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SUMMARY

The standard full waveform inversion (FWI) attempts to min-
imize the difference between the observed and modeled data.
When the initial velocity is kinematically accurate, FWI of-
ten converges to to the best velocity model, usually of a high-
resolution nature. However, when the modeled data using an
initial velocity is far from the observed data, conventional local
gradient based methods converge to a solution near the initial
velocity instead of the global minimum. This is also known
as the cycle skipping problem, which results in a zero corre-
lation when observed and modeled data are not correlated. To
reduce the cycle-skipping problem, we can compare the enve-
lope of the modeled and observed data instead of the original
data. However, when the initial velocity is not good enough,
the correlation of the envelope of the modeled and observed
data do not contribute accurately to the gradient. To mitigate
this issue, we suggest to maximize not only the zero-lag cor-
relation of the envelope but also the non-zero-lag correlation
of the envelope. A weighting function, which has its maxi-
mum value at zero lag and decays away from zero lag, is pro-
posed to balance the role of the lags. The resulting objective
function is less sensitive to the choice of the maximum lag
allowed and has a wider radius of convergence compared to
standard FWI and envelope inversions. The implementation
has the same computational complexity as conventional FWI
as the only difference in the calculation is related to the modi-
fied adjoint source. We implement this algorithm on the AMD
GPU based on OPENCL and obtained about a 14 fold speed
up compared to a CPU implementation based on OPENMP. At
last, several numerical examples are shown to demonstrate the
proper convergence of the proposed method. Application to
the Marmousi model shows that this method converges start-
ing with a linearly increasing velocity model, even with data
free of frequencies below 3 Hz.

INTRODUCTION

Recently, full waveform inversion (FWI), as a potential veloc-
ity model building tool, has gained a lot of momentum. FWI is
iteratively capable of admitting high-resolution velocity mod-
els, provided that we start with a kinematically accurate (with
respect to the minimum frequency available) initial guess of
the model. However, when the initial velocity can not accu-
rately explain the kinematics of the wavefield within a half
cycle of the observed data, FWI usually converges to a local
minimum instead of a global one, induced by the cycle skip
between the real and predicted data. This cycle-skipped pre-
dicted data results in an inaccurate velocity model, and usually
this velocity model includes artifacts needed to produce reflec-
tions that fit the observed data.

To mitigate the cycle skipping problem, many solutions have
been proposed in recent years. One family of solutions sug-

gests extending the model space (Symes, 2008; Biondi and
Almomin, 2014; Huang and Symes, 2015), with additional de-
grees of freedom that allows us to fit the data beyond the phys-
ical model limitations. A penalty on the unphysical nature of
the model extension provides a path to correct the kinematics
of the wavefield to make it suitable for FWI to converge. An-
other family of methods are based on the global measurement
of the distance between the modeled data and observed data
(Warner and Guasch, 2014; Métivier et al., 2016; Yang et al.,
2018). Another family of solutions to the cycle skipping prob-
lem involves minimizing the lag of the maximum of the corre-
lation between the observed and modeled data (Luo and Schus-
ter, 1991; Chi et al., 2015). More generally, some proposed
various methods to measure the phase difference between the
modeled data and observed data (Ma and Hale, 2013; Yang
et al., 2015; Jiao et al., 2015). On the other hand, Bi and
Lin (2014) developed an adaptive data selective method, which
constrains the inversion to data that are not cycle-skipped by
a measure of the traveltime lag through crosscorrelation. An-
other group of methods are based on measuring the quality or
the difference of an extended image (Shen et al., 2003; Sava
and Biondi, 2004; Biondi and Symes, 2004; Zhang and Schus-
ter, 2013; Alkhalifah and Wu, 2017). For data without low
enough frequency information, some have proposed to gener-
ate artificial low frequencies by approximating the data in a
transformed domain (Shin and Cha, 2008; Hu, 2014; Choi and
Alkhalifah, 2015; Li and Demanet, 2016). For reflection dom-
inated data, Xu et al. (2012) and Zhou et al. (2012) developed
a method based mainly on the work of Plessix et al. (1995) to
invert for smooth velocity models using modeled reflected en-
ergy from an image. They referred to the method as reflected
waveform inversion (RWI). Wang et al. (2013) implemented
the same approach in the frequency domain to utilize a sequen-
tial frequency implementation, which they thought was neces-
sary, to avoid the nonlinearity caused by an incorrect image.
Zhou et al. (2015) proposed similar ideas, which invert for both
velocity and impedance. In previous work, Alkhalifah and Wu
(2016b); Wu and Alkhalifah (2015) proposed to invert for the
background and perturbation simultaneously, which can utilize
diving waves, first order reflection and even multi-scattering
energy (Alkhalifah and Wu, 2016a) together. Guo and Alkhal-
ifah (2017) extended the idea to the elastic case. One modifi-
cation in the objective function recently came as an extension
to the fitting space in the data domain (Van Leeuwen and Mul-
der, 2010). Wu and Alkhalifah (2018) proposed an extension
correlation of the observed and modeled data.

