction
to generate artificial gauge potentials acting on MSs.
In this paper, we introduce and analyze a novel scheme
of time-periodic forcing Moiré superlattices for facilitat-

ing the implementation of artificial gauge fields and investigate the topological properties in such system. By
the temporal modulation of the onsite energies, one can
induce phases on the tunneling between the Moiré sites.
Thus the design approach turns MSs into a robust platform with which a host of topological behaviors can be
realized and explored. In this frame, we obtain an effective tight-binding model on the emergent MSs according to the Floquet theory, and in which by performing
an energy offset between neighbouring sites, an analog
of an exotic Haldane-like phase can be realized. To directly identify the topological properties of the system,
we adopt a method to extract the Hopf number from
the dynamical process after an initial topologically trivial state quench to a final topologically non-trivial one.
This quantized value is exactly the same as the Chern
number of the post-quench Hamiltonian [27]. Taken together, this scheme may open the path to novel device
types, unexplored techniques for transport of energy and
information, dynamical tools for controlling and probing physical properties, and enlarge the range of systems
for constructing physical quantum emulators in Richard
Feynman’s vision [28]. Compared with laboratory optical lattices, MSs show more flexibility for integration by
reducing component size and complexity.
Scheme, geometry and model.— We start with TBG
as a modulated platform, as shown in Fig. 1(a). Via a
rotation of two equal-length linear combinations of primitive MS vectors L1 = ia 1 + ja 2 and L2 = ja 1 + ia 2
(a 1,2 are the lattice vectors of the monolayer graphene
with lattice constant a0 ), all the commensurate twist
2
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angles θ follow cos θ = 12 ii2+4ij+j
+ij+j 2 [29], and the corre0
sponding MS lattice constant reads aM = 2|i−j|a
sin(θ/2) . In
Fig. 1(b), aM shows an angle-dependent evolution with
mirror-symmetry around θ = 30◦ due to C6 symmetry,
and every commensurate configuration (blue dot) makes
the integers i, j in constriction to coprime pairs. The
lower boundary of the commensurate space is described
a0
by aM = 2 sin(θ/2)
, fitting the orange line in Fig. 1(b).
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FIG. 1. (a) Schematic representation of the setup for the Morié superlattices with an external spatially dynamic modulated
field and a linear tilted potential. (b) Blue dots with the lower orange boundary expressing the commensurate TBG parameter
space in terms of MS lattice constant aM (in units of a0 ) versus twist angle θ. (c) The numerical (solid line) and analytical (red
dots) prediction of the number of commensurate cases N versus aM /a0 . (d) The corresponding effective tight binding lattice
with tunneling phases 0 (solid lines), π (black arrows), and φ (red arrows). (e) The Brillouin zone with two Dirac points at K ±
driven by the force F (φ) along the parallel trajectory. (f) The energy spectrum E in the unit of J along the high symmetry
path for δ = 0 and φ = 0.

One can prove that the number of commensurate situations N is given by the relation

N ≈

√
2 3πa2M
,
ζ (2) a20

(1)

inversion-symmetry breaking on-site energy detuning +δ
on A sites and −δ on B sites to end with the effective
Hamiltonian of our system, as described under the tightbinding approximation:
X
H =J1
(a†r ` br ` +d 1 + a†r ` br ` −d 1 + h.c.)
r`

Here, ζ refers to the Riemann zeta function [30]. The
numerical result for counting the blue dots in Fig. 1(b)
and the analytical result for Eq. (1) show respectively
as red dots and solid line in Fig. 1(c), which indicates
that ideally there would be infinite cases where the MSs
hold a triangular geometry with correspondingly an infinitely large unit cell. Benefiting from the large lattice
constant, it is possible to tune the electronic properties
by employing dynamic manipulations on each lattice site
precisely.
Enlightened by the methodology in the optical lattices
[16], one needs three ingredients to generate artificial
gauge fields in our proposal: (i) the underlying triangular
lattice, which admits tunnelings between the Moiré sites
[8]; (ii) a linear tilt of energy ∆ along the y direction
to suppress the tunneling [31]; (iii) a temporal modulation of the on-site energies Vd to bring the tunneling
back with Peierls phases [32]. The time averaging over
the rapidly oscillating terms yields an effective Hamiltonian which is time independent (see the Supplemental
Material) [33]. Because of the presence of accompanying
phases in the hopping terms, the translation symmetry
is broken, and we are left with a lattice divided into two
sublattices denoted A and B as depicted in the unit cell
in Fig. 1(d). Moreover, we consider the effect of an

+ J2

X

+ J3

X

(eiφ a†r ` br ` +d 2 + e−iφ a†r ` br ` −d 2 + h.c.)

r`

(a†r ` ar ` +d 3 − b†r ` +d 1 br ` +d 2 + h.c.)

