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ABSTRACT

High-resolution Reservoir Characterization Using Deep-learning Aided

Elastic Full-waveform Inversion

Zhen-dong Zhang

Full-waveform inversion (FWI) based on an elastic approximation of the Earth’s

physical behavior is a powerful tool for high-resolution model building. The elastic

wave equation based wavefield extrapolation relaxes some of the limitations we face

using ray-based methods. Still, it also introduces more challenges to the inversion.

The high computation cost is becoming more tolerable with the development of mod-

ern computers, while the cycle-skipping and crosstalk between different parameters

are still hampering our efforts to apply waveform inversion in practice. To addresses

these issues, I first improve the nonzero-lag crosscorrelation objective function by

adding a normalization term and a smooth weighting function. Then, I utilize a

reflection-friendly local-similarity measurement. The algorithm strives to maximize

the local similarities of the predicted and observed data by stretching/squeezing the

observed data. It compares two data sets locally, and thus, performs better than

the global correlation in matching multiple arrivals. The near-surface of the Earth

plays a vital role in supporting the modern infrastructure and in imaging the deep

Earth. I propose a wave-equation based inversion algorithm that inverts for S-wave

velocities using fundamental- and higher-modes Rayleigh waves without picking an

explicit dispersion curve. The proposed method aims to maximize the similarity of

the phase velocity spectrum (f-v) of the observed and predicted surface waves with
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all-Rayleigh wave modes (if they exist) included in the inversion. A particular appli-

cation to ambient noise data recorded by a fiber-optic cable is also shown. Reservoir

characterization is an essential component of oil and gas production, as well as pre-

diction. However, full-waveform inversion can easily fail to characterize deep-buried

reservoirs due to illumination limitations. I introduce the facies-constrained waveform

inversion by utilizing other geophysical data such as well logs to effectively reduce the

crosstalk in the multiparameter estimation, where a Bayesian inversion and a more

advanced deep learning network are utilized to build the connection between different

geophysical data. Synthetic and field data examples demonstrate the effectiveness of

the algorithms and also reveal some of their limitations.
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Chapter 1

Introduction

This section introduces the background of my research. It covers three important

aspects of building a high-resolution deep-buried reservoir model using elastic Full-

waveform inversion (eFWI). These three aspects, which are optimal objective func-

tions, near-surface velocity estimation (if applicable) and multiple model parameter

estimation, are still challenges for a successful eFWI. Thus, I first review the cycle-

skipping problem and possible solutions. Then I review the shear-wave velocity esti-

mation using coherent-noise usually present in land and shallow-water area. Finally,

I review the progress in multiparameter estimation and the benefits of using other

geophysical data as complementary to seismic data. My motivation is to suppress

these known issues and design workflows for practical high-resolution reservoir char-

acterization. While there are no simple solutions that can fully solve the problems we

are facing and new challenges are always existing when we move to different seismic

data. My goal is to find general solutions and at the same time to design specific

workflows for typical field data. I use synthetic examples to verify the correctness of

the algorithms and also use field data examples to verify their effectiveness in solving

practical problems.

1.1 Background

Full-waveform inversion is instrumental in building a high-resolution model for the

subsurface [3]. Conventional FWI attempts to match the waveforms of the predicted
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data and those observed in the field. It, however, has challenges in its application

to field data. The difficulties can be categorized into two components, the insuffi-

cient approximations of seismic wave propagation in the real Earth and the often

inaccurate initial models used for FWI. By incorporating more physics (such as elas-

ticity, anisotropy and attenuation) in wave extrapolation, the simulated wavefield

has a better chance to represent the one in the real Earth. However, including such

features in the modeling implies we need to invert for the parameters that describe

these features and that introduces all kinds of challenges in resolving parameter trade-

off and non-uniqueness. Finding practical FWI strategies, especially for the initial

model building, has drawn a lot of attention from the exploration geophysics commu-

nity [4, 5]. There are several strategies to build such a kinematically-accurate initial

model: First, match the kinematic information in the data or image domain such

as moveout analysis [6, 7] and migration velocity analysis (MVA) using differential

semblance optimization (DSO) [8, 9, 10], reflection-based waveform inversion (RWI)

[11, 12, 13] or full traveltime inversion (FTI) [14]. Second, compare arrivals with

extensions. The L2 norm objective function requires that the maximum mismatch

of the predicted and observed data should not exceed a half-cycle for all arrivals;

otherwise, the adjoint source is cycle-skipped. The correlation-based objective func-

tion [15, 16, 17, 18, 19, 20, 21] or adaptive full-waveform inversion (AWI) [22] can

compare the arrivals globally within a time window and in some cases are free of

cycle-skipping. Third, find a simplified representation of the complex data. The phi-

losophy is to find comparable data, which preserve the key features of the original ones

but have fewer oscillations in time. The optimal transport approach [23, 24, 25], the

envelope representation [26, 27], the Fourier domain method [28] and the skeletonized

dispersion curve inversion [29, 30] fall into this category. Fourth, joint inversion. Uti-

lizing different physical models as regularization can reduce the nonlinearity of the

inverse problem. Early-arrival traveltime and waveform joint inversion are widely
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used in practical applications of FWI [31, 32]; Besides, incorporating gravity, electro-

magnetic and well information into regular FWI is drawing more and more attention

[33, 34]. The interpretation of seismic data on its own will provide incomplete in-

formation due to the non-uniqueness and the limited spatial resolution. However,

additional measurements that may illuminate the reservoir with additional coverage

and resolution can provide considerable value [33, 35]. For practical applications,

especially for large 3D elastic FWI, the computational cost and memory request

should be taken into consideration. Lailly [36] and Tarantola [37] have shown that

the gradients can be calculated by cross-correlating the forward-propagated source

wavefield and the back-propagated data residual. However, conventional FWI often

requires many wave-equation based extrapolations to calculate the perturbations, and

possibly the Hessian, and thus, incurs a huge computational cost. There are many

dimensionality-reduction approaches used to reduce the computational cost of model-

ing and inversion including source encoding methods [38, 39, 40], randomized source

methods [41, 42, 43]. The reconstruction of background wavefields is a huge memory

consumption process for 3D elastic FWI because all the wavefields should be kept

(or reconstructed) in the memory to avoid frequent I/O operations. The boundary

saving methods [44, 45], the optimal checkpoint methods [46, 47], the interpolation

methods [48] and compressing methods are proposed to reconstruct the background

wavefields on the fly while calculating the back-propagated wavefields.

The near-surface of the Earth plays a vital role in supporting the modern infras-

tructure and in imaging the deep Earth. Using an invasive method such as boreholes,

we can have direct measurements of P- and S-wave velocities in the near-surface at

a relatively high cost and representing a limited region, the borehole location. Non-

invasive methods, like seismic survey, can reduce the cost and increase the lateral

resolution. Surface waves are usually considered as a nuisance to the conventional

seismic processing of land data. However, such a nuisance includes high-quality infor-
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mation for S-wave velocity estimation in the near-surface. Based on the complexity

of the S-wave velocity variations, Rayleigh wave inversion methods fall into three

categories: First, 1D inversion methods, which are usually based on semi-analytical

solutions to approximate the elastic wave equation solutions [49, 50, 51, 52, 53] and

stochastic inversion using elastic wave equation solutions [54, 55]. Limited by the sim-

plified physics to make the computation affordable, the inversion results are limited

to 1D layered models. Second, 2D inversion using the fundamental mode. Among

such methods are the wave equation dispersion-curve based inversion [56, 29, 57, 58].

In practice, the automatically picked dispersion curves are limited to the fundamental

mode of Rayleigh waves, and thus, the application of this method is limited to the

S-wave velocities with positive gradients in depth. Finally, waveform inversion, which

aims to match the waveform of Rayleigh waves and can invert for complex models

[28, 59, 60, 61, 62]. However, the method requires good initial models to avoid cycle

skipping, which is usually not affordable in practice [3, 5]. The 1D inversion scheme

can be robust and efficient, but it is less accurate as the lateral variation in the

subsurface could be large. In contrast, elastic FWI is less efficient and sensitive to

simplified physics used in wavefield extrapolation [31], but it can invert for complex

models. Among all these methods, the wave-equation dispersion inversion method

is a compromise between the 1D inversion scheme and the waveform inversion. In-

stead of fitting complex waveforms, the wave-equation dispersion inversion method

(also known as skeletonized inversion) aims to match the frequency-dependent phase

velocities of Rayleigh waves. It has a more quasi-linear relationship between the S-

wave velocity and the dispersion curve and has a less bumpy misfit function than

that corresponding to waveform inversion [29]. However, the previously proposed

wave-equation inversion algorithms highly depend on the automatic picking of the

dispersion curves from the f − v spectrum. Although automatic picking is often ap-

plied to the predicted data, in which case the approach is stable, it inevitably ignores
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the higher-mode Rayleigh waves and therefore, theoretically cannot handle models

with low-velocity layers below high-velocity ones (velocity reversal). The generation

of higher modes is often attributed to the presence of low S-wave velocity layers [63],

and thus, such low velocity (or velocity reversal) cannot be recovered without in-

verting such modes. Besides, higher-mode Rayleigh waves penetrate deeper than its

fundamental mode and can increase the resolution of the estimated S-wave velocities

[64, 65, 66]. Zhang and Alkhalifah [30] introduced a wave-equation Rayleigh-wave

dispersion spectrum inversion approach. The algorithm utilizes dispersion spectra as

input data, and thus, avoids picking explicit dispersion curves. The fundamental-

mode, along with higher-mode dispersion energy, are used to constrain the inverse

problem. A linear Radon transform is utilized to calculate the dispersion spectra.

The linear-stacking operation in Radon transform can enhance the coherent events,

and thus, increase the signal-to-noise ratio, which is important for suppressing near-

field noise present in land and shallow-water acquisitions. As a special case, S-wave

velocities in the soft soil area, such as sand dunes, tend to be extremely low, and

thus, requires a dense seismic array for better sampling. Distributed acoustic sensing

(DAS) involves using fiber optics to sense seismic signals, in which multichannel ar-

ray configurations can have a sub-meter channel sampling at a reasonable cost [67].

The preferred-directional strains generated by ground motions are recorded and then

transferred to seismic signals [68]. These signals usually have only one component.

In a surface acquisition, the recordable horizontal component cannot capture well

the particle motion of reflected P-waves but can record one important component of

the Rayleigh waves particle displacement. A DAS recording system with thousands

of sensors can be permanently deployed in the subsurface at relatively low-cost [69],

which makes S-wave tomography using Rayleigh waves practical in low-velocity areas.

Recorded ambient-noise data are often converted to virtual-shot gathers before ap-

plying routine processing flows. One recorded trace acts as the virtual source after we
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correlate it with the other channels, which is the general principle of seismic interfer-

ometry [70, 71]. Cross-correlation cancels out the overlapped wave-path (travel time)

of the signals recorded by two sensors and is thus more suitable for delineating direct

arrivals such as surface waves, whose wave-paths are largely overlapped. Bensen et al.

[72] and Dou et al. [73] have discussed the DAS data processing for obtaining the dis-

persion spectrum of surface waves. They promote two main processing steps, one is

to remove the instrument response, and another is to stack the common virtual-shot

gathers. The former one is more or less a standard procedure. However, the stacking

approach can vary. Cross-correlation itself can introduce coherent artifacts such as

acausal signals and the crosstalk between different arrivals. Usually, increasing the

stacking fold can suppress the random noise, but also introduce coherent noise. I

introduce a random similarity-weighted stacking for seismic exploration purposes. A

long-time recording is randomly sliced into several short-term segments (longer than

the desired virtual recording time) to allow a small time-lag cross-correlation. The

crosstalk between arrivals can be suppressed in this way, and the stacking fold can be

increased using more random segments. The similarity-weighted stacking preserves

the dominant coherent events and can increase the SNR of the stacked CSG. Acausal

and causal stacking can remove coherent acausal signals, which has been discussed by

Bensen et al. [72]. After obtaining high-quality common virtual-shot gathers, we use

wave-equation dispersion spectrum inversion to estimate the S-wave velocities in the

near-surface [29, 30]. High-frequency active-source data does not require extracting

the Green’s functions. However, data complexity breaks the currently used elastic-

ity approximation to the subsurface. Taking its envelope can effectively reduce the

complexity of waveform data and make the recorded data applicable to the elastic

wave-equation based inversion algorithm [74, 75].

The reservoir is defined as a subsurface body of rock having sufficient porosity

and permeability to store and transmit fluids. It is a critical component of a com-
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plete petroleum system, and thus, its high-resolution characterization is one of the

main objectives of geophysical surveys. The majority of seismic methods, currently

used for reservoir characterization, are interpretation based approaches [76]. Seismic

attributes, which can be extracted from stacked images or pre-stack seismic data,

are often converted to reservoir-related properties such as a fluid identifier or facies

[77]. Extracting seismic attributes from migrated images can be stable in many cases,

but also requires true-amplitude imaging, which is also challenging in practice. The

stochastic reservoir characterization, which aims to match the pre-stack seismic data,

requires a reduction in the dimension of seismic attributes and also requires dense

computational resources to converge [78]. An alternative high-resolution reservoir

characterization approach is to estimate the reservoir-related properties by matching

the resulting simulated waveforms to the observed seismic ones. Elastic full-waveform

inversion has been used for fractured reservoir characterization in ideal scenarios, in

which the background models were known [79]. The effective parameters such as

the weaknesses or the orientations of fractures can be estimated by matching the

waveforms of pre-stack seismic data. Such a waveform inversion strategy faces two

main obstacles in solving practical problems [3, 4]: 1) simulated waveforms are often

not close to the observed ones due to the incomplete physics used in the simulation

and 2) crosstalks or leakages between the different parameters. Wave equations, ei-

ther in an acoustic or even an elastic approximation, can mainly provide accurate

traveltime/phase information, but often fails in representing the amplitudes. Seismic

anisotropy, though resides mostly in sediments, has a significant influence on seismic

data [80]. The elimination of crosstalk between multiple parameters can be partially

achieved by choosing an optimal parameterization [81, 82, 83, 84, 85]. Meanwhile,

a relatively large offset/depth ratio is needed to separate the contributions from dif-

ferent parameters (scattering angle dependency, Alkhalifah [86]). Limited by the

acquisition spread and the decay of signals at the far-offsets, not all the anisotropy
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parameters, especially at the reservoir depth can be retrieved from surface collected

seismic data. For example, ε acts as mainly a garbage collector of the inaccurate

amplitudes due to ignoring density in the parameterization of vh, vs, ε and η [85]. The

interpretation of seismic data on its own will provide incomplete information due

to the non-uniqueness and the limited spatial resolution. However, additional mea-

surements that may illuminate the reservoir with additional coverage and resolution

can provide considerable value [33, 35]. A facies constrained elastic full-waveform in-

version strategy can effectively reduce the crosstalk between different parameters by

incorporating known facies [34]. Facies, defined as groups of seismic properties and

conformity layers that share a particular relationship with geological and lithological

properties, can be obtained from wells, sedimentary histories or other investigations

[87]. Estimated models from surface seismic data and those extracted facies from

other geophysical surveys, like well logs, are often measured at very different scales

and there are no explicit formulas to handle the variation in scales. Previously, a

Bayesian-based inversion was used to connect the different information in a statistical

matter [34]. The Bayesian theory provides a natural platform to incorporate available

prior information of the model for many geophysical inversion problems [88]. A more

advanced type of constraint, namely per-facies rock physics constraints, has been

proved to be very effective in optimizing seismic inversion [89]. Zabihi Naeini et al.

[90] discussed the main components of FWI as a potential reservoir characterization

tool and one of their suggestions was to use facies based rock physics constraints in

FWI. Zhang et al. [91] applied a simplified version of Bayesian inversion to classify

the facies and then utilize the inverted facies to impose constraints in isotropic elastic

FWI. Later, Zhang et al. [92] took the uncertainties in the facies into consideration

and extended the idea to the elastic VTI inversion. Alternatively, recently emerging

machine learning algorithms can do a better job in finding statistical relationships

between different types of data [93, 94, 95, 96, 97]. I train deep neural networks
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(DNNs) to build the connection between the estimated models from seismic data and

the known facies. In this way, a list of facies is mapped on to a 2D/3D inverted model,

which is also known as the distribution of facies. The distribution of facies can be

converted to desired parameters such as velocities and anisotropy parameters. I then

use the converted model parameters as a priori for another round of elastic FWI.

Fractures are the most visible structure features in the outcrops and core samples,

and they are believed to be existing in all reservoirs, especially the Middle East car-

bonate fields. The distribution and expansion of fractures have a profound impact on

drilling, geometry design, well placement and further enhanced oil recovery (EOR). In

theory, these properties can be estimated from the parameters of the fracture-induced

azimuthally anisotropic effects, which often has orthorhombic symmetry. Bakulin

et al. [98, 99, 100] provide a comprehensive analysis of the anisotropic seismic sig-

natures associated with vertical fractures. They show how to estimate the physical

properties (such as the normal and tangential compliance) and the azimuth of the

fractures from multicomponent data. However, existing methods of fracture detec-

tion are mostly based on reflection traveltimes (moveout analysis) and/or amplitudes

(AVO analysis). Because these methods utilize different parts of the recorded infor-

mation, they often produce contradictory results [101, 102]. Masmoudi et al. [103]

analyzed the feasibility of high-resolution fracture characterization for orthorhombic

media using a waveform-inversion method based on an acoustic approximation. Oh

and Alkhalifah [104] proposed an efficient inversion workflow for elastic orthorhombic

media with unknown azimuths of the vertical symmetry planes. Zhang et al. [105, 79]

applied the elastic FWI to invert for the weaknesses and azimuths of fractures. To

simulate wave propagation in a realistic fractured medium (e.g., fractured shale),

here I consider an effective elastic orthorhombic medium formed by parallel vertical

fractures embedded in a transversely isotropic background with a vertical symmetry

axis (VTI). It is one of the most common physical models for fractured reservoirs
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[99]. The effective compliance tensor is obtained from the linear-slip theory [106],

and the elastic wave equation is solved by a staggered finite-difference method. In

the linear-slip theory, fractures are described by three dimensionless parameters—one

normal (4N) and two tangential (4V and 4H) weaknesses (normalized compliance).

These parameters typically are much smaller than unity, which allows us to linearize

the modeling equations. For arbitrary vertical fractures, we can use Bond rotation to

change the strike directions of vertical fractures by introducing the azimuth angles φ.

1.2 Motivation

My motivation roots into the bottlenecks we are facing in high-resolution deep-buried

reservoir characterization using elastic FWI. In general, it is a multiparameter esti-

mation problem for deep-buried targets. The challenges mainly come from the incom-

plete physics used in seismic wavefield extrapolation, the crosstalks among multiple

parameters for deep-buried targets and, of course, the strong coherent noise exist in

land and shallow-water data. Full-waveform inversion is based on the assumption that

the subsurface is known if the reproduced seismic data are identical to the observed

one. However, the assumption is too ideal to be used for solving real problems. The

extrapolated wavefield using either acoustic or elastic wave equations can never repro-

duce identical waveforms with the observed field data even using the exact velocity

model due to the unknown physics in the subsurface and random noise in data acqui-

sition. However, the traveltime or phase, which is crucial for accurate imaging, can

be reasonably reproduced using wave equations. Thus, I propose to use the crosscor-

relation based measurements instead of the L2 norm for practical use. Also, the time

lag is considered as additional freedom in data comparison, which makes the inverse

problem more convex. Considering the possible crosstalks between different arrivals

in global crosscorrelation, I introduce a local-crosscorrelation objective function. In

surface data acquisition, the emitted seismic waves naturally travel from shallow to



33

depth and thus any inaccuracy in the shallow area can cast errors to the deep-buried

targets. In land or shallow-water marine data, the strong surface waves are usually

taken as coherent noise and need to be removed in the preprocessing. Such strong

noise mainly travels in the near-surface and preserve useful information of structures

in the shallow. I introduce the wave-equation dispersion spectrum inversion method

for near-surface model building using surface waves. In the proposed method, I solve

elastic wave equations to generate the predicted data and breaks the limitations of

using analytical solutions based on the layered model assumption. To reduce labor

involvement for practical consideration, I use the dispersion spectrum as the observed

data to avoid picking dispersion curves manually. The inversion algorithm is under the

framework of full-waveform inversion and is solved using gradient-based optimization

methods. The deep-buried reservoirs usually present some anisotropy properties, i.e.,

vertical transverses isotropic (VTI) due to the gravity sedimentary or Orthorhombic

(OR) if additional vertical fractures exit. Taking more parameters into consideration

reduces the errors caused by incomplete physics but also increase the Null space of

the inverse problem. Currently used surface acquisitions (seismic) have reduced the

illumination to the deep-buried reservoir, which makes the ill-posed inverse problem

even worse. Additional measurements that may illuminate the reservoir with addi-

tional coverage and resolution can provide considerable value in stabilizing the inverse

process. Specifically, I use facies usually obtained from wells or other sources as prior

information to constrain the inverse problem. A statistical approach and a Deep

Learning approach are used to build a connection between different geophysical data.

The method can be applied to general multiple parameter estimation applications.

1.3 Dissertation Overview

The rest of this dissertation is organized as follows: I summarize the main techni-

cal contributions and review the conventional elastic FWI algorithm including the
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first-order particle-velocity wave equation and its adjoint form, gradient calculation,

model regularization, and some computational aspects. In the optimal objective func-

tion chapter 2, I first improve the non-zero lag crosscorrelation objective function by

adding a square and a normalization term. Then I introduce a local-similarity objec-

tive function. The newly proposed objective function calculates the crosscorrelation

locally and thus can suppress crosstalks between different arrivals. I use synthetic

and field data examples to verify the effectiveness of the proposed method. In the

wave equation dispersion-spectrum inversion chapter 3, I utilize the surface waves,

which are often taken as coherent noise, to build the shear-wave velocity model in

the near-surface. I first introduce a new objective function, which measures the local-

similarity of two dispersion spectra. Then I give the gradient of the inverse problem

based on the adjoint-state method and the chain rule. Synthetic and field data exam-

ples are used to verify the effectiveness of the proposed method and also reveal some

possible limitations. I also look at a kind of special seismic data collected by fiber

optics, which is also known as distributed acoustic data sensing (DAS) data. I apply

the similarity-weighted stacking to extracting the empirical Green’s functions, which

aims to suppress random noise either from ambient or crosstalks between different

arrivals. Also, to reduce the complexity of high-frequency DAS data, I propose to add

an envelope to the waveform data to preserve simple yet important slope information.

Field data collected in East Riyadh are used to demonstrate the effectiveness of the

proposed method. In the multiparameter estimation chapter 4, I introduce a facies

constrained inversion method. The facies information can be obtained from well logs,

geology maps, or other sources. I first use a Bayesian inversion to build the connection

between seismic-scale models and the facies. Then I replace the Bayesian inversion

by training Deep Neural Networks (DNNs). The latter approach is flexible in han-

dling different data, which can have quite different distributions. I use synthetic and

field data examples to demonstrate the effectiveness of the proposed methods. The
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proposed method can be extended to general multiple parameter estimates. In the

direct fracture-related parameter estimation chapter 5, I build an inversion frame-

work to estimate the weaknesses and azimuth angles of parallel fractures directly

from prestack seismic data. I give the forward modeling equation using the equiva-

lent medium theory and then derive the gradients for the desired parameters. I also

analyze the radiation patterns of the desired parameters to understand the difficulties

in inversion. A synthetic example is used to verify the correctness of the proposed

algorithm. Finally, I conclude my works during my Ph.D. study and also discuss the

potential extensions of these works.

