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ABSTRACT

Bose-Einstein Condensation of Light in Disordered Nano Cavities at

Room Temperature

Andris Erglis

Bose-Einstein Condensation is a macroscopic occupation of bosons in the lowest

energy state. For atoms, extremely low temperatures are required to observe this

phenomenon. For photons, condensation has been demonstrated at room tempera-

ture, requiring a large number of particles (N ∼ 77000) and very complicated setup.

Here we study the possibility of observing BEC of light at room temperature with a

much lower number of particles by leveraging disorder in a dielectric material. There

is no constraint in the number of photons in the system like in the previous research.

We investigate what happens to photons once they are put inside a cavity with

a disorder. The analysis is carried out by using time-dependent quantum Langevin

equations, complemented by a thermodynamic analysis on quantum photons. Both

approaches give the same expression for the critical temperature of condensation.

We demonstrate that photons in a disordered cavity with arbitrary initial statisti-

cal distribution reach thermal equilibrium and undergo a Bose-Einstein Condensation

if the temperature is sufficiently reduced. In our model we demonstrate that the tem-

perature is related to the losses of the system. At this state, photons follow Boltzmann

distribution.

It is demonstrated that by only varying the strength of disorder, it is possible to

change the critical temperature of the phase transition, thus making condensation

possible at room temperature.

This work opens up the possibility to create new types of light condensate by

using disorder.
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Chapter 1

Introduction

1.1 Bose-Einstein Condensate

Bose-Einstein condensate (BEC) is a state of matter at temperatures near absolute

zero around several nanokelvins. It is different from a solid, liquid, gas or plasma

phase, so often it is referred to as the fifth state of matter. Bose-Einstein Condensation

phenomenon was first predicted by Indian physicist Satyendra Nath Bose in 1924

and the theory was later extended by Albert Einstein [5, 6]. Bose derived Planck’s

radiation law for photons from classical approach different as Planck did. He sent his

paper to Einstein who extended this idea for atoms as well and proposed a new state

which forms below some critical temperature. In this state, all atoms would fall down

to the lowest energy level possible and create a new form of matter.

The condensation can happen to particles called bosons which obey Bose-Einstein

statistics. Bosons are particles which have a spin of integer value and symmetric

wave function. Another type of particles is called fermions - they obey Fermi-Dirac

statistics, their spin value is half-integer and their wave function is antisymmetric.

The condensation can happen to bosons because they can occupy the same quantum

state at the same time. This is not true for fermions, because they obey the Pauli

exclusion principle, which says that no two or more identical fermions can be in the

same quantum state at the same time [7]. That is the reason, for example, why

electrons are distributed in many orbitals around the core of an atom. Figure 1.1

shows a schematic fermion and boson distribution along energy states in a potential
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well. All bosons can stay in one quantum state while there is only one fermion per

energy state at a time.

Even though BEC cannot be made with fermions, one can combine a boson from

two fermions, for example, and create a condensate.

Figure 1.1: Fermion and boson distribution of energy states in a potential well. One
fermion can occupy only one state due to Pauli Exclusion principle, while all bosons
can occupy the same state.

1.2 Bose-Einstein Condensation of Atoms

At BEC state large fraction of atoms eventually occupy the lowest quantum state,

and they all have the same quantum wave function. As a result, condensate becomes

coherent and interference between two condensates can be observed. At BEC state,

quantum behavior of atoms becomes macroscopically large.

As predicted by de Broglie, atoms exhibit wave properties and their wavelength

is obtained from de Broglie wavelength formula. When atoms are at room tempera-

ture, they behave like classical particles, because de Broglie wavelength is very short

compared to the mean distance between atoms. When the temperature is decreased,

the momentum of atoms decreases and the wavelength becomes longer.

The condensate starts to form when the thermal de Broglie wavelength λth is
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comparable to the mean distance l between atoms. The expression for the wavelength

is given as:

λth =

√
2π~2

mkBT
, (1.1)

with atomic mass m, temperature T , Boltzmann constant kB and reduced Planck

constant ~.

