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Abstract. In this paper, we experimentally study the existence of to-
tally optimal decision rules which are optimal relative to the length and
coverage simultaneously for nine decision tables from the UCI Machine
Learning Repository. Totally optimal rules can be useful when we con-
sider decision rules as a way for knowledge representation. We study not
only exact but also approximate decision rules based on the three un-
certainty measures: entropy, Gini index, and misclassification error. To
investigate the existence of totally optimal rules, we use an extension of
dynamic programming that allows us to make multi-stage optimization
of decision rules relative to the length and coverage. Experimental results
show that totally optimal decision rules exist in many cases. However,
the behavior of graphs describing how the number of rows of decision ta-
bles with totally optimal decision rules depends on the accuracy of rules
is irregular.

Keywords: Decision rule · Uncertainty measure · Length · Coverage ·
Totally optimal rule · Multi-stage optimization.

1 Introduction

Decision rules are widely used to solve the problems of prediction and knowl-
edge representation [8, 9, 13, 14]. When decision rules are considered as a way for
knowledge representation, we would like to minimize their length (to make the
rules more understandable) and to maximize their coverage (to make the rules
more general).

In this paper, we experimentally investigate the existence of totally opti-
mal decision rules that have the minimum length and the maximum coverage
simultaneously.

We can use two tools for the study of totally optimal decision rules that
are based on extensions of dynamic programming. These are (i) multi-stage
optimization of decision rules relative to two criteria, and (ii) construction of
the set of Pareto optimal points for bi-criteria optimization problem (totally
optimal decision rule exists if and only if there is exactly one Pareto optimal
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point) [1]. In this paper, we use the first tool which is less time consuming. For
experimenting, we use Dagger system created in KAUST to implement various
extensions of dynamic programming [2, 3].

One of the main goals of this paper is to experimentally study how the exis-
tence of totally optimal decision rules depends on the accuracy of such rules. We
work with nine decision tables from the UCI Machine Learning Repository [12].
We study not only exact but also approximate decision rules defined based on
the three uncertainty measures: entropy ent, Gini index gini, and misclassifica-
tion error me. We consider 101 values of the threshold α from 0.00 to 1.00 with
the step 0.01. This threshold describes the accuracy of decision rules: α = 0.00
means 100 percent accuracy (exact decision rules), and α = 1.00 means 0 percent
accuracy.

Experimental results show that totally optimal decision rules exist in many
cases. The behavior of graphs describing how the number of rows of decision
tables with totally optimal decision rules depends on decision rule accuracy is
irregular.

One of the main areas of applications of the obtained results (existence of
totally optimal decision rules in many cases) is the rough set theory [10, 15–17] in
which decision rules are widely used. Another area of applications is the logical
analysis of data (LAD) in which decision rules are known as patterns [5–7, 11].

Note that exact totally optimal decision rules were studied in [1, 4] both from
theoretical and experimental points of view.

This paper consists of four sections. In Sect. 2, we consider main notions and
tools. Section 3 is devoted to the consideration of experimental results. Section
4 contains short conclusions.

2 Main Notions and Tools

In this section, we discuss the notions of decision table, uncertainty measure,
decision rule, cost function, and totally optimal decision rule. We consider also
a way to prove the existence of totally optimal decision rules.

2.1 Decision Tables and Uncertainty Measures

A decision table is a rectangular table T with n ≥ 1 columns filled with numbers
from the set ω = {0, 1, 2, . . .} of nonnegative integers. Columns of the table
are labeled with conditional attributes f1, . . . , fn. Rows of the table are pairwise
different, and each row is labeled with a number from ω which is interpreted as a
decision (a value of the decision attribute d). Rows of the table are interpreted as
tuples of values of conditional attributes. We denote by T the set of all decision
tables.