1.4 Technical Contributions

This dissertation has four critical contributions to the community:

1. Introduce the local-similarity objective function for elastic FWI. The local-

crosscorrelation measures the similarity of two data sets locally. It is more

sensitive to the phase difference and thus is less affected by the waveform errors

caused by incomplete physics in practice. The local time extension allows using

kinematically-poor initial models and also reduces the crosstalks between dif-

ferent arrivals. The proposed objective function can provide comparable results

with the state-of-art objective functions that suppress the cycle skipping faced

by FWI.

2. Introduce the wave-equation dispersion spectrum inversion method. Compared

to the existing surface wave inversion methods, the benefits of the approach are:

1) No need to pick dispersion curves; 2) More wave modes (if they exist) are

utilized in the inversion, which can handle velocity reversals and provide a better

estimation to the subsurface; 3) The predicted data are generated by solving an

elastic wave equation, which breaks the limitations of analytical solutions.
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3. Introduce a facies-constrained elastic FWI. Surface-collected seismic data have

very limited illumination and resolution to the deep-buried reservoirs and thus

cannot provide enough constraints for multiple parameter estimation. Facies,

usually obtained from other geophysical data, may illuminate the reservoir with

additional coverage and resolution can provide considerable value. Trained

DNNs can build a statistical connection between different geophysical data

which have different scales and different distributions.

4. Introduce a direct fracture-related parameter estimation method using prestack

seismic data. I use the equivalent medium theory to simulate seismic waves

propagating in the fractured area and derive the gradients for weaknesses and

azimuth angles. A synthetic example proves the correctness of the inversion

algorithm, while a field data application could be future work.

1.5 Elastic Full-waveform Inversion

In this section, I briefly review the modeling, adjoint, and optimization method used

for a conventional elastic FWI. Some practical issues such as model regularization,

computational cost and memory demands are addressed with possible solutions ac-

cording to the available hardware.

1.5.1 Wave Propagation in Elastic Medium

The particle-velocity elastic wave equation is given by Virieux [107]:

 ρI3 0

0 C−1

∂Ψ

∂t
−

 0 ET

E 0

Ψ− f = 0, (1.1)
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where Ψ = (v1, v2, v3, σ1, σ2, σ3, σ4, σ5, σ6)T is a vector of three particle velocities and

six stresses. C is the stiffness matrix. E denotes space differentiation. f is the source.

For a non-rotated medium, the stiffness matrix and the spatial differentiation are

written as

C =



C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66


and E =



∂
∂x1

0 0

0 ∂
∂x2

0

0 0 ∂
∂x3

0 ∂
∂x3

∂
∂x2

∂
∂x3

0 ∂
∂x1

∂
∂x2

∂
∂x1

0


.

Given a source and model parameters, equation 1.1 can be solved by the staggered-

grid method [107] with the initial conditions (which are Ψ = 0 for negative time) and

proper boundary conditions.

To simulate the wave propagation in a half-space, a free-surface boundary on the

top and absorbing boundaries under the half-space are needed. To represent a planar

free-surface, a zero-stress condition at the selected depth (z = 0) should be applied

[108, 109],

σzz = σxz = σyz = 0|z=0. (1.2)

Although with the free-surface boundary condition, the simulated waves are more

close to the real case. The boundary condition can generate unwanted ground rolls

and free-surface multiples, which are harmful for gradient calculation. Most of the

processing methods are still regarding the ground rolls as noise, and the elastic FWI

is not an exception. To the best of my knowledge, due to the strong amplitudes and

oscillations, fitting the waveforms of the ground rolls is not practical for real data.

Usually, the ground rolls are removed before waveform inversion; Thus a boundary

condition which can preserve surface-related multiples and meanwhile suppress the
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surface waves is proposed by Plessix and Pérez Solano [110]:

σzz =
∂σxz
∂z

=
∂σyz
∂z

= 0|z=0. (1.3)

The reflection coefficients of the modified free-surface boundary condition are

rpp = −1, rps = 0, rsp = 0 and rss = 1, which means only PP- and SS-waves are

generated at the surface. However, SS-waves are not accurate compared to the one

of using the original free-surface condition. The modified boundary condition is still

worthy because the reflected body shear waves are much weaker than ground rolls.

Besides, it allows using a large vp/vs ratio to achieve a better suppression for converted

waves.

1.5.2 Gradient Calculation for EFWI

Gradient-based optimization algorithms are widely used in constrained optimization

problems for their feasibility. In these procedures, the adjoint form and corresponding

gradients are needed. The adjoint-state method [111, 112] is a standard approach to

derive the adjoint form of the first order elastic wave equation and the gradients. I use

a widely used L2 norm objective function to demonstrate the workflow of the adjoint-

state method, varieties in the objective functions can be accomplished by applying

the chain rule.

The widely used L2 norm minimization problem formulated with constraints is

given by

min
m,Ψ

1

2
||SΨ− d||2 s.t. g(m,Ψ) = 0, (1.4)

where Ψ = (v, σ) is the simulated wavefield, d is the vector of multicomponent data.

S projects the wavefields to the same receiver location as d.
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The augmented function with Lagrangian multiplier is written as

L(m,Ψ, φ) = h(Φ,m) + 〈φ, g(m,Ψ)〉, (1.5)

∇φL = g(m, φ) = 0, (1.6)

∇Ψ = S∗(SΨ− d) +

(
∂g

∂Ψ

)∗
φ = 0, (1.7)

∇mL = ∇mh+

(
∂g

∂m

)∗
φ = 0, (1.8)

where the superscript ∗ denotes the adjoint form of the corresponding operator.

h(Φ,m) = 1
2
||SΨ− d||2.

The adjoint-state equation is given by equation 1.7, with equation 1.1 and inte-

gration by parts, it can be formulated as

 ρI3 0

0 C−1

 ∂Ψ

∂(−t)
+

 0 ET

E 0

φ = −S∗(SΨ− d), (1.9)

with the initial condition φ(~x, T ) = 0 and proper boundary conditions. The adjoint-

state equation can be solved by backpropagating the adjoint source −S∗(SΨ− d).

For a given model m, with the state equation (equation 1.6) and an arbitrary

multiplier, we have the following equation:

J(m) = L(m,Ψ, φ) = h(Φ,m) + 〈φ, g(m,Ψ)〉. (1.10)
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The gradient respect to parameter m is given by

∇mJ = ∇mL(m,Ψ, φ) +

(
∂Ψ

∂m

)∗
∇ΨL(m,Ψ, φ) +

(
∂φ

∂m

)∗
g(m,Ψ) (1.11)

=

(
∂g

∂m

)∗
φ.

With a parametrization of ρ, Cij, the respective gradients are written as

∇ρ =

T∫
0

(
∂v

∂t

)T
φvdt, (1.12)

∇Cij = −
T∫

0

(
∂C

∂Cij
C−1

(
∂σ

∂t
− f

))T (
C−1φσ

)
dt, i = 1, ..., 6, j = i, ..., 6.

where v and σ are vectors of simulated wavefields, φv and φσ are corresponding adjoint

wavefields. ∂C
∂Cij

is a matrix with entry in the rth row and lth column is

(
∂C

∂Cij

)
rl

=


1, r = i or j, and l = i or j,

0, otherwise.

Gradients of any parameter can be calculated using equation 1.11 and the chain

rule.

1.5.3 Model Regularization

An elastic approximation to the Earth reduces the errors caused by the simpli-

fied physics used in FWI. However, estimating elastic parameters makes the in-

verse problem even more ill-posed. Regularization techniques can effectively reduce

the number of parameters and thus reduce the Nullspace of the ill-posed inverse

problem[113, 114, 115]. With some assumptions made of the subsurface (such as

smoothness or sharpness), an additional penalty or a constraint can be added to the

data-fitting objective or the estimated parameters, respectively. Usually the first- or
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second-order Tikhonov regularization can generate a smooth estimation of the sub-

surface [116], and a TV regularization can preserve sharp boundaries in the estimated

models. The first-order Tikhonov regularization is given by

Rl(m) = ||∇m||2, (1.13)

where the vector m denotes the estimated model in each iteration. It provides a

smooth model within the optimization step to fit the data.

Guitton [117] proposed a L1 norm model penalty to preserve sharp edges and

contrasts for FWI. From a minimization point of view, a smoothed total variation

(TV) prior is more appropriate because of its convexity, which is given by

RTV (m) =

∫ √
ε2 + ||∇m||2dx, (1.14)

where the gradient is given by gm(RTV ) = div

(
∇m√

ε2+||∇m||2

)
, and ε is a predefined

parameter that makes equation 1.14 differentiable. A large ε transforms the smoothed

TV gradient to a scaled Laplacian (scaled by 1/ε).

1.5.4 Parallel Computing and Memory Optimization

The primary handicaps that prevent applications of FWI in the past decades are

the unaffordable computational cost and memory storage. This is even worse for my

research topic: elastic FWI. The most computation consuming part of elastic FWI

is the extrapolation of the elastic wavefield. The boundary reconstruction strategy

requires three extrapolations to calculate one gradient. Several gradients are needed

to find an optimal step-length per iteration. Usually, tens of iterations are needed to

obtain an acceptable estimation to a complex actual model with preconditions. With

the development of hardware and algorithms, for example, the launch of Shaheen-

II supercomputer, the high computation demand is not an issue for elastic FWI.
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I use the Message Passing Interface (MPI) to parallel the inversion over shots and

using the Open Multi-Processing (OpenMP) interface within per shot. A domain

decomposition method which is more scalable than OpenMP can be used to replace

the openMP part. But due to the limited computational resources and none significant

improvements for my application, I use the strategy of MPI plus OpenMP. Specifically,

the shots are distributed over nodes and the operations within one shot are paralleled

over cores on one node. A line-search algorithm is used to calculate the step length; a

delicately selected input length is used to reduce the number of tries in one line-search.

Usually, only two gradients are needed for a successful line-search per iteration in

practice. From the algorithm aspect, the computational cost can be linearly reduced

by reducing the number of total iterations. Preconditioning to the gradient can do this

job, and specifically, I apply a pseudo-Hessian as preconditioning to the gradient and

update the model using the limited-memory BFGS method. These two approaches

can improve the convergence rate of the inversion, and the lBFGS method also helps

reduce the crosstalks between different parameters.

The considerable memory storage is another obstacle for the application of a large-

size elastic FWI. Due to the low speed of writing and reading files from the hard disk,

intensive I/O operations should be avoided. Recent progress on wavefield reconstruc-

tion provides multiple choices to keep all the operations in the RAM. Among all these

methods, I choose the boundary saving method for its high accuracy and easy imple-

mentation [45, 48]. The number of layers stored in each time step depends on the grid

points used in the finite-difference. About half of the total grids are required to be

saved for each variable per time step. There are totally nine variables that need to be

saved at six boundaries for the reconstruction of 3D particle-velocity elastic wavefield.

Still, the storage is massive for a large model. A possible solution to further reduce

the memory storage would be incorporating data compressing with boundary savings.
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Chapter 2

Optimal Objective Functions

Full-waveform inversion in its classical form is a method based on minimizing the

L2 norm of the difference between observed and simulated seismic waveforms. The

objective is to find a subsurface model that reproduces the full-waveform including

the phase and amplitude of the observed seismic data. However, the widely used

L2 norm based full-waveform inversion faces many issues in practice. The point-

wise comparison of waveforms fails when the phase difference between the compared

waveforms of the predicted and observed data is larger than a half-cycle. Additionally,

amplitude-matching is impractical considering the simplified physics we often use to

describe the medium. To avoid these known problems, I develop a novel elastic full-

waveform inversion algorithm using the crosscorrelation based measurements. The

proposed objective functions compares two traces within a predefined time-extension,

and thus, are not limited by the half-cycle criterion. They strives to maximize the

similarities of the predicted and observed data either globally or locally. Phases

instead of amplitudes of the seismic data are mainly used in the comparison.

2.1 Normalized Non-zero Lag Crosscorrelation

2.1.1 Objective Function and the Adjoint Source

The proposed objective function compares the predicted and observed data globally

within the range of predefined time lags (±τ). Due to the oscillatory nature of seismic

waves (positive and negative), a simple crosscorrelation has negative contributions to
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the objective function [20]. To eliminate the conflicts of negative and positive con-

tributions, I propose two choices of the measurements, which are envelope (equation

2.1) and squared (equation 2.2) crosscorrelation. The envelope version of the non-zero

lag crosscorrelation is given by

φe(m) = −
∫ ∫ ∫ ∫

W (τ)
C[E(dp(t)), E(do(t)), τ ]√∫

E2(dp(t))dt
√∫

E2(dp(t+ τ))dt
dτdxrdxsdt, (2.1)

where τ is the time lag used for the crosscorrelation, E(d) =
√
d2 +H(d)2 denotes the

envelope operator; H(d) is the Hilbert transform of d, C[dp, do, τ ] =
∫
dp(t)do(t+τ)dt

denotes the crosscorrelation in time, and W (τ) is the weighting function, which will

be explored later. The normalization terms can compensate the energy loss at far

offsets.

The squared version of the proposed objective function is given by

φs(m) = −1

2

∫ ∫ ∫ ∫ W (τ)
C[dp(t), do(t), τ ]√∫

dp(t)2dt
√∫

do(t+ τ)2dt

2

dτdxrdxsdt. (2.2)

The penalty function, W (τ), plays an important role in the convexity and smooth-

ness of the objective function. People usually use a Gaussian or a Linear function

with delicately selected parameters as the penalty function. The Gaussian penalty

in general performs better than the Linear one. However, a Gaussian-type weighting

function needs additional parameter, the standard deviation of the Gaussian func-

tion, to decide the shape of the penalty function. A narrow Gaussian function

will remove most of the coherent events and a wide Gaussian function cannot de-

cay fast enough to reach zero at the predefined maximum time lag. I introduce a

polynomial-type weighting function, which satisfies the following boundary condi-

tions: W |±τ = 0;W |0 = 1;W ′|±τ = 0;W ′|0 = 0. Figure 2.1 shows one example of

the weighting function. The proposed weighting function does not need an additional
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Figure 2.1: Proposed weighting function. It is determined by the predefined maximum
time lag and reduces to zero at the shifting boundaries.

parameter and it is guaranteed to be smooth within the selected maximum time lag.

Also, the computational cost is bounded by the predefined maximum time lag τ .

The gradient of the misfit (objective) function in equation 2.2 can be calculated

from the adjoint-state method:

gs(m) =

(
∂dp(t)

∂m

)T ∫
τ

W (τ)TW (τ)
C[dp(t), do(t), τ ]√∫

dp(t)2dt
√∫

do(t+ τ)2dt do(t+ τ)√∫
t
dp(t)2dt

∫
t
do(t+ τ)2dt

−
dp(t)

∫
t
dp(t)do(t+ τ)dt√∫

t
dp(t)2dt

3√∫
t
do(t+ τ)2dt

 dτ,

(2.3)

The model is updated iteratively using the lBFGS method [118], which is written

as

m = m0 − λH−1g, (2.4)
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where λ is the step length calculated using a standard line-search method. H−1 is

the approximated inverse Hessian matrix.

2.1.2 Convexity Analysis

The proposed objective functions (equations 2.1 and 2.2) have only one local minimum

for a single arrival (i.e., diving waves) in theory. To verify its effectiveness, I plot the

normalized data misfit versus velocity errors for L2 norm (equation 1.4), envelope-

(equation 2.1) and squared-crosscorrelation (equation 2.2) in Figure 2.2. The model

used here is a homogeneous model with a maximum of 50% velocity error. The sources

are located at the top of the model and the receivers are deployed at the bottom of the

model, in which case only transmission data are recorded as illustrated in Figure 2.2a.

Figure 2.2b indicates that for the same parameter set, the L2 norm objective function

has more than one local minimum; the proposed objective functions have only one

local minimum. The envelope-crosscorrelation objective function varies smoothly as a

function of velocity error as expected. The squared one has the same sharp curvature

as the L2 norm objective function. To preserve the advantage of high resolution, I

use the squared one in the following examples.

In practice, the observed data have more than one arrival, and the maximum

time lag, τ , should be delicately selected to avoid the crosstalk between different

arrivals and also allowing the proper intersection of certain arrivals in the predicted

and observed data. There is no explicit formula for an optimal choice of τ , but it

can be roughly decided by the autocorrelation of the observed data. I use a revised

Marmousi model (more details can be found in the numerical example) to illustrate

this property. The actual model here is the revised Marmousi model and the initial

model is generated by vinput = αvtrue+1.5(1−α); the initial model has the maximum

and minimum errors when α = 0.1 and α = 1, respectively. Input velocities are

linear combinations of the actual Marmousi model and a constant value which can
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Figure 2.2: Schematic diagram of the geometry (a) and normalized misfit versus
velocity errors for transmission data (b). The L2 norm objective function has more
than one local minimum while the crosscorrelation based objective functions have
only one local minimum in such a transmission acquisition system.
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Figure 2.3: Normalized misfit versus τ for multiple arrivals. The optimal time lag
should avoid local minima.

generate multiple reflections in the data. Figure 2.3 shows that smaller time lags

(τ = 0.0s and τ = 0.05s) cannot guarantee sufficient intersections of the predicted

and observed data, in which case the objective function performs similar to wiggle-

to-wiggle measurements; large time lags (τ = 1.3s) introduce more crosstalk between

nearby arrivals. It is easy to understand that an optimal time lag should allow

a maximum shift before neighboring arrivals intersect with each other. From the

autocorrelation of the observed data, I can roughly decide the optimal maximum

time lag, which should be just shorter than the second peak of the autocorrelation.

2.1.3 Modified Elastic Marmousi Model Test

I use a modified Marmousi model to verify the effectiveness of the proposed objective

function. The actual S-wave velocity is generated by setting vs = vp/
√

3+0.1(vp−2.4)

(Figure 2.4b). Two low-velocity zones (indicated by the dashed circles in Figure 2.4a)

in the P-wave velocity are intended to test whether there is crosstalk between inverted

vp and vs. There are 110 explosive sources and 660 receivers placed at constant
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increments. The recorded data are two-component particle velocities. The staggered

finite-difference scheme is implemented to solve the elastic wave equation [107]. Initial

models in Figure 2.5 are 1D linear-gradient velocity models, which are far from the

exact ones (vs = vp/
√

3).

The source wavelet is a Ricker wavelet (peak frequency is 5 Hz) without frequencies

below 3 Hz, in which case a conventional L2 norm based FWI cannot converge to a

global minimum because of the kinematically-poor initial model and the relatively-

high minimum frequency. A mono time-lag, τ = 0.06s, is used to get a better initial

model for conventional elastic FWI. Only one frequency band, 3-5 Hz, is used for

the crosscorrelation-objective (equation 2.2) inversion to save computational cost. A

Laplacian regularization term is added to the original objective function to remove

some short wavelength artifacts. The objective function used in the example is given

by

φ = φd + α||∆m||2, (2.5)

where φd is the measurement of data misfit (i.e., equation 2.2), ∆m is the Laplacian

of the model vector (vp and vs), and α controls the contribution of the regularization

term. The regularization term has a 20% of the data misfit (φd) contribution to the

total objective function (φ) in this example.

Figure 2.6 shows inverted models using the proposed objective function (equation

2.2). One of the predefined low-velocity zones in vp can be captured. The inverted vs

has higher spatial resolution. These two models are used as initial models for an L2

norm objective elastic FWI to improve their resolutions. The final inversion results

are shown in Figure 2.7. Two low-velocity zones in vp have been captured. The

estimated parameters without regularization are shown in Figure 2.8 for comparison.

The Laplacian regularization in equation 2.5 can suppress the wiggles caused by the

short wavelength nature of shear waves and also can improve the quality of inverted

vp and vs. As an intuitive quality control (QC) factor, vertical profiles across the
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◌

◌

a) b)

Figure 2.4: True velocity models. a) vp and b) vs. Dashed circles indicate low velocity
zones in vp.

a) b)

Figure 2.5: Initial velocity models. a) vp and b) vs. They are 1D linearly increasing
models.

low-velocity zones (indicated by red arrows) are plotted in Figures 2.9 and 2.10. It is

evident that the inverted velocities match the model well.

2.1.4 BigSky Field Data Test

The field data used to verify the effectiveness of the proposed method come from

the BigSky Carbon Sequestration Partnership (BSCSP), which is a U.S. CO2 storage

project [119]. The data were collected by a 3D multi-component seismic survey (3D-

9C) with a minimum frequency of 15 Hz, which is a challenge for conventional FWI.

The 3D survey geometry is plotted in Figure 2.11, and a 2D inline across the central

area is selected to allow us to use high frequencies. There is a well at the edge of
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a)

◌

b)

Figure 2.6: Inverted velocity models of the proposed squared crosscorrelation (equa-
tion 2.2). a) vp and b) vs. The low velocity zones are showing in vp.

a)

◌
◌

b)

Figure 2.7: Inverted velocity models of L2 norm elastic FWI. a) vp and b) vs. The low
velocity zones have been captured in vp. vp and vs have a similar spatial resolution
thanks to the regularization term.

a) b)

Figure 2.8: Inverted velocity models of L2 norm elastic FWI without the regulariza-
tion. a) vp and b) vs. Some wiggles due to the short wavelength of shear waves can
be seen in vs.
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a) ---- Initial
---- Actual
---- Proposed
---- Final 

b) ---- Initial
---- Actual
---- Proposed
---- Final

Figure 2.9: Vertical profile across the low velocity zone at a depth of 0.4km. a) vp
and b) vs. The velocity zone is well reconstructed and there is less crosstalk between
vp and vs.

a) ---- Initial
---- Actual
---- Proposed
---- Final 

b) ---- Initial
---- Actual
---- Proposed
---- Final

Figure 2.10: Vertical profile across the low velocity zone at a depth of 0.7km. a) vp
and b) vs. Most of the structures are captured correctly in the inverted results.
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the survey area, which provides the initial velocities and references to the inverted

velocities. A raw data set of the vertical component is plotted in Figure 2.12. It

is preprocessed by applying random noise attenuation and surface wave suppression.

Figure 2.13 shows the preprocessed vertical component of the observed data with

a frequency band of 15-30 Hz. The initial velocity models shown in Figure 2.14 is

calculated from the provided well log using Backus theory [120]. I applied a multiscale

inversion from low to high frequencies (15-20 Hz, 15-30 Hz, 15-40 Hz and 15-45 Hz)

with a fixed time lag, which is 0.01 seconds. The TV regularization is implemented

as a separate optimization process [121]. In each frequency band, I first update the

velocities until the gradient is small and then apply TV regularization to the updated

velocities. These two inversions are repeated for four times in each inversion stage.

