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Abstract

We study the significance of thermal fluctuations in fluid mixing that is in-

duced by the Rayleigh-Taylor instability (RTI) using numerical solutions of

the fluctuating compressible Navier-Stokes equations. Our results indicate that

thermal fluctuations can trigger the onset of RTI at an initially unperturbed

fluid-fluid interface and lead to mixing of multi-mode character with growth

rates of αs = 0.035 and αb = 0.023 for the spikes and bubbles, respectively. In

addition, we find that whether or not thermal fluctuations quantitatively affect

the mixing behavior, depends on the magnitude of the dimensionless Boltzmann

number of the system, and not solely on its size. When the Boltzmann number

is much smaller than unity, the quantitative effect of thermal fluctuations on

the mixing behavior is negligible and the behavior is the average of the outcome

from several stochastic instances, with the ensemble of stochastic instances pro-

viding bounds on behavior. When the Boltzmann number is of order unity, we

find that thermal fluctuations can significantly affect the mixing behavior; the

ensemble-averaged solution shows a departure from the deterministic solution

at late times. We conclude that for such systems, it is important to account for

thermal fluctuations in order to correctly capture their physical behavior.
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1. Introduction

Atomic motion at finite temperature gives rise to thermal fluctuations in a

fluid that can affect flow phenomenae such as hydrodynamic instabilities [14]

and fluid dynamics in nanochannels [7]. Presently, we study the significance

of thermal fluctuations on the growth of the mixing layer in Rayleigh-Taylor

instability (RTI) via numerical simulations of the two-fluid, fluctuating com-

pressible Navier-Stokes (FCNS) equations. RTI is the driving mechanism for

applications ranging from fluidized beds to inertial confinement fusion. It oc-

curs when a heavy fluid of density ρh rests on top of a light fluid of density ρl,

with acceleration due to gravity g acting normal to the unperturbed interface

in the direction opposite to the density gradient. Here, we consider argon and

helium as the heavy and light gas, respectively, for which the Atwood number

defined as At = (ρh − ρl) / (ρh + ρl) is 0.818.

Traditional continuum descriptions of macroscopic hydrodynamic systems

employ physical models such as the compressible Navier-Stokes equations (CNS),

neglect the effect of thermal fluctuations. When numerically solving such equa-

tions so as to study the mixing behavior for RTI, one has to induce the instability

by perturbing the interface with a spectrum [22, 21]. In contrast, when using

a physical model of the system such as Direct Simulation Monte Carlo method

that naturally accounts for thermal fluctuations [11], one starts the numerical

simulation with a flat interface and subsequently, perturbations at the inter-

face that are induced by the fluctuations, trigger the instability. The ability

of thermal fluctuations to trigger the onset of RTI was demonstrated in [10]

using DSMC simulations of a flat interface separating Helium and Argon gas.

Here, the authors also showed that the DSMC method that naturally captures

fluctuations produced results that were in quantitative agreement with theo-

retical and empirical models in the linear, non-linear and self-similar regimes.

This approach of using a physical model that accounts for thermal fluctuations

when performing numerical simulations of RTI, has also been emphasized by

2



the authors in [14], owing to their observation of the significant qualitative and

quantitative effect thermal fluctuations can have on RTI-driven mixing behavior.

The authors reported that MD simulations predicted growth rate values were

in the range 0.05−0.06 that were closer in agreement with experimental values,

in comparison to CNS simulations in [8] that used short wavelength modes and

yielded values in the range 0.02− 0.035, that were half the experimental value.

Although particle methods such as DSMC and MD can successfully capture

thermal fluctuations, the authors in both [14] and [10] note that the computa-

tional cost is high and limits the size of the system that can be simulated to

the order of a few micrometers. FCNS on the other hand is a meso-level coarse-

grained physical model [9] and offers the ability to include thermal fluctuations

while keeping computational cost reasonable so as to be able to simulate system

sizes in the order of millimeters.