(2)

r`

+δ

X

(a†r ` ar ` − b†r ` +d 1 br ` +d 1 ),

r`

where Jη=1,2,3 are the nearest-neighbour tunneling amplitudes along directions d η=1,2,3 with additional phases
shown in Fig. 1(d), the lattice spacing is aM and, for
simplicity, we assume aM = 1 and Jη=1,2,3√ = J in
the following; d 1 = (1, 0) and d 2,3 = (1/2, ± 3/2) are
the three unit vectors connecting the nearest-neighboring
sites, and we specify the lattice sites by r ` ≡ (m, n);
a†r ` , ar ` (b†r ` +d 1 , br ` +d 1 ) denote the creation and annihilation operators on a site belonging to the sublattice A(B).
The Hamiltonian (2) enjoys a higher translational symmetry than that defined by d η :
T̂d 1 = (eiπ )n σx KTd 1 ,

(3)

Td 1,3 are the translation operators that moves the lattice
along the d 1,3 direction by a unit vector, K is the complex conjugate operator, σx is the Pauli matrix representing the sublattice exchange, (eiπ )n is a U (1) local gauge

3
transformation and n is the coordinate of lattice sites in
d 3 direction. Therefore, we can classify the higher translation operators denoted as T̂2d 1 = T̂d21 and T̂d 3 = Td 3 ,
and the system obeys (in the Landau gauge, see below)
−1 −1
T̂2d 1 T̂d 3 T̂2d
T̂ = 1,
1 d3

(b)

(a)
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Thus [34], we can perform a Fourier transformation
to
P
the annihilation operators as ak = √1N r ` ar ` e−ik ·r ` ,
P
bk = √1N r ` br ` e−ik ·r ` with momentum k = (kx , ky ),
and define a basis of two-component spinor operator as
ψk ≡ [ak , bk ]T . The Hamiltonian (2) can be rewritten as
P
H = k ψk† H(k )ψk , and the Bloch matrix reads
H(k ) = h(k ) · σ,

(5)

with the Pauli matrices σ = (σx , σy , σz ) and the vector
field in momentum space h(k ) = (hx , hy , hz ), where hx =
J[1+cos(2d 1 ·k +φ)−cos(d 1 ·k +d 2 ·k +φ)+cos(d 3 ·k )],
hy = J[sin(2d 1 ·k +φ)+sin(d 1 ·k +d 2 ·k +φ)−sin(d 3 ·k )],
hz = δ + 2J cos(2d 1 · k ).
By diagonalizing Eq. (4), we can
q obtain the disper-

sion relation as E(k ) = ±|h| = ± h2x + h2y + h2z . For
φ = 0 and δ = 0, the band structure along the symmetry path in the mini-Brillouin zone (mBZ) of the Moiré
superlattice [Fig. 1(e)] is presented in Fig. 1(f), and the
degenerate points pin to high-symmetry momenta K ±
and Γ due to the threefold rotational symmetry. At half
filling, the low-energy physics of the system is dominated
by the quasiparticles behaving like massless
relativistic
√
√
3
π
Dirac fermions at two valleys K ± = ( 2 , 6 π ∓ 33 π).
Distinguished from the Haldane model with a mass related to momentum k [35], the effective Dirac fermions
here acquire a mass that depends on both on k and φ,
and their momentum space trajectories are driven by
the force F (φ) = (Fx (φ), Fy (φ)) [36, 37]. The Dirac
fermions here can be treated as experiencing a phasedependent gauge potential, which leads to the substitution (kx , ky ) → (kx + Fx (φ), ky + Fy (φ)) in the Bloch
Hamiltonian. As the Dirac cones are still present, their
positions
in quasi-momentum space are shifted by F =
√
(0, 2 3 3 φ). As a result, the Hamiltonian (5) can be linearized as
√
H(p) =[δ ∓ J(2 sin φ + cos φpx − 3 cos φpy )]σz
(6)
√
± J(px + 3py )σx + 2Jpx σy ,
where p = k +F (φ)−K ± . From Hamiltonian (6), we can
get a Haldane mass term m± = δ ∓ 2J sin φ. The vanishing mass defines the boundary between the topologically
non-trivial Chern insulator and trivial band insulator in
the phase diagram as shown in Fig. 2(a). The Chern
number is given as
C=

1
[sgn (δ+2J sin φ) − sgn (δ − 2J sin φ)] .
2

(7)

-

0

0
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FIG. 2. (a) Phase diagram of the model in the δ − φ plane
with boundaries δ = ±2J sin φ, and topological phase correspond to Chern numbers C = ±1, 0, respectively. (b) Band
spectrums for a ribbon of the Morié superlattices showing the
bulk (black) and counterpropagating edge states (blue and
red) inside the gaps, for φ = π/2 and δ = 0.