A strong lateral smooth filter is applied to the gradient because of the weak lateral

variation in this area. Figure 2.15 shows the final estimated velocities using the

proposed approach. Two low P-wave velocities zones at depths of 0.7 and 1 km have

been captured as shown in the vertical profiles in Figure 2.16. Notice that the well is

far from the survey line. Estimated S-wave velocity is not well constrained since there

are not much converted waves found in the observed data as shown in Figure 2.13. As

a quality control factor, I plot the normalized data misfit versus iterations of the first

inversion stage in Figure 2.17. After updating the velocities with several iterations,

I apply the TV constraint (the green lines indicate when the TV constraints are

applied). The data misfit is overall decreasing and the TV constraint helps to reduce

the misfit even more. I also plot the predicted data from the initial model and the

estimated model in Figures 2.18 and 2.19 to highlight the improvements. Predicted

data from the inverted velocities have similar moveouts with the observed data for

the first arrivals. Reflections of the predicted and observed data match. In the field

data example, I did not apply a conventional L2 norm based elastic FWI to further

improve the estimated velocities because of the weaknesses of L2 norm measurements
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Figure 2.11: 3D survey geometry. Blue circles and red stars are receivers and sources,
respectively. I choose one 2D line for inversion as indicated by the arrow. There is a
well at the edge of the survey area.

discussed in the paper. To further verify the improvements of the initial velocities,

I apply Reverse Time Migration (RTM) to the observed data [122] and obtain the

PP- and PS-images. Figure 2.20 shows the RTM images from the initial velocities

(from the well logs) and Figure 2.21 shows the images using the estimated velocities

as migration velocities. These two figures are plotted using the same parameters and

their differences should come from the differences in velocities used for migration. The

yellow arrows indicate where the coherency in the images are improved. Both PP-

and PS-images from the estimated velocities have more continuous reflectors than the

one from the initial velocities, which verify the effectiveness of the proposed inversion

approach.
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Figure 2.12: One example raw data set, vertical-component. There exist strong near-
source noise.
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Figure 2.13: Preprocessed observed data, vertical-component. Strong surface waves
are muted.

a) b)

Figure 2.14: Initial velocities from the well logs. a) vp and b) vs.

a) b)

Figure 2.15: Inverted velocities from the proposed approach. a) vp and b) vs.
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Figure 2.16: Vertical profiles of the velocities. a) vp and b) vs. Notice that the well
is far from the survey line.
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Figure 2.17: Reduced data misfit (%) versus iterations at the first stage. The velocities
are updated first and then followed by applying the TV regularization. The green
line indicates when TV constraint is applied.
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Figure 2.18: Predicted data from the initial velocities, vertical-component. It is far
from the observed data.



59

Figure 2.19: Predicted data from the inverted velocities, vertical-component. Some
key reflections are matching with the ones in the observed data.
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↑↑

↑↑

a)

b)

Figure 2.20: RTM images. a) PP image using the initial model and b) PP image
using the inverted model. The reflectors are more continuous as indicated by the
yellow arrows than the ones got from the initial velocities
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↑↑

↑↑

a)

b)

↑↑

↑↑

Figure 2.21: RTM images. a) PS image using the initial model and b) PS image using
the inverted model. The reflectors are more continuous as indicated by the yellow
arrows than the ones got from the initial velocities.
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2.2 Local-similarity Based Measurements

The normalized non-zero lag global crosscorrelation works well when comparing two

single arrivals but may suffer from the crosstalk between multiple arrivals as shown in

Figure 2.3. An effective remedy to this problem is to implement crosscorrelation lo-

cally. I propose a local-similarity measurement to compare the observed and predicted

data locally with variable time lags for elastic FWI. The variable time lags (an ad-

ditional degree of freedom) are calculated from the local similarity (phase difference)

of two traces with one of the two traces squeezed/stretched [1]. Instead of explicitly

minimizing the time shift [123, 22, 124, 125], I maximize the local similarities of the

two data. A weighted summation over time extensions avoids calculating/picking the

matching filter (or the stationary curve) explicitly. The summation over all curves

includes the primary stationary curve that plays a preferential role in other non-zero

lag FWI implementations, but also multiple stationary curves when they exist [126].

Besides, the local similarities with squeezing/stretching preserve the energy informa-

tion of crosscorrelation, which can be an indicator of the minimum extension. A

polynomial-type weighting function introduced in the last section is used to penalize

localized crosscorrelations away from the stationary curve.

2.2.1 Objective Function and Its Adjoint Source

Instead of maximizing the global crosscorrelation, I propose to maximize the simi-

larity between the observed and predicted seismic data using a local-crosscorrelation,

which was used earlier in solving the time-lapse image registration problem [1]. The

proposed objective function compares the predicted and observed data locally within

the predefined stretching/squeezing range, which is given by

J(m) = −1

2

∑
s

∑
xr

∑
t

∑
k

W (k)C2
w(m, s, xr, t, k), (2.6)
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where C2
w(m, s, xr, t, k) denotes a localized crosscorrelation defined in equation 2.7.

The two-components of the data are treated independently. The symbols s and xr

denote the source and receiver index numbers, respectively. W is the previously intro-

duced polynomial penalty function. k is the coefficient for data extension (stretching

or squeezing).

The local-crosscorrelation admits time-dependent similarities instead of a sin-

gle value often admitted by the global-crosscorrelation. The definition of local-

crosscorrelation is given by

Cw(m, s, xr, t, k) =

∫ t+ 1
2
w

t− 1
2
w
u(m, s, xr, t, t

′)d(m, s, xr, t, k, t
′)dt′√∫ t+ 1

2
w

t− 1
2
w
u2(m, s, xr, t, t′)dt′

√∫ t+ 1
2
w

t− 1
2
w
d2(m, s, xr, t, k, t′)dt′

, (2.7)

where u(m, s, xr, t, t
′) and d(m, s, xr, t, k, t

′) are the modeled and extended observed

data, respectively. t′ indicates the summation index within a time window, w; k

indicates the extension index of the observed data. In practice, the local-similarity is

calculated by the solving a least-square problem with shaping regularizations [127]:

cw =
SUTd

λ2I + S
(
UTU− λ2I

) � SDTu

λ2I + S
(
DTD− λ2I

) . (2.8)

The local-similarity attributes are calculated by a product of two least-squares inverses

using shaping regularization. The S in equation 2.8 denotes the shaping operator,

and U and D are diagonal matrices, which are composed of u(xr, t) and d(xr, t, kt),

respectively. I is the identity matrix and λ is the damping factor, and � denotes the

component-wise product. The time window, w, acts like the smoothing length in this

case. I refer the reader to Fomel [127] for more details.

The gradient (for a source and receiver pair) of the misfit (objective) function in

equation 2.6 can be calculated from the adjoint-state method [111, 20]:
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g(m) =

(
∂u(m, s, xr, t)

∂m

)T ∫
k

W (k)Cw(m, s, xr, t, k)(
d(m, s, xr, t, k)√∫ t+ 1

2
w

t− 1
2
w
u2(m, s, xr, t, t′)dt′

√∫ t+ 1
2
w

t− 1
2
w
d2(m, s, xr, t, k, t′)dt′

−

u(m, s, xr, t)
∫ t+ 1

2
w

t− 1
2
w
u(m, s, xr, t, t

′)d(m, s, xr, t, k, t
′)dt′√∫ t+ 1

2
w

t− 1
2
w
u2(m, s, xr, t, t′)dt′

3√∫ t+ 1
2
w

t− 1
2
w
d2(m, s, xr, t, k, t′)dt′

)
dk.

The local crosscorrelation terms are calculated using equation 2.8, while the re-

maining denominator terms are approximated using a full-time integral, which is a

reasonable approximation and it also helps stabilize the division.

For the parameterization of Cijs, the Fréchet derivative,
∂u(Cij ,x,t)

∂Cij
, is given by

Vigh et al. [112]:

∂u(Cij, s, xr, t)

∂Cij
=

∂C

∂Cij
C−1

(
∂σ

∂t
− f

)
i=1,...6;j=i,...,6

and

(
∂C

∂Cij

)
pq

=


1, p = i, q = j

1, p = j, q = i

0, otherwise

,

(2.9)

where σ denotes the stress component of the forward-propagated wavefield. ∂C
∂Cij

is a

six-by-six matrix with elements defined in equation 2.9. Here I use the parameteriza-

tion of Cij, but the gradients for other parameters such as vp and vs can be derived

by using the chain rule.

The model is updated iteratively using the lBFGS method [118], which is written

as

m = m0 − αH−1g, (2.10)

where α is the step length calculated by satisfying the Wolfe condition [128], and H−1
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is the approximated inverse Hessian matrix.

2.2.2 Convexity Analysis

Conventional extensions usually compare two data sets by shifting one of them with

respect to the other. In the proposed method, I use the stretching/squeezing ap-

proach to extend the observed data. The stretching/squeezing approach might be

able to preserve the energy information compared to the shifting approach, which

is more friendly to the proposed weighted-integration objective function. Smaller

stretching/squeezing values tend to preserve more energy, which can be an indicator

of the right matching direction from local-similarity panels. I use two 1D traces to

demonstrate these assumptions numerically. Figure 2.22a shows the observed data

with three arrivals, and the last arrival (E3) is supposed to match the predicted data

in Figure 2.22b since they have the shortest distance. Two similarity panels calculated

by shifting and stretching/squeezing are plotted in Figures 2.23a and 2.23b, respec-

tively. Both panels indicate that the predicted data have two potential directions to

match the observed data. However, there is only one correction direction which can

be found in the stretching/squeezing approach. In this local-similarity panel (Figure

2.23b), the energy (amplitudes) in two directions are different, the nearest matching

(or the shortest distance) tends to have a higher amplitude, which is also the right

direction to match the corresponding arrivals. The stationary curves (pink lines)

picked from the panels are used in previous FWI algorithms [123, 124, 125]. How-

ever, picking a stationary curve from the local-similarity panel will result in loss of

information (i.e., amplitudes), which can be an indicator of correct extension direc-

tion. A weighted summation of the local similarities over extensions tends to find the

available stationary curves without loss of information. The crosstalk between two

arrivals can still exist in the proposed method as Figure 2.24 indicates. These two

local similarity panels are local similarities of the observed data itself. The stretch-
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E1 E2 E3

a) b)
e3

Figure 2.22: One simple trace for illustration. a) Observed data and b) predicted
data. The arrival in the predicted data (e3) is supposed to match the arrival E3 in
the observed data.

ing/squeezing approach (Figure 2.24b) tends to have fewer local minima than the

shifting approach (Figure 2.24a). The proposed weighted integral approach can pe-

nalize the energy away from the expected stationary curve (k = 1), and thus, can

suppress local minima in the objective function. A picking approach can easily get

trapped by one of the peaks away from the exact stationary curve in this case.

2.2.3 Sensitivity Kernels

I first analyze the sensitivity kernels obtained using the objective functions of the con-

ventional L2 norm and the proposed objective function for one source-and-receiver

pair. The actual model has a homogeneous background and two elliptical anomalies

in vp and vs, respectively, as shown in Figure 2.25. I use constant background veloc-

ities as initial models (Figures 2.25c and 2.25d). The solid star and triangle indicate

the locations of source and receiver, respectively. The P- and S-wave velocity anoma-

lies, which indicate the required updating directions, are plotted in Figures 2.26a

and 2.26b, respectively. The source has a peak frequency of 8 Hz, in which case the

conventional L2 norm FWI cannot provide us with the correct updating directions as

shown in Figures 2.26c and 2.26d. The first Fresnel zones indicate opposite updating
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a) b)

Figure 2.23: Local similarities of the predicted and observed trace. a) The shifting
approach and b) the stretching/squeezing approach. Pink curves are picked from the
similarity panels [1]. Local-crosscorrelation tries to match the observed arrivals, E1
and E3, to the predicted arrival, e3, with different directions of shifting or stretch-
ing/squeezing. There is a significant amplitudes difference in the stretching/squeezing
approach. Fewer stretching/squeezing tends to preserve larger amplitudes (energy).

a)

↖↖

↖↖

↖

b)

↖

↖

↖

Figure 2.24: Local similarities of the observed trace. a) The shifting approach and
b) the stretching/squeezing approach. In an ideal case, the energy should focus on
the central line. However, due to the crosstalk between neighboring arrivals, there is
some energy away from the central line. This artificial energy (indicated by the white
arrows) is harmful in extracting a stationary filter from such panels. The proposed
weighted summation approach will penalize these crosstalk in the inversion.



68

X (km)
0 1 2 

D
e
p

th
 (

km
)

1
.5

 
1

 
0

.5
 

0
D

e
p
th

 (
km

)

2
.0

 
2

.5
 

3
.0

 
3

.5
V

p
 (

km
/s

)

V
s 

(k
m

/s
)

1
.0

 
1

.2
 

1
.4

0 1 2 0 1 2
X (km) X (km)

1
.0

V
s 

(k
m

/s
)

X (km)

1
.5

 
1

 
0

.5
 

0
D

e
p
th

 (
km

)

1
.5

 
1

 
0

.5
 

0

3
.5

V
p
 (

km
/s

)

1
.5

 
1

 
0

.5
 

0
D

e
p

th
 (

km
)

a) b)

c) d)

0 1 2 

★                                                         ▼

Figure 2.25: Velocity models. a) Actual vp, b) actual vs, c) initial vp and d) initial
vs. The solid star and triangle indicate the source and receiver, respectively.

directions compared to the desired updates. However, the sensitivity kernels of the

proposed method as shown in Figures 2.26e and 2.26f have the right updating direc-

tions. A larger stretching/squeezing range allows a larger search area when comparing

the observed and predicted data. Zhang et al. [21] suggest using the auto-correlation

of observed data to decide a rough extension range, which also could be useful here.

In this case, I use a range of 0.8-1.2 to achieve a proper comparison and I obtained

similar updates when using larger extensions. Although the velocity anomalies in vp

and vs are in different horizontal locations, the calculated updates are smeared along

the wave-path as expected.



69

0                       1                      2                                                           0                       1                      2X (km)                                                                                    X (km)

1
.5

  
  

  
 1

  
  

  
 0

.5
  

  
  
 0

  
  

  
  

  
  

  
  
  
  

1
.5

  
  

  
 1

  
  
  
 0

.5
  
  

  
 0

  
  
  
  

  
  
  

  
  
  

1
.5

  
  

  
 1

  
  
  
 0

.5
  
  

  
 0

D
e
p
th

 (
km

) 
  
  

  
  

  
  
  

  
  
  
  

  
  
  

 D
e
p
th

 (
km

) 
  

  
  

  
  
  
  

  
  
  

  
  

  
  

 D
e
p
th

 (
km

)

0                       1                      2                                                           0                       1                      2X (km)                                                                                    X (km)

X (km)                                                                                    X (km)0                       1                     2                                                           0                       1                      2

0
.0

  
  

  
  
0

.5
  
  

  
  
  

1
.0

  
  

  
  
1

.5

δV
p
 (

km
/s

) 
  

  
  

  
  
  

  
  

  
  

  
  

  
  
  

  
  
  

 δ
V

p
 (

km
/s

) 
  
  
  

  
  
  

  
  
  

  
  
  

  
  
  

  
  
  

 δ
V

p
 (

km
/s

)

-0
.8

  
  

  
  

 0
.0

  
  
  

  
  
  
  

  
  
 1

.0
  

  
  

  
 -

1
.0

  
  

  
  
  

  
 0

.0
  
  
  

  
  
  

  
  
1

.0

D
e
p
th

 (
km

) 
  

  
  

  
  

  
  
  

  
  
  

  
  
  

 D
e
p

th
 (

km
) 

  
  
  

  
  
  
  

  
  
  

  
  

  
  

 D
e
p

th
 (

km
)

1
.5

  
  

  
 1

  
  
  

 0
.5

 
  
  
 0

  
  

  
  
  

  
  
  
  

  
1

.5
  

  
  
 1

  
  
  

 0
.5

  
  
  
 0

  
  
  

  
  
  

  
  
  

  
1

.5
  

  
  
 1

  
  
  

 0
.5

  
  
  
 0

-0
.4

  
  
  
  

  
 -

0
.2

  
  
  

  
  
 0

.0
-1

.0
  

  
  
  

  
  

 0
.0

  
  

  
  

  
  

  
 1

.0
  

  
  
  

 -
1

.0
  
  

  
  
  

  
 0

.0
  
  
  

  
  
  

  
  
1

.0
δV

s 
(k

m
/s

) 
  

  
  

  
  
  

  
  

  
  
  

  
  
  
  

  
  
  

 δ
V

s 
(k

m
/s

) 
  
  

  
  
  

  
  
  

  
  
  

  
  
  

  
  
  

  
 δ

V
s 

(k
m

/s
)

a)                                                                        b)

c)                                                                        d)

e)                                                                         f)

Figure 2.26: Sensitivity kernels. Actual vp and vs anomalies in a) and b), respectively.
Sensitive kernels for vp and vs using the conventional L2 measurement are shown in c)
and d), respectively. Sensitive kernels for vp and vs using the proposed measurement
are shown in e) and f), respectively. The proposed method can find the correct
updating direction while the conventional L2 norm fails to find the correct updating
direction.
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2.2.4 The Modified Elastic Marmousi Model Test

I use a modified Marmousi model to verify the effectiveness of the proposed objective

function. Two low-velocity zones (indicated by the dashed circles in Figure 2.27a)

in the P-wave velocity are intended to test whether there are leakages between the

inverted vp and vs. The actual S-wave velocity (Figure 2.27b) is generated by setting

vs = vp/
√

3 + 0.1(vp − 2.4). Initial models in Figure 2.28 are 1D linear gradient

models, which are far from the exact ones (vs = vp/
√

3). The source wavelet is a

Ricker wavelet (peak frequency, fp = 5Hz) without frequencies below 3 Hz, in which

case a conventional zero-lag crosscorrelation based elastic FWI is supposed to converge

to a local minimum. Only one frequency band, 3-10 Hz, is used for inversion. The

stretching/squeezing range is fixed, which is 0.8-1.2. There are 220 explosive sources

and 330 receivers placed at constant increments on the surface of the model. The

recorded data are two-component particle velocities. A fourth-order in space and

second-order in time staggered finite-difference scheme with optimal finite-difference

coefficients is implemented to solve the elastic wave equation [107, 129]. The spatial

and time sampling are 10 m and 1 ms, respectively. A boundary-storing approach is

used in wavefield reconstruction [130]. I update vp and vs simultaneously using the

lBFGS algorithm. 20 gradients are used to approximate the Hessian matrix. I conduct

a zero-lag global-correlation based FWI and the proposed FWI on the same data set

for comparison. Figure 2.29 shows the estimated velocities using a zero-lag global

correlation. They’re not updated sufficiently because of the convergence to a local

minimum. Figure 2.30 shows the estimated velocities using the proposed method.

Both vp and vs got improved compared to those obtained from the global correlation

objective. I plot the vertical profiles in Figure 2.31 for a better comparison. The

estimated velocities using the proposed method have better match with the actual

ones than those estimated using the global correlation approach. As a quality control

measure, I plot the local-similarity panels for the initial (Figure 2.32a), inverted
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◌

◌

a) b)

Figure 2.27: The true model. a) vp, b) vs. There are two low-velocity zones marked
by dashed circles in vp; vs = vp/

√
3 + 0.1(vp − 2.4).

(Figure 2.32b) and actual (Figure 2.32c) models. Positive values indicate that the

two data sets are close to each other while the negative values indicate that the two

data sets are more than half-cycle away. Local-similarities between the predicted

data from the inverted model and the observed data are concentrated near k = 1,

which means that the predicted is close to the observed data. From Figure 2.32, it

is easy to understand the optimizing mechanism of the proposed method: it corrects

the moveouts of the arrivals in the data domain, which is similar to the process of

moveout velocity analysis in the image domain.

At last, I use the estimated velocities from the proposed method as initials for a

conventional L2 norm based FWI and obtain the results plotted in Figure 2.33. The

final result provides models that are close to the actual ones and two low-velocity

zones have been recovered. The proposed method can produce good initial models

for conventional L2 norm based inversion as Figure 2.34 indicates. The data matching

history shown in Figure 2.35 indicates that the predicted data from the inverted model

is also close to the observed data.
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a) b)

Figure 2.28: The initial model. a) vp, b) vs. They’re linear gradient models and
vs = vp/

√
3.

a) b)

Figure 2.29: The estimated models using a conventional global crosscorrelation. a)
vp, b) vs. I used limited iterations as the model converged to a local minimum.
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a) b)

Figure 2.30: The estimated model using the proposed approach. a) vp, b) vs. They’re
used as part of the initial model for a conventional L2 norm based elastic FWI.
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Figure 2.31: Vertical profiles located in the middle of the models. a) vp, b) vs. The
proposed estimates are close to the actual ones.
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a) b) c)

Figure 2.32: A local-similarity comparison (vertical component) for one example shot.
a) Initial and observed data, b) inverted and observed data and c) auto-correlation
of observed data. The inverted similarities focus on k = 1 as shown in b) and they
are close to the reference in c).

a) b)

←
←

Figure 2.33: Conventional L2 norm based FWI using the velocities from the proposed
method. a) vp, b) vs. Two low-velocity zones have been recovered in the estimated
vp as the pink arrows indicate. Only one frequency band (3-10 Hz) is used in this
inversion.
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Figure 2.34: Vertical profiles located in the middle of the models. a) vp, b) vs. The
initial model for the L2 norm based FWI comes from the proposed method.
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Figure 2.35: Normalized data misfit versus iterations for the conventional L2 norm
inversion. I use the model in Figure 2.30 as the initial.
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2.2.5 The North Sea OBC Data Test

I apply the proposed inversion strategy to a 2D line from the Volve data set. The seal

layer and the reservoir, located between 2.75-3.12 km depth, are the main imaging

targets. I use the raw data set with limited preprocessing including polarity correc-

tion, instrumental deconvolution and data quality control. For the inversion, I use

240 shots and 240 two-component receivers distributed evenly with a spacing interval

of 50 m and 25 m, respectively. The length of the ocean-bottom cable (OBC) is 6

km and the sources are evenly distributed along a 12 km line just below the sea sur-

face. A modified free-surface boundary condition, which can suppress strong surface

waves, is used in the simulation [131]. I convolve the observed data with a half-order

differentiation function of the known wavelet, and thus, I avoid source estimation,

while correcting the phase and amplitude discrepancy between the 3D Earth and the

2D simulation [132, 133]. The initial model (Figure 2.36) is a 1D smoothed version of

the model provided by the data owners. Only one frequency band (2-12 Hz) is used

for the inversion. The relatively high frequencies help suppress the Scholte waves

present in the shallow-water area. I first apply the proposed inversion algorithm with

an extension of k = 0.9−1.1 to avoid possible cycle-skips. The inverted vp and vs are

shown in Figures 2.37a and 2.37b, respectively. The updates are dominated in the

shallow area, which indicates that the contribution is mainly from the first arrivals.

There are also minor updates from the reflections, which can be found through the

data comparison. Then I refine the model obtained in the previous stage using a

zero extension (k = 1.0), in which case the proposed method is equivalent to the

global-crosscorrelation approach [18]. Figure 2.38 shows the final inverted velocities.

The high-velocity seal layer and a low-velocity layer below it can be imaged. For

comparison, I also apply an L2 norm based inversion and obtained minor updates in

the shallow area as shown in Figure 2.39. There are no sufficient updates in vp and vs

compared to the proposed approach. Also, considering the limited offsets available,
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the inverted vs has larger uncertainties than vp. For a fair comparison, the inversion

scenarios share the same parameter setting with regard to gradient post-processing

(smoothing and model regularization), optimization strategy and stopping criteria

(the Wolfe condition) [128]. I also compare the inverted P-wave velocities with the one

from the check shot nearby in Figure 2.40. The large extension range (k = 0.9− 1.1)

provides relatively smooth updates compared to those with non-extension (k = 1.0).

