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ABSTRACT
Efficient Numerical Methods for High-Dimensional Approximation
Problems
Sören Wolfers
In the field of uncertainty quantification, the effects of parameter uncertainties on
scientific simulations may be studied by integrating or approximating a quantity of
interest as a function over the parameter space. If this is done numerically, using regular
grids with a fixed resolution, the required computational work increases exponentially
with respect to the number of uncertain parameters – a phenomenon known as the
curse of dimensionality. We study two methods that can help break this curse:
discrete least squares polynomial approximation and kernel-based approximation. For
the former, we adaptively determine sparse polynomial bases and use evaluations in
random, quasi-optimally distributed evaluation nodes; for the latter, we use evaluations
in sparse grids, as introduced by Smolyak. To mitigate the additional cost of solving
differential equations at each evaluation node, we extend multilevel methods to the
approximation of response surfaces. For this purpose, we provide a general analysis
that exhibits multilevel algorithms as special cases of an abstract version of Smolyak’s
algorithm.
In financial mathematics, high-dimensional approximation problems occur in the
pricing of derivatives with multiple underlying assets. The value function of American options can theoretically be determined backwards in time using the dynamic
programming principle. Numerical implementations, however, face the curse of dimensionality because each asset corresponds to a dimension in the domain of the value
function. Lack of regularity of the value function at the optimal exercise boundary
further increases the computational complexity. As an alternative, we propose a novel
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method that determines an optimal exercise strategy as the solution of a stochastic
optimization problem and subsequently computes the option value by simple Monte
Carlo simulation. For this purpose, we represent the American option price as the
supremum of the expected payoff over a set of randomized exercise strategies. Unlike
the corresponding classical representation over subsets of Euclidean space, this relaxation gives rise to a well-behaved objective function that can be globally optimized
using standard optimization routines.
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Introduction

This dissertation comprises four previously published articles about numerical and
analytical aspects of high-dimensional approximation problems in scientific computations:
Article 1 Abdul-Lateef Haji-Ali, Fabio Nobile, Raúl Tempone, and Sören
Wolfers. Multilevel weighted least squares polynomial approximation.
arXiv:1707.00026, 2017
Article 2 Fabio Nobile, Raúl Tempone, and Sören Wolfers. Sparse approximation of multilinear problems with applications to kernel-based
methods in UQ. Numerische Mathematik, 139(1):247–280, 2018
Article 3 Raúl Tempone and Sören Wolfers. Smolyak’s algorithm: a powerful
black box for the acceleration of scientific computations. In Sparse
Grids and Applications. Springer, 2018
Article 4 Christian Bayer, Raúl Tempone, and Sören Wolfers. Pricing American
options by exercise rate optimization. arXiv:1809.07300, 2018
In particular, these articles present efficient algorithms for numerical uncertainty quantification and the pricing of American-style financial derivatives. A common theme
in the solution of these and similar problems is that they require the approximation
of high-dimensional objects, which theoretically could be performed using classical
algorithms but practically is hindered by the so-called curse of dimensionality [14].
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Possibly the most well-known instance of this phenomenon is the computation of highdimensional integrals. While the univariate trapezoidal rule with N nodes converges
at the rate O(N −2 ) for twice continuously differentiable functions, its multivariate
generalization based on a regular grid in the d-dimensional hypercube requires N d
nodes to achieve the same accuracy [35]. Thus, the computational complexity depends
exponentially on the dimension d.

One field in which high-dimensional integration and approximation problems
frequently arise is uncertainty quantification [90], a central task of which is to study the
effects of parameter uncertainties on scientific computations. For example, assuming
the parameter space is equipped with a probability distribution that describes the belief
in the true parameter values, the mean response can be described as an integral over
the parameter space. More detailed information about the output may be derived from
approximations of the full mapping from the parameter space to the output space – the
so-called response surface. Since realistic descriptions of most physical systems exhibit
an abundance of uncertain parameters, this leads to high-dimensional integration and
approximation problems. A further complication in uncertainty quantification is posed
by the fact that response surfaces cannot be evaluated exactly. Indeed, since the
underlying physical system is usually described by differential equations, evaluations
typically carry a discretization error resulting from the use of an approximate numerical
solution. Reducing this approximation error means increasing the cost per evaluation.
The resulting increase in computational complexity may be alleviated by multilevel
algorithms, which were introduced in [80, 59] for the acceleration of Monte Carlo
computations of expected values in stochastic differential equations. In this case, the
basic idea is to generate an initial estimate of the desired expected value using a
large number of sample trajectories with coarse time discretization and to correct
this estimate by fewer trajectories with more refined time discretization. Later, this
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idea was extended to more general quadrature methods, such as Quasi-Monte Carlo
and classical quadrature rules [86, 77]. In this dissertation, we study the extension of
multilevel methods to the recovery of the full response surface, which can be used to
compute additional statistical moments or estimates of the response probability density
function, for sensitivity analysis, or as a surrogate in inverse problems. In particular,
we study multilevel methods with two different underlying approximation methods in
Articles 1 and 2: discrete least squares polynomial approximation [27, 29] and kernelbased approximation [116, 133], respectively. To tackle the curse of dimensionality in
the parameter space, we combine multilevel least squares approximations with sparse
polynomial bases and optimal distributions of random sample locations depending
on the corresponding polynomial subspace, and we combine multilevel kernel-based
approximations with sparse grids in the parameter space.
Regression by minimization of the sum of squared errors in random sample locations
has a long history, starting with the work of Legendre and Gauss in the early 19th
century. A thorough modern account from a statistical perspective can be found in [68].
The observation that randomness can be beneficial even when sample locations could
be chosen deterministically is more recent and was first presented in [29] and later
applied to problems of uncertainty quantification in [102, 27, 75]. The crucial insight
is that while the number of samples required to achieve quasi-optimal approximations
in a given polynomial subspace must depend on the polynomial subspace dimension, it
can be chosen independently from the parameter space dimension, that is, the number
of uncertain parameters. Among other things, Article 1 presents novel analytical and
numerical results on the optimal choice of random sampling distributions, which further
reduce the number of required evaluations and aide numerical strategies for sampling
from optimal distributions. Unlike in classical settings, function evaluations in uncertainty quantification usually carry a discretization error stemming from the numerical
solution of a differential equation, which directly links accuracy and computational
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cost of each evaluation. As indicated above, the second contribution of Article 1 is to
reduce the computational cost of using only high-accuracy evaluations in the regression.
We present and analyze a multilevel method that forms an initial approximation of the
response surface based on a large number of coarse, and inexpensive, evaluations and
corrects this approximation by extrapolating the effects of finer discretizations based
on successively fewer evaluations. In particular, we provide assumptions under which
the effect of inexact evaluations on the computational complexity is asymptotically
negligible, up to multiplicative factors.
Kernel-based methods, such as radial basis function approximation [24], provide
an alternative route to quasi-optimal approximations. In particular, kernel-based
approximations are optimal among all approximation schemes that use the same
evaluations to approximate functions in the so-called reproducing kernel Hilbert space
associated to each kernel. This result leaves open the question of how to optimally
choose the evaluation nodes. We address this question using sparse grids, which were
introduced by Smolyak to mitigate the curse of dimensionality in pure integration and
approximation problems by using a carefully chosen subset of a full tensor grid [124].
Under the assumption of a somewhat loose coupling of the variables, evaluations in
this sparse grid suffice to obtain roughly the same accuracy as with a full grid at
significantly reduced computational cost. Article 3 and parts of Article 2 formalize
this result in an abstract framework that generalizes Smolyak’s algorithm and its
analysis. From this, we may deduce novel theoretical error bounds not only for
kernel-based approximation methods using sparse grids, but also for their combination
with multilevel methods as in Article 1. Finally, Article 3 discusses applications to
situations with even more discretization parameters that may determine, for example,
the truncation of a computational domain or the number of particles in mean-field
computations [74].
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Another area of applied mathematics in which high-dimensional approximation
problems are frequently encountered is financial mathematics. For example, European
put options on a portfolio of underlying stocks grant their owner the right to sell
the portfolio for a fixed price at a fixed time in the future. According to the theory
of Black and Scholes [17], European option values are given by expectations of
the final payoff under equivalent martingale measures. Since the payoff depends
on all underlying assets, the computation of these expectations faces the curse of
dimensionality. American options further allow their holder to freely choose the payoff
time anytime before the fixed expiry of the option. As a result, their value is not
given by simple expectations anymore. However, the time and asset dependent value
function may now be determined by use of the dynamic programming principle in a
backward iteration starting at the expiration time, where the value equals the payoff
function [84]. This result is exploited by popular state-of-the-art algorithms such as
Longstaff–Schwartz [95], finite difference [1], and binomial tree methods [33]. Since
each underlying asset corresponds to a dimension in the domain of the value function,
these algorithms are affected by the curse of dimensionality. The approximation at each
time point is further complicated by the kink of the value function at the boundary of
the so-called optimal exercise region. Furthermore, errors in the approximation are
propagated throughout time, which results in an exponential factor with respect to the
number of time steps in convergence estimates for the Longstaff–Schwartz algorithm
[136].
As an alternative, we present in Article 4 an algorithm that determines an optimal
exercise strategy directly, from which the correct option price can be obtained by
simple Monte Carlo evaluation. This approach is similar to previous work on direct
optimization of the exercise region [61]. To be able to determine the optimal exercise
strategy, we employ a novel relaxation of the original optimization problem that is
based on the introduction of randomized exercise strategies. As a result of this relax-
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ation, we obtain a smooth objective function that may be optimized using standard
gradient-based optimization routines. Furthermore, by starting these routines in a
neutral, non-informative exercise strategy with constant exercise rate we find global
optima despite lack of concavity of the objective function. This is demonstrated by
extensive numerical experiments for a variety of options in many underlying market
models, including the rough Bergomi model [11].

In the remaining sections of this introduction, we provide context and background
material for the included articles. While some of this material is rather elementary,
we use this opportunity to introduce notations and definitions needed for precise and
largely self-contained formulations of more advanced concepts in the final sections of
this chapter.

Author contributions The numerical experiments in Article 1 were performed
and written down by Abdul-Lateef Haji-Ali. I wrote the rest of the included articles
myself, with consideration to suggestions by the respective co-authors, and am the
corresponding author of all articles.
I presented Article 1 during an invited talk at the workshop Approximating high
dimensional functions at the Alan Turing Institute in London, United Kingdom in
January 2018 and at the 13th International Conference in Monte Carlo & Quasi-Monte
Carlo Methods in Scientific Computing in Rennes, France in July 2018. I presented
Article 2 during a talk at the 4th Workshop on Sparse Grids and Applications in Miami,
Florida in October 2016. I presented Article 3 during a talk at the 7th Workshop on
High-Dimensional Approximation in Sydney, Australia in February 2017. I presented
Article 4 in form of a poster at the conference on 3rd Workshop on Stochastic Methods
in Finance and Physics in Heraklion, Greece in July 2018.
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0.1

INTRODUCTION

Probability theory

Both uncertainty quantification and financial mathematics rely heavily on probability
theory. Following Kolmogorov’s axiomization, modern probability theory is based
on sample spaces, events within these spaces that may or may not occur, probability
measures that assign values between 0 and 1 to each such event, and random variables
that map sample spaces to the real numbers [48, 113].
Mathematically, events are modeled as subsets of a sample space Ω, such that
the set of all events, A ⊂ 2Ω , is a σ-algebra, which means that it contains the empty
set and is closed under complements and countable unions. Probability measures on
(Ω, A) are functions P : A → [0, 1] such that P (Ω) = 1 and

P(

∞
[

j=1

Aj ) =

∞
X

P (Aj )

j=1

for all choices of disjoint sets Aj ∈ A, j ≥ 1. Finally, a random variable X with values
in R is a map X : Ω → R that is measurable in the sense that each closed interval
(a, b) ⊂ R satisfies X −1 ((a, b)) ∈ A and can thus be assigned an induced probability
measure, or probability distribution,

P X ((a, b)) := P (X −1 ((a, b))),

which specifies how likely X lies in the interval (a, b). To be precise, the open intervals
do not form a σ-algebra but they can be extended to one, on which the probability
distribution P X admits a unique extension. We occasionally write P (X ∈ (a, b)) :=
P X ((a, b)) and we write X ∼ Y whenever the probability distributions P X and P Y
coincide (on all open intervals and hence on all elements of the generated σ-algebra).
Kolmogorov’s axiomization turned probability theory into a flourishing branch of
mathematics with deep results and links to various fields of pure and applied mathe-
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matics, by connecting probability to measure theory and thus making it amenable to
rigorous formulations and computations using Lebesgue integrals, which for measurable
f : R → R+ are given by
Z

f (x)P X (dx) :=

Z ∞

P (f (X) > t) dt ∈ [0, ∞],

0

where the integral on the right hand side is the improper Riemann integral of the
non-negative, non-increasing function t 7→ P (f (X) > t). For example, the expected
value of a random variable, which is given by

E[X] :=

N
1 X
xi p i
N i=1

whenever X takes only finitely many values xi with probabilities pi , 1 ≤ i ≤ N , can
be generally written as

E[X] :=

Z ∞

X

xP (dx) =

Z ∞

−∞

xpX (x) dx,

−∞

where the second equation holds, with dx denoting integration with respect to the
Lebesgue measure, whenever the cumulative distribution function F X (x) := P (X ≤ x)
is differentiable with derivative, or probability density function, pX (x). Similarly, the
variance of X can be written as

Var[X] :=

Z ∞
−∞

2

X

(x − E[X]) P (dx) =

Z ∞
−∞

(x − E[X])2 pX (x) dx.

For a rigorous study of Lebesgue integrals and measure theory, we refer to [127]. Some
examples of probability distributions are listed in Table 1 below.
The measure theoretic formulation of probability also allows for elegant formulations
of more advanced concepts such as stochastic independence, random variables with
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values in general measurable spaces, and conditional probabilities. For example, the
joint distribution of multiple random variables Xi , 1 ≤ i ≤ n is given by

P

(X1 ,...,Xn )

n
Y

n
Y

!

(ai , bi ) := P

i=1

!

Xi−1 ((ai , bi ))

i=1

and their covariance matrix is given by

Σij := E[(Xi − E[Xi ])(Xj − E[Xj ])],

1 ≤ i, j ≤ n.

The variables are said to be independent if

P (X1 ,...,Xn ) (

n
Y

(ai , bi )) =

i=1

Y

P Xi ((ai , bi ))

i∈I

for all (ai , bi ) ⊂ R, 1 ≤ i ≤ n. In this case, Σij = 0 for i =
6 j and Var[Xi + Xj ] =
Var[Xi ] + Var[Xj ], that is, the variables are also uncorrelated.
The conditional probability of an event A given another element B ∈ A with
P (B) > 0, P (A|B) := P (A ∩ B)/P (B), can be generalized to random variables
such that P (X ∈ A|Y = y) is well-defined even when P (Y = y) = 0 under some
assumptions. For independent variables X and Y this conditional probability satisfies
P (X ∈ A|Y = y) = P (X ∈ A) as expected. Bayes’ rule, which states that

P (A|B) = P (B|A)P (A)/P (B),

can be extended to the formula p(X,Y ) (x|Y = y) = p(Y,X) (y|X = x)pX (x)/pY (y)
for random variables X and Y with densities pX and pY , joint density p(X,Y ) , and
conditional density p(X,Y ) (x|Y = y) := p(X,Y ) (x, y)/pY (y). By abuse of notation, this
equality is often written as
p(x|y) = p(y|x)

p(x)
.
p(y)
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Gaussian random fields generalize finite-dimensional Gaussian random vectors.
They are defined as collection of random variables (Xu )u∈U , U ⊂ Rd such that
(Xu1 , . . . , Xun ) is normally distributed with covariance matrix σij = c(ui , uj ) and
mean (µ(u1 ), . . . , µ(un )) for functions µ : U → R and c : U 2 → R. Arguably the most
important example is the Wiener process (Wt )t∈[0,∞) , or Brownian motion, which
is the unique Gaussian random field on U := [0, ∞) with zero mean µ ≡ 0 and
covariance function c(s, t) = min{s, t}, t, s ≥ 0. It follows that the Wiener process
has independent, normally distributed, and stationary increments Wt − Ws ∼ Wt−s ∼
N (0, t − s), t ≥ s ≥ 0.

Uniform
Unif(a, b), a < b
Normal
N (µ, σ ), µ ∈ R, σ > 0

E[X]

Var[X]

1
1 (x)
b−a (a,b)

(b + a)/2

(b − a)2 /12

µ

σ2

1/λ

1/λ2

√1
σ 2π

2

Exponential
Exp(λ), λ > 0
Log-normal
Lognormal(µ, σ 2 )

pX (x)

2

exp(− (x−µ)
)
2σ 2

λ exp(−λx)1x≥0
xσ

1
√

2

x−µ)
exp(− (log2σ
)1x≥0
2
2π

exp(µ +

σ2
)
2

(exp(σ 2 ) − 1)
× exp(2µ + σ 2 )

Table 1: Some probability distributions on R.

0.2

Stochastic differential equations

Stochastic differential equations generalize ordinary differential equations of the form

dX(t) = f (X(t), t) dt

to the case where the values of f (X(t), t) are, loosely speaking, independent random
variables such that X(t) becomes a random process (Xt )t≥0 [108].
To obtain a rigorous mathematical description of such equations, we recall that
the increments Wt − Ws of a Wiener process provide a way to describe independent
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random variables in a consistent manner at arbitrary time scales. To exploit this
observation, we consider equations of the form

dXt = a(Xt , t) dt + b(Xt , t) dWt

(1)

with a, b : R × [0, ∞) → R, where a dt describes the average, non-random, drift of the
process X and b dW the random deviations around a. Discretizing the differentials,
we obtain Euler’s rule,

Xt+∆t − Xt = a(Xt , t)∆t + b(Xt , t))(Wt+∆t − Wt ),

(2)

which shows that X is driven by random forcing through a sequence of independent
(at least when b is constant) random variables, as desired. The Wiener process
provides the necessary scaling of the magnitude of these random forces to obtain a
well-defined process in the continuous time limit ∆t → 0. Studying the convergence
of the discretized processes obtained by repeated application of Equation (2) towards
this limit, and defining rigorously what is meant by this limit satisfying Equation (1),
requires definition of the Itô integral
Z T
0

b(Xt , t) dWt ,

which itself is a random variable with values in the reals. Since this definition is not
entirely trivial, we refer to the [108] and work under the assumption that such an object
exists. We add the warning that calculus with this object requires more attention to
details than the unfamiliar reader may expect and, in particular, that slightly different
definitions exist and lead to different integrals, such as that of Stratonovich. Using the
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Itô integral, we can give a precise meaning to Equation (1) by integrating both sides:

Xt − X0 =

Z T
0

a(Xt , t) dt +

Z T
0

b(Xt , t) dWt .

Assuming that a is continuous, the first integral is well-defined in the sense of Riemann,
if we assume that (Xt )t≥0 has continuous sample paths. Under some conditions on a
and b it can indeed be shown that Equation (1) has a unique solution with continuous
sample paths and that approximations using Euler’s rule, which can easily be computed
on a computer, converge to the unique continuous time solution as ∆t → 0 [85].
Instead of formulating the precise results, we conclude this section with a nontrivial example of a stochastic differential equation, the geometric Brownian motion,
whose analytic solution can easily be found and thus helps provide intuition for the
behavior of more general stochastic differential equations:




dXt



X0

= µXt dt + σXt dWt

(3)

= x0 > 0.

Repeated application of Euler’s rule with time step h = ∆t leads to

Xth = X0

t/h
Y

(1 + µh + σ∆j W ),

j=1

where we assume for simplicity that t/h ∈ N, we denote the time step by h instead of
∆t and we let ∆j W := W (jh) − W ((j − 1)h) ∼ N (0, h), 1 ≤ j ≤ t/h. If we now use
the expansion
log(1 + x) = x − x2 /2 + O(x3 )
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with x := µh + σ∆j W and x2 = µ2 h2 + 2µσh∆j W + σ 2 (∆j W )2 , we obtain




t/h
σ2 X
h

Xt = X0 exp µt + σW (t) −
(∆j W )2 + O(h) ,
2 j=1

Pt/h

where we used E[(
E[

Pt/h

2
j=1 (∆j W ) ]

=

Var[

j=1 [µ

Pt/h

j=1

t/h
X

2 2

h + 2µσh∆j W ])2 ] = µ4 t2 h2 + 4µ2 σ 2 h2 t ∈ O(h2 ). Since

h = t and

(∆j W )2 ] =

j=1

t/h
X

Var[(∆j W )2 ] =

j=1

t/h
X

O(h2 ) ∈ O(h),

j=1

we may finally conclude that, in the sense of L2 ,
!

Xth

σ2
= X0 exp µt + σW (t) − t + O(h1/2 )
2
!
σ2
→ X0 exp µt + σW (t) − t
as h → 0.
2

In other words, we have found that Xt /X0 ∼ Lognormal((µ −

σ2
)t, σ 2 t),
2

(4)

t > 0. Had

we used the first order expansion log(1 + x) = x + O(x2 ), we would have missed the
contributions (∆j W )2 ≈ h, 1 ≤ j ≤ t/h, which give rise to the correction factor

σ2
t
2

in the continuous time solution. To gain confidence that this factor should be there,
note that in the case µ = 0, we may immediately deduce from Euler’s rule that the
expected value of the limit must equal X0 . According to Table 1 this is true for the
solution in Equation (4) only with the correction factor.
The sketch above can be made rigorous to show that

RT
0

E[(Xth − Xt )2 ]1/2 dt decays

at the rate O(h1/2 ) which appears in Equation (4). The same holds for a large class
of SDE, and this rate is optimal for this measure of convergence [85]. However, faster
convergence can be achieved in the computation of expectations, where the so-called
weak rate of convergence, | E[g(Xth )] − E[g(Xt )]|, is of interested.
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Advection diffusion equations

Advection diffusion equations describe transport phenomena by means of advection
following a carrier substance, and diffusion, which occurs without bulk motion due to
random motion. In this dissertation, we are mostly concerned with linear advection
diffusion equations of the form





∂t u − div(A∇x u) + b · ∇x u + cu






u








u

=f

in U × [0, T ]
(5)

on ∂U × [0, T ]

=g

= h at t = 0

and their stationary counterparts




− div(A∇x u) + b · ∇x u + cu



u

=g

=f

in U × [0, T ]
(6)

on ∂U,

for open U ⊂ Rd and coefficients A : U → Rd×d , b : U → Rd , and c : U → R.
For example, it may easily be verified that Equation (5) with A = 12 Id, b = c = 0
and U = R (without boundary condition) describes the evolution of the probability
density
1
u(t, x) = pWt (x) = √
exp(−x2 /(2t))
2πt
of the Wiener process. Indeed, this is just a special case of a general connection between
stochastic differential equations and linear parabolic partial differential equations,
which are called Fokker–Planck equations in that context. A similar, in some sense
dual, such connection was found by Kolmogorov, who showed that the expectations
u(t, x) := E[g(Xt )|Xt = x] satisfy a linear parabolic equation backwards in time, with
terminal values u(T, x) = g(x) [19].
The mathematical theory concerning existence, uniqueness, and regularity of
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solutions to these PDE is rather complete and is described in many monographs
[46, 58, 19, 89]. Many results are formulated using Sobolev spaces W k,p (U ), which
consist of functions in Lp (U ) for some p ≥ 1 with k-th weak derivatives that are also
in Lp (U ). Recall that a function f is said to have weak derivative ∂x f if ∂x f allows
for partial integration, that is,

R
U

∂x f φ dx :=

R
U

f ∂x φ dx for all compactly supported

smooth functions φ. We denote by H k (U ) := W k,2 (U ) the Hilbert Sobolev space with
p = 2. The following theorem combines theorems 6.2.3.6 and 6.3.2.5 from [46] as an
example of the available results.
Theorem 0.3.1. Let k ≥ 0 and assume that A, b, c ∈ C k+1 (U ), ∂U is locally a graph
of k + 2 times continuously differentiable functions, g ≡ 0 and f ∈ H k (U ). If A is
uniformly elliptic,

P

ij

xi Aij (x)xj > θ|x|2 for some θ > 0 and all x ∈ Rd , and if c is

large enough, then Equation (6) has a unique solution u ∈ H k+2 (U ) and

kukH k+2 (U ) ≤ Ckf kH k (U ) .

Numerical solutions of Equation (6) (and Equation (5)) can be found using finite
difference or finite element schemes, among others. In the former, u is approximated
on a mesh of width h > 0 and all derivatives are replaced by finite differences to obtain
an equation from which the approximate solution uh can be obtained. In the latter,
uh is sought within a finite-dimensional space of piecewise polynomial functions Vh
(with “pieces” of diameter h), by enforcing Equation (6) to hold when it is multiplied
by any v ∈ Vh and integrated over U .
Loosely speaking, the convergence uh → u in both schemes occurs at the rate
ku − uh k ≤ Chk

whenever u is k-times differentiable and finite difference stencils (piecewise polynomials)
of order (regularity) k (k − 1) are used, respectively. For precise formulations of these
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results, that is, of the correct choices of norms and the requirements on u, U and the
discretization schemes, we refer to [20] and [91], respectively.

0.4

Quadrature and interpolation methods

Looking back at the previous subsections, we note that numerical approximation
schemes for stochastic and partial differential equations converge roughly at the rate
“available regularity minus required regularity”. For example, the convergence rate
h1/2 in the case of stochastic differential equations may be explained by the fact that
trajectories of the Wiener process are almost surely elements of the Hölder space
C 1/2− for all  > 0. Similarly, we have seen that finite difference and finite element
schemes for partial differential equations converge at the rate hk whenever the solution
of the PDE is k times differentiable. For example, finite element methods converge at
the rate hk in the L2 norm whenever the k-th derivatives of the solution are square
integrable. Moreover, they converge in the H m , m < k at the rate hk−m under the
same assumptions.
Similar results can be obtained for quadrature and interpolation methods using
nodes on a regular grid with mesh width h: Functions in H k (U ) can be approximated at
the rate hk−m in the H m norm using suitable approximation schemes. For quadrature,
we note that
Z
U

f dx −

Z
U

fˆ dx ≤

Z

|f − fˆ| dx.

U

Hence, the quadrature error resulting from integrating an approximation fˆ of f is
bounded by the accuracy of that approximation in the L1 (U ) norm. As a result, the
condition f ∈ H k (U ) can be relaxed, under some conditions, to f ∈ W k,1 (U ) while
maintaining the convergence rate hk . The problem with these results is that the size
of a regular grid of mesh width h equals N d if we consider hypercubes U = [0, 1]d ,
for simplicity. Hence the work to achieve accuracy  > 0 grows exponentially with
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respect to the dimension of the domain, which is an instance of the so-called curse of
dimensionality.
One way to mitigate this issue is to form averages over independent random
evaluations – the Monte Carlo approach to quadrature. More precisely, if Xi , 1 ≤ i ≤ N
are independent random variables with Xi ∼ P for some fixed probability distribution
P on U , then
Z

f P (dx) ≈

U

N
1 X
f (Xi ).
N i=1

An easy calculation, using the independence of the values f (Xi ) and the fact that

E[f (Xi )] =

Z

f P (dx),

U

√
reveals that the typical error of Monte Carlo approximations decays like 1/ N –
independent of the dimension d – in the sense that


E[|eN |2 ] := E 

Z
U

!2 

N
1 X
P (dx) −
f (Xi )
N i=1



=

Var f (X1 )
.
N

In some applications it is also important to know that the probability of errors
larger than a fixed value t decreases exponentially in N , under some more restrictive
assumptions on f . Such results are proved in large deviation theory [23, 38]. For
example, Hoeffding showed [82] that if f is bounded above and below by b and a,
respectively, then
!

2N t2
P (|eN | > t) ≤ 2 exp −
.
(b − a)2
Similar results have been established for random matrices in the operator norm [130, 2].
√
The problem with Monte Carlo approximations is that 1/ N decays rather slowly
– for each additional digit of accuracy, the number of samples must be increased by
the factor 100.
An alternative approach to high-dimensional approximation was given by Smolyak
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in [124], where he introduced what is nowadays known as sparse grids [51]. His
fundamental idea was to combine anisotropic grids, that is, regular grids with different
resolutions in different coordinate directions, in a way such that each coordinate
direction is maximally resolved in exactly one of the constituent grids. Functions
that are affected by each variable separately, such as f (x) = f1 (x1 ) + · · · + fd (xd ),
can be approximated by sparse grids as accurately as by the corresponding full grid
using significantly fewer evaluations. For example, Smolyak showed that integrals of
functions in
n

k
Hmix
([0, 1]d ) := f : ∂ α f ∈ L2 ([0, 1]d ) ∀α ∈ Nd s.t. |α|∞ ≤ k

o

can be approximated with accuracy  > 0 using sparse grids with
1

1

O(− k | log |(1+ k )(d−1) )

nodes. In other words, the curse of dimensionality is curtailed to a logarithmic factor.
In particular, for some large values of k (depending on d), sparse grids outperform
Monte Carlo approximations. This is possible because more regularity is exploited
k
than in full grid approximations; Hmix
is a strict subset of H k .

Discrete random least squares polynomial approximations [29] further refine the
strategy to exploit as much regularity as possible. Here, a function f is approximated
within a space of polynomials V by minimizing the sum of squared errors,

fLS := arg min
p∈V

N
X

|f (xi ) − p(xi )|2 ,

i=1

in independent and identically distributed evaluation nodes xi , 1 ≤ i ≤ N . Using
large deviation theory for matrices, it can be shown that least squares approximations
with a number of uniformly distributed nodes N that depends on the dimension of V
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but not on the domain dimension d are quasi-optimal within V ,

kf − fLS kL2 (U ) ≤ 2 min kf − pkL2 (U )
p∈V

with high probability.

0.5

Uncertainty quantification

Uncertainty quantification attempts to provide rigorous descriptions of uncertainties
occurring in scientific simulations. As such, it employs tools from statistics and numerical analysis. A popular application of uncertainty quantification is the simulation
of flow through porous media in subsurface environments. Under some simplifying
assumptions, the stationary flow can be described by Darcy’s law, which leads to a
second order elliptic partial differential equation for the fluid pressure of the form [34]




− div(κ∇u)



u

=g

=f

in U
(7)

on ∂U.

Since the precise composition of the porous medium and its physical properties such as
permeability, porosity, constrictivity and tortuosity are usually unknown, the effective
diffusivity κ in Equation (7), which in general is a function κ : U → R3×3 , can often
only be given a probabilistic description. For example, if we assume for simplicity
that the medium under consideration is homogeneous and isotropic, the corresponding
non-negative diffusion constant could be modeled as a log-normal random variable,
κ ∼ Lognormal(µ, σ). In this context, randomness is used in the Bayesian sense to
quantify epistemological uncertainty about a fixed but unknown value, rather than
inherent randomness, or aleatory uncertainty. In other words, describing diffusivity
by means of a probability distribution is a mathematical tool to describe prior beliefs,
or uncertainty, and does not imply that different researchers set out to determine
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ground properties would obtain different results following a log-normal probability
distribution. Nonetheless, for a single researcher, learning the value of κ can be
equated to a random experiment with different conceivable outcomes that could occur
among in all scenarios with the same prior knowledge and experiment setup. We end
our philosophical digression at this point, hoping to have sufficiently convinced the
reader that it makes sense to speak about probability distributions, expected values in
connection to κ.
In the following, we denote by uκ the unique solution to Equation (7), which exists
whenever κ > 0 according to Theorem 0.3.1. Furthermore, we assume that we are
interested in a real-valued quantity of interest, which could be the value of uλ at
a single point or its average over a subset of U , and denote the resulting map by
κ 7→ q(κ). One way to make predictions about q, that is, to describe its probability
distribution, based on the probabilistic description of κ is to solve Equation (7) for the
maximal-likelihood (κML = exp(µ − σ 2 )), mean (κmean = exp(µ + σ 2 /2)), or median
(κmedian = exp(µ)) values. However, none of these approaches will generally give
accurate representations of the true maximal-likelihood, mean, or median values of
q. Indeed, even though Equation (7) is a linear equation, the induced mappings
κ 7→ uκ and κ 7→ q(κ) are not; thus, no simple relation between statistical properties
of κ and q can be expected. For example, observe that for normal random variables
X ∼ N (µ, σ 2 ), the mean exp(µ +

σ2
)
2

of the log-normal random variable Y = exp(X)

can be arbitrarily far from the exponential exp(µ) of the mean of X. Moreover, a single
computation provides no information on the range of possible values, or confidence
bands, of qκ .
Providing rigorous approximations of statistical properties of q is called the forward
problem of uncertainty quantification. The inverse problem consists in updating the
prior belief in κ based on experimental observations. For example, if an experiment
provides an estimate Y := uκ (x0 ) + , where  ∼ N (0, σ 2 ) is a normally distributed
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measurement error, then Bayes’ rule can be used to find the a posteriori distribution

p(κ|Y = y) = p(Y = y|κ)p(κ)/p(Y = y),

(8)

The fact that p(Y = y|κ) ∼ N (uκ (x0 )) shows that efficient solutions to the forward
problem are required for the inverse problem as well. Hence, we restrict our efforts to
the forward problem, approaches to which can be classified as intrusive or non-intrusive.
For example, stochastic Galerkin methods interprets Equation (7) as an equation
on U × R that can then be solved using traditional Galerkin methods using Ansatz
functions on U × R [57, 36]. Since does not make use of existing PDE solvers, at least
not without significant modifications, it is considered intrusive. In this dissertation,
we instead focus on the non-intrusive approach [7, 13] to compute q(κi ) for a number
of carefully selected values κi , 1 ≤ i ≤ N , which are then used to approximate q or its
expectation E[q] =

R
R

p(κ)q(κ) dκ through interpolation or quadrature, respectively. In

more realistic settings with not just one but many uncertain parameters this requires
many evaluations of q, as we have seen in the previous section. The fact that each
evaluation of q requires the solution of Equation (7) adds to the large computational
cost of this approach. Indeed, we may only evaluate approximations qh → q, h > 0
where the work to evaluate qh grows like h−γ for some γ > 0. In the case of Monte
Carlo quadrature, this can be mitigated by the Multilevel Monte Carlo method [80, 59],
which uses different accuracies for different values of κ in the computation of uκ . The
resulting values of qκ are then combined in an estimator that has the same low bias as
if all computations were done using the highest accuracy. More precisely, if we denote
by hl , l ≥ 0 a hierarchy of mesh resolutions for the numerical solver of Equation (7)
(l)

and if we let κi , 1 ≤ i ≤ Ml , Ml > Ml+1 , 0 ≤ l ≤ L, L > 0 be independent samples
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from Lognormal(µ, σ), then

YL :=

Ml
Ml
L
X
1 X
1 X
(l)
(l)
(l)
qh0 (κi ) +
qhl (κi ) − qhl−1 (κi )
M0 i=1
M
l i=1
l=1

satisfies
E[YL ] = E[qhL ]
by telescopic cancellation.
If we assume that Var[q − qh ] ∈ O(hβ ) for some β > 0, then further calculations
reveal that for any  > 0 we may achieve Var[(YL − E[q])2 ] ≤  for a suitable choice of
L and the sequence (Ml )0≤l≤L and the computation of the corresponding estimator
only requires the work
− max{2,γ/β}
up to possible logarithmic factors in . If γ/β < 2, this means that the work associated
with solutions of the Equation (7) is negligible: −2 is the work required to compute any
expected value to accuracy  using Monte Carlo methods, even when the underlying
function can be evaluated exactly. On the other hand, if γ/β > 2, this means that the
work for quadrature is completely negligible: according to our assumptions, −γ/β is
the work required to solve Equation (7) for a single value κ with accuracy .