Here, we demonstrate that numerical simulations of RTI using FCNS as

the physical model, help capture the qualitative behavior of thermal fluctua-

tions triggering the multimode instability. In [3], it has been shown using MD

simulations up to early times for a system of Atwood number 0.86 that is com-

mensurate with ours, that the deterministic predictions of the growth rate for

RTI, are ensemble-averaged outcomes of underlying microscopic processes that

occur across multiple scales, even for system lengths as small as one micron. The

author in [15] motivates the need for such an investigation for RTI at late times.

Such an emergence of macroscopic behavior from the average of several stochas-

tic instances was also established in the context of the Richtmyer-Meshkov insta-

bility (RMI) in our previously published work that employed FCNS simulations

[17]. Presently, we show that for systems with Boltzmann number much less

than unity (Bo � 1) , deterministic RTI-driven mixing behavior appears from

ensemble-averaged mixing behavior of the FCNS simulations whereas for sys-

tems with Bo ≈ 1, the fluctuations significantly affect mixing behavior such

that the ensemble-averaged behavior departs from the deterministic one. Here,
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the Boltzmann number is given by The Boltzmann number is given by

Bo =

√
2

3
· uth
uo
· 1
√
n0
, (1)

where uth =
√

3kbT/m0 is the thermal velocity, m0 is the molecular mass,

and n0 is the number of molecules contained in volume L3
0. Bo determines the

relative magnitude of thermal fluctuations.

2. Simulation Setup

Here, we use numerical simulations of FCNS. The governing equations with

the exception of the gravity source term, as well as the details of the numerical

method are presented in [17]. In RTI, small amplitude perturbations on the

interface grow into mushroom-like structures. As reviewed in the literature

[1, 18], experimental, theoretical and simulation-based studies have tried to

explain the complex mechanism of fluid mixing, which is described as occurring

in three stages: linear, non-linear and turbulent. In the linear stage, small

perturbations grow exponentially as

a = a0 cosh (φt) , (2)

where φ =
√
Atkg [19] , where k is the wave number and the Atwood number

At = (ρh − ρl) / (ρh + ρl). Once the perturbation amplitude exceeds a tenth

of the perturbation wavelength λ, it is expected that the growth obeys a non-

linear power law, and flow features interact and merge to form larger coherent

structures. Here, the effects of viscosity and diffusivity become significant; they

inhibit the growth of small amplitude perturbations, and allow for the a par-

ticular most unstable wavelength to emerge, which for initially unperturbed

interfaces is given by [5]

λm = 4π

(
ν2m
Ag

)1/3

, (3)

where νm is, in our case, the kinematic viscosity He/Ar mixture. For the

He/Ar RTI system in this study, we have that λm = 39.9µm. The value of

the most unstable wavelength for helium gas is λm,1 = 109µm and argon gas is
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λm,2 = 35µm, at STP. These values were calculated using their individual kine-

matic viscosities. Once the amplitude gets large enough such that ka ∼ 1, the

flow becomes complicated and non-linear stability analysis or empirical analy-

sis is used. One such empirical model for the growth of the bubble and spike

amplitude is the Mikaelian model [16]. In the third stage, the coherent struc-

tures break up resulting in a self-similar turbulent mixing layer. In this regime,

experimental [20] and simulation data [8] suggest that

ab,s = αb,sAgt
2, (4)

where αb and αs are the growth rate of the bubble and spike amplitude, respec-

tively. The rate of growth of the mixing zone is α = αb + αs, which has been

estimated to be between 0.01 and 0.07 [8]. Typically, the amplitude and time

scales are non-dimensionalized as k (a− a0) and 1/
√
Atgk, respectively. Fur-

ther, non-dimensionalization has been applied to RTI mixing in [20], where the

authors propose a perturbation Reynolds number Reλ to describe the growth

process, with

Reλ =
λ

νm

√
At

1 +At
gλ. (5)

For the cases simulated in this work, Reλ is listed in Table 1.

