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Abstract: Digital design and fabrication of complex geometries in architecture
stimulated a significant amount of research most of which involves optimization.
We present the main optimization methods with a focus on our preferred techniques. There, we discuss initialization, the formulation of constraints and their
simplification through geometric considerations, and key concepts for regularization. This is illustrated at hand of a very recent type of discrete surfaces which
are expressed via the pair of diagonal meshes in a quad mesh.

1 Introduction
The emergence of freeform structures in contemporary architecture and the challenges in
realizing them on the large architectural scale resulted in a stream of research at the interface
of architecture, engineering, computer graphics and applied mathematics. This area, often
called Architectural Geometry, developed new methodology, part of which has already been
successfully transferred into practice (see e.g. the survey article [10] and [11]).
Almost all contributions in that field involve optimization algorithms. In most cases, combinatorial optimization can be avoided through geometric insight, but there is still the necessity for
numerical optimization. While evolutionary algorithms are frequently used in architectural
applications, they are totally insufficient and inefficient in the present context. One has to
employ well adapted numerical optimization strategies. Examples of successful approaches
include [2, 3].
We focus here on the method of Tang et al. [12]. It relies on an appropriate formulation
of constraints in order to gain efficiency, and it incorporates regularizers which steer the
computation towards practically useful aesthetically pleasing solutions (see Section 2). In
Section 3, this optimization method is applied to a very recent type of structures which appeared
in a 3D extension of a special type of checkerboard patterns [4]. We will demonstrate that this
approach facilitates the design and computation of various architectural structures which are

based on constrained quadrilateral meshes. One can very easily incorporate constraints such as
planarity of panels, angle and size constraints on beams and panels, and force equilibrium.

2 Optimization based on a quadratic formulation and a
regularized Gauss-Newton method
Let us now introduce the core optimization method, namely the approach by Tang et al. [12].
We present it in the context of optimizing meshes for architectural applications. We denote
the sets of vertices, edges and faces of a mesh M ⊂ IR3 by (V, E, F ). The main variables
of the mesh M are its vertices vi , i ∈ V . The mesh connectivity is assumed to be given. In
an architectural realization of M , beams may be aligned with edges and panels with faces,
especially if the panels are planar.
The algorithm is a numerical optimization algorithm, namely an appropriately regularized
Gauss-Newton method (see [8]). The main insight is that it really matters how one formulates
the constraints. In many use cases of this technique, it turned out to be beneficial to employ
at most quadratic constraints. As we will show below, one can achieve it in two ways: one
can introduce auxiliary variables or geometric considerations help to approximate a highly
nonlinear constraint by a quadratic or even linear constraint.
Problem formulation. In all applications we discuss here, the problem formulation leads to
the minimization of an objective function of the form
X
X
E=
λi Eiconstr +
µj Ejreg + εE prev .
(1)
i

j

The first part contains the constraints, with weights λi steering their importance. The second
part is formed by the regularizers, which include terms to achieve an aesthetically pleasing
solution. Its weights µj get smaller in later iterations and may be set to zero in the final
stages. The reasoning is this: Initially, one has to get close to the good parts of the constraint
manifold, but when one is already there, it is more important to achieve the constraints with
high accuracy. The third term E prev , with a very small weight ε, is always present and just
expresses that the difference to the previous iteration is not too large. If all variables subject to
optimization are collected in a vector X, and X m denotes its values at iteration m, we simply
set E prev = (X m − X m−1 )2 . This is needed for problems where the set of constraints leaves
enough design freedom and ensures regularity of the linear system which one solves in each
iteration.
Constraints. For an equality constraint Fi = 0, the corresponding term in (1) is Ei := Fi2 .
An inequality constraint Gi ≥ 0 is turned with a dummy variable δ into an equality constraint
Gi − δ 2 = 0. We want to achieve that Fi and Gi are at most quadratic in the unknowns. An
intuition why this works well is as follows: The later applied Gauss-Newton solver linearizes
the functions Fi at the current guess X m−1 of the solution. The information loss due to
linearization is expected to be smaller for a quadratic function than for one of higher degree.
In the following, we provide examples for constraints which are important in our applications.
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Figure 1: Notation: faces (left), closest point projection (right)

