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Abstract: This work consists of a theoretical boundary layer analysis of heat and mass transport
in a viscous fluid-embracing gyrotactic micro-organism over a cylinder. The flow governing
equations are modeled through boundary layer approximations. The governing non-linear partial
differential equations are lessened to a set of nonlinear ordinary differential equations using similitude
transformation. The boundary layer equations are elucidated numerically, applying the spectral
relaxation method with the aid of the computational software MATLAB. The impact of several
pertinent parameters on flow convective characteristic phenomena are explored through the use of
graphs and tables and are discussed with in-depth physical descriptions. In addition, the friction factor,
the rate of heat transfer, rate of mass transfer, and the density number of the motile microorganism
are also presented with respect to the above controlled parameters. It is noticed that for the increasing
values of the magnetic parameter with velocity reductions and temperature enhancements, the density
of the motile microorganism is a declining function of Peclet, Bioconvection Lewis and Bioconvection
parameter and the concentration field enhances with the strengthening of Curvature, Magnetic
and Thermophoresis, whereas it reduces with the rise of Brownian motion and Lewis parameters.
Furthermore, the streamline patters are emphasized for the impact of controlled flow variables.
Current outcomes are compared with the available results from previous cases and are observed to be
in agreement.

Keywords: boundary layer flow; gyrotactic micro-organism; stretching cylinder; magnetic effect; heat
and mass transfer; spectral relaxation method

1. Introduction

The motion of heat for a viscous fluid has numerous industrialized, biomedical, and engineering
demands, such as in capacity generators, petroleum production, plasma research, cancer therapy,
the laminar boundary layer dominance in aerodynamics, and numerous others. But the concept has
taken a long journey to attain significance. In 1904, Prandtl suggested the laminar boundary layer
theory, which suggests that the viscous impact would be limited to thin shear surfaces adjacent borders
in the case of flow of fluids with very small viscosity [1]. Sakiadis [2,3] has studied boundary layer
Blasius motion from a surface applied with constant speed from a slit into a liquid at rest. Crane [4]
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has investigated the flow over a stretching sheet. Numerous researchers, for instance Dutta et al. [5],
Char [6], Gupta, and Gupta [7] expanded the research of Crane [4]. Various features of such problems
have been studied by different researchers, for instance Hayat et al. [8], Hayat et al. [9], Xu and Liao [10],
and Cortell [11,12]. Two dimensional boundary layer flow across a stretching cylinder was invoked by
Datta et al. [13]. Elabarbary [14] analyzed the heat transfer effects on micropolar across a stretching
cylinder. Wang [15] has investigated the steady two dimensional flow of a fluid across a stretching
cylinder. Ishak et al. [16] have studied the magnetohydrodynamic (MHD) motion and transfer of heat
past a stretching cylinder. Ishak et al. [17] have carried out numerical investigations on the effects of
suction/blowing on the motion across a stretching cylinder. Butt et al. [18] have explored heat transfer
effects on hydromagnetic entropy generation flow over a horizontal stretching cylinder. They obtained
solutions by using the bvp4c technique in MATLAB.

In current years, immense efforts have been made regarding the study of nanofluids. The idea
behind its popularity is very simple. As we know, regular heat transfer fluids like reservoir, antifreeze,
and grease have slight heat transfer abilities due to their short thermal conductivity, whereas alloys
have superior thermal conductivities compared to these liquids. Thus, scattering elevated thermal
conductive solid particles in a standard heat transfer fluid may raise the thermal conductivity of the
fluid. The term “nanofluid” was first suggested by Choi [19]. Planed colloids consists of nanoparticles
scattered in a foundation fluid. The foundation fluid is normally a conductive fluid, e.g., water or
ethylene glycol. Other foundation fluids include bio-fluids, polymer solutions, oils, and various
lubricants. One of the outstanding characteristics of nanofluids are their thermal conductivity [20].
The nanoparticles used in combination with nanofluids are usually Al, Cu, Al2O3, TiO2, AlN, SiN, SiC,
or are carbon nanotubes with a thickness that ranges from 10 nm to 100 nm.