In this paper, we propose to maximize the correlation with a
time lag between the envelope of the modeled data and the en-
velope of the observed data. In this case, there is no need to
introduce the selective function because the envelope of the
signal is always positive. The resulting algorithm has simi-
lar gradient calculation complexity and cost to that of standard
FWI, which makes the proposed method easy to implement in
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Shifted correlation of the envelope

a high performance computing platform, like the one we use
here. Thus, we implement this new inversion on a unique GPU
computing platform referred to as SANAM, which is a GPU
cluster hosted by King Abdulaziz City for Science and Tech-
nology (KACST), Saudi Arabia. There are two AMD FirePro
S10000 graphic cards in each node. As the GPUs represent the
main floating computing power, it is important to fully utilize
the two GPUs. Here we will also discuss our attempt in a high-
performance implementation of our FWI method on the AMD
GPU based on OPENCL programming.

(a) (b)

Figure 1: (a) The exact velocity for Marmousi model. (b) The
linearly increasing initial velocity.

THE OBJECTIVE FUNCTION BASED ON AN EXTENDED
CORRELATION OF THE ENVELOPE

The standard waveform inversion can be formulated in the fol-
lowing optimization problem (Lailly, 1983; Tarantola, 1984;
Virieux and Operto, 2009):

min
v

J0 =
∑

~x

∫

t

1
2
[p(~x, t)−g(~x, t)]2 dt,s.t.

1
v2 ptt −∆p = f , (1)

in which, v is the P-wave velocity, f is the source wavelet, g is
the observed data and p is the modeled wavefield correspond-
ing to velocity v. This classic objective function (1) is highly
sensitive to the amplitude of the wavefield, which is hard to ac-
curately simulate considering our typical acoustic assumption
of the medium and our ignorance of attenuation, among other
shortcomings in the modeling process. An amplitude indepen-
dent objective function (Choi and Alkhalifah, 2012) is given
by maximizing the cross correlation between the modeled and
observed wavefields, which can be expressed as

min
v

J1 = −
∑

~x

∫
t p(~x, t)g(~x, t)dt√∫

t p(~x, t)2dt
∫

t g(~x, t)2dt
. (2)

The objective functions J0 and J1 are highly nonlinear with re-
spect to the velocity model such that conventional local gradi-
ent based methods often converge to local minima if the initial
velocity is far from the exact one; there are not low enough fre-
quencies in the data or the maximum offset is not large enough.
This is often attributed to the cycle skipping between the pre-
dicted and observed data. Instead of correlating the modeled
data with observed data directly, we can correlate the enve-
lope of the modelled data and the shift of the envelope of the
observed data. In this case, the correlation will always be pos-
itive due to the positive nature of the envelope function. Thus,
we can avoid the introduction of the selective function. More

precisely, we suggest to extend the objective function J1 by
correlating the envelope of modeled data with the shifted en-
velope of the observed data as follows:

min
v

J2 =−
∑

~x

∑

τ
W (τ)C(p,g,~x,τ), (3)

in which W (τ) is a weighting function and the shifted cross-
correlation between the envelope of modeled data and the en-
velope of the observed data is defined as:

C(p,g,~x,τ) =
∫

t E(p)(~x, t)E(g)(~x, t + τ)dt√∫
t E(p)(~x, t)2dt

∫
t E(g)(~x, t + τ)2dt

, (4)

where E(p) denotes the square envelope of the function of p,
which is defined as:

E(p)(~x, t) = p(~x, t)2 +H p(~x, t)2. (5)

Here, H p is the Hilbert transform of p. Taking into considera-
tion the smoothness and the compact support requirement, we
suggest the following weighting function:

W (τ) =

{
2( |τ|

max |τ| )
3−3( |τ|

max |τ| )
2 +1, τ ≤max |τ|,

0, τ > max |τ|,
(6)

which enhances the wavefield comparison. In this case, the
objective function maximizes the correlation, not only at zero
lag, but also at non-zero lag. We can control the maximum
shift by making the max |τ| depend on the quality of the ini-
tial velocity. In the case where the modeled data are far from
the observed data, we choose large max |τ|. Due to the pos-
itive feature of the envelope function, the shifted correlation
between the envelope of the modeled data and the envelope
of the observed data will always be positive to guarantee the
positive contribution to the objective function. Let us denote

R1(~x, t,τ) =
E(g)(~x, t + τ)√∫

t E(p)(~x, t)2dt
∫

t E(g)(~x, t + τ)2dt

−
∫

t E(p)(~x, t)E(g)(~x, t + τ)dtE(p)(~x, t)
√∫

t E(p)(~x, t)2dt
3√∫

t E(g)(~x, t + τ)2dt
.(7)