A general understanding of the topological properties
of the system requires to determine its corresponding
topological invariant. In particular, the lowest energy
band of the Chern number C can be calculated using the
following expression


ZZ
∂h
h
∂h
1
·
×
dkx dky .
(8)
C=
3
4π
∂kx
∂kx
BZ |h|
The phase diagram of C as a function of δ/J and φ
is shown in Fig. 2(a), which depicts a novel Haldanelike phase. In fact, the topological invariant here has a
simple geometric interpretation: the Chern number of a
two-band model is equivalent to the winding number of
the mapping from a two dimensional (2D) Brillouin zone
(BZ) which is 2-torus T2 to the 2-sphere S2 (ie., Bloch
sphere) [38].
According to the phase diagram, we have a topologically non-trivial phase if |δ| < 2J sin φ. As a consequence
of the bulk-edge correspondence, one obtains chiral edge
modes whenever the Fermi energy resides in the band
gap. To demonstrate this, we use the same tight-binding
approach to model a quasi-one-dimensional stripe in the
dashed line of Fig. 1(d), consisting of 30 unit cells. Figure 2(b) shows the counterpropagating edge states in the
gap, and the red (blue) color represents the degree of lo2
2
U | −|ψD |
calization ρ = |ψ
on the up (down) edges, which
|ψU |2 +|ψD |2
is calculated from the wave function ψU (D) densities on
the edge chains.
Measuring topological quantities.—In order to further
investigate the topology of our system, we use a state tomography approach from quench dynamics, in which the
Hopf number is well defined in the (2 + 1)-dimensional
(i.e., 2D momentum k plus 1D time t̃) space [27]. Here
we consider a sudden change of h(k ) from an initial
topologically trivial h i (k ) to a final topologically nontrivial h f (k ). The initial wave function |ψ(k , t̃ = 0)i
is taken as the lower-band eigenstate of the initial
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FIG. 3. Mapping out the loci of topological phase transition
versus the detuning √
δ. Here
set fixed φ = π/3, and from i)
√ we √
to iv), δ/J = −2, − 3, 0, 3, 3 3/2, respectively. (a) Topological links between the pre-images in the momentum space
(kx , ky , t̂) from vector n 1,2 on the Bloch sphere (d). (b) The
contours of links presented as a top view of (a). (c) The Chern
number obtained from the linking number of these contours
(or the absence of a contour) and plotted versus δ. (d) The
Bloch sphere with vectors n 1 = (1, 0, 0) and n 2 = (0, 1, 0).
(e) Calculated band structures for various detunings to illustrate the opening and closing of the Dirac points through the
topological phase transitions.

Hamiltonian. When δ tends to infinity, we can set
|ψ(k , t̃ = 0)i ≡ (0, 1)T . After the quench, the initial
state evolves by final Hamiltonian Hf = h f (k ) · σ,
and gives rise to a time-dependent state |ψ(k , t̃)i =
exp(−ih f (k ) · σ t̃)|ψ(k , t̃ = 0)i. From this state, we can
define a Bloch vector which lies on S2 as n(k , t̃)
 =
hψ(k , t̃)|σ|ψ(k , t̃)i. The three components of n k , t̃ are
given by

two pre-images f −1 topologically equals the Chern number of the post quench Hamiltonian Hf and this number
is invariant under continuous deformation of f .
For instance, we take two constant vectors n 1,2 on the
Bloch sphere [Fig. 3(d)], and Fig. 3(a) shows two trajectories of f −1 (n 1,2 ) in the (kx , ky , t̂) space with respect
to the different detuning δ. From the top view of Fig.
3(a), we can easily count the linking number of the contours in the Fig. 3(b) and thereby obtain the Chern
number of the final Hamiltonian Hf . By continuously
changing δ, we obtain the phase diagram, shown in Fig.
3(c), which features a topologically non-trivial interval of
δ with Chern number C = 1 between topologically trivial
regions with Chern number C = 0. The Chern number
measured by the quench dynamics approach agrees well
with the theoretical prediction obtained from Fig. 2(a),
and the corresponding band structures in Fig. 3(e) also
fit the opening and closing behaviour through the topological phase transitions.
Conclusion.—Summing up, we introduce and analyze
a novel scheme to create tunable, artificial gauge fields
in the periodically modulated Moiré superlattices. By
imprinting Peierls phase on the hopping parameters, we
generalize a Haldane-like model and investigate its topological properties. Moreover, we introduce a quench dynamic proposal to directly quantify the topological order
in this model. As a fully controllable system, periodically modulated Moiré superlattices will provide an ideal
platform to simulate and realize these topological models, and widen research perspectives in novel topological
phases of matter.
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