Recently, nanofluids comprising gyrotactic microorganisms have caused many authors to
investigate their various effects on fluid flow problems. Microorganisms play a very important
role in reducing the greenhouse effect. Microorganisms, such as dictums, foam, and germs, are more
efficient at riveting Co2 compared to trees. Therefore, for the prognosis of the conservatory impact,
analyzing the microbes’ ecology and putting a precise value on their contribution is crucial. Platt [21]
used the term bioconvection, which is a subdivision of biological fluid mechanics. Kuznetsov [22]
has investigated the theory of bio-thermal convection with two different microorganisms; gyrotactic
and oxytactic. They obtained the solutions using the galerkin method. Nield et al. [23] have explored
the combined bio-convection problem over a horizontal layer. They obtained the solutions using
the collocation method. Kuznetsov [24] has studied thermal bioconvection of an oxytactic porous
medium. They obtained the solutions using the galerkin method. Avraemnko [25] has studied
gyrotactic microorganisms over a porous layer. Alloui et al. [26] have studied heat transfer effects on
bioconvection suspension of gyrotactic microorganisms. Mahdy [27] has explored mixed convection
nanofluid flow across an isothermal wedge. Tham et al. [28] have analyzed steady two dimensional
mixed convection flow across a circular cylinder. Kuznetsov [29] has scrutinized bioconvective
suspension containing both nanoparticles and gyrotactic microorganisms. Many surveys have been
made by many researchers in several models [30–32].

The above literature discloses that nanofluids consist of gyrotactic microorganisms embedded in
a cylinder, and demonstrate the combined effects of magnetic field, nanoparticles, and microorganisms
across a stretching cylinder. By using similarity transformations, partial differential equations can be
transformed into ordinary differential equations and explained numerically by applying the spectral
relaxation method (SRM). Outcomes are represented through graphs for the parameters concerned.

2. Governing Equations

We examine the axi-symmetric, steady, two dimensional laminar boundary layer incompressible
motion of a nanofluid consisting of gyrotactic microorganisms past an extending cylinder. Here,
the cylinder is considered to be the x-axis and the radius is considered to be the y-axis (Figure 1).
The magnetic field of strength is B0. Additionally, it is supposed that the cylinder is extended in the
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axial route, having a velocity of Uw = U0(x/l), where U0 is constant and l is the characteristic length.
The nanofluid has the constant temperature Tw and the constant concentration Cw along the stretching
cylinder. Under these suppositions, the governing equations are [33–37]:

∂
∂x

(ru) +
∂
∂r

(rv) = 0 (1)
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1
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∂n
∂r

)
+

dWc

Cw −C∞
∂
∂r

(
n
∂C
∂r

)
(5)

and the pertinent boundary conditions are:

At r = a : u = Uw , v = 0 , T = Tw , C = Cw , n = nw (6)

As r→∞ : u→ 0 , T→ T∞ , C→ C∞ , n→ n∞ (7)

where x and r are coordinates steady in the axial and radial route of the cylinder, respectively, u and v
are the velocity parts along the x and r directions, T indicates the temperature, DB is the Brownian
diffusion coefficient, DT is the thermophoresis coefficient, B0 is the magnetic field strength, σe is the
electrical conductivity, n is the density of the motile microorganism, cp is the specific heat at constant
pressure, Cw is the concentration at the surface, C∞ is the concentration in the free stream, Dn is the
diffusivity of the microorganisms, τ is the effective heat capacitance, Wc is the constant maximum
cell swimming speed, α is the thermal diffusivity, ν is the kinematic viscosity, and a is the radius of
the cylinder.
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Now, using the following similarity transformations [33,36]:

η =
r2
− a2

2a

(Uw

ν x

) 1
2
,ψ = (ν Uw x)

1
2 a f (η), φ(η) =

C−C∞
Cw −C∞

χ(η) =
n− n∞

nw − n∞
, θ(η) =

T − T∞
Tw − T∞

(8)

the transformed equations are

(1 + 2γη) f ′′′ + (2γ+ f ) f ′′ −M f ′ − f ′2 = 0 (9)

(1 + 2γη)θ′′ + (2γ+ Pr) fθ′+ (1 + 2γη)PrNbθ′φ′
+PrEc(1 + 2γη) f ′′2 + PrNt(1 + 2γη)θ′2 = 0

(10)

(1 + 2γη)ϕ′′ + 2γϕ′ +
( Nt

Nb

)
(γθ′ + (1 + 2γη)θ′′ ) + Le f ϕ′ = 0 (11)

(1 + 2γη)χ′′ + 2γχ′ + Lb Pr f χ′ − Pe


(1 + 2 γη)ϕ′χ′ + γχϕ′

+(1 + 2 γη)χϕ′′ + σγϕ′

+σ(1 + 2γη)ϕ′′

 = 0 (12)

and the refreshed boundary conditions are

η→ 0 : f ′(0) = 1, θ(0) = 1, φ(0) = 1, χ(0) = 1 (13)

η→∞ : f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0, χ(∞) = 0 (14)

Here, the magnetic field parameter M =
(
σB2

0 l
ρU0

)
, the curvature parameter γ =

(
ν l

U0 a2

) 1
2
,

the Prandtl number Pr = ν
α , the Peclet number Pe =

(
d wc
Dn

)
, the Brownian motion parameter

Nb =
(
(ρ cp)DB(Cw−C∞)

νT∞ (ρ c f )

)
, the thermophoresis parameter Nt =

(
(ρ cp)DT(Tw−T∞)

νT∞ (ρ c f )

)
, the Lewis number

Le = ν
DB

, the bioconvection Lewis number Lb = α
Dn

, the bioconvection parameter σ = n∞
nw−n∞ , and the

Eckert number Ec =
(

U2
w

cp(Tw−T∞)

)
.