To reach the condition λth ∼ l one can increase either particle density or decrease

the temperature. The first option is very hard to achieve experimentally because

great pressure is needed. Also, BEC usually is created with dilute gases. With

great pressure, liquid or solid would be formed. So other option is to decrease the

temperature. The critical temperature of condensation in atoms is given by:

Tc ≈ 3.31
~n2/3

kBm
, (1.2)

with the concentration of atoms n.

Figure 1.2: a) Atoms at room temperature can be described by classical mechanics,
average distance between them is l; b) as temperature decreases, atoms start to
exhibit wavelike properties with thermal de Broglie wavelength λth; c) when T ∼ Tc,
wavelength λth is comparable to mean distance l and some fraction of atoms undergo
BEC state; d) if T = 0, then all atoms fall down to the lowest energy state, forming
a pure condensate.

Figure 1.2 sums up the process of the condensation formation. In case a) atoms
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at room temperature are moving around like billiard balls and their motion can be

described by Newtonian mechanics. The mean distance between them is l. In case

b) the temperature is decreased and atoms start to behave more like waves with the

wavelength λth. In case c) the temperature is cooled down such that T ∼ Tc. Here

matter waves start to overlap and some fraction of atoms undergo a phase transition.

In case d) a pure BEC forms only when the temperature is exactly 0K. All atoms in

the system behave as one giant matter wave.

To study BEC phenomena further, it is useful to introduce the concept of a con-

densate fraction. It tells how many atoms are in the ground state versus the total

number of atoms in the system. Measurements of condensate fraction versus temper-

ature can be seen in Figure 1.3. Here N0 is the number of particles in BEC state,

N is the total number of particles in the system, T is the temperature of the system

and Tc is critical temperature for BEC transition. Blue dots are experimental data

and solid black line is theoretical model described by equation N0

N
= 1− ( T

Tc
)3 [1]. It

is very clear, that above Tc there is no condensate, but when T = Tc, some atoms

instantly undergo BEC state with a sharp phase transition.

As the temperature decreases below Tc,
N0

N
becomes larger, which means that

more atoms fall in the BEC state. In order to set all atoms in the ground state, one

should reach absolute zero, which is not possible by the laws of thermodynamics, so

the creation of a pure BEC is not feasible.

While the requirement for condensation is simple to understand (make atomic gas

extremely cold), it is not so easy to realize such low temperatures. There are several

techniques how to cool down atoms to undergo BEC transition. In 1980s laser cooling

was developed and it was possible to cool down atoms down to microkelvin range.

One of the techniques which is simple to understand is Doppler cooling. Figure 1.4

shows the conceptual scheme. When light radiates to an atom in Figure 1.4a, it might

absorb photon traveling in the opposite direction which results in velocity decrease in
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Figure 1.3: Condensate fraction versus normalized temperature. When T = Tc, the
condensate starts to form. Blue dots are the experimental data and solid black line
is the theoretical model. Reproduced from [1].

Figure 1.4b by amount of ~~k
m

, because of the conservation of momentum. When the

atom re-radiates photon in Figure 1.4c, its velocity on average is lower than before

because a photon is emitted in a random direction.

Figure 1.4: a) A photon (red) travels in the opposite direction of an atom (blue); b)
the atom absorbs light and decreases its velocity by the momentum of that photon;
c) the photon is emitted in a random direction and the velocity of the atom is slower
than in the case a).
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By using six laser beams one can control atoms in 3 directions and cool them

down. The Doppler cooling was developed by Steven Chu et al. The temperature

was reached around 240 µK [8]. With this method, one can not overcome so-called

Doppler limit and chill atoms further. In this case, the Doppler limit was 240 µK.

Also, it is not possible to trap atoms with this system as well, because they fall down

due to the gravitational force. After adding magnetic coils to an already existing laser

system, with specific magnetic field configuration atoms were trapped and confined

in a small space. That system is called a Magneto-Optical Trap (MOT). With the

MOT the first experimental stage to create BEC is prepared.