Planarity. In order to obtain a mesh with planar faces (polyhedral mesh), we have to apply a
planarity constraint for all non-triangular faces. For that, we introduce the unit face normals
nk , k ∈ F , for these faces as auxiliary variables and define the planarity energy as
X
X
X
Eplan =
((vi − vj ) · nk )2 +
(nk · nk − 1)2 ,
(2)
k∈F (i,j)∈E(fk )

k

which is zero if all face edges are orthogonal to a unit length normal. While the constraint
(vi − vj ) · nk = 0 is quadratic (bilinear), we would obtain a cubic constraint if we expressed
planarity with help of vanishing determinants of triples of vectors. It has been shown in Tang
et al. [12] that the quadratic formulation performs much better.
Closeness to a reference surface or a curve. An example for a constraint where we do not
introduce an additional variable, but proceed via geometric considerations, is to maintain
closeness of a mesh M to a given reference surface S. This is for example needed when a
given design surface has to be rationalized for fabrication as an architectural structure. We
have to make sure that all mesh vertices stay close to S. The closeness of a vertex, vi , to S
is modeled by requiring vi to move only on the tangent plane at its closest point, vi∗ , on the
reference surface, S:
X
Eclose =
((vi − vi∗ ) · ni∗ )2 .
(3)
vi ∈V

As shown in Figure 1, ni∗ is the normal of the tangent plane at vi∗ . The closest point vi∗ and its
normal ni∗ are kept constant in every iteration, but then recomputed for the next iteration.
A related task is keeping a design surfaces close to a given boundary curve c, but allow for
some gliding of mesh vertices along c. Here we proceed in a very similar way. We compute
the closest point vi∗ of a boundary vertex vi on c and stay close to the tangent of vi∗ in the next
iteration.
Force equilibrium. The force balance equations for a mesh with axial forces in each edge are
already bilinear. After lumping the mass of the structure into the
Pmesh vertices, one has at
each non-supported vertex vi an equation of the form Fi := pi + wij (vi − vj ) = 0, where
the sum is taken over all direct neighbors vj of vi . The wij are the unknown force densities
in the bars and pi is the load at vi (like closest points, updated after every iteration).
In our
P
examples, we only consider gravitational loads. The corresponding energy is F2i .

Finding an aesthetically pleasing solution. In the present context, there may be a vast
amount of solutions under given constraints. However, most of these solutions are practically
useless, since they look very irregular and occasionally even chaotic. In particular this happens
when no force balance constraints are applied; those may also help to achieve nice solutions.
The choice of the right terms to steer an algorithm towards nice solutions is very important
for success. Let us address the simplest and most frequently used cases of a triangle mesh
or a quad mesh M . In their combinatorially regular parts, these meshes can be decomposed
into three (resp. two) families of dominant mesh polylines. In many cases one wants these
polylines to approximate smooth curves. Then it is advisable
Pto use a polygon-fairing term.
The simplest of those is a sum of squared 2nd differences (vi−1 − 2vi + vi+1 )2 along
each polyline. However, other fairness terms, typically involving symmetries, have been
successfully used (see [5] and Fig. 2).

Figure 2: Fairness terms are important. The top row shows two meshes with planar quads, computed without (left) and with fairness term (right). The bottom row illustrates two meshes
with planar hexagons, without (left) and with fairness term (right). Here, the fairness
term expresses local symmetry of adjacent faces with respect to the midpoint of the
common edge.

P
Gauss-Newton solver. Since all applied energy terms are sums of squares, G2i , we use a
Gauss-Newton method as a basic solver [8]. In each iteration, it computes the first order Taylor
expansion
PLi of Gi at the current guess of the solution, and then minimizes the quadratic
function L2i . Due to the regularization, this amounts to the solution of a well conditioned
linear system.

Initialization. Arguably the most difficult part of these nonlinear optimization problems is the
initialization. Getting this first guess for the solution strongly depends on the problem at hand.
For rationalizing a given surface with a specific structure, we apply geometric arguments. For
example, to obtain a mesh with planar, nearly rectangular faces approximating a given design
surface, we first compute the principal curvature directions and align the initial mesh with
principal directions, using one of the quad re-meshing algorithms from Computer Graphics,
e.g. mixed integer quadrangulation [1]. The initial quad mesh has the right combinatorics to
solve the problem and subsequent numerical optimization will succeed (see [7, 10]). Note
that the discussed numerical optimization algorithm does not change the mesh combinatorics
(connectivity) and therefore it is of great importance to get it right at the very beginning. In
many cases, connections to differential geometry help to avoid combinatorial optimization,
which would be much more complicated, time consuming and hardly lead to equally good
results. For interactive design, one may start with a simple case and then achieve more
interesting ones during editing [12]. This can also be combined with subdivision steps in a
multiresolution approach [7, 12].