The physical quantities of note are the skin friction coefficient, C f , the local Nusselt number, Nux,
the local Sherwood number, Shx, and the density number of the motile microorganism, Nnx which are
given by

C f =
2 τw

ρU2
w

, Sh x =
x qw

k ∆T
, Nu x =

x qm

DB ∆C
, Nn x =

x qn

Dn ∆n
(15)

where τw = −µ(∂u/∂r)r=a is the surface shear stress, qw = −k (∂T/∂r)r=a is the surface heat
flux, qm = −DB(∂C/∂r)r=a is the surface mass flux, and qn = −Dn(∂n/∂r)r=a is the surface motile
microorganism flux.

Substituting the usual similarity transformations into Equation (15) yields:

1
2

C f
√

Re
−
x = − f ′′ (0),

Nux
√

Re

−
x = −θ′(0),

Shx
√

Re

−
x = −φ′(0),

Nnx
√

Re

−
x = −χ′(0) (16)

where Re = Uwl/ν,
−
x =

√
x
l .

3. Spectral Relaxation Method and Comparison

The spectral relaxation method is a numerical technique established using a simple iteration
scheme established by reducing large structures of nonlinear equations into small structures of linear
equations [37]. The technique has been useful in several science and engineering problems described
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by coupled nonlinear systems of ordinary or partial differential equations. The basic idea of the
spectral relaxation method approach is the easy decoupling and rearrangement of the nonlinear
differential equations in a Gauss–Seidel approach to obtain a linear system of equations. The resulting
spectral relaxation method iterative scheme is then integrated, employing the collocation method to
obtain the numerical solution. The technique was introduced by Motsa and Makukula [38] for the
investigation of the von Karman motion of a Reiner–Rivlin liquid under the influence of ohmic heating
and viscous dissipation. The spectral relaxation method has been found to be accurate and rapidly
convergent to the numerical results. Shateyi [39] has used the spectral relaxation method to calculate
the hydromagnetic motion and heat transfer in a Maxwell liquid past a stretching sheet under the
influence of chemical reaction and thermophoresis in a permeable medium. Shateyi and Makinde [40]
have studied the heat transfer effects on hydromagnetic flow across a cylinder. Magneto hydrodynamic
two dimensional non-Newtonian fluid across a stretching sheet has been analyzed by Shateyi and
Marewo [41]. Motsa et al. [42] have proposed a new multi-stage numerical method that was applied
to the numerical result of 3-hyperchaotic structures. Motsa et al. [43] have proposed and applied a
new pseudo-spectral technique for explaining the nonlinear initial value problems in the presence
of chaotic properties. While Nik and Rebelo [44] were solving the hyper-chaotic complex systems,
the exactness and reliability of the spectral relaxation method against the MATLAB bvp4c technique.
Motsa et al. [45] have extended the application of the spectral relaxation method to systems of nonlinear
partial differential equations that model unsteady boundary layer motion. The exactness of the
spectral relaxation method in solving nonlinear PDEs was determined by equating the computational
performance of the spectral relaxation method against the spectral quasi-linearization method and
Keller-box method. Awad et al. [46] have studied unsteady motion past an extending sheet in a viscous
fluid with chemical reaction and have solved the boundary layer equations by the spectral relaxation
method. Recently, Haron et al. [47] have applied the spectral relaxation method to the unsteady
magneto hydrodynamic combined convective motion of a nanofluid past a stretching/shrinking surface
in the presence of a heat source, internal fraction, thermal diffusion, and diffusion thermo effects. In this
work we will use the SRM to solve systems of highly nonlinear ordinary differential equations that
describe some fluids’ motion, transfer of heat, and mass. The spectral relaxation method is considered
to be exact and promptly convergent to the numerical outcomes.

For our model, we discretize the transformed Equation (9) to Equation (14) using the following
spectral relaxation method algorithm:

1. By using f ′(η) = F(η) the velocity equation can transformed in terms of F(η).
2. Supposing that f (η), θ(η), φ(η), χ(η) are familiar since past iterations (symbolized by

fr(η), θr(η), φr(η), χr(η),) form an iteration scheme for F(η), θ(η), φ(η), χ(η) by supposing
that only linear terms in F(η)θ(η), φ(η), χ(η) are to be calculated at the present iteration level
(indicated by Fr+1(η), θr+1(η), φr+1(η), χr+1(η)) and all dissimilar expressions are supposed
to be familiar from the past iteration. Further, nonlinear terms in F(η), θ(η), φ(η), χ(η) are
calculated at the past iteration.