0.6

Option pricing

Though preliminary work on option pricing was done in [115, 8], much of the modern
mathematical study of financial derivative pricing was initiated by the seminal work
of Black, Scholes, and Merton [17, 99, 100, 18] in the early seventies. In particular,
they introduced what is now known as hedging arguments, the Black–Scholes model,
the Black–Scholes formula, and the Black–Scholes equation [135].
Put (call) options give their own the right, but not the obligation, to sell (buy)
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an underlying asset, most commonly a stock, to the contract partner, the so-called
writer of the option, at a fixed strike price K at a time in the future. In the European
variety, the purchase most occur exactly at a previously agreed expiration time T > 0,
whereas American options may be exercised by their owner anytime before T .
Let us consider European put options and let us denote the price of the underlying
asset by (Xt )0≤t≤T . Clearly, a rational individual will exercise his right to sell at time
T if and only if K > XT , in which case they can make the immediate profit K − XT
by buying the stock at the price XT and selling it at the strike price K. Following
Black and Scholes, we model random fluctuations of the stock price by the geometric
Brownian motion
dXt = µXt dt + σXt dWt ,
where µ is usually larger than the interest rate r > 0 of risk-free investments and
σ > 0 determines the volatility of the stock. In Equation (4), we have seen that XT is
log-normal distributed and in particular E[XT ] = exp(µ)X0 . At first sight, it seems
that the price of the option should be given by the discounted expected payoff
√
e−rT E[(K − XT )+ ] = e−rT E[(K − exp(σ T Y + (µ − σ 2 /2)T )X0 )+ ]

(9)

where Y is a standard normal variable with unit variance and zero mean. To see that
this cannot quite be right, consider a contract that obligates the buyer to purchase
stock at time T from the writer, no matter the stock price then. Such contracts are
called futures in the financial literature. Using the same reasoning as above, we would
expect the price
e−rT E[XT − K] = e(µ−r)T X0 − e−rT K.

(10)

However, if futures were really traded at this price, savvy individuals could sell a
future with strike K := (eµT − erT )X0 > 0 and buy the stock at time 0, resulting in
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the balance (e(µ−r)T X0 − e−rT K) − X0 = 0. At time T , they would hand the stock
over to their contracting party and receive the strike K > 0 in return. In summary,
this would constitute a strategy that guarantees a non-zero payoff at T , starting from
nothing. That such opportunities cannot persist in well-behaved financial markets is
called the no arbitrage assumption. Under this assumption, arguments as above show
that the price of a future must be X0 − K. The fault in our initial guess was to assume
that the value of financial instruments is uniquely determined by their expectations –
typical market participants are willing to accept lower expected profits to avoid risk.
The strategy to determine option prices by hedging, that is, by combining market
instruments to obtain risk-free portfolios that must follow the risk-free interest rate
r > 0 can also be applied to more general derivatives. In particular, it turns out that
our initial guess of the European option price can be salvaged by replacing XT by a
geometric Brownian motion X̃t with drift rX̃t dt. In other words, simply replacing
µ by r in Equations (9) and (10) yields correct pricing formulas. The former is the
Black–Scholes formula for the price of put options, which can be rewritten more
explicitly in terms of the cumulative distribution function of the normal distribution.
The same strategy works for general options on portfolios constructed from multiple
underlying assets, where Xt ∈ Rd+ and the final payoff is given by a function g : Rd+ → R.
However, the expectations E[g(XT )] rarely have analytic solutions, which means that
the they must be approximated by Monte Carlo estimates or rewritten as integrals
over Rd+ and approximated using deterministic quadrature methods. For American
options, the situation is even worse: their price is not given by an expectation; instead,
it can be shown that the Kolmogorov backward equation of the European option
price formula can be modified to give an equation for the American put option
price V : [0, T ] × Rd+ → R+ [122], which we formulate below for d = 1 where the
equation must be simultaneously solved for the so-called optimal exercise boundary
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L : [0, T ] → R+ :



1 2 2 2



∂t V (t, x) + rx∂x V (t, x) + 2 σ x ∂xx V (t, x) − rV (t, x)







V (T, x) = (K − x)+




V (t, x) = K − x,









V (t, ·) ∈ C 1 , 0 ≤

= 0,

x ≥ L(t)

0 ≤ x ≤ L(t)
t<T

This nonlinear partial differential equation can be solved numerically to estimate the
American option price but the cost of doing so with standard PDE methods such
as finite differences or finite elements increases exponentially with d and requires
some effort for accurate time stepping schemes that keep track of the smooth-pasting
condition V (t, ·) ∈ C 1 .
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Abstract Weighted least squares polynomial approximation uses random samples
to determine projections of functions onto spaces of polynomials. It has been shown
that, using an optimal distribution of sample locations, the number of samples
required to achieve quasi-optimal approximation in a given polynomial subspace
scales, up to a logarithmic factor, linearly in the dimension of this space. However, in
many applications, the computation of samples includes a numerical discretization
error. Thus, obtaining polynomial approximations with a single level method can
become prohibitively expensive, as it requires a sufficiently large number of samples,
each computed with a sufficiently small discretization error. As a solution to this
problem, we propose a multilevel method that utilizes samples computed with different
accuracies and is able to match the accuracy of single-level approximations with
reduced computational cost. We derive complexity bounds under certain assumptions
about polynomial approximability and sample work. Furthermore, we propose an
adaptive algorithm for situations where such assumptions cannot be verified a priori.
Finally, we provide an efficient algorithm for the sampling from optimal distributions
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and an analysis of computationally favorable alternative distributions. Numerical
experiments underscore the practical applicability of our method.

1.1

Introduction

A common goal in uncertainty quantification [90] is the approximation of response
surfaces
γ 7→ f (γ) := Q(uγ ) ∈ R,
which describe how a quantity of interest Q of the solution uγ to some partial differential
equation (PDE) depends on parameters γ ∈ Γ ⊂ Rd of the PDE. The non-intrusive
approach to this problem is to evaluate the response surface for finitely many values of
γ and then to use an interpolation method, such as (tensor-)spline interpolation [36],
kernel-based approximation (kriging) [106, 66], or (global) polynomial approximation
[90].
In this work, we study a variant of polynomial approximation in which least squares
projections onto finite-dimensional polynomial subspaces are computed using values of
f at finitely many random locations. More specifically, given a probability measure µ
on the parameter space Γ and a polynomial subspace V ⊂ L2µ (Γ), the approximating
polynomial is determined as

ΠV f := arg min kf − vkN ,

(1.1)

v∈V

where k · kN is a discrete approximation of the L2µ (Γ) norm that is based on evaluations
in finitely many randomly chosen sample locations γj ∈ Γ, j ∈ {1, . . . , N } and a
weight function w : Γ → R.
The case where equally weighted samples are drawn independently and identically
distributed from the underlying probability measure itself, γj ∼ µ, has been popular
among practitioners for a long time and has been given a thorough theoretical founda-
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tion in the past decade [27, 29, 101]. More recently, the use of alternative sampling
distributions and non-constant weights was studied in [103, 31, 75]. In particular, [75]
presented a sampling distribution νV∗ and a corresponding weight function for which
the number of samples required to determine quasi-optimal approximations within
V is bounded by dim V up to a logarithmic factor. (This result was proved in [75]
for total degree polynomial spaces and generalized in [31] to more general function
spaces.) Since this distribution depends on V , it is natural to ask how samples can be
efficiently obtained from it and whether there is an alternative that works equally well
for all polynomial subspaces V . To address the first question, we present and analyze
an efficient algorithm to generate samples from νV∗ in the case where Γ is a product
domain and µ is a product measure. For more general cases, we also study Markov
chain methods for sample generation and analyze the effect of small perturbations
of the sampling distribution on the convergence estimates of [75, 31]. To address the
second question, we provide upper and lower bounds on νV∗ in the case where Γ is
a hypercube. The lower bound allows us to make the error estimates obtained in
[31] more explicit. The upper bound shows that the arcsine distribution, which was
proposed in [103], performs just as well as νV∗ up to a constant that is independent of
V . This is advantageous for adaptive algorithms in which the polynomial subspace
and the corresponding optimal sampling distribution vary during the iterations. However, the constant mentioned above does depend exponentially on the dimension d of Γ.

To motivate the main contribution of this work, namely the multilevel weighted
least squares polynomial approximation method, we note that the response surface f
from the beginning of this introduction cannot be evaluated exactly. Indeed, in most
cases, the computation of Q(uγ ) requires the numerical solution of a PDE. Thus, we
can only compute approximations of f whose accuracy and computational work are
determined by the PDE discretization. If we simply applied polynomial least squares
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approximation using a sufficiently fine discretization of the PDE for all evaluations,
then we would quickly face prohibitively long runtimes. For this reason, we introduce
a multilevel method that combines lots of cheap samples using coarse discretizations
with relatively few more expensive samples using fine discretizations of the PDE. In
the recent decade, such multilevel algorithms have been studied intensely for the
approximation of expectations [77, 80, 86, 70]. The goal of this paper is to extend this
earlier work to the reconstruction of the full response surface, using global polynomial
approximation and estimating the resulting error in the L2µ norm.
To describe the multilevel method, assume that we want to approximate a function f . Assume furthermore that we can only evaluate functions fl with fl →f as
l → ∞ in a suitable sense and that the cost per evaluation increases as l → ∞. A
straightforward approach to this situation is to apply least squares approximation
to some fL that is sufficiently close to f . The theory of (weighted) polynomial least
squares approximation then provides conditions on the number of samples required
to achieve quasi-optimal approximation of fL within a given space of polynomials
VL . However, this approach can be computationally expensive, as each evaluation
of fL requires the numerical solution of a PDE using a fine discretization. As an
alternative, our proposed multilevel algorithm starts out with a least squares approximation of f0 using a relatively large polynomial subspace V0 and correspondingly
many samples. To correct for the committed error f − f0 , the algorithm then adds
polynomial approximations of fl − fl−1 that lie in subspaces Vl , l ∈ {1, . . . , L}. Since
we assume that fl → f in an appropriate sense, the differences fl − fl−1 may be
approximated using smaller polynomial subspaces for l → ∞. Exploiting this fact, it
is possible to obtain approximations with significantly reduced computational work.
Indeed, we show that under certain conditions the work that the multilevel method
requires to attain an accuracy of  > 0 is the same as the work that regular least
squares polynomial approximation would require if f could be evaluated exactly. It is
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clear that such a result is not always possible. For example, if f were constant, then
polynomial least squares approximations in any fixed polynomial subspace would yield
the exact solution given a sufficiently large sample size. This means that the work
required to achieve an accuracy  > 0 would be bounded as  → 0, which can clearly
not be true for an algorithm that uses evaluations from approximate functions fl that
become more expensive to evaluate as l → ∞. Instead, the optimal computational
work required for an accuracy of  > 0 by such an algorithm would be determined by
the convergence of fl → f and by the work that is required for evaluations of fl . Our
results show that for many problems, the two cases described above are dichotomous.
This means that the total computational work is determined either by the convergence and work associated with fl or by the convergence of polynomial least squares
approximation using exact evaluations (see Theorem 1.4.3 for a more formal statement).

The remainder of this paper is structured as follows. In Section 1.2, we review
the theoretical analysis of weighted least squares approximation. In Section 1.3, we
discuss different sampling strategies. We propose algorithms to sample the optimal
distribution and we discuss the consequences of using perturbed distributions. In
Section 1.4, we introduce a novel multilevel algorithm and prove our main results
concerning the work and convergence of this algorithm. For situations in which the
regularity of f and the convergence of fl are not known, we propose an adaptive
algorithm in Section 1.5. We discuss the applicability of our method to problems in
uncertainty quantification in Section 1.6. Finally, we present numerical experiments
in Section 1.7.

1.2

Weighted least squares polynomial approximation

In this section, we provide a short summary of the theory of weighted discrete least
squares polynomial approximation, closely following [31].
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Assume that we want to approximate a function f ∈ L2µ (Γ), where Γ ⊂ Rd and µ is
a probability measure on Γ. The strategy of weighted discrete least squares polynomial
approximation is to
• choose a finite-dimensional space V ⊂ L2µ (Γ) of polynomials on Γ
• choose a function ρ : Γ → R that satisfies

R
Γ

ρ(γ)µ(dγ) = 1 and ρ > 0

• generate N > 0 independent random samples from the sampling distribution ν
defined by

dν
dµ

:= ρ,
γj ∼ ν,

Here,

dν
dµ

j ∈ {1, . . . , N }.

denotes the density, or Radon-Nikodym derivative, of the probability

measure ν with respect to the reference measure µ.
• evaluate f at γj , j ∈ {1, . . . , N }
• define the weight function w := ρ1 : Γ → R
• and finally define the weighted discrete least squares approximation

ΠV f := arg min kf − vkN ,

(1.2)

v∈V

where
kgk2N := hg, giN :=

N
1 X
w(γj )|g(γj )|2
N j=1

∀g : Γ → R.

(1.3)

It is straightforward to show that the coefficients v of ΠV f with respect to any basis
(Bj )m
j=1 of V are given by
Gv = c,

(1.4)

with Gij := hBi , Bj iN , and cj := hf, Bj iN , i, j ∈ {1, . . . , m}, assuming that G is
invertible. If G is not invertible, then Equation (1.2) has multiple solutions and we
define ΠV f as the one with the minimal L2µ (Γ) norm.
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Remark 1.2.1. Assembling the matrix G requires O(m2 N ) operations. However,
q

using the fact that G = M> M for Mij := N −1/2 w(γi )Bj (γi ), matrix vector products
with G can be computed at the lower cost O(mN ) as Gx = M> (Mx).
Since wρ = 1, the semi-norm defined in Equation (1.3) is a Monte Carlo approximation of the L2µ (Γ) norm. Therefore, we may expect that the error kf − ΠV f kL2µ (Γ)
is close to the optimal one,

eV,2 (f ) := min kf − vkL2µ (Γ) .
v∈V

(1.5)

Part (iii) of Theorem 1.2.2 below shows that this is true in expectation, provided that
the number of samples N is coupled appropriately to the dimension m = dim V of
the approximating polynomial subspace and provided that we ignore outcomes where
G is ill-conditioned. For results in probability, we need to replace the best L2µ (Γ)
approximation by the best approximation in a weighted supremum norm,
q

eV,w,∞ (f ) := inf sup |f (γ) − v(γ)| w(γ).
v∈V γ∈Γ

(1.6)

Theorem 1.2.2 (Convergence of weighted least squares, [31, Theorem 2]).
For arbitrary r > 0, define
κ :=

1/2 − 1/2 log 2
.
1+r

Assume that for all γ ∈ Γ there exists v ∈ V such that v(γ) 6= 0 and denote by (Bj )m
j=1
an L2µ -orthonormal basis of V . Finally, assume that

KV,w := kw

m
X

Bj2 kL∞ (Γ) ≤ κ

j=1

N
.
log N

(1.7)

(i) With probability larger than 1 − 2N −r , we have
1
kG − Ik ≤ ,
2

(1.8)
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where G is the matrix from Equation (1.4), I is the identity matrix, and k·k
denotes the spectral matrix norm.
q

(ii) If kG − Ik ≤ 1/2, then for all f with supγ∈Γ |f (γ)| w(γ) < ∞, we have

kf − ΠV f kL2µ (Γ) ≤ (1 +

√

2)eV,w,∞ (f ).

(iii) If f ∈ L2µ (Γ), then
Ekf − ΠcV f k2L2µ (Γ) ≤ (1 +

4κ
)e2 (f ) + 2kf k2L2µ (Γ) N −r ,
log N V,2

where E denotes the expectation with respect to the N -fold draw from the sampling
distribution ν and

ΠcV f

:=





ΠV f



0

if kG − Ik ≤ 21 ,

otherwise.

Proof. It is proved in [31, Theorem 2] that the bound in part (ii) holds for a fixed f
with probability larger than 1 − 2N −r . A look at the proof reveals that the bound
only depends on the event kG − Ik ≤ 1/2 and not on the specific choice of f . The
remaining claims are exactly as in [31].
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Sampling strategies

It was observed in [31] that the constant KV,w in Equation (1.7) satisfies
m=

Z X
m

Bj (γ)2 µ(dγ)

j=1

≤

Z

 X
m

−1

w (γ)µ(dγ)

(1.9)

wBj2

j=1

L∞ (Γ)

=KV,w
and that the inequality becomes an equality for the weight wV∗ = ρ∗V −1 that is associated
with the density
ρ∗V (γ)

m
1 X
:=
|Bj (γ)|2 .
m j=1

(1.10)

For this choice, Theorem 1.2.2 roughly asserts that the number of samples required to
determine a near-optimal approximation of f in an m-dimensional space V is smaller
than Cm log m for some C > 0. In the remainder of this work, we refer to wV∗ , ρ∗V ,
and
dνV∗
:= ρ∗V
dµ

νV∗ :

(1.11)

as the optimal weight, density, and distribution, respectively. Since the optimal
distribution νV∗ depends on V , practical implementations need to address the question
how to obtain samples from νV∗ for general subspaces V . Furthermore, since ρ∗V
depends on V , the weight in eV,∞ (f ) in part (ii) of Theorem 1.2.2 does as well. To
address these issues, we present two types of results in this section.
First, we discuss how to obtain samples from νV∗ . For the case where Γ is a
d-dimensional hypercube and µ =

Nd

j=1

µj with µj satisfying certain assumptions,

we propose a method for the generation of N samples whose computational work is
bounded in expectation by the product KdN with a constant K that depends only
on the measures µj . For non-product domains or measures, we briefly discuss how to
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use Markov chain Monte Carlo (MCMC) sampling for the generation of samples from
approximate distributions and how perturbations of the sampling distributions affect
the error estimates.
Second, we prove for the case Γ = [0, 1]d and under a rather permissive assumption
on µ (in particular, µ must be absolutely continuous with respect to the Lebesgue
measure) that for any polynomial subspace V the density of the optimal distribution
νV∗ with respect to the Lebesgue measure λ satisfies
C −d <

dνV∗
≤ C d p∞
d ,
dλ

(1.12)

where 0 < C < ∞ is independent of V , and p∞
d is the Lebesgue density of the
d-dimensional arcsine distribution,

p∞
d (γ) :=

d
Y

1
q

j=1

π γj (1 − γj )

.

(1.13)

The lower bound in Equation (1.12) implies that the optimal weight wV∗ is bounded
above by C d dµ
, which can be used to make the error estimate in part (ii) of Theodλ
rem 1.2.2 more explicit.
By the upper bound, we may use samples from the d-dimensional arcsine distribution instead of the optimal distribution. Indeed, the upper bound implies that the
weight function w associated with the arcsine distribution satisfies KV,w ≤ C d m. Thus,
the required number of samples is increased by at most a factor that is independent
of V . The advantages are that samples from the arcsine distribution can be generated
efficiently, that we can use samples from the same distribution for all polynomial
subspaces, and that the weight w is easy to analyze and independent of V .
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Sampling from the optimal distribution

We now describe an efficient algorithm to obtain samples from νV∗ in the case when Γ
is a Cartesian product, µ is a product measure, and V is downward closed.
Definition 1.3.1 (Downward closedness). Let N := {0, 1, . . . }. A set I ⊂ Nd
is called downward closed if η ∈ I implies η 0 ∈ I for any η 0 ∈ Nd with η 0 ≤ η
componentwise.
A space V of polynomials on a Cartesian product domain Γ =

Qd

j=1 Ij

with Ij ⊂ R

is called downward closed if it is the span of monomials,
η

V = span{γ =

d
Y
ηj

γj : η ∈ I},

j=1

for some downward closed set I ⊂ Nd .
Remark 1.3.2. Observe that any non-trivial downward closed polynomial space V
includes the constant functions and thus satisfies the assumption of Theorem 1.2.2
that for all γ ∈ Γ there exists v ∈ V with v(γ) 6= 0.
We first discuss the case Γ = [0, 1]d and µ = λ the Lebesgue measure. For any
downward closed subspace

V = span{γ η : η ∈ I} ⊂ L2λ ([0, 1]d )
with I ⊂ Nd and |I| = dim V = m, an orthonormal basis is then given by

(Pη )η∈I

where
Pη (γ) :=

d
Y
j=1

Pηj (γj )
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and (Pn )n∈N are the Legendre polynomials on [0, 1], which are orthonormal with
respect to the one-dimensional Lebesgue measure. By orthonormality, each Pη2 may
be interpreted as a probability density with respect to the Lebesgue measure. Thus,
dνV∗
1 X 2
= ρ∗V =
P
dλ
m η∈I η
may be interpreted as mixture of m probability densities. An efficient strategy to
obtain samples from νV∗ is therefore to first choose η ∈ I at random and then generate
a sample from the distribution with Lebesgue density Pη2 . Since Pη2 =

Qd

j=1

L2ηj ,

samples from this distribution can be generated componentwise. Finally, to obtain
samples from the univariate distributions with Lebesgue densities Pn2 , n ∈ N, we use a
rejection sampling method with the arcsine proposal density p∞
1 . By [104, Theorem 1]
the Legendre polynomials satisfy

|Pn (γ)|2 ≤ 4ep∞
1 (γ) ∀γ ∈ [0, 1] ∀n ∈ N.

(1.14)

Therefore, the theory of rejection sampling [53, Chapter 4.5] ensures that if we
2
∞
repeatedly generate γ ∼ p∞
1 and U ∼ Unif(0, 1) until U ≤ |Pn (γ)| /(4ep1 (γ)) holds,

then the resulting sample is exactly distributed according to Pn2 and the required
number of iterations until acceptance has a geometric distribution with mean 4e. The
total expected computational work for the generation of N samples from νV∗ is thus
4eN d, if we assume that the computation of Pn2 (γ) is O(1). In practice, a 3-term
recurrence formula whose work is bounded by 3n can be used to compute Pn (γ). This
increases the upper bound for the expected work to 12eN m1

P

η∈I

|η|1 .

Equation (1.14) holds more generally for probability measures on [0, 1] with
Lebesgue densities of the form

dµ
dλ

= C(α, β)γ α (1−γ)β , so-called beta distributions, with

α, β ≥ −1/2 [104, Theorem 1]. The bound on the associated orthogonal polynomials

46

ARTICLE 1

(Pnα,β )n∈N , so-called Jacobi polynomials, is
|Pnα,β (γ)|2

q
dµ
≤ 2e(2 + α2 + β 2 )p∞
1 (γ) ∀γ ∈ [0, 1] ∀n ∈ N.
dλ

Even more generally, the same inequality holds with a constant Cµ independent
of γ and n for orthogonal polynomials with respect to a wide class of measures µ
that are absolutely continuous with respect to the Lebesgue measure on [0, 1] [126,
Theorem 12.1.4]. When Cµ is unknown, however, rejection sampling cannot be applied.
As a substitute, we could use MCMC sampling (which we also discuss below as an
alternative method to sample directly from ν ∗ in cases when no product structure
of Γ or µ can be exploited). The error resulting from the fact that the resulting
samples would not be distributed exactly according to |Pn |2 can be controlled using
Proposition 1.3.3 below.
For orthonormal polynomials (Hn )n∈N with respect to rapidly decaying measures
supported on the whole real line, such as Gaussian measures, it is shown in [92] that
|Hn (γ)|2 dµ
is exponentially concentrated in an interval [−an , an ] with C −1 nb ≤ an ≤
dλ
Cnb for some b > 0 and C > 0 depending on µ, and that for some Cµ

|Hn (γ)|2

γ
dµ
an
≤ Cµ |1 − |−1/2
dλ
4
an

∀γ ∈ [−an , an ] ∀n ∈ N.

Together with the stability result in Proposition 1.3.3 below, this shows that the
previous results can be transfered to measures on the real line, if we simply ignore the
mass outside [−an , an ] and apply rejection sampling or Markov chain methods with
the proposal density

an
|1
4

−

γ −1/2
|
.
an

Alternatively, a different result in [92] shows that

on [−an , an ] the density |Hn (γ)|2 dµ
is bounded by the uniform probability density up
dλ
to a factor that grows sublinearly in the polynomial degree n.

For the remainder of this subsection, we assume that a polynomial space V is fixed
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and use the simplified notation ν ∗ = νV∗ , ρ∗ = ρ∗V , w∗ = wV∗ .
We assume that we cannot use exact samples from the optimal distribution because,
for example, Γ is not a hypercube or µ not a product measure. We therefore discuss
the use of Markov chain methods for the generation of samples. Since the resulting
samples are not exactly distributed according to the optimal distribution, we need the
following stability result.
Proposition 1.3.3 (Stability with respect to perturbations of the sampling
density). All results in Theorem 1.2.2 that are valid for the optimal choice ν ∗ with
dν ∗
dµ
dν̃
dµ

= ρ∗ of the sampling distribution hold true if we instead use samples from ν̃ with
:= ρ̃ (but keep the weight function w∗ = 1/ρ∗ ), provided that
1
k1 − ρ̃/ρ∗ kLpν∗ (Γ) ≤ m−1−1/p
6

for some p ≥ 1,

where m = dim V , and provided that we replace κ by (5/36 − 5/6 log(5/6))/(1 + r).
We note that the total variation distance k · kTV satisfies
kν̃ − ν ∗ kTV :=

1
1Z
|ρ̃(γ) − ρ∗ (γ)|µ(dγ) = k1 − ρ̃/ρ∗ kL1ν ∗ (Γ) .
2 Γ
2

Proof. The proof of Theorem 1.2.2 in [31] is based on large deviation bounds for the
matrix G of Equation (1.4). In particular, it is based on the observation that G is a
Monte Carlo average,
G=

N
1 X
Xi ,
N i=1

of independent and identically distributed matrices

Xi := (w∗ (γi )Bj (γi )Bk (γi ))j,k∈{1,...,m}

that satisfy
EXi = I

with γi ∼ ν ∗
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by L2µ (Γ)-orthonormality of the basis polynomials Bj , j ∈ {1, . . . , m}. A Chernoff
inequality for matrices then provides the bound on P(kG − Ik ≤ 1/2) in part (i) of
Theorem 1.2.2 from which everything else follows. The crucial insight is that this
inequality permits small perturbations of the expected value. Indeed, if we replace
ν ∗ by ν̃ in the definition of Xi , then [130, Theorem 1.1] yields the same bound on
P(kG − Ik ≤ 1/2), with the new value of κ, provided that kEXi − Ik ≤ 1/6. To show
that this last estimate holds, we use
kEXi − Ik ≤ mkEXi − Ikmax
=m
≤m

max

j,k∈{1,...,m}

max

j,k∈{1,...,m}

|

Z
Γ

w∗ (γ)Bj (γ)Bk (γ)(ρ̃(γ) − ρ∗ (γ))µ(dγ)|

kw∗ Bj Bk kLqρ∗ µ k1 − ρ̃/ρ∗ kLpρ∗ µ ,

where we used Hölder’s inequality with 1/q = 1 − 1/p in the last step.
The claim now follows if we can prove that

kw∗ Bj Bk kLqρ∗ µ ≤ m1−1/q

∀q ∈ [1, ∞].

For this, we first consider the case when q = 1, p = ∞, for which
∗

kw Bj Bk k

Lqρ∗ µ

=

Z
Γ

|Bj (γ)Bk (γ)|µ(dγ)

≤ kBj kL2µ kBk kL2µ
≤1
by the Cauchy-Schwarz inequality and L2µ (Γ)-orthonormality of the functions Bj .
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Next, we consider the case when q = ∞, p = 1, for which
kw∗ Bj Bk kLqρ∗ µ = sup |w∗ (γ)Bj (γ)Bk (γ)|
γ∈Γ

≤

m Bj2 (γ) + Bk2 (γ)
Pm
2
2
i=1 Bi (γ)

≤ m,
where we used the elementary inequality ab ≤ 12 a2 + 12 b2 for the second step.
Finally the claim for 1 < q < ∞ follows from Littlewood’s interpolation inequality
for Lq norms.
So far, we have assumed that Γ and µ exhibit product structure, which allowed us to
generate samples coordinate-wise, exploiting known bounds on univariate orthogonal
polynomials. For more general cases, we now briefly discuss Metropolized independent
sampling, which is a simple MCMC algorithm, for the generation of samples from
the optimal distribution ν ∗ . For an extensive treatment of the theory of MCMC
algorithms we refer to [94].
The general strategy of MCMC algorithms for the generation of samples from
ν ∗ is to construct a Markov chain for which ν ∗ is an invariant distribution. Ergodic
theory then shows that under some assumptions the location of this Markov chain
after n  1 steps is approximately distributed according to ν ∗ . Metropolis-Hastings
algorithms are MCMC algorithms that construct Markov chains based on user-specified
proposal densities p(γ, ·), γ ∈ Γ (with respect to µ) and a rejection step to ensure
convergence to the desired limit distribution ν ∗ . More specifically, the transition kernel
of a Metropolis-Hastings algorithm has the form

0

K(γ, dγ ) :=




ρ∗ (γ 0 )p(γ 0 ,γ)

p(γ, γ 0 ) min{1, ρ∗ (γ)p(γ,γ 0 ) }µ(dγ 0 )

R
∗


1 −
p(γ, z) min{1, ρ∗ (z)p(z,γ) }µ(dz)
z6=γ

ρ (γ)p(γ,z)

if γ 0 6= γ
(1.15)
0

if γ = γ.
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This kernel can be interpreted (and implemented) as proposing a transition from
the current state γ to a new state γ 0 drawn from the density p(γ, ·), and rejecting
this transition with a certain probability determined by the values of ρ∗ and p at the
current state γ and the proposed state γ 0 . The rejection probability is designed to
ensure the detailed balance condition ν ∗ (dγ)K(γ, dγ 0 ) = ν ∗ (dγ 0 )K(γ 0 , dγ), which in
turn guarantees that ν ∗ is invariant under K.
Metropolized independent sampling is the name of the subset of Metropolis-Hastings
algorithms for which the proposal density p is independent of the current state γ. If
we denote the corresponding state-independent proposal density by p(γ 0 ) and define
g := inf γ∈Γ p(γ)/ρ∗ (γ), then it can be shown [93, Section 3.2.2] that starting from any
distribution π we have the bound

kK n π − ν ∗ kT V ≤ 2(1 − g)n

(1.16)

for the total variation distance between the nth step probability distribution K n π
of the Markov chain and the target distribution ν ∗ . This means that if the proposal
density satisfies g := inf γ∈Γ p(γ)/ρ∗ (γ) > 0, then n := g −1 log(24m2 ) Markov chain
steps suffice to ensure that

kK n π − ν ∗ kT V ≤ 2(1 − g)g

−1

log(24m2 )

≤

1
,
12m2

as required by Proposition 1.3.3. To generate N > 0 independent samples from K n π,
we have to run N independent copies of the Markov chain, which differs from the more
common practice to use N successive, thus dependent, steps of a single Markov chain.

