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Abstract ─ A marching on-in-time (MOT) scheme 
for analyzing transient electromagnetic wave 
interactions on graphene sheets is described. The 
proposed scheme discretizes a time domain-
resistive boundary condition (TDRBC) enforced 
on the infinitesimally thin graphene sheet. Time 
domain samples of the graphene’s surface 
resistivity required by the MOT-TDRBC solver 
are computed from its frequency domain samples 
using a fast relaxed vector fitting (FRVF) 
algorithm. Numerical results, which demonstrate 
the applicability and accuracy of the proposed 
scheme, are presented.  

  
Index Terms – Graphene, integral equations, time 
domain, transient analysis.  

I. INTRODUCTION 
Graphene is a monolayer of carbon atoms 

structured in the form of a honeycomb lattice. 
Recent experimental studies have revealed its 
extraordinary electrical properties with many 
potential applications in electromagnetics and 
photonics [1]. Simulation of graphene-based 
devices is a challenging task because the thickness 
of the graphene is orders of magnitude smaller 
than any other geometrical dimension of the 
device. From a numerical modeling perspective, 
this results in ill-conditioned matrix systems 
because of the multi-scale meshes required to 
discretize the device geometry.  

To circumvent this challenge, the graphene 
sheet can be assumed to have infinitesimal 

thickness and accurately modeled as a resistive 
surface. Then, the transient electromagnetic wave 
interactions on the device can be modeled using a 
time domain integral equation (TDIE) solver that 
enforces the time domain resistive boundary 
condition (TDRBC) [2] on the graphene surface. 
The TDIE solver expands the unknown current 
density induced on the graphene sheet in terms of 
Rao-Wilton-Glisson (RWG) functions in space 
and polynomial interpolants in time. Inserting this 
expansion into the TDRBC and Galerkin-testing 
the resulting equation at discrete time steps yield a 
matrix system of equations. This system is then 
solved for the unknown expansion coefficients 
using the marching on-in-time (MOT) scheme. 
MOT-TDIE solver calls for time samples of 
graphene’s surface resistivity to be computed [3]. 
This is carried out using a fast relaxed vector 
fitting (FRVF) algorithm applied to the frequency 
samples of the resistivity [4].  

II. FORMULATION 
 Let S  represent the surface of a graphene 

sheet residing in free space with permittivity ε0  
and permeability μ0 .  Upon excitation by electric 
field Ei (r,t), S  supports current density J(r,t)  
and J(r,t)  generates the scattered field Es (r,t) :  

 
Es (r,t) = −

μ0 ∂t J( ′r ,t − r − ′r / c0 )
4π r − ′r

d ′s
S∫

+∇ ′∇ ⋅J( ′r , ′t )
4πε0 r − ′r

d ′t
−∞

t− r− ′r /c0∫ d ′s ,
S∫

  (1) 



where c0 = (ε0μ0 )
−0.5  is the speed of light in free 

space. J(r,t),  E
s (r,t),  and Ei (r,t)  satisfy the 

TDRBC enforced on S :  

  
  
J(r,t)∗F −1 ρ(ω )[ ]−Es (r,t)

tan
= Ei (r,t)

tan
. (2)

Here,  F
−1[.]  and ∗  denote the inverse Fourier 

transform and temporal convolution, respectively,
ρ(ω ) = 1/ [σ intra (ω )+σ inter (ω )]  is the graphene’s 
surface resistivity, and σ intra (ω ) and σ inter (ω )  are 
its intra- and inter-band surface conductivities
given by [3]: 

σ intra (ω) =
4πe2 μc + 2kBT ln e−μc /(kBT ) +1( )( )

h2 (2Γ+ jω)
,   (3)
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− je2
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ln
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⎜⎜

⎞

⎠
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Here, μc  is the chemical potential, kB  is the 
Boltzmann constant, T  is the temperature, e  is 
the electron charge, h  is the Planck constant, and 
Γ  is the scattering rate. To facilitate the 
computation of  F

−1[⋅]  in (2), FRVF algorithm [4]
is applied to ρ(ω ) ; it is represented as: 

ρ(ω ) = ci
jω − aii=1

P

∑ .   (5)

In (5), P is the number of the poles/residues, and 
ai  and ci  are the ith pole and residue, respectively. 
Applying FF −1[⋅]  to (5) and inserting the resulting 
expression into (2) yield:  
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ait

i=1
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⎤
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−Es (r,t)
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(6) 

where u(t)  is the Heaviside step function. 
TDRBC (6) can now be discretized and solved for 
the unknown J(r,t) using the well-known MOT 
scheme [2]. J(r,t)  is expanded in terms of the 
RWG and first order Lagrange functions in space 
and time, respectively. Inserting this expansion 
into (6) and Galerkin testing the resulting equation 
at discrete times yield a system of equations that is 
solved for the unknown expansion coefficients via 
time marching.  

III. NUMERICAL RESULTS 
A graphene sheet of dimensions 5μm×10μm

(Fig. 1) is excited by:
Ei (r,t) = x̂G(t − t p − r ⋅ ẑ c0 ),   (7)

where G(t) = cos[2π ft]e− t
2 /(2d2 ),  f = 2.56 THz,  

t p = 10d, and d = 186.5 fs. Values of the 
parameters in (3) and (4) are μc = 0 eV,  
T = 300 K, and Γ = 5 ×1012  s−1. J(r,t)  is 
discretized using 1,012 RWGs. The time step size 
of the MOT is 4.88 fs and it is executed for 4,000 
time steps. Figure 1 compares the extinction cross 
section computed after Fourier transforming the 
results obtained by the MOT-TDIE solver and that 
computed directly in frequency domain by a 
method of moments code [5].  

 
 
Fig. 1. The extinction cross section of the
graphene sheet. 

REFERENCES 
[1] K. S. Novoselov, et al., “Electric field effect in 

atomically thin carbon films,” Science, vol. 306, 
no. 5696, pp. 666–669, Oct. 2004. 

[2] Q. Chen, M. Lu, and E. Michielssen, “Integral-
equation-based analysis of transient scattering from 
surfaces with an impedance boundary condition,” 
Microw. Opt. Technol. Lett., vol. 42, no. 3, pp. 
213–220, Aug. 2004.  

[3] V. Nayyeri, M. Soleimani, and O. M. Ramahi, 
“Wideband modeling of graphene using the finite-
difference time-domain method,” IEEE Trans. 
Antennas Propag., vol. 61, no. 12, pp. 6107–6114, 
Dec. 2013. 

[4] B. Gustavsen and A. Semlyen, “Rational 
approximation of frequency domain responses by 
vector fitting,” IEEE Trans. Power Del., vol. 14, 
no. 3, pp. 1052–1061, Jul. 1999.  

[5] I. Llatser, C. Kremers, A. Cabellos-Aparicio, J. M. 
Jornet, E. Alarcon, and D. N. Chigrin, “Graphene-
based nano-patch antenna for terahertz radiation,” 
Photonic Nanostruct., vol. 10, no. 4, pp. 353–358, 
Oct. 2012. 

 

 

 

  

 