In the text of the SRM reported above, Equations (9)–(14) are transformed into

(1 + 2γη) F′′ r+1 + (2γ+ fr) F′r+1 −MFr+1 − Fr
2 = 0 (17)

(1 + 2γη)θ′′ r+1 + (2γ+ Pr) fr θ′r+1 + (1 + 2γη)Pr Nbθ′r+1 ϕ′r + Ec Pr(1 + 2γη) F′r2+

PrNt(1 + 2γη)θ′r2 = 0
(18)

(1 + 2γη)ϕ′′ r+1 + 2γϕ′r+1 +
( Nt

Nb

)
(γθ′r+1 + (1 + 2γη)θ′′ r+1) + Le fr+1 ϕ

′

r+1 = 0 (19)

(1 + 2γη)χ′′ + 2γχ′ + Lb Pr f χ′ − Pe ((1 + 2 γη)φ′χ′ + γχφ′ + (1 + 2 γη)χφ′′ + σγφ′)+

Peσ(1 + 2γη)φ′′ = 0
(20)
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The corresponding boundary conditions are written as:

Fr+1(0) = 1 ; Fr+1(∞) = 0 (21)

θr+1(0) = 1 ; θr+1(∞) = 0 (22)

φr+1(0) = 1 ; φr+1(∞) = 0 (23)

χr+1(0) = 1 ; χr+1(∞) = 0 (24)

We implement the collocation technique to explain the decoupled system (17)–(24). In implementing
the spectral method, we obtain the unknown function at the N + 1 collocation points by requiring
that (17)–(20) be fulfilled precisely at all these points. An appropriate set of collocation points are the
Gauss–Lobatto points defined [−1, 1] by

τ j = cos
(
π j
N

)
, j = 0 , 1, 2, . . . , N

We estimate the derivative of the unrevealed functions, say f ′(η), using the so-called differentiation
matrix D of size (N + 1) × (N + 1), which is computed as the collocation points of the matrix
product vector:

d fr
dη

=
N∑

k=0

Dlk fr(τk) = D fr, l = 0, 1, 2, 3, . . . , N (25)

where N + 1 represents the number of collocation grid points, D = 2 D
L and the set

f = [ f (τ0), f (τ1), f (τ2), f (τ3), . . . , f (τN)]
T (26)

stands for the vector function at the collocation points. The higher-order derivatives are gained as
power of D,

fr(p) = Dp fr (27)

where p stands for the order of the derivative. The variable τ is defined from the linear transformation
η = L τ+1

2 to map the interval [0, L] to [−1, 1], where L is taken to be large, sufficient to numerically
approximate the conditions at infinity. Applying the Chebychev spectral collocation method on
(17)–(20), we have

A1 Fr+1 = B1 (28)

A2 Fr+1 = B2 (29)

A3 θr+1 = B3 (30)

A4 φr+1 = B4 (31)

A5 χr+1 = B5 (32)

where:
A1 = diag[(1 + 2γη) ]D2 + diag[(2γ+ fr)]D−M I (33)

B1 = F2
r (34)

A2 = D (35)

B2 = Fr+1 (36)

A4 = diag[(1 + 2γη) ]D2 + diag[(2γ+ Le fr+1)]D (37)

B4 = −
( Nt

Nb

)
(γθ′r+1 + (1 + 2γη)θ′′ r+1) (38)
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A5 = diag(1 + 2γη)D2 + diag
(
2γ+ LbPr fr+1 − Pe(1 + 2γη)φ′r+1

)
D− Pe

[
(1 + 2γη)φ′′ r+1 + γφr+1

]
(39)

B5 = σγφ′r+1 + σ(1 + 2γη)φ′′ r+1 (40)

In Equations (31)–(37), I is an identity matrix. The shape of the matrix is (N + 1) × 1 and diag[]
stands for a diagonal size (N + 1)× (N + 1), where N indicates the number of mesh points f , F, θ,φ,χ,
respectively. The subscript r indicates the iteration number.

The first guesses to that begin the spectral relaxation method scheme for Equations (32)–(39) are
taken as functions that fulfil the boundary conditions. The velocity and temperature descriptions for
the boundary layer problem examined in this work decay exponentially at η = ∞. Take the following
exponential function as

f0 = 1− e−η, F0(η) = e−η, θ(η) = e−η, φ(η) = e−η χ(η) = e−η (41)

