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SUMMARY
Guided waves in a water layer overlaying an elastic half-space are known as normal modes.
They are often present in seismic recordings at long offsets in shallow-water environment and
generally considered coherent noise. The normal modes, however, carry important information
about the near-surface and, as demonstrated by a number of authors, can be used to obtain the
shallow velocity model. There is a growing evidence that the latter needs not to be isotropic due
to various geological reasons. Motivated by that, we consider the normal-mode propagation in
case the elastic half-space exhibits orthorhombic anisotropy. We derive the period equation that
describes the normal-mode phase velocity dispersion. To simplify the complicated expression,
we present acoustic and ellipsoidal orthorhombic approximations. We also outline the approach
towards the group velocity and group azimuth calculation and apply it to the ellipsoidal case to
obtain concise and intuitive expressions. Using numerical test, we study the relation between
phase and group domains in elastic orthorhombic case. The deviation between velocities and
azimuths in these domains is the strongest for low frequencies and it rapidly decreases with
increasing frequency. For higher frequencies, the anisotropy effects of the underlaying halfspace are barely detectable since the observed signal is composed mainly of the direct acoustic
wave, resulting in the two domains being nearly indistinguishable.
Key words: Controlled source seismology; Guided waves; Seismic anisotropy.

1 I N T RO D U C T I O N
Normal modes in marine seismic acquisition and underwater acoustics refer to a family of asymptotic solutions of the wave equation when
the source and receiver are placed in a water layer overlaying a solid half-space and the signal is recorded at a distance much larger than
the water depth. The observed wavefield in this case consists of multiple water layer reflections and refractions and resulting horizontally
propagating guided waves are dispersive. In exploration seismology, normal modes are often considered as a coherent noise and are removed
at first stages of data processing (Boiero et al. 2013). In their excellent paper, Landrø & Hatchell (2012) revisit the normal-modes theory and
stress the potential use of the guided waves for shallow-sediments characterization. They demonstrate how to extract the normal modes from
long-offset seismic data and perform a very simple velocity inversion. We direct the reader to the aforementioned reference for a historical
review and the normal-modes theory in acoustic and elastic isotropic environments. Boiero et al. (2013) perform a combined surface- and
guided-wave inversion for near-surface velocity model building demonstrating the usefulness of the part of the wavefield which is most of the
time considered noise. The authors conclude that the discussed procedure can potentially improve a velocity model and results in a subsurface
image of higher quality. The guided-wave inversion can also be incorporated into full waveform inversion (FWI) scheme to improve its
accuracy in near-surface and overall efficiency as was demonstrated by Wiarda et al. (2014) and Hou et al. (2018). Another useful application
of the normal modes is discussed in Landrø & Amundsen (2011). The authors propose to use the guided wave signal in 4-D sense to detect
shallow gas and CO2 leakage.
Landrø & Hatchell (2012) mention that ocean-bottom sediments need not to be isotropic. Sidler & Holliger (2010) use modeling to
investigate the VTI anisotropy of shallow marine sediments and conclude that the P-wave anisotropy is benign but nevertheless non-zero; the
S-wave anisotropy, on the other hand, is more prominent. Skopintseva et al. (2013) assume the sediments exhibit polar anisotropy (transversely
isotropic with vertical symmetry axis, or VTI) and analyse the influence of the anisotropy parameters on normal-mode propagation. It has
to be noted that normal modes in VTI case are first presented in Anderson (1961), however, due to the notation, derived expressions are not
explicit. Ivanov & Stovas (2017a) extend the findings of the aforementioned authors by incorporating azimuthal anisotropy described by an
orthorhombic model. Unfortunately, derived orthorhombic period equation is not correct. In this work, we obtain a correct period equation in
elastic orthorhombic case, providing detailed procedure and subsequently analyse the normal-mode propagation in orthorhombic media.
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Although, one might argue that azimuthal anisotropy in water-bottom sediments is not feasible and it might be difficult to separate the
effects associated with azimuthally varying water depth and heterogeneous sediments from actual anisotropy, a number of references indicate
that the idea might not be as implausible as it seems. In gas-hydrate bearing sediments, one can encounter subvertical fracture systems (Lee &
Collett 2009; Cook et al. 2010; Sriram et al. 2013). Assuming transversely isotropic sediments with horizontal symmetry axis (HTI), Kumar
et al. (2006) quantify the anisotropy to be around 15 per cent (difference between the P-wave propagation along the symmetry axis and in
orthogonal direction). Sriram et al. (2013) mention in their conclusions that they observe intersecting fracture systems and propose to use
lower symmetry models such as orthorhombic. Tonegawa et al. (2015) observe the azimuthal anisotropy in the northwestern Pacific outside
Japan and conclude that it is caused by the aligned fractures due to the tensional stress in the vicinity of the subduction zone.
The rest of the paper is organized as follows. First, we derive the exact period equation (provides the normal-mode phase velocity
dependence upon frequency) in elastic orthorhombic case. Second, we obtain the frequency-dependent group velocity vector, which, in
anisotropic media, is generally not parallel to the phase velocity vector. Third, we suggest two simplifications to the period equation which
result in more practical expressions from the inversion standpoint. Finally, we provide numerical examples to demonstrate the anisotropy
effects on the kinematics of normal-mode propagation.

