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FULLY MASS-CONSERVATIVE IMPES SCHEMES FOR INCOMPRESSIBLE

TWO-PHASE FLOW IN POROUS MEDIA

HUANGXIN CHEN, JISHENG KOU, SHUYU SUN∗, AND TAO ZHANG

Abstract. In this paper we consider fully mass-conservative numerical schemes for the simulation of incom-

pressible and immiscible two-phase flow in porous media with capillary pressure. Compared with two kinds

of conventional IMplicit Pressure Explicit Saturation (IMPES) schemes, the new schemes deserve a merit
that the conservation of mass of both phases can be obtained. The total conservation equation is obtained

by the summation of the discretized conservation equation for each phase. This approach is quite different

from the conventional IMPES schemes. We present two kinds of fully mass-conservative IMPES schemes to
solve the coupled systems for pressure, auxiliary velocity and saturation of each phase. The upwind mixed

finite element methods are used to solve the pressure-velocity systems which can be decoupled, and the

problems in the decoupled systems can be proved to be well-posed. Moreover, the new schemes are unbiased
and the saturation of each phase can be proved to be bounds-preserving if the time step size is smaller than

a certain value. The new schemes can also be applied to approximate the incompressible and immiscible

two-phase flow in heterogeneous porous media with different capillarity pressures. Several interesting ex-
amples of incompressible and immiscible two-phase flow in porous media are presented to demonstrate the

robustness of the new algorithms.

1. Introduction

Modeling and simulation of two-phase flow in porous media are of interest in hydrology and petroleum
reservoir engineering. Mathematical model of two-phase flow in porous media is a coupled system of time-
dependent nonlinear PDEs which include the Darcy’s law, the equation of conservation of mass for each
phase, the constraint of the saturations of phases, and the equation of capillary pressure which depends
on the wetting saturation. The fully implicit scheme [5, 17, 19, 43, 48, 49, 50, 51, 54] implicitly treats all
the terms and solves all the unknowns simultaneously, thus it deserves unconditional stability. However,
the implicit methods require lots of computational resources per time step. The IMplicit-EXplicit (IMEX)
scheme [4, 8, 25, 30, 36] treats the linear terms implicitly and evaluates the others explicitly, which deserves
better stability than the fully explicit scheme and may eliminate the nonlinearity of the original equations.

Operator splitting [3, 24, 38] is an efficient approach to reduce a complex time-dependent problem into
several simpler problems. By this approach, one can further construct iterative operator-splitting schemes
[24, 26, 31] which can be viewed as an iterative approach to solve the nonlinear system. The IMplicit Pressure
Explicit Saturation (IMPES) scheme [11, 12, 14, 15, 16, 23, 45, 46, 52] has been widely used to solve the
coupled nonlinear system for the two-phase flow in porous media. It can be viewed as an IMEX scheme
employing a splitting approach based on physics. In the standard IMPES scheme [45, 46], the pressure
equation is obtained by substituting the saturation constraint and Darcy’s law in the summation of the two
mass conservation laws for each phase at time and space continuous level, and all other variables in the
pressure equation are explicitly treated to eliminate the nonlinearity. Then the pressure equation is solved
implicitly, and the Darcy’s velocity and the saturations of both phases can be updated explicitly as long
as the pressure is obtained. This method is simple to set up and efficient to implement, and requires less
computer memory at each time step compared with the fully implicit scheme.
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For different capillary pressure functions in case of heterogeneous porous media, the standard IMPES
scheme may not be suitable because of its inconsistency. A revised IMPES formulation was proposed by
Hoteit and Firoozabadi [27, 28] (HF-IMPES) to treat contrast in capillary pressure of heterogeneous porous
media, which can have a significant effect on the flow path in two-phase immiscible flow. The HF-IMPES
scheme is based on the conception that the wetting phase pressure is always continuous as long as none of
the phases is immobile, and can reproduce the saturation solution with expected discontinuity. Both the
standard IMPES and HF-IMPES schemes are mass-conservative for the wetting phase and produce non-
negative wetting-phase saturation if the time step size is smaller than a certain value. However, both the
two IMPES schemes are only mass-conservative for the wetting phase, and thus are not mass-conservative for
the total fluid mixture. Moreover, both the two IMPES schemes might produce a wetting-phase saturation
that larger than one.

Various improved IMPES schemes have been proposed for the simulation of two-phase flow in porous
media (cf. e.g. [1, 11, 12, 20, 21, 29, 32, 33, 34, 35, 42, 44, 22, 47, 52] and the references therein). The
iterative IMPES scheme is to use IMPES as an iterative step of the fully implicit scheme instead of Newton
iteration. Another iterative scheme developed in [37, 40, 41] solves an implicit pressure equation and an
implicit saturation equation in each iteration, and the implicit saturation equation is derived from the
implicit capillary pressure. An efficient iterative IMPES scheme [33] was further proposed based on the HF-
IMPES scheme for the two-phase immiscible flow in porous media with different capillarity pressures. The
computational cost and memory required by the iterative IMPES scheme is smaller than the iterative method
for the fully implicit scheme, thus it is more feasible for the problems with large system. Recently, Kou and
Sun [35] proposed an improved IMPES scheme for the incompressible and immiscible two-phase flow in porous
media. Different from the standard IMPES scheme and the HF-IMPES scheme, the pressure equation in [35]
was obtained by summing the discretized conservation equations of two phases. This treatment yields a merit
that the conservation of mass holds for both phases instead of only one phase in the conventional IMPES
methods. In [35], the wetting and non-wetting phases pressures are both unknowns in the pressure system,
and the interior penalty discontinuous Galerkin with upwind scheme is used in the discrete formulation.

Since the algorithms for the standard IMPES and HF-IMPES schemes are biased, and the two schemes
are mass-conservative for only one phase and yield saturations which may be larger than one, this motivates
us to develop fully mass-conservative IMPES schemes for the simulation of incompressible and immiscible
two-phase flow in porous media in this work. Two kinds of fully mass-conservative IMPES schemes will
be presented to solve the coupled system for pressure, auxiliary velocity and saturation for both phases.
The total conservation equation is obtained by summing the discretized conservation equation for each
phase, and the mixed finite element method with upwind scheme is used in the pressure-velocity system.
Then combining the constraint of the saturations of phases, the equation of capillary pressure and the
total conservation equation, we can obtain the coupled nonlinear system for pressure and auxiliary velocity
of both phases. In [35], the authors obtained the pressure system which couples both pressures in the
associated IMPES scheme, and the computational cost will be more expensive than the conventional IMPES
schemes. Different from the coupled pressure system in [35], when the wetting saturation is given, the
coupled pressure-velocity system in this work can be decoupled into two decoupled systems which can be
proved to be well-posed, and the wetting and non-wetting pressure and auxiliary velocity can be implicitly
solved. Then the saturations of both phases can be explicitly obtained. Moreover, the new two kinds of fully
mass-conservative IMPES schemes are unbiased and the saturation of each phase is bounds-preserving if the
time step size is smaller than a certain value. The discrete total velocity can be recovered by post-processing
to be continuous in the normal direction in the whole domain. Moreover, we remark that the newly designed
fully mass-conservative IMPES schemes can also be used to approximate the incompressible and immiscible
two-phase flow in heterogeneous porous media with different capillarity pressures.

For the fully mass-conservative IMPES schemes of the first kind, we use auxiliary velocity unknowns which
should be multiplied by phase mobility to be phase velocity in the pressure-velocity system, and we assume
the auxiliary velocity unknowns are continuous in the normal direction in the whole domain. In order to
make the schemes to be more physical in some sense, for the fully mass-conservative IMPES schemes of the
second kind, we use another kind of auxiliary velocity unknowns in the pressure-velocity system, which will
become total velocity when the capillary pressure and gravity effects are disregarded, and it is more physical
to assume that the total velocity is continuous in the normal direction in the whole domain.
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The rest of the paper is organized as follows. In Section 2, we introduce the mathematical model for the
incompressible and immiscible two-phase flow in porous media and the two conventional IMPES schemes,
i.e., the standard IMPES scheme and the HF-IMPES scheme. In Section 3, we propose two kinds of fully
mass-conservative IMPES schemes, and some merits of the new schemes will be presented and proved in
Section 4. In Section 5, we give some numerical results to verify the robustness of the proposed new schemes.
Finally we provide a conclusion in Section 6.