In our present study, we take the N = 80 collocation point. These values give accurate results for
all the quantities of physical interest. Starting from the initial approximation (41), the SRM scheme is
repeatedly solved until the following condition is satisfied,

max(Fr+1 − F∞, Gr+1 −G∞, θr+1 − θ∞) ≤ εr (42)

where εr is a prescribed error tolerance, which in this study is taken to be 10−6.
The accuracy of the spectral relaxation method is examined by performing different comparisons

at various conditions with previously reported works. Here we have compared the value of the Nusselt
number with Khan and Pop [34], Wang [35], and Elbashbeshy et al. [48], taking M = Nt = Nb = Le =
Lb = Pe = Ec = σ = γ = 0 and varying the value of Pr. The results obtained are in agreement, as
displayed in Table 1. From Table 1, we can observe that in both the present study and the previous
studies, the rate of heat transfer increases with the rising values of Pr. When Pr = 0.2, the rate of heat
transfer is 0.16911012 for the present study and 0.1691, 0.1697, and 0.1690886 for the previous studies,
and at Pr = 70 the rate of heat transfer is 6.46218077 for the present study and 6.4622, 6.4622, and
6.4621996 for the previous studies.

Table 1. Comparison of numerical values for different values of Pr on the Nusselt number.

Pr Present Study Khan and Pop [34] Wang [35] Elbashbeshy et al. [39]

0.2 0.16911012 0.1691 0.1697 0.1690886
0.7 0.45391616 0.4539 0.4539 0.4539161
2 0.91135768 0.9114 0.9114 0.9113577
7 1.89540305 1.8954 1.8954 1.8954033

20 3.35390414 3.3539 3.3539 3.3539042
70 6.46218077 6.4622 6.4622 6.4621996

4. Discussions

To analysis our study we have transformed our governing Equations (2)–(5) and boundary
restrictions (6)–(7) using similarity variables and have got the transformed Equations (9)–(12) and
transformed boundary condition (13)–(14). After transforming, we get the curvature parameter γ,
Prandtl number Pr, magnetic field parameter M, Peclet number Pe, Lewis number Le, bioconvection
Lewis number Lb, Brownian motion parameter Nb, thermophoresis parameter Nt, Eckert number Ec
and bioconvection constant σ. The computations of our study will be carried out for the different
values of these parameters. We use the SRM to discretize our transformed Equations (9)–(14) by using
MATLAB to get our required data. For computations we have assigned dimensionless parameter as:

M = 0, 1, 3, 6, Nt = 0.1, 0.2, 0.5, 1.2 , Nb = 0.25, 0.5 , 1.2, Le = 1, 1.5, 2, 5, Lb = 0.2 , 0.5, 0.7,
Pe = 0.3, 0.5, 0.7, Ec = 0.01, 0.1, 0.2, σ = 0.2, 0.4, 0.6, Pr = 0.71, 1, 5, 7, 6.17, γ = 0.5, 1, 2

(43)
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Figures 2–5 describe the momentum, heat, mass, and density of the motile microorganism profile
for several values of the curvature parameter γ. A cross-over is initiated in the f ′(η) and χ(η) profile
frontier layer at η ≈ 0.5, as shown in Figures 2 and 5. For the dynamic region, η < 0.5 the enhancement
of γ leads to a reduction in the velocity and microorganism boundary layers, because of the small
enrichment of the frictional forces, by extending the surface shear stress. On the other hand, for η > 0.5
the opposite takes place as the curvature parameter increases. From Figures 3 and 4 it can be seen that
temperature description decreases and concentration description increases with the enhancement of
γ. An explanation for this observation is that enhancement of the curvature parameter results in the
reduction of the surface area of the cylinder.

Figures 6–9 illustrate the momentum, heat, mass, and density of the motile microorganism
profile for different values of M. For increased values of the magnetic parameter M, temperature,
concentration, and the motile microorganism profiles increases, and the opposite behavior is seen in
the velocity profile. M grows a resistance force that works conversely to the flow field and enhances
the thermal, solutal, and motile microorganism boundary layer thickness.Symmetry 2018, 10, x FOR PEER REVIEW  9 of 29 
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Figure 4. Concentration profiles, φ(η) for various values of γ, where M = 1, Nt = 0.2, Nb = 0.5 ,
Le = 0.1, Lb = 0.2 , Pe = 0.3, Ec = 0.01, σ = 0.2, Pr = 5.
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Figure 6. Velocity profiles, f ′(η) for different values of M, where γ = 1, Nt = 0.1, Nb = 0.5 , Le = 5,
Lb = 0.5 , Pe = 0.5 , Ec = 0.2, σ = 0.2, Pr = 0.71.
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Figure 8. Concentration description, φ(η) for various values of M, where γ = 1, Nt = 0.1, Nb = 0.5 ,
Le = 5, Lb = 0.5 , Pe = 0.5 , Ec = 0.2, σ = 0.2, Pr = 0.71.