2 T H E O RY
2.1 The exact period equation
Normal modes are a family of solutions of the wave equation able to describe horizontal propagation of seismic waves in a water layer
overlaying an elastic half-space. Horizontal propagation is a consequence of multiple reflections and refractions in the water layer which acts
as a wave guide (Landrø & Hatchell 2012; Kazei et al. 2015). Although the normal modes propagate horizontally in the water layer, their
signatures are influenced by the underlying half-space and are frequency dependent. In this study, the orthorhombic half-space is considered.
Sketch of the normal-mode propagation along with the problem parametrization is shown in Fig. 1.
First, the wave propagation in orthorhombic half-space is considered. The component-wise wave equation for displacement vector
u = (u 1 , u 2 , u 3 )T written for waves propagating in an elastic orthorhombic medium has the following form:
2
2
u 2 + (c13 + c55 )∂13
u 3 = ρ∂t2 u 1 ,
c11 ∂12 u 1 + c66 ∂22 u 1 + c55 ∂32 u 1 + (c12 + c66 )∂12
2
2
c66 ∂12 u 2 + c22 ∂22 u 2 + c44 ∂32 u 2 + (c12 + c66 )∂12
u 1 + (c23 + c44 )∂23
u 3 = ρ∂t2 u 2 ,

c55 ∂12 u 3

+

c44 ∂22 u 3

+

c33 ∂32 u 3

+ (c13 +

2
c55 )∂13
u1

+ (c23 +

2
c44 )∂23
u2

=

(1)

ρ∂t2 u 3 ,

where we express second-order partial derivatives in space as ∂i2j = ∂ 2 /∂ xi ∂ x j and in time as ∂t2 = ∂ 2 /∂t 2 ; cij are the orthorhombic stiffness
coefficients. We seek a solution of the wave equation in the form of a plane wave propagating horizontally and expressed as
u = Uz (x3 )ei(ωt−k1 x1 −k2 x2 ) ,

(2)

where k = (k1 , k2 )T is the wave vector, ω is a cyclic frequency, and, in order to account for vertically inhomogeneous medium, the depthdependent amplitude vector Uz is taken as
Uz (x3 ) ≡ [U1 , U2 , −iU3 ]T e−νx3 ,

(3)

where coefficient ν, that controls the amplitude attenuation with depth, is unknown at this step. Negative imaginary unit in front of U3 in
expression (3) is introduced to indicate the attenuation along the vertical. The magnitude of the wave vector, also known as the wave number,
is related to the frequency as
|k|2 = k 2 = k12 + k22 = ω2 /c2 ,

(4)
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Figure 1. Sketch of the normal mode propagation. The star and the circle illustrate positions of a seismic source and a receiver, respectively. Parameters of the
water layer, density ρ w and seismic velocity in water Vw , and of the elastic half-space, density ρ and elastic stiffnesses cij , are displayed. α is the wave vector
azimuth.
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where c is an unknown phase velocity of the plane wave. After substitution of the trial solution in the wave eq. (1) and subsequent simplification,
we get in matrix form,


GU = M − ρω2 Ĩ U = 0,
(5)
⎤
c11 k12 + c66 k22 − c55 ν 2
(c12 + c66 )k1 k2
−(c13 + c55 )k1 ν
⎢
⎥
,
M=⎣
c66 k12 + c22 k22 − c44 ν 2
−(c23 + c44 )k2 ν
(c12 + c66 )k1 k2

⎦
2
2
2
−i(c23 + c44 )k2 ν −i c55 k1 + c44 k2 − c33 ν
−i(c13 + c55 )k1 ν
⎡

1
⎢
Ĩ = ⎣ 0
0

⎤
0
⎥
0 ⎦,
−i

0
1
0

(6)

(7)

and U = (U1 , U2 , U3 )T . Eq. (5) is satisfied if either det G = 0 or U = 0. Since the latter is the trivial solution, the former equation is considered.
It is natural to transform eq. (5) to cylindrical coordinates,
ω
(8)
k1 = k cos α,
k2 = k sin α,
k= ,
c
where α is the phase azimuth (see Fig. 1). After the transformation, equation det G = 0 is a bi-cubic polynomial equation with respect to ν/k,
and, defining
ν
(9)
ν̃ = ,
k
it reads
A6 ν̃ 6 + A4 ν̃ 4 + A2 ν̃ 2 + A0 = 0,

(10)

where coefficients AJ = AJ (cij , α, ρ, c), J = 0, 2, 4, 6 are given in Appendix A. Eq. (10) is solved algebraically to obtain three roots, ν̃ N2 , N =
P, S1 , S2 , that correspond to the three wave modes that exist in an elastic anisotropic solid—quasi-compressional and two quasi-shear. We do
not present explicit expressions for ν̃ N due to their bulkiness, however, it is important to note that ν̃ N depend on the unknown phase velocity
c.
The final solution of the wave equation in the orthorhombic half-space will then include three wave-modes propagating horizontally and
attenuating with depth, each mode having different horizontal displacement and attenuation coefficient:


(11)
uORT = U(P) e−ν P x3 + U(S1 ) e−νS1 x3 + U(S2 ) e−νS2 x3 ei(ωt−k1 x1 −k2 x2 ) ,
where U(N ) , N = P, S1 , S2 are unknown amplitude vectors of the three wave modes. To reduce the number of unknowns, we first transform
the horizontal components of the amplitude vector into polar coordinates,
(N )

U1

= U (N ) cos δ N ,

(N )