But the temperature for the condensation is way too high at this point. After a

short period of time, William D. Phillips et al. used modified laser cooling method

and reached 40 µK temperatures [9], thus overcoming Doppler limit. After several

years Claude Cohen-Tannoudji et al. reached even lower temperatures such as 0.18

µK [10].

Two years after BEC was created, the Nobel prize in 1997 was given to S. Chu, C.

C. Tannoudji, and W. D. Phillips for their contribution and development in methods

of laser cooling and trapping of atoms.

Even though such a low temperatures can be attained by laser cooling with the

MOT device, most of the time it is not yet enough to reach BEC state. The second

cooling stage is called evaporative cooling. The concept is easy to understand. Let

us imagine a hot cup of tea. It evaporates because hotter atoms with higher velocity

are able to leave the tea. In the end, the liquid cools down as the coolest atoms

stay in the cup and all hot atoms have escaped. The same idea is applied to atoms.

The schematic picture is shown in Figure 1.5. Atoms are trapped and confined in a

small space using a magnetic potential which is provided by MOT device. Then the

potential is gradually lowered down, so the fastest atoms escape from the system and

the slowest ones stay, reaching temperatures down to nanokelvins - much lower than
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with laser cooling [11].

Figure 1.5: Evaporative cooling technique. From case a) to c) magnetic potential is
lowered so the hottest atoms escape and coldest atoms stay in the trap.

Thanks to advancements in laser cooling and evaporative cooling techniques [12],

70 years after the theoretical development of the BEC, the first condensate was cre-

ated in 1995 by C. E. Wiemann, E. A. Cornell et al. with Rubidium-87 atoms [13].

Condensate was first observed at 170 nanokelvins and preserved for more than 15 sec-

onds. Then the temperature was decreased even more to 20 nK. The signature of the

condensate was the appearance of a peak at zero velocity in the thermal velocity dis-

tribution of atoms. As the temperature decreased, the intensity of the peak increased,

showing that more atoms undergo a phase transition. Figure 1.6 shows the velocity

distribution of Rubidium-87 atoms as the gas is cooled down. Around 200 nK there

is not yet peak in velocity distribution, so no atoms are in BEC state. Around 100

nK peak appears giving evidence that some atoms have reached the phase change. At

20 nK space around the peak becomes more flat, which means that a larger fraction

of atoms has undergone phase transition resulting in ”purer” condensate.

For the second time condensate was created by R.G. Hulet et al. with Lithium

atoms [14]. The temperature was reached down to 250 µK with laser cooling and

chilled down to 100 nK using evaporative cooling. The third experiment was carried

out by W. Ketterle et al. with Sodium atoms [15]. Distinguished feature apart from

previous experiments was a novel technology of atomic trap with a better combination
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Figure 1.6: Velocity distribution of atoms at different temperatures. Reproduced
from [2].

of trapping volume and confinement. Another feature was a larger production rate

of Bose-Einstein condensate. Here condensate was preserved for 1 second.

After 2 years Ketterle et al. made an experiment where two condensates were

subjected to an interaction with each other. Eventually, the interference pattern was

observed, thus proving that the BEC consists of completely coherent atoms [16].

In 2001 the Nobel Prize was given to W. Ketterle, C. Wiemann and E. A. Cornell

for their contribution in creation and research of BEC.

Mostly experiments are carried out with dilute gases, as it was done in 1995. Some

research has been focused also on BEC with strongly interacting particles to study

many-body physics problems [17].
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1.3 Bose-Einstein Condensation of Photons

Some time ago it was assumed that BEC of photons is impossible. The only

known phenomenon where photons exhibit thermal equilibrium was the blackbody

radiation. Here condensation does not occur because photons simply disappear in

the wall of the body so there is no conservation of particles. It was discovered that

a dye inside an optical microcavity with highly reflective mirrors helps photons to

reach thermal equilibrium without disappearing from the system by absorbing and

emitting photons many times [18].