The extension helps correct the kinematic errors in the initial model. Since anisotropy

is present in this data [85], the inverted velocity here is closer to the horizontal ve-

locity in the shallow and the NMO velocity in the deeper part. On the other hand,

the well velocity represents the vertical velocity. This explains the discrepancy in the

matching, where the difference can be attributed to δ. This also explains the slight

depth mismatch as the inverted velocity will place features slightly deeper. The inter-

leaved predicated and observed vertical- and horizontal-component data plot (Figure

2.41) of the initial model indicates that the initial model can provide reasonably good

prediction in the near offsets. The inversion with the extension helps us match the

data at the far offsets and recovers some dominant reflections as shown in Figure

2.42. The interleaved data comparisons indicate that the reduced extension helps us

obtain simulated data that match the observed data even better (Figures 2.42 and

2.43). As a reference, the L2 based inversion failed to provide sufficient updates (sat-

isfying the Wolfe condition) as shown in Figure 2.44. I also plot the data-matching

history for the different inversion scenarios as shown in Figure 2.45. It shows that

the proposed inversion reduces the data misfit by about 45% while the conventional

L2 norm achieves about 10% reduction of data misfit.
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a)                                                                  b)

Figure 2.36: The initial models. a) vp and b) vs. They’re 1D models.

a)                                                                  b)

Figure 2.37: The inverted models using k = 0.9− 1.1. a) vp and b) vs. They are used
as input models for the following non-extension inversion.
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a)                                                                  b)

Figure 2.38: The inverted models using k = 1.0. a) vp and b) vs. The high-velocity
seal layers at the depth of 2.8 km are recoverable but the uncertainties in the inverted
vs might be large due to the limited offset/depth ratio.

a)                                                                  b)

Figure 2.39: The inverted models from using the conventional L2 norm as a reference.
a) vp and b) vs. The inversion was terminated when the updates cannot satisfy the
Wolfe condition.
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Figure 2.40: P-wave velocity profiles at X = 6.0 km. The check shot is close to the
inversion line. The depth mismatch could be caused by dipping layers or more likely
the ignored anisotropy in this area.

a)                                                                  b)

P  O   P  O ... P: Predicted
O: Observed

Figure 2.41: A shot gather displaying interleaved predicted and observed data using
the initial vp and vs. a) The vertical component and b) the horizontal component.
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a)                                                                  b)

Figure 2.42: A shot gather displaying interleaved predicted and observed data using
the estimated vp and vs from k = 0.9 − 1.1. a) The vertical component and b) the
horizontal component.

a)                                                                  b)

Figure 2.43: A shot gather displaying interleaved predicted and observed data using
the estimated vp and vs from k = 1.0. a) The vertical component and b) the horizontal
component.
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a)                                                                  b)

Figure 2.44: A shot gather displaying interleaved predicted and observed data us-
ing conventional L2 norm based inversion. a) The vertical component and b) the
horizontal component.
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Figure 2.45: Data matching history. There are two sequential inversions: 1) k =
0.9− 1.1 and 2) k = 1.0. The conventional L2 norm based inversion acts a reference.
All these inversions are terminated via the Wolfe condition.
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2.2.6 A Stationary-phase Data Selection Approach

The local-similarities along zero-extensions (k = 1) indicate the closeness of predicted

and observed data. This also provides a different perspective in implementing the mul-

tiscale inversion. A selection of frequencies from low to high is a widely used strategy

in multiscale inversion. However, it is not applicable to the data lacking low frequen-

cies. An alternative choice of multiscale inversion is selecting data corresponding to

offsets, which are free of cycle-skipping. The crucial step of these approaches is the

scheme used in selecting data for inversion in each iteration. Mart́ınez-Sansigre and

Ratcliffe [134] designed a probabilistic quality control to quantify the cycle-skipping.

Bi and Lin [135] used the traveltime difference as a criterion to select the proper data.

Although such approaches show promising inversion results, the L2 norm objective

function is inconsistent with such inversion strategies since increasing the selection

range and the reduction in the data difference are competing with each other, and

thus, can not be handled using current optimization schemes. I improve the mul-

tiscale strategy of offset-selection by introducing a local-similarity criterion. The

global-crosscorrelation objective function used here aims to maximize the similarity

of two data sets instead of subtracting one from another and it is more consistent

with the selection strategy. Besides, the crosscorrelation-based objective function is

more sensitive to the phase information of the data and thus is more applicable to

field data. I use a modified elastic Marmousi example to verify the effectiveness of

the proposed method.

Due to the oscillatory nature of seismic waves, the L2 norm objective function

suffers from cycle skipping when the mismatch between the predicted and observed

data exceed a half-cycle. An intuitive remedy to this problem is to select parts of

the data free of cycle-skipping and the process can be done adaptively. The proposed
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objective function is written as

J(m) = −
∑
s

∑
r

Wû · d̂, (2.11)

where û = u
||u|| and d̂ = d

||d|| are normalized predicted and observed data, respectively.

The indexes s and r correspond to the source and receiver locations, respectively, and

W is the selection matrix, which will be explained later. The objective here is to

maximize the similarity of the predicted and the observed data.

As discussed in the introduction, not all the data can be predicted with accurate

kinematic information in practice. The conventional L2 norm based FWI requires

that the predicted and observed data have a maximum difference of half wavelength

for each event. Otherwise, the adjoint source would be cycle-skipped. In the proposed

method, I do not need to calculate the mismatch of each event because it is imprac-

tical to isolate each event. Instead, I use the local similarity measure to generate a

weighting matrix, which emphasizes the most coherent events in the predicted and

observed data. As I update the model, more of the data will fit the cycle-skipping

criterion.

The local similarity proposed by Fomel [127] was applied to compare the similarity

of two images (i.e. the PP and PS image registration). Different from the global

correlation, the local analysis produce a local correlation as a variable function that

identifies local changes in the similarity of two signals. Each element of the similarity

matrix is given by

ws(t, r) = c1 ∗ c2, (2.12)

where t and r are indexes of time and receivers, respectively. c1 = SUTd
λ2I+S(UTU−λ2I) and

c2 = SDTu
λ2I+S(DTD−λ2I) . U and D are diagonal matrices composed from the elements of

d and u, respectively. The dividing operation is achieved by solving two least-square

inverses.
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The original definition of local similarity is not suitable for the problem because

it ignores the polarity information of the two signals. For example, two signals with

opposite polarity (fully cycle-skipped) have a similarity of 1 in this case. To overcome

a potential fully cycle-skipping, I add a polarity detection in the selection matrix

which is given by

wp(t, r) =


1, sign(u) ∗ sign(d) > 0

0, sign(u) ∗ sign(d) < 0

,

and each element of the selection matrix, W, is given by w(t, r) = ws(t, r) ∗ wp(t, r).

To obtain the gradient function of the proposed objective function, I take its

derivative with respect to the model parameters as follows

∂J

∂m
=
∑
s

∑
r

∂u

∂m
·
(

W

||u||

(
û
(
û · d̂

)
− d̂

)
+
∂W

∂u

)
, (2.13)

where ∂W
∂u

can be approximated by 2.0W
u

and the divisions transforms products in

practice.

The inverse problem here is nonlinear since the selection matrix is updated in

each iteration. I cannot use L2 norm based measurements in the inversion because

the norm of W is increasing as I update the model and the data mismatch is reduced

if the updating is in the right direction. In the proposed objective function (equation

2.11), the norms of W and û · d̂ are both increasing as I update the model, and thus,

allows for a consistent procedure treatable by current optimization methods.

The model is updated iteratively using the lBFGS method [118], which is given

by

m = m0 − λH−1g, (2.14)

where λ is the step length calculated by the standard line-search method. H−1 is the
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approximated inverse Hessian matrix.

I use the same modified Marmousi model to verify the effectiveness of the proposed

method. The actual S-wave velocity is generated by setting vs = vp/
√

3 + 0.1(vp −

2.4). The actual and initial velocity models are shown in Figures 2.46 (a, b) and

2.47 (a, b), respectively. The source wavelet is a Ricker wavelet (fp = 5Hz) with

frequencies below 3 Hz muted, in which case a conventional L2 norm based FWI

cannot converge to the global minimum. Only one frequency band, 3-4 Hz, is used for

the proposed inversion. The recorded data are two-component particle velocities. The

staggered finite-difference method is implemented to solve the elastic wave equation.

Initial models are 1D linearly increasing models, which are far from the exact one. I

conduct a conventional global-correlation based FWI and the proposed FWI on the

same data set for comparison. Figure 2.48 shows the estimated velocities using a

conventional global correlation. There are limited updates due to the local minima

constraint. Figure 2.49 shows the estimated velocities using the proposed method

and it looks much better than the one from the conventional approach. I plot the

vertical profiles in Figure 2.50 to highlight the accuracy. The estimated velocities

using the proposed method better matches the actual ones than the those estimated

using the conventional global-correlation approach. There is a significant difference

in the initial and actual velocity in many places as the black arrow indicates, which

induces cycle-skipping even for later arrivals. The proposed method provides an

automatic approach to capture related events through their similarity. As a quality

control factor, I compare the data fitting histories of the conventional approach and

the proposed approach as shown in Figure 2.51. The proposed approach has an overall

slower but better convergence than the conventional approach. The data comparisons

of the vertical component (Figure 2.52) and the horizontal component (Figure 2.53)

also complements the claim of the effectiveness of the proposed method. At last, I

use the estimated velocities from the proposed method as initials for a conventional
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◌

◌

a) b)

Figure 2.46: The actual models. a) vp, b) vs. There are two low velocity zones in vp;
vs = vp/

√
3 + 0.1(vp − 2.4).

a) b)

Figure 2.47: The initial models. a) vp, b) vs. They’re linearly increasing models and
vs = vp/

√
3.

L2 norm based elastic FWI and obtain the results in Figure 2.54. The final results

are close to the actual models and two low-velocity zones have been recovered as the

arrows indicate.
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a) b)

Figure 2.48: The estimated models using a conventional global crosscorrelation. a)
vp, b) vs.

a) b)

Figure 2.49: The estimated models using the proposed approach. a) vp, b) vs. They’re
used as initial models for a conventional L2 norm based FWI.
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Figure 2.50: The vertical profiles in the middle of the models. a) vp, b) vs. The
estimated P-wave velocity using the proposed method has a better match with the
acutal one. The arrows indicate where the conventional global crosscorrelation based
objective function fail.
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Figure 2.51: The normalized misfit versus iteration. The proposed method has a
better convergence than the conventional one. The inversion stops when there are no
updates.

a) b) c)

Figure 2.52: The data comparison, vertical component. a) Observed data, b) pre-
dicted data from the initial model and c) predicted data from the estimated model
using the proposed method.

a) b) c)

Figure 2.53: The data comparison, horizontal component. a) Observed data, b)
predicted data from the initial model and c) predicted data from the estimated model
using the proposed method.
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a) b)

Figure 2.54: The conventional L2 norm based FWI using the velocities from the
proposed method. a) vp, b) vs. Two low velocity zones have been recovered in the
estimated vp as the arrows indicate.
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2.3 Discussion

The proposed local-similarity based elastic FWI can be regarded as a data-domain

analysis approach. The sensitivity kernel analysis (Figure 2.26) demonstrates that

the proposed method can find the correct updating direction when the conventional

L2 norm fails. The method tries to focus the local-similarities along the non-extension

range as shown in Figure 2.32. The kinematic information, which is captured by the

extension, is mainly utilized when calculating the updates. The squeezing/stretching

extends the search dimension when comparing two data sets and thus allows us to start

from kinematically-poor initial velocity models. As opposed to dynamic wrapping

[123], I do not calculate explicit traveltime differences. The penalty function used

in the objective function tries to minimize the time difference implicitly. Unlike

methods that rely on utilizing a matching filter [22, 124], which requires an initial

deconvolution, I use a weighted summation of filters to obtain a stationary filter [126].

These filters are represented by the local-similarities of predicted and observed data,

which emphasize the matching of the phases instead of the amplitudes. In practice,

artifacts can bias the calculation of one stationary filter and the weighted summation

can increase the robustness of the algorithm. The stationary-phase approach has

reduced computational demand but can fail when there are similarities between the

initially predicted data and the observed data. A potential limitation of the proposed

methods, as many other measurements do, is that it requires diving waves to provide

sufficient low-wavenumber components for kinematically-poor initial velocity models.

A remedy to this is to calculate updates along reflection wave-paths explicitly. The

proposed objective function can be used as an objective to emphasize matching of

phase information somewhat similar to what traveltime based reflection FWI does

[136, 137].
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Chapter 3

Wave Equation Dispersion Spectrum Inversion

The near-surface of the Earth plays a vital role in supporting the modern infrastruc-

ture and in imaging the deep Earth. Using an invasive method such as boreholes,

we can have direct measurements of P- and S-wave velocities in the near-surface at

a relatively high cost and representing a limited region, the borehole location. Non-

invasive methods, like seismic survey, can reduce the cost and increase the lateral

resolution. Recorded surface waves often provide reasonable estimates of the S-wave

velocity in the near-surface. However, existing algorithms are mainly based on the 1D

layered-model assumption and require picking the dispersion curves either automati-

cally or manually. I propose a wave-equation based inversion algorithm that inverts

for S-wave velocities using fundamental- and higher-modes Rayleigh waves without

picking an explicit dispersion curve. The proposed method aims to maximize the

similarity of the phase velocity spectrum (f − v) of the observed and predicted sur-

face waves with all-Rayleigh wave modes (if they exist) utilized in the inversion. The

f − v spectrum is calculated using the linear Radon transform applied to a local

similarity-based objective function, and thus, I do not need to pick velocities in spec-

trum plots. As a result, the best match between the predicted and observed f − v

spectra provides the optimal estimation of the S-wave velocity. I derive S-wave veloc-

ity updates using the adjoint-state method and solve the optimization problem using

the lBFGS algorithm. The method excels in cases where the S-wave velocity have

vertical reversals and lateral variations, as I utilize all-modes dispersion, and it can
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suppress the local minimum problem often associated with full-waveform inversion

applications. Synthetic and field examples are used to verify the effectiveness of the

proposed method.

3.1 Dispersion Spectrum Inversion Theory

I first use an example of processed data to illustrate the basic concept of the wave-

equation dispersion spectrum inversion. Figure 3.1a shows virtual-shot gathers after

processing. The Rayleigh waves, which have two main cycles with different slopes,

are dominant in the data. These trapped waves are often considered as strong coher-

ent noise and removed in regular data processing. In the proposed method, I utilize

such events in estimating the S-wave velocities in the near-surface. Figure 3.1b is the

corresponding dispersion spectrum after applying the multiple channel analysis of

surface waves (MASW). Two main dispersion modes including a strong fundamental

mode and a weak high-order mode are observable in the spectrum. The existing sur-

face wave dispersion inversion methods often utilize picked dispersion curves (like the

green dashed curve) to estimate the S-wave velocities in the near-surface. However,

picking such a dispersion curve adds more uncertainties in the inversion and often

ignores the weak high-order modes. Under the framework of full-waveform inversion,

I propose to use the dispersion spectrum (Figure 3.1b) as observed data to estimate

S-wave velocities in the near-surface. The main benefits of this approach are 1) avoid-

ing picking the dispersion curves, 2) utilizing all the existing dispersion modes and

3) easy-implementation by modifying the objective function and the adjoint source

used in conventional elastic FWI codes.

I use the dispersion spectra as the predicted and observed data and compare their

local similarities, which is given by

φ(m) =
1

2

∫
s

∫
r

∫
f

∫
f ′
W (f ′)C2

w(f, v, f ′)df ′dfdrds, (3.1)
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in the near surface

a) b)

Figure 3.1: An illustration depicting the wave-equation dispersion spectra inversion
algorithm. a) Common shot gathers and b) its dispersion spectrum. The dashed line
marks the possible fundamental mode.

where Cw(f, v, f ′) =

∫ f+1
2w

f− 1
2w
|Cp(f,v)||Co(f,v,f ′f)|df√∫ f+1

2w

f− 1
2w
|Cp(f,v)|2df

√∫ f+1
2w

f− 1
2w
|Co(f,v,f ′f)|2df

denotes the local-crosscorrelation

of predicted and observed f − v spectra. f ′ denotes frequency extensions. W (f ′) is

a polynomial-type weighting function as mentioned in Chapter 2, which satisfies the

following boundary conditions: W |±f ′ = 0;W ′|±f ′ = 0;W |0 = 1;W ′|0 = 0. The dis-

persion spectrum (f − v) is calculated using a linear Radon transform [138]. After a

temporal Fourier transform of the shot gather, a linear Radon transform can be calcu-

lated for each temporal frequency component f as C(f, v) =
∫ xmax
xmin

D(f, x)e−
i2πfx
v dx

and its adjoint form is given by D(f, x) =
∫ vmax
vmin

C(f, v)e
i2πfx
v dv. The gradient for

the S-wave velocity updating with respect to the objective function can be calcu-

lated by cross-correlating the forward-propagated source wavefield with the backward-

propagated adjoint-source [111, 30]. The gradient for the S-wave velocity updating

with respect to the objective function is calculated using the chain rule, given by
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∂φ(m)
∂m

= ∂φ(m)
∂dp(m)

∂dp(m)
∂m

, where ∂φ(m)
∂dp(m)

is the adjoint source and ∂dp(m)
∂m

is the Fréchet

derivative. The adjoint source of the proposed objective function is then given by

[30]

∂φ(m)

∂dp(m)
= <

(
iFFT

(
AdjRadon

(
∂φ(m)

∂|Cp|
∂|Cp|
∂Cp

)))
(3.2)

and

∂φ(m)
∂|Cp| =

∫
f ′
W (f ′)Cw(f, v, f ′) (3.3)(

( |Co(f,v,f ′f)|√∫ t+1
2w

t− 1
2w
|Cp(f,v)|2df

√∫ f+1
2w

f− 1
2w
|Co(f,v,f ′f)|2df

−
|Cp(f,v)|

∫ f+1
2w

f− 1
2w
|Cp(f,v)||Co(f,v,f ′f)|df√∫ f+1

2w

f− 1
2w
|Cp(f,v)|2dt

3√∫ f+1
2w

f− 1
2w
|Co(f,v,f ′f)|df

)
df ′.

By cross-correlating the forward-propagated source wavefield with the backward-

propagated adjoint-source (equations 3.2 and 3.3) wavefield, I can obtain the gradient

of the objective function.

3.2 Numerical Examples

3.2.1 Synthetic S-wave Velocity With Lateral Variations Test

Considering practical applications, the proposed method should be able to invert

lateral inhomogeneities. I use a checkerboard model to verify its effectiveness. The

P-wave velocity and density used for synthetic examples are layered models as shown

in Figures 3.2a and 3.2b, respectively. I use the true density model for inversion, but

the P-wave velocity used for the inversion is 10% lower than its actual value. The

actual S-wave velocity in Figure 3.3a has both lateral variations and depth reversals.

There are 196 vertical sources and 196 receivers (vertical- and horizontal-components)

distributed on the top surface with a constant increment. The maximum frequency

used in the inversion is 30 Hz and the spatial sampling is 4 m. I use a linear-gradient

initial S-wave velocity (Figure 3.3b) and an inaccurate P-wave velocity (90%) to ob-
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tain the updated model shown in Figure 3.3c. CSGs (Figure 3.3d ∼ 3.3f) and their

corresponding dispersion spectra (Figure 3.3g ∼ 3.3i) indicate that the proposed in-

version can match the observed dispersion spectrum and also its corresponding CSGs.

I then use a constant initial model (Figure 3.4a) to further verify the effectiveness of

the proposed method. I compare the conventional L2 norm elastic FWI (waveform

subtraction) with the proposed method as shown in Figures 3.4b and 3.4c, respec-

tively. The predicted data (Figure 3.4d) and its dispersion spectrum (Figure 3.4g)

indicate that the constant initial model is far from the actual model. Conventional

L2 norm based inversion fails to match the observed data (as shown in Figure 3.4e)

so does the dispersion spectrum indicate (Figure 3.4h). However, both the CSGs and

the dispersion spectrum (Figures 3.4f and 3.4i) from the proposed inversion are closer

to the observed ones than the conventional L2 norm based inversion. The proposed

inversion is not perfect due to the insufficient illumination at the deep part and also

considering the acquisition boundaries. To further improve the inverted velocity, I

add a total variation (TV) constraint to the inverted model as suggested by Guitton

[117] and Alkhalifah et al. [139]. Figure 3.5a shows the improved estimation which

has a much better recovery for the deep layer. Both the CSGs and its dispersion

spectrum (Figures 3.5b and 3.5c) indicate a good match with the observed ones. At

last, I use the improved model (Figure 3.5a) as the initial model for a conventional

L2 norm elastic FWI. Both the predicted data from the final inverted model and the

dispersion spectrum (Figures 3.5e and 3.5f) indicate that the model obtained from

the proposed method plus the TV constraint can be a good initial model for con-

ventional elastic FWI. For the experiment with the constant initial model, I use the

actual P-wave velocity as input in order to allow us to conduct the conventional elas-

tic FWI, which is more sensitive to the P-wave velocity than the proposed approach.

Figure 3.6 shows three vertical profiles at different lateral locations (yellow triangles

in Figure 3.3a). I can find that by either using a better initial model (linear gradient)
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a) b)

Figure 3.2: The actual vp a) and density b) models used for the synthetic examples.
They’re also used as initial models but the initial vp is equal to 90% of the true model
in synthetic examples.

or using a bad initial one (constant), but with TV constraints; our proposed method

can obtain similar inversion results.