U2

= U (N ) sin δ N ,

(12)

where U(N) is a radial component of the displacement amplitude, and δ N is the polar angle that defines the azimuth of the horizontal projection
of the polarization vector. Note, δ N is generally different from α and α ± π /2 in anisotropic media since displacement direction is not parallel
or perpendicular to the phase propagation direction of quasi compressional and quasi shear waves, correspondingly. Relation between α and
δ N can, however, be established using any two equations of (5). From the first two, we obtain

 1
q1 c2 ρ + c55 ν̃ N2 − c66 sin2 α + (q2 q3 − c11 q1 ) sin 2α

 2
tan δ N =
tan α,
q2 c2 ρ + c44 ν̃ N2 − c66 cos2 α + (q1 q3 − c22 q2 ) sin2 α

(13)

where q1 = c23 + c44 , q2 = c13 + c55 and q3 = c12 + c66 . Additionally, following the recipe of Anderson (1961), we express the radial
component of the displacement amplitude of each wave mode in terms of the vertical component,
(N )

U (N ) = γ N U3 ,

(14)

using third equation of (5). In eq. (14),
γN =

1 c2 ρ + c33 ν̃ N2 − c44 sin2 α − c55 cos2 α
,
ν̃ N
q2 cos α cos δ N + q1 sin α sin δ N
(P,S ,S )

(15)

and U3 1 2 are the unknown amplitudes. Note that the expression for γ N simplifies to the one derived by Anderson (1961) when VTI media
is considered (α = δ ≡ 0). Substituting the above expressions, eqs (12) and (14), in the total solution in the orthorhomibc half-space, eq. (11),
the latter becomes
⎡
⎤
⎡ ⎤
(N )
γ N U3 e−ν N x3 cos δ N
U1
⎢
⎥ i(ωt−k1 x1 −k2 x2 )
⎢ ⎥
(N )
.
(16)
uORT = ⎣ U2 ⎦ei(ωt−k1 x1 −k2 x2 ) =
⎣ γ N U3 e−ν N x3 sin δ N ⎦e
(N
)
−ν N x3
N =P,S1 ,S2
U3
−iU3 e
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In the water layer, only compressional mode is present, however, since the layer is bounded, the solution is a superposition of up- and
downgoing waves. Wave vector k is preserved in laterally homogeneous media to honor the Snell’s law, meaning that the phase azimuth is
preserved. Repeating similar derivations as above, we find for the water layer:
c2
,
Vw2

(17)

with Vw being the velocity of the acoustic wave in water;
γw = ν̃w−1 ,

(18)

and the total solution of the wave equation in the water layer (taking into account that the displacement direction of the pure compressional
wave is parallel to its propagation direction),

⎤
⎡ 
⎤
⎡
Ẁ e−νw x3 + Ẃ eνw x3 cos α
W1
⎥
⎢ 

⎥
⎢
⎥
⎢
(19)
uwater = ⎣ W2 ⎦ei(ωt−k1 x1 −k2 x2 ) = ⎢ Ẁ e−νw x3 + Ẃ eνw x3 sin α ⎥ei(ωt−k1 x1 −k2 x2 ) ,
⎣ 
⎦
W3
−νw x3
νw x3
−i ν̃w Ẁ e
− ν̃w Ẃ e
where Ẃ and Ẁ are the unknown amplitudes of up- and downgoing solutions. Since x3 is positive downwards, both solutions are
characterized with an amplitude decay along the vertical. Different sign in front of vertical component of the amplitude of up- and downgoing
solutions corresponds to different signs of ν̃w : positive downwards and negative upwards.
(P)
(S )
(S )
In order to obtain unknown amplitudes U3 , U3 1 , U3 2 , Ẁ , and Ẃ , the boundary conditions are invoked,


Free-surface condition :
σ33 
= 0,
(20a)
x =0
3



= σ33 
,
(20b)
Normal-stress continuity :
σ33 
x3 =H +
x3 =H −


σ13 
= 0,
(20c)
Tangential stress vanishing in [x1 , x3 ] plane :
x =H +
3

Tangential stress vanishing in [x2 , x3 ] plane :
σ23 
= 0,
(20d)
x =H +
 3



= W3 
,
(20e)
Continuity of normal displacement :
U3 
+
−
x3 =H

−

x3 =H

+

where H is the water-layer thickness, and H and H indicate media in which the function should be evaluated: minus sign corresponding
to the water layer and plus sign—to the orthorhombic half-space. Free-surface condition (20a) results in up- and downgoing solutions in the
water layer having opposing amplitudes since the free-surface reflection coefficient is assumed to be equal −1,
Ẃ = −Ẁ ≡ W.

(21)

Consequently, eqs (20b)–(20e) form a system of four equations with four unknowns. Written in matrix form, it reads
BX = 0,

(22)
(P)

(S )

(S )

where X = (U3 , U3 1 , U3 2 , W )T is the vector of the unknowns and
⎡
⎤
e−k H ν̃ P
e−k H ν̃S1
e−k H ν̃S2
2ν̃w cosh (k H ν̃w )
⎢
⎥
k H (ν̃ S1 +ν̃ S2 )
r S1 ek H (ν̃ P +ν̃S2 ) r S2 ek H (ν̃ P +ν̃S1 )
0
⎢r e
⎥
B = ⎢ P k H (ν̃S +ν̃S )
⎥,
k
H
(ν̃
+ν̃
)
k
H
(ν̃
+ν̃
)
P
S
P
S
1
2
2
1
s S1 e
s S2 e
0
⎣ sP e
⎦
kl S1 e−k H ν̃S1
kl S2 e−k H ν̃S2
2kρw c2 sinh (k H ν̃w )
kl P e−k H ν̃ P