Bose-Einstein condensation of photons is rather different from atoms, even though

both are bosons. One difference is that photons do not have a mass, so Eq. (1.2)

is not defined for m = 0. Different criteria are needed for BEC of photons. The

condensate of photons forms, once the critical number of photons is exceeded in the

optical cavity. It is given as:

Nc =
π

3

(
kBT

~Ω

)2

, (1.3)

with temperature of an environment T and cavity trapping frequency Ω. At room

temperature Nc ∼ 77000, which is experimentally feasible [3]. So for photon conden-

sation, ultra-low temperatures are not required as it is for atoms.

Several experiments have been carried out, using optical cavity [3]. The experi-

mental setup for condensation of photons is demonstrated in Figure 1.7. Light is being

trapped between two highly reflective spherical mirrors, which provide trapping po-

tential of a parabola seen at the left part of the figure. The space between mirrors is

filled with a dye which helps photons to reach thermal equilibrium. The laser beam

is being pumped from the side until the critical number of particles has been reached

in the cavity. The condensate itself can be observed using a CCD camera and it can

be seen by a naked eye.

One could compare the experimental setup of a photonic BEC and a laser. They
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Figure 1.7: Experimental setup for condensation of photons. Reproduced from [3].

are similar, except that for a laser one mirror is partially reflective but for a BEC

both mirrors are highly reflective. The main difference in the working mechanism is

that laser exhibits a high non-equilibrium regime because of the population inversion.

The BEC instead is in thermal equilibrium. This opens some possible applications

discussed in chapter 1.5.

Some experimental results are discussed of the experiment in [3]. Figure 1.8

shows pictures taken of a photon gas. On the left side, photons are shown just before

condensation. Yellow color photons have a lower energy than green ones. On the right

side, one can see a photonic cloud with a bright spot at the center, once the critical

number of particles has been reached in the cavity. The bright spot is Bose-Einstein

Condensate of photons. Its size is around 14 µm. Here photons have macroscopically

occupied TEM00 mode.

In Figure 1.9 experimental measurements are shown [3]. On the left graph, one

can see the spatial intensity distribution of photons as the laser beam power increases.

Once the intensity of the beam is being increased, the signal peak is forming at the

center. At maximum power, a sharp peak is formed. When the condensate is created,

the radiation intensity increases, because more photons occupy the same quantum

mode. The right graph of Figure 1.9 shows size dependence of condensate when
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Figure 1.8: Left: Photon gas before phase transition. Right: Photon gas with the
condensate formed at the center. Yellow color represents photons with a lower energy
while green one stands for a higher energy photons. Reproduced from [3].

condensate fraction increases. The size of the photonic cloud in BEC state increases

as more photons condense. This shows that photons interact with each other and do

not behave like an ideal gas.

Figure 1.9: Experimental results of photonic BEC. Left: Photon gas spatial intensity
distribution as the pumping laser power is being increased. Right: The size of a
photon condensate as the condensate fraction is being increased. Reproduced from
[3].
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1.4 Disordered Systems

One can think about the disordered system as a system which has a short range

order. A simple example is glass, which has an amorphous structure. Opposite of

a disordered system is the crystal structure. Figure 1.10 shows a schematic drawing

of an ordered material (left) and disordered one (right). When light passes through

such a system, it has been scattered in a random fashion. Examples in nature are

fog, clouds, patterns on animals and plants and white color.

Already in 1958 Anderson showed that system with sufficiently large disorder ex-

hibits interesting properties for waves, i.e. absence of diffusion [19]. This phenomenon

is called Anderson localization and it is one of the most celebrated effects of a dis-

order. As an example, in a disordered material, electrons would become trapped

and conductivity would go to zero. Anderson localization is more general than just

transport of electrons. Some time ago localization of light was observed [20], and only

recently it was achieved for the BEC of atoms [21].

Figure 1.10: a) A material with disorder strength σ = 0; b) a material with disorder
strength σ > 0.