1.3.2

Sampling from the arcsine distribution

We now determine lower and upper bounds for the optimal sampling distributions
associated with downward closed polynomial spaces on [0, 1]d in terms of the arc-
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sine distribution. Namely, we show in Proposition 1.3.6 below, under quite general
assumptions on the measure µ, the bound

C −d ≤

dνV∗
(γ) ≤ C d p∞
d (γ),
dλ

where p∞
d is the arcsine density from Equation (1.13).
The lower bound can be used to make the bound in Theorem 1.2.2 more precise.
Indeed, it implies that the weight wV∗ appearing in eV,wV∗ ,∞ satisfies
wV∗ (γ) ≤ C d

dµ
(γ).
dλ

(1.17)

The upper bound provides an alternative sampling strategy: Instead of sampling
from the optimal distribution, we may simply sample from the arcsine distribution with
Lebesgue density p∞
d without using Acceptance/Rejection or Markov chain methods.
Indeed, since using the arcsine distribution for sample generation corresponds to the
dλ
choice ρ = p∞
d dµ for the density in Section 1.2, the associated weight function is given

by
−1
w := (p∞
d )

dµ
.
dλ

(1.18)

Hence, the upper bound shows that the constant KV,w from Theorem 1.2.2 satisfies
KV,w =kw(γ)

m
X

Bj (γ)2 kL∞ (Γ)

j=1

=kw(γ)m

dν ∗
(γ)kL∞ (Γ)
dµ

(1.19)

≤C d m,
which is larger than the optimal value, m, only by the factor C d , which is independent
of V . The advantages are that exact and independent samples from the univariate
arcsine distribution can be generated efficiently as (sin(X)+1)/2 for a uniform random
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variable X on [−π/2, π/2], that we can use samples from the same distribution for all
polynomial subspaces, and that the weight in Equation (1.18), which enters the error
estimate in Theorem 1.2.2 through eV,w,∞ , is known explicitly, is independent of V ,
and vanishes at the boundary if

dµ
dλ

is bounded.

Definition 1.3.4 (Doubling measures). A measure µ on [0, 1] is called doubling
measure if it is absolutely continuous with respect to the Lebesgue measure and if there
exists L > 0 such that
µ(2I) ≤ Lµ(I)
for any interval I ⊂ [0, 1]. Here, 2I is defined as the interval with the same midpoint
as I and twice the length, intersected with [0, 1]. We call L > 0 the doubling constant
of µ.
Remark 1.3.5. Measures whose Lebesgue density is bounded below by c > 0 and
above by C < ∞ are doubling measures. Beta distributions with α < 1 and β > 1 are
examples of doubling measures that are neither bounded below or above. On the other
hand, it is not difficult to construct measures with more pathological zeros or poles
that are no doubling measures.
Proposition 1.3.6 (Bounds on the optimal distribution). If [0, 1]d , d ≥ 1 is
equipped with the product µ =

Nd

j=1

µj of doubling measures µj on [0, 1], then the

optimal sampling distribution νV∗ associated with a finite-dimensional downward closed
space V of polynomials on [0, 1]d satisfies
C −d ≤

dνV∗
(γ) ≤ C d p∞
d (γ)
dλ

(1.20)

for some constant C > 0 depending only on the maximal doubling constant of the
measures µj , j ∈ {1, . . . , d}.
Proof. Equation (1.20) was shown to hold for the univariate optimal sampling distri-
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butions νk∗ (γ) associated with univariate spaces of polynomials of degree less than or
equal to k ∈ N in [98, Equation 7.14].We prove the case d > 1 by induction.
To reduce the complexity of notation, we assume without loss of generality that
µ1 = µj for all j ∈ {1, . . . , d}. This, together with the assumption that V is downward
closed, implies that

V = spanη∈I⊂Nd {Bη (γ) := Bη1 (γ1 ) · · · Bηd (γd )}

for (Bj )j∈N the univariate orthonormal polynomials associated with µ1 and a multiindex set I ⊂ Nd . For j ∈ N, we define the multi-index sets Ij := {η ∈ I : η1 = j}
and the spaces

Ṽj := spanη∈Ij ⊂Nd {B̃η (γ̃) := Bη2 (γ2 ) · · · Bηd (γd )}
of polynomials on [0, 1]d−1 with associated optimal distributions ν̃j on [0, 1]d−1 . This
allows us to write
dµ
dνV∗
(γ) = ρ∗V (γ) (γ)
dλ
dλ
X
1
dµ
=
Bη2 (γ) (γ)
|I| η∈I
dλ
=

d
X
Y
1 X 2
dµ1
dµ1
Bj (γ1 )
(γ1 )
B̃η2 (γ̃)
(γj )
|I| j∈N
dλ
j=2 dλ
η∈Ij

=

dµ1
1 X 2
dν̃j
Bj (γ1 )
(γ1 )|Ij |
(γ̃),
|I| j∈N
dλ
dλ

which by the induction hypothesis for the case d − 1 entails

C −(d−1) A(γ1 ) ≤

dνV∗
(γ) ≤ A(γ1 )C d−1 p∞
d−1 (γ̃)
dλ

(1.21)
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with
A(γ1 ) :=

1 X 2
dµ1
(γ1 )|Ij |.
Bj (γ1 )
|I| j∈N
dλ

We now use the fact that A(γ1 ) can be written as a weighted average of the univariate
densities

dνk∗
(γ1 )
dλ

=

1
k

Pk

j=1

1
Bj2 (γ1 ) dµ
(γ1 ):
dλ

1
A(γ1 ) = P∞

k=1

∞
X

wk

wk

k=1

dνw∗ k
(γ1 )
dλ

with wk := |{j : |Ij | ≥ k}|. Together with the case d = 1 this shows
C −1 ≤ A(γ1 ) ≤ Cp∞
1 (γ1 ),

which, when inserted into Equation (1.21), yields

C −d = C −(d−1) C −1 ≤

1.4

dνV∗
∞
d ∞
(γ) ≤ C d−1 Cp∞
1 (γ1 )pd−1 (γ̃) = C pd (γ).
dλ

Multilevel weighted least squares approximation

In this section, we define a multilevel weighted polynomial least squares method and
establish convergence rates for the approximation of a function f∞ : Γ ⊂ Rd → R,
d ∈ N ∪ {∞} in a normed vector space (F, k · kF ) ,→ (L2µ (Γ), k · kL2µ (Γ) ) of continuous
functions on Γ, under the following assumptions.
• A1: (Convergence of approximations) There exist functions fn ∈ F , n ≥ 1 such
that
kf∞ − fn kF ≤ C0 n−βs

kf∞ − fn kL2µ (Γ) ≤ C0 n−βw
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for some C0 > 0, βs > 0 and βw ≥ βs .
• A2(p): (Polynomial approximability) There exist downward closed spaces of
polynomials Vm , m ≥ 1 on Γ such that
dim Vm ≤ C1 mσ ,

em,p (F ) := sup
f ∈F

eVm ,p (f )
≤ C1 m−α
kf kF

for some σ > 0, α > 0, C1 > 0 and p = 2 or p = ∞. (In the latter case, we
∗
∗ ,∞ (f ), where w
use the shorthand eVm ,∞ (f ) := eVm ,wm
m is the optimal weight

associated with Vm .)
• A3: (Sample work) The work required for a single evaluation of fn satisfies
Work(fn ) ≤ C2 nγ for some γ > 0, C2 > 0.
Remark 1.4.1. In Assumption A2(p), we have introduced the exponent σ, which in
contrast to previous sections may be different from 1, to be able to apply our results
with common sequences of polynomial subspaces without the need for reparametrization.
Example 1.4.2 (Polynomial approximability).

• For univariate Sobolev spaces

F = H α (Γ), Γ = (0, 1) with α > 0, Theorem 1 in [110] shows that
em,2 (H α (Γ)) ≤ Cm−α
for the space Vm of univariate polynomials with degree less than m and for µ
the Lebesgue measure. Analogous results also hold in higher dimensions. Here,
optimal sequences of polynomial approximation spaces depend on the available
smoothness. In particular, optimal polynomial approximation spaces for functions
in Sobolev spaces H α (Γ) with Γ ⊂ Rd and α > 0 are of total degree type, whereas
α
functions in Sobolev spaces Hmix
(Γ) of dominating mixed smoothness can be
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optimally approximated by hyperbolic cross polynomial spaces [45].
Similar results for the best approximation in the supremum norm hold for
functions in Hölder spaces F = C s,t (Γ), s ∈ N, t ∈ [0, 1] [9, Theorem 2] (and
their dominating mixed smoothness analogues).
• Alternatively, we may simply define the space F via polynomial approximability
of its elements. Assume that we have a sequence (Vm )∞
m=1 of downward closed
polynomial spaces on Γ ⊂ Rd with d ∈ N ∪ {∞}. If for some α > 0 we define
(

)
α

F := f : Γ → R : kf kF := sup eVm ,p (f )m < ∞
m∈N

with the auxiliary definition V0 := {0}, then it is easy to show that k · kF is a
norm of F and that Assumption 2(p) holds with the given α and C1 = 1. The
choice of the sequence of subspaces Vm can be based on truncating a orthogonal
decomposition of L2µ (Γ) such as to include only basis functions whose contribution
is above a given threshold in Vm . For more information on this construction, see
Section 1.5 and [71, 40].
We now define the multilevel least squares method for a fixed number of levels
L ∈ N. We introduce subsequences

mk := M exp(k/(σ + α)),

k ∈ {0, . . . , L}

(1.22)

and
nl := exp(l/(γ + βs )),
with M := exp(Lδ), δ :=

βw −βs
α(γ+βs )

l ∈ {0, . . . , L}

≥ 0 if γ/βs > σ/α and M := 1 else. For our analysis

we assume that m and n can take non-integer values; in practice, rounding up to the
nearest integer increases the required work only by a constant factor. By abuse of
notation, we keep the simple notation Vk , ek,p , and fl for the quantities Vmk , emk ,p ,
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and fnl , respectively.
Next, we draw independent, identically distributed, random samples

Γk = {γk,1 , . . . , γk,|Γk | } ⊂ Γ,

k ∈ {0, . . . , L}

with γk,j ∼ νk∗ , where νk∗ := νV∗k is the optimal sampling distribution of Vk from
Equation (1.11). To ensure accuracy of our approximations, we couple the numbers of
samples to the dimensions of the polynomial spaces via

mσk ≤ κ

1 − log 2
|Γk |
≤ 2mσk ∀k ∈ {0, . . . , L}, where κ :=
.
log |Γk |
2 + 2L

(1.23)

By Equation (1.9), this guarantees that the assumption of Theorem 1.2.2 is satisfied
with r = L. Alternatively, we may replace κ by C −d κ with C from Proposition 1.3.6 if
Γ and µ  λ are products and if we use the arcsine distribution to generate samples, or
we may choose κ as in Proposition 1.3.3 if we use samples that are only approximately
distributed according to the optimal distribution.
Finally, we denote by Πk : F → Vk the random weighted least squares approximation using evaluations in Γk , k ∈ {0, . . . , L} and define the multilevel method

SL (f∞ ) := ΠL f0 +

L
X

ΠL−l (fl − fl−1 )

l=1

=

L
X

(1.24)

ΠL−l (fl − fl−1 )

l=0

where we used the auxiliary definition f−1 := 0.
For the sake of readability, we do not keep track of constants and denote by .
any inequality that holds up to a factor depending only on C0 , C1 , C2 , α, βs , βw , γ.
The exact values of these constants may be determined from the proof of the next
Theorem.
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Theorem 1.4.3 (Convergence in probability). Denote by
Work(SL (f∞ )) := |ΓL |Work(f0 ) +

L
X

|ΓL−l | (Work(fl ) + Work(fl−1 ))

(1.25)

l=1

the work that SL (f∞ ) requires for evaluations of the functions fl , l ∈ {0, . . . , L}.
Define

λ :=





σ/α



θγ/βs

if γ/βs ≤ σ/α
+ (1 − θ)σ/α with θ := βs /βw

if γ/βs > σ/α

and

t :=







2







3 + σ/α




1









2

if γ/βs < σ/α
if γ/βs = σ/α

.

if γ/βs > σ/α and βw = βs
if γ/βs > σ/α and βw > βs

Let 0 <  . 1. If Assumptions A1, A2(∞), and A3 hold, then we may choose
L ∈ N such that

Work(SL (f∞ )) . −λ | log |t log | log |,
and such that in an event E with P(E c ) . log | log | the multilevel approximation
satisfies
kf∞ − SL (f∞ )kL2µ (Γ) ≤ .

(1.26)

Proof. The strategy of this proof is to establish bounds on Work(SL (f∞ )) and kf∞ −
SL (f∞ )kL2µ (Γ) for arbitrary L ∈ N first, and then to show that, for the right choice of
L, the latter is smaller than  and the former is bounded by −λ | log |t log | log |.
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Work bounds. We may deduce immediately from Equation (1.23) the rough
upper bound
q

|Γk | ≤

2
σ
σ
|Γk |
≤ M σ exp(k
) . (L + 1)M σ exp(k
)
log |Γk |
κ
σ+α
σ+α

on the number of samples at level k ∈ {0, . . . , L}. Using Equation (1.23) again and
inserting the previous estimate, we obtain the finer estimate
|Γk | ≤ (L + 1)M σ exp(k

σ
) log |Γk |
σ+α

. (L + 1)M σ (log(L + 1) + log M σ ) exp(k

σ
)(k + 1).
σ+α

Since
Work(fl ) + Work(fl−1 ) . exp(l

γ
)
γ + βs

by Assumption A3, we may conclude that

Work(SL (f∞ )) . (L + 1)M σ (log(L + 1) + log M σ )
×

L
X

exp((L − l)

l=0

σ
γ
)(L − l + 1) exp(l
)
σ+α
γ + βs

= (L + 1)M σ (log(L + 1) + log M σ )
L
X
σ
× exp(L
)
exp
σ + α l=0



σ
γ 
−l
−
(L − l + 1).
σ + α γ + βs




(1.27)
We now distinguish three cases.
(a) γ/βs < σ/α: In this case σ/(σ + α) > γ/(γ + βs ). Thus, the sum on the
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right-hand side of Equation (1.27) satisfies
L
X



exp

−l



l=0

L
X
σ
γ 
−
(L − l + 1) . (L + 1)
exp
σ + α γ + βs
l=0





−l



σ
γ 
−
σ + α γ + βs

. L + 1.
Together with the fact that M = 1 in the case under consideration, this shows
that
Work(SL (f∞ )) . exp(L

σ
)(L + 1)2 log(L + 1).
σ+α

(a) γ/βs = σ/α: In this case σ/(σ + α) = γ/(γ + βs ). Thus, the sum on the
right-hand side of Equation (1.27) equals

PL

l=0 (L

− l + 1) . (L + 1)2 and we

obtain
Work(SL (f∞ )) . exp(L

σ
)(L + 1)3 log(L + 1).
σ+α

since M = 1.
(a) γ/βs > σ/α: In this case σ/(σ + α) < γ/(γ + βs ). Thus, the sum on the
right-hand side of Equation (1.27) satisfies
L
X
l=0



exp

−l



γ 
σ
−
(L − l + 1)
σ + α γ + βs


L
σ  X
γ
exp
= exp L
−
γ + βs σ + α l=0
 

γ
σ 
. exp L
−
.
γ + βs σ + α

 





γ
σ 
−l
−
(l + 1)
γ + βs σ + α




If βw = βs , then M = 1 and we obtain
Work(SL (f∞ )) . (L + 1)M σ (log(L + 1) + log M σ ) exp(L
γ 
. exp L
(L + 1) log(L + 1).
γ + βs
 



γ
))
γ + βs
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If instead βw > βs , then M = exp(δL) and we obtain
Work(SL (f∞ )) . (L + 1)M σ (log(L + 1) + log M σ ) exp(L
 

. exp L

γ
))
γ + βs


γ
+ σδ (L + 1)2 log(L + 1).
γ + βs


Residual bounds. First, we show that with high probability

k Id −Πk kF →L2µ (Γ) . M −α exp(−kα/(σ + α)) ∀k ∈ {0, . . . , L}.

(1.28)

By part (ii) of Theorem 1.2.2 together with Assumption A2(∞), it suffices to show
that the event
E := {kGk − Ik k ≤ 1/2 ∀k ∈ N}
has a high probability, where Gk is the Gramian matrix from Equation (1.4). But by the
first part of the same theorem, the complementary probability that kGk − Ik k ≤ 1/2
for a fixed k ∈ N decays as the number of samples |Γk | increases. Since the sets Γk
grow exponentially in k, by Equation (1.23), we may conclude using a crude zeroth
moment estimate and a geometric series bound:
P(E c ) = P (∃k ∈ N : kGk − Ik k > 1/2)
≤

∞
X

P(kGk − Ik k > 1/2)

k=0
∞
X

≤2

|Γk |−L

k=0
L

≤ 2κ M
=

−σL

∞
X

σ
exp(−kL
)
σ+α
k=0

(1.29)

2κL M −σL
σ
1 − exp(−L σ+α
)

. L−L .
Assuming now that the samples Γk , k ∈ N are such that Equation (1.28) holds for
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the associated operators Πk , we obtain

kf∞ − SL (f∞ )kL2µ (Γ) = kf∞ −

L
X

(fl − fl−1 ) −

l=0

L
X

!

(Id −ΠL−l )(fl − fl−1 ) kL2µ (Γ)

l=0

≤ kf∞ − fL kL2µ (Γ) +

L
X

k Id −ΠL−l kF →L2µ (Γ) kfl − fl−1 kF

l=0

. exp(−L

L
X
βw
α
βs
) + M −α
exp(−(L − l)
) exp(−l
)
γ + βs
σ+α
γ + βs
l=0

L
 α
X
α
βs 
βw
−α
) + M exp(−L
)
exp l
−
= exp(−L
,
γ + βs
σ + α l=0
σ + α γ + βs





(1.30)
where we used Assumption A1. Again, we distinguish the cases (a)-(c).
(a) γ/βs < σ/α: In this case α/(σ + α) < βs /(γ + βs ). Thus, the sum on the
right-hand side of Equation (1.30) is uniformly bounded in L and we obtain
βw
α
) + exp(−L
)
γ + βs
σ+α
α
. exp(−L
),
σ+α

kf∞ − SL (f∞ )kL2 (µ) . exp(−L

where we used the fact that βw ≥ βs for the last inequality.
(a) γ/βs = σ/α: In this case α/(σ + α) = βs /(γ + βs ). Thus, the sum on the
right-hand side of Equation (1.27) equals L + 1 and we obtain
βw
α
) + exp(−L
)(L + 1)
γ + βs
σ+α
α
. exp(−L
)(L + 1),
σ+α

kf∞ − SL (f∞ )kL2 (µ) . exp(−L

where we used the fact that βw ≥ βs for the last inequality.
(a) γ/βs > σ/α: In this case α/(σ + α) > βs /(γ + βs ). Thus, the sum on the
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right-hand side of Equation (1.27) is a divergent geometric series and we obtain
βw
βs
) + M −α exp(−L
)
γ + βs
γ + βs
βw
. exp(−L
),
γ + βs

kf∞ − SL (f∞ )kL2 (µ) . exp(−L

where we used the definition of M = exp(Lδ) and δ in the case γ/βs > σ/βw in
the last inequality.
Conclusion. It remains to choose L such that the residual bound equals  and
insert this choice of L into the work bound. For simplicity, we assume L can be any
real number. In practice, rounding up to the next largest value decreases the residual
and increases the work only by a constant factor. One final time, we distinguish the
cases (a)-(c).
(a) γ/βs < σ/α: Defining L as the solution of

exp(−L

α
) = ,
σ+α

we obtain the second inequality in the following estimate:
Work(SL (f∞ )) . exp(L

σ
)(L + 1)2 log(L + 1)
σ+α

. −λ | log |2 log | log |.
(a) γ/βs = σ/α: Since we assumed that  . 1 there is a unique positive solution of

exp(−L

α
)(L + 1) = .
σ+α
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With this choice of L we obtain the second inequality in the following estimate:
Work(SL (f∞ )) . exp(L

σ
)(L + 1)3 log(L + 1)
σ+α

. −λ | log |3+λ log | log |.
(a) γ/βs > σ/α: We assume βw > βs , the case βw = βs can be treated analogously.
Defining L as the solution of

exp(−L

βw
) = ,
γ + βs

we obtain the second inequality in the following estimate:
 

Work(SL (f∞ )) . exp L


γ
+ σδ (L + 1)2 log(L + 1)
γ + βs


. −λ | log |2 log | log |.
In all cases we chose L such that L ≥ | log |, thus P(E c ) . L−L . log | log | by
Equation (1.29).
Remark 1.4.4. The proof does not exploit independence of samples across different
Γk , k ∈ {0, . . . , L}, but instead relies on a simple union bound (see Equation (1.29)).
Thus, we could alternatively first create ΓL and then define all Γl with l < L as subsets
of it.
Remark 1.4.5. To determine the polynomial coefficients of ΠL−l (fl − fl−1 ), l ∈
{0, . . . , L}, after the functions fl − fl−1 have been evaluated in all γ ∈ ΓL−l , we need
to solve linear systems of the form

G k v k = ck ,

k ∈ {0, . . . , L}

(1.31)

as in Equation (1.4). In the event E in which the residual estimate of the previous
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theorem holds, the condition numbers of all matrices Gk are bounded by 3. Therefore,
using a suitable iterative solver we can determine all coefficients vk to an accuracy of
 > 0 with O(log ) iterations. Since matrix vector products with Gk require O(m2σ
k )
operations by Remark 1.2.1, the associated computational work is, up to logarithmic
factors, given by
L
X
k=0

m2σ
k =

L
X

M 2σ exp(2kσ/(σ + α)) . M 2σ exp(2Lσ/(σ + α)).

k=0

Inspection of the proof of the previous theorem shows that, even if we include this cost
in the work specification, the conclusion holds true with slightly different logarithmic
factors and the exponent

λ̃ :=





2σ/α

if γ/βs ≤ 2σ/α




γ/βs

if γ/βs > 2σ/α,

instead of λ (assuming for simplicity that βs = βw ), provided that we change the
definition of the subsequence mk in Equation (1.22) to

mk := exp(k/(2σ + α)).

To obtain mean square convergence, we replace the least squares approximations
Πk by the stabilized versions Πck from part (iii) of Theorem 1.2.2, and define
SLc (f∞ ) := ΠcL f0 +

L
X

ΠcL−l (fl − fl−1 ).

(1.32)

l=1

Theorem 1.4.6 (Mean square convergence). Let 0 <  . 1. If Assumptions A1,
A2(2), and A3 hold, then we may choose L ∈ N such that
Ekf∞ − SLc (f∞ )k2L2µ (Γ) ≤ 2

(1.33)
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and

Work(SLc (f∞ )) . −λ | log |t log | log |,
with λ and t as in Theorem 1.4.3.
Proof. The work bounds from the proof of Theorem 1.4.3 hold unchanged.
We next establish residual bounds for arbitrary L ∈ N as before, using the error
representation

f∞ −

SLc (f∞ )

= f∞ − fL +

L
X

(Id −ΠcL−l )(fl − fl−1 ).

l=0

The triangle inequality of the norm (Ek · k2L2µ (Γ) )1/2 implies that


Ekf∞ − SLc (f∞ )k2L2µ (Γ)

1/2



≤ kf∞ − fL k2L2µ (Γ)

1/2

+

L 
X

Ek(Id −ΠcL−l )(fl − fl−1 )k2L2µ (Γ)

1/2

l=0

. kf∞ − fL kL2 (µ)
+

L 
X

e2VL−l ,2 (fl − fl−1 ) + kfl − fl−1 k2L2µ (Γ) |ΓL−l |−2α/σ

1/2

l=0

=: (?)
where we used part (iii) of Theorem 1.2.2 together with the fact that L ≥ 2α/σ for
small enough  for the second inequality. We observe that
• by Assumption A1, we have

kf∞ − fL kL2µ (Γ) . exp(−L

βw
)
γ + βs

• by Assumptions A1 and A2(2), we have
!2

e2VL−l ,2 (fl

− fl−1 ) . M

−α

α
βs
exp(−(L − l)
) exp(−l
)
σ+α
γ + βs
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• by Equation (1.23) and Assumption A1, we have
!2

kfl −

fl−1 k2L2µ (Γ) |ΓL−l |−2α/σ

. M

−α

βw
α
exp(−l
) exp(−(L − l)
)
γ + βs
σ+α

.

Combining these observations we arrive at
L
X
βw
α
βs
(?) . exp(−L
) + M −α
exp −(L − l)
−l
γ + βs
σ+α
γ + βs
l=0

!

L
X
βw
α
α
βs
. exp(−L
) + M −α exp(−L
)
exp l
−
γ + βs
σ + α l=0
σ + α γ + βs

!!

.

From here, the proof may be concluded exactly as that of Theorem 1.4.3.

1.5

An adaptive algorithm

We introduce in this section an adaptive algorithm for the case when an optimal
sequence of polynomial subspaces, the rate of convergence fl → f∞ , or the cost for
evaluations of fl are unknown.
To describe our algorithm, we restrict ourselves to the case when Γ = [0, 1]d , d ∈ N
and when µ = λ is the Lebesgue measure. By the results in Section 1.3.2, we may
then use samples and weights from the arcsine distribution instead of the optimal
distributions. This allows us to keep previous samples when we extend the polynomial
subspaces, whereas using the optimal distribution, which depends on the polynomial
subspace, would require throwing away all samples each time the polynomial subspace
is extended.
We next describe the building blocks that are used by our adaptive algorithm to
select polynomial approximation subspaces.
Definition 1.5.1 (Multivariate Legendre polynomials).
(i) We denote by (Pi )i∈N the univariate L2λ ([0, 1])-orthonormal Legendre polynomials
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and define their tensor products

Pη :=

d
O

Pηj : [0, 1]d → R,

j=1

Pη (γ) :=

d
Y

Pηj (γj )

j=1

for η ∈ Nd .
(ii) For each multi-index k ∈ Nd , we define the polynomial subspace
Pk := span{Pη : 2k − 1 ≤ η < 2k+1 − 1} ⊂ L2 ([0, 1]d , λ).

Remark 1.5.2 (Orthonormal decomposition). Since polynomials are dense in
L2λ ([0, 1]d ), the subspaces (Pk )k∈Nd form an orthonormal decomposition of L2λ ([0, 1]d ).
We use exponentially large subspaces instead of the simpler, one-dimensional subspaces
Pk = R · Pk to avoid computational overhead resulting from slow construction of large
polynomial subspaces.
We use the notation f−1 := 0 to avoid separate treatment of the term corresponding
to l = 0 in the following. To describe a multilevel approximation, we need to construct a
sequence (Vk )Lk=0 of polynomial subspaces, such that the difference fl −fl−1 is projected
onto VL−l using weighted least squares approximation. The final approximation is
then defined as
L
X

ΠL−l (fl − fl−1 ).

(1.34)

l=0

where Πk projects onto Vk for 0 ≤ k ≤ L. As in Section 1.4, if the samples used by
Πk are distributed according to the optimal distribution of Vk , then we require that
the number of samples Nk satisfy

κ

Nk
≥ dim Vk
log Nk

(1.35)
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for some κ > 0. However, we then have to throw away all samples each time the space
Vk is extended, as this changes the optimal distribution. As an alternative, we may
use samples from the arcsine distribution, which is independent of the polynomial subspaces Vk and thus allows us to reuse samples and corresponding function evaluations.
By Section 1.3.2, this increases the number of required samples only by a constant
factor (that depends exponentially on the dimension d, however).

To construct the sequence of polynomial subspaces in an adaptive fashion, our
algorithm constructs a (finite) downward closed multi-index set I ⊂ Nd+1 . Given such
a set, we let
M

Vk :=

Pk

0 ≤ k ≤ L,

k∈Nd :(k,L−k)∈I

where
L := max{l ∈ N : ∃k ∈ Nd s.t. (k, l) ∈ I} < ∞,
which means that we project the difference fl − fl−1 onto the subspace VL−l that is
determined by the slice Il := {k ∈ Nd : (k, l) ∈ I} of the multi-index set I. To
construct I, starting with I = {0}, our algorithm adds one multi-index at a time
according to the following procedure, which resembles algorithms for adaptive sparse
grid integration [78, 56]. We call

A := {(k, l) ∈ Nd+1 \ I : I ∪ {k, l} is downward closed}
the set of admissible multi-indices.
(i) For each admissible multi-index (k, l), we estimate the norm of the projection
of fl − fl−1 onto Pk . This estimate represents the gain that is made by adding
(k, l) to I. Furthermore, we estimate the work that adding this multi-index
would incur.
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(ii) We expand I by the multi-index that maximizes the ratio between the gain and
work estimates.
I
A
N (2, 1)

3

l

2
1
0
0

1

2

3

k
Figure 1.1: Example with d = 1 of a multi-index set I and the associated set of
admissible multi-indices A, as well as neighbors N (2, 1) of (2, 1) ∈ A. In this example
L = 1, V1 = span{1, γ, . . . , γ 6 } = span{P0 (γ), . . . , P6 (γ)}, and V0 = span{1, γ, γ 2 } =
span{P0 (γ), P1 (γ), P2 (γ)}.
We next explain how we arrive at the gain and work estimates that are required
in step (i). To estimate the norm of the orthogonal projection of fl − fl−1 onto
Pk , we compute the arithmetic average of corresponding estimates for the neighbors
N (k, l) = {(k(1) , l(1) ), . . . } of (k, l) in I. Here, by neighbor we mean elements of I
that differ from (k, l) in a single entry by 1, see Figure 1.1. For each such neighbor, we
estimate the norm of the orthogonal projection Projk(j) (fl(j) − fl(j) −1 ) of fl(j) − fl(j) −1
onto Pk(j) simply by computing the Euclidean norm of those basis coefficients of
ΠL−l(j) (fl(j) − fl(j) −1 ) that belong to Pk(j) . (Recall that ΠL−l(j) is a discrete projection
onto the space VL−l(j) of which Pk(j) is a subspace since k(j) ∈ Il(j) .) The final estimate
can be expressed as
|N (k,l)|
X
1
k Projk(j) ΠL−l(j) (fl(j) − fl(j) −1 )kL2λ ([0,1]d ) .
|N (k, l)| j=1

To estimate the work that adding (k, l) to I incurs, we observe that Equation (1.35)
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tells us exactly how many new samples are needed. More specifically, if we denote by
N (Il ) the minimal solution of Equation (1.35) for the polynomial subspace determined
by Il , then the required number of new samples of fl − fl−1 is N (Il ∪ {k}) − N (Il ).
It therefore remains to determine the work per sample, Work(fl − fl−1 ). If this work
is unknown, then we store for each level l an estimate, which we update with the
observed computational work divided by the number of generated samples each time
Il changes. The final estimate of the work associated with (k, l) is

Work(fl − fl−1 ) · (N (Il ∪ {k}) − N (Il )) .

Algorithm 1 gives a summary of our algorithm in pseudocode.

1.6

Application to parametric PDE

We assume in this section that u(·, γ) is the solution of some partial differential
equation (PDE) with parameters γ ∈ Γ ⊂ Rd and that we are interested in the
response surface
γ 7→ f∞ (γ) := Q(u(·, γ)) ∈ R,
where Q(u(·, γ)) is a real-valued quantity of interest, such as a point evaluation, a
spatial average, or a maximum. In most situations, we cannot evaluate f∞ (γ) exactly,
as this would require an analytic solution of the PDE. Instead, we have to work with
discretized solutions un (·, γ) for each γ, which yield approximate response surfaces
fn : Γ → R
γ 7→ Q(un (·, γ)).
For example, if we employ finite element discretizations with maximal element diameter
h := n−1 , then the work required for evaluations of fn grows like h−γ = nγ for some
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Algorithm 1. Adaptive multilevel algorithm.

7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

function MLA((fl )l∈N ,STEPS)
I ← {0}
Xl ← ∅ ∀l ∈ N
∆l ← 0 ∀l ∈ N
for 0 ≤ i < STEPS do
l )l∈N ,I)
(k, l) ← arg max(k,l)∈A GAIN((k,l),(∆
WORK((k,l),I)
N+ ← N (Il ∪ {k}) − N (Il )
I ← I ∪ {(k, l)}
for 0 ≤ j < N+ do
Generate γ ∼ p∞
d
y ← (fl − fl−1 )(γ)
Xl ← Xl ∪ {(γ, y)}
end for
∆l ← ΠL−l (fl − fl−1 )
end for
P
return 0≤l≤L ∆l
end function

18:
19:
20:
21:
22:
23:
24:

function GAIN((k, l),(∆l )l∈N ,I)
s=0
for (k(j) , l(j) ) ∈ N (k, l) do
s ← s + k Projk(j) ∆l(j) kL2λ
end for
return s/|N (k, l)|
end function

25:
26:
27:

function WORK((k, l),I)
return Work(fl − fl−1 ) · (N (Il ∪ {k}) − N (Il ))
end function

1:
2:
3:
4:
5:
6:

γ > 0. To apply the multilevel method of Section 1.4, we need to verify the remaining
Assumptions A1 and A2 from there.
As a motivating example, we consider a linear elliptic second order PDE, which
has been extensively studied in recent years [77, 28, 30, 7],
−∇ · (a(x, γ)∇u(x, γ)) = g(x)
u(x, γ) = 0

in U ⊂ RD
on ∂U,

(1.36)
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with a : U × Γ → R and Γ := [0, 1]d .
Proposition 1.6.1. For any n ∈ N, let un be finite element approximations of order
r ≥ 1 and maximal element diameter h := (n + 1)−1 , and let fn (γ) := Q(un (·, γ)).
Assume that g and U are sufficiently smooth, that

inf

x∈U,γ∈Γ

a(x, γ) > 0,

(1.37)

and that Q is a continuous linear functional on L2 (U ).
(i) If a ∈ C r (U × Γ) for some r ≥ 1, then
kf∞ − fn kL2 (Γ) . hr+1
and
kf∞ − fn kC r−1 (Γ) . h2 .
(ii) If for some r, s ≥ 1 we have
a ∈ C r (U ) ⊗ C s (Γ) := {a : U × Γ → R : k∂xr ∂γs akC 0 (U ×Γ) < ∞ ∀ |r|1 ≤ r, |s|1 ≤ s},
(1.38)
then
kf∞ − fn kC s (Γ) . hr+1 .
Proof. In both cases, the standard theory of second order elliptic differential equations
shows that γ 7→ u(·, γ) is well defined as a map from Γ into H r+1 (U ), with

kukL∞ (Γ;H r+1 (U )) < ∞.