(23)

where
r N = cos α + γ N ν̃ N cos δ N ,
s N = sin α + γ N ν̃ N sin δ N ,

(24)

l N = c33 ν̃ N − γ N (c13 cos α cos δ N + c23 sin α sin δ N ).
Eq. (22) is satisfied when det B = 0, which, after simplification and using identity tanh (x) = −itan (ix), results in a period equation,
⎡
⎤−1
γ P γ S1 ν̃ P ν̃ S1 sin(δ P − δ S1 )+
⎥
i ν̃w ⎢
tan (ik H ν̃w ) = 2 ⎢
γ S ν̃ S γ S ν̃ S sin(δ S1 − δ S2 )+⎥
⎦ ×
c ρw ⎣ 2 2 1 1
γ S2 ν̃ S2 γ P ν̃ P sin(δ S2 − δ P )
⎤
⎡
(l S1 − l S2 )γ P ν̃ P sin(α − δ P ) + l P γ S1 γ S2 ν̃ S1 ν̃ S2 sin(δ S1 − δ S2 )+
⎥
⎢
⎢ (l S − l P )γ S ν̃ S sin(α − δ S ) + l S γ P γ S ν̃ P ν̃ S sin(δ S − δ P )+⎥ .
1
1
1
1
2
2
2
⎦
⎣ 2
(l P − l S1 )γ S2 ν̃ S2 sin(α − δ S2 ) + l S2 γ P γ S1 ν̃ P ν̃ S1 sin(δ P − δ S1 )

(25)
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lim c(ω) = Vw .

(26)

ω→∞

Physically, it means that the orthorhombic half-space has no influence on the normal-mode propagation and corresponding signal is just a
direct wave in the water layer. In the opposite limit, when the guided-wave phase velocity is equal to the horizontal quasi-compressional wave
velocity in the orthorhombic half-space (similar to the VTI case, as discussed in Skopintseva et al. 2013), the incidence angle of the acoustic
wave is equal to the critical angle leading to ν̃ P = 0, and the corresponding frequency of the resulting guided wave is known as the cut-off
frequency (minimum frequency for a given normal mode),
lim

ω→ωcut-off

c(ω) = V Phor ,

(27)

and each normal mode has a corresponding cut-off frequency. Value of the cut-off frequency increases with the mode number.
Since in orthorhombic media the horizontal velocity of the quasi-compressional wave is azimuthally dependent, the guided-wave phase
velocity also varies with azimuth,
V Phor (α) ≥ c(ω, α) ≥ Vw ,

(28)

where azimuthally dependent horizontal P-wave velocity V Phor (α) is obtained from the Christoffel equation for orthorhombic media. Please
note, since both sides of the period eq. (25) are dimensionless, one is required to know the density contrast only and not individual densities
of the media. Hence, the orthorhombic stiffness coefficients can be density normalized.
Eq. (25) simplifies to the period equation in elastic isotropic case (e.g. eq. 4.154 in Ewing et al. 1957),

2 

2
c2
i ν̃w ρc55
tan (ik H ν̃w ) =
4ν̃ P ν̃ S − 2 −
,
(29)
ν̃ P ρw c4
c55
when the corresponding parameters are substituted:
c11 = c22 = c33 ,

c44 = c55 = c66 ,

c23 = c13 = c12 = c33 − 2c55 ,

ν̃ S1 = ν̃ S2 = ν̃ S =

1−

(30)

resulting in
ν̃ P =

1−

c2
,
c33

c2
.
c55

(31)

If the half-space is of VTI symmetry, eq. (25) simplifies to the one derived in Anderson (1961). Depending on which symmetry plane
of the orthorhombic media is considered (both will result in the VTI period equation), the corresponding parameters should be used. It is
important to note, the solution of the Christoffel eq. (10) will result in three roots in either of the symmetry planes, and the appropriate root
selection is necessary to keep the quasi-shear wave solution that corresponds to the wave polarized within the symmetry plane (so-called SV
wave).

2.2 Group velocity
Since propagation of the guided waves is dispersive in nature, one should expect phase and group (envelope) velocities to differ considerably.
Moreover, in azimuthally anisotropic media, group velocity direction (defined as the energy propagation velocity) might differ from the phase
velocity direction, as illustrated in Fig. 2. To the best of the authors knowledge, the problem of deriving the group velocity vector of the
normal modes in azimuthally anisotropic media has not been solved yet. A very similar, although, significantly more complicated problem
of the wave propagation in an azimuthally anisotropic free plate, also known as Lamb‘s problem, has been studied in details (Neau 2003;
Wang & Yuan 2007; Glushkov et al. 2014). Group velocity vector, denoted as g in derivations below, lays in the horizontal plane since the
normal-mode propagation is horizontal. We express the group velocity using radial, gr , and tangential, gα , components, the former being a
projection of the group velocity onto the phase azimuth. Deviation between the phase and group velocity directions, often referred to as a
steering angle (Neau 2003) or azimuthal lag (Koren & Ravve 2017), is defined as
gα
(32)
β = tan−1 .
gr
Radial component of the group velocity is always positive, whereas the tangential component (and hence the steering angle) can take both
positive and negative values.
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The obtained period equation allows one to study the guided-wave phase-velocity dispersion, that is c = c(ω). Right-hand side of eq. (25)
depends, among model parameters, on the unknown phase velocity c and not on the wavenumber, k. Hence, for a given phase velocity, one
can compute the corresponding frequency using k = ω/c relation (eq. 8) in the left-hand side of the period equation. Since this computation
requires taking an inverse tangent operation, there are multiple, in fact, infinite, solutions, corresponding to different normal modes. As
discussed in details in Landrø & Hatchell (2012) for isotropic elastic case, phase velocity c take values between the sound velocity in water
and the P-wave velocity in the underlaying half-space. In the infinite frequency limit, the phase velocity approaches the water velocity:
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The group velocity is calculated as (Auld 1973)
dω
,
dk
where k = {k cos α, k sin α} is the wave vector. Let us denote the period equation, (25), compactly as
full differential of the period equation at a fixed phase azimuth, one gets,


