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Abstract—An explicit marching-on-in-time scheme for solving
the Kirchhoff integral equation enforced on an acoustically
rigid scatterer is proposed. The unknown velocity potential
introduced on the surface of scatterer is expanded using unit
pulse functions in space and Lagrange polynomial interpolation
functions in time. The resulting system is cast in the form of an
ordinary differential equation and then integrated numerically in
time using a predictor-corrector scheme to obtain the unknown
expansion coefficients. Numerical results demonstrate that the
time step size required by the proposed explicit scheme to ensure
an accurate and stable solution is as large as that used by its
implicit counterpart.

pulse functions are used in space to discretize the TDKIE
(instead of RWG basis functions). Since each pulse function
resides on only one triangle, the resulting Gram matrix is
diagonal. This eliminates the need for iterative solution at
every time step and significantly increases the efficiency of
time marching. Numerical results demonstrate that the proposed solver can use the same time step size as its implicit
counterpart without sacrificing from accuracy or stability.

I. I NTRODUCTION

Let S denote the surface of an acoustically rigid object residing in an unbounded homogeneous medium. The scatterer is
excited by a band-limited incident field with velocity potential
ϕinc (r, t) that is vanishingly small for t ≤ 0 and ∀r ∈ S. The
total velocity potential ϕ(r, t) introduced on S is related to
ϕinc (r, t) through the TDKIE [1]:

Transient analysis of acoustic scattering from rigid objects is
oftentimes analyzed by solving the time dependent Kirchhoff
(surface) integral equation (TDKIE) [1]. This is due to fact
that integral equation solvers use a Green function based
formulation, which makes them immune to numerical phase
dispersion and permits them to enforce the radiation condition
without the need to truncate the computation domain by an
(approximate) absorbing boundary condition [1]. The most
well-known method for solving the TDKIE of acoustics is
the marching-on-in-time (MOT) scheme [1]. Depending on the
type of spatial and temporal basis functions used for expanding
the unknown velocity potential introduced on the scatterer
surface and the time step size, the MOT scheme can be either
explicit or implicit [2], [3], [4]. Although traditional explicit
MOT schemes do not require matrix inversion during time
marching, they use smaller time steps for a stable solution in
comparison to their implicit counterparts. Recently, a novel
quasi-explicit MOT scheme has been developed to overcome
this bottleneck [2]. This scheme uses Rao-Wilton-Glisson
(RWG) functions [5] as the spatial basis and testing functions
to discretize the time domain magnetic field integral equation
(TD-MFIE) in unknown current density. The resulting semidiscrete system is cast in the form of an ordinary differential
equation (ODE), which is then integrated in time using a
PE(CE)m -type linear multistep scheme to obtain the unknown
coefficients of the RWG basis functions. This quasi-explicit
approach requires the solution of a system with a sparse and
well-conditioned Gram matrix at each time step, which is
carried out using an iterative solver.
In this work, a fully explicit MOT scheme is developed for
solving the TDKIE for analyzing transient acoustic scattering
from rigid objects. Unlike the above quasi-explicit solver,

II. F ORMULATION

1
∂t ϕ(r, t) = ∂t ϕinc (r, t)
2
Z

(1)

ϕ(r0 , t)n̂(r0 ) · ∇0

+ ∂t
S

δ(t − R/c) 0
dr .
4πR

0

Here, R = |r − r | is the distance between observation point
r and source point r0 , n̂(r0 ) is the unit outward normal vector
at r0 , and c is the speed of sound in the background medium.
To numerically solve (1), first S is discretized into Ns
flat triangular patches and ϕ(r, t) is expanded using pulse
functions fn (r) as
ϕ(r, t) =

Ns
X

{I(t)}n fn (r).

(2)
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Here, {I(t)}n is time-dependent unknown coefficient of fn (r),
and fn (r) = 1 for r ∈ Sn , fn (r) = 0 for r ∈
/ Sn , where Sn
is the surface of nth triangular patch. Inserting (2) into (1)
and point testing the resulting equation at the centers of the
patches rm , m = 1, . . . , Ns , yield a time-dependent linear
matrix system. Sampling this system at times t = k∆t, k =
1, . . . , Nt , and using Lagrange polynomial functions T (t) [6]
to facilitate the computation of the retarded time integrals yield
Gİk = Vkinc +

k
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Here, R = rm − r0 , R = |R|, and Tl (t) = T (t − l∆t). The
ODE system (3) is integrated in time using a PE(CE)m method
enhanced with a successive-over-relaxation (SOR) scheme [7]
to obtain the unknown expansion coefficients. The resulting
time marching scheme requires the solution of the matrix
system (3) at every time step. This is a trivial task since the
G−1 is a diagonal matrix with all entries equal to 2.
III. N UMERICAL R ESULTS
In this section, the proposed explicit scheme and its implicit
counterpart are used for analyzing transient acoustic scattering
from a rigid unit sphere centered at the origin in a background
medium with c = 343 m/s. The sphere is excited by a plane
wave with velocity potential ϕinc (r, t) = G(t − z/c − tp ),
2
2
where G(t) = cos (2πf0 t) e−t /2σ , tp is the time delay, σ is
a measure of temporal width of the Gaussian pulse, and f0 is
its center frequency. In the simulations carried out here, T (t)
is a third-order Lagrange polynomial, the PE(CE)m scheme
uses the predictor and corrector coefficients derived in [8],
the SOR factor is set to 0.6, the implicit scheme uses the
transpose-free quasi-minimal residual (TFQMR) method [9]
to iteratively solve the MOT system at every time step, and
the convergence thresholds for the implicit scheme (iterative
solution) and explicit scheme (corrector updates) are both set
to 10−13 .
The sphere is discretized into 10616 flat triangle patches,
and f0 = 200 Hz, σ = 7.639 ms, tp = 45.834 ms, ∆t =
0.1538 ms, and Nt = 975. Fig. 1 compares the magnitude
of the expansion coefficient computed by the explicit and
implicit schemes at the point (0.060, 0.978, 0.169 m) . The
results agree very well. Fig. 2 compares the scattering velocity
potential in the farfield region obtained from the Mie series and
the solution computed by the explicit scheme at f = 200 Hz
for θ = [0◦ , 180◦ ]. The figure clearly demonstrates the
accuracy of the proposed explicit scheme.
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Fig. 1. Potential expansion coefficient computed by the implicit and explicit
MOT schemes at the point (0.060, 0.978, 0.169 m).
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where {Ik }n = {I(k∆t)}n , {İk }n = {∂t I(t)
the entries of G, Vkinc , and Zk−l are given by
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Fig. 2. Scattering velocity potential in the farfield region obtained from the
Mie series and the MOT solution at f = 200 Hz for θ = [0◦ , 180◦ ].
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