Next, we observe that the derivatives ∂γj u(·, γ), j ∈ {1, . . . , d} satisfy PDEs with the
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same operator as in Equation (1.36) but with new right-hand sides

g̃(x) := ∇ · (∂γj a(x, γ)∇u(x, γ)).

The regularity of this right-hand side now depends on the assumptions on the coefficient
a. In case (i) we have ∂γj a(·, γ) ∈ C r−1 (U ) and thus g̃ ∈ H r−2 (U ). Therefore,
∂γj u(·, γ) ∈ H r (U ) for each γ ∈ Γ and, moreover, we have the uniform estimate

k∂γj ukL∞ (Γ;H r (U )) < ∞.
In case (ii) we have ∂γj a(·, γ) ∈ C r (U ) and thus g̃ ∈ H r−1 (U ). Therefore, ∂γj u(·, γ) ∈
H r+1 (U ) for each γ ∈ Γ and, moreover, we have the uniform estimate

k∂γj ukL∞ (Γ;H r+1 (U )) < ∞.

Repeatedly applying these arguments yields

kukC r−1 (Γ;H 2 (U )) < ∞,

and
kukC s (Γ;H r+1 (U )) < ∞,
in cases (i) and (ii), respectively. We may now conclude by using standard finiteelement theory. In case (i), we have
kf∞ − fn kL2 (Γ) ≤ kQkku − un kL2 (Γ;L2 (U ))
. hr+1 kukL2 (Γ;H r+1 (U ))
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and
kf∞ − fn kC r−1 (Γ) . ku − un kC r−1 (Γ;L2 (U ))
. h2 kukC r−1 (Γ;H 2 (U )) ,
whereas in case (ii), we have
kf∞ − fn kC s (Γ) . ku − un kC s (Γ;L2 (U ))
. hr+1 kukC s (Γ;H r+1 (U )) ,

Remark 1.6.2. In case (i) of the previous proposition, differentiating with respect to
γ reduces the number of available derivatives in x, which are required for convergence
of the finite element method. Thus, the convergence in L2 (Γ) is faster than that in
C r−1 (Γ). Case (ii), on the other hand, describes the so-called mixed smoothness
of the coefficient in x and γ, meaning that differentiating in γ does not affect the
differentiability with respect to x.
If the coefficients depend analytically on γ, then the same holds for f∞ , which can
be exploited to obtain algebraic polynomial approximability rates of f∞ even in the
case of infinite-dimensional parameters [28, 70], as shown below.
Proposition 1.6.3. Let Γ := [−1, 1]∞ . Assume that Q is a linear and continuous
functional on L2 (U ), that 0 < inf x,γ a(x, γ) ≤ supx,γ a(x, γ) < ∞, and that

a(x, γ) = ā(x) +

∞
X

γj ψj (x),

j=0



a(x, γ) = ā(x) + 

∞
X

j=0

2

γj ψj (x) ,
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or


a(x, γ) = exp 

∞
X



γj ψj (x) .

j=0

If there exists rmax > 1 such that
kψj kC r (U ) . (j + 1)−(rmax +1−r)

∀j ∈ N, 0 ≤ r < rmax ,

then, for any r ∈ N with 1 ≤ r < rmax , finite element approximations with maximal
element diameter h := (n + 1)−1 achieve
kf∞ − fn kL∞ (Γ) ≤ Chr+1
with a constant C independent of n. Furthermore, for any such r, there is a sequence
(Vm )m∈N of downward closed polynomial spaces with dim Vm = m such that finite
element approximations with order r and maximal diameter h := (n + 1)−1 achieve
eVm ,1,∞ (f∞ − fn ) ≤ C(m + 1)−α hr+1

∀ 0 < α < rmax − r

with a constant C independent of n and m.
Proof. It was shown in [28, Theorem 4.1 & Section 5] that for each 0 ≤ r < rmax there
exists a set Γr ⊂ C∞ , Γ ⊂ Γr such that kakL∞ (Γr ;C r (U )) < ∞ and such that γ 7→ u(·, γ)
may be extended to a complex differentiable map from Γr into H 1+r (U ) with

kukL∞ (Γr ;H 1+r (U )) < ∞

(1.39)

For a detailed description of the sets Γr we refer to [28]. For our purposes it
suffices to know that the better the summability of (kψj kC r (U ) )j∈N , the larger Γr can
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be chosen; and the larger Γr the better the polynomial approximability properties of
complex differentiable maps defined on Γr . In particular, the results of [28, Section
2], show that when restricted to the smaller set Γ such maps may be approximated
at algebraic convergence rates within downward closed polynomial subspaces. More
specifically, [28, Equation (2.27)] shows that if a function e is complex differentiable
on Γr , then for any m ∈ N there exists a downward closed polynomial subspace Vm
such that

inf 2

ṽ∈Vm ⊗L (U )

ke − ṽkL∞ (Γ;L2 (U )) . (m + 1)−α kekL∞ (Γr ;L2 (U ))

for all α < rmax − r. Applying this estimate with e := u − un shows
inf k(f∞ − fn ) − vkL∞ (Γ) ≤ kQk

v∈Vm

inf

ṽ∈Vm ⊗L2 (U )

k(u − un ) − ṽkL∞ (Γ;L2 (U ))

.(m + 1)−α ku − un kL∞ (Γr ;L2 (U )) .
By standard finite element analysis we finally obtain

ku − un kL∞ (Γr ;L2 (U )) ≤ Chr+1 kukL∞ (Γr ;H r+1 (U )) .


with C = C kakL∞ (Γr ;C r (U ))



< ∞. Combining the previous two estimates with

Equation (1.39) concludes the proof.
Remark 1.6.4. Similar results can also be shown for PDEs of parabolic type and for
some nonlinear PDEs [28].

1.7

Numerical experiments

To support our theoretical analysis, we performed numerical experiments on linear
elliptic parametric PDEs of the form
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in U := [−1, 1]D
(1.40)

u(x, γ) = 0

on ∂U,

as in Section 1.6. We let

a(x, γ) = 1 + kxkr2 + kγks2 ,

γ ∈ Γ := [−1, 1]d

for r := 1, s := 3, D := 2 and d ∈ {2, 3, 4, 6}. Our goal was to approximate the
response surface
γ 7→ f (γ) := Q(u(·, γ)) := 0.5

Z

u(·, γ) dx

U

in L2 (Γ). The numerical scheme we used to solve Equation (1.40) employs centered
finite difference approximations to the derivatives with a constant mesh size, h. Such
a numerical scheme converges asymptotically at a rate of O(h2 ) in the L2 norm and
requires a computational work of O(h−2 ), since the PDE is two-dimensional. This
corresponds to the values βs = βw = 2 and γ = 2 for the parameters in Assumptions
A2 and A3. To estimate the projection error of our estimate we evaluate the L2 error
norm using Monte Carlo sampling with M = 1000 samples,

kf −

SL (f )k2L2 (Γ)

M
1 X
≈
(fL+1 (γj ) − SL (f )(γj ))2 .
M j=1

(1.41)

In our tests we employ both the nonadaptive and the adaptive algorithms from Sections
4 and 5. As a basis for the nonadaptive algorithm, we use total degree polynomial spaces
Vm := span {Pη : |η|1 ≤ m} , where Pη is a tensor product of Legendre polynomials as
in Section 1.5. We also compare the multilevel algorithm to the straightforward, singlelevel approach, which for a given polynomial approximation space Vm uses samples
from a fixed PDE discretization level that matches the accuracy of the polynomial best
approximation in Vm . To find these matching PDE discretization levels, we consider the
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complexity curve of the single-level method as the lower envelope of complexity curves
with different PDE discretization levels. Even though such a method is not practical,
the choice of discretization level for a given tolerance is always optimal. The random
points were sampled from the optimal distribution as explained in Section 1.3.1.
Before presenting the numerical results, let us derive some a-priori estimates of
the complexity of the single-level and multilevel projection methods. From Proposition 1.6.1, if a ∈ C r (U ) ⊗ C s (Γ), then using finite elements of order r and mesh size h
would yield convergence in the space F := C s (Γ) with the values βs = βw = r + 1 of
the parameters in Section 1.4, and optimal solvers would require the work O(h−γ ),
γ := D. Furthermore, since functions in C s (Γ) are approximable by polynomials of
total degree less than or equal to k at the rate O(k −s ) in the supremum norm [9], we
expect at least α = s. Even though our choice a(x, γ) = 1 + kxkr2 + kγks2 satisfies only
a ∈ C r−1,1 (U ) ⊗ C s−1,1 (Γ), we do not expect different rates than those derived above
for a ∈ C r (U ) ⊗ C s (Γ). Finally, the dimension of total degree polynomial spaces Vm
equals



m+d
d



and asymptotically we have





m+d
d

. md .


D

d



Thus, we expect the complexity of the single-level method to be O − r+1 − s log(−1 ) ,


D d
− max( r+1
,s)

while the complexity of the multilevel method is of O 





1






t = 3 +







2

D
r+1

D
r+1

> ds ,

D
r+1

= ds ,

D
r+1

< ds .

−1 t



log( ) , where



d



Hence, for r = 1 and s = 3, the complexity of the single-level method is O −1− 3 log(−1 )
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d



and the complexity of the multilevel method is O − max(1, 3 ) log(−1 )t where





1,






d < 3,

t = 4, d = 3,







2,

d > 3.

Figure 1.2 shows the work estimate as defined in Equation (1.25) versus the L2
error approximation in Equation (1.41). The results for the multilevel algorithm
displayed there were obtained with the work parameter σ := d/2, which we found
describes the pre-asymptotic behavior of dim Vm =





m+d
d

better than σ := d. The

theoretical rates satisfactorily match the obtained numerical rates, which show an
improvement of the multilevel methods over the single-level method. Note that the
work estimate does not include the cost of generating points or the cost of assembling
the projection matrix and computing the projection. On the other hand, these costs
are included in Figure 1.3, which shows the total running time in seconds of the three
different methods. While these plots still show the same complexity rates as Figure 1.2
for all three methods for sufficiently small errors, these plots also show the overhead
of the multilevel methods, especially as d increases. The overhead of the adaptive
algorithm for the multilevel method is especially significant and more work needs to
be done to reduce it.

1.8

Conclusion

We have presented a novel multilevel projection method for the approximation of
response surfaces using multivariate polynomials and random samples with different
accuracies. For this purpose, we have discussed and analyzed various sampling
methods for the underlying single-level approximation method. We have then presented
theoretical and numerical results on our multilevel projection method for problems
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Figure 1.2: L2 ([−1, 1]d )-error, approximated using Equation (1.41) vs work estimate
Equation (1.25) of single-level (SL), multilevel (ML) and adaptive ML (ML adaptive)
methods for a linear elliptic PDE with non-smooth parameter dependence. The grey
dotted lines are the complexity curves of different runs of the single-level, each with a
different PDE discretization level. The single-level (SL) complexity curve is then the
lower envelope of all single-level complexity curves. This figure shows the agreement
of the numerical results with the theoretical rates.
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instead of their work estimate. The discrepancy of the two figures is due to the
overhead of sampling the points, assembling the projection matrix and computing
the projection. Moreover, this plot shows the overhead of the adaptive algorithm
compared to the non-adaptive one.
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in which samples can be obtained at different accuracies. The numerical results
show good agreement with the computational gains predicted by our theory. Future
work will address the application to problems in uncertainty quantification with
infinite-dimensional parameter domains and multi- or infinite-dimensional quantities
of interest.
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Abstract We provide a framework for the sparse approximation of multilinear
problems and show that several problems in uncertainty quantification fit within this
framework. In these problems, the value of a multilinear map has to be approximated
using approximations of different accuracy and computational work of the arguments
of this map. We propose and analyze a generalized version of Smolyak’s algorithm,
which provides sparse approximation formulas with convergence rates that mitigate
the curse of dimension that appears in multilinear approximation problems with a
large number of arguments. We apply the general framework to response surface
approximation and optimization under uncertainty for parametric partial differential
equations using kernel-based approximation. The theoretical results are supplemented
by numerical experiments.
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Introduction

In the first part of this work, we consider the problem of approximating the value

v := M(w(1) , . . . , w(n) )
(j)

of a continuous multilinear map M, given approximations wN , N ≥ 0 of the inputs w(j)
for j ∈ {1, . . . , n}. We assume that as N grows, the accuracy of the approximations
(j)

wN increases but that simultaneously the required work goes to infinity.
In practice, the map M may be as simple as the application of a linear operator
to a real-valued function on a domain Γ ⊂ Rd → R. For example, approximating
the identity operator w(1) := Id by an interpolation operator based on evaluations in
X ⊂ Γ with |X| = N , and approximating a function w(2) := f by fM : Γ → R with
M →∞

fM −→ f , yields an approximation of v := f = Id f =: M(Id, f ) that is based on N
samples of fM . For this approximation to be accurate we need both a large number
N of samples and a large M such that fM is close to f .
In general, a straightforward approach to estimate v is to consider
(1)

(n)

vN := M(wN , . . . , wN ),

and let N → ∞. If
(j)

kw(j) − wN k ≤ N −β
for all j ∈ {1, . . . , n}, then an induction argument shows

kv − vN k ≤ CN −β .
(j)

However, if the work required to evaluate wN , j ∈ {1, . . . , n}, grows like N γ , and
if the cost for evaluating the multilinear map is multiplicative, then the work required
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to form vN is
Work(vN ) ≈ N nγ .
This is an instance of the curse of dimensionality: To achieve the same error in n
dimensions as in 1 dimension, the work needs to be exponentiated.
Smolyak’s algorithm was introduced in [124] and further studied in [131, 132,
107, 55] for the case where the multilinear map is given by the tensor product of
quadrature and interpolation formulas. It allows an error of size exp(−βL)Ln−1 with
work exp(γL)Ln−1 [132, Lemma 2, Lemma 7]. This means that the work required to
achieve an error of size  > 0 is bounded by −γ/β | log |(n−1)(1+γ/β) . Therefore, up to
logarithmic factors and multiplicative dimension-dependent constants, the curse of
dimensionality has been lifted. More recently, it was shown [62, 63, 43] that if the rates
βj , γj differ with j ∈ {1, . . . , n} the work can further be reduced to −ρ if only one input
has the maximal exponent ratio ρ = maxnj=1 γj /βj . Our results generalize this analysis
to the case of general multilinear approximation problems. For example, while the work
[62] exploits multiscale hierarchies and orthogonal decompositions to construct sparse
wavelet approximation spaces, our results apply to arbitrary approximation schemes
and thus provide conceptual simplifications that are helpful for both theoretical
analysis and general purpose numerical implementations. Furthermore, our results are
not restricted to quadrature and interpolation problems, but apply to rather general
numerical approximation problems with multiple discretization parameters.
When applied to the example described at the beginning of this introduction,
namely v = M(Id, f ), Smolyak’s algorithm yields a multilevel algorithm that combines samples from different approximations of f with the general idea that more
samples are taken from less expensive approximations, the exact numbers being determined by the involved work and convergence rates. A connection between multilevel
methods and Smolyak’s algorithm has been discussed previously in [76, 77]; however,
the results there were formulated only for quadrature problems and the analysis
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was based solely on balancing errors of the involved approximations, ignoring the
associated computational work.

In the second part of this work, we show how several problems in uncertainty
quantification can be cast as multilinear approximation problems and tackled using the
general Smolyak algorithm. We demonstrate how multilevel [59, 128, 86, 60] and multiindex [72] methods for the approximation of expectations can be regarded as instances
of Smolyak’s algorithm, and we obtain novel methods for kernel-based response
surface approximation and optimization under uncertainty with improved theoretically
guaranteed convergence rates when compared to straightforward approaches.
We study parametric partial differential equations, i.e., problems of the form

Py (uy ) = fy ,

(2.1)

where both the partial differential operator Py and the right-hand side fy depend
on a parameter y, and we are interested in a possibly nonlinear real-valued quantity
of interest Q(uy ). For example, Equation (2.1) may model physical problems with
parameters describing material properties, boundary conditions and forcing terms,
and Q may be a spatial average or a point value.
For numerical computations, at least two types of approximation are required.
For each given parameter y, we can only compute solutions uy,N of uy stemming
from discretizations of Equation (2.1), with uy,N → uy as N → ∞. Furthermore, we
can only compute such approximations for finitely many values of the parameter y.
The straightforward approach to obtain small errors is to take a sufficiently large
number of samples computed with a sufficiently fine discretization of Equation (2.1)
and then use a suitable interpolation method to obtain estimates of the quantity
of interest for intermediate parameter values. To improve on this approach, we
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treat each approximation as one factor within a multilinear approximation problem.
Smolyak’s algorithm then yields multilevel methods that combine many samples of
coarse approximations of the PDE with fewer samples of finer approximations. Such
methods were studied for the computation of expected values using different quadrature
methods in [80, 59, 76, 128, 86]. If the parameter space is a finite-dimensional product
domain, then one may include this structure into the multilinear approximation
problem and Smolyak’s algorithm coincides with the Multi-index Stochastic Collocation
Method of [71, 70]. We extend these methods to the approximation of the full response
surface, which allows among others for the computation of higher statistical moments,
for application to inverse problems and for the optimization of parameters. Using the
general theory for Smolyak’s algorithm, we obtain convergence rates that essentially
only reflect the constituent approximation with the worst complexity. For example,
when the response surface is smooth enough, then approximations of the full response
surface can be obtained at the same cost as response approximations for one single
value of the parameter. To construct approximations of the response surface, we use
kernel-based approximation [116], for which we provide the required background in
Section 2.3. As a by-product, we obtain novel bounds also for single-level kernel-based
approximation on sparse grids. Previous work in this direction [117] established
convergence bounds in the L∞ -norm; we extend these bounds to Sobolev norms and
more general function spaces. We note in passing that the choice of kernel-based
approximations is not crucial. Indeed, any interpolation or approximation method
that provides operators converging to the identity in some appropriate operator norm
may be used. The strengths of kernel-based approximation are that the domain is not
restricted to be an interval or hypercube, the data can be given in an unstructured
form (i.e. not on a grid), and more general types of information (e.g. derivative values)
can easily be included to enhance the resulting approximation.
Finally, we consider problems where the parameter y = (z, m) of Equation (2.1) can
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be split into a deterministic part z ∈ Γ ⊂ Rd and a random part m. For example, this
situation is studied in optimization under uncertainty [114, 119], which is concerned
with problems of the form

min E[Q(u(z,m) )] + ψ(z),
z

(2.2)

where Q is a quantity of interest that is sought to be minimized and ψ(z) represents
costs that are associated with the control z.
We show how response surface approximation for z (using kernel-based approximation), expectations over m (using Monte Carlo sampling) and numerical approximation
of the PDE (using black-box PDE solvers) can be treated jointly in a multilinear
approximation setting. Applying Smolyak’s algorithm then gives rise to a novel method
for the approximative solution of (2.2). More specifically, we obtain surrogate models
that can be evaluated at low cost such that standard minimization procedures can
be applied. Under some assumptions, these surrogate models converge to the true
model at the rate of Monte Carlo methods, which means that the work required for
approximation of the PDE and for interpolation between finitely many choices of the
parameter becomes negligible.
The remainder of this work is organized as follows. In Section 2.2, we introduce
multilinear approximation problems and analyze Smolyak’s algorithm applied to this
setting. In Section 2.3 we provide a short introduction to kernel-based approximation and show how mixed regularity gives rise to a multilinear structure that may
be exploited using the results of Section 2.2, yielding kernel-based approximation
with sparse grids. In Section 2.4, we study the numerical approximation of parametric and random PDEs. Applying the results from Section 2.2, we obtain novel
sparse kernel-based approximation methods with theoretically guaranteed convergence
rates. In Section 2.5, we present numerical experiments on parametric, linear elliptic
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PDE problems that confirm the theoretical convergence rates for response surface
approximation and optimization under uncertainty.

2.2

Sparse approximation of multilinear problems

Suppose we want to approximate the value

v := M(w(1) , . . . , w(n) )

of a multilinear map
M : W (1) × · · · × W (n) → V,
where W (1) , . . . , W (n) and V are normed spaces, and w(j) are fixed but not available
(j) N →∞

inputs for which we are given approximations wN −→ w(j) , j ∈ {1, . . . , n}.
In the applications that we consider in this work (see Sections 2.3 and 2.4), each
input w(j) will be either a real-valued function (where the need for approximation
comes from the discretized solution of differential equations that define these functions),
an identity operator (which will be approximated by interpolation operators based on
finitely many deterministic samples), or an expected value (which is again approximated
using finitely many, either deterministic or random, samples). The multilinear map
M will be a combination of applications of operators to elements of their domain and
of tensor products of operators. Finally, the value v will be a scalar, a real-valued
function, or an operator.
A straightforward way to approximate v is to consider
(1)

(n)

M(wN (1) , . . . , wN (n) )
with large N (j) for all j ∈ {1, . . . , n}. Under the assumptions stated below, the
work required by this approach for an error of size  > 0 grows like −γ1 /β1 −···−γn /βn .
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We will derive an alternative, decomposition based approximation of v that reduces
the workload to −ρ , ρ := maxnj=1 γj /βj , up to possible logarithmic factors. In the
context of integration and interpolation problems, this approach is known as Smolyak’s
algorithm [124].
• Assumption 1 (Continuity): The map M is continuous. This is equivalent
to the existence of a constant C > 0 such that

kM(a(1) , . . . , a(n) )k ≤ C

n
Y

ka(j) k

j=1

for any a(j) ∈ W (j) , j ∈ {1, . . . , n}. Here and in the remainder of this work, we
use the generic symbol k · k to denote norms whenever it is evident from the
context which specific norm is meant.
• Assumption 2 (Componentwise approximability): For each j ∈ {1, . . . , n},
we have
(j)

kw(j) − wN k .N N −βj
for some βj > 0. We use the notation .N to denote inequalities that hold up to
a factor that is independent of N .
• Assumption 3 (Componentwise required work): For each j ∈ {1, . . . , n},
(j)

the construction of wN requires the work
(j)

Work(wN ) .N N γj

for some γj > 0.
• Assumption 4 (Overall work): The work required for the evaluation of M
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is subadditive and multiplicative,

Work(M(a(1) , . . . , a(n) ) + M(b(1) , . . . , b(n) )) ≤ Work(M(a(1) , . . . , a(n) ))
+ Work(M(b(1) , . . . , b(n) )),
Work(M(a(1) , . . . , a(n) )) =

n
Y

Work(a(j) ),

j=1

for any a(j) , b(j) ∈ W (j) , j ∈ {1, . . . , n}.
To define Smolyak’s algorithm, for any j ∈ {1, . . . , n} we consider subsequences
(j)

Nl

:= exp(tj l), l ∈ N := {1, . . . }, with tj > 0 to be chosen below, and we define the

consecutive differences
(j)

∆l := w

(j)
(j)

Nl

with the auxiliary definition w

(j)
(j)

N0

−w

(j)

∀l ≥ 1

(j)

Nl−1

:= 0. Deferring questions of convergence to

Lemma 2.2.7 below, we can write
v = M(w(1) , . . . , w(n) )
∞
X

= M(

(1)

∆l1 , . . . ,

l1 =1

=

X

∞
X

(n)

∆ln )

ln =1
(1)

(n)

(2.3)

M(∆l1 , . . . , ∆ln )

l∈Nn

=:

X

∆l .

l∈Nn

It is now reasonable to restrict the final sum in the above decomposition of v to those
multi-indices l ∈ Nn for which the ratio of work and contribution (measured by the
norm) associated with
(1)

(n)

∆l = M(∆l1 , . . . , ∆ln )
is below some threshold. Thanks to Assumptions 3 and 4, the work associated with
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∆l can be bounded by
Work(∆l ) =
≤
.l

n
Y
j=1
n
Y

(j)

Work(∆lj )
[exp(γj tj lj ) + exp(γj tj (lj − 1))]

j=1
n
Y

(2.4)

exp(γj tj lj )

j=1

and due to Assumptions 1 and 2, the norm of ∆l can be bounded by
k∆l k ≤ C

n
Y

(j)

(j)

kwlj − wlj −1 k

j=1
n
Y

.l

(2.5)

exp(−βj tj lj ).

j=1

Therefore, we approximate the work-to-contribution ratio of ∆l by

exp(

n
X

(γj + βj )tj lj ).

(2.6)

j=1

Since strict inequalities in our derivations above are possible, this approximation may
not be exact, and therefore merely functions as a motivation for the following definitions.
Looking at (2.6), we may proceed in two ways. Either we choose tj := 1/(γj + βj ) and
restrict the sum in Equation (2.3) to those ∆l with |l|1 := l1 + · · · + ln ≤ L ∈ N or we
take tj to be constant and sum up all ∆l with (γ + β) · l ≤ L. We choose the first
option and define Smolyak’s algorithm

SL (v) :=

X
|l|1 ≤L

∆l =

X

(1)

(n)

M(∆l1 , . . . , ∆ln ).

(2.7)

|l|1 ≤L

The following combination rule [67] can be proven verbatim as in [132, Lemma 1] and
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can facilitate numerical implementations:
!

SL (v) =

n−1
vl ,
L − |l|1

L−|l|1

X

(−1)

L−n+1≤|l|1 ≤L

(2.8)

where
vl := M(w

(1)
(1)

Nl

,...,w

1

(n)
(n)
n

Nl

).

Of course, SL (v) is simply an element of V ; the word algorithm is used because in
(j)

Smolyak’s original publication [124] the factors wN were univariate interpolation
or quadrature formulas, the multilinear map corresponded to the tensor product of
these operators, and Smolyak’s algorithm provided instructions for the combination of
the previously known univariate formulas to obtain novel corresponding multivariate
formulas.
By Equation (2.4), the work associated to SL (v) is bounded by

Work(SL (v)) ≤

X

exp(g · l),

(2.9)

|l|1 ≤L

where g = (g1 , . . . , gn ) with gj := γj /(γj + βj ). The exponential sum on the right
hand side of the previous inequality been estimated in [71, Lemma 6] with the result
+ (g)−1

Work(SL (v)) .L exp(gmax L)Ln

,

(2.10)

where gmax := maxnj=1 gj and n+ (g) := |{j : gj = gmax }|. Furthermore, Equations (2.3)
and (2.5) (see Lemma 2.2.7 below for a rigorous justification) show that

kv − SL (v)k = k

X
|l|1 >L

∆ l k .L

X

exp(−b · l),

(2.11)

|l|1 >L

where b = (b1 , . . . , bn ) with bj := βj /(γj + βj ) = 1 − gj . Again, it remains to bound
an exponential sum; although this time an infinite one with decaying terms. This has
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been done in [71, Lemma 7], with the result
− (b)−1

kv − SL (v)k .L exp(−bmin L)Ln

,

(2.12)

where bmin := minnj=1 bj and n− (b) := |{j : bj = bmin }|.

To summarize the results in a succinct fashion, we define
n

ρ := max γj /βj = gmax /bmin
j=1

and
n0 := |{j : γj /βj = ρ}| = n− (b) = n+ (g).
Theorem 2.2.1. (Convergence of sparse approximations) For  > 0 small
enough, we can choose L = L() such that

kSL (v) − vk . 

(2.13)

Work(SL (v)) . −ρ | log |(n0 −1)(1+ρ) .

(2.14)

and

Proof. Given  > 0, let L be the largest integer such that ψ(L) := exp(−bmin L)Ln0 −1 >
. By Equation (2.12), and because ψ(L)/ψ(L + 1) is bounded and ψ(L + 1) ≤ , this
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implies Equation (2.13). Furthermore, by Equation (2.10) we have
Work(SL (v)) .L exp(gmax L)Ln0 −1
= exp(ρbmin L)L−(n0 −1)ρ L(n0 −1)(1+ρ)
.L ψ(L)−ρ | log ψ(L)|(n0 −1)(1+ρ)
≤ −ρ | log |(n0 −1)(1+ρ) ,
where the last inequality holds for all small enough  > 0 by the choice of L.
Remark 2.2.2. Theorem 2.2.1 generalizes results on sparse wavelet approximation that
were proven in [62] using orthogonal decompositions. Indeed, we show in Section 2.3
how high-dimensional approximation can be analyzed as multilinear approximation
problem and deduce results similar to those in [62] but for kernel-based approximation.
Remark 2.2.3. (Exponential convergence) It may happen that one of the inputs
exhibits exponential convergence,
(j)

kw(j) − wN k .N exp(−sj N )
and algebraic work,
(j)

Work(wN ) .N N γj .
Such inputs satisfy Assumption 2 for any exponent and thus can always be added to a
problem without increasing the bounds in Theorem 2.2.1. When all inputs converge
exponentially, improved exponential convergence rates can be obtained by an extended
analysis, see Remark 2.3.11 and [65].
Remark 2.2.4. (Logarithmic factors) If the work of one of the inputs exhibits
additional logarithmic factors,
(j)

Work(wN ) .N N γj (log N )µj ,
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then the work required for an error of size  increases by the factor | log |s , where
s :=

P

{j:γj /βj =ρ}

µj . Indeed,

P

|l|1 ≤L

exp(g · l)

µj
j=1 lj

Qn

+ (g)−1+s

.L exp(gmax L)Ln

, which

follows from a simple supremum bound together with [71, Lemma 6]. Therefore,
Equation (2.10) holds with the additional factor Ls and Theorem 2.2.1 holds with the
additional factor | log |s .
Remark 2.2.5. (Tracking constants) Provided more explicit bounds on error and
work,
(j)

kw(j) − wN k ≤ CE,j N −βj
(j)

Work(wN ) ≤ CW,j N γj ,
we may refine the work bound in Theorem 2.2.1 to
Work(SL (v)) .,CE ,CW CW CEρ −ρ | log |(n0 −1)(1+ρ) ,
for CW :=

Qn

j=1

CW,j and CE :=

Qn

j=1

(2.15)

CE,j .

Remark 2.2.6. (Integer constraints) We assumed that we can choose N ∈ R≥ :=
{x ∈ R : x ≥ 0}. In practice, N is often restricted to being a natural number. If we
implicitly round up all occurences of N , then the analysis above goes through since the
error bound in Equation (2.5) persists unaltered and the work bound in Equation (2.4)
persists with another constant.
Lemma 2.2.7. Under Assumptions 1 and 2, the elements ∆l ∈ V , l ∈ Nn are
absolutely summable and their sum is v. In particular,

v−

X
|l|1 ≤L

∆l =

X
|l|1 >L

∆l .
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Proof. By Equation (2.5) and [71, Lemma 7] we have
X

k∆l k < ∞.

l∈Nd

Therefore, all rearrangements yield the same limit, if one exists. But

X

∆l = M(

|l|∞ ≤L

L
X

(1)

∆l1 , . . . ,

L
X

(n)

(1)

(n)

∆ln ) = M(wL , . . . , wL ) → v

ln =1

l1 =1

by continuity of M.

2.3

Kernel-based approximation

In this section, we describe kernel-based approximation methods [116, 133], which we
later use to approximate response surfaces.
Assume we want to reconstruct an element f of a Hilbert space (H, h·, ·i) from the
output T f of a linear sampling operator T ∈ L(H, RN ), with N ∈ N.
If H is infinite-dimensional, then the output of T never uniquely determines an
element of H. To resolve this ambiguity we select the interpolant with minimal norm,

Sf := arg min ksk2 ,

(2.16)

s∈H

T s=T f

where ksk2 := hs, si. In the remainder of this work, we refer to S as the bestapproximation associated with T, which is justified by property (ii) in Theorem 2.3.1
below.
We denote by T ∗ : RN → H the Hilbert space adjoint of T . For the sake of
simplicity we assume that H is a real Hilbert space and that T is surjective, which is
the case in all applications we consider in this work. In particular, this implies that
T ∗ is injective and T T ∗ invertible.
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(i) The best-approximation S from Equation (2.16) is well-defined,

linear, and satisfies
S = T ∗ (T T ∗ )−1 T.

(2.17)

(ii) Sf is the best approximation to f from (ker T )⊥ : For any f ∈ H, we have

kf − Sf k =

inf

g∈(ker T )⊥

kf − gk.