∂
∂
dk +
dω
.
d =
∂k
∂ω
α=const
g=

Although the tangential component (kα ) of the wave vector is zero, the dependence of
of the group velocity. Recalling the gradient definition in cylindrical coordinates,

 

∂
∂
∂
∂
1∂
,
=
=
,
,
∂k
∂k ∂kα
∂k k ∂α

(33)
=

(k, c = ω/k, α) = 0. Taking the

(34)

upon azimuth results in non-zero tangential component

(35)

and equating d

(eq. 34) to zero, the group velocity components are obtained,
⎧
⎫ ⎧
⎫
∂
1∂ ⎪ ⎪ ∂
∂ ⎪
∂
⎪
⎨
⎬ ⎨
gr ∂α ⎬
.
(36)
g = − ∂k = {gr , gα } = − ∂k , − k ∂α = − ∂k ,
∂
∂
∂
∂
⎪
⎪
k ∂ ⎪
⎩
⎩
⎭ ⎪
⎭
∂ω
∂ω
∂ω
∂ω
∂k
In the directions along the orthorhombic vertical symmetry planes, the steering angle is expected to be zero, since the phase velocity
vector is parallel to the phase velocity surface normal along this directions. Outside the symmetry planes, however, the deviation can be
significant. At the cut-off frequency, due to the critical incidence angle, the normal-mode signal is the result of constructive interference of
head-wave multiples. The resulting phase velocity and the radial group velocity are equal to the horizontal velocity of the quasi-compressional
wave in the orthorhombic medium (similar to the bulk waves), and the corresponding attenuation factor is zero, ν̃ P = 0, for all the azimuths.
The transverse component of the group velocity and, hence, the steering angle reach maximum at the cut-off frequency, as we demonstrate in
the numerical examples. Irrespective of the mode order, the phase and radial group velocity values in the corresponding frequency limits (ω
→ ωcut-off and ω → ∞) are preserved.
In addition to the derivation above, we would like to point out an important property of dispersive guided waves in anisotropic media. It
is well-known that for bulk waves in elastic anisotropic media, the projection of the group velocity vector on the slowness direction is equal
the phase velocity magnitude (Auld 1973; Grechka et al. 1999). Denoting the slowness vector with p, one gets
gr
k
gr = .
(37)
ω
c
For the bulk waves, the expression is equal to 1. For the normal modes, on the other hand, there is an additional term. Apart from eqs (36),
one can use different formulation to calculate the radial group vector (e.g. eq. 1.27 in Neau 2003). For example, for a fixed phase azimuth,
the radial group velocity component can be calculated, as shown in Landrø & Hatchell (2012), using
p·g=

gr = c + k

dc
.
dk

(38)
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Figure 2. Schematic of the wave and group velocity vectors relation. kω−1 is the slowness vector defined by phase azimuth α, g = {gr , gα } is the group
velocity vector (normal to the slowness surface), and the deviation between the two vectors is described by steering angle β.
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The second term can be obtained from the period equation,
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(k, c), after equating the full differential to zero,

∂
dc
= − ∂k .
∂
dk
∂c

(39)

∂
k ∂k
p·g=1−
.
c ∂
∂c

(40)

The fact that the radial group velocity component is not equal the phase velocity is a distinctive feature of guided waves (moreover, unlike in
the ray theory, the radial group velocity of the normal modes is smaller than the phase velocity).

2.3 Acoustic and ellipsoidal approximations
In certain cases, the quasi shear-wave velocity of sea-bottom sediments is expected to be considerably lower than the quasi compressional wave
√
velocity (Landrø & Hatchell 2012), hence, one can employ an acoustic orthorhombic approximation (Alkhalifah 2003), VS0 = c55 /ρ = 0.
Acoustic orthorhombic media is characterized using six independent parameters, and, combining the notation used in Alkhalifah (2003) and
Stovas (2015), we parametrize the half-space as follows:
2
(1 + 2η2 ),
c11 = ρVn2

c22 =
c33 =

2
ρVn1
(1
2
ρV P0 ,

+ 2η1 ),

c12 = ρVn2 Vn1 (1 + ηx y ),
c13 = ρV P0 Vn2 ,

(41)

c23 = ρV P0 Vn1 ,

where, VP0 is vertical P-wave velocity, Vni and ηi are the normal moveout velocity and P-wave anellipticity coefficient defined in planes [x2 ,
[x1 , x3 ], i = 2, respectively (Grechka & Tsvankin 1998, 1999). Parameter ηxy is a cross-term anellipticity introduced in Stovas
x3 ], i = 1, and 
(2015), ηx y = (1 + 2η1 )(1 + 2η2 )/(1 + 2η3 ) − 1, where η3 is the P-wave anellipticity defined in the horizontal plane.
The period equation in the acoustic case simplifies considerably since the Christoffel eq. (10) degrades to a quadratic polynomial equation
and only one solution that corresponds to the quasi-compressional wave, ν̃ P , exists. Boundary conditions on tangential-stress continuity,
eqs (20c) and (20d), are satisfied in acoustic media. Repeating similar derivations as above using the remaining boundary conditions, one
arrives at the acoustic period equation,
tan (ik H ν̃w ) =