Disorder influence on the BEC has been explored in several papers to study the

relation between the condensate and superfluidity [22, 23]. The BEC in a disordered

potential itself has been used to study Anderson localization as well [24].

In this work, the disordered system plays a major role as it is the reason which

causes photons to reach a condensed state.
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There are many different types of disordered systems. One example is the pre-

viously mentioned amorphous structure of glass. Another one is random spin glass

structure. A spin glass is a disordered magnet in which magnetic dipole spins have

random orientation. It is opposite to ferromagnet, for example. A schematic drawing

is shown in Figure 1.11.

Figure 1.11: a) Spin structure of a) ordered magnet (ferromagnet) and b) random
spin glass.

Spin glass model is similar to the Ising model, but here magnetic spins are not

discretely oriented, rather their orientation can be continuous at any angle. The

Hamiltonian of this system is given as [25]:

H = −1

2

N∑
i 6=j

Jijsisj, (1.4)

where si,j are Ising spins assuming values ±1 and Jij is the matrix with random values

and signs, describing spin-spin interactions. If all values in a matrix were equal to

positive constant, this Hamiltonian would describe a ferromagnetic material.
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1.5 Applications of BEC

There are several prominent applications possible for Bose-Einstein Condensation

of atoms. One of the possibilities is the ability to slow down light to the speed of a

bicycle. This effect is due to Electromagnetically Induced Transparency. In 1999 L.

Hau et al. slowed down light to 17 m/s once it passed through an ultracold gas of

sodium atoms. The gas was almost a pure BEC with the condensate fraction ≥ 90%

[26]. This could be used for quantum information transfer and processing because

slow light is much easier to control, so light could store and carry information [27].

The BEC of atoms itself could be used in quantum computers. The problem is in

making a computer which uses quantum effects. Because conventionally macroscopic

currents are used in computers, quantum effects disappear and their values average,

making quantum computations impossible. BEC would be a solution because it is a

macroscopic phenomenon which exhibits quantum properties.

Other possible application for the BEC could be to make an atomic laser. As

in optical laser coherent photons are being generated, in the atomic laser beam of

coherent atoms can be created, if they are under BEC phase [28]. In 1998 Ketterle

and Durfee demonstrated the first atomic laser - a series of coherent atomic pulses

emitting the BEC [29]. Emission was provided by gravity, where the BEC was pulled

out of the trap and dripped like water from a tap. But the whole purpose is to make a

continuously emitting atomic laser. In 1999 Bloch created a pseudo-continuous laser

which lasted up to 100 ms, using the BEC of atoms [30]. Fully working atomic laser

is still in progress, but there are some potential applications if one would create it.

The use of atomic lasers would include atomic holography [31]. Because de

Broglie wavelength is much shorter for atoms than light, one could create a very

high-resolution holographic images. Another important feature would be a precise

deposition of atoms [31]. This can be used in a device nanofabrication in electronics.

Atomic lasers would be used in atomic interferometry, which would have a higher
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resolution measurements as de Broglie wavelength of atoms is shorter than photons

[31–33]. It would provide more precise measurements of fundamental constants and

give the ability to detect gravitational waves [34]. BEC could be used in creat-

ing ultra-precise atomic clocks as well, by controlling collisions between atoms in

the condensate [35, 36]. One advantage would be the ability to make these clocks

chip-based, thus increasing mobility, allowing usage in global positioning systems, for

example [37].

Because photon condensation is a quite recent discovery, there are only few pos-

sible applications so far, for example, quantum information processing, particularly

a transmission, because of the high velocity of light [38]. Because photons as well as

atoms are coherent in BEC state, optical lasers could be made using a condensate.

Here it does not require population inversion as in a conventional laser, thus energy

consumption could be reduced. Also, for classical laser cavity length needs to be an

integer multiple of half wavelengths while for the BEC laser it would not play role

[39].
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1.6 The Relevance of the Thesis

Although BEC has been observed many systems, including atoms, photons, po-

laritons and magnons [13–15, 18, 40–42], there is an essential problem: BEC is very

unstable, especially if compared to other states of matter such as liquids, solids or

gases. Any slightest interaction with an environment that perturbs any parameters,

such as the critical temperature, can easily destroy the condensate or prevent its

formation. Many applications that were mentioned in the previous chapter are not

feasible with a current technological implementation of BEC states.