Proof. Equation (2.16) defines Sf as the minimal-norm approximation of 0 from
the affine subspace f + ker T . In Hilbert spaces, this coincides with the orthogonal
projection, which is uniquely determined by T Sf = T f and hSf, vi = 0 for all
v ∈ ker T . Both of these equations are satisfied by Sf = T ∗ (T T ∗ )−1 T f , which proves
(i). From here we see that Sf ∈ Im T ∗ = (ker T )⊥ and f − Sf ∈ ker T = ((ker T )⊥ )⊥ ,
which implies that Sf is also the orthogonal projection of f onto (ker T )⊥ and thus
(ii) holds.
If our objects of interest are real-valued functions on domains Γ ⊂ Rd , an explicit
classification of all Hilbert spaces of such functions is desirable. Under the additional
assumption that point evaluations are continuous, this can be achieved through
reproducing kernels.
Definition 2.3.2. A Hilbert space (H, k · k) of functions on Γ ⊂ Rd such that all
point evaluations δx f := f (x), x ∈ Γ are continuous with respect to k · k is called
Reproducing Kernel Hilbert Space (RKHS). We call Φ : Γ×Γ → R, Φ(x, y) := R(δx )(y)
the reproducing kernel of H, where R : H ∗ → H is the Riesz isometry.
It can be shown [6] that the reproducing kernel of an RKHS is symmetric and
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positive definite on Γ × Γ, meaning that

(Φ(xi , xj ))N
i,j=1

is positive definite for any {x1 , . . . , xN } ⊂ Γ. Conversely, any function that satisfies
these conditions is the reproducing kernel of a unique RKHS, which is called the native
space of Φ and denoted by NΦ (Γ).
Depending on the context, the application of best-approximation theory in Hilbert
spaces to the reconstruction of functions in RKHS is called kernel-based approximation
[47], scattered data approximation [133], kriging [125], or kernel learning [118].
For practical applications it is crucial that, given the reproducing kernel, bestapproximations can be computed exactly. The following proposition is well known in
the theory of kernel-based approximation; we provide a proof for the convenience of
the reader.
Proposition 2.3.3. Let T = (λ1 , . . . , λN ) with λi ∈ H ∗ . Then

Sf =

N
X

si λi f,

i=1

where
si =

n
X

uij λ1j Φ ∈ H

j=1
2 1
N
and (uij )N
i,j=1 are the entries of the inverse of (λi λj Φ)i,j=1 . Here, the superscript

indicates the variable that is acted on. For example, if T consists of point evaluations
in {x1 , . . . , xN } ⊂ Γ, then λ1j Φ = Φ(xj , ·) ∈ H and λ2i λ1j Φ = Φ(xj , xi ) ∈ R.
Proof. In view of Equation (2.17) it suffices to note that T ∗ v =
PN

v ∈ RN and therefore T T ∗ v = (

N
2 1
i=1 (λj λi Φ)vi )j=1 .

PN

i=1

λ1i Φvi for any

We have seen in Theorem 2.3.1

that T T ∗ is invertible.
Maybe the most common examples of reproducing kernel Hilbert spaces are the
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isotropic Sobolev spaces H β (Rd ) with β > d/2, for which point evaluations are
continuous by Sobolev’s embedding theorem. We give here a general definition using
Fourier transforms that is suited to our interest in multilinear problems. For a partition
D = {Dj }nj=1 of {1, . . . , d}, with dj := |Dj |, and β ∈ Rn≥ , we define
β
HD
(Rd ) := {f ∈ L2 (Rd ) : kf kH β (Rd ) := k
D

n
Y

(1 + |ωDj |2 )βj /2 fˆkL2 (Rd ) < ∞)},

j=1

equipped with the obvious inner product, where we denote by | · |2 the Euclidean
norm, and where we access groups of components of ω ∈ Rd by the subscripts Dj .
β
Furthermore, for any Γ ⊂ Rd we define HD
(Γ) as space of restrictions of functions in
β
HD
(Rd ) with the norm kf kH β (Γ) := inf g|Γ =f kgkH β (Rd ) .
D

D

Special cases are the isotropic Sobolev spaces, which correspond to D1 = {1, . . . , d}
β
and β = β ∈ R≥ , and the Sobolev spaces Hmix
(Rd ) of dominating mixed smoothness,

which correspond to Dj = {j} and βj = β ∈ R≥ for j ∈ {1, . . . , d}.
If β ∈ Nn0 , then we have the characterization
β
HD
(Rd ) := {f ∈ L2 (Rd ) : ∀α ∈ Nd0 , |αDj |1 ≤ βj , j ∈ {1, . . . , n} : k∂α f kL2 (Rd ) < ∞}.

β
Furthermore, we see below that the spaces HD
(Γ) are tensor products of isotropic

Hilbert spaces when Γ is a product domain. The multilinearity of the tensor product
will later allow us to apply the general framework from Section 2.2.
Definition 2.3.4 ([69]). If (H (j) , h·, ·ij ) are Hilbert spaces for j ∈ {1, . . . , n}, then
the unique bilinear extension of
n
n
O
(j) O (j)

n
Y

j=1

j=1

h

f2 iH :=

f1 ,

j=1

(j)

(j)

hf1 , f2 ij

(j)

∀ fi

∈ H (j) , i ∈ {1, 2}, j ∈ {1, . . . , n}

is an inner product on their algebraic tensor product. We call the completion of the
algebraic tensor product under this inner product the Hilbert tensor product and
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H (j) .

Proposition 2.3.5.

(i) Let {Dj }nj=1 be a partition of {1, . . . , d}. If for each j ∈

{1, . . . , n} we have a function φj : Rdj → R that satisfies
(1 + |ω|22 )−βj .ω |φˆj (ω)| .ω (1 + |ω|22 )−βj ,
for some βj /2 > dj , then Φ(x, y) :=

Qn

j=1

φj (xDj − yDj ) : Rd × Rd → R is a

β
reproducing kernel with native space NΦ (Rd ) ' HD
(Rd ).

(ii) If Φ : Λ × Λ → R is a reproducing kernel, and Γ ⊂ Λ, then Φ|Γ×Γ is the
reproducing kernel of the space of restrictions equipped with the natural norm:

NΦ|Γ×Γ (Γ) = ({g|Γ : g ∈ NΦ (Λ)}, kf kNΦ (Γ) = inf kgkNΦ (Λ) ).
g|Γ =f

(iii) If Φj : Γj ×Γj → R are reproducing kernels for j ∈ {1, . . . , n}, then Φ :=
is a reproducing kernel and NΦ (

Qn

j=1

Γj ) =

Nn

j=1

Nn

j=1

Φj

NΦj (Γj ).

(iv) Let {Dj }nj=1 be a partition of {1, . . . , d} and assume that βj > dj /2 for all
j ∈ {1, . . . , n}.Then
n
Y
β
HD ( Γj )
j=1

=

n
O
j=1

for any Γj ⊂ Rdj , j ∈ {1, . . . , n}.
Proof.

(i) Follows from [133, Theorem 10.12].

(ii) This is [6, Section 5, Theorem 1].
(iii) This is [6, Section 8, Theorem 1].
(iv) Follows from combining (i) through (iii).

H βj (Γj ).
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A family of functions that satisfy the condition in part (i) are the Matérn functions
φ : Rd → R, x 7→ φ(x) :=

21−β β−d/2
|x|
Kβ−d/2 (|x|2 ),
Γ(β) 2

where β > d/2, and Kβ−d/2 (r) is the modified Bessel function of the second kind of
order β − d/2. Their Fourier transform equals (1 + |ω|22 )−β [133, Theorem 6.13]. By
parts (ii) through (iii) of the previous proposition, we therefore have explicit expressions
β
of the reproducing kernels of the generalized Sobolev spaces HD
(Γ). In combination

with Proposition 2.3.3 this allows the effective computation of best-approximations in
these spaces.
Error bounds for best-approximations in isotropic Sobolev spaces can be deduced
from the sampling inequality in Proposition 2.3.6 below. For subsets X ⊂ Γ we denote
by
hX,Γ := sup inf |x − y|2
y∈Γ x∈X

the fill-distance of X in Γ.
Proposition 2.3.6 ([134, Theorem 2.6]). Let Γ ⊂ Rd be a bounded Lipschitz domain.
There exists h0 > 0 such that, for any finite set X ⊂ Γ with hX,Γ < h0 and any
r ∈ H β (Γ), we have
krkL2 (Γ) .h,r hβX,Γ krkH β (Γ) + max |r(x)|
x∈X

To turn the previous proposition, which is a purely theoretical property of Sobolev
functions, into a convergence result for kernel-based interpolation, all that is needed
is stability of kernel-based interpolation, kSX ukH β (Γ) ≤ kukH β , which follows directly
from the definition in Equation (2.16). In the following proposition and in the
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remainder of this work, we denote by

kAkH→G := sup kAhkG
khkH =1

the operator norm of a linear operator A : H → G between general normed vector
spaces H and G.
Proposition 2.3.7. Let Γ ⊂ Rd be a bounded Lipschitz domain, and let Φ be a
reproducing kernel such that NΦ (Γ) ' H β (Γ). For any 0 ≤ α ≤ β we have
k Id −SX kH β (Γ)→H α (Γ) .X hβ−α
X,Γ ,
where SX is the best-approximation in H β (Γ) associated to point evaluations in X ⊂ Γ.
Proof. By the Gagliardo-Nirenberg interpolation inequality [105, Theorem 1], it suffices
to consider the cases α = 0 and α = β. For the first case, consider u ∈ H β (Γ) and
apply Proposition 2.3.6 to r := u − SX u. The claim follows because r|X ≡ 0 and

krkH β (Γ) ≤ kukH β (Γ) + kSukH β (Γ) ≤ 2kukH β (Γ)

by the definition of Su. The second case follows directly from the previous inequality.

We now consider the sparse approximation of functions in a native space NΦ (Γ) on a
product domain Γ :=

Qn

j=1

Γj with a tensor product kernel Φ := Φ1 ⊗· · ·⊗Φn : Γ×Γ →

R.
Since
IdNΦ (Γ) = IdNΦ1 (Γ1 ) ⊗ · · · ⊗ IdNΦn (Γn ) ,
we may apply Smolyak’s algorithm to the multilinear tensor product of operators,
and we obtain an approximation of the identity operator IdNΦ (Γ) that employs point
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evaluations in a sparse grid [124, 107, 55].
Before we become more specific, let us recall the tensor product of operators.
Proposition 2.3.8 ([69, Proposition 4.127]). Let H (j) and G(j) , with j ∈ {1, . . . , n},
be Hilbert spaces and denote by H =

Nn

j=1

H (j) and G =

Nn

j=1

G(j) their Hilbert tensor

products. Given operators A(j) ∈ L(H (j) , G(j) ), j ∈ {1, . . . , n} we define the tensor
product operator on the algebraic tensor product of the spaces H (j) , j ∈ {1, . . . , n} by
O
n

A(j)

 O
n

j=1



h(j) :=

j=1

n
O

A(j) h(j)

j=1

and by multilinear extension. This algebraic tensor product operator satisfies

k

n
O

A(j) kH→G =

j=1

n
Y

kA(j) kH (j) →G(j)

j=1

on its domain of definition and can therefore be extended to the completion H of the
algebraic tensor product, maintaining the same bound on the operator norm.
Now consider the case where the factors NΦj (Γj ) are isotropic Sobolev spaces
H βj (Γj ), Γj ⊂ Rdj , and we apply Smolyak’s algorithm to approximate
β
α
v := M(IdH β1 (Γ1 ) , . . . , IdH βn (Γn ) ) := IdH β1 (Γ1 ) ⊗ · · ·⊗IdH βn (Γn ) = IdH β (Γ) ∈ L(HD
(Γ), HD
(Γ)).
D

α
Here, we consider IdH β (Γ) as taking values in HD
(Γ) with α ≤ β in order to later
D

α
obtain bounds in the norm of HD
(Γ). To approximate the inputs IdH βj (Γj ) we use
(j)

(j)

best-approximations SN associated with point evaluations in sets XN ⊂ Γj with
(j)

|XN | = N and hX (j) ,Γj .N N −1/dj .
N

To be able to apply the general theory of Section 2.2, we need to verify the
four assumptions from Section 2.2. Assumption 1 on the continuity of M holds by
Proposition 2.3.8 above.
Assumption 2 on the convergence of the input approximations has been established
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in Proposition 2.3.7. Finally, to satisfy Assumptions 3 and 4 we assign as work to
each point evaluation a unit cost, that is
(j)

Work(SN (j) ) := N (j)

∀N (j) > 0, j ∈ {1, . . . , n}

and
(1)

(n)

Work(SN (1) ⊗ · · · ⊗ SN (n) ) :=

n
Y

N (j) .

j=1

This is indeed the number of point evaluations required by the tensor product operator:
(j)

By Proposition 2.3.3, SN (j) can be written as
(j)
N
X

(j)

si δx(j)
i

i=1

(j)

(j)

(j)

for xi ∈ XN (j) and some si ∈ NΦj (Γj ), thus,
(1)
SN (1)

⊗ ··· ⊗

(n)
SN (n)

=

(1)
N
X

···

i1 =1

(n)
N
X

n
O
(j)

(

sij )δ(x(1) ,...,x(n) ) .

in =1 j=1

i1

in

Therefore, Theorem 2.3.9 below follows directly from Theorem 2.2.1.
Theorem 2.3.9. (Sparse kernel-based approximations) Assume 0 ≤ α < β.
For small enough , we can choose L such that Smolyak’s algorithm with threshold L
satisfies
k Id −SL (Id)kH β (Γ)→H α (Γ) ≤ 
D

D

and employs
NSL (Id) . −ρ | log |(1+ρ)(n0 −1)
point evaluations in Γ, where
ρ := maxnj=1 dj /(βj − αj ) and n0 := |{j : dj /(βj − αj ) = ρ}|.

(2.18)
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Remark 2.3.10. (Convergence in non-Hilbert norms) The previous theorem
is an extension of Theorem 4.41 in [117], which provides L∞ bounds for interpolation
in an n-fold tensor product of a univariate Sobolev space.
To derive bounds on the error in non-Hilbert norms, such as L∞ , observe that the
proof of Proposition 2.3.7 goes through for non-Hilbert Sobolev spaces whose parameters
satisfy certain conditions determined by the Gagliardo-Nirenberg inequality. It remains
to be checked whether the desired norm is uniform with the native space norm in the
sense introduced in Section 2.2. For bounds in the L∞ -norm, one can simply use
pointwise estimates and the fact that R = R ⊗ · · · ⊗ R is a Hilbert tensor product. In
this case, the result in Equation (2.18) holds true with
ρ := maxnj=1 dj /(βj − dj /2) and n0 := | arg maxnj=1 {dj /(βj − dj /2)}|.
Remark 2.3.11. (Exponential convergence) In [54, 42], Smolyak’s algorithm is
applied to approximation with Gaussian kernels (which have exponential univariate
convergence rates). Theorem 4.44 in [117] claims that using hl := hX (j) ,Γj ≤ exp(−l)
l

yields exponential convergence in terms of the required samples, exp(−cN ), when
Smolyak’s algorithm is applied to the n-fold tensor product of univariate Gaussian
kernel native spaces. However, the proof is based on the claim that the univariate
interpolants satisfy
(j)

k Id −Sl k ≤ cφ hkl

∀l, k ∈ N

(2.19)

for constants cφ , C, c independent of k and l, such that
cφ hkl ≤ C exp(−ch−1
l )

∀l, k ∈ N,

(2.20)

which seems to be incorrect (consider hl < 1 and k → ∞). Indeed the Smolyak
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≈ exp(tj l) is tailored to the situation of algebraically converging

approximations and algebraically diverging work. To group contributions with equal
work-to-error ratio as in Equation (2.6), if the error converges exponentially and the
(j)

work grows algebraically, one should use arithmetic subsequences Nl

≈ ml. This

yields only sub-exponential convergence, exp(−cN 1/n ), as does approximation with
Gaussian kernels and quasi-uniform point sets. However, it can be shown that the
factor c = c(n) behaves better for large values of n [65].

2.4

Applications to parametric and random PDEs

We apply Smolyak’s algorithm to parametric partial differential equations of the form

Py (uy ) = fy

(2.21)

where both the partial differential operator Py and the right-hand side fy depend on a
parameter y ∈ Γ ⊂ Rd .
Assuming that there is a unique solution uy = Py−1 (fy ) for each y ∈ Γ, our goal is
to approximate the dependence of a scalar, possibly nonlinear, quantity of interest
Q(uy ) on the parameter y.

2.4.1

Approximation of expectations

In this subsection, we assume that the parameter space Γ ⊂ Rd is equipped with a
probability distribution π, and our goal is to approximate expected values of quantities
of interest. We show how multilevel and multi-index methods can be regarded as
applications of Smolyak’s algorithm to generalized multilinear approximation problems.
While the resulting methods are not new, we obtain streamlined proofs and see that
linearity of the underlying PDE is not required to obtain multilinear approximation
problems.

109
Our goal is to compute the expectation E[Q(Py−1 (fy ))] =

ARTICLE 2
R

Q(Py−1 (fy ))dπ(y).

Roughly speaking, if suitable regularity results for the operators Py , y ∈ Γ (and
possibly their linearizations) are available and if, for example, Q is linear, then
differentiation of Equation (2.21) with respect to y shows that

q: Γ → R
y 7→ q(y) := Q(Py−1 (fy ))

has similar differentiability properties with respect to y as Py and fy . For rigorous
results, consider for example [87, 77, 28] or the discussion of our numerical experiment
in Section 2.5.1. For the remainder of this section, we will simply assume that q ∈ H
for some suitable normed vector space H of functions from Γ to R.
In practice, we cannot compute Py−1 exactly but instead we have to rely on
−1
(2)
discretizations Py,N
mesh points and
(2) , corresponding to a numerical solver with N

coefficients determined by y. This yields approximations qN (2) ∈ H of q, defined by
−1
qN (2) (y) := Q(Py,N
(2) fy ).

Furthermore, we cannot compute approximations to the solution for all values of y,
but only for N (1) samples and then need to rely on quadrature rules IN (1) : H → R
based on these samples. A straightforward approximation of E[q] is then

E[q] ≈ IN (1) qN (2)

(2.22)

for large N (1) and N (2) , corresponding to many samples of a fine discretization of the
PDE.
To obtain approximations that achieve the same error with less work, we observe
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that

B : L(H, R) × H → R
(λ, h) 7→ λh

is a continuous bilinear form and our goal is to approximate

v := E[q] = B(E, q) ∈ R

using the approximations IN of E and qN of q. This is exactly the setting of Section 2.2,
with Assumption 1 on the continuity of the bilinear form corresponding to the definition
of operator norms. To satisfy Assumptions 2 to 4 on error and work, we assume

kE − IN kH→R .N N −β ,
kq − qN kH .N N −κ ,
and that an approximation of the solution of the PDE with a fixed parameter y ∈
Γ and N mesh points requires the work N γ for some γ > 0. Furthermore, we
associate with IN (1) the work N (1) , with qN (2) the work (N (2) )γ , and with IN (1) qN (2)
the work N (1) (N (2) )γ required for N (1) calls of the PDE solver with N (2) mesh points.
Theorem 2.2.1 now shows that for small enough , we may choose L such that Smolyak’s
algorithm
SL (v) :=

X

(1)

(2)

∆l1 ∆l2 =

|l|1 ≤L

L−1
X

(2)

Il ∆L−l

(2.23)

l=1

achieves an error of size  > 0 with work

−ρ | log |(1+ρ)(n0 −1) ,

(2.24)
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where
ρ := max{γ/κ, 1/β}, n0 := | arg max{γ/κ, 1/β}|.
Using the straightforward approximation from Equation (2.22) instead would require
the work −γ/κ−1/β .
Equation (2.23) is the celebrated multilevel formula [59] and Equation (2.24)
agrees with the work analysis in [128]. Strictly speaking, when the so called weak
convergence E[qN ] → E[q] occurs at a faster rate than the strong convergence qN → q,
and when additionally γ/κ > 1/β, slightly improved rates can be proven by a
more elaborate analysis. We show in Section 2.4.3 how such random sampling and
corresponding probabilistic results can be obtained in the framework of multilinear
approximation problems. First, we expand on the case of deterministic quadrature rules
on domains in Rd . Here, assuming separable probability densities, we can interpret
the multidimensional integral operator as a tensor product of lower-dimensional
integral operators and this multilinear structure allows for further sparsification of the
approximation. More specifically, we consider the case where the integration domain
is a cartesian product, Γ = Πnj=1 Γ(j) with Γ(j) ⊂ Rdj , and where
β
H = HD
(Γ) =

n
O

H βj (Γ(j) ),

j=1

which is a tensor product Sobolev space as in Section 2.3. Furthermore, we assume that
the distribution π of y is separable, π =
and

R
Γ

Qn

j=1

π (j) . Since the operators

Nn

R

j=1 Γ(j)

dπ (j)

dπ agree on elementary tensors by Fubini’s theorem, they are equal, and we

may consider the multilinear approximation problem

E[q] =


n Z
O

j=1

Γ(j)



dπ

(j) 

Z

q =: M(

Γ(1)

(1)

dπ , . . . ,

Z
Γ(n)

dπ (n) , q).

This time we form Smolyak’s algorithm based on the (n + 1)-linear map M and
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(j)

on quadrature rules IN : H βj (Γ(j) ) → R. We maintain the assumption that
kq − qN kH β (Γ) .N N −κ .

(2.25)

D

and further assume that

k

Z

(j)

Γ(j)

dπ (j) − IN kH βj (Γ(j) )→R .N N −βj /dj

(2.26)

for j ∈ {1, . . . , n}. For example, if π (j) has a bounded density with respect to
(j)

the Lebesgue measure, we can use for IN the integral over the kernel-based best(j)

approximation associated with point evaluations in YN
N

−1/dj

⊂ Γ(j) with hY (j) ,Γ(j) .N
N

. In any case, we assume that the resulting quadrature points and weights

are calculated beforehand. Smolyak’s algorithm in this setting yields the Multi-index
Stochastic Collocation method, which was introduced in [70, 71]. By presenting this
method in the general framework of Smolyak’s algorithm, we obtain a succinct proof
of its convergence. Indeed, the convergence rate in Theorem 2.4.1 below agrees with
that in [70, Theorem 1].
Theorem 2.4.1. Let qN , IN , and M be as above. In particular, assume that the
estimates in Equations (2.25) and (2.26) hold and that each call of the PDE solver to
obtain a sample qN (y), y ∈ Γ, requires the computational work τ .N N γ . For small
enough  > 0, we can choose L such that Smolyak’s algorithm SL := SL (E[q]) with work
parameters (1, . . . , 1, γ) and convergence parameters (β1 /d1 , . . . , βn /dn , κ)achieves

|E[q] − SL | ≤ 
with the computational work bounded by
Work(SL ) . −ρ | log |(1+ρ)(n0 −1) ,

(2.27)
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where

ρ := max{d1 /β1 , . . . , dn /βn , γ/κ}

and

n0 = | arg max{d1 /β1 , . . . , dn /βn , γ/κ}|.
Proof. We check the assumptions of Section 2.2. For this purpose, we view M as a
multilinear map


M: 

n
Y


β
L(H (Γj ), R) × HD
(Γ) → R.
βj

j=1

Assumption 1 on the continuity of M follows from Proposition 2.3.8 together with
the definition of the operator norm: For arbitrary elements λ(j) ∈ L(H βj (Γj ), R) and
β
h ∈ HD
(Γ) we have

(1)

|M(λ , . . . , λ

(n)

, h)| ≤ k
≤

n
O

λ(j) kH β (Γ)→R khkH β (Γ)

j=1
n
Y

D

D

kλ(j) kH βj (Γj )→R khkH β (Γ) .
D

j=1

Assumption 2 follows from Equations (2.25) and (2.26). Finally, we assign as work
(j)

to IN the number of required point evaluations N , to qN the computational work
N γ , and to the evaluation of
(1)

(n)

M(IN (1) , . . . , IN (n) , qN (n+1) )
the product

(

n
Y
j=1

N (j) )(N (n+1) )γ ,
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Qn

j=1

N (j) calls of the PDE solver with

N (n+1) mesh points. Therefore, all Assumptions of Section 2.2 are satisfied and the
claim follows from Theorem 2.2.1.

2.4.2

Response surface approximation

Our general formulation of Smolyak’s algorithm allows us to extend the multilevel
and multi-index methods of the previous subsection to the approximation of the full
response surface q : Γ → R without much effort, provided we have an interpolation
method which converges to the identity with an algebraic rate. We give below a result
using kernel-based approximations (see Section 2.3).
β
As before, we assume that q ∈ HD
(Γ), where Γ = Πnj=1 Γ(j) and Γ(j) ⊂ Rdj are

Lipschitz domains and β = (β1 , . . . , βn ) > (d1 /2, . . . , dn /2). To apply Smolyak’s
algorithm we observe that


q = Id q = 

n
O



Id(j)  q =: M(Id(1) , . . . , Id(n) , q),

j=1

where Id(j) , j ∈ {1, . . . , n}, is the identity on H βj (Γj ), which we approximate by the
(j)

(j)

best-approximations SN from Section 2.3 based on evaluations in YN ⊂ Γ(j) ⊂ Rdj
such that hY (j) ,Γ(j) .N N −1/dj .
N

Theorem 2.4.2. Suppose that we have convergence qN → q as specified in Equation (2.25), and that each call of the PDE solver to obtain a sample qN (y), y ∈ Γ,
requires the computational work τ .N N γ . Let 0 ≤ α < β. For small enough  > 0
we can choose L such that Smolyak’s algorithm SL := SL (q) with work parameters
(1, . . . , 1, γ) and convergence parameters ((β1 − α1 )/d1 , . . . , (βn − αn )/dn , κ) satisfies

kq − SL kHDα (Γ)) ≤ 
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and such that the computational work spent on calls of the PDE solver is bounded by
W (SL ) . −ρ | log |(1+ρ)(n0 −1) ,

(2.28)

where

ρ := max{d1 /(β1 − α1 ), . . . , dn /(βn − αn ), γ/κ}

and

n0 = | arg max{d1 /(β1 − α1 ), . . . , dn /(βn − αn ), γ/κ}|.
Proof. As before, Assumption 1 of Section 2.2 holds since the multilinear map


M: 

n
Y


β
α
(Γ) → HD
L(H βj (Γj ), H αj (Γj )) × HD
(Γ)

j=1





(A(j) )nj=1 , h

7→

O
n

A

(j)



h

j=1

is continuous by Proposition 2.3.8.
(j)

Assumption 2 of Section 2.2 holds for qN by assumption and for SN , j ∈ {1, . . . , n},
by Proposition 2.3.7, which states that
(j)

k Id(j) −SN kH βj (Γ(j) )→H αj (Γ(j) ) .N N −(βj −αj )/dj .
(j)

Finally, we associate as work to SN the number of required point evaluations N , to
qN the work N γ , and to the evaluation of
(1)

(n)

M(SN (1) , . . . , SN (n) , qN (n+1) )
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the product

(

n
Y

N (j) )(N (n+1) )γ ,

j=1

which is the computational work required for

Qn

j=1

N (j) samples of qN (n+1) . Therefore all

Assumptions of Section 2.2 are satisfied and the claim follows from Theorem 2.2.1.
Remark 2.4.3. (Total work) In practice, additionally to calls of the PDE solver,
(j)

we need to determine the elements si,N ∈ H βj (Γj ) in
(j)

SN f =

N
X
(j)

(j)

si,N f (yi,N ),

(2.29)

i=1

using Proposition 2.3.3. Denote the computational work required for this computation
by τS and denote by τP the computational work required for all calls of the PDE solver,
for which we use the estimate
τP .L exp(Lg)Ln0 −1

(2.30)

from Equation (2.10), where g = max g and n0 = | arg max g| with

g = (1/(1 + (β1 − α1 )/d1 ), . . . , 1/(1 + (βn − αn )/dn ), γ/(γ + κ)).
If we can solve the linear systems of Proposition 2.3.3 of size N in time N λ , then
(j)

(recall the definition Nl

τS =

:= exp(l/(1 + (βj − αj )/dj )) from Section 2.2)

n X
L 
X
j=1 l=1


(j) λ
Nl

.L

L
X

exp(lg̃) .L exp(Lg̃),

(2.31)

l=1

where g̃ := λ maxnj=1 {1/(1+(βj −αj )/dj ))}. Comparison of Equations (2.30) and (2.31)
shows that τS is negligible if
g̃ ≤ γ/(γ + κ).
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However, our numerical experiments in Section 2.5 show that even in cases where
g̃ > γ/(γ + κ), the work τS for the solution of the interpolation equations of a onedimensional problem may be negligible compared to the cost τP of obtaining samples
using PDE solvers in practical regimes of computation. Intuitively, this may be
explained by the fact that inverting the kernel matrices corresponding to one or two
dimensional interpolation problems comes with no overhead, especially compared to
the calls of the PDE solver, which requires meshing, preconditioning, etc.

2.4.3

Optimization under uncertainty

We now consider the case where the parameter y = (z, m) in Equation (2.21) can
be split into a deterministic component z and a random component m. Taking
expectation over the random component and optimizing over the deterministic one
then gives rise to a problem of optimization under uncertainty [114, 119, 120, 3].
We assume that m is a random element over a probability space (Ω, A, P ) with
values in a possibly infinite-dimensional Banach space.
Our goal is to solve the minimization problem

min v(z) + ψ(z),
z∈Γ

where
v(z) := E[Q(u(z,m) )]
is the expected value with respect to P , and ψ depends only on the deterministic
parameter z, acting as a penalty term for large z for example. Difficulties in this
minimization problem arise for similar reasons as before:
−1
• Given z and m, we can only compute approximations u(z,m),N := P(z,m),N
f(z,m)

to the solution of the PDE.
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• Since m is a random element, we need to rely on sampling strategies to approximate the expected value. In this section we show how Monte Carlo sampling
can be included in the framework of general multilinear problems; however, deterministic sampling strategies as in Section 2.4.1 may be applied alternatively.
• As a consequence we can only compute approximations of v(z), and we can only
do so for few values of z.
To address these issues, we propose a method for the computation of surrogate
models that converge to Q with high probability. These surrogate models are given in
terms of their coefficients with respect to a basis of kernel functions. As such they
can be evaluated with relatively low computational effort and minimized by standard
techniques.
As in previous sections, we assume that Γ =

Qn

j=1

Γ(j) for Lipschitz domains

β
Γ(j) ⊂ Rdj , v ∈ HD
(Γ) for some partition D of {1, . . . , d}, and β = (β1 , . . . , βn ) >

(d1 /2, . . . , dn /2) to assure that pointwise evaluations are possible. Furthermore, we
assume that for P -almost all ω ∈ Ω we have

β
ṽ(ω) := (z 7→ Q(u(z,m(ω)) ) ∈ HD
(Γ)

β
and ṽ is an element of the Bochner space L2 (Ω; HD
(Γ)). To obtain a multilinear

approximation problem, we consider the problem of approximating the constant
β
HD
(Γ)-valued random variable





β
v = M(Id(1) , . . . , Id(n) , E, ṽ) := Id(1) ⊗ · · · ⊗ Id(n) E[ṽ] ∈ L2 (ΩN ; HD
(Γ)),

where
• (ΩN , AN , P N ) is the N-fold product probability space with product measure,
which represents a sequence of independent and identically distributed draws of
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m
• we regard expectation as an operator

β
β
E : L2 (Ω; HD
(Γ)) → L2 (ΩN ; HD
(Γ)),

β
which maps elements of the Bochner space L2 (Ω; HD
(Γ)) to their expected value,
β
regarded as deterministic element of L2 (ΩN ; HD
(Γ))

• Id(j) is the identity on H βj (Γj ) for j ∈ {1, . . . , n}.

To apply Smolyak’s algorithm, we use the following approximations
• To approximate ṽ, we use the random variable

ṽN (ω) := (z 7→ Q(u(z,m(ω)),N ))

• To approximate the expectation operator E, we use the empirical mean operators

β
β
ΞN : L2 (Ω; HD
(Γ)) → L2 (ΩN ; HD
(Γ)),

(ΞN X)(ω) :=

N
1 X
X(ωi ) ∀ω ∈ ΩN
N i=1

(j)

• To approximate the identities Id(j) , we use the best-approximations SN from
(j)

Section 2.3 based on sets ZN ⊂ Γ(j) ⊂ Rdj with fill-distances
hZ (j) ,Γ(j) .N N −1/dj .
N

β
Smolyak’s algorithm applied to this setting yields random elements in HD
(Γ) that
β
converge to the deterministic function v ∈ HD
(Γ) in the probabilistic mean squared

error (MSE) as L → ∞.
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Before we prove this convergence, we describe Smolyak’s algorithm from a com(j)

(j)

putational perspective. If we denote the members of ZN by (zi,N )N
i=1 , then by
(j)

Proposition 2.3.3 each SN can be written as
(j)

SN f =

N
X
(j)

(j)

si,N f (zi,N ),

(2.32)

i=1

(j)

(1)

(n)

with si,N ∈ H βj (Γ(j) ). The value M(SN (1) , . . . , SN (n) , ΞN (n+1) , ṽN (n+2) ), which is forβ
mally defined as an element of L2 (ΩN ; HD
(Γ)), is therefore given by

X
i∈J

si

(n+1)
NX

1
N (n+1)



Q u(zi ,m(ωk )),N (n+2)



(2.33)

k=1

where
J := {i ∈ Nn : 1 ≤ ij ≤ N (j) },
si :=

n
O
(j)
j=1

sij ,N (j) ,

and
(1)

(n)

zi := (zi1 ,N (1) , . . . , zin ,N (n) ).
(n+1)

This means that we draw independent samples (m(ωk ))N
k=1
1
nel interpolant based on the averaged values ( N (n+1)

of m and then form a ker-

PN (n+1)
k=1





Q u(zi ,m(ωk )),N (n+2) )i∈J .