We consider a rectangular computational domain [0, Lx] × [−Ly/2, Ly/2]

with X- and Y-direction lengths Lx and Ly, respectively. S.I. units are used

throughout. The mesh spacing in both the X and Y directions is h and the

number of cells are nx and ny, respectively. The light fluid (helium) is on the

right side of the interface located at xint. In all, three physical systems with

decreasing order of magnitude of length scale labeled here as L1, L2 and L3 were

considered, with initial setup parameters listed in Table 1. Two groups of sim-

ulation totaling 4 cases we considered. In group A, a single mode perturbation

with amplitude a = a0cos (2πλp) was applied with wavelength λp = Ly, initial

perturbation amplitude a0 = 0.01λp, and wave number k = 2π/λp, such that

ka0 = 0.06. Group B simulations were started with an unperturbed interface.

In group A, three systems with decreasing order of magnitude of length scale

were considered. The system width determines the length scale and here, for

5



the systems in group A we choose system widths that were used in previously

reported work that used DSMC simulations [10], so as to facilitate verification

and comparisons against results therein. The simulation cases are listed in Table

2. For each of these cases, we conduct FCNS as well as CNS (no thermal fluctu-

ations) simulations. In all simulations, the viscous scales are fully resolved. For

FCNS simulations, the ensemble averaged metrics were obtained from nsamp

number of simulation instances with nsamp estimated so as to ensure that the

statistical error is small, specifically O
(
10−3λp

)
for the amplitude at 95% confi-

dence. The boundary conditions in all simulations are periodicity in Y and open

in X. We ensure an initial hydrostatic equilibrium of the interface by imposing

a pressure gradient ∂P/∂x = ρg. We conduct all our simulations with gravity

values of g = 107 ms−2 for two reasons. First, it allowed us to verify our solver

against DSMC results in [10] for the same g value. Second, because it enabled

us to keep domain sizes large enough so as to achieve large simulation times

to capture self-similar mixing behavior for the largest system L1 considered in

this study, while at the same time ensuring that the pressure is not negative at

the left edge of the domain due to the initial pressure gradient imposed. The

amplitudes of spikes and bubbles denoted as and ab, respectively, and the mean

amplitude of the mixing layer denoted a = (ab + as) /2 are calculated using

thresholds on the span-wise spatial average of the mass fraction as described in

[17]. The state of mixing Θ within the mixing layer is quantified as the ratio of

molecular mixing length to the mixing amplitude a as described in [6].

3. Results

3.1. Verification

Here, we first verify our numerical method, which is described in [17], wherein

it was shown to produce the correct equilibrium fluctuation spectrum for the

He-Ar mixture. The FCNS numerical solution for Case AL1 to the RTI solution

for an identical system in [10] that was obtained using the DSMC method for a

gravity value of g = 107 ms−2. Our system size, heavy and light fluid species,

as well as gravity values matched exactly to the DSMC study. We picked the
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System L1 System L2 System L3

Lx 4 × 10−3 4 × 10−4 4 × 10−5

Ly 1 × 10−3 1 × 10−4 1 × 10−5

nx 4096 2048 1024

ny 1024 512 256

h 9.76 × 10−7 1.9 × 10−7 3.9 × 10−8

dt 8.0 × 10−9 3.5 × 10−11 8 × 10−13

Reλ 4147 131 4.2

nsamp 15 100 200

Table 1: Parameters of the different physical systems at the start of the simulation. The
systems are categorized according to the physical length of domain in Y-direction (All units
in S.I.).

Case g
(
ms−1

)
Interface type Group

AL1 1 × 107 Single mode L1

AL2 1 × 107 Single mode L2

AL3 1 × 107 Single mode L3

BL1 1 × 107 Flat L1

Table 2: Simulation parameters at t = 0 of the five simulation cases. The cases are denoted
based on their simulation group (A,B) prefixed by the system length designation (L1,L2,L3).