3.2.2 Field Data Test

A seismic land survey (blue line marked P-2 in Figure 3.7) was acquired across the

Qademah fault near the Red Sea coast in Saudi Arabia, and I show a representative

shot gather in Figure 3.8a. It is preprocessed by adding a soft-muting window to the

raw data set and applying a bandpass filter. Besides, a time-squared gain is applied

as suggested by Claerbout [140] as shown in Figure 3.8b. 120 receivers (vertical

component) and 120 vertical sources with a sampling of 5 meters are deployed evenly

on the surface. The dominant frequency of the raw data is 40 Hz. I filtered the data

to a maximum frequency of 30 Hz for an inversion purpose. A Ricker wavelet with

a frequency band of 10-20 Hz (inline with the frequency components of the observed

data) is used as the source wavelet. The f − v spectra calculated using the linear

Radon transform for the raw and preprocessed shots are shown in Figures 3.8c and

3.8d, respectively. It’s clear that the dispersion spectrum is improved after proper

data preprocessing. The pink contour curves indicate the dominant modes and it is

used for later comparison. The initial P-wave velocity is a linear gradient one, which
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a) b) c)

d) e) f)

g) h) i)

Actual Initial Proposed

1

Figure 3.3: The checkerboard example with a linear gradient initial model. a) Actual
checkerboard model, b) linear gradient initial model and c) estimated S-wave velocity.
d) ∼ f) are simulated shot gathers using the S-wave velocities in a) ∼ c) and g) ∼ i)
are corresponding dispersion spectra. The inverted dispersion spectrum is close to
the observed one.
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Figure 3.4: The checkerboard example with a constant initial model. a) The constant
S-wave velocity model used for inversion, b) estimated S-wave velocity from conven-
tional elastic FWI and c) the one from our proposed method. The simulated shot
gathers are shown in d) ∼ f) and dispersion spectra of the initial and proposed esti-
mation are shown in g) and i), respectively. h) shows dispersion spectrum obtained
from the L2 inversion. The dispersion spectrum of the proposed method is closer to
the actual one than the one obtained from L2 inversion.
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Figure 3.5: The improved inversion by adding TV constraints to the proposed inver-
sion (Figure 3.4c). a)∼ c) are proposed inversion plus TV constraint. Quality of the
deep layer is improved. d)∼ f) are conventional elastic FWI results with a) as input
model. It indicates that the proposed method plus TV constraint can provide a good
initial model for conventional FWI.
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Figure 3.6: Vertical profiles at different lateral locations (yellow triangles in Figure
3.3). There are two pairs of velocities which are 1) linear gradient initial and the
proposed inversion and 2) constant initial and L2 norm elastic FWI using the model
of proposed inversion plus TV constraints as initial.

is determined by the P-wave tomography model for this area and the initial density

model is calculated using Gardner’s equation. The initial S-wave velocity (Figure

3.9a) is a linearly increasing model and the observed f − v spectrum roughly decides

its minimum and maximum values. The estimated S-wave velocity is plotted in Figure

3.9b. There are some low-velocity zones as expected since the line is across the fault

area and these low-velocity zones cannot be recovered using only fundamental-mode

dispersion. As a quality control, I also plot the predicted data from the initial and

inverted S-wave velocities and their f − v spectra in Figures 3.10 (a, c) and 3.10 (b,

d), respectively. The dispersion spectrum of the proposed inversion can get improved

as the pink contour curve indicates. However, the predicted CSGs are not expected

to exactly match the observed ones. For reference, the reader can compare the results

to those attained by Li et al. [57] of the same line, where they picked the fundamental

mode and derived the gradient use the connective function. Our inverted result tends

to have a higher resolution, especially in the shallow area, which is expected by
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Figure 3.7: The seismic survey line across the fault area [2].

utilizing the higher modes [50]. Besides, I do not need to pick the dispersion mode

and the implementation can be easily done by modifying the objective function and

the corresponding adjoint-source of the conventional elastic full-waveform inversion

code.
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c) d)

Raw data Preprocessed data

1

Figure 3.8: Common shot gathers and their dispersion spectra. a) One example raw
shot gather and b) preprocessed one. c) and d) are dispersion spectra from a) and
b), respectively. The pink contour isolate the dominant modes of Rayleigh waves.
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a)

b)

1

Figure 3.9: The initial S-wave velocity a) and the estimated one b). The initial S-
wave velocity can be roughly determined using the range of velocities in the f − v
spectrum (Figure 3.8d).



105

a) b)

c) d)

Initial Inverted

1

Figure 3.10: Data comparison. a) and b) are simulated shot gathers using the initial
and inverted velocities. c) and d) are the corresponding dispersion spectra. The pink
contour indicates the area of dominant modes existing in the observed data.
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3.3 Distributed Acoustic Sensing Application

Distributed acoustic sensing (DAS) provides a cost-effective way to acquire seismic

data in sand dune regions, where the low P- and S-wave velocities require a dense

receiver sampling. The recorded ambient-noise and active-source data are used to

estimate near-surface elastic properties, and specifically in my case the shear-wave

velocity. I propose a random local-similarity weighted stacking to extract the natural

Green’s functions from the recorded ambient noise. Randomly selected short-duration

data segments can effectively reduce the crosstalk between neighboring events when

performing the crosscorrelation. Instead of blind stacking, I calculate the local-

similarities of the extracted Green’s functions and perform a weighted stacking. Some

randomly-appearing artificial events are suppressed in this way. A wave-equation

dispersion-spectrum inversion algorithm is used to estimate the S-wave velocities in

the near-surface.

3.3.1 Similarity-weighted Random Stacking for Green’s Functions Ex-

traction

Distributed acoustic sensing acquisition measures the ground motion using fiber-optic

cables. Unlike conventional sensors, DAS can cost-effectively provide dense seismic

arrays and long-term sensing at a reduced cost, which is suitable for monitoring

ambient noise. The empirical Green’s functions are extracted using a similarity-

weighted stacking of randomly selected short-time duration noise. The similarity-

weighted stacking only counts the primary contributions of coherent events, while a

short-time correlation can suppress the crosstalk usually presents in late arrivals. The

stacking fold is preserved or even can be increased by generating plenty of random

time segments compared to the full recording time stacking. The DAS data were

acquired 100 km east of Riyadh at Se’ed area (a picture of the data acquisition is

shown in Figure 3.11a). The fiber cable was buried along a 500 m long line into 15 cm
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trench. I use the ambient noise data recorded by an iDAS system as shown in Figure

3.11b to demonstrate the proposed similarity-weighted random stacking. Ten 30-

second records are collected at different times of the day. A full-time crosscorrelation

(30 s, causal part) and its f − v spectrum are shown in Figures 3.12a and 3.12b,

respectively. For imaging the near-surface in a limited area, I do not need large time

lags to generate common virtual-shot gathers. Besides, crosscorrelation with large

time lags can introduce crosstalk between arrivals, which can be relatively strong for

the late arrivals. I, thus, randomly separate the 30-second records into 100 3-second

segments and apply a 3s time-lag crosscorrelation, which is larger than the desired

virtual recording length (2 s). The stacking fold is increased by 10 times compared

to a full-time crosscorrelation, but more importantly it enhances energy of the first

1.5 seconds even further. The choose of optimal time segments has been discussed

by Alajmi et al. [141]. Figure 3.12c and 3.12d show the stacked CSG and its f − v

spectrum. The artifacts present in the late arrivals are suppressed and the SNR is

increased. To further reduce the random noise, I apply a similarity-weighted stacking,

which was used for conventional stacking [142]. The stacking weights are calculated

using a local crosscorrelation, which is given by

rw(p, s, x, t) =

∫ t+ 1
2
w

t− 1
2
w
u(p, s, x, t)û(s, x, t)dt′√∫ t+ 1

2
w

t− 1
2
w
u2(p, s, x, t)dt′

√∫ t+ 1
2
w

t− 1
2
w
û2(s, x, t)dt′

, (3.4)

where u(p, s, x, t) and û(s, x, t) are the separated and directly-stacked virtual-shot

gathers, respectively, and w is the length of the window. Index p denotes the randomly

separated shot gathers. In practice, the local-similarity is calculated by the solving a

least-square problem with shaping regularizations [143].

The similarity-weighted summation is applied to virtual-shot gathers, as shown
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a)                       b)

Figure 3.11: a) The geology map showing the target area marked by a red rectangle
and b) example ambient noise data recorded in this area. The area is surrounded by
sand dunes and there is a road nearby, which could be the main source of the ambient
noise. The noise are attenuated in far-offset.

below:

ū(s, x, t) =

np∑
p=1

rw(p, s, x, t)u(p, s, x, t). (3.5)

As a quantitative measure of improvement, I use the SNR measure defined below

to roughly evaluate the signal [144]:

SNR = 10 log10

(
σ2

1 − 1
N−1

∑N
n=2 σ

2
n

1
N−1

∑N
n=2 σ

2
n

)
, (3.6)

where σ denotes the singular values of stacked common shot gathers (after singular

value decomposition). N is the number of singular values.

The similarity-weighted CSG and its f − v spectrum are shown in Figures 3.12e

and 3.12f, respectively. The CSG has the highest SNR (27.02) compared to the full-

time stacking (18.35) and the random short-time stacking (20.05). However, I also

notice some acausal events appearing in Figure 3.12e. These are caused by noise
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from the opposite direction and can be suppressed by causal (positive time lag) and

acausal (negative time lag) stacking as shown in Figure 3.12g [72]. The coherent

acausal events are suppressed after the causal and acausal stacking, which will reduce

the SNR. However, the data quality is improved since the suppressed coherent acausal

events are noise to our inversion objective. Also, the dispersion spectrum as shown

in Figure 3.12h is improved: the strong fundamental mode and a weak higher mode

events are more continuous.

3.3.2 Dispersion Spectrum Inversion for Enveloped Data

High-frequency active-source data does not require extracting the Green’s functions.

However, data complexity breaks the currently used elasticity approximation to the

subsurface. Taking its envelope can effectively reduce the complexity of waveform

data and make the recorded data applicable to the elastic wave-equation based inver-

sion algorithm. In this case, the previously used phase velocity turns out to be group

velocity.

Envelope for an analytical signal can be calculated using Hilbert transform, which

is given by

E(d(t, x)) =
√
d(t, x)2 +H(d(t, x))2, (3.7)

where H(·) denotes the Hilbert transform. d(x, t) denotes the recorded seismic traces.

t and x are the time and location, respectively. In our application, I use E2(·) applied

to the waveform data as recommended by Wu et al. [27].

After a temporal Fourier transform of the enveloped traces (FFT (E(d(x, t)))), the

linear Radon transform can be calculated for each temporal frequency component

f as C(f, v) =
∫ xmax
xmin

D(f, x)e−
i2πfx
v dx and its adjoint form is given by D(f, x) =∫ vmax

vmin
C(f, v)e

i2πfx
v dv.
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SNR=27.02
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a)                                      b)

c)                                      d)

e)                                      f)

g)                                      h)

Figure 3.12: Empirical Green’s functions and the corresponding dispersion spectra.
Full time (30 s) stacking (a and b); Random short-time (3 s) stacking (c and d);
Random short-time (3 s) similarity-weighted stacking (e and f) and random short-
time (3 s) causal/acausal similarity-weighted stacking (g and h).
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The objective function is the same as the one in our main text, which is given by

φe(m) =
1

2

∫
s

∫
r

∫
f

∫
f ′
W (f ′)C2

w(f, v, f ′)df ′dfdrds, (3.8)

where Cw(f, v, f ′) =

∫ f+1
2w

f− 1
2w
|Cp(f,v)||Co(f,v,f ′f)|df√∫ f+1

2w

f− 1
2w
|Cp(f,v)|2df

√∫ f+1
2w

f− 1
2w
|Co(f,v,f ′f)|2df

denotes the local-crosscorrelation

of predicted and observed f − v spectra. f ′ denotes frequency extensions. W (f ′) is

a polynomial-type weighting function, which satisfies the following boundary condi-

tions: W |±f ′ = 0;W ′|±f ′ = 0;W |0 = 1;W ′|0 = 0. The dispersion spectrum (f − v) is

calculated using a linear Radon transform.

The gradient for the S-wave velocity should consider the adjoint-form of envelope,

which is given by the chain rule: ∂φe(m)
∂m

= ∂φe(m)
∂E(dp(m))

∂E(dp(m))
∂dp(m)

∂dp(m)
∂m

. From the deriva-

tions in the main text, I use the envelope data residual, <
(
iFFT

(
AdjRadon

(
∂φ(m)
∂|Cp|

∂|Cp|
∂Cp

)))
,

denoted as R.

Inserting the adjoint form of the envelope [27], I can obtain the adjoint source for

the misfit with envelope (φe(m)):

∂φe(m)

∂dp(m)
= 2 (Rdp −H(Rdph)) , (3.9)

where dp and dph are the predicted data and its Hilbert transform. The explicit form for

the regular data residual, R, can be found in our main text. By cross-correlating the

forward-propagated source wavefield with the backward-propagated adjoint-source

(equation 3.9) wavefield, I can obtain the gradient of the objective function.

3.3.3 Ambient-noise DAS Data Test

I first apply the wave-equation dispersion spectrum inversion to the virtual-shot gath-

ers. The ambient noise attenuates fast, and thus, only 20 shots (expected to be near

the main noise source) with a spread length of 180 m are used for the inversion due
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to their comparably higher quality. A total of 951 horizontal sensors with a spatial

separation of 0.5 m are used. I apply the phase correction by convolving the observed

data with t−
1
2 [132]. An example observed data and its f − v spectrum are shown in

Figures 3.13a and 3.13b, respectively. The two dashed lines in Figure 3.13a indicate

two main cycles of Rayleigh waves with different phase velocities. They most probably

correspond to the two dispersion modes as shown in Figure 3.13b. As expected, the

fundamental mode is stronger than the high-order mode. The initial S-wave velocity

(Figure 3.14a) is a linear-gradient one, whose gradient can be roughly decided by the

f − v spectrum (e.g., Figure 3.13b). The P-wave velocity and density models used in

the inversion are homogeneous (vp = 2.0 km/s and ρ = 1.6 g/cm3), which generally

have ignorable influences on the S-wave velocity estimation [30]. The inverted S-wave

velocity is shown in Figure 3.14b. The inverted velocity near the surface is around

150 m/s and the thickness of the sand might be up to 40 m as I compare the inverted

results with those analyzed by Al-Shuhail et al. [145]. It seems that this area does

not have strong lateral heterogeneity, which is also in agreement with the observed

data (Figure 3.13a). To further validate the inverted S-wave velocity, I compare the

predicted data and the corresponding spectra with the observed ones. Figures 3.15a

and 3.15b are the predicted data and its spectrum reproduced using the initial S-

wave velocity. Both the predicted data and the dispersion spectrum are far from the

observed ones. Figures 3.16a and 3.16b are the predicted data and its spectrum using

the estimated S-wave velocity. The slopes of arrivals in the predicted data are close

to those in the observed data and so is the dispersion spectrum. The dashed lines

mark the region of the observed dispersion spectrum. However, there are some body

waves remaining in the predicted data (Figure 3.16a), which can prevent the data

matching since they do not exist in the observed data (Figure 3.13a).
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a) b)

--------------------------------

--------------------------------

Figure 3.13: The observed data after preprocessing for inversion. a) Common shot
gathers and b) its dispersion spectrum. The dashed lines mark the dominant modes.
The preprocessing includes 3D to 2D phase and amplitude correction and frequency
selection.

3.3.4 Active-source DAS Data Test

An active-source data set is also acquired along with the ambient-noise data using the

same iDAS line. The minimum frequency of the seismic vibrator is 20 Hz, and thus,

the recorded data, as shown in Figure 3.17a, have plenty of signals including some

acausal arrivals. The corresponding dispersion spectrum (Figure 3.17b) looks noisy

and discontinuous, and thus, cannot be applied to our proposed method directly. A

modification to the objective function can potentially solve this problem. Instead of

using the data, I propose using the envelope of the data. The envelope proved itself

as a good smoother of the data, effectively reducing the frequency of the signal [27].

Figures 3.17c and 3.17d are the enveloped seismic data and the corresponding dis-

persion spectrum, respectively. The envelope can generate artificial low-frequencies,

which are dominant in the dispersion spectrum. Wu et al. [27] suggest applying a

bandpass filter to remove the low frequencies for seismic reflection applications. In

the proposed method, I utilize the transmission waves and thus can preserve the ar-

tificial low-frequencies. The enveloped seismic data and its artificial low-frequencies

dominate the dispersion spectrum in Figures 3.18a and 3.18b, respectively. Clearly,
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a)

b)

Figure 3.14: The S-wave velocity models. a) The initial model and b) the inverted
model. The velocities at the surface are around 150 m/s, which is expected in the
sand.
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a) b)

--------------------------------

--------------------------------

Figure 3.15: The predicted data using the initial model. a) Common shot gathers
and b) its dispersion spectrum. The dashed lines mark the observed dominant modes.

a) b)

--------------------------------

--------------------------------

Figure 3.16: The predicted data using the inverted model. a) Common shot gathers
and b) its dispersion spectrum. The dashed lines mark the observed dominant modes.
The predicted data are close to the observed one.
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there are differences in the spectra between the field data and the data corresponding

to the initial model (Figures 3.17d and 3.18b). Figure 3.19a actually shows the 1D

linear-gradient model used as an initial model for inversion. After 10-iteration up-

dates, I obtain the inverted model as shown in Figure 3.19b. The inverted velocity

has consistent features with the one estimated from the ambient-noise data such as

the low-velocities in the very shallow area. The active source has stronger energy than

the recorded ambient noise, and thus, the inverted velocity using the active source has

a longer offset than the one from the ambient noise. To clarify their differences and

agreements, I plot the vertical profiles at X = 145 m as shown in Figure 3.20, where

the ambient-noise and active-source acquisitions have illuminations. I use the same

initial model for these two inversions and obtain some agreements in the inverted

velocities such as the low velocity zones marked by the black arrows. The predicted

data and its dispersion spectrum of the inverted model are shown in Figures 3.21a and

3.21b, respectively. The proposed method ignores the ignition time of the source, and

thus, I mainly compare the slopes of arrivals, which control the velocity. Although

the enveloped seismic data are not aimed to match each other, the slopes of dominant

arrivals are close for the observed and predicted data. Also, the dispersion spectrum

of the inverted data is closer to the observed one. As an optimization problem, the

data matching history as shown in Figure 3.22 shows the steady convergence of the

approach. A total of 60% of data misfit was reduced. We do not expect an exact

fitting to the field data since some recordings such as noise are not reproducible.
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a) b)

c) d)

--------------
--------------

Figure 3.17: High-frequency active-source data; a) raw shot gathers and b) its disper-
sion spectrum. c) The enveloped seismic shot gather and d) its dispersion spectrum.
The enveloped data are low-frequency dominated as expected. The dashed lines de-
note two main slopes observable from arrivals, which are used as references to evaluate
our inverted results.
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a) b)

------------

-------------

Figure 3.18: The predicted data using the initial model. a) The enveloped common
shot gather and b) its dispersion spectrum. Although the enveloped data are domi-
nated by low frequencies, the differences in the dispersion spectra between the initial
and observed data are apparent.
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a)

b)

⇈

Figure 3.19: The S-wave velocity models. a) The initial model and b) the inverted
model. The inverted velocity model shows similar features to the one inverted from
the ambient-noise data, including the low velocities in the shallow area (indicated by
the black arrows).
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Figure 3.20: The S-wave velocity profiles at X = 145.0m. The two inversions are
conducted independently and have agreements in the low velocities in the shallow
area (indicated by the black arrows).



121

a)                                                         b)
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Figure 3.21: The predicted data using the inverted model. a) A common shot gather
and b) its dispersion spectrum. The dashed lines mark the observed dominant modes.
The dispersion spectrum is close to the observed one and the slopes of the main
arrivals are also matching.
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Figure 3.22: Normalized data misfit versus iterations. A total of 60% reduction is
reasonable for field data applications.
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3.4 Discussion

The proposed inversion algorithm can solve general inverse problems. It is also ap-

plicable to global-size problems, where the multi-channel seismic data are replaced

by the often sparsely placed seismograms. Considering the difference in the coverage

used for regional and global seismology, the calculation of dispersion spectrum might

be different. The 3D application of the proposed method is also possible. I might

need to treat the 3D data volume as several 2D slices and calculate the dispersion

spectra using existing approaches such as the linear Radon transform. It is also pos-

sible to obtain a 3D dispersion spectrum and use the same inversion strategy in this

paper, which will require more investigation. The proposed method is not limited to

Rayleigh waves dispersion inversion. It also applies to other dispersive waves, which

have a liner moveout. For example, Love waves also could be used in the proposed in-

version [146]. The proposed method also has the potential to estimate the anisotropy

of the near-surface using the difference in dispersion spectra in the inline and crossline

directions.

The applications to synthetic and real data highlight the advantages and limi-

tations of the method. The proposed method can use poor initial models for in-

version. Total-variation constraints help recover full-wavenumber components which

are usually unavailable with band-limited seismic data and space-limited acquisitions

[117, 139]. The linear stacking can suppress some random noise in the field data, but

it can also lower the lateral resolution. The offset range used for stacking can change

the lateral resolution. The optimal stacking range might depend on the data and the

target area. Also, there are other techniques available to improve the resolution of

the f − v spectrum [147]. The computational cost of the proposed method can be

equivalent to the regular elastic FWI using a single frequency band.
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Chapter 4

Facies Constrained Multiparameter Estimation

Estimating elasticity and anisotropy parameters is an ongoing topic of interest for

the seismic exploration community. In current practice, due to an inherent trade-off

between parameters, not all the parameters are recoverable using only seismic data

especially for deep-buried targets [148]. The unresolvable parameters such as density

are usually acting as garbage parameters in inversion. However, to get a better un-

derstanding of the subsurface, a more accurate multiparameter inversion is necessary.

Other common ways to reduce the tradeoff in multiparameter inversion are better

choices of parametrization [81, 82, 149] and incorporation of a priori information to

constrain the inversion. Utilizing a priori information in the form of precondition-

ing or regularization has been shown to efficiently reduce the Nullspace [113]. The

a priori information obtained from other geophysical data may provide additional

illumination and resolution compared to the usually used seismic data.

4.1 Parametrization Analysis

Multiparameter inversion suffers from the coupled effects of different parameters

which prevent its convergence [81, 82]. Usually, different parameters have differ-

ent sensitivities to different scattering angles, which is also called radiation patterns.

These different sensitivities are usually not separable for a limited coverage of scatter-

ing angles. To understand this process, I use the second-order elastic wave equation

to derive the general form of radiation patterns for general Cij parameters.
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The second-order elastic wave equation is given by

ρ
∂2u

∂t2
= ∇ · σ + f, (4.1)

and

σ = Cε, (4.2)

where the displacement, u =
∫
t
Ψ, is the time integral of particle velocities (Ψ). σ

and ε are vectors of stress and strain, respectively.

With a linearized approximation (only keep the first-order of model perturba-

tions), the perturbed wavefields caused by perturbed Cij and ρ are given by Oh and

Alkhalifah [149]

ρ
∂2

∂t2

(
∂u

∂p

)
= ∇ ·

(
∂σ

∂p

)
+∇ ·

(
∂C

∂p
ε

)
−
(
∂ρ

∂p

∂2u

∂t2

)
, (4.3)

where p denote the perturbed parameters which can be Cij or ρ. The last two terms

on right-hand side are virtual sources generated by perturbed Cij and ρ, respectively.

Equation 4.3 can be approximated for P-wave sources as follows [150]:

uP−P (θi, φi, θd, φd) ≈ SP
((

eTpdM
pepd

)
+
(
eTpdf

P
))

epd , (4.4)

uP−SV (θi, φi, θd, φd) ≈ SP
((

eTsvdM
pepd

)
+
(
eTsvdf

P
))

esvd , (4.5)

uP−SH(θi, φi, θd, φd) ≈ SP
((

eTshdM
pepd

)
+
(
eTshdf

P
))

eshd , (4.6)

where vectors epd = (sin θd cosφd, sin θd sinφd, cos θd)
T , esvd = (cos θd cosφd, cos θd sinφd,− sin θd)

T ,

and eshd = (− sinφd, cosφd, 0)T . The two angles θ and φ are incident angles with sub-

scripts i and d indicating incidence and diffraction, respectively. For PP diffraction,

θd = −θi. θd = sin−1
(
vs
vp

sin(−θi)
)

for converted waves.

SP , defined as source radiation patterns of incident P-waves from the seismic
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source, is assumed to be isotropic. The virtual source as a point source fP from

isotropic incident P-wave can be expressed as fP = ω2ep, and ep is the orthonormal

basis vector for the incident P-wave.