2. Mathematical model and conventional IMPES schemes

In the following model, the wetting phase and non-wetting phase are denoted by the subscripts w and
n respectively. The formulations of incompressible and immiscible two-phase flow in porous media Ω with
gravity are given by

φ
∂Sα
∂t

+∇ · uα = Fα, in Ω, α = w, n,(2.1)

uα = −krα
µα

K(∇pα + ραg∇z), in Ω, α = w, n,(2.2)

Sn + Sw = 1, in Ω,(2.3)

pc(Sw) = pn − pw, in Ω,(2.4)

where φ is the porosity of the medium, K denotes the absolute permeability tensor, Sα, uα, pα, Fα are the
saturation, Darcy’s velocity, pressure and the sink/source term of each phase α, pc is the capillary pressure.
In (2.2), ρα, krα, µα are the density, relative permeability and viscosity of phase α, g is the magnitude of the
gravitational acceleration, z is the depth. The phase mobility is defined by λα = krα

µα
, and the total mobility

is given by λt = λw + λn. We also define the fractional flow functions as

fw = λw/λt fn = λn/λt.(2.5)

We assume the porous media domain Ω ⊂ Rd(d = 2, 3) is a polyhedral bounded domain. Let Γ = ∂Ω be
composed of ΓD and ΓN such that Γ = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅, where ΓD denotes the Dirichlet part of
boundary and ΓN is the Neumann part of boundary. We also denote by Γin ⊂ Γ the inflow boundary. We
impose the initial and boundary conditions to the equations (2.1-2.4) as follows:

Sα = S0
α, t = 0,(2.6)

pα = pBα , on ΓD, α = w, n,(2.7)

uα · n = gNα , on ΓN , α = w, n,(2.8)

Sα = SBα , on Γin, α = w, n.(2.9)

We also assume that the absolute permeability tensor K is symmetric positive and definite which can be
homogeneous or heterogeneous, the porosity φ is time-independent and uniformly bounded below and above,
and there exist positive constants λaw, λ

a
n, λ

a
t such that the mobilities are satisfying 0 ≤ λw(Sw) ≤ λaw,

0 ≤ λn(Sw) ≤ λan, 0 < λt(Sw) ≤ λat .
In the homogeneous porous media, the standard IMPES scheme [45, 46] is widely used to simulate the

above two-phase flow. The conservation law of total volume is directly obtained by the summation of the
conservation laws of each phase and the constraint of the saturations of phases (2.3) as follows:

∇ · ut = Ft,

where ut = uw + un is the total Darcy velocity and Ft = Fw + Fn is the total external mass flow rate. By
the Darcy’s law of each phase (2.2) and the equation of capillary pressure (2.4), one can rewrite the total
Darcy velocity into

ut = −λtK∇pw − λnK∇pc − (λwρw + λnρn)Kg∇z.
Then the conservation law of total volume can also be rewritten into

−∇ · (λtK∇pw) = Ft +∇ · (λnK∇pc) +∇ · ((λwρw + λnρn)Kg∇z) := RHSpres(Sw),(2.10)

which is known as the pressure equation for two-phase flow. For given Sw, the pressure equation is linear
with respect to the wetting phase pressure pw. For the wetting phase, substituting uw = fwut+λnfwK∇pc−
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λnfw(ρw − ρn)Kg∇z into the wetting phase conservation law and noting that ∇pc = dpc(Sw)
dSw

∇Sw, we get
the following saturation equation:

φ
∂Sw
∂t

= Fw −∇ · (fwut)−∇ ·
(
λnfwK

(
dpc
dSw
∇Sw − (ρw − ρn)g∇z

))
:= RHSsat(pw, Sw),(2.11)

which is known as the saturation equation. Then for given Snw from the time step n, the standard IMPES
scheme implicitly solves pn+1

w by the pressure equation (2.10) and explicitly updates the saturation Sn+1
w of

wetting phase by the saturation equation (2.11) at the time step n+ 1 as follows:

−∇ · (λt(Snw)K∇pn+1
w ) = RHSsat(S

n
w),

φ
Sn+1
w − Snw
tn+1 − tn

= RHSsat(p
n+1
w , Snw).

In the heterogeneous porous media, the capillary discontinuity may usually arise from contrast in capillary
pressure functions, and in this case, the saturation is discontinuous due to capillary continuity. For different
capillary pressure functions, the above standard IMPES scheme does not reproduce the correct saturation
solution with discontinuity. In [27, 28], Hoteit and Firoozabadi proposed a revised HF-IMPES scheme to
treat contrast in capillary pressure of heterogeneous porous media, which takes the advantage of the fact
that the total mobility λt is smoother than the wetting-phase mobility λw.

Define Φα = pα + ραgz, α = w, n and Φc = Φn −Φw = pc + (ρn − ρw)gz. The total velocity ut is defined
as the sum of two velocity variables ua and uc as ut = ua+uc, where ua = −λtK∇Φw and uc = −λnK∇Φc.
We note that the velocity ua has the same driving force as the wetting-phase velocity but with a smoother
mobility λt than the wetting phase mobility. Then the HF-IMPES scheme consists of three steps as follows:

Step 1. Given Snw, seek un+1
c such that

un+1
c = −λn(Snw)K∇Φc(S

n
w).

Step 2. Given Snw and un+1
c , seek un+1

a and Φn+1
w by

∇ · un+1
a = Ft −∇ · un+1

c , un+1
a = −λt(Snw)K∇Φn+1

w .

Step 3. Given Snw, un+1
a and Φn+1

w , update the wetting and non-wetting phase saturations by

φ
Sn+1
w − Snw
tn+1 − tn

= Fw −∇ · (fw(Snw)un+1
a ), Sn+1

n = 1− Sn+1
w .

Like the standard IMPES scheme, the HF-IMPES scheme is only locally mass-conservative for the wetting
phase. Consequently, both of the two schemes are not locally mass-conservative for the total fluid mixture.
Besides, both of the two schemes are biased and might produce a wetting-phase saturation that larger than
one. In the following section, we will introduce two new fully mass-conservative IMPES scheme to solve the
two-phase flow problem (2.1-2.9) in porous media.

3. Fully mass-conservative IMPES schemes

In this section we present two fully mass-conservative IMPES schemes for incompressible and immiscible
two-phase flow problem (2.1-2.9) in porous media. We begin with some notations. We use the standard
notations and definitions for Sobolev spaces (cf. [2]) throughout the paper. For any D ⊂ Ω, any scalar
functions ψ and φ, or vector functions ψ and φ, we define (ψ, φ)D =

∫
D
ψφ and (ψ,φ)D =

∫
D
ψ · φ. When

D = Ω, we use the notation ‖ · ‖0,D to denote the L2-norm on D. We denote by Th the quasi-uniform
grid on Ω, Eh the set of all faces (d = 3) or edges (d = 2) of Th, hK the diameter of any element K ∈ Th,
h = minK∈Th hK . Let K,K ′ ∈ Th and F = ∂K ∩ ∂K ′ with the outward unit normal vector nF exterior
to K. We denote JψK = (ψ|K)|F − (ψ|K′)|F the jump of scalar function ψ across interior edges/faces F ,
{ψ} = 1

2 ((ψ|K)|F + (ψ|K′)|F ) the average of scalar function ψ across interior edges/faces F , and JψK, {ψ}
denote ψ on edges/faces on ∂Ω. We denote by C with or without subscript a positive constant depending
on the shape regularity of the meshes and the coefficients data in (2.1-2.4). These constants can take on
different values in different occurrences.