−iρ ν̃w
.
ρw ν̃ P

(42)

Substituting the expression for ν̃ P , eq. (42) reads
iρV P0 ν̃w
tan (ik H ν̃w ) = −
×
ρw c

V 2 (1 + 2η1 ) sin2 α
V 2 (1 + 2η2 ) cos2 α
V 2 V 2 E sin2 2α
−1 + n1
+ n2
− n1 n2 4
2
2
c
4c

,
 c 2 2 
 2
2
!
Vn1 Vn2 4η1 η2 − ηx2 y sin2 2α
η1 sin2 α + Vn2
η2 cos2 α
2 Vn1
1−
+
c2
4c4

(43)

where E = (ηxy + 1)2 − (1 + 2η1 )(1 + 2η2 ).
Since there exist no quasi-shear waves in the acoustic assumption, it is possible to obtain a concise expression for the cut-off frequency.
As was mentioned before, propagation of the quasi-compressional wave at the cut-off frequency corresponds to the critical incidence and
ν̃ P = 0, hence, from eq. (42),
ωcut-off (α) =

π (2n − 1)V Phor (α)Vw
"
,
2
2H V Phor (α) − Vw2

(44)

where n = 1, 2, ... is the mode number. Similar equation in acoustic isotropic media can be found in Landrø & Hatchell (2012, eq. 11).
Another useful simplification of the period equation can be derived by assuming ηi = 0 in eq. (43). In this case, P-wave phase-velocity
surface and the wavefront are ellipsoidal, and it requires only three parameters (three velocities along the ellipsoid’s semi-axes) to describe
the medium. The ellipsoidal period equation reads
$
#
− 12
 2
2
c2
c2
cos2 α
ρ
Vn1 sin2 α + Vn2
c2
−
1
=
−
−
1
−
.
(45)
tan k H
2
2
Vw2
ρw Vw2
V P0
V P0

Downloaded from https://academic.oup.com/gji/article-abstract/216/3/1785/5257844 by King Abdullah University of Science and Technology user on 18 August 2019

Substituting eqs (38) and (39) in eq. (37), one arrives at
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Simplicity of the above equation allows to explicitly obtain the group velocity expressions,
gr =c − c

1−




gα =
1 + Hk

ρw Vnα
ρ V P0





c2
1− 2
Vnα

−1

c sin α cos α


−1
3/2
c2
V2
1− 2
1 − w2
cos−2 H k
Vnα
Vnα
2
Vn1

−



3/2 
−1
V2
cos−2 H k
1 − w2
Vnα

2
Vn2

−1 ,
c2
−1
Vw2

c2
−1
Vw2
,
× 2
Vnα
c2
−
1
−1
Vw2
Vw2

(46)

2
2
2
where Vnα
= Vn1
sin2 α + Vn2
cos2 α is the phase-domain normal moveout velocity ellipse (Stovas 2015). To obtain the group velocity values
at the cut-off and infinite frequencies, one has to take the corresponding limits of the expressions above, namely,



2

V 2 − Vn1
{gr , gα } 
= lim {gr , gα } = Vnα , n2
sin α cos α ,
c→Vnα
Vnα
ω→ωcut-off
(47)