The moment tensor source term (ignore the spatial sampling) is given by Oh and

Alkhalifah [151]:

MP
Cij

=
∂C11

∂Cij
εPxx + ∂C12

∂Cij
εPyy + ∂C13

∂Cij
εPzz 2∂C66

∂Cij
εPxy 2∂C55

∂Cij
εPxz

2∂C66

∂Cij
εPxy

∂C12

∂Cij
εPxx + ∂C22

∂Cij
εPyy + ∂C23

∂Cij
εPzz 2∂C44

∂Cij
εPyz

2∂C55

∂Cij
εPxz 2∂C44

∂Cij
εPyz

∂C13

∂Cij
εPxx + ∂C23

∂Cij
εPyy + ∂C33

∂Cij
εPzz

,

with the strains defined as εxx = sin2 θi cos2 φi, εyy = sin2 θi sin
2 φi, εzz = cos2 θi,

εyz = sin θi cos θi sinφi, εxz = sin θi cos θi cosφi, εxy = sin2 θi sinφi cosφi [152].

Radiation patterns for any parametrization are combinations of the derived radi-

ation patterns of ρ and Cij and the corresponding gradient (equation 1.12) according

to the chain rule.

4.1.1 Elastic Isotropic Model

Analyses of radiation patterns aim to find a better combination of parameters for

inversion. The choice of parameters is dependent on the geometry of observation

and the purpose of inversion. Operto et al. [81] have provided a comprehensive

analysis on the elastic isotropic parametrization. People can use vp, vs and ρ or their

combinations (e.g., impedance) to describe an elastic isotropic medium. In a physical

sense, I analyze two sets of parameters which are [vp, vs, ρ] and [vp, vs, Ip] shown in

Figures 4.1 and 4.2, respectively.

There are no azimuthal variations of radiation patterns in an isotropic medium,

so I only analyze the variation of response over opening angles in the radial direction

(opening angles). Small to large opening angles are roughly corresponding to the

data which have small to large offset/depth ratios. For the parameterization in terms
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of [vp, vs, ρ], vp has an isotropic sensitivity to PP data set and it is well constrained

among all these three parameters in inversion. However, there is crosstalk between

vs and ρ in the data which have small to middle offset/depth ratios. To suppress the

crosstalk between these three parameters in PP data, I need an acquisition geometry

with a large offset/depth ratio. However, in the PSV data, vp is nonsensitive to the

data, and vs and ρ are sensitive to different ranges of opening angles. Thus PSV data

help resolve the crosstalk between these three parameters. Another parametrization

in terms of [vp, vs, Ip] replaces density, ρ, by P-wave impedance which is Ip = ρvp. vp,

vs and Ip have fewer overlaps in PP response than the previous parametrization, and

vp is more sensitive to the data which have medium-to-large offset/depth ratios. In

this case, converted waves cannot be used to suppress the crosstalk between vp and

ρ since they have the same sensitivity.

There is no simple tell whether a specific parametrization is reasonable or not

without the geometry and the purpose of inversion. Usually, people choose the

parametrization which has well-separated sensitivities to the observed data because

of the smaller overlaps (fewer crosstalk) in radiation patterns. However, due to the

limited length of surface surveys, data with large offset/depth ratios are usually not

available. If the dominant parameter (such as vp) is highly depending on such un-

available data, the inversion can be even worse. Apart from the full coverage of

offset/depth ratios, converted waves are also helpful to reduce crosstalk between dif-

ferent parameters as indicated by Figure 4.1. The availability of converted data

(multiple component data) might be a problematic in practice.

4.1.2 Elastic Transverse Isotropic Model

When more physics such as anisotropy are taken into account, the modeling process

is more close to the real earth, and thus the modeled data should match the observed

ones better [3]. However, more physics introduce more difficulties to parameter es-
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Figure 4.1: Radiation patterns of [vp, vs, ρ] for PP, PSV and PSH data, respectively.
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Figure 4.2: Radiation patterns of [vp, vs, Ip] for PP, PSV and PSH data, respectively.
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timation. Plessix and Cao [153], Prieux et al. [154], Alkhalifah and Plessix [82], Oh

et al. [155] have done dense analysis on the parametrization in VTI media. Here I

consider an elastic VTI case and analyze the radiation patterns of vp, vs, ρ, vn, vh and

vsh in such media. All these parameters are physically in the same order of scale.

Figure 4.3 shows PP radiation patterns for vp, vs, ρ, vn, vh and vsh . vp, vs, ρ and vh

have overall greater influences on observed data than vn and vsh and thus can be well

constrained (small uncertainties) in an inversion sense. It is noticeable that vp and

ρ have overlaps in the near-offset; vs and vn have crosstalk in the middle-offset. vh

is more sensitive to the data with large offset/depth ratios and should be well recon-

structed especially in the shallow part. Converted waves as shown in Figures 4.4 and

4.5 have smaller opening angles and shorter wavelengths and thus can provide higher

resolution results than PP waves. vp and ρ have fewer overlaps for PSV waves, which

means fewer crosstalk in inversion. PSH waves are not exist in VTI media and thus

they are none sensitive to parameter perturbations.

For the often used surface seismic surveys, more parameters introduce more crosstalk

in inversion. The interpretation of seismic data on its own will provide incomplete

information due to the non-uniqueness and the limited spatial resolution. Additional

measurements that may illuminate the targets with additional coverage and resolution

can provide considerable value. I propose a facies-based regularization approach in

the next section. The proposed method reduces the crosstalk in a statistical approach

and allows to invert for all six parameters with high resolution simultaneously.

4.1.3 Constrained Elastic FWI

The proposed objective function of facies-constrained elastic FWI has a standard data

misfit term, a smoothed TV regularization term and a facies-based regularization

term, as follows

J(m) = Jd(m) + αJTV (m) + βJprior(m), (4.7)
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Figure 4.3: PP radiation patterns for the parametrization in terms of
[vp, vs, ρ, vn, vh, vsh ].
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where α and β control the contribution from the penalty terms, and m denotes a

vector of model parameters.

The standard data misfit is given by

Jd =‖Wd(d
pre − dobs) ‖2, (4.8)

where d, with the corresponding superscripts, denote the vectors of multicomponent

data, and Wd is a weighting operator applied to the data, Wd = σ−1
d I. Here, σd is

the standard deviation of the predicted data.

I use a smoothed TV as a penalty in the objective function, as follows

JTV =

∫ √
ε2+ ‖ ∇m ‖2dx, (4.9)

where ε mitigates the singularities in the gradient.
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The last term in equation 4.7 utilizes an a priori given by the facies constraint,

as a penalty, as follows

Jprior =‖Wm(minv −mc) ‖2, (4.10)

where Wm is a diagonal matrix, minv denotes the inverted model in each iteration,

and mc is the calculated confidence map which depends on both the inversion results

and the prior information, as explained before.

The objective function 4.7 can be solved by a gradient-based optimization method

such as the lBFGS method [156]. Alternatively, the objective function can be split

into two subproblems which is known as the Split Bregman method [157, 158].
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4.2 Facies Distribution Estimation Using Bayesian Inversion

Seismic facies are classified based on similarities in any observable attribute of rocks

such as elastic properties, connectivity and overall appearance over a geological area.

Facies can, therefore, provide rock physics relationships, which can be utilized as

constraints in the inversion. This is a key feature (i.e., rock physics constraints per

facies) as opposed to assuming only one relationship over the entire area [87, 89].

With a probabilistic type inversion in mind, quantitative FWI can be analyzed

from a statistical perspective [92]. Specifically, I use Bayesian inversion to calculate

a confidence map from quantitative inversion and a prior knowledge. The first step

of Bayesian inversion is to find the maximum likelihood, which is

P (f|m) =
P (f) · P (m|f)∫
P (m|f)P (f)

, (4.11)

where · denotes element-wise multiplication. m is the vector of inverted model from

conventional least-square fitting. f denotes the vector of facies given.

To be consistent with the least-square criterion, the Gaussian model is used to

describe the uncertainties in the model space [159]:

P (m|f) = exp(−γ(m− f)� (m− f)), (4.12)

where γ controls the resolution of estimated confidence map. � denotes the element-

wise multiplication. The solution of the Bayesian inverse problem is then represented

by its posterior expectation:

cf = fTP(f |m). (4.13)

Here cf denotes one element of the estimated confidence map and f is the vector of

facies.

A constant γ (equation 4.12) assigns equal weight to each estimated parameter
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when calculating the facies. This might be feasible in an elastic isotropic case where

vp, vs and ρ are on the same order. However, weak anisotropy in practice has a

secondary influence on the data, and most of the anisotropy parameters are often

not sufficiently estimated in conventional elastic FWI. In this case, a constant γ

is insufficient. A natural remedy is that γ varies according to the sensitivities of

the different parameters, and specifically, a larger γ is assigned to the parameter

which can be better estimated. Radiation patterns are widely used to measure these

sensitives before conducting the inversion. I propose to utilize the radiation patterns

to enhance the performance of facies calculation in VTI inversion. I utilize the method

proposed by Oh and Alkhalifah [149] to calculate the radiation pattern for each model

parameter in VTI media. Simplified straight rays are used to calculate the opening

angles of each source and receiver pair for each model point. The use of straight rays,

though assumes a homogeneous background, it serves only to help define the weighting

function for the various parameter sensitivity, and thus, should be acceptable even in

complex media. These procedures are summarized in the following:

• Calculate the radiation patterns of vp, vs, ρ, vn, vh and vsh .

• For every model point, calculate the opening angle of each source-and-receiver

pair.

• Sum the radiation patterns over all the available opening angles to get a super-

position effect.

• Calculate the relative weights of each parameter.

• The improved γ(m,x) depends on the model parameter and location.

Usually, the elasticity parameters (vp and vs) are well recovered in a simple VTI

model, in which case the well-constrained parameters help us in finding the correct

facies and a constant γ is sufficient. However, when the VTI model is complicated,
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Figure 4.6: Six facies with normal observation errors. Each color denotes the corre-
sponding group of the face. There are nine observations with normally distributed
errors for each face. They’re used as the possibility P(f) in equation 4.11.

and the elasticity parameters are not well estimated, an improved γ(m,x), which can

help highlight the optimal part of the models, has a more significant chance in finding

the correct facies. Of course, γ(m,x) becomes case dependent. I will start by testing

the approach on an isotropic medium, inverting for three parameters followed by a

VTI example with six parameters. All the examples are 3D models with a spray of

the 2D slice in the third axis.

4.2.1 Isotropic Example

I consider a layered model with six facies and each of them has nine normally dis-

tributed observation errors as shown in Figure 4.6, detailed information of the facies

can be found in table 4.1. The staggered finite-difference scheme is used to solve the

elastic equation with an absorbing boundary condition. The model size is 1.75 km

by 2.5 km with 50 explosive point sources distributed evenly on the surface shown in

Figure 4.7. The recorded seismic data are multi-component particle velocities. The

initial model shown in Figure 4.8 is a smoothed version of the true model obtained

by applying a smoothing operator of length 200 m.

Five frequency bands are used in the inversion, which are 2-7 Hz, 2-10 Hz, 2-13

Hz, 2-16 Hz and 2-19 Hz, sequentially. I also add random noise to the 2 Hz low-cut
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Table 4.1: Six facies in the model.

Face No. 1 2 3 4 5 6
P-vel. (km/s) 2.5 2.8 2.878 3.158 3.189 3.349
S- / P-vel. 0.54 0.53 0.47 0.6 0.57 0.54
Den. / P-vel. 0.88 0.93 0.8 0.65 0.69 0.67

Figure 4.7: True models. P-wave velocity (left), S-wave velocity (middle) and density
(right).

Figure 4.8: Initial models. P-wave velocity (left), S-wave velocity (middle) and den-
sity (right).
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Figure 4.9: Standard elastic FWI results. P-wave (left), S-wave (middle) velocities
and density (right).

filtered data to form the observed data. I conduct a standard elastic full-waveform

inversion, for reference, as shown in Figure 4.9 to compare with the results of our

proposed method shown in Figure 4.10. To assist with the visual comparison, a

vertical profile in the middle of the model is also plotted in Figures 4.11 and 4.13.

The standard method overestimates the S-wave velocities and there is relatively strong

crosstalk between P-wave velocity and density, as expected. However, the proposed

facies-based method can recover most of the layers correctly, and at reasonably high

resolution.

The normalized total misfit subject to the objective function versus iterations

(frequency band 2-13 Hz), shown in Figure 4.12, reveals that the proposed method

does indeed help to fit the data further. The first 13 iterations are standard elastic

FWI, after which the facies based regularization term has been activated. Figure 4.14

shows the observed data, the predicted data and the data residual for the proposed

method at 2-13 Hz respectively.

4.2.2 Anisotropic Example

I extend the isotropic model used in the first example to a transversely isotropic

model with a vertical symmetry axis (VTI). The assumed reservoir (at depth 1.2 km)

is surrounded by VTI layers (from 1 km to 1.45 km in depth). Facies are not listed in

the example but they are constructed to have similar behavior (certain relationships



138

Edge effect➚

Figure 4.10: Proposed elastic FWI results. P-wave (left), S-wave (middle) velocities
and density (right).

Figure 4.11: One vertical profile of the conventional method. P-wave (left), S-wave
(middle) velocities and density (right). Cyan: true model; Green: initial model; Pink:
standard elastic FWI.
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Figure 4.12: Normalized total misfit versus iteration at 2-13 Hz. A jump occurs after
adding the 3rd term in equation 4.7.
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Figure 4.13: One vertical profile of our proposed method. P-wave velocity (left), S-
wave velocity (middle) and density (right). Cyan: true model; Green: initial model;
Red: Proposed method.

Figure 4.14: Observed data with random noise at 2-19 Hz (left); Predicted data of
the proposed inversion result (middle); Data residual (right).
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with vp) to the facies used in the first example (i.e., Figure 4.6). Six parameters

(vp, vs, ρ, vn, vh and vsh) are inverted, simultaneously. The configuration of the

acquisition system is similar to that of the first example. Four frequency bands, 2-5

Hz, 2-7 Hz, 2-10 Hz and 2-16 Hz, are utilized in the multistage approach. Again I

add random noise to the observed data. Figure 4.15 shows the actual model used

in the example, note that the potential reservoir is surrounded by VTI layers. The

initial model shown in Figure 4.16 is a smoothed version of the true model, which has

the same smoothing radius used in the isotropic case. For comparison, the inverted

models from conventional elastic FWI and the proposed method are shown in Figures

4.17 and 4.18, respectively. Vertical profiles from the conventional (Figure 4.19) and

the proposed (Figure 4.20) method inverted models are also plotted. Note that the

anisotropic parameters are recovered insufficiently compared to the elastic parameters

through the conventional anisotropic elastic FWI approach. However, the proposed

statistical approach can improve the inverted anisotropic parameters. The observed

data, the predicted data and the corresponding data residual (2-16 Hz) are shown

in Figure 4.21. The inverted model can predict most of the coherent events in the

observed data.

Our last example is a modified 3D VTI Overthrust model. It is a complex model

in which conventional elastic FWI cannot provide sufficient updates for the anisotropy

parameters. Besides, I only select nine dominate facies from the entire model, and

each of them includes picking errors. I use the same inversion strategies described

previously except that the observed data are generated by an independent code from

Collino and Tsogka [160] (different from the modeling code used in inversion) and

missing the frequencies below 2 Hz. The actual models as shown in Figure 4.22 is

a 3.3 km by 6.4 km by 4.8 km sized model. The initial models are the smoothed

version of the true one as shown in Figure 4.23. Figure 4.24 shows the estimated

models through a conventional inversion. Because of the secondary order of influences,
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Vp Vs ρ

Vn Vh V sh

Figure 4.15: Actual models used in the VTI example.

Vp Vs ρ

Vn Vh V sh

Figure 4.16: Initial models used in the VTI example.
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Vp Vs ρ

Vn Vh V sh

Figure 4.17: Inverted models from conventional elastic FWI.

Vp Vs ρ

Vn Vh V sh

Figure 4.18: Inverted models from the proposed method.
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Vp Vs ρ

Vn Vh V sh

Figure 4.19: Vertical profiles from the conventional method. Cyan: true models;
Green: initial models; Pink: inverted models.

Vp Vs ρ

Vn Vh V sh

Figure 4.20: Vertical profiles from the proposed method. Cyan: true models; Green:
initial models; Red: inverted models.
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Figure 4.21: Observed data with random noise at 2-16 Hz (left); Predicted data of
the proposed inversion result (middle); Data residual (right).

anisotropy parameters are not sufficiently recovered. Using these insufficient estimates

and nine facies as input, I estimate the map of facies (convert to model parameters

for display) through a conventional approach (constant γ in equation 4.12) and an

improved approach (variable γ). There are some improvements in the deeper part of

the proposed approach (Figure 4.25) compared to the conventional approach (Figure

4.26).

Figures 4.27 and 4.28 plot the vertical profiles of the exact model, initial model,

estimated model using the conventional approach and estimated mc using constant γ

and variable γ, respectively. Estimated facies of the proposed method are more close

to the actual ones. Both of them have a lower resolution because of the errors in the

known facies are larger than previous examples, and I use a smaller γ. Otherwise, the

estimated facies might be biased by a wrong value. Later, I use the estimated facies

as a regularization term to conduct a second round inversion. Figure 4.29 shows

the second round inversion with facies as constraints. The second round inversion

starts with higher frequencies, which means the only additional computational cost

is calculating the facies. Vertical profiles shown in Figure 4.30 indicate that the

proposed method can suppress overestimates on density and also can improve the

resolution of the deep part.

To calculate a variable γ, I first plot the radiation patterns based on the previous

work of Oh and Alkhalifah [149] as shown in Figure 4.3. Here I only consider PP
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       Vn                                               Vh                                                Vsh

Figure 4.22: Actual 3D VTI Overthrust models.
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       Vp                                               Vs                                                ρ

       Vn                                               Vh                                                Vsh

Figure 4.23: Initial models.
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Figure 4.24: Inverted models from a conventional elastic FWI.
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Figure 4.25: Estimated distribution of facies (converted to model parameters, mc in
equation 4.10) using a constant γ.
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Figure 4.26: Estimated distribution of facies (converted to model parameters, mc in
equation 4.10) using a variable γ. The proposed method improves the facies estima-
tion in the deep part.
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Figure 4.27: Vertical profiles in Figure 4.25.
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Figure 4.28: Vertical profiles in Figure 4.26.
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Figure 4.29: Inverted results of the proposed method.
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— —True — —Initial —— Conventional -- Proposed

Vp                                          Vs                                           ρ

Vn                                          Vh                                           Vsh

Figure 4.30: Vertical profiles of the inverted results w/ and w/o estimated facies as
constraints. The proposed method can push the estimated density to the exact values
and improve the resolution of estimated aniostropy parameters.
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Figure 4.31: Weights used for facies calculation.

waves because of their dominant contributions in inversion. I assume straight rays to

calculate the opening angles in the subsurface efficiently. More accurate approaches

to calculating the opening angles are also applicable. Then I get the uncertainty maps

as shown in Figure 4.31, which are indicators of which parameter in which area can

be well estimated. I use this map to assign a more significant weight to the parameter

which can be better estimated. Vertical profiles in Figure 4.31 are plotted in Figure

4.32 for a better understanding. The weighting function of vh is decreasing as the

depth increases, which is consistent with the fact that vh can be reliably estimated in

the shallow part.



155

Figure 4.32: Vertical profiles of the weights.
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4.3 Facies Distribution Estimation Using Deep Learning

4.3.1 Architecture of Deep Neural Networks

The existing waveform inversion strategies can always face the risk of converging to

one of the local minima. Fitting the surface collected seismic data cannot guarantee

that the estimation is the true solution since the observed data are effectively fewer

than unknowns, thus resulting in a Nullspace. It has been shown that regularization

can be helpful in constraining the inverse problem [117, 113, 34]. Here, I use the data

obtained from other geophysical surveys such as well logs as the prior information

in the proposed inversion strategy. However, currently used explicit equations that

can connect the different data are based on strong approximations to the subsurface.

Recently blooming data science tells us that statistical principles behind large data

samples can be effective tools in merging such different information. Deep neural

networks are trained here to seek such principles using inverted velocities from seismic

data, and facies extracted from wells.

A deep neural network is nothing but a nonlinear system of equations that turns

the input into the output [161]. It has multiple hidden layers between the input

and output layers. With the input layer denoted as x, the kth hidden layer can be

expressed as ak = φk{Wk( ... φ1[W1x + b1]) + bk}, and the output layer is written

as y = Wa + b. The input, x, can be raw data or features (e.g., vs/vp) extracted

from the data. The output, y, depends on the problem. For example, it can be 0 or 1

for labeling applications. The forward-propagation process utilizes the output of the

previous layer as the input for the next layer. φ denotes the activation function which

defines the output of that node with fed input. It can be the sigmoid, rectified linear

unit (ReLu) and some other functions. The training process updates W and b for

each layer to seek a more accurate mathematical manipulation capable of mapping

the input to the output using a loss function of sparse softmax cross entropy [162].
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I use three features, vp, vs and vs/vp, as inputs. Four hidden layers with 64 nodes

in each layer are deployed as shown in Figure 4.33. A ReLu activation function is

used [163]. For each layer, I use a random dropout of 10% to avoid overfitting [164].

Besides, a random data augmentation technique is applied to balance the proportion

of different facies in training the data [165]. The Adam gradient is used to update the

weighting matrix of neural networks. In the application, I output the probabilities

for all facies instead of one specific kind. After obtaining the percentages of being a

certain facies, I can calculate the distribution of facies (converted to vp and vs) by a

weighted summation over nf facies, v̄ =
∑nf

i=1 pivi. v̄ denotes averaged P- or S-wave

velocity, which is equivalent to the posterior expectation in the Bayesian inversion

approach [34]. pi and vi are probabilities estimated by the trained DNNs and the

known facies. Such a weighted summation avoids potential biasing by a particular

kind of facies when the DNNs fail. Besides, it can interpolate between different facies.

In practice, people can never know all the facies in the subsurface and I do not need

to know all of them in our proposed method. The probabilities act as interpolation

weights for the known facies. If the corresponding facies for certain pair of vp and vs is

not available as a prior knowledge, the converted vp and vs still have a chance of being

(or close to) the correct ones through interpolation. The converted vp and vs can vary

more continuously than the discrete facies. The variance of the estimated probabilities

(unsupervised) provides an approach to evaluate the inverted velocity models. A small

variance indicates that the trained neural networks fail to classify the input vp and

vs pair to a specific facies with high confidence. The inverted values, in this case,

might not be as good as those with high confidence (large variance). However, this

evaluation heavily depends on the assumption that the prior information (facies) is

reliable.

The proposed inversion algorithm is illustrated by Figure 4.34 and summarized in

the following steps:
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Neural Network architecture

𝑽𝒑
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𝑽𝒔
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N1

L1

N64

L4

%
F1

%
F10

Input layer Hidden layers Output layer

Figure 4.33: The Neural Network architecture. Three features are used in the input
layer. Four hidden layers with 64 nodes are fully connected neural networks with a
dropout rate of 10%. The output layer provides probabilities of being certain facies
for the current input.

1. Conduct the proposed elastic FWI (equation 2.11) using the shot gathers.

2. Extract facies from well logs or other sources.

3. Select several vertical profiles near the well from the estimated model (from

step 1) and build the connections between these estimates and the interpreted facies

(from step 2) by training neural networks.

4. Use the trained neural networks (from step 3) to predict the distribution of

certain facies on the whole model (from step 1), and then use a weighted summation

( v̄ =
∑nf

i=1 pivi) to generate vp and vs models, denoted as mc.

5. Use the converted velocities (from step 4) as the initial model (for high-quality

seismic data, e.g., synthetic data) or a regularization term (minv−mc, if the extracted

facies are more reliable) for another cycle of elastic FWI.