From the combination rule in Equation (2.8), we see that Smolyak’s algorithm is a
linear combination of approximations as in Equation (2.33).
Theorem 2.4.4. Let 0 ≤ α ≤ β. Assume that
sup kQ(u(·,m) ) − Q(u(·,m),N )kH β (Γ) .N N −κ
m

D

and assume that each call of the PDE solver to obtain u(z,m),N given z and m requires
the computational work τ .N N γ . For small enough  > 0 we can choose L such
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that the Smolyak algorithm SL := SL (v) with work parameters (1, . . . , 1, 1, γ) and
convergence parameters ((β1 − α1 )/d1 , . . . , (βn − αn )/dn , 1/2, κ) satisfies
E[kv − SL k2HDα (Γ) ] ≤ 2

(2.34)

and such that the computational work required for all calls of the PDE solver is bounded
by
Work(SL ) . −ρ | log |(1+ρ)(n0 −1) ,

(2.35)

where

ρ := max{d1 /(β1 − α1 ), . . . , dn /(βn − αn ), 2, γ/κ}

and

n0 = | arg max{d1 /(β1 − α1 ), . . . , dn /(βn − αn ), 2, γ/κ}|.
By Chebyshev’s inequality, for example, Equation (2.34) implies

P (kv − SL kHDα (Γ) ≥ δ) ≤

2
δ2

∀δ > 0.

Proof. We check the assumptions of Section 2.2 for the multilinear map


M: 

n
Y






β
β
L(H βj (Γj ), H αj (Γj )) × L L2 (Ω; HD
(Γ)), L2 (ΩN ; HD
(Γ))

j=1
β
α
× L2 (Ω, HD
(Γ)) → L2 (ΩN ; HD
(Γ))



(A(j) )nj=1 , B, C



7→

O
n

(j)

A



B[C]

j=1

Assumption 1 on the continuity of M follows from Proposition 2.3.8 together with
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the definition of operator norms:
k

O
n

(j)

A



B[C]k

α (Γ))
L2 (ΩN ;HD

≤k

j=1

≤

n
O

A(j) kH β (Γ)→H α (Γ) kB[C]kL2 (ΩN ;H β (Γ))

j=1
n
Y

D

D

D

kA(j) kH βj (Γj )→H αj (Γj )

j=1

× kBkL2 (Ω;H β (Γ))→L2 (ΩN ;H β (Γ)) kCkL2 (Ω;H β (Γ)) .
D

D

D

(j)

Next, we check the convergence rates of the input approximations SN → Id(j) ,
ΞN → E, and ṽN → ṽ.
• By Proposition 2.3.7, we have
(j)

k Id(j) −SN kH βj (Γ(j) )→H αj (Γ(j) ) .N N −(βj −αj )/dj .

• By standard Monte Carlo theory, we have

kE − ΞN kL2 (Ω;H β (Γ))→L2 (ΩN ;H β (Γ)) .N N −1/2 .
D

D

• We have
kṽ − ṽN kL2 (Ω;H β (Γ)) ≤ sup kQ(u(·,m) ) − Q(u(·,m),N )kH β (Γ)
D

D

m

.N N −κ
by assumption.
(j)

We associate as work with the operators SN , j ∈ {1, . . . , n}, and ΞN the number
of required evaluations N , with ṽN the computational work N γ required per sample,
and, to satisfy Assumption 4 of Section 2.2, with
(1)

(n)

M(SN (1) , . . . , SN (n) , ΞN (n+1) , ṽN (n+2) )

123

ARTICLE 2

the product

(

n+1
Y

N (j) )(N (n+2) )γ ,

j=1

which is the computational work required for the calls of the PDE solver (cf. Equation (2.33)).
Remark 2.4.5. (Total work) By the same arguments as in the remark after
(j)

Theorem 2.4.2, the work for the computation of the elements si,N in Equation (2.32)
is negligible when
n

λ min{1/(1 + (βj − αj )/dj ))} ≤ max{2/3, γ/(γ + κ)},
j=1

where N λ is the computational work required to solve linear systems of size N in
Proposition 2.3.3.
Remark 2.4.6. (Convergence in L∞ ) Analogously to the remark after Theorem 2.3.9, the result also holds if we measure the error in L∞ (Γ), if we change the
convergence parameters to

((β1 − d1 /2)/d1 , . . . , (βn − dn /2)/dn , 1/2, κ)
and adapt ρ and n0 accordingly.
Remark 2.4.7. The recent work [39] describes a similar algorithm employing a
multilevel approach to directly find minima without reconstruction of the complete
response surface using the Robbins-Monro algorithm [111].
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Numerical experiments

To support our theoretical analysis, we performed numerical experiments on two
linear elliptic PDEs. The computation times presented below were achieved using
MATLAB’s Parallel Com- puting Toolbox for parallel computations on two Intel Xeon
X5650 (2.66Ghz) processors with a combined number of 12 cores.

2.5.1

Response surface approximation

We consider diffusion through a material with a number n of uncertain bumps in the
diffusion coefficient, described by the partial differential equation
in (0, 1)2

−∇ · (ay ∇uy ) = 1

(2.36)
2

uy = 0

on ∂(0, 1) ,

where the parameter y = (c1 , . . . , cn ) ∈ Γ(1) × · · · × Γ(n) ⊂ ([0, 1]2 )n describes the
centers of the bumps. These affect the diffusion coefficient additively through

ay (x) = 2 +

n
X

φ(x − cj )

(2.37)

j=1

where φ ∈ Cc2 (R2 , R≥ ) is defined by φ(x) := φ0 (|x|/R) with φ0 (r) :=

R (1−r)+ 2
s (1−s)2 ds
0

and R = 0.25 for n = 1, R = 0.125 otherwise. For example, ay (x) could be used to
model rock inclusions in subsurface environments. We are interested in the dependence
of the spatial average
q(y) := Q(uy ) :=

Z
(0,1)2

uy (x) dx

(2.38)

on the locations of the bumps.
For our numerical experiments, we partitioned the variables according to the bumps
(j)

they describe. This means that we used kernel-based approximations SN : H 2 (Γ(j) ) →
(j)

L2 (Γ(j) ), j ∈ {1, . . . , n} based on evaluations in sets YN

⊂ Γ(j) ⊂ [0, 1]2 with
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(j)

|YN | = N and hY (j) ,Γ(j) .N N −1/2 . The domains Γ(j) ⊂ [0, 1]2 were chosen such that
N

the supports of φ(x − cj ), cj ∈ Γ(j) did not overlap, see Figure 2.1.
Furthermore, we approximated uy using the finite element method with continuous
piecewise linear elements on a quasi-uniform mesh with maximal element size hmax
−2
and M ≈ hmax
mesh points. Consequently, instead of sampling q, we relied on the

approximations qhmax (y) := Q(uy,hmax ).
Differentiation of Equation (2.36) with respect to y and subsequent calculations
similar to but simpler than those in [87] show that

k∂α q − ∂α qhmax kL2 (Γ) .hmax h2max

(2.39)

for all α such that α2j−1 + α2j ≤ 2, j ∈ {1, . . . , n} (observe that under this condition
on α the derivative ∂α ay with respect to y exists). Therefore, we have
kq − qhmax kHD2 (Γ) .hmax h2max ≈ M −1 ,
2
where HD
(Γ) =

Nn

j=1

(2.40)

H 2 (Γ(j) ).

Finally, we verified experimentally that samples of qhmax required approximately
3/2
the runtime h−3
. Consequentially, we applied Smolyak’s algorithm from Secmax = M

Γ(1)

(a) n=1

Γ(1)

Γ(3)

Γ(4)

Γ(1)

Γ(2)

Γ(2)

(b) n=2

(c) n=4

Figure 2.1: Domain of the numerical example in Section 2.5.1 and domains Γ(j) of
the centers cj , j ∈ {1, . . . , n}.
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tion 2.4.2 with work parameters (1, . . . , 1, 3/2) and convergence parameters (2/2, . . . , 2/2, 1) =
(1, . . . , 1, 1). Theorem 2.4.2 shows that the runtime required for an error of size
kq − SL (q)kL2 (Γ) ≤  is asymptotically bounded by −3/2 . Observe in particular that
the exponent is independent of the number of bumps n, whereas straightforward
approximation would require the work −n−3/2 .
Figure 2.2 below shows convergence plots for n ∈ {1, 2, 4}, which exhibit the
expected rate of convergence. The runtimes include the solution of the linear systems
required for kernel-based approximation. Even though the associated work is not
asymptotically negligible for the given work and convergence parameters, this did
not affect the results in the ranges of L we considered. For each n ∈ {1, 2, 4}, a
reference solution was computed with Smolyak’s algorithm using Lmax  1 and the
L2 (Γ)-distance to the results of Smolyak’s algorithm with n + 1 ≤ L < Lmax was
approximated using 104 random evaluations.
The vertical shifts in the convergence plots of Figure 2.2 represent growth of
constants with respect to n, which is hidden in the notation . in Theorem 2.2.1.

2.5.2

Optimization under uncertainty

We consider an advection-diffusion problem with a deterministic source term f ,
user-controlled velocity z ∈ B1 (0) ⊂ R2 , and random diffusion coefficient am :=
1 + exp(−m), where m ∼ N (0, k) is a centered Gaussian random field on [0, 1]2 with
covariance k(x, y) = exp(−(10|x − y|)2 ). We are interested in the spatial average
Q(u(z,m) ) :=

R

(0,1)2

u(z,m) of the solution of

−∇ · (am ∇u(z,m) ) = −z · ∇u(z,m) + f
∂n ∇u(z,m) + u(z,m) = ub

in (0, 1)2
on ∂(0, 1)2
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Error (L2 (Γ))

10−2

n=1
n=2
n=4

10−3

10−4

10−5 −1
10

100

101
102
Runtime (s)

103

Figure 2.2: Convergence of Smolyak’s algorithm for response surface reconstruction.
Expected slope: −2/3 (red).
where

ub :=







1







0

on {0} × [0, 1]
on {1} × [0, 1]



1+cos(πx1 )




2







exp(1 − 1/(1 − x

on [0, 1] × {0}
on [0, 1] × {1}.

1 ))

and f (x) := 20 exp(−|x − (0.5, 0.5)|22 ).
Our goal is to minimize the expected value of the spatial average plus a quadratic
penalty term for large velocities that accounts for expensive power consumption
required for the generation of large velocities:

min φ(z),

z∈B1 (0)

where
φ(z) := v(z) + ψ(z) := Em [

Z
(0,1)2

(u(z,m) )(x) dx] +

|z|2
.
10
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For our numerical experiments, we used kernel-based approximations SN : H 4 (B1 (0)) →
L∞ (B1 (0)) based on evaluations in YN ⊂ B1 (0) with hYN ,B1 (0) .N N −1/2 , satisfying
kSN − Id kH 4 (B1 (0))→L∞ (B1 (0)) .N h3YN ,B1 (0) .N N −3/2 .

(2.41)

Furthermore, we used finite element approximations of u(z,m) with maximal element
size hmax and M ≈ h−2
max mesh points. The finite element approximations converged
at the rate h2max ≈ M −1 and required the computational work M 3/2 . Consequentially,
we applied Smolyak’s algorithm from Theorem 2.4.4 (using Remark 2.4.5) with work
parameters (1, 1, 3/2) and convergence parameters (3/2, 1/2, 1).
Figure 2.3 below shows that, as predicted by the theory, the runtime required to
achieve the bound
E[kv − SL (v)k2L∞ (B1 (0)) ] . 2 ,

(2.42)

is bounded up to constants by −2 , which is an essential improvement on the work
−2/3−3/2−2 that a straightforward approximation would require for the same bound.
A reference solution was computed with Smolyak’s algorithm using Lmax := 15 and
the mean-squared L∞ (B1 (0))-distance to the results of Smolyak’s algorithm with
3 ≤ L < Lmax was approximated using 104 evaluations in B1 (0) and 20 stochastic
repetitions.
Using the surrogate model obtained by Smolyak’s algorithm with L = 15, we obtain
the optimal velocity z ∗ ≈ (−0.451, −0.062) with v(z ∗ ) ≈ 5.038 and φ(z ∗ ) ≈ 5.059.

2.6

Conclusion

We have presented a framework for the sparse approximation of multilinear problems
using Smolyak’s algorithm and have shown complexity bounds that are, up to logarithmic factors, independent of the number of inputs. We have demonstrated how
this framework can be used to obtain and analyze fast kernel-based algorithms for a
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number of problems in uncertainty quantification. In particular, for the problem of
high-dimensional approximation, our framework generalizes results on sparse wavelet
approximation from [63] to different approximation schemes, as we have illustrated
for the case of kernel-based approximation. Furthermore, our results permit a general
analysis of multilevel algorithms, extending in this respect the work of [77]. Finally,
we believe that our analysis may be helpful for the analysis of more general numerical
approximation problems, where discretization parameters do not correspond to the
number of interpolation nodes or basis functions. The generality of our arguments
may also help in designing general purpose software that can be used to accelerate
existing numerical implementations in a non-intrusive fashion.

Error (MSE)

10−1

10−2

10−3

10−4
100

101
102
Runtime (s)

103

Figure 2.3: Convergence of Smolyak’s algorithm for optimization under uncertainty.
Expected slope: −1/2 (red).
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Smolyak’s algorithm: A powerful black box for the acceleration of scientific computations

Raúl Tempone, Sören Wolfers
Computer, Electrical and Mathematical Sciences & Engineering (CEMSE), King Abdullah
University of Science and Technology (KAUST)

Abstract We provide a general discussion of Smolyak’s algorithm for the acceleration of scientific computations. The algorithm first appeared in Smolyak’s work on
multidimensional integration and interpolation. Since then, it has been generalized in
multiple directions and has been associated with the keywords: sparse grids, hyperbolic
cross approximation, combination technique, and multilevel methods. Variants of
Smolyak’s algorithm have been employed in the computation of high-dimensional
integrals in finance, chemistry, and physics, in the numerical solution of partial and
stochastic differential equations, and in uncertainty quantification. Motivated by this
broad and ever-increasing range of applications, we describe a general framework that
summarizes fundamental results and assumptions in a concise application-independent
manner.
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Introduction

We study Smolyak’s algorithm for the convergence acceleration of general numerical
approximation methods

A : Nn := {0, 1, . . . , }n → Y,
which map discretization parameters k = (k1 , . . . , kn ) ∈ Nn to outputs A(k) in a
Banach space Y .
For instance, a straightforward way to approximate the integral of a function
f : [0, 1]n → R is to employ tensor-type quadrature formulas, which evaluate f at the
nodes of a regular grid within [0, 1]n . This gives rise to an approximation method
where kj determines the grid resolution in direction of the j-th coordinate axis,
j ∈ {1, . . . , n}. Smolyak himself derived and studied his algorithm in this setting,
where it leads to evaluations in the nodes of sparse grids [124, 137]. Another example,
which emphasizes the distinctness of sparse grids and the general version of Smolyak’s
algorithm considered in this work, is integration of a univariate function f : R → R
that is not compactly supported but exhibits sufficient decay at infinity. In this case,
k1 could as before determine the resolution of regularly spaced quadrature nodes and
k2 could be used to determine a truncated quadrature domain. Smolyak’s algorithm
then leads to quadrature nodes whose density is high near the origin and decreases at
infinity, as intuition would dictate.
To motivate Smolyak’s algorithm, assume that the approximation method A
converges to a limit A∞ ∈ Y at the rate

kA(k) − A∞ kY ≤ K1

n
X
−βj

kj

j=1

∀k ∈ Nn

(3.1)
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and requires the work

Work(A(k)) = K2

n
Y
γj

kj

∀k ∈ Nn

(3.2)

j=1

for some K1 > 0, K2 > 0 and βj > 0, γj > 0, j ∈ {1, . . . , n}. An approximation of
A∞ with accuracy  > 0 can then be obtained with the choice


kj := −


nK1

−1/βj

,

j ∈ {1, . . . , n},

(3.3)

which requires the work

C(n, K1 , K2 , γ1 , . . . , γn , β1 , . . . , , βn )−(γ1 /β1 +···+γn /βn ) .

(3.4)

Here and in the remainder of this work we denote by C(. . . ) generic constants that
depend only on the quantities in parentheses but may change their value from line to
line and from equation to equation.
The appearance of the sum γ1 /β1 + · · · + γn /βn in the exponent above is commonly
referred to as the curse of dimensionality. Among other things, we will show (see
Example 3.3.2) that if the bound in Equation (3.1) holds in a slightly stronger
sense, then Smolyak’s algorithm can replace this dreaded sum by maxnj=1 γj /βj , which
means that it yields convergence rates that are, up to possible logarithmic factors,
independent of the number of discretization parameters. In the general form presented
here, Smolyak’s algorithm forms linear combinations of the values A(k), k ∈ Nn ,
based on
1. an infinite decomposition of A∞ and
2. a knapsack approach to truncate this decomposition.
Since the decomposition is independent of the particular choice of A and the truncation
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relies on easily verifiable assumptions on the decay and work of the decomposition
terms, Smolyak’s algorithm is a powerful black box for the non-intrusive acceleration of
scientific computations. In the roughly 50 years since its first description, applications
in various fields of scientific computation have been described; see, for example, the
extensive survey article [25]. The goal of this work is to summarize previous results in
a common framework and thereby encourage further research and exploration of novel
applications. While some of the material presented here may be folklore knowledge in
the sparse grids community, we are not aware of any published sources that present
this material in a generally applicable fashion.

The remainder of this work is structured as follows. In Section 3.2, we introduce
the infinite decomposition of A∞ that is at the core of Smolyak’s algorithm. In
Section 3.3, we introduce spaces of approximation methods A : Nn → Y that allow
for efficient solutions of the resulting truncation problem. In Section 3.4, we derive
explicit convergence rates for Smolyak’s algorithm in common examples of such spaces.
Finally, in Section 3.5, we discuss how various previous results can be deduced within
the framework presented here.

3.2

Decomposition

Smolyak’s algorithm is based on a decomposition of A∞ that is maybe most simply
presented in the continuous setting. Here, Fubini’s theorem and the fundamental
theorem of calculus show that any function f : Rn≥ := [0, ∞)n → Y with f ≡ 0 on
∂Rn≥ satisfies
Z

f (x) = Qn
j=1

[0,xj ]

∂1 . . . ∂n f (s) ds ∀x ∈ Rn≥ ,

(3.5)
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questions of integrability and differentiability aside. Moreover, if f converges to a
limit f∞ ∈ Y as minnj=1 xj → ∞, then

f∞ =

lim
n

minj=1 xj →∞

Z
Qn
j=1

[0,xj ]

∂1 . . . ∂n f (s) ds =

Z
Rn
≥

∂mix f (s) ds,

(3.6)

where we introduced the shorthand ∂mix for the mixed derivative ∂1 . . . ∂n . The crucial
observation is now that an approximation of f∞ can be achieved not only by rectangular
truncation of the integral in Equation (3.6), which according to Equation (3.5) is
equivalent to a simple evaluation of f at a single point, but also by truncation to more
complicated domains. These domains should ideally correspond to large values of ∂mix f
in order to minimize the truncation error, but also have to take into consideration the
associated computational work.
To transfer the decomposition in Equation (3.6) to the discrete setting, we denote
n

by Y N := {A : Nn → Y } the space of all functions from Nn into the Banach space Y .
Next, we define the discrete unidirectional difference and sum operators
n

n

∆j : Y N → Y N

(∆j A)(k) :=





A(k1 , . . . , kn ) − A(k1 , . . . , kj−1 , kj



A(k1 , . . . , kn )

− 1, kj+1 , . . . , kn ) if kj > 0,

else,

n

n

N
Σj := ∆−1
→YN
j : Y

(Σj A)(k) :=

kj
X

A(k1 , . . . , kj−1 , s, kj+1 , . . . , kn ),

s=0

Finally, we introduce their compositions, the mixed difference operator
n

n

∆mix := ∆1 ◦ · · · ◦ ∆n : Y N → Y N ,
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and the rectangular sum operator
n

n

ΣR := Σ1 ◦ · · · ◦ Σn : Y N → Y N ,

which replace the mixed derivative and integral operators that map f : Rn → Y to
R
f 7→ ∂mix f and x 7→ Qn

j=1

[0,xj ]

f (s) ds, respectively.

The discrete analogue of Equation (3.5) is now a matter of simple algebra.
(i) We have ΣR = ∆−1
mix , that is

Proposition 3.2.1.

A(k) =

k1
X

···

s1 =0

(ii) We have ∆mix =

kn
X

∆mix A(s1 , . . . , sn )

sn =0

|e|1
Se ,
e∈{0,1}n (−1)

P

(Se A)(k) :=

∀k ∈ Nn .

where Se is the shift operator defined by





A(k − e),



0

if k − e ∈ Nn

.

else

Proof. Part (i) follows directly from the commutativity of the operators {Σj }nj=1 .
Part (ii) follows from plugging the representation ∆j = Id −Sej , where ej is the j-th
standard basis vector in Nn , into the definition ∆mix = ∆1 ◦ · · · ◦ ∆n , and subsequent
expansion.
Part (i) of the previous proposition shows that, ignoring questions of convergence,
discrete functions A : Nn → Y with limit A∞ satisfy

A∞ =

X

∆mix A(k)

(3.7)

k∈Nn

in analogy to Equation (3.6). In the next section, we define spaces of discrete functions
for which this sum converges absolutely and can be efficiently truncated. We conclude
this section by the observation that a necessary condition for the sum in Equation (3.7)
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to converge absolutely is that the unidirectional limits A(k1 , . . . , ∞, . . . , kn ) :=
limkj →∞ A(k1 , . . . , kj , . . . , kn ) exist. Indeed, by part (i) of the previous proposition,
these limits correspond to summation of ∆mix A over hyperrectangles that are growing in direction of the j-th coordinate axis and fixed in all other directions. For
instance, in the context of time-dependent partial differential equations this implies
stability requirements for the underlying numerical solver, prohibiting explicit timestepping schemes that diverge when the space-discretization is refined while the
time-discretization is fixed.

3.3

Truncation

For any index set I ⊂ Nn , we may define Smolyak’s algorithm as the approximation
of A∞ that is obtained by truncation of the infinite decomposition in Equation (3.7)
to I,
SI (A) :=

X

∆mix A(k).

(3.8)

k∈I

By definition of ∆mix A, the approximation SI (A) is a linear combination of the values
A(k), k ∈ Nn (see Section 3.3.2 for explicit coefficients). This is the reason for the
name combination technique that was given to approximations of this form in the
context of the numerical approximation of partial differential equations [67]. When
one talks about the Smolyak algorithm, or the combination technique, a particular
truncation is usually implied. The general idea here is to include those indices for
which the ratio between contribution (measured in the norm of Y ) and required work
of the corresponding decomposition term is large. To formalize this idea, we require
decay of the norms of the decomposition terms and bounds on the work required for
their evaluation. To express the former, we define for strictly decreasing functions
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ej : N → R> := (0, ∞), j ∈ {1, . . . , n} the spaces
n

E(ej )nj=1 (Y ) := A : Nn → Y : ∃K1 > 0 ∀k ∈ Nn k∆mix A(k)kY ≤ K1

n
Y

o

ej (kj ) .

j=1

Proposition 3.3.1.

(i) If
n
X Y

ej (kj ) < ∞,

(3.9)

k∈Nn j=1

then any A ∈ E(ej )nj=1 (Y ) has a limit A∞ := limminnj=1 kj →∞ A(k). Furthermore,
the decomposition in Equation (3.7) holds and converges absolutely.
(ii) The spaces E(ej )nj=1 (Y ) are linear subspaces of Y N .
n

(iii) ( Error expansions) Assume that the ratios ej (k)/ej (k + 1) are uniformly bounded
above for k ∈ N and j ∈ {1, . . . , n}. For k ∈ Nn and J ⊂ {1, . . . , n} let
kJ := (kj )j∈J ∈ N|J| . If the approximation error can be written as
AJ (kJ ) ∀k ∈ Nn

X

A(k) − A∞ =

∅6=J⊂{1,...,n}

with functions AJ : N|J| → Y , J ⊂ {1, . . . , n} that satisfy

kAJ (kJ )kY ≤

Y

ej (kj )

j∈J

then
A ∈ E(ej )nj=1 (Y ).
(iv) ( Multilinearity [106]) Assume (Yi )m
i=1 and Y are Banach spaces and M :
Y is a continuous multilinear map. If

Ai ∈ E(ej )n1 +···+ni

j=n1 +···+ni−1 +1

(Yi ) ∀ i ∈ {1, . . . , m},

Qm

i=1

Yi →
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then
M(A1 , . . . , Am ) ∈ E(ej )nj=1 (Y ),
where n := n1 + · · · + nm and
M(A1 , . . . , Am )(k) := M(A1 (k1 ), . . . , Am (km )) ∀k = (k1 , . . . , km ) ∈ Nn .
Proof. Since Y is a Banach space, the assumption in part (i) shows that for any
A ∈ E(ej )nj=1 (Y ) the infinite sum in Equation (3.7) converges absolutely to some limit
Ā. Since rectangular truncations of this sum yield point values A(k), k ∈ Nn by part
(i) of Proposition 3.2.1, the limit A∞ := limminnj=1 kj →∞ A(k) exists and equals Ā. Part
(ii) follows from the triangle inequality.
For part (iii), observe that by part (ii) it suffices to show AJ ∈ E(ej )nj=1 (Y ) for
all J ⊂ {1, . . . , n}, where we consider AJ as functions on Nn depending only on the
C

parameters indexed by J. Since ∆mix = ∆Jmix ◦ ∆Jmix , where ∆Jmix denotes the mixed
difference operator acting on the parameters in J, we then obtain




∆Jmix AJ (kJ )

∆mix AJ (k) = 


0 else.

if ∀j ∈ J C : kj = 0

Hence, it suffices to consider J = {1, . . . , n}. In this case, the assumption kAJ (kJ )kY ≤
C

Q

j∈J

ej (kj ) is equivalent to ∆−1
(Y ). Thus, it remains to show that
mix AJ ∈ E(ej )n
j=1

∆mix preserves E(ej )nj=1 (Y ). This holds by part (ii) of this proposition together with
part (ii) of Proposition 3.2.1 and the fact that shift operators preserve E(ej )nj=1 (Y ),
which itself follows from the assumption that the functions ej (·)/ej (· + 1) are uniformly
bounded.
Finally, for part (iv) observe that by multilinearity of M we have
(1)

(m)

∆mix M(A1 , . . . , Am ) = M(∆mix A1 , . . . , ∆mix Am ),
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where the mixed difference operator on the left hand side acts on n = n1 + · · · + nm
coordinates, whereas those on the right hand side only act on the ni coordinates of
Ai . By continuity of M we have
(1)

(m)

kM(∆mix A1 , . . . , ∆mix Am )(k)kY ≤ C

m
Y

(i)

k∆mix Ai (ki )kYi ,

i=1

for some C > 0, from which the claim follows.
Parts (iii) and (iv) of the previous proposition provide sufficient conditions to
verify A ∈ E(ej )nj=1 (Y ) without analyzing mixed differences directly.
Example 3.3.2.

(i) After an exponential reparametrization, the assumptions in

Equations (3.1) and (3.2) become

kA(k) − A∞ kY ≤ K1

n
X

exp(−βj kj )

∀k ∈ Nn

j=1

and
Work(A(k)) = K2

n
Y

exp(γj kj ) ∀k ∈ Nn ,

j=1

respectively. If we slightly strengthen the first and assume that

A(k) − A∞ =

n
X

Aj (kj )

∀k ∈ Nn

j=1

with functions Aj that satisfy

kAj (kj )kY ≤ C exp(−βj kj ),

∀kj ∈ N

for some C > 0 and βj > 0, j ∈ {1, . . . , n}, then

A ∈ E(ej )nj=1

with ej (kj ) := exp(−βj kj ),
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by part (iii) of Proposition 3.3.1. Theorem 3.4.1 below then shows that Smolyak’s
n

algorithm applied to A requires only the work − maxj=1 {γj /βj } , up to possible
logarithmic factors, to achieve the accuracy  > 0.
(ii) Assume we want to approximate the integral of a function f : [0, 1] → R but
are only able to evaluate approximations fk2 , k2 ∈ N of f with increasing cost
as k2 → ∞. Given a sequence Sk1 , k1 ∈ N of linear quadrature formulas, the
straightforward approach would be to fix sufficiently large values of k1 and k2 and
then approximate the integral of fk2 with the quadrature formula Sk1 . Formally,
this can be written as
A(k1 , k2 ) := Sk1 fk2 .
To show decay of the mixed differences ∆mix A, observe that the application of
quadrature formulas to functions is linear in both arguments, which means that
we may write

A(k1 , k2 ) = M(Sk1 , fk2 ) = M(A1 (k1 ), A2 (k2 ))
where A1 (k1 ) := Sk1 , A2 (k2 ) := fk2 , and M is the application of linear functionals to functions on [0, 1]. Assume, for example, that the functions fk2 converge
to f in some Banach space B of functions on [0, 1] as k2 → ∞, and that the
quadrature formulas Sk1 converge to the integral operator

R

in the continuous

dual space B ∗ as k1 → ∞. The decay of the mixed differences ∆mix A(k1 , k2 ) then
follows from part (iv) of Proposition 3.3.1, since M is a continuous bilinear
map from B ∗ × B to R. We will see in Section 3.5.3 below that the application
of Smolyak’s algorithm in this example yields so called multilevel quadrature
formulas. This connection between Smolyak’s algorithm and multilevel formulas
was observed in [77].
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(iii) Assume that we are given approximation methods Aj : N → Yj , j ∈ {1, . . . n}
that converge at the rates kAj (kj ) − A∞,j kYj ≤ ej (kj ) to limits A∞,j ∈ Yj ,
where ej : N → R> are strictly decreasing functions. Define the tensor product
algorithm

A : Nn → Y := Y1 ⊗ · · · ⊗ Yn ,
A(k) := A1 (k1 ) ⊗ · · · ⊗ An (kn ).
If the algebraic tensor product Y is equipped with a norm that satisfies ky1 ⊗
· · · ⊗ yn kY ≤ ky1 kY1 . . . kyn kYn , then A ∈ E(ej )nj=1 (Y ). Indeed, Aj ∈ Eej (Yj ) by
part (iii) of Proposition 3.3.1, thus A ∈ E(ej )nj=1 (Y ) by part (iv) of the same
proposition.
Similar to the product type decay assumption on the norms k∆mix A(k)kY , which
we expressed in the spaces E(ej )nj=1 , we assume in the remainder that
Work(∆mix A(k)) ≤ K2

n
Y

wj (kj ) ∀k ∈ Nn

(3.10)

j=1

for some K2 > 0 and increasing functions wj : N → R> . By part (ii) of Proposition 3.2.1, such a bound follows from the same bound on the evaluations A(k)
themselves.

3.3.1

Knapsack problem

The goal of this subsection is to describe quasi-optimal truncations of the decomposition
in Equation (3.7) for functions A ∈ E(ej )nj=1 (Y ) that satisfy Equation (3.10). Given a
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work budget W > 0, a quasi-optimal index set solves the knapsack problem
max

I⊂Nn

|I|e := K1

subject to |I|w := K2

n
XY

ej (kj )

k∈I j=1
n
XY

(3.11)
wj (kj ) ≤ W.

k∈I j=1

The term that is maximized here is motivated by

kSI (A) − A∞ kY = k

X

∆mix A(k)kY ≈

k∈I c

X

k∆mix A(k)kY ≈ |I c |e

k∈I c

Proposition 3.3.3 below shows that for any W > 0 the knapsack problem has an
optimal value. However, finding corresponding optimal sets is NP-hard [97, Section
1.3]. As a practical alternative one can use Dantzig’s approximation algorithm [97,
Section 2.2.1], which selects indices for which the ratio between contribution and work
is above some threshold δ(W ) > 0,

IW := {k ∈ Nn :

n
Y

ej (kj )/wj (kj ) > δ(W )},

(3.12)

j=1

where δ(W ) is chosen minimally such that |IW |w ≤ W .
Proposition 3.3.3.

(i) The knapsack problem in Equation (3.11) has a (not nec-

essarily unique) solution, in the sense that a maximal value of |I|e is attained.
We denote this maximal value by E ∗ (W ).
(ii) Any set I ∗ for which |I|e = E ∗ (W ) is finite and downward closed: If k ∈ I ∗
and k̃ ∈ Nn satisfies k̃ ≤ k componentwise, then k̃ ∈ I ∗ . The same holds for
the set IW from Equation (3.12).
(iii) The set IW from Equation (3.12) satisfies

|IW |e ≥

|IW |w ∗
E (W ).
W
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This means that if IW uses all of the available work budget, |IW |w = W , then
it is a solution to the knapsack problem. In particular, Dantzig’s solutions are
optimal for the work |IW |w they require, but not necessarily for the work W they
were designed for.
Proof. There is an upper bound N on the cardinality of admissible sets in Equation (3.11) since the functions wj are increasing and strictly positive. Furthermore,
replacing an element k of an admissible set by k̃ with k̃ ≤ k decreases |·|w and increases
|·|e . This proves parts (i) and (ii), as there are only finitely many downward closed sets
of cardinality less than N (for example, all such sets are subsets of {0, . . . , N − 1}n ).
Part (iii) follows directly from the inequality |IW |e /|IW |w ≥ |I ∗ |e /|I ∗ |w , where I ∗ is
a set that attains the maximal value E ∗ (W ).
Even in cases where no bounding functions ej and wj are available, parts (ii)
and (iii) of the previous proposition serve as motivation for adaptive algorithms that
progressively build a downward closed set I by adding at each step a multi-index that
maximizes a gain-to-work estimate [78, 50].