DSMC case for verification because of the ability of the method to naturally

account for thermal fluctuations. The dimensions of the physical domain in

Case AL1 are such that macroscopic mixing behavior is expected. Figure 1

shows the evolution of non-dimensional amplitude with non-dimensional time

obtained from the FCNS simulations, linear model in Equation 2, Mikalean’s

empirical formulae [16], and the DSMC results in [10]. All FCNS result shown

are ensemble averaged results from nsamp = 15 number of instances. Error

bars from the sampling for stochastic results are not shown because the error in

amplitude is less than 10−8 m at 95% confidence. The DSMC results were only

available up to a non-dimensional time value of 4. We see that the FCNS results

compare well with linear theory that is valid at early times, and the Mikalean

model at slightly later times. We see that for very early times, there is a slight

discrepancy between the FCNS and DSMC results, and that there is agreement

at times just before the non-dimensional time of 4. The discrepancy at early

times is due to a a stronger role of diffusion in the DSMC simulation compared

7



Figure 1: Comparison of non-dimensional amplitude of mixing layer obtained from FCNS
simulation (Case AL1) against DSMC simulation results in [10] and theoretical models in the
literature.

to the FCNS, which is attributed to the differences in initial conditions and to

the difference in the value of the perturbation Reynolds number Reλ in the two

cases, which are 2367 and Reλ = 4417, respectively. The lower the value of Reλ,

the stronger the effect of diffusion [20]. The time evolution of our calculated

values of the growth rates of the spike and bubble in Equation 4 are plotted in

Figure 2. We see that in the asymptotic regime, αs = 0.13 and αb = 0.06, which

compare well with the values of αs = 0.125 ± 0.01, αb = 0.06 , and αs = 0.1,

αb = 0.05 reported for the three dimensional and two dimensional molecular

dynamics simulations for Atwood numbers 0.867 and 0.81, respectively, in [13].

This agreement with MD results further verifies our numerical method.

3.2. Multi-mode RTI in flat interface

Here, we show that thermal fluctuations trigger multi-mode RTI. From Fig-

ure 3, which shows the log-log plot of the spike and bubble amplitude growth

with time, we see that the flow enters the self-similar regime at late times that

is characterized by the t2 slope of the curve. We observe that the amplitude
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Figure 2: Growth rate from FCNS solution of Case AL1.

evolution for the deterministic CNS solution suggests a predominantly diffusion-

driven growth as expected, and that in the FCNS case, the fluctuations trigger

self-similar growth at times after non-dimensional time of ≈ 7. The value of the

growth rates of the spike and bubble in Equation 4 for this Case are plotted

in Figure 4. We find that the asymptotic value of growth rates for the FCNS

case are αs = 0.035 and αb = 0.023, which are in the range of expected values

0.01-0.07 [8]. Figure 5 shows the comparison of mixing parameter Θ from FCNS

and CNS solution. The mixing parameter quantifies the amount of mixing that

is happening within the mixing zone [6]. We see that the fluctuations enhance

mixing, whereas the mixing parameter remains a constant for the CNS result.

Figure 6 shows the density field plots for different physical times for case BL1,

for the stochastic (FCNS) numerical solutions. While the CNS solution is that

of classical diffusion at the interface (not shown), the FCNS solution leads to

the development of spikes and bubbles due to multi-mode perturbations that

are triggered by the thermal fluctuations. The spectral content of these pertur-

bations are such that the wavelength is close to the most unstable wavelength

of 109 µm of the lighter gas helium. This result confirms that including thermal
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Figure 3: Log-log plot of amplitude evolution for Case BL1.

fluctuations in the physical model of the system does lead to the capture of qual-

itative feature of the flow instability being triggered by the fluctuations. This

result is further evidence of the claim that thermal fluctuations may trigger the

onset of the first stage of mixing, i.e., govern the mechanisms that initiate the

instability leading to the linear growth of the interface. It is in agreement with

the MD simulations of RTI in [2] that demonstrated that at least for equally

sized fluid particles, a long start-up is observed wherein there are spontaneous

fluctuation-driven sites of mixing. Further, we see that at late times, the smaller

features combine to form large features, which is the typical negative cascading

observed in two dimensional RTI simulations [8].

3.3. Effect of fluctuations on mixing behavior

Here, we study the significance of thermal fluctuations in RTI-induced mix-

ing. The amplitude and growth rate from FCNS simulations of RTI are com-

pared to CNS simulations (no fluctuations present) of RTI, for the cases AL1,

AL2 and AL3, which are of progressively smaller length scales that differ by an

order of magnitude. Simulation of progressively smaller systems allows us to
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Figure 4: Plot of growth rate α for FCNS and CNS (no thermal fluctuations) numerical
solution for Case BL1 (flat interface).