{gr , gα } 
= lim {gr , gα } = {Vw , 0} .
c→Vw
ω→∞

One can note that at the cut-off frequency, the deviation direction of the group velocity vector from the phase velocity vector, expressed through
the sign of the transverse component and, hence, of the steering angle, is controlled by the difference between the horizontal velocities along
the orthorhombic symmetry planes. The expression suggests that in the ellipsoidal orthorhombic media, the group velocity vector is inclined
(with respect to the phase velocity vector) towards the faster semi-axis of the horizontal velocity ellipse. Fig. 2 supports that observation and
offers a clear geometrical explanation. In more realistic cases (acoustic and elastic orthorhombic models), the relation between the group and
phase velocity vectors is more complicated and one cannot establish concise expressions as shown in eq. (47).
As easily observed from eq. (45), simplification to isotropic medium, achieved by setting Vn2 = Vn1 = VP0 , leads to the well-known
acoustic period equation (Ewing et al. 1957). The ellipsoidal approximation can be a starting point for the inversion if ocean-bottom sediments
are expected to be azimuthally anisotropic and long-offset full-azimuth data exist for an area under investigation. Please note, both acoustic
and ellipsoidal approximations of the period equation match the ones derived in Ivanov & Stovas (2017a).
3 NUMERICAL EXAMPLES
Since influence of isotropic and transversely isotropic parts of the period equation as well as water layer properties have been extensively
studied in existing literature (Landrø & Hatchell 2012; Skopintseva et al. 2013), we direct our attention to azimuthal anisotropic effects. In
particular, we numerically study the azimuthal dependence of the group velocity vector magnitude and direction for different frequencies,
group velocity minimum value and its corresponding frequency, and the cut-off frequency. The stiffness tensor values for the examples
are taken from Schoenberg & Helbig (1997) and correspond to a vertically fractured transversely isotropic (VFTI) shale obtained using a
linear-slip model. The density-normalized stiffness coefficients read c11 = 3.89, c22 = 4.54, c33 = 3.24, c44 = 0.1, c55 = 0.09, c66 = 0.11,
c23 = 3.19, c13 = 3.65 and c12 = 3.24 km2 s−2 . In the notation of Tsvankin (1997), the anisotropy parameters read VP0 = 1.8 km s−1 , VS0 =
0.3 km s−1 , ε(1) = 0.2, δ (1) = 0.05, ε(2) = 0.1, δ (2) = 0.2, δ (3) = −0.1, γ (1) = 0.15, γ (2) = 0.05. Density ratio is ρ/ρ w = 1.56, water layer
velocity and thickness are Vw = 1.485 km s−1 and H = 0.075 km, respectively. Velocities along the orthorhombic horizontal symmetry axes
are then V11 = 1.97 and V22 = 2.13 km s−1 .
Fig. 3 demonstrates the phase and group dispersion curves of the first four modes obtained by solving the period equation along different
phase azimuths. The strong azimuthal variation of phase and group velocity values at the cut-off frequency is caused by the azimuthal velocity
variation in the orthorhombic horizontal symmetry plane. One can also observe the azimuthal variation of the radial group velocity minimum.
Besides, the minimum of the group velocity tends to take lower values for higher cutoff velocity values—the group velocity is ’stretched’
vertically with increasing azimuth. The effect is stronger for higher-oder modes. Tangential component of the group velocity reaches its
maximum at the cut-off frequency and rapidly decreases to zero with increasing frequency. The tangential component of the group velocity
takes both positive and negative values, meaning that for some frequencies along certain azimuths, the group and the phase vectors can be
perfectly aligned. It also results in different frequencies having different sign of the steering angle along one azimuth. Phase and radial-group
velocity curves of the first normal mode along different azimuths are superimposed in a single graph in Fig. 4.
In Fig. 5, azimuthal variation of the phase and group velocities is shown for a number of fixed frequencies. Since in azimuthally
anisotropic media phase and group velocity directions need not to be same (due to the curvature of a slowness surface), one has to consider
phase and group azimuths separately (phase and solid lines in the figure, respectively). In orthorhombic media, due to the mirror symmetry
with respect to the three orthogonal planes, phase and group velocities and corresponding directions are equal along the symmetry planes
intersections (there are exceptions, but that is outside the scope of this paper), which, in the problem above, happens at the cut-off frequency
along 0◦ and 90◦ azimuth. One can observe that the maximum difference between velocities (phase, group radial, and group transverse) in
phase and group domains, happens, as expected, when the group transverse component is fairly large (mid-range in azimuth, low frequency).
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Figure 4. Dispersion curves of phase (dashed) and radial-group (solid) velocities normalized to the water layer velocity along six different azimuths: 0◦ (black),
18◦ (blue), 36◦ (orange), 54◦ (red), 72◦ (green) and 90◦ (magenta). Only first mode is shown.

The minimum difference, on the other hand, is when azimuthal direction is close to either of the symmetry directions (0◦ and 90◦ ). The
difference between the domains is only significant (in fact, notable) for the frequencies close to the cut-off value, and the higher the frequency,
the smaller the difference. To further stress this point, we demonstrate the steering angle dependence on the phase azimuth in Fig. 6 for
different frequencies. Azimuthal variation of the cut-off frequency and the frequency that corresponds to the radial-group velocity minimum
is shown in Fig. 7 for the first mode.

4 DISCUSSION
Presented period equation for orthorhombic media is a natural extension of the existing knowledge to more complicated subsurface models.
Although, at first, orthorhombic anisotropy might not sound as a substantial increase in complexity when discussing quasi-compressional
wave propagation (compared to the commonly accepted transversely isotropic models), it is characterized by features that do not exist in high
symmetry anisotropic models. In this section, we would like to discuss some of the points that are omitted in the present study, but should be
considered when dealing with orthorhombic models.
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Figure 3. Dispersion curves of phase (dashed black), radial (solid black) and tangential (solid red) group velocities normalized to the water layer velocity
along four different azimuths. First four modes are shown. Phase azimuth direction is specified. Note, values of the tangential group velocity are shown on the
right axis, the scale between the left and the right axes are preserved.
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First, orthorhombic models are characterized by existence (at least two and up to sixteen) of so-called shear-wave point singularities—
directions along which the quasi-shear slowness sheets touch (Crampin 1981, 1991; Ivanov & Stovas 2017b). These degeneracies lead to
discontinuities in the corresponding wave surfaces, multiple shear wave arrivals (triplications), and caustics. The singularities are expected to
affect the guided waves propagation, however, in the numerical model we consider, the maximum quasi-shear velocity is less than the water
velocity and the resulting phase velocity range is not influenced by the shear-waves peculiarities.
Second, as has been pointed out for higher symmetry anisotropic and for elastic models, higher shear-wave velocities result in the
wavenumber and, hence, the group velocity vector, being complex valued. That, in turn, means attenuation as discussed in Skopintseva et al.
(2013). Taking into account the previous two points, one should expect a complicated combination of the shear-wave related effects based
on the mutual relation between the water velocity, normal modes phase velocity, and quasi-shear slowness. Denoting v S1 and v S2 the phase
velocities of the quasi-shear waves for a certain value of the guided wave phase velocity c and phase azimuth α, one should expect a number
of different regimes, for example, c > v S1 and c > v S2 or c > v S1 and c < v S2 or c < v S1 and c < v S2 , etc.
Third, the obtained period equation is derived in case of flat interfaces, infinite orthorhombic half-space, and infinite horizontal extension
of the model. Although studying the guided-wave propagation in these simplified settings is instructive and influence of individual parameters
is easily isolated, for practical (inversion) applications, a more realistic model of layered seabed should be considered. Examples in isotropic
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Figure 5. Azimuthal variation of phase (black), group radial (blue), group transverse (orange), group total (red) velocities and of the group velocity minimum
(green) plotted against phase (dashed) and group (solid) azimuth directions for different frequencies. All velocities are normalized with the water velocity, the
transverse component is exaggerated 5 times for demonstration purposes. A small loop on the transverse component along the azimuthal direction close to 15◦
corresponds to positive velocity values, the larger loop is negative. Only first mode is shown.
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Figure 7. Azimuthal variation of the cut-off frequency (black) and the radial-group-velocity-minimum frequency (red). Only first mode is shown.