The solution to this problem requires investigating a new path, in which BEC can

be created without the requirement of sophisticated condition or stability parameters.

If this idea could be realized, it could open a series of different applications for

the realization of a new type of BEC states.

In this thesis, I will demonstrate theoretically, that this idea is possible if one

utilizes the lack of predictability in the system, namely, the randomness. Although it

is difficult to analyze random systems and interpret them correctly, they have already

shown many fascinating phenomena [19, 43]. We propose a novel way to achieve Bose-

Einstein Condensation. We demonstrate analytically that it is possible to reach BEC

at room temperature by only acting on a disorder of the system even with ultra low

number of photons.



27

1.7 Thesis Outline

Chapter 2 carries out the calculations for the dynamic and static model and high-

lights the most important equations in this thesis.

Section 2.1 introduces the theoretical model for photons in the disordered cavity.

The only assumption about this system is that it is in steady state and the average

number of photons converges to a constant value and fluctuates around it. The

describing model uses quantum Langevin equations with a Lagrange multiplier to

satisfy the constraint.

Section 2.2 solves the equation of the photons and calculates the Lagrange mul-

tiplier. The solution shows that the steady state reached by photons is a condensed

state and the average number of photons in the condensate increases with a power

law.

Section 2.3 shows condensation of photons from thermodynamic analysis using

partition function and free energy. We show that condensed state reached by pho-

tons is indeed a thermodynamic state and follows Boltzmann distribution because

expression for critical temperature is the same as it is for dynamic quantum Langevin

equations.

It is shown that the critical temperature can be changed by only changing the

disorder strength in the system. The stronger the disorder, the higher the critical

temperature of the condensation.

The entropy is calculated for quantum and semi-classical limit case and it is shown

that at the transition point both cases are valid to describe BEC, but as the temper-

ature in the limit goes to zero, semi-classical approximation fails and exact quantum

expression is needed.

Condensation fraction is calculated as a function of entropy and the equation

shows that photon gas transition point depends only on effective and critical temper-

ature.
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Section 2.4 shows the explicit calculation of the noise coefficient which determines

the strength of noise correlation in a disordered system, using equipartition theo-

rem. In our model, we assume a standard quantum noise model with a Markovian

distribution.

Chapter 3 analyses and discusses properties of solutions. The potential experi-

mental system is described to create a condensate. Chapter 4 provides a discussion

of the results of this thesis.
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Chapter 2

Bose-Einstein Condensation of Photons in Disordered

Cavity: Theory and Model Description

Our model is a generic cavity where photons are going to be trapped. Inside the

cavity, we assume the existence of a disordered material, which is controlled by one

parameter: the disorder strength σ which acts as an independent variable.

Once photons are excited in the cavity, after some time they will reach a steady

state distribution in which the losses of the system, due to the fact that photons go

out from the cavity, are balanced by photons that are trapped inside. Then we show,

that independently on what distribution photons assume, they undergo Bose-Einstein

Condensation.

In the forthcoming sections, we will study this process in detail by using a rigorous

formulation that describes the dynamics of photons.
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2.1 Hamiltonian of a Photonic Gas Inside a Dielectric Cavity

We start the calculation by considering the Hamiltonian of a quantum disordered

system of photons, which is [44]:

H =
∑
kk′

Jkk′a
†
kak′ . (2.1)

Here ak and a†k are annihilation and creation operators, respectively. Jkk′ is a random

coupling matrix which explicitly is written as:

Jkk′ = ~ωkδkk′ +
~√ωkωk′

4V
e∗kek′

∫
χ(r)

ε(r)
ei∆kk′rdV, (2.2)

with δkk′ being Kronecker delta function, ∆kk′ = k − k′, ε(r) being dielectric per-

mittivity of the material, χ(r) = 1 − ε(r) being susceptibility, V being volume of

the medium, ωk being the photon frequency in k-th mode and ek being unit vector

along the photon polarization axis. The derivation of Eq. (2.2) is found in [44]. The

matrix expression may look complicated at first, but in free space where susceptibil-

ity χ(r) = 0, the matrix Jkk′ = ~ωkδkk′ becomes diagonal, representing the standard

expression of photons arising from classical quantization of light.