Figure 5: Plot of mixing parameter Θ for FCNS and CNS (no thermal fluctuations) numerical
solution for Case BL1 (flat interface).
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(a) 0 µs (b) 9.8 µs

(c) 23.6 µs (d) 35.4 µs

(e) 54 µs (f) 68.3 µs

(g) 78.6 µs (h) 90 µs

Figure 6: Density evolution for FCNS numerical solution of Case BL1.

investigate systems with an at least theoretically increasing significance of ther-

mal fluctuations, and thereby enables the investigation of when and if thermal

fluctuations significantly affect mixing behavior. Figure 7 compares the bubble

and spike amplitude from ensemble-averaged FCNS result to the deterministic

behavior obtained from the CNS solution; the upper and lower bounds are also

obtained from the extrema at each time step from among the several individual

stochastic instances. We see that as the system size is reduced, the amplitude

evolution is such that there is a progressively stronger role of diffusion at early

times, which is consistent with the fact that the cases A1L1, A1L2, and A1L3

have decreasing order of magnitude of Reλ as listed in 1. In addition, we see

that for cases AL1 and AL2, deterministic behavior appears as the ensemble-

averaged behavior, whereas for case AL3, departure from deterministic behavior

is observed. As previously done for RMI in [17], we explain this departure from

deterministic behavior in terms of the Boltzmann number. Table 3 lists the

dimensionless numbers for the three fluctuating RTI systems simulated, that

are obtained via non-dimensionalization of the governing equations. Here the
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Reynolds number Re = ρ0u0L0/η, Prandtl number Pr = ηCp/κ, Mach num-

ber M = u0/c0, the Schmidt number Sc = η/ρ0D, and the Froude number

Fr = u0/
√

(g0L0) where ρ0, u0, L0, c0, g0 are the chosen reference density,

characteristic velocity scale, characteristic length scale, characteristic sound ve-

locity, and body force (gravity) scale, respectively. Here, we choose ρ0 as well as

transport coefficients to be values of the He-Ar gas mixture with mass fraction

Y1 = Y2 = 0.5 at STP. We choose U0 to be the sound speed, and L0 to be

Ly. The transport coefficients are evaluated using the mass fraction and tem-

perature dependent relationships for a binary gas mixture given in [12] that are

also summarized in the appendix of [4]. The Boltzmann number is given by 1.

Here, the Knudsen number alone is not a result of the non-dimensionalization

of the governing equations, and is listed so as to ensure that we are within the

limits of application of the continuum hypothesis. As we decrease the length,

Reynolds and Peclét number decrease and Knudsen number increases in magni-

tude. FCNS is a coarse-grained model that captures hydrodynamic fluctuations

and is therefore valid at high Re, high Pe and low Kn. The systems considered

satisfy these criteria. The significance of thermal fluctuations is therefore deter-

mined by the Boltzmann number as defined in Equation 1. Thermal fluctuations

are insignificant if Bo� 1 and are of increasing significance as Bo gets closer to

1. Table 3 lists the value of the dimensionless numbers for the three categories

of physical systems used. Systems AL1, Al2 and Al3 are in decreasing order

of magnitude of characteristic length and increasing order of magnitude of Bo.

Here, we caution that this does not imply an inversely proportional relationship

between the two quantities. It is possible that as the characteristic length of

the system decreases, Bo also decreases, as reported in our previous study [17].

From the expressions for the non-dimensional parameters Re, Pr, Sc, and Bo,

it can be concluded that Bo can be changed independent of the other three pro-

vided ρ0, ρ0L0, L0 and the transport coefficients are held constant. We see that

Bo for Case AL3 is close to 1, which explains the departure from deterministic

mixing behavior. In addition, the non-dimensional time of the simulation is less

than 0.2 indicating linear stage growth, and in that regime, we see that there
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is an enhanced role of fluctuation-driven diffusion. This is consistent with the

analysis in [3], where the early time limit of the amplitude growth was shown

to be proportional to
√

2t with the proportionality constant depending on the

intensity of the fluctuation, which is in our case, dependent on Bo.