Then, the adjoint source R(~x, t) is given by

R(~x, t) = −2
∑

τ
W (τ)p(~x, t)R1(~x, t,τ)

+ 2H

(∑

τ
W (τ)H(p)(~x, t)R1(~x, t,τ)

)
. (8)

Thus, only three Hilbert transforms are required even though
the objective function is the summation of time shifted corre-
lation on the envelope. As a result, the gradient is given by the
adjoint state method (Plessix, 2006) as follows:

∇vJ2 =
2
v3

∫

t
ptt(~x, t)λ (~x, t)dt, (9)

where λ is the back propagated wavefield with the adjoint
source R(~x, t). As we can see from the above gradient, the
proposed method has the same cost as standard FWI for each
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Shifted correlation of the envelope

iteration. We only need to execute one forward modeling and
one backward modeling operations per iteration. The only dif-
ference is in the computation of the adjoint source. Due to the
simple form of this objective function, it can be easily com-
bined with other methods such as reflected waveform inver-
sion(Wu and Alkhalifah, 2015; Alkhalifah and Wu, 2016b,a)
to help mitigate the cycle skipping issue for these methods.
vspace-0.45cm

HIGH PERFORMANCE IMPLEMENTATION

We aim to implement the proposed approach on a high per-
formance computing platform referred to as SANAM, which
is a GPU cluster hosted by King Abdulaziz City for Science
and Technology ( KACST ), Saudi Arabia. SANAM consists
of 210 nodes, each of which has two Intel(R) Xeon(R) CPU
E5-2650@ 2.00GHz CPUs with 128GB memory. Each nodes
use two AMD FirePro S10000 graphic cards with four graphic
processors for acceleration. There are only 6 gigabytes mem-
ory for each AMD FirePro S10000 graphic card, which is not
practical to store the whole wavefield. One option is to move
the wavefield and store it on the CPU. However, that will re-
sult in a heavy burden imposed on the communication between
CPU and GPU. To avoid the frequent communication issues
between CPU and GPU, we need to solve the storage problem.
Random boundary condition (Shen and Clapp, 2015) provides
an efficient solution of the storage problem for the gradient cal-
culation. However, it can not provide accurate enough wave-
fields for the objective function and the adjoint source calcu-
lation. So we propose to do a regular modeling and calculate
the objective function and adjoint source. The random bound-
ary condition is utilized to mitigate the storage problem for the
gradient calculation. The detail algorithm is summarized in
Algorithm 1.

Algorithm 1 GPU implementation for FWI

Require: The source f , and seismic velocity v

• Forward modelling with an absorbing boundary con-
dition and save the modeled data at the receiver loca-
tions.

• Calculate the objective function and adjoint source.

• Forward modelling with a random boundary condi-
tion and store a snapshot of the wavefield, p, at the
last two time steps.

• Backward modelling with the last time step of p with
a random boundary condition to recover p. Mean-
while, backward modelling with absorbing boundary
condition using the adjoint source to obtain λ . Apply
the imaging condition at each time step

For the forward modeling, we suggest to use a hierarchical
modelling scheme to minimize the usage of a velocity inter-
polation step. That means we use the same grid as much as
possible. For a relative low-frequency modelling, we will uti-
lize the relative low order finite difference. If the frequency is

a little bit higher, we will utilize a higher order finite difference
method. For even higher frequency, we use the pseudo-spectral
approach. For the implementation of the free surface boundary
condition for pseudo-spectral, we use the method proposed in
Wu and Alkhalifah (2016). For the absorbing boundary con-
dition, we use the hybrid absorbing boundary condition (Liu
and Sen, 2010), which works well for both spectral and finite
difference methods. For the three dimensional finite difference
implementation, we use shared memory for the first two axises
to reduce the access to the global memory because the access
to the global memory for GPU is really slow. For the same
reason, we use register memory to store the neighboring value
in the third dimension and roll the register memory on the
third dimension. For the implementation of Fast Fourier trans-
form (FFT), we utilize the highly optimized FFT library called
clFFT (https://github.com/clMathLibraries/clFFT).

