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Supplementary Material for
“Unidirectional Magnon-Driven Domain Wall Motion
due to Interfacial Dzyaloshinskii-Moriya Interaction"

Kyoung-Whan Kim, Seo-Won Lee, Jung-Hwan Moon, Gyungchoon Go,
Aurélien Manchon, Hyun-Woo Lee, Karin Everschor-Sitte, and Kyung-Jin Lee∗

I. DETAILS FOR MICROMAGNETIC SIMULATIONS

A. DW motion driven by spin waves

To solve the Landau-Lifshitz-Gilbert equation [Eq. (2)] nu-
merically, we discretize the system along xwith the unit length
a = 2 nm. We employ a spin-wave-absorbing boundary con-
dition by increasing α smoothly near edge (500 unit cells at
both sides) to αmax = 1.00 for preventing spin-wave reflec-
tion [S1]. To excite spin waves with frequency f , we apply
an ac magnetic field Hacsin(2πft) on two unit cells at the
locations of the antennas, where Hac = 1200 Oe. The DW
velocity is calculated by the ratio between the simulation time
and the change of the DW position wheremx vanishes.
The modeling parameters are: the total length of nanowire

L = 8 µm, the distance between the DW and the an-
tenna dant = 600 nm, Ms = 800 kA/m, A = 13 pJ/m,
Kx = 47 kJ/m3, and α = 0.01. In this system, the equi-
librium DW satisfies the Walker profile m0 = (− tanh(x −
X)/λ, sech(x−X)/λ, 0) where λ =

√
A/Kx ≈ 16.6 nm is

the DW width and X is the DW position.
To plot Fig. 2 in the main text, the dispersion relation

f = (γ/πMs)
√
(Kx +Ak2)(Kz +Kx +Ak2), which is

also plotted in Fig. S1, is used.
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FIG. S1. The dispersion relation of generated spin waves.
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B. DW motion driven by thermal magnons

For simulations on the thermal effects, we superimpose the
thermal fluctuation field Hth onto Heff [Eq. (3)] and solve
the stochastic Landau-Lifshitz-Gilbert equation. The ther-
mal fluctuation field is random 〈Hth〉 = 0 and satisfies the
fluctuation-dissipation theorem 〈Hth,i(x

′, t′)Hth,j (x, t)〉 =
(2αkBT/γMsS)δijδ(x − x′)δ(t − t′) [S2], where kB is the
Boltzmann constant, S is the cross sectional area, and 〈· · · 〉
is the ensemble average. We generate random numbers for
every step to simulate the thermal fluctuation. Under the
thermal fluctuation field, the principles of statistical physics
automatically excite a bunch of magnon modes following the
Bose-Einstein distribution, which we call thermal magnons in
the main text.

II. DETAILS FOR ANALYTIC THEORY

A. Mathematical justification behind the chiral derivative
replacement

First we briefly review the derivation of Eq. (6), which is
derived in Ref. [S3]. They start from the Landau-Lifshitz-
Gilbert equation with the effective magnetic field in the form
of Heff = (2A/Ms)

∑
i ∂

2
im−

∑
ij Kijmiĵ and decompose

the magnetization into a slowly varying contribution (such as
the DW motion) and a rapidly varying contribution (the spin
wave oscillation). The time scales of these two components are
assumed to be well separated. After taking the time average of
the fast degree of freedom, one obtains the equation of motion
for the slow degree of freedom driven by the fast degree of
freedom. This procedure gives the effective magnon-driven
spin torque. We note that, in the derivation there, the following
basic properties of the derivatives are used.

∂u(m+ n) = ∂um+ ∂un, (S1a)
∂u(f + g) = ∂uf + ∂ug, (S1b)
∂u(fm) = f∂um+m∂uf, (S1c)

∂u(m · n) = m · ∂un+ n · ∂um, (S1d)
∂u(m× n) = m× ∂un+ ∂um× n, (S1e)
m · ∂um = 0. (S1f)

However, the other properties of the derivative or an explicit
definition of ∂u is unnecessary in the mathematical derivation.
Therefore, one can straightforwardly generalize the previ-

ous formalism by the following way. For any linear operator
Li satisfying Eq. (S1) (after replacing ∂u by Lu), the effective
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fieldHeff = (2A/Ms)
∑
i L2

im−
∑
ij Kijmiĵ (as assumed in

Ref. [S3]) gives exactly the same result at every algebraic step
of the derivation. Therefore, the resulting magnon-induced
spin torque is given by the same expression except the replace-
ment ∂u → Lu. In our case [Eq. (4)], the effective field is
given by the chiral derivative Lx = ∂̃x. Remarkably, from the
definitions of the chiral derivative [Eq. (5)], one can verify the
following algebraic rules.