Next, we introduce the lowest-order Raviart-Thomas mixed finite element approximation which will be
used in the following spacial discrete schemes for simplicity. Let RT0 be the well-known lowest-order of
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Raviart-Thomas finite element space. On the simplicial mesh, RT0 = [P0]d + xP0, where P0 is the piecewise
constant space. We define

Uh = {vh ∈ H(div,Ω) : vh|K ∈ RT0(K), ∀K ∈ Th},
Qh = {qh ∈ L2(Ω) : qh|K ∈ P0(K), ∀K ∈ Th},

where H(div,Ω) = {v ∈ [L2(Ω)]d : ∇ · v ∈ L2(Ω)}. Let U0
h = {v ∈ Uh : v · n = 0 on ΓN}. In the following

we will approximate the pressure-velocity systems by the lowest-order Raviart-Thomas mixed finite element
method with upwind scheme. When we use the lowest-order Raviart-Thomas mixed finite element method
on structured grid, we note that the mixed finite element method is equivalent to the cell-centered finite
difference method on structured grid if we apply the trapezoidal rule for integration in the mixed finite
element method.

3.1. A fully mass-conservative IMPES scheme of the first kind (FC-IMPES-I). We first introduce
the FC-IMPES-I scheme. Define wα = −K(∇pα+ραg∇z), we have uα = λαwα. We assume wα ∈ H(div,Ω),
pα ∈ L2(Ω) and Sα ∈ L2(Ω). For any vα ∈ Uh, q ∈ Qh and Shw ∈ Qh, we define a bilinear formulation
Bα(vα, q;S

h
w) as follows:

Bα(vα, q;S
h
w) = (∇ · (λα(Shw)vα), q)−

∑
K∈Th

∫
∂K−α \Γ

Jλα(Shw)Kvα · n q,

where ∂K−α = {e ⊂ ∂K : {uhα · ne}|e < 0} with the normal vector ne exterior to K. Here, uhα is the discrete
velocity of phase α. Actually, this is an upwind scheme for λα(Shw) on ∂K. Indeed, if q ∈ Qh is piecewise
constant, we can compute Bα(vα, q;S

h
w) as follows:

Bα(vα, q;S
h
w) =

∑
K∈Th

∫
∂K

λα(Shw)vα · n q −
∑
K∈Th

∫
∂K−α \Γ

Jλα(Shw)Kvα · n q(3.1)

=
∑
K∈Th

∫
∂K

λα(S∗,hw,α)vα · n q,

where the upwind value S∗,hw,α in the function λα(Shw) is defined as follows:

S∗,hα =

{
Shα|Ki , if {λα(Shw)vα · nγ}γ ≥ 0,

Shα|Kj , if {λα(Shw)vα · nγ}γ < 0,
S∗,hw,α =

{
S∗,hw , α = w,

1− S∗,hn , α = n.
(3.2)

Here we denote γ = ∂Ki ∩∂Kj with the normal vector nγ exterior to Ki. If γ ⊂ Γin, then S∗,hw,α|γ = PγS
B
w |γ ,

where Pγ is the L2-projection operator into P0(γ). In the following, we always assume that for any Sw ∈ Qh,
there holds

λw(S
∗
w,w)|F + λn(S

∗
w,n)|F ≥ λ0 > 0,(3.3)

the upwind values in λα(S
∗
w,α), α = n,w, are determined by some known phase velocity.

Let J = (0, T ], now we have the following continuous-in-time and discrete-in-space nonlinear system
to solve the two-phase flow problem (2.1-2.9) in porous media. For any v ∈ U0

h and q ∈ Qh, we find
whα(·, t) ∈ Uh, phα(·, t) ∈ Qh, Shα(·, t) ∈ Qh, α = w, n, such that(

φ
∂Shα
∂t

, q

)
+Bα(whα, q;S

h
w) = (Fα, q), α = w, n, t ∈ J,

(K−1whα, v)− (phα,∇ · v) = −
∫

ΓD

pBα v · n− (ραg∇z, v), α = w, n, t ∈ J,

Shn + Shw = 1, t ∈ J,

(phn − phw, q) = (pc(S
h
w), q), t ∈ J,

(Shw, q) = (S0
w, q), t = 0.
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Let Sh,nw ∈ Qh be given at the time step n, then we find wh,n+1
α ∈ Uh, ph,n+1

α ∈ Qh, Sh,n+1
α ∈ Qh,

α = w, n at the next time step n+ 1 as follows:(
φ
Sh,n+1
α − Sh,nα
tn+1 − tn

, q

)
+Bα(wh,n+1

α , q;Sh,nw ) = (Fα, q), α = w, n,(3.4)

(K−1wh,n+1
α , v)− (ph,n+1

α ,∇ · v) = −
∫

ΓD

pBα v · n− (ραg∇z, v), α = w, n,(3.5)

Sh,n+1
n + Sh,n+1

w = 1,(3.6)

(ph,n+1
n − ph,n+1

w , q) = (pc(S
h,n
w ), q).(3.7)

By summing the above discrete conservation law for each phase and noting the constraint of the saturations
of phases, we now solve the following linear system to seek wh,n+1

α ∈ Uh and ph,n+1
α ∈ Qh such that∑

α

Bα(wh,n+1
α , q;Sh,nw ) = (Ft, q),(3.8)

(K−1wh,n+1
α , v)− (ph,n+1

α ,∇ · v) = −
∫

ΓD

pBα v · n− (ραg∇z, v), α = w, n,(3.9)

(ph,n+1
n − ph,n+1

w , q) = (pc(S
h,n
w ), q).(3.10)

Define wh,n+1
c = wh,n+1

n −wh,n+1
w . For any v ∈ U0

h, we have ∇ · v ∈ Qh. Thus, by (3.9) and (3.10), we have(
K−1wh,n+1

c , v
)

=
(
pc(S

h,n
w ),∇ · v

)
−
∫

ΓD

(pBn − pBw)v · n− ((ρn − ρw)g∇z, v) .(3.11)

It is easy to see that (3.11) is well-posed for the solution of wh,n+1
c . Then the solution of the linear system

(3.8-3.10) can be decoupled into two steps. Firstly, we can solve (3.10) and (3.11) to get ph,n+1
n − ph,n+1

w and
wh,n+1
c . Next, ph,n+1

w and wh,n+1
w can be obtained by (3.8) and (3.9), then ph,n+1

n and wh,n+1
n are directly

obtained. For any (v, q) ∈ Uh × Qh, we define Bt(v, q;S
h,n
w ) =

∑
αBα(v, q;Sh,nw ). Now we present the

FC-IMPES-I scheme.

Algorithm 3.1. (FC-IMPES-I scheme) Given Sh,nw at the time step n, we seek the solutions of the linear
system (3.4-3.7) at the time step n+ 1 as follows:

Step 1. Seek ph,n+1
n − ph,n+1

w ∈ Qh and wh,n+1
c ∈ Uh by (3.10) and (3.11) respectively.

Step 2. Seek ph,n+1
w and wh,n+1

w by

Bt(w
h,n+1
w , q;Sh,nw ) = (Ft, q)−Bn(wh,n+1

c , q;Sh,nw ), q ∈ Qh,(3.12)

(K−1wh,n+1
w , v)− (ph,n+1

w ,∇ · v) = −
∫

ΓD

pBwv · n− (ρwg∇z, v), v ∈ U0
h.(3.13)

Then ph,n+1
n and wh,n+1

n can be updated by

ph,n+1
n = (ph,n+1

n − ph,n+1
w ) + ph,n+1

w , wh,n+1
n = wh,n+1

c + wh,n+1
w .