3.3.2

Combination rule

Part (ii) of Proposition 3.2.1 provides a way to express the approximations SI (A)
in a succinct way as linear combinations of different values of A. This yields the
combination rule, which in its general form says that

SI (A) =

X

ck A(k)

k∈I

with
ck =

X
e∈{0,1}n :k+e∈I

(−1)|e|1

(3.13)
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for any downward closed set I. It is noteworthy that ck = 0 for all k with k +
(1, . . . , 1) ∈ I, because for such k the sum in Equation (3.13) is simply the expansion
of (1 − 1)n .
When I is a standard simplex, I = {k ∈ Nn : |k|1 ≤ L}, the following explicit
formula holds [132]:

ck =






n−1

(−1)L−|k|1 L−|k|
1




0

3.4
3.4.1

if L − n + 1 ≤ |k|1 ≤ L

else.

Convergence analysis
Finite-dimensional case

We consider an approximation method A ∈ E(ej )nj=1 (Y ) with
ej (kj ) = Kj,1 exp(−βj kj )(kj + 1)sj

∀j ∈ {1, . . . , n}

(3.14)

and assume that

Work(A(k)) ≤

n
Y

Kj,2 exp(γj kj )(kj + 1)tj

∀k ∈ Nn

(3.15)

j=1

with Kj,1 > 0, Kj,2 > 0, βj > 0, γj > 0, sj ≥ 0, tj ≥ 0. The required calculations
with s ≡ t ≡ 0 were previously done in various specific contexts, see for example [72].
According to Proposition 3.3.3, quasi-optimal index sets are given by
n

Iδ : = k ∈ Nn :
n

= k ∈ Nn :

n
Y

o
Kj,1 exp(−βj kj )(kj + 1)sj
>
δ
tj
j=1 Kj,2 exp(γj kj )(kj + 1)
n
o
Y
K1
exp(−(β + γ) · k) (kj + 1)sj −tj > δ
K2
j=1
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Qn

j=1

Kj,2 , and β := (β1 , . . . , βn ), γ :=

(γ1 , . . . , γn ). For the analysis in this section, we use the slightly simplified sets
IL := {k ∈ Nn : exp((β + γ) · k) ≤ exp(L)} = {k ∈ Nn : (β + γ) · k ≤ L} ,

with L → ∞, where, by abuse notation, we distinguish the two families of sets by the
subscript letter.
The work required by SL (A) := SIL (A) satisfies

Work(SL (A)) ≤

n
X Y

Kj,2 exp(γj kj )(kj + 1)tj = K2

k∈IL j=1

with (k + 1)t :=

Qn

j=1 (kj

kSL (A) − A∞ kY ≤

exp(γ · k)(k + 1)t

X
(β+γ)·k≤L

+ 1)tj . Similarly, the approximation error satisfies

n
X Y

s

Kj,1 exp(−βj kj )kj j = K1

c j=1
k∈IL

X

exp(−β · k)(k + 1)s .

(β+γ)·k>L

(3.16)
The exponential sums appearing in the work and residual bounds above are estimated
in the appendix of this work, with the results
ρ
∗
∗
L)(L + 1)n −1+t
1+ρ

(3.17)

1
∗
∗
L)(L + 1)n −1+s ,
1+ρ

(3.18)

Work(SL (A)) ≤ K2 C(γ, t, n) exp(

and
kSL (A) − A∞ kY ≤ K1 C(β, s, n) exp(−

where ρ := maxnj=1 γj /βj , J := {j ∈ {1, . . . , n} : γj /βj = ρ}, n∗ := |J|, s∗ :=
t∗ :=

P

j∈J tj .

P

j∈J

sj ,

We may now formulate the main result of this section by rewriting the

bound in Equation (3.17) in terms of the right-hand side of Equation (3.18).
Theorem 3.4.1. Under the previously stated assumptions on A and for small enough
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 > 0, we may choose L > 0 such that

kSL (A) − A∞ kY ≤ 
and
∗ −1)(1+ρ)+ρs∗ +t∗

Work(SL (A)) ≤ K1ρ K2 C(β, γ, s, t, n)−ρ | log |(n

.

This means that we have eliminated the sum in the exponent of the bound in
Equation (3.4), as announced in Section 3.1. The additional logarithmic factors in
Theorem 3.4.1 vanish if the worst ratio of work and convergence exponents, ρ, is
attained only for a single index jmax ∈ {1, . . . , n} and if tjmax = sjmax = 0.
Remark 3.4.2. If γ ≡ 0 and β ≡ 0, that is when both work and residual depend
algebraically on all parameters, then an exponential reparametrization, exp(k̃) := k,
takes us back to the situation considered above. The preimage of IL = {k̃ : (s + t) · k̃ ≤
L} under this reparametrization is {k :

Qn

j=1

s +tj

kj j

≤ exp(L)}, whence the name

hyperbolic cross approximation [45].
Remark 3.4.3. When the terms ∆mix A(k), k ∈ Nn are orthogonal to each other, we
may substitute the Pythagorean theorem for the triangle inequality in Equation (3.16).
As a result, the exponent of the logarithmic factor in Theorem 3.4.1 reduces to (n∗ −
1)(1 + ρ/2) + ρs∗ + t∗ .

3.4.2

Infinite-dimensional case

The theory of the previous sections can be extended to the case n = ∞. In this case
the decomposition in Equation (3.7) becomes

A∞ =

X
k∈N∞
c

∆mix A(k),

(3.19)
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where N∞
c are the sequences with finite support, and ∆mix A(k) is defined as ∆1 ◦ · · · ◦
∆nmax A(k), where nmax is a bound on the support of k. In particular, every term in
Equation (3.19) is a linear combination of values of A with only finitely many nonzero
discretization parameters.
We consider the case A ∈ E(ej )nj=1 (Y ) for
ej (kj ) := Kj,1 exp(−βj kj )(kj + 1)s

and s ≥ 0, K1 :=

Q∞

j=1

∀j ≥ 1

Kj,1 < ∞ s ≥ 0, and we assume constant computational work

for the evaluation of the mixed differences ∆mix A(k), i.e. wj ≡ C in Equation (3.10)
for all j ≥ 1. Similarly to the finite-dimensional case, we consider sets
n

IL := k ∈ N∞
c :

∞
X

o

βj kj ≤ L

j=1

and the associated Smolyak algorithm

SL (A) :=

X

∆mix A(k).

IL

The following theorem is composed of results from [65] on interpolation and integration
of analytic functions; the calculations there transfer directly to the general setting.
Theorem 3.4.4. Let L > 0 and define N := |IL | = Work(SL (A)).
(i) Assume s = 0.
• [65, Theorem 3.2] If there exists β0 > 1 such that M := M (β0 , (βj )∞
j=1 ) :=
P∞

1
j=1 exp(βj /β0 )−1

< ∞, then

kSL (A) − A∞ kY ≤

K1
exp(β0 M )N −(β0 −1) ,
β0
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which implies
Work(SL (A)) ≤ C(K, β0 , M )−1/(β0 −1)
for  :=

K1
β0

exp(β0 M )N −(β0 −1) .

• [65, Theorem 3.4] If βj ≥ β0 j for β0 > 0, j ≥ 1, then

kSL (A) − A∞ kY ≤

1
3
2
1/2
√
N 1+ 4 β0 − 8 β0 (log N ) .
β0 log N

(ii) Assume s > 0.
• [65, Corollary 4.2 (i)] If there exist β0 > 1 and δ > 0 such that M (β0 , ((1 −
δ)βj )∞
j=1 ) < ∞, then
kSL (A) − A∞ kY ≤ C(K1 , δ, β0 , M, (βj )j∈N , s)N −(β0 −1) ,
which implies
Work(SL (A)) ≤ C(K1 , δ, β0 , M, (βj )j∈N , s)−1/(β0 −1)
for  := C(K1 , δ, β0 , M, (βj )j∈N , s)N −(β0 −1) .
• [65, Corollary 4.2 (ii)] If βj ≥ β0 j for β0 > 0, then for every β̂0 < β0 we
have
kSL (A) − A∞ kY ≤

C(β̂0 , M, b) 1+ β̂0 − 3 β̂0 (log N )1/2
√
N 4 8
.
log N

Remark 3.4.5. For alternative approaches to infinite-dimensional problems, which
allow even for exponential type work bounds, wj (kj ) = Kj,2 exp(γj kj ), consider for
example [44, 109, 123].
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Applications
High-dimensional interpolation and integration

Smolyak introduced the algorithm that now bears his name in [124] to obtain efficient
high-dimensional integration and interpolation formulas from univariate building
blocks. For example, assume we are given univariate interpolation formulas Sk , k ∈ N
for functions in a Sobolev space H β ([0, 1]) that are based on evaluations in 2k points
in [0, 1] and converge at the rate

kSk − Id kH β ([0,1])→H α ([0,1]) ≤ C2−k(β−α)

for some 0 ≤ α < β. A straightforward high-dimensional interpolation formula is then
the corresponding tensor product formula
n
O

β
α
Skj : H β ([0, 1])⊗n =: Hmix
([0, 1]n ) → H α ([0, 1])⊗n =: Hmix
([0, 1]n )

j=1

for (k1 , . . . , kn ) ∈ Nn , where we consider both tensor product spaces to be completed
with respect to the corresponding Hilbert space tensor norm [69]. This can be
interpreted as a numerical approximation method with values in a space of linear
operators,
A(k) :=

n
O

β
α
Skj ∈ L(Hmix
([0, 1]n ), Hmix
([0, 1]n )) =: Y,

j=1

whose discretization parameters k = (k1 , . . . , kn ) determine the resolution of interpolation nodes in each direction j ∈ {1, . . . , n}.
If we associate as work with A(k) the number of required point evaluations,

Work(A(k)) :=

n
Y

2kj ,

j=1

then we are in the situation described in Section 3.4.1. Indeed, we have A ∈ E(ej )nj=1 (Y )
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with ej (kj ) := 2−kj (β−α) by part (iii) of Example 3.3.2, since the operator norm of
a tensor product operator between Hilbert space tensor products factorizes into the
product of the operator norms of the constituent operators (see [69, Proposition 4.127]
and [37, Section 26.7]).
In particular, the straightforward tensor product formulas A(k, . . . , k) require the
work
−n/(β−α)
to approximate the identity operator with accuracy  > 0 in the operator norm,
whereas Smolyak’s algorithm SL (A) with an appropriate choice of L = L() achieves
the same accuracy with

Work(SL (A)) . −1/(β−α) | log |(n−1)(1+1/(β−α)) ,

according to Theorem 3.4.1. Here and in the following, we denote by . estimates
that hold up to factors that are independent of . As a linear combination of tensor
product operators, Smolyak’s algorithm SL (A) is a linear interpolation formula based
on evaluations in the union of certain tensor grids. These unions are commonly known
as sparse grids [137, 25, 51].
Remark 3.5.1. Interpolation of functions in general Banach spaces, with convergence
measured in different general Banach spaces can be treated in the same manner.
However, more care has to be taken with the tensor products. Once the algebraic
tensor products of the function spaces are equipped with reasonable cross norms [69]
and completed, it has to be verified that the operator norm of linear operators between
the tensor product spaces factorizes. Unlike for Hilbert spaces, this is not always true
for general Banach spaces. However, it is true whenever the codomain is equipped
with the injective tensor norm, or when the domain is equipped with the projective
tensor norm [69, Sections 4.2.9 and 4.2.12]. For example, the L∞ -norm (and the
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similar C k -norms) is an injective tensor norm on the product of L∞ -spaces, while the
L1 -norm is a projective norm on the tensor product of L1 -spaces.

3.5.2

Monte Carlo path simulation

Consider a stochastic differential equation (SDE)




dS(t)



S(0)

= a(t, S(t))dt + b(t, S(t))dW (t) 0 ≤ t ≤ T
(3.20)
d

= S0 ∈ R ,

with a Wiener process W (t) and sufficiently regular coefficients a, b : [0, T ]×Rd → R. A
common goal in the numerical approximation of such SDE is to compute expectations
of the form
E[Q(S(T ))],
where Q : Rd → R is a Lipschitz-continuous quantity of interest of the final state
S(T ). To approach this problem numerically, we first define random variables
SN (t), 0 ≤ t ≤ T as the forward Euler approximations of Equation (3.20) with
N ≥ 1 time steps. Next, we approximate the expectations E[Q(SN (T ))] by Monte
1
M
Carlo sampling using M ≥ 1 independent samples SN
(T ), . . . , SN
(T ) that are com-

puted using independent realizations of the Wiener process. Together, this gives rise
to the numerical approximation

A(M, N ) :=

M
1 X
i
Q(SN
(T )).
M i=1
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For fixed values of M and N this is a random variable that satisfies
E[(A(M, N ) − E[Q(S(T ))])2 ] = (E[A(M, N )] − E[Q(S(T ))])2 + Var[A(M, N )]
= (E[Q(SN (T ))] − E[Q(S(T ))])2 + M −1 Var[Q(SN (T ))]
. N −2 + M −1 ,
where the last inequality holds by the weak rate of convergence of the Euler method
[85, Section 14.1] and by its L2 -boundedness as N → ∞. This shows that the random
variables A(M, N ) converge to the limit A∞ = E[Q(S(T ))], which itself is just a
deterministic real number, in the sense of probabilistic mean square convergence as
M, N → ∞. To achieve a mean square error or order 2 > 0, this straightforward
approximation requires the simulation of M ≈ −2 sample paths of Equation (3.20),
each with N ≈ −1 time steps, which incurs the total work

Work(A(M, N )) = M N ≈ −3 .

Smolyak’s algorithm allows us to achieve the same accuracy with the reduced work −2
of usual Monte Carlo integration. To apply the results of Section 3.4.1, we consider
the reparametrized algorithm A(k, l) with

Mk := M0 exp(2k/3),

Nl := N0 exp(2l/3),
for which the convergence and work parameters of Section 3.4.1 attain the values
βj = 1/3, γj = 2/3, and sj = tj = 0, j ∈ {1, 2}. (Here and in the following we
implicitly round up non-integer values, which increases the required work only by a
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constant factor.) Indeed, we may write

A(k, l) = M(A1 (k), A2 (l))),

where A1 (k), k ∈ N is the operator that maps random variables to an empirical
average over Mk independent samples, A2 (l), l ∈ N is the random variable Q(SNl (T )),
and M denotes the application of linear operators to random variables. Since A1 (k)
converges in the operator norm to the expectation operator on the space of square
−1/2

integrable random variables at the usual Monte Carlo convergence rate Mk

as

−1/2

of the

k → ∞, and A2 (l) converges to Q(S(T )) at the strong convergence rate Nl

Euler method in the L2 -norm [85, Section 10.2] as l → ∞, and since M is linear in
both arguments, the claimed values of the convergence parameters βj , j ∈ {1, 2} hold
by part (iv) of Proposition 3.3.1.
Theorem 3.4.1 now shows that choosing L = L() such that

E[(SL (A) − E[Q(S(T ))])2 ] ≤ 2

incurs the work
Work(SL (A)) . −2 | log |−3 .

(3.21)

To link this result to the keyword multilevel approximation, we observe that, thanks
to our particular choice of parametrization, Smolyak’s algorithm from Section 3.4.1
takes the simple form
SL (A) =

X
k+l≤L

∆mix A(k, l).
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Since ∆mix = ∆1 ◦ ∆2 and ∆1 = Σ−1
1 we may further write
SL (A) =
=

L L−l
X
X

∆mix A(k, l)

l=0 k=0
L
X

∆2 A(L − l, l)

(3.22)

l=0
ML−l 
ML
L

X
1 X
1 X
i
i
i
=
Q(SN
(T
))
−
Q(S
(T
))
,
Q(SN0 (T )) +
Nl−1
l
ML i=1
l=1 ML−l i=1

which reveals that Smolyak’s algorithm employs a large number of samples from the
coarse approximation SN0 (T ), and subsequently improves on the resulting estimate of
h

i

E[Q(S(T ))] by adding approximations of the expectations E Q(SNl (T )) − Q(SNl−1 (T )) ,
l ∈ {1, . . . , L} that are computed using less samples.
Equation (3.22) is a multilevel formula of the form analyzed in [79] and [59].
Alternatively, this formula could also be deduced directly from the combination rule
for triangles in Section 3.5.4. Compared to the analysis in [59], our presentation has
two shortcomings: First, our analysis only exploits the strong rate of the discretization
method used to approximate Equation (3.20). In the situation considered above, this
does not affect the results, but for more slowly converging schemes a faster weak
convergence rate may be exploited to obtain improved convergence rates. Second, the
bound in Equation (3.21) is larger than that in [59] by the factor | log |. This factor can
be removed by using independent samples for different values of l in Equation (3.22),
since we may then apply Remark 3.4.3.

3.5.3

Multilevel quadrature

As in Example 3.3.2 of Section 3.3, assume that we want to approximate the integral
R
[0,1]

f (x) dx ∈ R using evaluations of approximations fl : [0, 1] → R, l ∈ N. This is

similar to the setting of the previous subsection, but with random sampling replaced
by deterministic quadrature.
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As before, denote by Sk , k ∈ N a sequence of quadrature formulas based on
evaluations in 2k nodes. If we assume that point evaluations of fl require the work
exp(γl) for some γ > 0, that
kfl − f kB . 2−κl
for some κ > 0 and a Banach space B of functions on [0, 1] and that

kSk −

Z
[0,1]

· dxkB ∗ . exp(−βk)

for some β > 0, then A(k, l) := Sk fl satisfies

|Sk fl −

Z
[0,1]

f (x) dx| . exp(−βk) + exp(−κl).

Hence, an accuracy of order  > 0 can be achieved by setting

k := − log()/β,

l := − log2 ()/κ,

which requires the work
2k exp(γl) = −1/β−γ/κ .
We have already shown the decay of the mixed differences,

|∆mix A(k, l)| . exp(−βk)2−κl ,

in Example 3.3.2. Thus, Theorem 3.4.1 immediately shows that we can choose L = L()
such that Smolyak’s algorithm satisfies

|SL (A) −

Z
[0,1]

f (x) dx| ≤ ,
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with
Work(SL (A)) . − max{1/β,γ/κ} | log |r
for some r = r(β, γ, κ) ≥ 0.
As in Section 3.5.2, we may rewrite Smolyak’s algorithm SL (A) in a multilevel
form, which reveals that a Smolyak’s algorithm employs a large number of evaluations
of f0 , and subsequently improves on the resulting integral approximation by adding
estimates of the integrals

R
[0,1]

fl (x) − fl−1 (x) dx, l > 0, that are computed using less

quadrature nodes.

3.5.4

Partial differential equations

The original Smolyak algorithm inspired two approaches to the numerical solution of
partial differential equations (PDEs). The intrusive approach is to solve discretizations
of the PDE that are built on sparse grids. The non-intrusive approach, which
we describe here, instead applies the general Smolyak algorithm to product type
discretizations whose resolution in the j-th direction is described by the parameter kj
[64, 137].
We discuss here how the non-intrusive approach can be analyzed using error
expansions of finite difference approximations. For example, the work [67], which
introduced the name combination technique, exploited the fact that for the Poisson
equation with sufficiently smooth data on [0, 1]2 , finite difference approximations
uk1 ,k2 ∈ L∞ ([0, 1]2 ) with meshwidths hj = 2−kj in the directions j ∈ {1, 2} satisfy

u − uk1 ,k2 = w1 (h1 ) + w2 (h2 ) + w1,2 (h1 , h2 ),

(3.23)

where u is the exact solution and w1 (h1 ), w2 (h2 ), w1,2 (h1 , h2 ) ∈ L∞ ([0, 1]2 ) are error
terms that converge to zero in L∞ at the rates O(h21 ), O(h22 ), and O(h21 h22 ), respectively.
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Since the work required for the computation of A(k1 , k2 ) := uk1 ,k2 usually satisfies
Work(A(k1 , k2 )) ≈ (h1 h2 )−γ

for some γ ≥ 1 depending on the employed solver, an error bound of size  > 0 could
be achieved with the straightforward choice k1 := k2 := −(log2 )/2, which would
require the work
Work(A(k1 , k2 )) ≈ −γ .
Since Equation (3.23) in combination with part (iii) of Proposition 3.3.1 shows that
A ∈ E(ej )2j=1 with ej (k) := 2−2kj , we may deduce from Theorem 3.4.1 that Smolyak’s
algorithm applied to A requires only the work

−γ/2 | log |1+γ/2

to achieve the same accuracy. The advantage of Smolyak’s algorithm becomes even
more significant in higher dimensions. All that is required to generalize the analysis
presented here to high-dimensional problems, as well as to different PDE and different
discretization methods, are error expansions such as Equation (3.23).

3.5.5

Uncertainty quantification

A common goal in uncertainty quantification [7, 90, 72] is the approximation of
response surfaces
Γ 3 y 7→ f (y) := Q(uy ) ∈ R.
Here, y ∈ Γ ⊂ Rm represents parameters in a PDE and Q(uy ) is a real-valued quantity
of interest of the corresponding solution uy . For example, a thoroughly studied problem
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is the parametric linear elliptic second order equation with coefficients a : U × Γ → R,




−∇x





· (a(x, y)∇x uy (x)) = g(x)
uy (x) = 0

in U ⊂ Rd
on ∂U,

whose solution for any fixed y ∈ Γ is a function uy : U → R.
Approximations of response surfaces may be used for optimization, for worstcase analysis, or to compute statistical quantities such as mean and variance in
the case where Γ is equipped with a probability distribution. The non-intrusive
approach to compute such approximations, which is known as stochastic collocation
in the case where Γ is equipped with a probability distribution, is to compute the
values of f for finitely many values of y and then interpolate. For example, if we
assume for simplicity that Γ =

Qm

j=1 [0, 1],

then we may use, as in Section 3.5.1, a

sequence of interpolation operators Sk : H β ([0, 1]) → H α ([0, 1]) based on evaluations
k

in (yk,i )2i=1 ⊂ [0, 1]. However, unlike in Section 3.5.1, we cannot compute values of f
exactly but have to rely on a numerical PDE solver. If we assume that this solver has
discretization parameters l = (l1 , . . . , ld ) ∈ Nd and returns approximations uy,l such
that the functions
fl : Γ → R
y 7→ fl (y) := Q(uy,l )
β
are elements of Hmix
([0, 1]m ), then we may define the numerical approximation method

α
A : Nm × Nd → Hmix
([0, 1]m ) =: Y

A(k, l) :=

O
m



Skj fl ,

j=1

with n := m + d discretization parameters.
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At this point the reader should already be convinced that straightforward approximation is a bad idea. We therefore omit this part of the analysis, and directly move
on to the application of Smolyak’s algorithm. To do so, we need to identify functions
ej : N → R> such that A ∈ E(ej )nj=1 (Y ). For this purpose, we write A as
A(k, l) = M(A1 (k), A2 (l)),

where

A1 (k) :=

m
O





β
α
Skj ∈ L Hmix
([0, 1]m ); Hmix
([0, 1]m ) =: Y1

∀k ∈ Nm

j=1

β
A2 (l) := fl ∈ Hmix
([0, 1]m ) =: Y2

∀l ∈ Nd

and
M : Y1 × Y2 → Y
is the application of linear operators in Y1 to functions in Y2 . Since M is continuous
and multilinear, we may apply part (iv) of Proposition 3.3.1 to reduce our task to
the study of A1 and A2 . The first part can be done exactly as in Section 3.5.1. The
second part can be done similarly to Section 3.5.4. However, we now have to verify
not only that the approximations uy,l converge to the exact solutions uy for each fixed
value of y as mindj=1 lj → ∞, but that this convergence holds in some uniform sense
over the parameter space.
(l)

More specifically, let us denote by ∆mix the mixed difference operator with respect
to the parameters l and let us assume that
(l)

k∆mix fl kH β

mix

([0,1]m )

.

d
Y
j=1

exp(−κj lj ) =:

d
Y
(2)

ej (lj ) ∀l ∈ Nd .

j=1

For example, such bounds are proven in [77, 72]. If the interpolation operators satisfy
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as before
kSk − Id kH β ([0,1])→H α ([0,1]) . 2−k(β−α) =: e(1) (k) ∀ k ∈ N,
then the results of Section 3.5.1 together with part (iv) of Proposition 3.3.1 shows that

A ∈ E(e(1) )m

(2) d
j=1 ∪(ej )j=1

(Y ).

If we further assume that the work required by the PDE solver with discretization
parameters l is bounded by exp(γ (2) · l) for some γ ∈ Rd> , then we may assign as total
work to the algorithm A(k, l) the value

Work(A(k, l)) := 2|k|1 exp(γ · l),

which is the number of required samples, 2|k|1 , times the bound on the work per
sample, exp(γ · l). Thus, by Theorem 3.4.1, Smolyak’s algorithm achieves the accuracy

kSL (A) − f kY . 

with
Work(SL (A)) . −ρ | log |r ,
where ρ := max{1/(β − α), max{γj /κj }dj=1 } and r ≥ 0 as in Section 3.4.1.

3.6

Conclusion

We showed how various existing efficient numerical methods for integration, Monte
Carlo simulations, interpolation, the solution of partial differential equations, and
uncertainty quantification can be derived from two common underlying principles:
decomposition and efficient truncation. The analysis of these methods was divided into
proving decay of mixed differences by means of Proposition 3.3.1 and then applying
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general bounds on exponential sums in form of Theorem 3.4.1.
Besides simplifying and streamlining the analysis of existing methods, we hope
that the framework provided in this work encourages novel applications. Finally, we
believe that the general version of Smolyak’s algorithm presented here may be helpful
in designing flexible and reusable software implementations that can be applied to
future problems without modification.

Appendix: Exponential sums
Lemma 3.6.1. Let γj > 0, βj > 0, and tj > 0 for j ∈ {1, . . . , n}. Then
X

∗ −1+t∗

exp(γ · k)(k + 1)t ≤ C(γ, t, n) exp(µL)(L + 1)n

,

(β+γ)·k≤L

where ρ := maxnj=1 γj /βj , µ :=
t∗ :=

j∈J tj ,

P

and (k + 1)t :=

ρ
,
1+ρ

Qn

J := {j ∈ {1, . . . , n} : γj /βj = ρ}, n∗ := |J|,

j=1 (kj

+ 1)tj .

Proof. First, we assume without loss of generality that the dimensions are ordered
according to whether they belong to J or J c := {1, . . . , n} \ J. To avoid cluttered
notation we then separate dimensions by plus or minus signs in the subscripts; for
example, we write t = (tJ , tJ c ) =: (t+ , t− ).
Next, we may replace the sum by an integral over {(β + γ) · x ≤ L}. Indeed, by
monotonicity we may do so if we replace L by L + |β + γ|1 , but looking at the final
result we observe that a shift of L only affects the constant C(γ, t, n).
Finally, using a change of variables yj := (βj + γj )xj and the shorthand µ :=
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γ/(β + γ) (with componentwise division) we obtain
Z

t

exp(γ · x)(x + 1) dx ≤ C

Z

exp(µ · y)(y + 1)t dy

|y|1 ≤L

(β+γ)·x≤L

=C

Z
|y+ |1 ≤L

≤C

Z
|y+ |1 ≤L

Z

exp(µ+ · y+ )(y+ + 1)t+
exp(µ|y+ |1 )(y+ + 1)t+

|y− |1 ≤L−|y+ |1

Z
|y− |1 ≤L−|y+ |1

exp(µ− · y− )(y− + 1)t− dy− dy+

exp(µ− |y− |1 )(y− + 1)t− dy− dy+ = (?),

where the last equality holds by definition of µ = max{µ+ } and µ− := max{µ− }. We
use the letter C here and in the following to denote quantities that depend only on γ, t
and n but may change value from line to line. Using (y+ + 1)t+ ≤ (|y+ |1 + 1)|t+ |1 and
(y− + 1)t− ≤ (|y− |1 + 1)|t− |1 and the linear change of variables y 7→ (|y|1 , y2 , . . . , yn )
in both integrals, we obtain
(?) ≤ C
≤C

Z
|y+ |1 ≤L
Z L

exp(µ|y+ |1 )(|y+ |1 + 1)|t+ |1

exp(µu)(u + 1)|t+ |1 u|J|−1

Z L−u
0

0

≤ C(L + 1)|t+ |1 L|J|−1
≤ C(L + 1)|t+ |1 +|J|−1

Z L
0
Z L

Z
|y− |1 ≤L−|y+ |1

exp(µ− |y− |1 )(|y− |1 + 1)|t− |1 dy− dy+

exp(µ− v)(v + 1)|t− |1 v |J

exp(µu)((L − u) + 1)|t− |1 (L − u)|J

c |−1

c |−1

dv du

Z L−u
0

exp(µu)(L − u + 1)|t− |1 (L − u)|J

0

= C(L + 1)|t+ |1 +|J|−1 exp(µL)

Z L
0

c |−1

exp(µ− v) dv du

exp(µ− (L − u)) du

exp(−(µ − µ− )w)(w + 1)|t− |1 w|J

c |−1

dw

≤ C(L + 1)|t+ |1 +|J|−1 exp(µL),
where we used supremum bounds for both integrals for the third inequality, the change
of variables w := L − u for the penultimate equality, and the fact that µ > µ− for the
last inequality.
Lemma 3.6.2. Let γj > 0, βj > 0, and sj > 0 for j ∈ {1, . . . , n}. Then
X

∗ −1+s∗

exp(−β · k)(k + 1)s ≤ C(β, s, n) exp(−νL)(L + 1)n

,

(β+γ)·k>L

where ρ := maxnj=1 γj /βj , ν :=

1
,
1+ρ

J := {j ∈ {1, . . . , n} : γj /βj = ρ}, n∗ := |J|,
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+ 1)sj .

Qn

j=1 (kj

Proof. First, we assume without loss of generality that the dimensions are ordered
according to whether they belong to J or J c . To avoid cluttered notation we then
separate dimensions by plus or minus signs in the subscripts; for example, we write
s = (sJ , sJ c ) =: (s+ , s− ).
Next, we may replace the sum by an integral over {(β + γ) · x > L}. Indeed, by
monotonicity we may do so if we replace L by L − |β + γ|1 , but looking at the final
result we observe that a shift of L only affects the constant C(β, s, n).
Finally, using a change of variables yj := (βj + γj )xj and the shorthand ν :=
β/(β + γ) (with componentwise division) we obtain
Z

s

exp(−β · x)(x + 1) dx ≤ C

Z

=C

Z
|y+ |1 >L

≤C

Z
|y+ |1 >L

exp(−ν · y)(y + 1)s dy

|y|1 >L

(β+γ)·x>L

exp(−ν+ · y+ )(y+ + 1)

s+

exp(−ν|y+ |1 )(y+ + 1)s+

Z
|y− |1 >(L−|y+ |1

)+

Z
|y− |1 >(L−|y+ |1

)+

exp(−ν− · y− )(y− + 1)s− dy− dy+

exp(−ν− |y− |1 )(y− + 1)s− dy− dy+

=: (?),
where the last equality holds by definition of ν = max{ν+ } and ν− := max{ν− }. We
use the letter C here and in the following to denote quantities that depend only on β, s
and n but may change value from line to line. Using (y+ + 1)s+ ≤ (|y+ |1 + 1)|s+ |1 and
(y− + 1)s− ≤ (|y− |1 + 1)|s− |1 and the linear change of variables y 7→ (|y|1 , y2 , . . . , yn )
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in both integrals, we obtain
(?) ≤C

Z
|y+ |1 >0

≤C

Z ∞

exp(−ν|y+ |1 )(|y+ |1 + 1)|s+ |1

exp(−νu)(u + 1)|s+ |1 u|J|−1

Z L

exp(−νu)(u + 1)|s+ |1 +|J|−1

Z

+C

(L−u)+
∞

L−u

0

Z ∞

exp(−νu)(u + 1)

|y− |1 >(L−|y+ |1

Z ∞

0

=C

Z

|s+ |1 +|J|−1

exp(−ν− |y− |1 )(|y− |1 + 1)|s− |1 dy− dy+

exp(−ν− v)(v + 1)|s− |1 v |J

exp(−ν− v)(v + 1)|s− |1 +|J

Z ∞

L

)+

0

c |−1

c |−1

exp(−ν− v)(v + 1)|s− |1 +|J

dv du

dv du

c |−1

dv du

= : (??) + (? ? ?).
To bound (??), we estimate the inner integral using the inequality

R∞
a

exp(−bv)(v +

1)c dv ≤ C exp(−ba)(a + 1)c [41, (8.11.2)], which is valid for all positive a, b, c:
(??) ≤ C

Z L
0

exp(−νu)(u + 1)|s+ |1 +|J|−1 exp(−ν− (L − u))(L − u + 1)|s− |1 +|J

≤ C(L + 1)

|s+ |1 +|J|−1

Z L
0

exp(−ν(L − w)) exp(−ν− w)(w + 1)|s− |1 +|J

= C(L + 1)|s+ |1 +|J|−1 exp(−νL)

Z L
0

exp(−(ν− − ν)w)(w + 1)|s− |1 +|J

c |−1

c |−1

c |−1

du

dw
dw

≤ C(L + 1)|s+ |1 +|J|−1 exp(−νL),
where we used a supremum bound and the change of variables w := L − u for the
second inequality, and the fact that ν− > ν for the last inequality. Finally, to bound
(? ? ?), we observe that the inner integral is independent of L, and bound the outer
integral in the same way we previously bounded the inner integral. This shows

(? ? ?) ≤ C exp(−νL)(L + 1)|s+ |1 +|J|−1 .
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Abstract We present a novel method for the numerical pricing of American options
based on Monte Carlo simulation and the optimization of exercise strategies. Previous
solutions to this problem either explicitly or implicitly determine so-called optimal
exercise regions, which consist of points in time and space at which a given option
is exercised. In contrast, our method determines the exercise rates of randomized
exercise strategies. We show that the supremum of the corresponding stochastic
optimization problem provides the correct option price. By integrating analytically
over the random exercise decision, we obtain an objective function that is differentiable
with respect to perturbations of the exercise rate even for finitely many sample paths.
The global optimum of this function can be approached gradually when starting
from a constant exercise rate. Numerical experiments on vanilla put options in the
multivariate Black–Scholes model and a preliminary theoretical analysis underline
the efficiency of our method, both with respect to the number of time-discretization
steps and the required number of degrees of freedom in the parametrization of the
exercise rates. Finally, we demonstrate the flexibility of our method through numerical
experiments on max call options in the classical Black–Scholes model, and vanilla put
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options in both the Heston model and the non-Markovian rough Bergomi model.