Figures 10–12 describe the θ(η),φ(η) and χ(η) profiles for different values of the Brownian flow
parameter Nb. From Figures 10–12 it is noted that as the value of Nb enhances, the temperature,
concentration, and microorganism description of the nanofluid decreases. Brownian motion is a force
generated by the concentration gradient between the cold wall and hot gas effecting the particulate
movements towards the cold wall.
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Figure 9. Volume fraction for gyrotactic microorganism profiles, χ(η) for different values of M, where
γ = 1, Nt = 0.1, Nb = 0.5 , Le = 5, Lb = 0.5 , Pe = 0.5 , Ec = 0.2, σ = 0.2, Pr = 0.71.
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Figure 10. Temperature description, θ(η) for different values of Nb, where M = 1, Nt = 0.2, γ = 1 ,
Le = 5, Lb = 0.5, Pe = 0.5, Ec = 0.1, σ = 0.2, Pr = 0.71.

Figures 13–15 illustrate the θ(η),φ(η) and χ(η) profiles for various values of Nt. The phenomenon
of particle diffusion under the effect of a temperature gradient is called thermophoresis. The force that
deposits nanoparticle into the ambient fluid due to the temperature gradient is called thermophoretic
force. An increase in thermophoretic force results in the deeper migration of nanoparticles in the
ambient fluid. The temperature, concentration, microorganism profiles, and the boundary layer
thickness also increase for escalating values of Nt. This is due to the fact that the magnitude of the
temperature gradient at the surface decreases as Nt increases. This leads to a condensed thermal
boundary layer, and a localized rise in the fluid temperature occurs.
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Figure 11. Concentration description, φ(η) for different values of Nb, where M = 1, Nt = 0.2, γ = 1 ,
Le = 5, Lb = 0.5, Pe = 0.5, Ec = 0.1, σ = 0.2, Pr = 0.71.
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Figure 12. Volume fraction for gyrotactic microorganism profiles, χ(η) for various values of Nb, where
M = 1, Nt = 0.2, γ = 1 , Le = 5, Lb = 0.5, Pe = 0.5, Ec = 0.1, σ = 0.2, Pr = 0.71.

Figures 16 and 17 describe the species and density of the motile microorganism profile for various
parameters of Le. We can observe that rising values of Le result in decreasing concentration and
microorganism profiles. The Lewis number is a dimensionless number and is defined as the ratio of
momentum diffusivity and mass diffusivity. Whenever momentum and mass diffusion convection
processes exist, the Lewis number is used to characterize fluid flows. It relates to the relative thickness
of the hydrodynamic layer and the mass transfer boundary layer. Rising values of Le indicate strong
molecular motions, which ultimately enhance the fluid temperature. Fluid with a larger Lewis number
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possesses a weaker Brownian diffusion coefficient, which causes particles to diffuse deeply into the
fluid. Because of this, a shorter penetration depth of temperature exists in the case of higher values of
the Lewis number. It illustrates that the dimensionless concentration and motile microorganism profile
decline as the Lewis number increases.
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Figure 13. Temperature description, θ(η) for different values of Nt, where M = 1, γ = 0.5, Nb = 0.5 ,
Le = 5, Lb = 0.5 , Pe = 0.3 , Ec = 0.1, σ = 0.2, Pr = 0.72.
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Le = 5, Lb = 0.5 , Pe = 0.3 , Ec = 0.1, σ = 0.2, Pr = 0.72.

Figures 18–20 illustrate the motile microorganism profile for Pe, Lb, and σ. From Figure 18 we can
see that with escalating values of Pe, the motile microorganism profile declines. Pe is the ratio between
the thermal energy convected to the fluid and the thermal energy conducted within the fluid. We
can observe from Figure 19, a rapid decline in the profile because the bioconvection Lewis number
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opposes the motion of the fluid. From Figure 20 we can see that for escalating values of the σ motile,
the microorganism profile declines.
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Figure 16. Concentration description, φ(η) for different values of Le, where M = 1, Nt = 0.1, Nb = 0.5 ,
γ = 1, Lb = 0.5 , Pe = 0.5, Ec = 0.2, σ = 0.2, Pr = 0.72.
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Figure 18. Volume fraction for gyrotactic microorganism profiles, χ(η) for different values of Pe, where
M = 0.5, Nt = 0.1, Nb = 0.5 , Le = 5, Lb = 0.5 , σ = 0.2 , Ec = 0.2,γ = 1, Pr = 0.71.
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Figure 19. Volume fraction for gyrotactic microorganism profiles, χ(η) for different values of Lb, where
M = 1, Nt = 0.1, Nb = 0.5 , Le = 5, γ = 1 , Pe = 0.5 , Ec = 0.1, σ = 0.2, Pr = 0.72.
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Figure 20. Volume fraction for gyrotactic microorganism profiles, χ(η) for different values of σ, where
M = 1, Nt = 0.1, Nb = 0.5 , Le = 5, γ = 1 , Pe = 0.5, Ec = 0.1, σ = 0.2, Pr = 0.72.