It is very convenient to transform Hamiltonian in Eq. (2.1) to diagonal eigenbasis

by linear transformations and the new Hamiltonian becomes:

H = ~
∑
k

ξkb
†
kbk, (2.3)

where ξk is the k-th eigenvalue of matrix Jkk′ and it represents frequency of photons

in that mode and bk =
∑

k′ ak′φ
∗
k(k
′) and b†k =

∑
k′ a
†
k′φk(k

′) are new annihilation

and creation operators in diagonal basis. As the matrix Jkk′ is Hermitian by its

construction seen in Eq. (2.2), all eigenvalues ξk are real and all eigenvectors φk are
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orthogonal.

The next step is to find how creation and annihilation operators evolve dynami-

cally in time. To this extent, we use Heisenberg equation of motion with coefficients

Γk which describe energy dissipation in the system for each mode k and noise terms

ηk(t) which are responsible for fluctuations inside/outside the cavity [45]. The re-

sulting equation due to the presence of noise in the Heisenberg equation is called the

quantum Langevin equation, and it is written as:

i~
dbk
dt

= [bk, H] + iΓk[bk, H] + i~ηk(t), (2.4)

where the commutator [A,B] for two quantities A and B is defined as AB −BA.

We emphasize, that in our system there are not any assumptions about photon

distribution. We only have one constraint which is presented by the fact that photons

reach a steady state. This constraint is expressed as follows:

N =
1

N

N∑
k=1

〈b†kbk〉 = n̄, (2.5)

with average number of photons N , number of modes N and the average number of

photons at the steady state n̄.

To impose constraint (2.5) we introduce Lagrange multiplier ` and modify Hamil-

tonian so it becomes:

H =
∑
k

~(ξk − `)b†kbk. (2.6)

Commutator [bk, H] can be explicitly written as:

[bk, H] =

[
bk,
∑
k′

~(ξk′ − `)b†k′bk′
]

=
∑
k′

~(ξk′ − `)
[
bk, b

†
k′bk′

]
= ~(ξk − `)

[
bk, b

†
kbk

]
= ~(ξk − `)bk.

(2.7)
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Using creation and annihilation operator property:

[
bk, b

†
k′

]
= δkk′ , (2.8)

and property of commutators:

[A,BC] = [A,B]C +B[A,C], (2.9)

Eq. (2.4) can be simplified to:

dbk
dt

= −i(ξk − `)bk − Γk(`− ξk)bk + ηk(t). (2.10)

In our model we assume to have a Markovian noise η(t) with zero mean value:

〈ηk(t)〉 = 0, (2.11)

and correlation with delta coefficient (see Section 2.4):

〈η∗k(t)ηk′(t′)〉 =
2Γ

β
δkk′δ(t− t′). (2.12)

Γ is the same dissipation term as in the quantum Langevin equation. A further

assumption is made that losses of each mode k are equal and the same Γk = Γ. This

assumption comes from the fact that it has been theoretically demonstrated that in

disordered cavities [46] the lifetime of the modes tend to be the same. The role and

physical meaning of the coefficient β will be examined later on.



33

2.2 Solving The Time - Dependent Equations

As previously mentioned, we want to find dynamical evolution of creation and

annihilation operators, so the equations which are given by (2.13) need to be solved:

ḃk = −i(ξk − `)bk − Γ(`− ξk)bk + ηk(t). (2.13)

The solutions are:

bk = bk(t0)e
ξk(Γ−i)(t−t0)+(i−Γ)

t∫
t0

`(τ)dτ

+e
ξk(Γ−i)(t−t0)+(i−Γ)

t∫
t0

`(τ)dτ
t∫

t0

η(t′)e
−ξk(Γ−i)(t′−t0)−(i−Γ)

t′∫
t0

`(τ)dτ

dt′.