NUMERICAL EXAMPLES

We will consider the benchmark Marmousi model. The exact
velocity is shown in Figure 1a. To remove the source singu-
larity, we add a water layer and assume the initial velocity is
accurate in the water. The time sampling is 0.0025 s while the
space sampling is 0.024 km. The source is located on the sur-
face with 0.216 km space sampling. All the points on the earth
surface are serving as receivers. The starting model is a lin-
early increasing model shown in Figure 1b. We first model the
data with a source wavelet that has no frequencies lower than
3 Hz. Starting from the initial velocity, we apply the proposed
method with max |τ| = 0.25 s. The inverted model is shown
in Figure 2a. After that, we start from the inverted velocity in
Figure 2a and apply the standard FWI. The inverted velocity is
shown in Figure 2b. Compared to the exact velocity in 1a, the
inverted velocity shown in Figure 2b is reasonably good. For
comparison, the velocity shown in Figure 2c is the inverted
velocity using standard Full waveform inversion starting from
the linearly increasing initial velocity in Figure 1b. As shown
in Figure 2c, the standard Full waveform inversion does not
produce good inverted results due to the cycle skipping issue.
To further compare, we apply the standard envelope inversion
followed by standard Full waveform inversion starting from
the initial velocity shown in Figure 1b. The inverted velocity
is shown in Figure 2d. Compared to Figure 2c, the inverted
velocity has improved a lot. However, the inverted velocity
(Figure 2b) produced by the new method still shows better ac-
curacy. To show the approximate accuracy of the modeled data
to the observed data, we plot the shot gather for a source lo-
cated in the middle of the model. Figure 4a shows the observed
data. Figure 4b shows the modeled data with the initial veloc-
ity. Figure 4c shows the residual of the modeled data using the
initial velocity. The residual of the new method followed by
standard FWI is shown in Figure 4d. The residual of the stan-
dard envelope inversion followed by standard FWI is shown in
Figure 4e. The residual of the standard standard FWI is shown
in Figure 4f. All these figures are plotted at the same scale.
From these figures, we can see that the new method followed
by standard FWI produces the smallest residual. The standard
FWI does not improve the residual a lot due to the severe cycle-
skipping issue. The standard envelope inversion followed by
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Shifted correlation of the envelope

standard FWI shows much smaller residual than standard FWI.
However, it is still a little bit bigger than the newly proposed
method followed by standard FWI.

(a) (b)

(c) (d)

Figure 2: (a) The inverted velocity using the proposed method
with maximum shift of 0.25s. (b) The inverted velocity us-
ing standard FWI starting from Figure 2a. (c) The inverted
velocity using standard FWI starting from Figure 1b. (d) The
inverted velocity using standard envelope inversion followed
by standard FWI.

(a) (b) (c)

Figure 3: The velocity profile. (a) 3 km. (b) 5 km.(c) 7
km.(black-dashed line: initial velocity; black-solid line:exact
velocity; green-solid line: standard FWI. red-solid line: stan-
dard envelope inversion followed by standard FWI. blue-solid
line: the new method followed by standard FWI. )

PERFORMANCE DISCUSSION

As mentioned before, we are testing the implementation on
SANAM. For simplicity of the programming, we assume that
one shot calculation can be fitted into one single GPU, which is
reasonable because the frequency of data used in Full-waveform
inversion is often reasonably low and, as discussed previously,
we utilize the random boundary condition to store the wave-
field. In this case, the scalability with respect to the number of
shots is trivial. So we will compare the performance for one
single GPU and one single CPU of 8 cores. Since the forward
modeling from a random boundary condition dominates the
computation for a single iteration, we will focus the compari-
son to the forward modeling with random boundary condition.
The space mesh samples are 256 ∗ 256 ∗ 256 and we have ex-
trapolated for 1000 time steps. The relative computing time for

(a) (b) (c)

(d) (e) (f)

Figure 4: Comparison of shot gather. (a) The observed data.
(b) The modelled data with the initial velocity. (c) The error of
the modelled data with the initial velocity. (d) The error of the
modelled data with the new method followed by standard FWI.
(e) The error of the modelled data with the inverted velocity
using standard envelope inversion followed by standard FWI.
(f) The error of the modelled data with the inverted velocity
using standard FWI.

Table 1: Computing time comparison

Setting CPU CPU CPU GPU
(1 thread) (4 threads) (8 threads)

Time(s) 655 209 116 8

CPU with different OPENMP threads and the GPU is shown in
Table 1. Basically, we can achieve a speed up of 80 compared
to one single CPU core. The GPU code is 14 times faster than
one whole CPU.

CONCLUSIONS

We proposed a new approach to mitigate the cycle-skipping
problem. Instead of maximizing only the zero lag correlation
in the objective function, we maximize the correlation over
time lag of the envelope of the data. We apply a weighting
function over the lag axis that allows for a correlation of the
observed and predicted data up to a user defined maximum
shift in time, giving larger weights near zero lag. Since we are
maximizing the correlation of the shifted envelope instead of
the original data, the correlation will always contribute to the
objective function positively. With the help of the weighting
function applied to the lag, we obtain better convergence be-
havior. Numerical examples confirm these features, in which
the inversion is less dependent on the initial velocity model
and can tackle the cycle-skipping problem. This implementa-
tion is optimized on a unique GPU cluster in which we obtain
reasonable scalability of our parallel implementation.
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