Figures 21–23 describe the θ(η),φ(η), and χ(η) description for different values of Ec. A cross-over
is found in the concentration and microorganism profile boundary layer at η ≈ 0.8, as shown in
Figures 22 and 23. For the dynamic region, η < 0.8, the increase in Ec leads to a reduction in the
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concentration and microorganism boundary layers. On the other hand, for η > 0.8 the reverse takes
place as the Eckert number increases. From Figure 21, it can be easily observed that the temperature
profile increases with the rise of the Ec.
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Figure 21. Temperature profiles, θ(η) for different values of Ec, where M = 1, Nt = 0.2, Nb = 0.5 ,
Le = 5, Lb = 0.5, Pe = 0.5 , γ = 1, σ = 0.2, Pr = 6.17.
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Figure 22. Concentration profiles, φ(η) for different values of Ec, where M = 1, Nt = 0.2, Nb = 0.5 ,
Le = 5, Lb = 0.5, Pe = 0.5 , γ = 1, σ = 0.2, Pr = 6.17.
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Figure 23. Volume fraction for gyrotactic microorganism profiles, χ(η) for different values of Ec, where
M = 1, Nt = 0.2, Nb = 0.5 , Le = 5, Lb = 0.5, Pe = 0.5 , γ = 1, σ = 0.2, Pr = 6.17.

Figures 24–26 illustrate the θ(η),φ(η) and χ(η) profiles for different values of Pr. For small values
of Pr, the rate of heat transfer and the density number of the microorganism are both intensified, and the
rate of mass transfer is decreased, while the revere takes place for higher values of Pr. A cross-over is
observed in the nanofluid concentration boundary layer as presented in Figure 25. An increase in Pr
leads to an increase in the concentration boundary layers slightly. Far from the surface, the opposite
takes place.

Finally, to get a clear view of the flow field patterns, the streamline dynamics are reported in
Figures 27–30, with particular values of the magnetic parameter M and curvature parameter γ. Where
the magnetic parameter M and the curvature parameter γ are strengthened, the fluid particle traces a
definite curve along the x-direction where the surface is present, but it is clear that there is a retardation
in the flow pattern.

The effects of pertinent variables on the physical quantities of − f ′′ (0), −θ′(0), −φ′(0), and −χ′(0)
are shown in Table 2. It is revealed that for escalating values of γ, the friction factor increases. We
can fix the value of γ = 1.0 and the remaining parameter values are changed. − f ′′ (0), −θ′(0), −φ′(0),
and −χ′(0) were the same, and we also observe that the friction factor − f ′′ (0) increases to the higher
values of γ and M. The rate of the heat transfer coefficient, −θ′(0) increases for the mounting values
of γ, Pr, Nb, whereas the opposite is true for the remaining other flow variables. The rate of the
species transfer coefficient, −φ′(0) declines with the strengthening of γ, M, Pr, Nt, while the other
parameters show the reverse behavior. Finally, the rate of motile microorganism −χ′(0) is more for
γ, Pr, Pe, Lb. From Table 2, it is clear that the surface shear stress is not affected by any modification of
Nb, so nanofluid velocity is not affected either. The friction factor is not affected by any variation of Nt,
and it was also observed that the surface shear stress and Nusselt number are not influenced by any
change of Le, so the nanofluid velocity and temperature are not affected either.
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M = 1, Nt = 0.2, Nb = 0.5 , Le = 5, Lb = 0.5 , Pe = 0.5 , Ec = 0.1, σ = 0.2,γ = 1.
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Table 2. M, Nt, Nb , Le, Lb, Pe , E, σ, Pr, γ on the cylinder surface physical quantities, − f ′′ (0), −θ′(0), −φ′(0) and −χ′(0).

γ M Pr Pe Nb Nt Le Lb σ Ec −f”(0) −θ
′

(0) −φ
′

(0) −χ
′

(0)