Group L1 L2 L3

Re 44602 4460 446

Pr 1.33 1.33 1.33

Sc 0.82 0.82 0.82

Bo 0.004 0.032 0.25

Kn 4.3 × 10−5 4.3 × 10−4 4.3 × 10−3

Pe 36476 3648 365

Fr 7.2 22.8 72.1

Table 3: Non-dimensional parameters for the fluctuating RTI systems considered. The systems
are categorized according to the length-based groups in Table 2 Values listed are for He-Ar
mixture with specie fraction Y1 = Y2 = 0.5.

4. Conclusion

In conclusion, our main physical insight is that thermal fluctuations can

trigger the onset of RTI at an initially unperturbed fluid-fluid interface and

subsequently lead to mixing of multi-mode character, and presently this is

demonstrated via numerical simulations of FCNS. In addition, we find that

for systems with Boltzmann number much smaller than unity, the quantita-

tive effect of thermal fluctuations on the mixing behavior is negligible and the

behavior is the average of the outcome from several stochastic instances. How-

ever, when the system is such that the Boltzmann number is of order unity, we

find that thermal fluctuations can significantly affect the mixing behavior; the

ensemble-averaged solution shows a departure from the deterministic solution

at late times. We conclude that for such systems, it is important to account for

thermal fluctuations in order to correctly capture their physical behavior.
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(a)

(b)

(c)

Figure 7: Amplitude evolution for fluctuating (FCNS) and deterministic (CNS) simulations of
systems with progressively increasing Boltzmann number: (a) Case AL1 with Ly = 10−3m and
Bo=0.004, (b) Case AL2 with Ly = 10−4m and Bo=0.032, (c) Case AL3 with Ly = 10−5m
and Bo=0.25. FCNS results shown are ensemble averages. Bounds represent extrema from
among all fluctuating instances at each simulation time step.
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Appendix A. Governing Equations

We consider a binary mixture of two perfectly miscible ideal gases denoted as

specie 1 and specie 2 of molecular mass m1 and m2, respectively. We denote the

total number of species in the mixture as Ns = 2 and the set of species indices

as S = [1, 2]. The mass density of the mixture is ρ is the sum of individual

specie densities, i.e., ρ =
∑
k∈S

ρk. The mass fraction of the specie k is Yk which is

defined through ρk = Ykρ, with
∑
k∈S

Yk = 1. There are NS − 1 = 1 independent

specie mass densities and therefore for the binary mixture, we only consider the

evolution of specie 1.

The fluctuating compressible Navier-Stokes equations for the mixture may

be written in conservative form as

Ut +∇ · FH = ∇ · FG +∇ · FZ + FB, (A.1)

where U = U (x, t,N) is the vector of conserved quantities namely mass, mo-

mentum total energy and mass of specie 1, and is given by U = (ρ, ρu, E, ρY1)
T

;

u is the velocity and E is the total energy. The addition of a stochastic flux

term makes the equations an SPDE system and therefore U is a multi-variate

process. Here x is the spatial coordinate, t is the time and N ≡ N (x, t) is a

Gaussian noise field which is formally the derivative of a Wiener sheet. FH ,

FG, FB , and FZ are the hyperbolic or advective flux, diffusive or dissipative

flux, flux due to body force (gravity), and stochastic or fluctuating flux, re-

spectively. At equilibrium, a fluctuation-dissipation condition is satisfied when

the system has reached a statistical steady state. It should be noted that the

stochastic forcing in Equation A.1 is the divergence of white noise that models

conservative, intrinsic, i.e., thermal fluctuations. We have that

FH =


ρu

ρuu + P I

(E + P )u

ρuY1

 ,FG =


0

τ

τ · u + q +Gf1

f1

 ,FB =


0

ρg

ρu · g

0

 ,

(A.2)
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and the stochastic flux is given by

FZ =


0

τ̃

u · τ̃ + q̃ +Gf̃1

f̃1

 . (A.3)