A decision table is called empty if it has no rows. The table T is called
degenerate if it is empty or all rows of T are labeled with the same decision.
Let D(T ) be the set of decisions attached to rows of T . We denote by N(T )
the number of rows in the table T and, for any t ∈ ω, we denote by Nt(T ) the
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number of rows of T labeled with the decision t. By mcd(T ) we denote the most
common decision for T which is the minimum decision t0 from D(T ) such that
Nt0(T ) = max{Nt(T ) : t ∈ D(T )}. If T is empty then mcd(T ) = 0.

For any conditional attribute fi ∈ {f1, . . . , fn}, we denote by E(T, fi) the
set of values of the attribute fi in the table T . We denote by E(T ) the set of
conditional attributes for which |E(T, fi)| ≥ 2.

Let T be a nonempty decision table. A subtable of T is a table obtained from T
by removal of some rows. Let fi1 , . . . , fim ∈ {f1, . . . , fn} and a1, . . . , am ∈ ω. We
denote by T (fi1 , a1) . . . (fim , am) the subtable of the table T containing the rows
from T which at the intersection with the columns fi1 , . . . , fim have numbers
a1, . . . , am, respectively.

Let R be the set of real numbers. An uncertainty measure is a function
U : T → R such that U(T ) ≥ 0 for any T ∈ T , and U(T ) = 0 if and only if T
is a degenerate table. The following functions (we assume that, for any empty
table, the value of each of the considered functions is equal to 0) are uncertainty
measures:

– Entropy ent(T ) = −
∑
t∈D(T )(Nt(T )/N(T )) log2(Nt(T )/N(T )).

– Gini index gini(T ) = 1−
∑
t∈D(T )(Nt(T )/N(T ))2.

– Misclassification error me(T ) = N(T )−Nmcd(T )(T ).

2.2 Decision Rules and Cost Functions

Let T be a decision table with n conditional attributes f1, . . . , fn and r =
(b1, . . . , bn) be a row of T . A decision rule over T is an expression of the kind

(fi1 = a1) ∧ . . . ∧ (fim = am)→ t (1)

where fi1 , . . . , fim ∈ {f1, . . . , fn}, and a1, . . . , am, t are numbers from ω. It is
possible that m = 0. For the considered rule, we denote T 0 = T , and if m > 0 we
denote T j = T (fi1 , a1) . . . (fij , aj) for j = 1, . . . ,m. We will say that the decision
rule (1) covers the row r if r belongs to Tm, i.e., bi1 = a1, . . . , bim = am.

A decision rule (1) over T is called a decision rule for T if t = mcd(Tm),
and either m = 0, or m > 0 and, for j = 1, . . . ,m, T j−1 is not degenerate, and
fij ∈ E(T j−1). A decision rule (1) for T is called a decision rule for T and r if
it covers r.

Let U be an uncertainty measure and α be a real number such that 0 ≤ α ≤ 1.
A decision rule (1) for T is called a (U,α)-decision rule for T if U(Tm) ≤ αU(T )
and, if m > 0, then U(T j) > αU(T ) for j = 0, . . . ,m− 1. A (U,α)-decision rule
(1) for T is called a (U,α)-decision rule for T and r if it covers r.

We now consider a notion of cost function for decision rules. This is a function
ψ(T, ρ) which is defined on pairs T, ρ, where T is a nonempty decision table and
ρ is a decision rule for T , and has values from the set R of real numbers.

We will work with the following two cost functions for decision rules:

– The length l(T, ρ) = l(ρ). The length of the rule (1) is equal to m.
– The coverage c(T, ρ). The coverage of the rule (1) for table T is equal to
Nmcd(Tm)(T

m).
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2.3 Totally Optimal Decision Rules

Let T be a decision table, r be a row of T , U be an uncertainty measure, and α
be a real number such that 0 ≤ α ≤ 1.

We denote by lU,α(T, r) the minimum length of a (U,α)-decision rule for T
and r. By cU,α(T, r) we denote the maximum coverage of a (U,α)-decision rule
for T and r. A (U,α)-decision rule ρ for T and r is called a totally optimal (U,α)-
decision rule for T and r relative to the length and coverage if l(ρ) = lU,α(T, r)
and c(T, ρ) = cU,α(T, r), i.e., ρ is optimal relative to c and l simultaneously.