Step 3. We can update the phase saturation Sh,n+1
α , α = w, n by the following two approaches.

Approach I: Update the wetting phase saturation Sh,n+1
w by(

φ
Sh,n+1
w − Sh,nw
tn+1 − tn

, q

)
+Bw(wh,n+1

w , q;Sh,nw ) = (Fw, q).(3.14)

Then the non-wetting phase saturation Sh,n+1
n is updated by Sh,n+1

n = 1− Sh,n+1
w .

Approach II: Update the wetting and non-wetting phase saturations Sh,n+1
w , Sh,n+1

n respectively by(
φ
Sh,n+1
w − Sh,nw
tn+1 − tn

, q

)
+Bw(wh,n+1

w , q;Sh,nw ) = (Fw, q),(3.15) (
φ
Sh,n+1
n − Sh,nn
tn+1 − tn

, q

)
+Bn(wh,n+1

n , q;Sh,nw ) = (Fn, q).(3.16)
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Remark 3.1. We note that (3.13) and (3.11) directly yield that

(K−1wh,n+1
n , v)− (ph,n+1

n ,∇ · v) = −
∫

ΓD

pBn v · n− (ρng∇z, v), v ∈ U0
h.

When (3.12) holds, it also yields

Bt(w
h,n+1
n , q;Sh,nw ) = (Ft, q) +Bw(wh,n+1

c , q;Sh,nw ), q ∈ Qh.

Thus we can see that Algorithm 3.1 is unbiased in the solution of the auxiliary velocity wα and pressure pα
for each phase.

Lemma 3.2. If Sh,nw + Sh,nn = 1, then two approaches in Step 3 of the FC-IMPES-I scheme are equivalent.

Proof. On one hand, if we choose Approach II in Step 3 of the FC-IMPES-I scheme, then (3.15) and (3.16)
both hold true. Due to the fact that (3.8) has been used in the computation, we directly have that(

φ
Sh,n+1
w − Sh,nw
tn+1 − tn

, q

)
+

(
φ
Sh,n+1
n − Sh,nn
tn+1 − tn

, q

)
= 0, q ∈ Qh,

which, together with the assumption Sh,nw + Sh,nn = 1, yields that

Sh,n+1
w + Sh,n+1

n = 1.

On the other hand, if we choose Approach I in Step 3 of the FC-IMPES-I scheme, by (3.14) and the facts
Sh,kw + Sh,kn = 1, k = n, n+ 1 and (3.8), we directly observe that (3.16) holds true. �

Remark 3.3. The solutions of the wetting phase saturation in standard IMPES and HF-IMPES schemes are
similar to the Approach I in Step 3 of the FC-IMPES-I scheme. Since the mass-conservation property only
holds true for one phase in standard IMPES and HF-IMPES schemes, the similar two approaches as the
above Approaches I and II in standard IMPES and HF-IMPES schemes are not always equivalent. However,
from Lemma 3.2, we can see that the two approaches in Step 3 of the FC-IMPES-I scheme are equivalent
and the mass-conservative property holds true for both phases.

3.2. A fully mass-conservative IMPES scheme of the second kind (FC-IMPES-II). Next, we
introduce the FC-IMPES-II scheme. Define ξα = λtwα with wα = −K(∇pα + ραg∇z). Then we easily have
uα = fαξα where fα is the fractional flow function defined in (2.5). We assume ξα ∈ H(div,Ω), pα ∈ L2(Ω)
and Sα ∈ L2(Ω). For any vα ∈ Uh, q ∈ Qh and Shw ∈ Qh, we define

B̃α(vα, q;S
h
w) = (∇ · (fα(Shw)vα), q)−

∑
K∈Th

∫
∂K−α \Γ

Jfα(Shw)Kvα · n q.

Here ∂K−α is defined as in Section 3.1, and the above bilinear formulation is also an upwind scheme for

fα(Shw) on ∂K. Indeed, B̃α(vα, q;S
h
w) can be rewritten as follows:

B̃α(vα, q;S
h
w) =

∑
K∈Th

∫
∂K

fα(S∗,hw,α)vα · n q,

where the upwind value S∗,hw,α in the function fα(S∗,hw,α) is defined as in the function λα(S∗,hw,α) in (3.2).
Let J = (0, T ], we have the following continuous-in-time and discrete-in-space nonlinear system to solve

the two-phase flow problem (2.1-2.9) in porous media. For any v ∈ U0
h and q ∈ Qh, we find ξhα(·, t) ∈ Uh,

phα(·, t) ∈ Qh, Shα(·, t) ∈ Qh, α = w, n, such that(
φ
∂Shα
∂t

, q

)
+ B̃α(ξhα, q;S

h
w) = (Fα, q), α = w, n, t ∈ J,

((λtK)−1ξhα, v)− (phα,∇ · v) = −
∫

ΓD

pBα v · n− (ραg∇z, v), α = w, n, t ∈ J,

Shn + Shw = 1, t ∈ J,

(phn − phw, q) = (pc(S
h
w), q), t ∈ J,

(Shw, q) = (S0
w, q), t = 0.
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We assume the above nonlinear system is also well-posed. Let Sh,nw ∈ Qh be given at the time step n,

then we find ξh,n+1
α ∈ Uh, ph,n+1

α ∈ Qh, Sh,n+1
α ∈ Qh, α = w, n at the next time step n+ 1 as follows:(

φ
Sh,n+1
α − Sh,nα
tn+1 − tn

, q

)
+ B̃α(ξh,n+1

α , q;Sh,nw ) = (Fα, q), α = w, n,(3.17)

((λtK)−1ξh,n+1
α , v)− (ph,n+1

α ,∇ · v) = −
∫

ΓD

pBα v · n− (ραg∇z, v), α = w, n,(3.18)

Sh,n+1
n + Sh,n+1

w = 1,(3.19)

(ph,n+1
n − ph,n+1

w , q) = (pc(S
h,n
w ), q).(3.20)

We can compute B̃α(ξh,n+1
α , q;Sh,nw ) as in (3.1). Similar to (3.8-3.10), we seek ξh,n+1

α ∈ Uh, ph,n+1
α ∈ Qh

such that ∑
α

B̃α(ξh,n+1
α , q;Sh,nw ) = (Ft, q),(3.21)

((λtK)−1ξh,n+1
α , v)− (ph,n+1

α ,∇ · v) = −
∫

ΓD

pBα v · n− (ραg∇z, v), α = w, n,(3.22)

(ph,n+1
n − ph,n+1

w , q) = (pc(S
h,n
w ), q).(3.23)

Define ξh,n+1
c = ξh,n+1

n − ξh,n+1
w , by (3.23) we further have that(

(λtK)−1ξh,n+1
c , v

)
=
(
pc(S

h,n
w ),∇ · v

)
−
∫

ΓD

(pBn − pBw)v · n− ((ρn − ρw)g∇z, v) .(3.24)

Similar to Algorithm 3.1, we can solve (3.23) and (3.24) to get ph,n+1
n − ph,n+1

w and ξh,n+1
c , then ph.n+1

α and

ξh,n+1
α can be obtained by (3.21-3.22) by the similar approach as in Algorithm 3.1.

Given Sw, for any (v, q) ∈ Uh × Qh, we define B̃t(v, q;Sw) =
∑
α B̃α(v, q;Sw). Now we present the

FC-IMPES-II scheme.

Algorithm 3.2. (FC-IMPES-II scheme) Given Sh,nw at the time step n, we seek the solutions of the linear
system (3.17-3.20) at the time step n+ 1 as follows:

Step 1. Seek ph,n+1
n − ph,n+1

w ∈ Qh and ξh,n+1
c ∈ Uh by (3.23) and (3.24) respectively.