4.1

Introduction

American options on d ≥ 1 underlying assets St = (S1,t , . . . , Sd,t ) may be exercised
by their holder at any time t before a given expiration time T ∈ R+ := [0, ∞), upon
which the holder receives the payoff g(t, St ) for some previously agreed continuous
function g : [0, T ] × Rd+ → R+ .
If the underlying market is Markovian and has a security with interest rate r > 0,
then the arbitrage-free value of an American option under a risk-neutral measure Q is
determined solely by the current asset values. Moreover, if we assume for simplicity
that the underlying assets do not pay dividends, then the value function V : Rd+ → R+
satisfies
V (s0 ) = sup EQ [Yτ ∧T |S0 = s0 ],
τ ∈S

s0 ∈ Rd+ ,

(4.1)

where Yt := exp(−rt)g(t, St ), t ≥ 0 is the discounted payoff process and S denotes
the set of all stopping times with respect to the filtration generated by (St )0≤t≤T [84,
Theorem 2.5.3]. In the remainder of this work, all expectations are taken with respect
to the same risk-neutral measure Q and denoted by E.
Most state-of-the-art methods for American option pricing – including, e.g., all
variants of the Longstaff–Schwartz [95], PDE [1], binomial tree [33], and stochastic
mesh [22] methods – exploit the dynamic programming principle to determine the
value function using a backwards-iteration scheme. Further approaches are based
on dual problems [112, 5], policy iteration [16], or (quasi-)analytic solutions [10, 88].
For options on multiple underlying assets, many methods break down or become
prohibitively expensive.
In this work, we propose a method that is based on the following variation of
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Equation (4.1), which states that the optimization may be restricted to hitting times
instead of general stopping times:

V (s0 ) =

sup
E∈B([0,T ]×Rd+ )

E[YτE ∧T |S0 = s0 ],

s0 ∈ Rd+ .

(4.2)

Here, the supremum is taken over Borel-measurable subsets of E ⊂ [0, T ] × Rd+ ,
whose hitting times are given by τE := inf{t ≥ 0 : (t, St ) ∈ E}. To be precise,
both Equation (4.1) and Equation (4.2) require some technical conditions on the
processes (Yt )0≤t≤T and (St )0≤t≤T [121, Corollary 2, Section 3.3.1]. Throughout this
work, we assume that such conditions hold and restrict our attention to the solution
of Equation (4.2).
To the best of our knowledge, optimization of the exercise region in Equation (4.2)
was first proposed in [61] and developed in [4, 49, 83, 15, 52], but it has not yet found
its way into the canon of numerical algorithms for American option pricing. In [61],
separate exercise regions were determined for each exercise date of an American Asian
option in a backwards iteration. The optimization at each step was performed in
a brute force fashion, which explains why only two parameters were allowed in the
parametrization of the exercise regions. In [49, 52], ad hoc parametrizations that
exploit known behavior of the optimal exercise regions were used to optimize exercise
regions as subsets of time-space without applying a backwards iteration.
In general, optimization of the exercise region faces two challenges. First, as
mentioned in [52], it is not obvious how to parametrize the possible exercise regions
in a multi-dimensional setting, or even in a one-dimensional setting that goes beyond
vanilla options in the Black–Scholes model. Second, once a parametrization has been
found, it is not obvious how to find the global optimum [49, 52]. Indeed, when the
expectation in Equation (4.2) is replaced by an empirical average for the purpose of
numerical approximations of the expected payoff, the quantity to be maximized depends
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highly irregularly on the exercise region E (see Figure 4.1b below). Furthermore, even
if a large number of sample paths is used to reduce the small scale oscillatory behavior,
the resulting surface may still be non-concave and exhibit isolated local optima, as
reported in [49].
To address these challenges, we introduce, in Section 4.2, a relaxation of the
optimization problem in Equation (4.2) wherein the exercise regions E ⊂ [0, T ] × Rd+
are replaced by exercise rates f : [0, T ] × Rd+ → R+ , which define randomized exercise
strategies where options are exercised with an infinitesimal probability depending on
the current time and asset values.1 We show that the supremum of the resulting relaxed
optimization problem coincides with the correct option price. To find the supremum
numerically, we parametrize the space of exercise rates using a finite-dimensional
space of functions on [0, T ] × Rd . By integrating analytically with respect to the
exponential distribution that underlies the random exercise decision, we obtain a
smooth objective function even when finitely many sample paths are used. We may
then use gradient-based optimization routines to determine an optimal coefficient
vector. Furthermore, we may start this optimization from an exercise rate that has
a constant non-zero value across time and space and let the optimization routine
gradually refine this neutral strategy towards an optimal one with marked variations
in the exercise rate. This facilitates the search for a global optimum without requiring
an informed initial guess that is already close to the optimum. Details of the numerical
implementation are discussed in Section 4.2.1. There, we also briefly discuss how
the accuracy of our method depends on the various discretization parameters. In
particular, we provide heuristic bounds on the number of degrees of freedom in the
exercise rate that are required for satisfactory randomized exercise strategies. These
bounds are given in terms of the smoothness of the optimal exercise boundary as a
manifold, not as a function of time.
1

This notion of randomization is not related to that in [26], where random expiration times are
studied for the purpose of option pricing.
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Finally, Section 4.3 presents numerical experiments for various market models and
options.
In Sections 4.3.1 and 4.3.2, we consider vanilla put options in the classical Black–
Scholes model. In the case of a single underlying, the exercise boundary of an
American put option, whose payoff function is given by g(t, s) := g(s) := (K − s)+ for
some strike K > 0, can be written as a function of time with asymptotic behavior
q

s(t) ≈ K − C1 (T − t) log(T − t) for some C1 > 0 as t → T . Despite the square-root
singularity near the expiration time, the experiments presented in Section 4.3.1 show
that low-degree polynomials suffice to capture the optimal exercise boundary well. In
fact, we obtain a relative error of less than 0.1% with quadratic polynomials. This can
q

be explained by the fact that the graph of the similar function s̃(t) = K − C1 (T − t)
is smooth as a one-dimensional manifold in R2 and, indeed, coincides with the zero level
set (intersected with x < K) of the quadratic polynomial f (t, s) := (K −s)2 −C12 (T −t),
whose scalar multiples therefore constitute close-to-optimal exercise rates.
Although we solve non-concave maximization problems, we are able to find global
optima starting from a constant exercise rate. Since we do not perform backwards
iteration in time, our method is insensitive to the number of exercise dates. This
is in contrast to the exponential increase of the error with respect to the number
of exercise dates in conventional Longstaff–Schwartz algorithms [136]. Furthermore,
in Section 4.3.2 we show that our algorithm outperforms the Longstaff–Schwartz
algorithm with respect to the required polynomial degree for the pricing of basket put
options, which is crucial when the number of underlying asset is large.
In Section 4.3.3, we consider call options on the maximum of a number of underlying
assets, g(s) = maxdi=1 (si − K)+ . Numerical algorithms for the pricing of such max
call options were previously discussed in [5, 96]. Max call options pose a challenge
to the direct determination of exercise regions because the optimal exercise regions
are disconnected [21]. Still, our results show that polynomials of low degree suffice
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to obtain highly accurate estimates despite the nontrivial topology of the optimal
exercise region.
In Section 4.3.4, we consider the Heston model, in which the underlying asset and
its stochastic volatility form a joint Markov process. Since our method involves the
market model for the generation of random sample paths only, its application in this
scenario is straightforward. Finally, we consider the non-Markovian rough Bergomi
model [11] in Section 4.3.5. To recover Markovianity, we must extend our process by
its past values. In practice, using a large but finite number of past values leads to
very high-dimensional approximation problems. However, our experiments indicate
that exercise strategies depending only on the spot values of the underlying asset and
its volatility achieve near-optimal performance.

4.2

Exercise rate optimization

We let T := [0, T ] and assume throughout that (St )t∈T is conditioned on S0 = s0 .
Definition 4.2.1. For any f : T × Rd+ → R+ , the randomized exercise strategy with
exercise rate f is given by early exercise at the time

τf := inf{t ≥ 0 :

Z t
0

λu du ≥ X},

(4.3)

where λt := f (t, St ), t ∈ T and X is a standard exponential random variable that is
independent of (St )t∈T .
The exercise time τf equals the first jump time of a Poisson process with rate
(λt )t∈T . In other words, the exercise rate f determines the time- and space-dependent
infinitesimal probability with which the American option is exercised in a infinitesimal
time interval dt.
With Equation (4.2) in mind, we are interested in the expected payoff under a
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randomized exercise strategy with early exercise time τf , which we denote by

ψ(f ) := E[Yτf ∧T ].

Since

Rt
0

(4.4)

λu du is a deterministic function of the asset path until t, and X is independent

of (Su )u∈T , we have

P(τf ≥ t | (Su )u∈T ) = P(X >

Z t
0



λu du | (Su )u∈T ) = exp −

Z t
0



λu du =: Ut

and
P(τf ∈ dt | (Su )u∈T ) = − dUt = λt Ut dt.
Hence, we obtain

φ(f, (Su )u∈T ) := E[Yτf ∧T | (Su )u∈T ] =

Z T
0

Yt λt Ut dt + YT UT .

By the law of total expectation, which we may apply because all the random variables
involved are nonnegative, we deduce the formula

ψ(f ) = E[φ(f, (Su )u∈T )] = E

"Z
T
0

#

Yt λt Ut dt + YT UT .

(4.5)

It is advisable to replace λUt dt by − dUt in numerical implementations of this formula
to avoid cancellations. The following proposition shows that, in theory, exercise rate
optimization yields the correct option value.
Proposition 4.2.2. We have

V (s0 ) =

sup
f : [0,T ]×Rd+ →R+

ψ(f ).

(4.6)

172

ARTICLE 4

Proof. For any E ∈ B(T × Rd+ ), we may formally insert the indicator function




+∞,

(t, s) ∈ E



0,

(t, s) 6∈ E

fE (t, s) := 

into Equation (4.3) to obtain τfE = τE . If we replace +∞ with large numbers that
diverge to +∞ and apply Fatou’s lemma, we may take the supremum over E to
conclude from Equation (4.2) that supf : [0,T ]×Rd+ →R+ ψ(f ) ≥ V (s0 ).
Conversely, the law of total expectation shows, for any f : [0, T ] × Rd+ → R+ , that


h

ψ(f ) = E[Yτf ∧T ] = E E Yτf ∧T | X

i

.

Because τf conditioned on X is a stopping time and (St )t∈T is independent of X,
h

i

Equation (4.1) implies that E Yτf ∧T | X ≤ V (s0 ) almost surely; hence, ψ(f ) ≤
V (s0 ).

4.2.1

Numerical algorithm

To determine optimal exercise rates numerically, we
(i) replace the time-continuous model of the stochastic process (St )t∈T with a
discretization with N < ∞ time steps, such as the the Euler–Maruyama scheme;
(ii) replace the expectation in Equation (4.5) with an average over M < ∞ fixed
(m)

sample paths (St

)t∈T ,1≤m≤M 2 ;

(iii) introduce a B-dimensional, B < ∞ parametrization RB 3 c 7→ fc of the space
of exercise rates;
2

We assume for notational simplicity that each sample path is interpolated beyond the N nodes
of the time-discretization scheme, for example in a piecewise constant fashion, and that all the
subsequent expressions are evaluated using this interpolation.
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(iv) maximize the surrogate function

ψ : RB → R
c 7→

M
1 X
(m)
φ(fc , (St )t∈T ).
M m=1

Parametrization To address step (iii), we work with the logarithmic asset values
xi := log(si ), 1 ≤ i ≤ d and let
n

FP := fp (t, x) := 1g(t,s)>0 exp(p(t, x)) p ∈ P

o

for any finite-dimensional linear space P of functions on T × Rd . After choosing a
basis of P, we obtain the desired parametrization c 7→ fc . Throughout the remainder
of this manuscript, we work with spaces Pk of polynomials of degree less than or equal
to k ≥ 0 in d + 1 variables.

Optimization Concerning step (iv), it is not clear that globally optimal coefficients,
which may even lie at infinity, can be found numerically because ψ is not concave.
However, in our numerical experiments, we found that the L-BFGS-B algorithm, as
implemented in Python’s SciPy library3 , performs well and does not get stuck in local
maxima when started from a constant exercise rate. For example, a simple gradient
descent algorithm could be used to maximize the function shown in Figure 4.1a, where
the dependence of ψ on the coefficient c(0,0) of the constant polynomial p(0,0) ≡ 1
for a one-dimensional put option can be seen. Note that this is not possible for the
function shown in Figure 4.1b, which arises from the optimization of deterministic
exercise regions and requires the use of finite-difference stochastic-gradient algorithms.
Differentiability of φ, ψ, and ψ with respect to f is easy to show. Using the fact that
3

https://docs.scipy.org/doc/scipy/reference/optimize.minimize-lbfgsb.html
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(a) ψ : R → R with P the space of constant (b) s 7→
functions
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with Es := [0, T ] ×

Figure 4.1: Functions to be maximized in a one-parameter optimization of a randomized exercise strategy (a) and a one-parameter optimization of a deterministic
strategy (b) for a one-dimensional American put option with K = s0 = 100 and T = 1
in the Black–Scholes model with r = 0.05 and σ = 0.3. Both plots were generated
using M = 100 sample paths with N = 100 time steps.
λt Ut dt = − dUt , we obtain the simple gradient formula

h∇f φ(f, (St )t∈T ), hi = −

Z T
0

Yt dh∇f Ut , hi + h∇f UT , hiYT ,

h : T × Rd+ → R,

where

h∇f Ut , hi = −Ut

Z t
0

h(u, Su ) du,

t∈T.

Accuracy To obtain accurate results, we must choose large enough values for the
number of samples, M , the number of time steps, N , the number of iterations of the
optimization routine, `, and the polynomial degree, k.
Convergence with respect to M occurs at the Monte Carlo rate M −1/2 . Convergence
with respect to N is slightly more complicated. For a fixed smooth exercise rate,
the surrogate ψ converges at the usual weak convergence rate of the discretization
scheme with respect to the number of time steps (e.g., N −1 for the Euler–Maruyama
scheme). In the limit of increasingly steep exercise rates approaching the optimal

100
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deterministic exercise regions, the weak convergence rate is expected to deteriorate
to N −1/2 . However, this effect seems to occur at a level that is overshadowed by the
remaining Monte Carlo error in our numerical experiments (see Section 4.3.1).
Assuming that we do achieve global convergence, we expect exponential or faster
convergence with respect to `, depending on what type of deterministic optimization
routine is used. Figure 4.3 in Section 4.3 provides numerical evidence of exponential
convergence using the L-BFGS-B algorithm.
To characterize the convergence with respect to k, we note that for any polynomial
0 6= pk ∈ Pk the randomized exercise strategies with exercise rates fL := exp(Lpk ) ∈ Fk
converge to a deterministic strategy with early exercise region Ek := {pk ≥ 0} as
L → ∞. Therefore, it suffices to study the approximability of the optimal exercise
region E∗ by polynomial superlevel sets, and the sensitivity of the expected payoff
on the right-hand side of Equation (4.2) with respect to perturbations of the exercise
region. Regarding the approximability of E∗ , we observe that if E∗ is a bounded C m submanifold, m ≥ 2, of (0, T ) × {g > 0}, then there exists a sequence of polynomials
pk such that the boundaries Bk := ∂Ek of the corresponding exercise regions Ek :=
{pk ≥ 0} satisfy
Bk = {(t, s) + Θ(t, s) : (t, s) ∈ B∗ }

(4.7)

for some Θ : B∗ → R1+d such that
sup |Θ(t, s)| < Ck −m .
(t,s)∈B∗

This follows from a combination of the multi-dimensional Jackson theorem [9] with a
partition of unity and elementary geometry. Regarding the sensitivity of the expected
payoff, [32] showed differentiability with respect to perturbations of the exercise region
in spatial directions under the assumption that (0, s0 ) 6∈ E∗ and that the payoff
function lies in some Hölder space C 1,α , α > 0. Unfortunately, this result is not quite
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general enough for our purposes, since we require bounds with respect to general,
spatio-temporal perturbations of the domain (as in Equation (4.7)) and for payoff
functions that are only Lipschitz.
As discussed in the introduction, the optimal exercise boundaries of vanilla put
options in the Black–Scholes model exhibit singularities near the expiration time when
viewed as functions of time. However, as argued above, the polynomial approximability
of optimal exercise regions is determined by their smoothness as submanifolds of
{g > 0}, not as functions of time until expiry. Indeed, our experiments indicate that
the polynomial degree k = 2 is sufficient for most purposes, even in multivariate
models not of Black–Scholes type.
Overfitting Choosing a subspace with a large number of degrees of freedom, B  1,
to improve the flexibility of the candidate exercise rates increases the cost of computations and the risk of overfitting. This means that the value of ψ(c∗ ) at the
optimized coefficients c∗ may overestimate the true value ψ(fc∗ ) unless a correspondingly large number M = M (B)  1 of sample paths is used. Since it is difficult to
analyze the number of samples required to avoid overfitting, we simply compute an
(m)

unbiased estimate of ψ(fc∗ ) using a new set of sample paths (S̃t

)t∈T , 1 ≤ m ≤ M .

Similar techniques are used in classical regression-based methods such as the Longstaff–
Schwartz algorithm. Following statistical learning terminology, we refer to the biased
and unbiased estimators of ψ(fc∗ ) as training and test values, respectively. We note
that, according to Proposition 4.2.2, the expectation of the test value is a lower bound
of the correct option price.

4.3

Numerical experiments

Throughout this section, we use the L-BFGS-B algorithm with initial coefficients
c ≡ 0 to maximize ψ.

177

4.3.1

ARTICLE 4

Convergence with respect to discretization parameters

In this subsection, we study the convergence of our method with respect to the
discretization parameters M , N , k, and ` by pricing the vanilla put option from
Figure 4.1 with strike K = 100 and expiry T = 1 in the Black–Scholes model with
volatility σ = 0.3, risk-free interest rate r = 0.05, and spot price s0 = 100. Using a
binomial tree algorithm with 50 000 levels (i.e., 50 000 time steps and 50 000 spatial
discretization nodes at T = 1), we obtain the reference value V ∗ = 9.8701. Figures 4.2a
and 4.2b show that the prices found through exercise rate optimization with polynomial
degree k = 2 and Mn := 200 × 4n sample paths with Nn := 2n time-steps converge
towards this reference value as n → ∞. In particular, our maximization does not get
stuck in local optima of ψ. Furthermore, Figure 4.2a shows that test and training
values converge at roughly the same speed, which means that we do not suffer from
overfitting. This is not surprising, since the space of bivariate quadratic polynomials is
only 6-dimensional. We restrict the following plots to the test value, which constitutes
an unbiased estimate of the quality of a given exercise rate.
In the logarithmic scale of Figure 4.2b, we see that our approximations converge
to the reference value at roughly the rate 2−n = O(Nn−1 + Mn−1/2 ). We obtain an
accuracy of about four significant digits, despite using only quadratic polynomials for
the exercise boundary approximation. This confirms that singularities of the exercise
boundary as a function of time do not pose a problem for our polynomial approximation
scheme. For comparison, Figures 4.2c and 4.2d show results for k ∈ {0, 1}, that is, for
constant exercise rates and for exercise rates that depend only linearly on space and
time, respectively. For k = 1, the results are astoundingly similar to the case k = 2,
though closer inspection on a logarithmic scale reveals stagnation at a relative error
of 0.5%. For k = 0, our method stagnates around the value 9.35, which is roughly the
price of a European option with the same parameters.
To study the effects of M , N , and k, we performed experiments in this and the
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Figure 4.2: Exercise rate optimization with polynomial degree 0 ≤ k ≤ 2, Mn =
200 × 4n and Nn = 2n , 0 ≤ n ≤ 7 applied to a one-dimensional American put option
in the Black–Scholes model with σ = 0.3, r = 0.05, K = 100, s0 = 100, and T = 1.
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following subsection with the tolerance of the L-BFGS-B optimization set to machine
precision, which required between 70 and 200 function evaluations to achieve. However,
an error comparable to that of the remaining discretization errors can already be
achieved with significantly fewer evaluations. Indeed, for n = 4 and k = 2 the relative
error between ψ(c` ) and the final value is already below 0.1% when ` = 20 (Figure 4.3).
For this reason, we limit the number of iterations in Sections 4.3.4 and 4.3.5 to 20.
10−1
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10−3
10−4
10−5
10−6
10−7
0
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40

Figure 4.3: Convergence with respect to the number of function evaluations, `, in
the training step of exercise rate optimization for an American put option using the
L-BFGS-B algorithm.

4.3.2

Comparison with Longstaff–Schwartz algorithm

In this subsection, we consider basket put options on linear combinations of d ∈ {2, 5}
underlying assets. The payoff function of such options is given by g(s) := (K − c · s)+
for K > 0 and c ∈ Rd . In our experiments, we use K := 100 and ci := 1/d, 1 ≤ i ≤ d.
We compare our method to the Longstaff–Schwartz algorithm, as implemented
in the freely available version 16 of the derivative pricing software Premia4 . Like our
method, the Longstaff–Schwartz algorithm requires specification of the number of
sample paths, the number of time-steps used for their simulation, and the polynomial
4

https://www.rocq.inria.fr/mathfi/Premia
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degree, which controls the accuracy of approximations of the value function. For
simplicity, we restrict the simulations in this section to N = 8 time steps. To prevent
our comparison being skewed by the fact that the two algorithms use different sample
paths, we use the same large number of M = 3 × 106 samples for both. Finally, we
use a risk-free interest rate r = 0.05 and a diagonal volatility matrix Σij = 0.32 δij ,
1 ≤ i, j ≤ d in the underlying Black–Scholes model with s0 = (100, . . . , 100).
To emphasize the efficiency of exercise rate optimization with respect to the
polynomial degree, we compute reference values V ∗ = 6.5479 and V ∗ = 3.6606 using
exercise rate optimization with polynomial degree kERO = 2 for d = 2 and d = 5,
respectively. Figure 4.4 shows that the Longstaff–Schwartz algorithm converges to
these values as kLS → ∞, but only achieves a comparable performance for k ≈ 6.
We show 95% confidence bands around our reference value, which are based on
the empirical variance in the evaluation of our test value. From these we see that
the remaining difference between the two methods can be explained by the random
sampling error.
3.66
6.54
3.65
6.52

3.64
3.63

6.5
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kLS
(a) d = 2
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4

5

6

(b) d = 5

Figure 4.4: Convergence of the Longstaff–Schwartz algorithm (LS) for {2, 5}dimensional basket put options with increasing polynomial degree kLS to reference
values computed via exercise rate optimization (ERO) with polynomial degree kERO = 2
and 95% confidence bands (dashed).
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Max call options

In this subsection, we consider max call options on two underlying assets, for which
g(s) := max{(s1 − K)+ , (s2 − K)+ }. These max call options present an interesting
challenge for our method, since the optimal exercise region at any time before expiry
has two connected components [21]. Lower and upper bounds for the option prices
in the Black–Scholes model with r = 0.05, Σij = 0.22 δij , K = 100, N = 8 and
dividend δ = 0.1 are taken from [5] and provided in Table 4.1 alongside the results
of our method for k ∈ {1, 2, 3} and M = 1 000 000. The optimized exercise rates

s0

90
100
110

95% CI
[8.053,8.082]
[13.892,13.934]
[21.316, 21.359]

k
1
2
3
7.126 8.009 8.039
12.311 13.821 13.865
19.133 21.220 21.256

Table 4.1: Prices of max call option. 95% confidence intervals (CI) taken from [5].
with k ∈ {2, 3} are shown in Figure 4.5. As expected, they are almost deterministic,
140

{f ≥ 1000}

s2

120
{f < 0.001}
100
{f ≥ 1000}
80
80

100

120

140

s1
Figure 4.5: Level sets of optimal exercise rates for a max call option with k = 2
(dashed) and k = 3 (solid).
which means that they exhibit steep slopes from values close to zero to values close to
infinity. Since the specific values are irrelevant, we restrict our plots to the level sets
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of exercise rate 0.001 and 1000. The results in this subsection were obtained using
a maximal number of 20 optimization steps. Performing more steps would further
reduce the distance between these level sets without a noticeable difference in the
resulting option price. As predicted by theory, there are two disjoint regions of high
exercise rates. Furthermore, due to the symmetry of the underlying model and the
payoff, the optimized exercise rate is almost axisymmetric even though we do not
enforce this symmetry. While modeling the disconnected regions is not possible with
log-linear exercise rates available for k = 1, the hyperbolic conic sections available
with k = 2 already provide satisfactory approximations.

4.3.4

Stochastic volatility

In this subsection, we apply our method to pricing in a stochastic volatility model.
For this purpose, we consider the basic Heston model as described in [81], which
models the evolution of a single underlying asset Xt and its instantaneous variance vt
using the coupled system of stochastic differential equations

dXt = µXt dt +

√

vt Xt dWtX ,

√
dvt = κ(θ − vt ) dt + ξ vt dWtv ,

(4.8)
(4.9)

where µ > 0, κ > 0, θ > 0, ξ > 0 with 2κθ > ξ 2 , and WtX and Wtv are Wiener processes
with correlation −1 ≤ ρ ≤ 1.
Since our method requires Markovian markets, we must include the volatility and
define St := (Xt , vt ), t ∈ T . This means that knowledge of the current volatility is
required to make optimal exercise decisions in stochastic volatility models.
To obtain a risk neutral measure, we replace µ with the risk-free rate r = 0.05
in Equation (4.8). We choose the remaining parameters κ = 3, θ = 0.05, ξ = 0.5,
ρ = −0.5 and compute estimates of vK (s0 ) for a put option with s0 = (100, 0.15) and
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25 different values of the strike K ∈ [90, 150]. For this purpose, we use polynomials of
degree k ∈ {0, 1, 2} and M = 100 000 samples with N = 32 time steps.
For comparison, we also show the results of the finite difference method FD_Hout_Heston
implemented in Premia, with 32 time steps and a grid of 100 × 100 nodes in the
discretization of the stock-volatility plane. The results are shown in Figure 4.6.
The maximal relative difference between the two methods is 1% and occurs around
40

FD
ERO (k = 2)
ERO (k = 1)
ERO (k = 0)
European

30
20
10
0
80

90

100 110 120 130 140
K

Figure 4.6: Dependence of the put option price on the strike in the Heston model;
computed using exercise rate optimization (ERO) and a finite-difference method (FD).
K ∗ = 130. Up to roundoff error, the prices computed by our method are equal to
K − 100 for all K ≥ K ∗ . This behavior is expected, since for large enough K the
initial point (100, 0.15) lies within the optimal exercise region and the option is thus
exercised immediately.
Figure 4.7 shows the numerically optimized exercise rates (with k = 2) at t = 0.5
for K ∈ {100, 110}.
Finally, we consider a 10-dimensional portfolio where each underlying (Xti )t∈T , 1 ≤
i ≤ 10 follows Equation (4.8) with the same volatility process (vt )t∈T (and the same pai

rameter values as in the one-dimensional case) but different Wiener processes (W X )t∈T ,
1

10

1 ≤ i ≤ 10 such that the 11-dimensional Wiener process (WtX , . . . , WtX , Wtv ) has
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Figure 4.7: Level sets of optimal exercise rates at t = 0.5 for a put option in the
Heston model.
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Figure 4.8 shows estimates of the values of American basket put options (with coefficients c ≡ 1/10) that were obtained by exercise rate optimization for the corresponding
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11-dimensional process St := (Xt1 , . . . , Xt10 , vt ) using the same discretization parameters as before.
ERO (k = 2)
ERO (k = 1)
ERO (k = 0)
European
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0
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Figure 4.8: Dependence of basket put option price on the strike in the 10-dimensional
Heston model.

4.3.5

Rough volatility

To illustrate the wide applicability of our method, we conclude this section with the
non-Markovian rough Bergomi model, which was previously applied to explain implied
volatility smiles and other phenomena in the pricing of European options [11]. In nonMarkovian models, Equation (4.2) does not hold because optimal exercise strategies
may be based on the entire history of the path (St )t∈T , which we again assume to
include the underlying asset (Xt )t∈T as well as the volatility (vt )t∈T . Therefore, we
consider the infinite-dimensional Markovian extension

S̃t := (Su )u∈[0,t] ,

t∈T,

for which Equation (4.2) formally holds with subsets of T × Rd+ replaced by subsets
of T × Γ, where Γ :=

S

t∈T

{s : [0, t] → Rd+ }.
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For numerical purposes, we subsample realizations of St (with the convention that
St := S0 for t < 0) and define
S̃t := (St , St−∆1 , . . . , St−∆J ) ∈ Rdeff := R2×(1+J) ,

t∈T

for some J < ∞ and 0 < ∆1 < · · · < ∆J . We apply the algorithm described in
Section 4.2.1 to the resulting problem of finding exercise rates on the extended space
T × Rdeff .
Following [11, Section 4], we generate samples from the risk-neutral measure
induced by

Xt := x0 E

Z t
√
0



vu dWuX ,

Z
√
vt := v0 E η 2H

0

t

(4.10)
!

1
dWuv ,
(t − u)1/2−H

(4.11)

where E is the stochastic exponential in the Wick sense, W X and W v are Wiener
processes with correlation ρ = −0.9, and H = 0.07, η = 1.9. Table 4.2 shows the
American option prices for x0 = 100, v0 = 0.09, T = 1, and different strikes, which
we computed using the discretization parameters M = 100 000, N = 128, k = 2, and
∆j := j/8, 1 ≤ j ≤ J, J ∈ {0, 1, 3, 7}. For comparison, we include the European prices
computed by simple Monte Carlo simulation. The difference between our estimates
for J = 0 and J = 7 is not consistently larger than the Monte Carlo sampling error,
indicating that the exploitation of non-Markovian features does not yield significantly
improved exercise strategies. This is not to say, however, that American option prices
in non-Markovian and Markovian models are similar. The non-Markovianity of the
samples of (St )t∈T plays an important role in the evaluation of any given strategy,
even when the strategy only depends on the spot values.
The numerically optimized exercise rates at t = 0.5 for J = 0 and K ∈ {100, 110}
are shown in Figure 4.9.
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70
1.83
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80
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5.30

ARTICLE 4
K
110
12.21
13.24
13.22
13.22
13.23

100
7.98
8.51
8.50
8.50
8.50

120
17.99
20
20
20
20

130
140
25.35 33.88
30
40
30
40
30
40
30
40

Table 4.2: Prices of put options in the rough Bergomi model.
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Figure 4.9: Level sets of optimal exercise rates at t = 0.5 for put options in the
rough Bergomi model (k = 2, J = 0).

4.4

Conclusion

We have introduced a method of pricing American options by optimization of randomized exercise strategies, in which deterministic exercise regions are replaced by
probabilistic exercise rates.
Since the objective function of the corresponding relaxed optimization problem is
smooth, optimal exercise rates can be found using simple deterministic optimization
routines. Our numerical experiments show that exercise rates based on quadratic
polynomials are sufficient to obtain remarkably accurate price estimates and that
the resulting non-concave objective functions can be globally maximized using only
a few iterations. Since the market model only appears in the simulation of sample
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paths, our method is quite flexible and easy to implement. We demonstrated its
practical applicability in uni- and multivariate Black–Scholes, Heston and rough
Bergomi models.
In even higher-dimensional situations than those considered in this work, already
the space of quadratic polynomials may be prohibitively large. In that case, the polynomial subspace P could be designed in an anisotropic way to exploit, for example,
the fact that the exercise decision of basket put options with coefficients c is most
sensitive to the coordinate s̃1 := c · s. For situations where large polynomial subspaces
are unavoidable, a rigorous analysis of the number of samples that are required to
determine a given number of degrees of freedom without significant overfitting would
be beneficial. Alternatively, one could compute test values at each step during the
optimization and to terminate as soon as the test value decreases. To accelerate our
method, multilevel Monte Carlo methods [60] could be used for evaluations of the
expected payoff and its gradient.
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