case are available (Landrø & Amundsen 2011; Landrø & Hatchell 2012; Boiero et al. 2013; Hou et al. 2018). Anisotropic cases are only
available for a different application of non-destructive material testing (e.g. Wang & Yuan 2007; Glushkov et al. 2014; Quintanilla et al.
2015).
Finally, as it was already mentioned, the period equation derived in Ivanov & Stovas (2017a) for elastic orthorhombic media is erroneous.
Although the functional form of that period equation is very different from eq. (25), the resulting dispersion curves are only slightly off
when compared to the correct solution. To illustrate the discrepancy, we use the same numerical model as in the examples. Dispersion curves
of phase and radial-group velocities are shown in Fig. S1, and tangential-group velocity curves are in Fig. S2. The provided acoustic and
ellipsoidal approximations in Ivanov & Stovas (2017a) are correct.

5 C O N C LU S I O N S
The period equation in fully elastic orthorhombic case is presented. Since number of independent parameters needed to fully describe such
a system is beyond practical resolvability, acoustic and ellipsoidal orthorhombic approximations are developed. General approach towards
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Figure 6. Azimuthal variation of the steering angle for different frequencies (the values are color-coded with the legend present in the plot). Solid and dashed
lines correspond to negative and positive values, respectively. Only first mode is shown.
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the group velocity and azimuth calculation is outlined and applied to the ellipsoidal simplification leading to reasonably simple expressions.
Using numerical test, the relation between phase and group domains in elastic orthorhombic case is studied. The overall conclusion is that
the deviation between velocities and azimuths in these domains is the strongest for low frequencies and it rapidly decreases with increasing
frequency. Hence, one should be able to safely assume that the phase and group azimuths are equivalent for frequencies sufficiently far from
the cut-off frequency.
Although the evidence supporting orthorhombic symmetry of the ocean-bottom sediments is weak, the proposed simplifications of the
exact period equation might be useful when accounting for the azimuthal dependence of the guided waves in a water layer. Correspondence
between phase and group domains in low-symmetry anisotropic models is complicated and presented algebraic and numerical analysis is a
starting point for development of more useful relationships.
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A P P E N D I X A : C O E F F I C I E N T S O F T H E B I - C U B I C P O LY N O M I A L E Q UAT I O N
Coefficients AJ in eq. (10) have the following form:
A6 =c33 c44 c55 ,
 2

A4 = cos2 α c13
c44 − c33 (c11 c44 + c55 c66 ) + 2c13 c44 c55 +

 2
sin2 α c23
c55 − c33 (c22 c55 + c44 c66 ) + 2c23 c44 c55 +
ρc2 (c55 c33 + c44 c55 + c33 c44 ),
A2 = (c33 + c44 + c55 ) ρ 2 c4 +
2
[c13
+ 2c55 c13 − c11 (c33 + c44 ) − c44 c55 − (c33 + c55 ) c66 ]ρc2 cos2 α+
2
[c23
+ 2c44 c23 − c22 (c33 + c55 ) − c44 c55 − (c33 + c44 ) c66 ]ρc2 sin2 α+

[c11 (c44 c55 + c33 c66 ) − c13 (c13 + 2c55 ) c66 ] cos4 α+
[c22 (c44 c55 + c33 c66 ) − c23 (c23 + 2c44 ) c66 ] sin α+
4

[2c12 c13 c23 + 2c12 c55 c23 + 2c12 c13 c44 + 2c13 c66 c23 +
c23 (c55 c66 − c11 c44 ) + 2c13 (c44 c66 − c22 c55 ) + 2c12 (c44 c55 − c33 c66 ) +
2
2
2
− c11 c23
− c22 c13
] sin2 α cos2 α,
c11 c22 c33 + 4c44 c55 c66 − c33 c12


A0 = c44 sin2 α + c55 cos2 α − ρc2 ×
%
− ρ 2 c4 + [c11 + c66 ] ρc2 cos2 α + [c22 + c66 ] ρc2 sin2 α−

&
c11 c66 cos4 α − c22 c66 sin4 α − [c11 c22 − c12 (c12 + 2c66 )] sin2 α cos2 α .

(A1)
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Figure S1. Dispersion curves of phase (black) and radial group (red) velocities normalized to the water layer velocity along six different
azimuths. First four modes are shown. Solid lines are calculated using eq. (25) and dashed—using the period equation of Ivanov & Stovas
(2017a).
Figure S2. Dispersion curves of tangential group velocity normalized to the water layer velocity along four different azimuths. First four
modes are shown. Solid lines are calculated using eq. (25) and dashed—using the period equation of Ivanov & Stovas (2017a). Tangential
group velocity is zero along 0◦ and 90◦ azimuths.