Step 2. Seek ph,n+1
w and ξh,n+1

w by

B̃t(ξ
h,n+1
w , q;Sh,nw ) = (Ft, q)− B̃n(ξh,n+1

c , q;Sh,nw ), q ∈ Qh,(3.25)

((λtK)−1ξh,n+1
w , v)− (ph,n+1

w ,∇ · v) = −
∫

ΓD

pBwv · n− (ρwg∇z, v), v ∈ U0
h.(3.26)

Then ph,n+1
n and ξh,n+1

n can be updated by

ph,n+1
n = (ph,n+1

n − ph,n+1
w ) + ph,n+1

w , ξh,n+1
n = ξh,n+1

c + ξh,n+1
w .

Step 3. We can update the phase saturation Sh,n+1
α , α = w, n by the following two approaches.

Approach I: Update the wetting phase saturation Sh,n+1
w by(

φ
Sh,n+1
w − Sh,nw
tn+1 − tn

, q

)
+ B̃w(ξh,n+1

w , q;Sh,nw ) = (Fw, q).

Then the non-wetting phase saturation Sh,n+1
n is updated by Sh,n+1

n = 1− Sh,n+1
w .

Approach II: Update the wetting and non-wetting phase saturations Sh,n+1
w , Sh,n+1

n respectively by(
φ
Sh,n+1
w − Sh,nw
tn+1 − tn

, q

)
+ B̃w(ξh,n+1

w , q;Sh,nw ) = (Fw, q),(
φ
Sh,n+1
n − Sh,nn
tn+1 − tn

, q

)
+ B̃n(ξh,n+1

n , q;Sh,nw ) = (Fn, q).

Similar to Lemma 3.2, we can also see that the two approaches in Step 3 of the FC-IMPES-II scheme are
equivalent. Moreover, similar to Remark 3.1, we can easily see that Algorithm 3.2 is also unbiased in the
solution of the auxiliary velocity ξα and pressure pα for each phase.
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Remark 3.4. When the capillary pressure and gravity effects are disregarded, we easily have that

ξw = −λtK∇pw = −λtK∇pn = ξn, ut = −λtK∇pw = −λtK∇pn,

and we see that ξw = ξn = ut. Thus, compared with Algorithm 3.1, the assumption ξα ∈ H(div,Ω) in
Algorithm 3.2 is more physical in some sense.

Remark 3.5. We remark that by the post-processing technique, the total velocity based on Algorithms 3.1
and 3.2 can be recovered to be continuous in the normal direction across the faces or edges of the elements
in the whole domain. Actually, the total velocity in FC-IMPES-I scheme can be recovered as follows:

u∗,h,n+1
t · n|F = λw(S∗,h,nw,w )wh,n+1

w · n|F + λn(S∗,h,nw,n )wh,n+1
n · n|F , F ∈ Eh.

Since u∗,h,n+1
t ∈ Uh, we can see that u∗,h,n+1

t is continuous in the normal direction across the faces or edges
of the elements. Moreover, by (3.8) we can derive that(

∇ · u∗,h,n+1
t , q

)
= (Ft, q), q ∈ Qh.(3.27)

For the total velocity in FC-IMPES-II scheme, it can also be recovered by

u∗,h,n+1
t · n|F = fw(S∗,h,nw,w )ξh,n+1

w · n|F + fn(S∗,h,nw,n )ξh,n+1
n · n|F , F ∈ Eh,

and (3.27) also holds true for the above reconstructed total velocity.

4. Analysis of the new IMPES schemes

In this section we focus on the analysis of some merits of the FC-IMPES-I scheme. Similar analysis can
also be shown for the FC-IMPES-II scheme.

4.1. Local mass conservation for both phases. For the FC-IMPES-I scheme, the approximate satura-
tions of both phases satisfy the discrete mass-conservative law as in (3.4). For any K ∈ Th, taking q = 1 in
K and q = 0 in Ω \K yields the following local mass conservation for both phases.

Lemma 4.1. For any K ∈ Th, the approximate saturations of both phases computed by the FC-IMPES-I
scheme satisfy the following local mass-conservative property on K,∫

K

φ
Sh,n+1
α − Sh,nα
tn+1 − tn

+

∫
∂K

λα(S∗,h,nw,α )wh,n+1
α · n =

∫
K

Fα, α = w, n.

4.2. Well-posedness of the decoupled problems in FC-IMPES-I scheme. For the FC-IMPES-I
scheme, we can easily see the well-posedness of the problems in Step 1 and Step 3. In this section, we focus
on the analysis for the well-posedness of the problem in Step 2 based on (3.12) and (3.13).

Given Sw ∈ Qh and each phase velocity uα, α = w, n, for any (uh, ph), (vh, qh) ∈ Uh ×Qh, we define the
bilinear form

b((uh, ph), (vh, qh);Sw) = a(uh, vh)−B(vh, qh)−Bt(uh, qh;Sw),

where a(uh, vh) = (K−1uh, vh), B(vh, qh) = (∇ · vh, qh) and the upwind values in Bα(·, ·;Sw), α = n,w, are
determined by the known phase velocity uα. Then the mixed finite element method based on (3.12) and
(3.13) can be compactly rewritten as follows:

b((wh,n+1
w , ph,n+1

w ), (v, q);Sh,nw ) = −
∫

ΓD

pBwv · n− (ρwg∇z, v)− (Ft, q) +Bn(wh,n+1
c , q;Sh,nw ).

For the velocity we will use the standard L2-norm as ‖ · ‖0, and for the pressure we will use the following
norm:

‖qh‖21,h =
∑
F∈Eh

h−1
F ‖JqhK‖

2
0,F , qh ∈ Qh.

The above problem in a compact form is well-posed based on the following full stability condition (cf. [6, 39]
and [9, Section II.1]),

sup
(vh,qh)∈Uh×Qh

b((uh, ph), (vh, qh);Sw)

‖vh‖0 + ‖qh‖1,h
≥ Cstab (‖uh‖0 + ‖ph‖1,h) , (uh, ph) ∈ Uh ×Qh,(4.1)
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where the constant Cstab is a positive constant independent of mesh size. We define KerB = {vh ∈ Uh :
B(vh, qh) = 0, qh ∈ Qh}, KerBt = {vh ∈ Uh : Bt(vh, qh;Sw) = 0, qh ∈ Qh}. It follows from [6, 39] and [9,
Section II.1] that the full stability condition is equivalent to the following invertibility condition

sup
uh∈KerB

a(uh, vh)

‖uh‖0
≥ α0‖vh‖0, vh ∈ KerBt,(4.2)

sup
vh∈KerBt

a(uh, vh)

‖vh‖0
≥ α1‖uh‖0, uh ∈ KerB,(4.3)

and the Babuška-Brezzi stability conditions:

sup
vh∈Uh

B(vh, qh)

‖vh‖0
≥ C0‖qh‖1,h, qh ∈ Qh,(4.4)

sup
vh∈Uh

Bt(vh, qh;Sw)

‖vh‖0
≥ C1‖qh‖1,h, qh ∈ Qh.(4.5)

Here the constants α0, C0, C1 are positive and independent of mesh size.
The stability estimate (4.4) has been proved in [39, Lemma 2.1]. Next we derive the estimates (4.2), (4.3)

and (4.5).

Lemma 4.2. There exist positive constants α0 and α1 such that (4.2) and (4.3) hold.

Proof. For any vh ∈ KerBt, we construct the following auxiliary problem: Find (uh, ph) ∈ Uh × Qh such
that

a(uh,wh)−B(wh, ph) = a(vh,wh), wh ∈ Uh,(4.6)

B(uh, qh) = Bt(vh, qh;Sw), qh ∈ Qh.(4.7)

The well-posedness of the above saddle point problem is standard. By (4.7), we easily have uh ∈ KerB and

uh · n|F =
(
λw(S

∗
w,w)|F + λn(S

∗
w,n)|F

)
vh · n|F , F ∈ Eh,

where S
∗
w,w is the upwind value of Sw according to the phase velocity uw, and S

∗
w,n = 1− S∗n with S

∗
n the

upwind value of Sn = 1− Sw according to the phase velocity un.
For any K ∈ Th, vh|K =

∑
F∈∂K(vh ·n)|FΦF , where ΦF is the lowest order Raviart-Thomas finite element

basis function. By [18, Lemma A.1] and trace inequality, we have

‖vh‖20,K ≤
∑
F∈∂K

‖(vh · n)|FΦF ‖20,K ≤ C
∑
F∈∂K

hF ‖vh · n‖20,F ≤ C‖vh‖20,K .