3 Application to a new type of structures related to
checkerboard patterns
The optimization method outlined in the previous section has been successfully applied in
many problems of Architectural Geometry (see e.g. [5, 6, 12]). In the present paper, we
illustrate it at hand of a new approach to the design of constrained meshes which are very
suitable for architecture. It has emerged from research on spatial checkerboard patterns in
which all black quads are rectangles [4].

Figure 3: Given a quad mesh C, edge midpoint insertion yields a checkerboard pattern from black
parallelograms (left). The edges of the parallelograms are parallel to the respective face
diagonals of C. The diagonals form two quad meshes (right).

One starts with a quad mesh C, called control mesh. Inserting edge midpoints in a (not
necessarily planar) quadrilateral and connecting them, one obtains a parallelogram. Its edges
are parallel to the diagonals of the quad. Performing this mid-edge subdivision in all quads of
C, we obtain a checkerboard pattern P with one family of quads (we call them the black ones)

being parallelograms. The other (white) quads are in general not planar (see Fig. 3). To make
them planar as well, we observe that each white face results from a quad in a diagonal mesh of
C by scaling with factor 1/2. Hence, all white quads are planar as well if we ensure that all
quads in both diagonal meshes D1 , D2 of C are planar.
It turns out that for a given control mesh, the pattern P and each of the two diagonal meshes
D1 , D2 are useful for applications. We address here only one prominent example, namely
meshes in which all quads are planar and nearly rectangular. These so-called principal meshes
are discrete versions of principal curvature parameterizations of smooth surfaces and enjoy
various remarkable properties which are important for architectural applications. Beyond
the obvious advantage of planar panels, one has torsion-free support structures [9, 10], and in connection with force equilibrium - an alignment of the support structure with principal
stress directions and the possibility of achieving structures with minimal material usage [6].
Remarkable specific geometric types of principal meshes are circular and conical meshes [7].
The constraints to construct them are slightly more complicated than the ones we can use
within our setting: We just have to optimize the control mesh C such that (i) in each quad the
diagonals are orthogonal and (ii) all quads in both diagonal meshes D1 , D2 are planar. The
pattern P and the diagonal meshes D1 , D2 can be seen as principal meshes and are useful
for applications. The presence of precise rectangles in P makes these meshes slightly less
visually smooth than the diagonal meshes [4].

Figure 4: Meshes in form of checkerboard patterns. The white faces are planar and close to squares,
the glass panels are exact squares. The model on the right side has been inspired by the
Department of Islamic Art structure in the Louvre.

One can go even further and demand that all black rectangles should be squares. In this case,
we have the additional constraint that (iii) in each quad of C the diagonals are of equal length.
However, the resulting meshes can no longer approximate arbitrary shapes. Examples are
shown in Fig. 4. Note that all constraints (i), (ii), (iii) are quadratic in the vertices of C and face
normals of the diagonal meshes and thus a perfect fit for the proposed optimization strategy.
In Fig. 5, we also optimized for force equilibrium as outlined in Section 2. This yields principal
meshes in equilibrium and a surface where principal curvature and principal stress directions
are aligned.
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Figure 5: Starting from a control mesh (a), we optimize for a checkerboard pattern from black
rectangles and white planar quads, and for force equilibrium under gravitational loads
with a supported boundary and a support at the central singularity. The resulting pattern
(b) as well as the two diagonal meshes (c, d) are principal meshes in equilibrium.

Conclusion
We outlined an effective and easy-to-implement numerical optimization method for the computation of constrained meshes and structures arising in architectural applications, in particular
in freeform architecture. The examples have been taken from a new approach to discrete
structures based on the diagonal meshes of a quad mesh, which leaves a lot of room for future
research, with applications in Architectural Geometry, Computer Graphics and Geometric
Modeling.
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