6. Repeat steps 1, 3, 4, 5 if there are apparent classification errors in the estimated

distribution of facies.
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Starting	model	
for	FWI

Elastic	FWI

Velocities	from	FWI	
at	well	log	location
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from	well	log

Training	DNNs	for	
facies	classification

Weighted	summation	
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velocity	models

As	input	
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Figure 4.34: Workflow for the proposed method. Notice that I need to convert the
estimated distribution of facies to vp and vs using a weighted summation. These
converted velocities can be used as input (fully matching the seismic data) or as a
conventional regularization term (matching the data and well logs) for the next stage
of elastic FWI.
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4.3.2 The Revised Marmousi Isotropic Model Example

The actual S-wave velocity is generated for this Marmousi model by setting vs =

vp/
√

3 + 0.1(vp − 2.4). The actual and initial velocities are shown in Figures 4.35.

Initial models are 1D linear gradient models, which are far from the actual ones

(vs = vp/
√

3). 220 sources and 330 receivers are evenly deployed on the surface of the

model and the recorded data are two-component particle velocities. The maximum

offset is 6.6 km. The staggered finite-difference scheme is implemented to solve the

elastic wave equation [107]. The source wavelet is a Ricker wavelet (fp = 5 Hz)

without frequencies below 5 Hz, in which case our proposed inversion approach fails

to converge to the global minimum without prior information as shown in Figure

4.36. I extract ten facies from pseudo wells at x = 1 km, 3 km and 5 km as shown

in Table 4.3. There is no need to extract all the existing facies from the well and

these ten facies are the dominant ones. The weighted summation using probabilities

as weights can interpolate between the facies when converted to vp and vs. Then I

use the estimated vp, vs (as shown in Figure 4.36) and their ratio, vs/vp, at the same

location as data features. The interpreted facies (Table 4.3) from the pseudo wells are

labels of the training data set. After the DNNs are well trained, the full dimension

of inverted velocities and their ratios are used as input data to generate a possible

distribution of facies. Figure 4.37 shows the normalized data loss versus iteration at

every 100 steps. A total of 70% data loss for the training data set and a 55.6% test

accuracy are achieved. K-fold cross-validation can be used to aid the design of neural

networks [166]. I did not apply the K-fold cross-validation in this example since the

neural networks used can generate acceptable initial models for elastic FWI. Although

the test accuracy is relatively low, the converted parameters still have a chance to be

close to the actual values thanks to the weighted summation. Besides, the following

elastic FWI can improve the accuracy by matching the observed seismic data. The

distribution of facies is converted to vp using a weighted summation (v̄ =
∑nf

i=1 pivi, vi
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are given in Table 4.3) as shown in Figure 4.38a. It has a similar structure as the actual

vp but with some loss in detail. The largest probabilities of falling into one particular

facies for the whole model are shown in Figure 4.38b. The large values in the shallow

area indicate that the trained DNNs can classify the inverted velocities to a particular

facies with high confidence (one large pi and the rest are smaller ones). However, the

smaller values in the deep part indicate that the trained DNNs are slightly puzzled

in the classification and they give similar probabilities to nearby facies (a list of small

pi). The variances of the probabilities (var = mean(abs(input − input.mean)2)) as

shown in Figure 4.38c indicate a similar conclusion. In this case, the variance can

provide an indicator of the uncertainties in the inverted velocities from this elastic

FWI. In the definition above, a large variance indicates that the estimation matches

the known facies well while a small one indicates a mismatch to a particular facies

(i.e., I cannot pick a model from the output probabilities). It is also possible that the

classification is biased by a particular facies, and thus, have a big variance. However,

from the data loss (Figure 4.37) and the converted vp (Figure 4.38a), this does not

happen in this example. A smoothed version of the estimated distribution of facies

(e.g., Figure 4.38a) shown in Figures 4.39a and 4.39b is used as the initial model

for a L2 norm based elastic FWI. The final inverted velocities after adding prior

information are shown in Figure 4.39c and 4.39d. The inverted model is close to

the actual one except for the areas near boundaries. For a better comparison, I also

compare profiles of velocities of actual, initial, inverted without regularizations and

inverted with regularizations in Figure 4.40. Estimated S-wave velocities without

constraints are trapped in one of the local minima as the arrow indicates. Data

comparison in Figure 4.41 indicate a similar conclusion. The predicted data using

the proposed algorithm (Figure 4.41d) is much closer to the observed one (Figure

4.41a) than the one without regularization (Figure 4.41c). A similarity measurement

( u·d√
u·u
√
d·d) is shown in Figure 4.42. The measured value should be equal to 1 when
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Table 4.2: Ten facies in the model.

Facies number 1 2 3 4 5 6 7 8 9 10
P-wave vel. (km/s) 1.5, 1.7, 2.2, 2.5, 2.65, 3.2, 3.5, 3.8, 4.0, 4.5
S-wave vel. (km/s) 0.78, 0.92, 1.24, 1.45, 1.55, 1.94, 2.15, 2.32, 2.46, 2.78

the predicted data is the same as the observed one. It shows that the adaptive data-

selection objective function alone fails in the far-offset and the proposed approach

that utilizes facies is able to match the observed data in the far-offset.

4.3.3 The North Sea Field Data Example

Seismic facies can be obtained from different sources such as well logs, core analysis

and sedimentation history. Here, I extract a list of facies from the well log as shown in

Figure 4.43. The reservoir is located at 2.75-3.12 km depth, with a seal rock above it.

The well log covers the depth around the reservoir layer and the well is slightly tilted.

I calibrate the depth of the top and bottom of the dominant layers using the check shot

(red line). Five facies are extracted from the reservoir area by manually grouping the

velocities. More experienced interpreters can utilize more advanced classifications

of facies. The interpreted facies are used as labels in supervised learning. I then

calculate the anisotropy parameters ε and η using Backus averaging [167] as shown in

Figure 4.44 to upscale the sonic well velocities. The delineated facies have different

combinations in terms of vp, vs, ε and η as listed in Table 4.3. The seal rock has a

strong anisotropy, while the reservoir layer is almost isotropic.

The list of facies is mapped to the estimations of vp and vs through the trained

DNNs, which is the spatial distribution of facies. The distribution of facies has the

same dimension as the inverted models from FWI (vp and vs) and can generate any

desired model parameters (e.g., ε) known from the prior information. Such converted

models can act as model constraints or initial models (after smoothing) for regular
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Figure 4.35: Velocity models. Actual vp (a) and vs (b). Initial vp (c) and vs (d).
There are two low velocity zones in actual vp; actual vs = vp/

√
3+0.1(vp−2.4). Solid

triangles in (a) indicate locations of pseudo wells used in the training. The initial
models are constant gradient models and vs = vp/

√
3.

a) b)

Figure 4.36: Estimated velocities without facies constraints. a) vp, b) vs. The inver-
sion has apparently converged to one of the local minima.
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Figure 4.37: Normalized training loss at every 100 steps. A total of 70% training loss
is achieved with a random dropout of 10% for each layer. The test set accuracy is
55.6%.

a) b) c)

Figure 4.38: Classified facies. a) Converted to vp using a weighted summation (v̄ =∑nf
i=1 pivi, vi are given in Table 4.3), b) the maximum probabilities (softmax) of the

classification and c) the variances of the estimated probabilities. vs is not shown here
since it shares the same probability as vp.
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a) b)

c) d)

Figure 4.39: Estimated distribution of facies converted to vp (a) and vs (b) and final
inverted vp (c) and vs (d). (a) and (b) are smoothed versions of the original estimates
(e.g., vp in Figure 4.38a) and used as initials for obtaining (c) and (d). (c) and (d)
are inverted using an L2 norm based elastic FWI.
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Figure 4.40: Vertical profiles across the low-velocity zones. The inverted velocities
are far from the actual ones without using facies as constraints and vs suffers from
a severe cycle-skipping problem as the pink arrow indicates in d). Facies constraints
can eliminate artifacts caused by cycle skips.
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Figure 4.41: Data comparison (vertical component). a) Observed, b) initial, c) in-
verted without facies constraints and d) inverted with facies constraints. The shot
gathers are plotted at the same scale so that a direct comparison can be made.
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Figure 4.42: Correlation of the predicted and observed data ( u·d√
u·u
√
d·d). The initial

model cannot provide accurate prediction in the far-offsets. The adaptive-selection
objective function fails when the predicted and observed data are far from each other.
The inverted model of the proposed approach can provide accurate prediction at the
far-offsets.
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Table 4.3: List of facies in the target area.

f1 f2 f3 f4 f5
vp 3.45 4.2 4.0 3.1 4.1
vs 1.7 2.4 2.2 1.5 2.4
ε 0.01 0.1 0.0 0.07 0.05
η 0.05 0.3 0.0 0.1 0.1

elastic FWI. The estimated distribution of facies might include errors at the early

stages of the inversion and it can be improved by matching the observed seismic

data in another round of FWI. The workflow of the proposed method is the same

as the one shown in Figure 4.34 except for model parameters. Here I use the model

parameterization in terms of vp, vs, ε and η. I first obtain the initial estimates for vp

and vs using elastic FWI and a list of known facies in the target area. Then I train

the deep neural networks to map the known facies to the initially estimated vp and

vs and obtain the distribution of any desired models (vp, vs, ε and η in our case).

Finally, I use the smoothed version of such models as an input model for another

round of elastic FWI. I can update the distribution of facies and models iteratively

by applying multiple nested inversions.
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extracted in the target depth.
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Figure 4.44: Calculated anisotropy parameters in terms of ε and η using Backus
averaging. They’re used to provide the facies information.

a)                                           b)

Figure 4.45: The initial models. a) vp and b) vs. They’re 1D models.
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a)                                          b)

Figure 4.46: The inverted models using an isotropic elastic FWI. a) vp and b) vs. The
high-velocity seal rock is observable in vp.

a)                                  b)

c)                                  d)

Figure 4.47: The inverted models using the anisotropic elastic FWI. a) vh, b) vs, c)
ε and d) η.
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Figure 4.48: Normalized training loss at every 100 steps. A total of 90% training
loss is achieved with a random dropout of 10% for each layer. While a 72.7% test
accuracy is obtained using the trained DNNs.
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a)                                  b)

c)                                  d)

Figure 4.49: The inverted models using the anisotropic elastic FWI with facies con-
straints. a) vh, b) vs, c) ε and d) η.

a) b)

P   O  P  O ... P: predicted
O: observed

Figure 4.50: A shot gather displaying interleaved predicted and observed data using
the initial vp and vs. a) Vertical component and b) horizontal component.
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a)                                                          b)

Figure 4.51: A shot gather displaying interleaved predicted and observed data using
the estimated vp and vs from isotropic inversion. a) Vertical component and b)
horizontal component.

a)                                                          b)

Figure 4.52: A shot gather displaying interleaved predicted and observed data using
the estimated vh, vs, ε and η from hierarchic VTI inversion. a) Vertical component
and b) horizontal component.
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a)                                                          b)

Figure 4.53: A shot gather displaying interleaved predicted and observed data using
the deep learning aided VTI inversion. The matching of reflections of the vertical
component are improved compared to the hierarchical VTI inversion (Figure 4.52).
a) Vertical component and b) horizontal component.
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Figure 4.54: Data matching history. There are three sequential inversions: 1) isotropic
first arrival FWI, 2) isotropic full data FWI and 3) VTI inversions. The VTI inversions
are parallel inversions: one is the hierarchical VTI inversion and another one is the
proposed machine-learning aided inversion. The isotropic inversion reduces the data
misfit by 40% and the follow-up deep learning aided inversion can further reduce the
data misfit by about an additional 5%.



177

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

D
ep

th
 (k

m
)

1 2 3 4 5
P-wave velocity (km/s)

Check-shot profile
VTI inversion
DL-aided VTI inversion
Isotropic inversion
Initial

Figure 4.55: Vertical P-wave velocity profiles at X = 5.25 km.
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a) b)

c) d)

Figure 4.56: The reference VTI model provided by Equinor. a) vh, b) vs, c) ε and d)
η. They are obtained using the layer-stripping tomography technique.
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Figure 4.57: A vertical-profile comparison of the parameters in terms of vh, vs, ε
and η between the proposed inversion and the provided reference model at location
X = 5.25km. The facies constraint is only applied below 2.3 km due to the availability
of well log data.
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4.4 Discussion

There is no simple equations that can connect the geophysical data with different

scales. Statistical approaches based on the observed data can effectively find principle

relationships of such data. The initially used Bayesian inversion has some assumptions

to the distribution of the data samples and thus needs carefully tune of parameters.

The recently emerging deep learning method provides an alternative robust way to

replace the Bayesian inversion. I use deep neural networks to classify the initially

inverted elastic model using three inputs, the inverted P-wave, S-wave, velocities,

and their ratio at the wells. The classification in terms of facies are used to map the

facies information, which may include even anisotropic information from the well, to

the rest of the model area. The mapping process is based on a statistically weighted

contribution of the facies to every grid point in the model. I use these mapped

parameters as an a priori for the next round of anisotropic elastic inversion. The

inputs to the neural network can include additional inverted parameters, and even

uncertainty information. The additional input information is expected to improve

the statistical distribution of the facies. In addition, the identified facies can include

additional information extracted from the well, such a the Q factor or orthorhombic

anisotropy information. All of which can be used to constrain a more physically

involved follow inversion, like an orthorhombic viscoelastic inversion.

The DNN is expected to learn some aspects of the varying illumination and am-

plitude characteristics of the inverted model, specifically near the well locations. It

may, however, suffer in areas that are not represented by illumination features cov-

ered by the well locations, like at edges of the model. A well behaved elastic or

even anisotropic inversion, in terms of illumination distribution, is important to the

application of this DNN. DNN learns from what is used as input and output in the

training set. If we are missing features in the training set, DNN will find it hard to

predict those features.
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It is quite known that not all the model parameters are resolvable by only matching

the surface-collected seismic data, especially for field data applications. For better

characterization of the subsurface, more model parameters are needed, which requires

utilizing more data such as well logs as complementary to seismic data. Usually, well

logs are available along with seismic data corresponding usually to a target reservoir

area. One of the difficulties in utilizing well log data is that seismic data and well

logs reflect the Earth at two different scales and there are no explicit equations to

connect them. Deep neural networks are capable of building such connections in a

statistical sense. The extraction of facies is not limited to well logs. More experienced

interpreters can do this job better in practice. The extraction of facies in a strongly

heterogeneous area might be challenging in practice. However, most sedimentary

reservoirs have mild lateral structural variations. With limited prior information, I

still have a chance to improve the estimation by matching the observed seismic data.
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Chapter 5

Fracture-related Parameter Estimation

Estimation of location, orientation, and physical properties of fractures at the reser-

voir scale from surface data is of significant interest in reservoir characterization

and Oil and Gas production. The fracture compliances (weaknesses) are indicators

of the density and the infill of fractures. The spatial distribution and preferential

direction of fracture networks control the flow and transportation of fluids in the

subsurface [102]. In theory, these properties can be estimated from the parameters

of the fracture-induced azimuthally anisotropic effective medium, which often has or-

thorhombic symmetry. Bakulin et al. [98, 99, 100] provide a comprehensive analysis of

the anisotropic seismic signatures associated with vertical fractures. They show how

to estimate the physical properties (such as the normal and tangential compliances)

and azimuth of the fractures from multicomponent data. However, existing methods

of fracture detection are mostly based on reflection traveltimes (moveout analysis)

and/or amplitudes (AVO analysis). Because these methods utilize different parts of

the recorded information, they often produce contradictory results [101, 102]. Here I

show that inverting waveforms can improve estimates of both the spatial distribution

and physical properties of fractures.
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5.1 Wave Propagation In Fractured Area

5.1.1 The Linear-slip Theory

To simulate wave propagation in a realistic fractured medium (e.g., fractured shale),

here I consider an effective elastic orthorhombic medium formed by parallel vertical

fractures embedded in a transversely isotropic background with a vertical symmetry

axis (VTI). It is one of the most common physical models for fractured reservoirs [99].

The effective compliance tensor is obtained from the linear-slip theory [106], and the

elastic wave equation is solved by a staggered finite-difference method.

The linear-slip condition assumes that the displacement across a surface need not

be continuous but the traction is continuous, and the difference in the displacement

linearly depends on the traction. This linear relation can be symbolically written as

t = K∆u +O(∆ui∆uj), (5.1)

by ignoring quadratic and higher order terms. t denotes the traction vector at that

point on the surface. ∆u is the difference of two displacements across the boundary

(fractures). K is the boundary stiffness matrix which describes stiffness of the fracture

in three directions.

A more convenient way to characterize slip is in terms of compliance instead of

stiffness. For a transverse isotropic slip interface, equation 5.1 is given by

∆u =


ZN 0 0

0 ZV 0

0 0 ZH

 t, (5.2)

where ZN , ZV and ZH are one normal and two shear compliance in normal, vertical

and horizontal directions, respectively.
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Assuming a set of parallel fractures with the normal in the x1 -direction embedded

in a VTI medium, the compliance matrix of the fractured area is given by

Sf =



ZN 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 ZV 0

0 0 0 0 0 ZH


. (5.3)

According to the linear-slip theory [106], the effective compliance tensor of a frac-

tured medium can be obtained by adding the fracture compliances Sf to that of the

VTI background (Sb):

C = (Sb + Sf )
−1 = (C−1

b + Sf )
−1.. (5.4)

Schoenberg and Helbig [168] introduced the following dimensionless quantities

to replace the predefined compliances for a sake of convenience, ∆N = ZN c11b
1+ZN c11b

,

∆V = ZV c44b
1+ZV c44b

, ∆H = ZHc66b
1+ZHc66b

.

Then the compliance matrix (equation 5.3) becomes

Sf =



∆N

C11b(1−∆N )
0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 ∆V

C44b(1−∆V )
0

0 0 0 0 0 ∆H

C66b(1−∆H)


, (5.5)

where fractures are described by three dimensionless parameters—one normal (4N)
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and two tangential (4V and 4H) weaknesses (normalized compliances). These pa-

rameters typically are much smaller than unity, which allows us to linearize the mod-

eling equations.

5.1.2 Linearized Fracture Models

After some mathematical operations, equation 5.4 can be written as

C = [(I + SfS
−1
b )Sb]

−1 = Cb[I + SfCb]
−1. (5.6)

Equation 5.6 can be expanded in a Taylor series if all elements of SfCb are much

smaller than unity, which is the case if the weaknesses are sufficiently small. Then

equation 5.6 can be approximated by retaining only linear terms:

C ≈ Cb −CbSfCb = Cb − δC. (5.7)

Equation 5.7 becomes exact if the compliance matrix Sf is replaced by its lin-

earized version:

Slinf =



∆N

c11b
0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 ∆V

c44b
0

0 0 0 0 0 ∆H

c66b


. (5.8)

The linearized approximation (equation 5.7) can be extended to multiple fracture

sets by adding them to the background directly[169],

C = Cb −
N∑
i=1

CbS
lin
fi

Cb (5.9)
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For more general cases of multiple fracture sets in arbitrary directions, the effective

stiffness tensor can be obtained using the Bond transformation [100]:

Srotf = NSlinf NT , (5.10)

where the matrix N has the following form for a clockwise rotation around the vertical

direction (z):

N =



cos2 φ sin2 φ 0 0 0 sin 2φ
2

sin2 φ cos2φ 0 0 0 − sin 2φ
2

0 0 1 0 0 0

0 0 0 cosφ − sinφ 0

0 0 0 sinφ cosφ 0

− sin 2φ sin 2φ 0 0 0 cos 2φ


. (5.11)

The stiffness matrix for the rotated orthorhombic model in equation 5.9 is then

calculated from equation 5.10.
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5.2 Inverse Problem

5.2.1 Parametrization Analysis

From the practice of regular inversions [99] and waveform inversion approaches [105],

not all the tangential compliance can be recovered from surface acquired data. Ac-

cording to the feasibility of inversion and physical properties I need to know, I choose

one normal weakness (4N), one tangential weakness (4T ) and azimuths (φ) as an

optimal parametrization for reservoir characterization. To better understand the in-

version results, Figure 5.1 shows the radiation (reflection) patterns of the fracture

weaknesses and orientation for the PP- PSV- and PSH-waves [149]. Note that PSV-

and PSH-waves only exist in the symmetry planes (see Tsvankin [170] for more de-

tails). The radiation patterns depend on the background medium parameters, and

the analysis here uses the initial model (VTI background with an orthorhombic per-

turbation). This simplified model is adequate for the weak anisotropy approximation.

The patterns exhibit more sensitivity to the parameters 4N and φ at large opening

angles; therefore, these parameters need large offset/depth ratios to be resolved. The

weakness 4T generates more energy at medium-to-large opening angles so that it

can be inverted with a reasonable resolution from conventional-spread data. The

pattern for 4N has a larger magnitude which should help in the recovery of the nor-

mal weakness. Estimation of the azimuth φ depends on the accuracy of the resolved

weaknesses. Because the S-wavelength is much smaller than that of the P-wave, the

converted waves PSV and PSH could potentially provide higher-resolution FWI re-

sults. Regarding the azimuthal coverage, 4N can be recovered from narrow-azimuth

data (the fracture planes are nearly perpendicular to the inline direction), but 4T

and φ need a broader range of azimuths. There are some overlaps in the radiation

patterns which indicate a potential for crosstalk between the corresponding parame-

ters. However, the trade-offs are mitigated in the employed parameterization because
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Figure 5.1: Azimuthally varying radiation patterns of PP-, PSV-, and PSH-waves for
the fracture weaknesses 4N , 4T and azimuth φ, respectively. The radial direction
indicates the opening angle.

4N is separatable from 4T and φ. Indeed, 4T and φ are both sensitive to large

opening angles but at different azimuths, and 4T has additional constraints from

medium opening angles.

5.2.2 Objective Function and Gradient

In general, full-waveform inversion (FWI) aims to employ entire waveforms of div-

ing and/or reflected waves to reconstruct the subsurface velocity field. Masmoudi

et al. [103] analyzed the feasibility of high-resolution fracture characterization for

orthorhombic media using a waveform-inversion method based on an acoustic ap-

proximation. Zhang et al. [105] applied elastic FWI to invert for all three fracture

weaknesses. Oh and Alkhalifah [104] proposed an efficient inversion workflow for
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elastic orthorhombic media with unknown azimuths of the vertical symmetry planes.

I have devised a multiparameter elastic FWI algorithm for orthorhombic media to

estimate the fracture weaknesses and orientation [79]. The objective function contains

a standard data misfit term and a shape regularization term [171]:

J(m) =‖Wd(d
pre − dobs) ‖2 +α ‖ ∇m4T ×∇mφ ‖2, (5.12)

where dpre and dobs are the vectors of the multicomponent predicted and observed

data, Wd is a weighting operator (Wd = σdI), and σd is the standard deviation

of the predicted data. The shape regularization term imposes a consistent spatial

behavior on the inverted horizontal weakness and azimuth (“∇” denotes the spatial

gradient and “×” denotes the cross product). The parameter α controls the level

of similarity between these two parameters. Our numerical examples and radiation

pattern analysis (see below) show that 4T is the best resolved parameter. Hence, 4T

is used in the regularization term to improve the accuracy of the inverted φ, which

otherwise may be insufficient.