Thus, for any K ∈ Th, by the above estimates and (3.3) we further have

‖uh‖20,K ≥ C
∑
F∈∂K

hF ‖uh · n‖20,F = C
∑
F∈∂K

hF ‖(λw(S
∗
w,w) + λn(S

∗
w,n))vh · n‖20,F(4.8)

≥ C
∑
F∈∂K

hF ‖vh · n‖20,F ≥ C‖vh‖20,K .

Let wh = uh in (4.6), we immediately have

a(uh, vh) = a(uh,uh) ≥ C‖uh‖20 ≥ C‖uh‖0‖vh‖0,

which concludes the proof of (4.2). The estimate for (4.3) can be similarly derived, and we omit the details
here. �

Lemma 4.3. There exists a positive constant C1 such that (4.5) holds.

Proof. By (4.4), for any qh ∈ Qh, there exists wh ∈ Uh such that

B(wh, qh) ≥ C0‖qh‖1,h‖wh‖0.

Let

wh · n|F =
(
λw(S

∗
w,w)|F + λn(S

∗
w,n)|F

)
vh · n|F , F ∈ Eh.
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Clearly, we have

B(wh, qh) = Bt(vh, qh;Sw).

Similar to the derivation in (4.8), we also have ‖wh‖0 ≥ C‖vh‖0. Thus we finally have

Bt(vh, qh;Sw) ≥ C1‖qh‖1,h‖vh‖0,

which concludes the proof. �

4.3. Bounds-preserving property of saturation for both phases. In this section we state that the
approximate saturation of each phase from the FC-IMPES-I scheme can be bounds-preserving if the time
step size is smaller than a certain value. Since the local mass conservation for both phases holds, i.e., the
approximate saturations of both phases satisfy the discrete mass-conservative law as in (3.4), the bounds of
the wetting and non-wetting phase saturations can be similarly analyzed.

Now we propose two reasonable assumptions. Firstly, we assume that there exists a positive constant γα
such that

λα(Sα) ≤ γαSα, α = w, n.(4.9)

For instance, when we use the Brooks-Corey model [10] for the two-phase flow in porous media, the phase
mobilities are nonlinear functions and defined as follows:

λw(Sw) =
1

µw
S

2+3θ
θ

w , λn(Sw) =
1

µn

(
1− Sw

)2(
1− S

2+θ
θ

w

)
,

where θ is the parameter associated with pore size distribution, Sw is the effective saturation defined as
(Sw − Srw)/(1 − Srn − Srw), Srw and Srn are residual wetting phase saturation and residual non-wetting
phase saturation. Let η = 2+3θ

θ > 1, then we can easily derive that

λw(Sw) ≤ 1

µw
(2Sw)η ≤ 2η

µw
Sw.

Thus we can choose γw = 2η

µw
in (4.9). Similarly, we can also assume there exists a positive constant γn such

that λn(Sn) ≤ γnSn.
Next, if Fα in (2.1) is a sink term, i.e., Fα ≤ 0, we assume that there exist two positive constants β1 and

β2 such that

β1Sα ≤ |Fα| ≤ β2Sα.(4.10)

This assumption is reasonable since the sink term Fα comes from the mass flow rate.

Lemma 4.4. We assume the estimates (4.9) and (4.10) hold true. Let δt = tn+1− tn. For the approximate
wetting phase saturation in the FC-IMPES-I scheme, we assume Sh,nα ∈ (0, 1) with tolerance saturation Stα,
α = w, n. For any K ∈ Th, if δt

h is sufficiently small, we have

Sh,n+1
α ∈ (0, 1), α = w, n.

Proof. We focus on the analysis for the bounds of the wetting phase saturation. For any K ∈ Th, let q = 1
in K and q = 0 in Ω \K in (3.14), we immediately have

φ
Sh,n+1
w − Sh,nw

δt
|K| = −

(∫
∂̃K
−
w,n+1

+

∫
∂̃K

+

w,n+1

)
λw(S∗,h,nw,w )wh,n+1

w · n + Fw|K|, on K,

where ∂̃K
−
w,n+1 = {F ⊂ ∂K : wh,n+1

w · n < 0}, ∂̃K
+

w,n+1 = {F ⊂ ∂K : wh,n+1
w · n ≥ 0} and Fw is the mean

value of Fw over K. By the shape regularity of the mesh, there holds

φSh,n+1
w = φSh,nw −

 ∑
F∈∂̃K+

w,n+1

+
∑

F∈∂̃K−w,n+1

 δt

CFhK
λw(S∗,h,nw,w )wh,n+1

w · n + δtFw on K,(4.11)
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where CF > 0 depends on the shape regularity of the mesh. If there is injection source or no source on K, we
have Fw ≥ 0. Otherwise, Fw < 0 is production term, by the assumption in (4.10), we have Fw ≥ −β2S

h,n+1
w .

By the assumption (4.9), we derive that

∑
F∈∂̃K+

w,n+1

δt

CFhK
λw(S∗,h,nw,w )wh,n+1

w · n =

 ∑
F∈∂̃K+

w,n+1∩∂K
+
w,n

+
∑

F∈∂̃K+

w,n+1\∂K
+
w,n

 δt

CFhK
λw(S∗,h,nw,w )wh,n+1

w · n

≤
∑

F∈∂̃K+

w,n+1

δtγw
CFhK

Sh,nw wh,n+1
w · n +

∑
F∈∂̃K+

w,n+1\∂K
+
w,n

δtγw
CFhK

∣∣Sh,nw |K′ − Sh,nw ∣∣wh,n+1
w · n,

where K ′ is the neighboring element of K and ∂K+
w,n is the outflow edges of whw on ∂K. For F ∈ ∂̃K

+

w,n+1 \
∂K+

w,n, the phase velocity changes the direction on F between the two time steps, then we can assume there

exists a positive constant ε which is sufficiently small such that
∣∣wh,n+1

w · n
∣∣ ≤ ε on F . Combining the above

estimates and noting the tolerance saturation assumption for Sh,nw , we can observe that when δt
h is small

enough, we have Sh,n+1
w ≥ CStw > 0 on K.

By the similar approach, we also have Sh,n+1
n > 0. Due to the fact that Sh,n+1

w + Sh,n+1
n = 1, then we

can easily combine this fact with the low bounds of Sh,n+1
n and Sh,n+1

w to obtain Sh,n+1
w < 1 and Sh,n+1

n < 1
and complete the proof. �

5. Numerical experiments

Three numerical cases are designed in this paper to verify our scheme and to show the preference. For
simplicity, we focus on the numerical verification of the FC-IMPES-I scheme, and the HF-IMPES scheme
is tested in the following examples. As is popular in reservoir simulation, the random distribution of per-
meability has been taken into our account and we generate a permeability distribution based on matrix
decomposition technique. We assume that the absolute permeability tensor is chosen as K = KI, where I
is the identity matrix and K is a positive real number. In the following experiments, the capillary pressure
function is given by Hoteit and Firoozabadi in [27] as pc(Sw) = − Bc√

K
logSw, where Bc is a positive param-

eter with unit 1 bar ·md1/2 and Sw is the effective saturation defined as in Section 4.3. We choose Bc = 25
and assume the porosity of the porous media φ = 0.2 in all the following examples. Moreover, the relative

permeabilities are given by krw = S
β

w and krn = (1 − Sw)β , where β is a positive integer number. In the
experiments, we use the quadratic relative permeabilities, i.e., β = 2.