∂̃u(m+ n) = ∂̃um+ ∂̃un, (S2a)

∂̃u(f + g) = ∂̃uf + ∂̃ug, (S2b)

∂̃u(fm) = f∂̃um+m∂̃uf, (S2c)

∂̃u(m · n) = m · ∂̃un+ n · ∂̃um, (S2d)

∂̃u(m× n) = m× ∂̃un+ ∂̃um× n, (S2e)

m · ∂̃um = 0, (S2f)

each of which corresponds to that of Eq. (S1). Therefore,
Eq. (S2) implies that one may elegantly derive the magnon-
induced spin torque [Eq. (7)] by simply replacing the ordinary
derivative by the chiral derivative.

B. Fitting procedure

The analytic theory [Eq. (8)] gives the following unidirec-
tional contribution to the DW velocity,

vodd ∝
∫
D

2
(∂x|ρ|2)m0,xm0,ydx. (S3)

To obtain the fitting curves in the main text, we impose the
profile of |ρ|2 = ρ0e

−|x−x0|/λm , where λm is the magnon
decay length and x0 is the local heating position (i.e., the an-
tenna). To determine ρ0 and λm, we run a separate simulation
without the DW, since the correction due to the DW gives a
higher order contribution in D. The obtained magnon decay
length is λm = 150 nm for the thermal magnons [Fig. 3(d)]
and is k dependent for the spin wave excitation [Fig. 2(d)]. The
proportionality constant in Eq. (S3) is also taken to be a fitting
parameter. Together with |ρ|2 obtained by this procedure, the
Walker profile for m0 (See Sec. I A) gives the solid lines in
the main text.

III. MORE ON THE DM TORQUE

A. Unidirectionality understood by visualization

The unidirectionality from the dampinglike DM torque can
be understood graphically. In Fig. S2(a) [Fig. S2(b)], we draw
∂x|ρ|2m0× (ŷ×m0) for a positive bias ∂x|ρ|2 > 0 (negative
bias ∂x|ρ|2 < 0). Based on the area we highlight, from which
the dominant contribution comes, the illustration clearly shows
that the DW moves right (for a positive D), regardless of the
magnonic bias direction.

m

m × (m × y)

m

- m × (m × y)

(a)

Hot

(b)

Hot

FIG. S2. Illustration of the unidirectionality originating from the
dampinglike DM torque. (a) Under a positive magnonic bias. In the
grayed area, the magnonic bias exponentially decays, thus the red part
gives the dominant contribution, where the magnonic torque is along
the positive x direction. (b) Under a negative bias, the dominant con-
tribution comes from the opposite side where the reversed magnonic
torque is again along the positive x direction. This qualitatively
explains the unidirectionality shown in Figs. 2(b) and 3(c).

B. Understanding by integration by parts

Regarding Eq. (8), in addition to the discussion in the main
text, another intuitive understanding is achieved by integrating
Eq. (S3) by parts.

vodd ∝ −
∫
D

2
|ρ|2∂x(m0,xm0,y)dx. (S4)

For simulations in Figs. 2, 3(c), and 3(d), one may consider
|ρ|2 being localized at the excited antenna.
Equation (S4) provides another way to understand the unidi-

rectionality: from theWalker profile form0 (See Sec. I A), one
concludes that ∂x(m0,xm0,y) is an even function of x [S4].
The absence of the DW motion at thermal equilibrium can
also be easily understood by taking |ρ|2 to be constant and
deducing vodd = 0. In addition, one can easily understand
the sign change in Fig. 3(d), by noting that −∂x(m0,xm0,y)
in the integrand gives a large negative contribution when |ρ|2
is localized near the DW while it gives a positive contribution
when |ρ|2 is localized far away from the DW.

C. Generalization of the DMI chiral derivative

Our theoretical formalism can easily be generalized for
systems with other symmetry by using the generalized chi-
ral derivatives, which was introduced for spin-orbit coupled
systems [S5]. Here we present the DMI version of the general-
ized chiral derivative for an arbitrary antisymmetric exchange
interaction.
Starting from the energy density of the generalized DMI

εD =
∑
ijkDijkmi∂jmk with an antisymmetric DMI tensor

(Dkji = −Dijk) [S6], one obtains the generalized DMI field
given by Heff,DMI,i = −(2/Ms)

∑
jkDijk∂jmk. Adding

this to the exchange field is gives the generalized DMI chiral
derivative in the following form.
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2

Ms

A∇2m−
∑
ijk

îDijk∂jmk

 =
2

Ms
A∇̃2m+O(D2),

(S5)

where î is the unit vector along the i direction and the gener-
alized DMI chiral derivative is

∂̃uf = ∂uf −
1

2A

∑
ij

îDiujfj , (S6a)

∂̃uf = ∂uf. (S6b)

We note that the generalized chiral derivative also satisfies

Eq. (S2), thus our theory in the main text can be straightfor-
wardly generalized.
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