After calculating the stiffness tensor C using equations 5.9 and 5.10, I solve the

following elastic wave equation:

 ρI3 0

0 C−1

∂Ψ

∂t
−

 0 ET

E 0

Ψ− f = 0, (5.13)

where I3 is a 3×3 identity matrix, C is the invertible stiffness matrix, Ψ = (v, σ)T

is the wavefield vector that includes the particle velocity and stress fields, E is the

differential matrix, and “T” denotes a transpose.

The gradient of the misfit (objective) function in equation 5.12 can be calculated
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by the adjoint-state method and the chain rule, which is given by

g =

(
∂dpre

∂m

)T
WT

dWd(d
pre − dobs)−

2αδm,m4T
∇ · [∇mφ × (∇m4T ×∇mφ)−

2αδm,mφ
∇ · [∇m4T × (∇mφ ×∇m4T ),

(5.14)

where δm,m4T
and δm,mφ

are the Dirac delta functions.

The model is updated iteratively using a gradient-based optimization:

m = m0 − γ g ; (5.15)

γ is the step length calculated by the standard line-search.

5.3 Numerical Examples

The model includes five clusters of vertical fractures (Table 5.1) embedded in the

3D SEAM VTI model [172] used as the background medium. The staggered finite-

difference method is implemented to solve the wave equation 5.13 [107]. There are 24

inlines and crosslines evenly covering the surface, each with 24 explosive sources and

48 receivers placed at constant increments. The recorded data are three-component

(3C) particle velocities. One fracture set, which has a relatively large tangential

compliance (due to the higher crack density), plays the role of a potential sweet spot

to be detected from surface data. To illustrate the fracture distribution, the actual

and initial models of the stiffness C11 are shown in Figure 5.2. The shaded blue blocks

mark the fractured areas. The assumed sweet spot, which has a relatively large crack

density, is located in the center of the model (Figure 5.3). The initial weaknesses 4N

and 4T and the initial azimuth φ are set to zero throughout the model.

Three peak frequencies, 3.5 Hz, 5 Hz and 7.5 Hz, are used in a multistage inversion.
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Table 5.1: Embedded fracture sets.

Fracture A B C D E
(z,x,y) (0.35,0.5,0.5) (0.53,0.35,0.35) (0.25,0.35,0.65) (0.53,0.75,0.35) (0.25,0.75,0.65)
4N 0.1 0.1 0.1 0.1 0.1
4T 0.15 0.08 0.08 0.08 0.08
φ (deg) 10 5 -5 5 -5

(a) (b)

Figure 5.2: Actual (a) and initial (b) stiffness C11. The shaded blocks (blue) mark
the five fractured areas.

(a) (b) (c)

Figure 5.3: Actual weaknesses 4N (a) 4T (b) and the azimuth φ (c).
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(a) (b) (c)

Figure 5.4: Inverted weaknesses 4N (a) and 4T (b) and azimuth φ (c). The area of
large 4T indicates a possible “sweet spot”.

I applied the lBFGS method with proper preconditioning to the gradients during the

iterative model updating. The inverted weaknesses 4N and 4T and the azimuth φ

are shown in Figure 5.4. The assumed sweet spot can be reliably identified through

its large tangential weakness. However, the azimuth φ is not sufficiently resolved at

depth mainly because it mostly influences the relatively far-offset data, which were

missing in our acquisition. Vertical parameter profiles across each fracture set are

displayed in Figure 5.5. As expected, fractures located near the edge of the model

are inverted with a lower resolution compared to those close to the center. A larger

offset-to-depth ratio is needed to better resolve the fracture azimuth. An important

quality control factor is the change of the normalized misfit function with iterations

plotted in Figure 5.6 for stage 1 (3.5 Hz). It takes only about 10 iterations for the

inversion to converge.
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Set A

Set B

Set C

Set D

Set E

(a) (b) (c)

Figure 5.5: Vertical profiles of 4N (a), 4T (b), and φ (c). From top to the bottom
are fracture sets A, B, C, D and E repspectively. Blue: actual model; Cyan: initial
model; Pink: inverted model.
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Figure 5.6: Change of the normalized objective function with iterations. The inversion
is terminated when the function flattens out.
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5.4 Discussion

The fractured reservoir usually presents a reduced orthorhombic anisotropy. The

estimation of such anisotropy parameters is a generalized multiparameter estima-

tion problem and thus can use the proposed facies constrained elastic FWI. The

parametrization analysis indicates that a successful recovery of the weaknesses and

rotation angles requires large offset to depth ratios, which are often not available for

deep-buried reservoirs. Also, the scattered waves emitted by fractures are usually

too weak to be detected. Thus, other geophysical data such as well logs are required

for a feasible recovery of such parameters. The proposed method intends to locate

and characterize potential reservoirs from observed data directly. For practical use,

it should include three main steps: First, refine the initial model using the proposed

objective function in Chapter 2. Second, build a high-resolution background model

with facies as constraints as explained in Chapter 4. At last, estimate weaknesses

and azimuth angles using the previously inverted model as background illustrated in

Chapter 5. Consider the facts that the estimated background model is likely far from

the actual one, the last step might also need a facies constraint.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

6.1.1 Objective Functions for Elastic FWI

The proposed normalized nonzero-lag crosscorrelation objective function is more con-

vex than the conventional L2 norm objective function. Nonzero lags allow us to

compare arrivals within a predefined time window, which extends the limitation of

the half-cycle difference in the conventional L2 norm FWI. I propose a polynomial-

type weighting function to penalize the uncorrelated data, which is determined by the

time lag only. The proposed objective function has just one local minimum for single

arrivals (for example, the first arrivals). However, it might also have more than one

local minimum for reflections. An optimal time lag, which guarantees the intersection

of particular arrivals and avoids crosstalk between two neighboring arrivals can be

determined by the autocorrelation of the observed data. To suppress the crosstalk

between multiple arrivals, I proposed a local-similarity based full-waveform inversion

algorithm, which intends to maximize the similarity of observed and predicted data

locally. With an extension, the stretching/squeezing, of the data set, we can compare

two arrivals that are otherwise cycle-skipped. The stretching/squeezing information

is utilized to boost up the low-wavenumber components of the model. Instead of

picking a stationary curve from the local-similarity panel, we use a weighted integral

to find the possible stationary curves. It avoids unstable and tedious picking and
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allows us to find multiple stationary curves when they exist. The local similarity

can include crosstalk between neighboring arrivals in both the stretching/squeezing

or shifting approaches. However, the stretching/squeezing can preserve more energy

information compared to the shifting approach. With the weighting function applied

to the similarity panels, crosstalk away from the stationary curve can be suppressed.

Both synthetic and field examples verify the effectiveness of the proposed objective

function. The field example also shows that the intended objective function is rel-

atively immune to noise recorded in the shallow-water area. However, it does not

aim to solve the crosstalk prominent in multiparameter inversion. Compared to the

global-correlation measurement, the proposed method can have a comparable com-

putational cost to calculate local similarities. The stationary phase (k = 1) provided

by the local similarities indicates the closeness of the predicted and observed data

and could be used to select the data that are less cycle-skipped. It requires fewer

computational resources, but also performs worse in suppressing the cycle-skipping

compared to the extension approach.

6.1.2 Wave Equation Dispersion Spectrum Inversion

I present a multidimensional S-wave velocity estimation method associated with

Rayleigh waves based on the elastic wave equation. The main benefits of the proposed

method are that it includes the fundamental- and higher-modes (if they exist), we do

not need to pick dispersion curves and it suppresses cycle-skipping problems associ-

ated with FWI of complex surface waves. Higher modes in the f − v spectrum help

increase the penetration depth and resolution in estimating the model and they’re

necessary for inverting for S-wave low-velocity layers. The proposed method is in-

sensitive to random noise and P-waves in the observed data since the linear Radon

transform enhances the surface waves with linear moveout. Inaccurate P-wave ve-

locities have limited influence on the S-wave velocity estimation. S-wave velocity
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updates can be derived from the adjoint-state method and the inverse problem is ef-

ficiently solved using the lBFGS optimization method. Both synthetic and field data

examples verify the effectiveness of the proposed method and also reveal some of its

limitations. One possible limitation of the approach is the reduced lateral resolution

after stacking. On the other hand, the lateral resolution can be improved by using

multiple shot recordings. The wave-equation spectrum inversion adapts finely to the

single-component DAS data. I utilized a random selection of short-time windows in

the interferometric crosscorrelation that allows us to add more energy to the correla-

tion process by using more random windows than the length of the desired data. The

random selection, which is a kind of data augmentation, can increase the stacking

fold, and thus, the stacking SNR. I combine that with a similarity-weighted stacking

to reduce the random noise after stacking, as well as, impose an acausal/causal stack-

ing to suppress the acausal events. Seismic envelopes are used to reduce the high

nonlinearity of the high-frequency active-source data.

6.1.3 Multiparameter Estimation

I propose a novel approach to utilize facies dependent a prior information to constrain

the multiparameter elastic FWI. A statistically driven facies map is calculated and

can be iteratively updated based on the inversion results and the priors. The Bayesian

inversion approach is consistent with the framework of a local optimization method,

which assumes a Gaussian distribution for both model and data uncertainties. I in-

troduced a new approach to calculate the facies maps by incorporating uncertainties

of regularly estimated models from elastic FWI. The proposed method can be easily

incorporated into the general inversion framework. It doesn’t add additional cost

to conventional multiscale FWI. Numerical examples with different approximations

to the real case are used to verify the effectiveness of the proposed approach. The

examples show that the proposed method can suppress the cross-talk between dif-
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ferent parameters and also can improve the resolution of the estimated anisotropic

properties. However, edge effects and other artifacts can degrade the results as the

proposed updates depend on the first pass inversion results and the accuracy of the a

prior information also affect the resolution of final inverted models. As an alternative

to Bayesian inversion, a deep learning algorithm is used. I develop a framework to

invert for a relatively high-resolution isotropic/anisotropic description of the reser-

voir by utilizing surface seismic and facies information from a well, and using deep

neural networks (DNNs) to connect them statistically. I apply this DNN-assisted

elastic full-waveform inversion on OBC data from the North Sea and obtain reason-

able estimates to the reservoir region. The comparison with the well information,

as well as the reference model provided with the data, reveal the keen ability of the

approach in mapping the well information to the rest of the model space. A reliable

estimation of the fracture orientation requires large offset-to-depth ratios and well-

resolved weaknesses. Both radiation pattern analysis and numerical results indicate

that the inversion for all fracture parameters is better posed for long-offset data. The

radiation patterns also reveal that whereas the normal weakness can be recovered

from narrow-azimuth data, the inversion for the tangential weakness and orientation

requires a wider azimuthal coverage. The algorithm can potentially produce high-

resolution results using converted modes recorded on conventional spreads because

PS-waves have smaller opening angles. The azimuthal angle φ proved to be the least

constrained parameter, so a shape-regularization term is added to the objective func-

tion to improve the accuracy in φ. The inverse of fracture-related parameters can be

generalized as a multiparameter estimation problems and could be resolved by using

the proposed facies constrained elastic FWI.
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6.2 Future Directions

I have tried my best to consider the potential practical obstacles when developing

the algorithms. Some of the challenges have been recognized and addressed when I

apply the developed algorithms applicable to field data. However, there are always

new challenges from different data sets, and thus, we need to find the correspond-

ing solutions. Also, the evolution of algorithms has provided more selections for the

developed frameworks and can be considered as replacements for some of the partic-

ular subroutines. Currently, I think the following aspects need a broader and deeper

investigation:

1. Finding the optimal extension range for the local-similarity measurement. An

optimal extension range should allow sufficient overlap of target arrivals and

also suppress the crosstalk between the rest of the arrivals. I suggest using the

auto-correlation of observed data to obtain an optimal time lag for the global

crosscorrelation. While for the local-similarity measurement, the optimal time

lag might be more dependent on the complexity of the data set. The local

similarities of the observed data (for example, Figure 2.24) might provide a

feasible way to decide the extension range. The optimal extension range should

exclude most of the crosstalk between different arrivals.

2. Extracting high-resolution dispersion spectra. The Radon transform used in the

dissertation has been widely used in generating dispersion spectra in the dis-

persion analysis community. It is fast and robust, but provides low-resolution

information. There are advanced algorithms that aim to provide high-resolution

dispersion spectra such as S-transforms. It is possible to use these algorithms

instead of Radon transform. One of the difficulties would be finding the corre-

sponding adjoint form. The 3D implementation of the wave-equation dispersion

spectrum inversion is also worth looking into. The inversion method itself is not
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limited to 2D, but the Radon transform is often used for a line. In 3D appli-

cations, Radon transforms should be used for a 2D surface and the dispersion

spectra would have 3 dimensions.

3. Adding more reservoir related parameters to the facies constrained inversion.

Currently, limited by the data available and the ability in interpretation, the

developed reservoir characterization algorithm only returns the model parame-

ters that control the propagation of seismic waves. Other parameters, such as

pressure field, temperature and permeability of the drilling well, which interest

the petroleum engineers, are also recoverable using the proposed method. How-

ever, this requires that the related prior information, which is hardly known by

geophysicists. Similarly, the estimation of fracture-related parameters for field

data could be the low-hanging fruit for this consideration.
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[24] L. Métivier, R. Brossier, Q. Mérigot, E. Oudet, and J. Virieux, “Measuring the

misfit between seismograms using an optimal transport distance: application

to full waveform inversion,” Geophysical Supplements to the Monthly Notices of

the Royal Astronomical Society, vol. 205, no. 1, pp. 345–377, 2016.

[25] Y. Yang, B. Engquist, J. Sun, and B. F. Hamfeldt, “Application of optimal

transport and the quadratic wasserstein metric to full-waveform inversion,”

Geophysics, vol. 83, no. 1, pp. R43–R62, 2018.

[26] B. Chi, L. Dong, and Y. Liu, “Full waveform inversion method using envelope

objective function without low frequency data,” Journal of Applied Geophysics,

vol. 109, pp. 36–46, 2014.

[27] R.-S. Wu, J. Luo, and B. Wu, “Seismic envelope inversion and modulation

signal model,” Geophysics, vol. 79, no. 3, pp. WA13–WA24, 2014.

[28] C. P. Solano, D. Donno, and H. Chauris, “2D surface wave inversion in the

FK domain,” in 75th EAGE Conference & Exhibition incorporating SPE EU-

ROPEC 2013, 2013.

[29] Z.-d. Zhang, G. Schuster, Y. Liu, S. M. Hanafy, and J. Li, “Wave equation

dispersion inversion using a difference approximation to the dispersion-curve

misfit gradient,” Journal of Applied Geophysics, vol. 133, pp. 9–15, 2016.

[30] Z.-d. Zhang and T. Alkhalifah, “Wave-equation rayleigh-wave dispersion in-

version using fundamental and higher modes,” Geophysics, vol. 84, no. 4, pp.

EN57–EN65, 2019.



205

[31] H. Zhang, M. Maceira, P. Roux, and C. Thurber, “Joint inversion of body-

wave arrival times and surface-wave dispersion for three-dimensional seismic

structure around SAFOD,” Pure and Applied Geophysics, vol. 171, no. 11, pp.

3013–3022, 2014.

[32] W. Zhou, R. Brossier, S. Operto, and J. Virieux, “Full waveform inversion of

diving & reflected waves for velocity model building with impedance inversion

based on scale separation,” Geophysical Journal International, vol. 202, no. 3,

pp. 1535–1554, 2015.

[33] W. Hu, A. Abubakar, and T. M. Habashy, “Joint electromagnetic and seismic

inversion using structural constraints,” Geophysics, vol. 74, no. 6, pp. R99–

R109, 2009.

[34] Z.-d. Zhang, T. Alkhalifah, E. Z. Naeini, and B. Sun, “Multiparameter elas-

tic full waveform inversion with facies-based constraints,” Geophysical Journal

International, vol. 213, no. 3, pp. 2112–2127, 2018.

[35] W. Li, M. Deffenbaugh, D. G. Gillard, G. Chen, and X. Xu, “Method for

estimating subsurface properties from geophysical survey data using physics-

based inversion,” Jul. 4 2017, uS Patent 9,696,442.

[36] P. Lailly, “The seismic inverse problem as a sequence of before stack migra-

tions,” in Conference on inverse scattering: theory and application. Society

for Industrial and Applied Mathematics, Philadelphia, PA, 1983, pp. 206–220.

[37] A. Tarantola, “Inversion of seismic reflection data in the acoustic approxima-

tion,” Geophysics, vol. 49, no. 8, pp. 1259–1266, 1984.

[38] J. R. Krebs, J. E. Anderson, D. Hinkley, R. Neelamani, S. Lee, A. Baum-

stein, and M.-D. Lacasse, “Fast full-wavefield seismic inversion using encoded

sources,” Geophysics, vol. 74, no. 6, pp. WCC177–WCC188, 2009.

[39] H. Ben-Hadj-Ali, S. Operto, and J. Virieux, “An efficient frequency-domain full

waveform inversion method using simultaneous encoded sources,” Geophysics,

vol. 76, no. 4, pp. R109–R124, 2011.

[40] C. Castellanos, L. Métivier, S. Operto, R. Brossier, and J. Virieux, “Fast full

waveform inversion with source encoding and second-order optimization meth-



206

ods,” Geophysical Journal International, vol. 200, no. 2, pp. 718–742, 2015.

[41] P. P. Moghaddam, F. J. Herrmann et al., “Randomized full-waveform inversion:

a dimenstionality-reduction approach,” in 2010 SEG Annual Meeting. Society

of Exploration Geophysicists, 2010.

[42] T. van Leeuwen and F. J. Herrmann, “Fast waveform inversion without source-

encoding,” Geophysical Prospecting, vol. 61, no. s1, pp. 10–19, 2013.

[43] C. Wang, D. Yingst, J. Brittan, P. Farmer, and J. Leveille, “Fast multi-

parameter anisotropic full waveform inversion with irregular shot sampling,”

in SEG Technical Program Expanded Abstracts 2014. Society of Exploration

Geophysicists, 2014, pp. 1147–1151.

[44] E. Dussaud, W. W. Symes, P. Williamson, L. Lemaistre, P. Singer, B. Denel,

and A. Cherrett, “Computational strategies for reverse-time migration,” in SEG

Technical Program Expanded Abstracts 2008. Society of Exploration Geophysi-

cists, 2008, pp. 2267–2271.

[45] X. Shen and R. G. Clapp, “Random boundary condition for memory-efficient

waveform inversion gradient computation,” Geophysics, 2015.

[46] A. Griewank and A. Walther, “Algorithm 799: revolve: an implementation of

checkpointing for the reverse or adjoint mode of computational differentiation,”

ACM Transactions on Mathematical Software (TOMS), vol. 26, no. 1, pp. 19–

45, 2000.

[47] J. E. Anderson, L. Tan, and D. Wang, “Time-reversal checkpointing methods

for rtm and fwi,” Geophysics, 2012.

[48] P. Yang, R. Brossier, L. Métivier, and J. Virieux, “Wavefield reconstruc-

tion in attenuating media: A checkpointing-assisted reverse-forward simulation

method,” Geophysics, vol. 81, no. 6, pp. R349–R362, 2016.

[49] S. Nazarian, I. Stokoe, H. Kenneth, and W. Hudson, “Use of spectral analysis of

surface waves method for determination of moduli and thicknesses of pavement

systems.” Transportation Research Board, 1983, no. 930, pp. 38–45.

[50] J. Xia, R. D. Miller, C. B. Park, J. Ivanov, G. Tian, and C. Chen, “Utilization



207

of high-frequency rayleigh waves in near-surface geophysics,” The Leading Edge,

vol. 23, no. 8, pp. 753–759, 2004.

[51] F.-C. Lin, M. H. Ritzwoller, J. Townend, S. Bannister, and M. K. Savage, “Am-

bient noise Rayleigh wave tomography of New Zealand,” Geophysical Journal

International, vol. 170, no. 2, pp. 649–666, 2007.

[52] M. Maraschini, F. Ernst, S. Foti, and L. V. Socco, “A new misfit function for

multimodal inversion of surface waves,” Geophysics, vol. 75, no. 4, pp. G31–G43,

2010.

[53] G. Milana, P. Bordoni, F. Cara, G. Di Giulio, S. Hailemikael, and A. Rov-

elli, “1D velocity structure of the Po River plain (Northern Italy) assessed by

combining strong motion and ambient noise data,” Bulletin of Earthquake en-

gineering, vol. 12, no. 5, pp. 2195–2209, 2014.

[54] S. Feng, T. Sugiyama, and H. Yamanaka, “Effectiveness of multi-mode sur-

face wave inversion in shallow engineering site investigations,” Exploration Geo-

physics, vol. 36, no. 1, pp. 26–33, 2005.

[55] Z. Dong, C. Xiaofei, and M. Xiaogui, “Rayleigh wave analysis and inversion

for near surface shear wave velocity model building,” in Beijing 2014 Interna-

tional Geophysical Conference & Exposition, Beijing, China, 21-24 April 2014.

Society of Exploration Geophysicists and Chinese Petroleum Society, 2014, pp.

1217–1220.

[56] Z.-d. Zhang, Y. Liu, and G. Schuster, “Wave equation inversion of skeletonized

surfacewaves,” in SEG Technical Program Expanded Abstracts 2015. Society

of Exploration Geophysicists, 2015, pp. 2391–2395.

[57] J. Li, Z. Feng, and G. Schuster, “Wave-equation dispersion inversion,” Geo-

physical Journal International, vol. 208, no. 3, pp. 1567–1578, 2016.

[58] K. Lu, J. Li, B. Guo, L. Fu, and G. Schuster, “Tutorial for wave-equation

inversion of skeletonized data,” Interpretation, vol. 5, no. 3, pp. SO1–SO10,

2017.
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[101] M. A. Pérez, V. Grechka, and R. J. Michelena, “Fracture detection in a car-

bonate reservoir using a variety of seismic methods,” Geophysics, vol. 64, no. 4,

pp. 1266–1276, 1999.

[102] I. Tsvankin and V. Grechka, Seismology of azimuthally anisotropic media and

seismic fracture characterization. Society of Exploration Geophysicists, 2011.

[103] N. Masmoudi, I. Tsvankin, and T. Alkhalifah, “Feasibility of high-resolution

fracture characterization using waveform inversion,” in 78th EAGE Conference

and Exhibition 2016, 2016.

[104] J.-W. Oh and T. Alkhalifah, “Optimal full waveform inversion strategy in az-

imuthally rotated elastic orthorhombic media,” in 79th EAGE Conference and

Exhibition, 2017.

[105] Z.-D. Zhang, I. Tsvankin, and T. Alkhalifah, “High-resolution fracture charac-

terization using elastic full-waveform inversion,” in 79th EAGE Conference and

Exhibition, 2017.

[106] M. Schoenberg, “Elastic wave behavior across linear slip interfaces,” The Jour-

nal of the Acoustical Society of America, vol. 68, no. 5, pp. 1516–1521, 1980.

[107] J. Virieux, “P-sv wave propagation in heterogeneous media: Velocity-stress

finite-difference method,” Geophysics, vol. 51, no. 4, pp. 889–901, 1986.

[108] A. R. Levander, “Fourth-order finite-difference p-sv seismograms,” Geophysics,

vol. 53, no. 11, pp. 1425–1436, 1988.

[109] R. W. Graves, “Simulating seismic wave propagation in 3d elastic media us-

ing staggered-grid finite differences,” Bulletin of the Seismological Society of

America, vol. 86, no. 4, pp. 1091–1106, 1996.



213
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