The Buckely-Leverett problem in a 1D homogeneous porous medium with zero capillary pressure is firstly
tested based on our algorithm. Then our algorithm is applied for a case in heterogeneous porous media to
test the imbibition phenomena. The saturation profiles of wetting phase during the simulation process have
been presented with reasonable results and the relative permeability of wetting and non-wetting phase have
been illustrated to show the effectiveness of our scheme. A typical reservoir simulation process, SPE 10 case,
has been modified and simulated using our scheme. The mass conservation property of our scheme is verified
from two points of view: the injected wetting phase is equivalent to the current wetting phase saturation and
the two approaches (cf. Step 3 in Algorithm 3.1) to calculate the saturation of non-wetting phase will result
in the same value. Furthermore, a two phase counter flow case is designed and our scheme has shown much
preferable results compared to the previous partially mass-conservative IMPES scheme. To demonstrate the
conservation property of our algorithm, we set the time step as 1 day, which is preferable and applicable in
industry.

Example 5.1. We firstly test the Buckely-Leverett problem in a 1D homogeneous porous medium with
different fluid properties and zero capillary pressure (as presented in [27]). This problem has well-known
analytical solution. We apply our algorithm to simulate this benchmark problem and compare the results
with the case in [27]. We consider a 1D horizontal homogeneous domain of length 300 m, initially saturated
with oil (non-wetting phase). Water (wetting phase) is injected with a constant flow rate at one end to
displace oil to the other end. The pressure is kept as a constant at the production end and the capillary
pressure is neglected. The injection rate is 5 × 10−4 PV/day, and the rock porosity is 0.2. Viscosity ratio
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between the two fluids is 2/3, density ration is 1 and krw = S
2

w, here we use the same data for Fig. 1.d in
[27].

Figure 5.1. (Example 5.1) Wetting phase saturation curve.

Time Step Size (day) Relative Error Order

8 5.93 × 10−2 1.12

4 2.94 × 10−2 1.01

2 1.33 × 10−2 1.15

1 6.58 × 10−3 1.02

Table 1. (Example 5.1) Convergence history with respect to the time step size on a fixed mesh 80 × 1.

Spatial Mesh Relative Error Order

80 × 1 6.58 × 10−3 1.05

40 × 1 1.36 × 10−2 1.06

20 × 1 2.83 × 10−2 1.03

10 × 1 5.76 × 10−2 1.02

Table 2. (Example 5.1) Convergence history with respect to the mesh size with a constant time step size

at 1 day.

Figure 5.2. (Example 5.1) Left: wetting phase saturation. Right: non-wetting phase saturation.

After 900 days, the numerical and analytical solution curves of wetting phase saturation are presented in
Figure 5.1. We observe that the numerical and analytical solutions meet well and the numerical solution
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also meets well with the result in Fig. 1.d of [27]. In order to test the convergence of the scheme, two
kinds of convergence with respect to mesh size and time step size are designed. The first one is to test the
convergence with respect to the time step size on a fixed mesh 80× 1 and use four different time step sizes
(1 day, 2 days, 4 days and 8 days). The second one is to test the convergence with respect to the mesh size
with a fixed time step size 1 day and use four different spatial mesh sizes (80× 1, 40× 1, 20× 1 and 10× 1).
The analytical solution of wetting phase saturation at 900 days are selected as the benchmark solution, and
compared with all the cases. The relative errors of wetting phase saturation in L2 norm are computed.
From the convergence results shown in Table 1 and Table 2, it can be easily see that our scheme has a good
convergence of first order with respect to the time step size and mesh size.

The mass conservation property of our algorithm can be verified from two points of view. As shown in the
left graph of Figure 5.2, the modified wetting phase injection meets well with the wetting phase saturation
in the process. The injection amount is modified via a similar concept of saturation calculation process,
as divided by the total volume. In the right graph of Figure 5.2, the saturation of non-wetting phase is
calculated using two approaches, as in (3.14-3.16), and the results meet very well. Both the two graphs in
Figure 5.2 have verified the mass conservation property of our algorithm.

Example 5.2. In this example our algorithm is used to test a case with specific geometry setup, similar
with the case 6.3 in [7]. As shown in Figure 5.3, the porous medium is set with heterogeneous permeability.
The porous medium is initially saturated with non-wetting phase fluid. Wetting phase fluid is injected at
the center of the right boundary with a constant rate 1.5 PV/year and the outlet boundary is set at the
left-top corner. The viscosity ration of wetting phase and non-wetting phase is set as 1/2, and the density
ration is 1.

Figure 5.3. (Example 5.2) Permeability profile.

Figure 5.4. (Example 5.2) Saturation profile of wetting phase at 140 time step (left) and 920 time step (right).

To show the imbibition phenomena in the drainage process, the saturation profiles of wetting phase at
time steps 140 and 320 are presented, as shown in Figure 5.4. The imbibition is obvious to find in the
permeability gap area, and a clear cluster could be observed near the low permeability boundary. From the
two graphs of Figure 5.3, we can see that the saturations calculated from the two different approaches as in
(3.14-3.16) meet well, thus the mass conservation property of our algorithm is verified.
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Figure 5.5. (Example 5.2) Left: wetting phase saturation. Right: non-wetting phase saturation.

Example 5.3. In this example we simulate a drainage process of wetting phase with a generated permeability
profile using a matrix decomposition technology. The density of wetting phase is set as ρW = 1000kg/m3

and the non-wetting phase is ρN = 660kg/m3. The viscosity of the wetting phase is set as µW = 1cP and
the viscosity of the non-wetting phase is µN = 0.45cP . The injection is from the left-bottom point, with a
rate of 0.1 PV/year, as shown in the left graph of Figure 5.6. The simulation mesh is set as 100× 100.

As discussed in [53], the probability statement of permeability K can be concerned as joint random
variables, which could be defined as

FK (k1, k2, . . . , kn) = P (K1 ≤ k1,K2 ≤ k2, . . . ,Kn ≤ kn) ,

where P (K1 ≤ k1,K2 ≤ k2, . . . ,Kn ≤ kn) stands for the probability that the set of n random variable Ki

takes a value less than the corresponding values of the set ki. The multivariate probability density function
(PDF) is related to the cumulative (probability) distribution function (CDF) as

pK (k1, k2, . . . , kn) =
∂nFK (k1, k2, . . . , kn)

∂k1∂k2 · · · ∂kn
.

Permeability is generally viewed as subjected to the joint normal or lognormal random distribution. For
normal distribution, the bivariate probability density function reads as

pK1K2(k1,k2) =
1

2πσ1σ2

√
1− ρ2

exp

(
−1

1− ρ2

(
(k1 − µ1)2

2σ2
1

− ρ (k1 − µ1)(k2 − µ2)

σ1σ2
+

(k2 − µ2)2

2σ2
2

))
,(5.1)

where µi and σi are the mean and standard variance of ki, and ρ is the correlation coefficient. In this paper,
we assume that the permeability is subjected to a lognormal distribution, which could easily be referred from
(5.1) as

pK1K2(k1,k2) =
1

2πσ1σ2k1k2

√
1− ρ2

exp

(
−1

1− ρ2

(
(ln k1 − µ1)2

2σ2
1

− ρ (ln k1 − µ1)(ln k2 − µ2)

σ1σ2
+

(ln k2 − µ2)2

2σ2
2

))
.

As we have derived the PDF of permeability, the next step is to generate the random permeability value
with known statistical properties, such as the mean, variance, and covariance. In particular, care must be
taken in honoring the spatial structure of a random field as reflected in its covariance, since this quantity is
difficult to reproduce compared to the mean and variance. How well the generated realizations honor the
statistics of the random field of interest directly impacts the quality of the simulations. The realizations are
said to be conditional if they honor available measurements in the field. There are several techniques available
for generating random fields, including, but not limited to, the turning bands method, spectral methods,
matrix decomposition, and Gaussian sequential simulation. Here, we use the matrix decomposition method.