We now describe how to recognize the existence of a (U,α)-decision rule for T
and r which is a totally optimal (U,α)-decision rule for T and r relative to the
length and coverage.

First, we apply to T and r the procedure of optimization relative to c [1].
As a result, we obtain the number cU,α(T, r). Next, we sequentially apply to T
the procedures of optimization relative to the length l and coverage c [1]. As a

result, we obtain the number cU,αl (T, r) which is the maximum coverage among
all (U,α)-decision rules for T and r which have the minimum length (see [1]).
One can show that a totally optimal (U,α)-decision rule for T and r relative to

the length and coverage exists if and only if cU,αl (T, r) = cU,α(T, r).

3 Experimental Results

In this section, we consider results of computer experiments with nine decision
tables from [12]. Before the experimental work, some preprocessing procedures
are performed. A conditional attribute is removed if it has unique value for each
row. The missing value for an attribute is filled up with the most common value
for this attribute. In some tables, there are equal rows with, possibly, different
decisions. In this case, each group of equal rows is replaced with a single row
from the group with the most common decision for this group. As a result, we
obtain consistent decision tables without missing values (a decision table is called
consistent if it has no equal rows with different decisions).

Table 1. Decision tables used in experiments.

Decision table Rows Attributes

balance-scale 625 5
breast-cancer 266 10
cars 1728 7
hayes-roth-data 69 5
house-votes-84 279 17
lymphography 148 19
soybean-small 47 36
tic-tac-toe 958 10
zoo-data 59 17
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The nine decision tables from [12] used in experiments are described in Ta-
ble 1. The first column ‘Decision table’ refers to the name of the decision table
from [12], the second column ‘Rows’ refers to the number of rows, and the last
column ‘Attributes’ refers to the number of conditional attributes.

For each decision table T , each row r of T , each uncertainty measure U ∈
{ent, gini,me}, and each α ∈ {0.00, 0.01, 0.02, . . . , 1.00}, we check if there exists
a totally optimal (U,α)-decision rule for T and r relative to the length and
coverage. We denote TotU (T, α) the number of rows r in the decision table T
for each of which there exists a totally optimal (U,α)-decision rule for T and r
relative to the length and coverage. By TotU (α) we denote the sum of numbers
TotU (T, α) for all nine considered decision tables T .

The results of experiments can be found in Figs. 1, 2, and 3 for uncertainty
measures ent, gini, and me, respectively. In each figure, the graph of the function
TotU (α) is depicted for the uncertainty measure U considered in this figure.
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Fig. 1. Number of rows of decision tables with totally optimal decision rules for un-
certainty measure ent.

The total number of rows in the considered decision tables is equal to 4179.
The minimum values of the functions Totent(α), Totgini(α), and Totme(α) are
equal to 3578, 3571, and 3060, respectively. It means that, for each of the con-
sidered value of α, more than 85% of rows have totally optimal decision rules
for the uncertainty measures ent and gini, and more than 73% of rows have
totally optimal decision rules for the uncertainty measure me. The obtained re-
sults show that totally optimal decision rules exist in many cases. However, the
behavior of graphs in Figs. 1-3 describing how the number of rows with totally
optimal decision rules depends on the accuracy of rules is irregular.
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Fig. 2. Number of rows of decision tables with totally optimal decision rules for un-
certainty measure gini.
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Fig. 3. Number of rows of decision tables with totally optimal decision rules for un-
certainty measure me.
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4 Conclusions

In this paper, we experimentally studied the existence of totally optimal decision
rules (exact and approximate) for nine decision tables from the UCI Machine
Learning Repository [12]. We showed that the totally optimal decision rules
exist in many cases. In the future, we are planning to continue the study of
totally optimal rules since they can be useful in applications related to knowledge
representation. In particular, we are planning to use in the experiments not only
whole datasets but also their samples to understand the stability of the obtained
results.
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