0.5
1
2
3

1 5 0.3 0.5 0.2 5 0.2 0.2 0.01

1.62649308
1.82111645
2.17941349
2.51241569

2.42810268
2.67528648
3.03778670
3.23014786

0.85568261
0.81591240
0.79123180
0.83834565

0.77721513
0.91919885
1.17739872
1.43491309

1
0
1
2

0.71 0.5 0.5 0.1 5 0.5 0.2 0.2
1.35577051
2.82111645
2.15890400

1.08610352
0.71283719
0.32331590

1.71241497
1.63058296
1.59635412

1.34116551
1.28080156
1.25335316

1 1

0.71
1
5
7

0.5 0.5 0.2 5 0.5 0.2 0.1

1.82111645
1.82111645
1.82111645
1.82111645

0.99942787
1.08600254
1.12591585
0.87986583

1.39642364
1.37153874
1.40748237
1.51248713

1.12678471
1.13654847
1.52920649
1.77773396

1 1 0.71
0.3
0.5
0.7

0.5 0.1 5 0.5 0.2 0.2
1.82111645
1.82111645
1.82111645

0.71283719
0.71283719
0.71283719

1.63058296
1.63058296
1.63058296

1.19404622
1.28080156
1.35483099

0.5 1 0.71 0.5
0.25
0.5
1.2

0.2 5 0.5 0.2 0.1
1.62649308
1.62649308
1.62649308

0.40047131
0.62834887
1.18153356

1.39670138
1.43755939
1.47036457

0.97004499
0.98733892
0.99954647

0.5 1 0.71 0.3 0.5
0.2
0.5
1.2

5 0.5 0.2 0.1
1.62649308
1.62649308
1.62649308

0.81885213
0.72661881
0.55314537

1.37025917
1.07378725
0.63142889

0.87739871
0.73600200
0.49242417

1 1 0.71 0.5 0.5 0.1

1
1.5
2
5

0.5 0.2 0.2

1.82111645
1.82111645
1.82111645
1.82111645

0.71283719
0.71283719
0.71283719
0.71283719

0.67841111
0.81415772
0.94753387
1.63058296

0.64189010
0.73312212
0.81755282
1.19404622

1 1 5 0.5 0.5 0.1 5
0.5
0.6
0.7

0.2 0.1
1.82111645
1.82111645
1.82111645

1.67403063
1.67403063
1.67403063

1.47926112
1.47926112
1.47926112

1.55544165
1.63930009
1.7210218

1 1 0.71 0.5 0.5 0.1 5 0.5
0.2
0.4
0.6

0.2
1.82111645
1.82111645
1.82111645

1.04300428
1.04300428
1.04300428

1.56883842
1.56883842
1.56883842

1.23920758
1.49489645
1.69489645

1 1 6.17 0.5 0.5 0.2 5 0.5 0.2
0.01
0.1
0.2

1.82111645
1.82111645
1.82111645

2.80350693
0.99256106
0.53315880

0.77232258
1.46526840
1.64145133

1.19996973
1.67326495
1.79135562
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5. Conclusions

In the current investigation, we examined boundary layer motion, thermal and species transfer
of nanofluid comprising microorganisms across an extending cylinder. The effects of magnetic
field, Brownian diffusion, and thermophoresis were taken into account. By employing suitable
transformations for momentum, heat, mass, and microorganism, the boundary layer equations of the
flow were converted to ODEs and solved by applying the SRM. The impacts of curvature parameter γ,
Peclet number Pe,Lewis number Lb, Prandtl number Pr, Eckert number Ec, Lewis number Le, Magnetic
parameter M, Brownian motion parameter Nb, thermophoresis parameter Nt, bioconvection constant
σ, the friction factor, the rate of heat transfer, the rate of mass transfer, and the density number of the
motile microorganism have been studied. The results are summarized as follows:

• M, Nt, Ec enhance the temperature field θ;
• M decreases the velocity profile f ′;
• γ, Nb, Pr reduce the temperature field θ;
• The wall thickness of the motile microorganism χ is a declining function of Pe, Lb, σ;
• The density of the motile microorganism χ is an enhancing function of M, Nt;
• Nb, Le regulate the concentration profile;
• The concentration field increases with the rise of γ, M, Nt and decreases with the increase of

Nb, Le.

Nanoparticle comprised microorganisms find notable applications in tissue engineering, food
processing, and biopolymer processing. In future, we want to extend the concept by considering
induced magnetic fields and try to figure out its error analysis.
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Nomenclature

a Radius of the cylinder
B0 Magnetic field of strength
C Concentration
C f Skin friction coefficient
Cw Concentration at the surface
C∞ Concentration in the free stream
cp Specific heat at constant pressure
DB Brownian diffusion coefficient
Dn Diffusivity of the microorganism
DT Thermophoresis coefficient
Ec Eckert number
Lb Bioconvection Lewis number
Le Lewis number
l Characteristic length.
M Magnetic field parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter
Nnx Density number of the motile microorganism
Nux Local Nusselt number
n Density of the motile microorganism



Symmetry 2019, 11, 1131 26 of 28

nw Constant motile microorganism
Pe Peclet number
Pr Prandtl number
qn Surface motile microorganism flux.
qm Surface mass flux
qw Surface heat flux
Re Reynolds number
Shx Local Sherwood number
T Indicates the temperature
Tw Constant temperature
u Velocity parts along x directions
U0 Constant
Uw Axial route having velocity
Wc Constant maximum cell swimming speed
v Velocity parts along r directions
Greek letters
σ Bioconvection parameter
σe Electrical conductivity
α Thermal diffusivity
τ Effective heat capacitance
ν Kinematic viscosity
γ Curvature parameter
τw Surface shear stress
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