Here, τ is the shear stress, q is the heat flux vector, f1 is the barocentric

diffusion flux with f1 + f2 = 0, τ̃ , g is the acceleration due to gravity, and q̃ are

the stochastic stress tensor and heat flux, respectively, P is the thermodynamic

pressure, and f̃1 is the stochastic diffusion flux of specie 1 with f̃1 + f̃2 = 0. Also,

for a binary mixture of ideal gases we have that [4, 12]

G = ST
kBT

(m1Y2 +m2Y1)
+ (Cp1 − Cp2)T. (A.4)

Appendix A.1. Thermodynamic pressure

The pressure P is given by

P = ρRuT

Ns∑
k=1

Yk
wk

, (A.5)

where Ru = kBNA is the universal gas constant, where kB is Boltzmann’s

constant and NA is Avogadro’s number; wk = mkNA is the molecular weight of

specie k, where mk is the molecular mass of that specie. The total energy is

E = ρe (T, Yk) +
1

2
ρ |u|2 , (A.6)

where the internal energy per unit mass of the mixture is e (T, Yk) =
Ns∑
k=1

Ykek (T ) ,

where ek = Cv,kT , Cv,k being the specific heat for constant volume of specie k.

The enthalpy per unit mass of the mixture is given by h (T, Yk) =
Ns∑
k=1

Ykhk (T ) ,

where hk = ek +RuT/wk. The sound speed of the mixture is c =
√
γP/ρ.

Appendix A.2. Deterministic diffusion fluxes

It can be shown that for the binary mixture of ideal gases that

f1 = ρD

(
∇Y1 + STY1Y2

∇T

T
+ (X1 − Y1)

∇P

P

)
, (A.7)
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where the Soret coefficient ST is usually assumed to be independent of concen-

tration [4, 12] and D is the diffusion coefficient. The heat flux vector q is given

by q = κ∇T . The shear stress tensor τ is given by

τ = η
(
∇u + ∇uT

)
+

(
ζ − 2

3
η

)
(∇ · u) I, (A.8)

where η is the dynamic shear viscosity coefficient and ζ is the bulk viscosity

coefficient. All transport coefficients are evaluated using the mass fraction and

temperature dependent relationships for a binary gas mixture given in [12] that

are also summarized in the appendix of [4].

Appendix A.3. Stochastic fluxes

τ̃ , q̃, and f̃k are Gaussian random fields with zero mean, i.e., 〈τ̃ 〉 = 0,

〈q̃〉 = 0, and
〈
f̃k

〉
= 0 where 〈·〉 denotes a suitable defined ensemble average.

The cross-correlations are zero, i.e., 〈τ̃ , q̃〉 =
〈
τ̃ , f̃k

〉
=
〈
q̃, f̃k

〉
= 0. The

stochastic stress tensor can be written as

τ̃ (x, t) =
√

2kBηT Ñ
s +

(√
kBζT

3
−
√

2kBηT

3

)
Tr
(
Ñs
)
I, (A.9)

where kB is Boltzmann’s constant, and Ñs (x, t) =
(Ns(x,t)+(Ns(x,t))T )√

2
is a

symmetric Gaussian random tensor field; the
√

2 in the denominator accounts

for the reduction in variance due to averaging. The covariance of Ns (x, t)

is given by
〈
Ns
ij (x, t)Ns

kl (x
′, t′)

〉
= δKij δ

K
klδ
(
x− x

′
)
δ
(
t− t′

)
, i.e., it has zero

mean and variance equal to 1, where δ is the Dirac delta and δK is the Kronecker

delta. The stochastic diffusion flux of the k-th specie is given by

f̃1 =
√

2Dρ [Y1Y2 (m1Y2 +m2Y1)]NY1 , (A.10)

where NY1 (x, t) is such that
〈
NY1
i (x, t)NY1

j (x′, t′)
〉

= δKij δ
(
x− x

′
)
δ
(
t− t′

)
.

The stochastic heat flux vector is a can be written as

q̃ (x, t) = T
√

2kBκN
q, (A.11)

where Nq (x, t) is a white-noise random Gaussian vector field, whose covariance

is given by
〈
Nq
i (x, t)Nq

j (x′, t′)
〉

= δKij δ
(
x− x

′
)
δ
(
t− t′

)
.
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