Matrix decomposition is an elegant and direct method for generating correlated random fields in that the
covariance matrix is used directly. For n points on a grid where samples are to be generated, one can obtain
the covariance matrix C of size n × n from the given covariance function C(r), where r is the separation
vector between two points. As discussed in [53], this covariance matrix C must be symmetric and positive
definite. Hence, this matrix can be decomposed into a lower triangular matrix L and an upper triangular
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matrix U as follows:

C = LU.(5.2)

Since C is symmetric, we have U = LT in (5.2). A realization of the random field is obtained by multiplying

the lower matrix L with a vector α = (α1, . . . , αn)
T

of n independent, normally distributed random numbers
with zero mean and unit variance,

y = Lα.(5.3)

The mean of the generated vector y is zero and its covariance is 〈yyT 〉 = L
(
ααT

)
U = LIU = C. A nonzero

(uniform or spatially varying) mean can be simply added to y to obtain nonzero mean realizations. It is
seen that once C is decomposed as in (5.2), a new realization y is readily generated by (5.3) for a new
vector α, which can be created by any good random number generator. The additional cost to generate new
realizations is small. Note that the method is independent of the dimensionality of the random field except
for the size of the matrix. The generated permeability random distribution used in this paper is shown as
the right of Figure 5.6. As the permeability value is relatively small, its logarithm is presented to make the
illustration more clear.

Figure 5.6. (Example 5.3) Left: wetting phase saturation at the initial station. Right: permeability.

To illustrate the drainage process, the saturation profile of wetting phase in the process is listed in Figure
5.7, at the time steps of 100, 200, 500 and 1000, with flow quiver plotted as well. Generally speaking, the
wetting phase flows from the left-bottom to the up-right, with different velocities at different directions due
to the varieties of permeability. This process is meaningful and reasonable. We also plot the relative perme-
ability of each phase with the change of averaged wetting phase saturation because the relative permeability
curve is a classical way to check whether the solution is correct. As shown in left graph of Figure 5.8, we
can see that a typical parabola is presented. From the right graph of Figure 5.8, we can see that the mass
conservation property of our algorithm is also verified.

Example 5.4. We now apply our algorithm to simulate a modified version of SPE 10 data set which is
obtained from the SPE website (http://www.spe.org/web/csp/). It could be concluded as a two phase flow
(oil and gas) model that has a simple 2D vertical cross-sectional geometry with no dipping or faults. Due
to the size limit of the original permeability file (a matrix of 65× 220× 80), the mesh is set as 1× 100× 60
with uniform size for each of the grid blocks. For the 2D plot, the x-axis is 22 meters long and 15.24 meters
for y-axis. The density and viscosity of wetting and non-wetting phases are set as Example 5.3. The top of
the model is at 0.0 meter with initial pressure at this point of 100 Pa. Initially the model is fully saturated
with oil (no connate water). The injection is also from the bottom-left point, with a rate of 6.97m3/day, as
shown in the left graph of Figure 5.9. The permeability is shown in the right graph of Figure 5.9, and the
logarithm value of permeability is presented to make the illustration more clear.

The drainage process at different time steps is illustrated in Figure 5.10, with flow quiver on it to show
the main flow direction. Figure 5.11 shows the spatial average of wetting and non-wetting phase at different
time steps. The mass conservation property of our algorithm can also be verified from two points of view. As
shown in the two graphs of Figure 5.11, we can see that the saturations calculated using two approaches as
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Figure 5.7. (Example 5.3) Saturation of wetting phase in the drainage process at the time steps 100,

200, 500 and 1000.

Figure 5.8. (Example 5.3) Left: plot of relative permeability via saturation of wetting and non-wetting
phase. Right: wetting phase saturation.

in (3.14-3.16) meet very well. Thus both the two graphs in Figure 5.11 verify the mass conservation property
of our algorithm.

Example 5.5. In this example our algorithm is expanded to a two-phase counter flow problem. As shown
in Figure 5.12, the lower layer contains water, which is lighter than the heavy oil that fills out the rest of the
domain, as shown in the left graph of Figure 5.8. The densities of water and heavy oil are ρW = 1000kg/m3

and ρN = 1050kg/m3 respectively, and the viscosities of water (wetting phase) and heavy oil (non-wetting
phase) are set as µW = 1cP and µN = 0.45cP . The gravity is taken into consideration in this case, varying
with the above two cases. The permeability is also generated with the matrix decomposition technology
introduced in Example 5.3 as a joint random distribution, as shown in the right graph of Figure 5.12.
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Figure 5.9. (Example 5.4) Left: wetting phase saturation at the initial station. Right: permeability.

Figure 5.10. (Example 5.4) Saturation of wetting phase in the drainage process at the time steps 10,
50, 100 and 150.

The drainage process is illustrated in Figure 5.13, while water (the wetting phase) raises under the effect
of gravity, with different velocities on different direction due to the random distribution of permeability. The
simulation with partially mass-conserved IMPES scheme is also conducted, as presented in Figure 5.14. It
is easy to see that the results blow out, which means a bad non-physical result. As there is no injection or
extraction in this case, the mean saturation of wetting phase should remain the same in the whole process,
as presented in Figure 5.15. The conservation property of our scheme is verified again.

As the permeability distribution controls most of the flow process under the same initial and boundary
conditions, another permeability distribution profile is tested to verify the robustness of our scheme, which is
shown in Figure 5.16. A reasonable process with meaningful physical properties via our algorithm is presented
in Figure 5.17, and the conservation of mean saturation is still kept well as shown in the left graph of Figure
5.18. Meanwhile, a non-physical process is also resulted from the partially mass-conservative IMPES scheme



FULLY MASS-CONSERVATIVE IMPES SCHEMES FOR TWO-PHASE FLOW IN POROUS MEDIA 19

Figure 5.11. (Example 5.4) Left: wetting phase saturation. Right: non-wetting phase saturation.

Figure 5.12. (Example 5.5) Left: wetting phase saturation at the initial station. Right: permeability.

Figure 5.13. (Example 5.5) Saturation of wetting phase in the drainage process at the time steps 10 and 300.

which can be observed from the right graph of Figure 5.18. Actually, the blow up in this graph is caused by
the partially mass-conservative property of the HF-IMPES scheme, and thus the saturations computed by
this classical IMPES scheme can not be bound-preserving.
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Figure 5.14. (Example 5.5) Wetting phase saturation using unconserved IMPES method at the time

steps 10 and 20.

Figure 5.15. (Example 5.5) Mean saturation of wetting phase in drainage process.

Figure 5.16. (Example 5.5) Another permeability distribution.

6. Conclusion

We aim to design fully mass-conservative IMPES schemes (FC-IMPES) for the simulation of incompress-
ible and immiscible two-phase flow in porous media in this paper. Two kinds of FC-IMPES schemes are
proposed and analyzed. The key idea is to sum the discretized conservation equation for each phase to obtain
the total conservation equation, and a merit that the conservation of mass of both phases can be obtained.
We also find that the total pressure-velocity system can be decoupled, and the problems in the decoupled
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Figure 5.17. (Example 5.5) Saturation of wetting phase in the drainage process at the time steps 10 and 300.

Figure 5.18. (Example 5.5) Left: plot of mean saturation via our algorithm. Right: results of partially

mass-conservative scheme at the time steps 3.

systems can be proved to be well-posed. Another merit of the new schemes is that the proposed FC-IMPES
schemes are unbiased and the saturation of each phase can be proved to be bounds-preserving if the time
step size is small enough. We test the FC-IMPES scheme of the first kind for three numerical examples and
show that the new algorithms are more robust than the conventional IMPES schemes.
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