(2.14)

For convenience we can set t0 = 0 and introducing parameter as follows:

γ(t) = e
(i−Γ)

t∫
0

`(τ)dτ
, (2.15)

we can write Eq. (2.14) in simplified form:

bk = bk(0)γ(t)eξk(Γ−i)t +

t∫
0

dt′η(t′)eξk(Γ−i)(t−t′) γ(t)

γ(t′)
. (2.16)

We want to find the Lagrange multiplier `(t) because it is responsible for our imposed

steady state condition given by Eq. (2.5). First we take average of b†k(t)bk(t) and use

noise correlation relation (2.12) and the fact that mean value of noise is zero:

〈b†kbk〉 = 〈b†k(0)bk(0)〉e2Γξkt|γ(t)|2 +
2Γ

β

t∫
t0

e2Γξk(t−t′) |γ(t)|2

|γ(t′)|2
dt′. (2.17)
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Now we put Eq. (2.17) in Eq. (2.5) and by following relation for arbitrary function

g(ξk) which transforms discrete variables to continuous ones:

∑
k

g(ξk)

N
=

∫ ∑
k

δ(ξ − ξk)
N

g(ξ)dξ =

∫
ρ(ξ)g(ξ)dξ, (2.18)

we obtain the equation of the photon gas:

n̄

|γ(t)|2
=

∫
dξρ(ξ)

[
〈b†ξ(0)bξ(0)〉e2Γξt +

2Γ

β

t∫
0

e2ξ(t−t′)

|γ(t′)|2
dt′
]
. (2.19)

Eq. (2.19) is a very important equation and is the state equation of our system.

This is a self-consistent equation that allows calculating Lagrange multiplier `. Once

this equation is solved, we can obtain the value of the Lagrange multiplier and solve

Eq. (2.16) for the evolution of photons inside the cavity.

Since we work in the diagonal representation of a random matrix, an input con-

dition which assumes the excitation of all the eigenvalues is equivalent to a random

input condition for the original system because these eigenvalues are all random. Thus

we impose initial condition:

bξ(0) = 1. (2.20)

In our analysis we model the distribution of disordered cavities as a random dis-

tribution of couplings, following a Gaussian disorder with the standard deviation σ.

Following the theory of a fully connected Gaussian random matrix, the ρ(ξ) distri-

bution of eigenvalues ξ of the matrix Jkk′ ∼ N(0, σ2) follow the Wigner semicircle

distribution [47], which is expressed as:

ρ(ξ) =
1

2πσ2

√
4σ2 − ξ2, (2.21)

if −2σ ≤ ξ ≤ 2σ and 0 otherwise.
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If σ is larger, the randomness of the coefficient of the matrix Jkk′ becomes larger

and vice versa. The parameter σ therefore acts as a strength of disorder of the system.

After defining a state parameter as follows:

D(t) = e−4Γσt/|γ(t)|2, (2.22)

the state equation becomes:

D(t)n̄ =
1

2πσ2

2σ∫
−2σ

dξ
√

4σ2 − ξ2

[
e2Γ(ξ−2σ)t +

2

β

t∫
0

e2Γ(ξ−2σ)(t−t′)D(t′)dt′
]
. (2.23)

Integration limits are from −2σ to 2σ, otherwise values beyond these limits make the

integral (2.23) imaginary. To solve for the state parameter D(t), we take the Laplace

transform of Eq. (2.23) with D(s) being the Laplace transform of D(t):

D(s)n̄ =

2σ∫
−2σ

dξρ(ξ)

[
1

s+ 2Γ(2σ − ξ)
+

2Γ

β

D(s)

s+ 2Γ(2σ − ξ)

]
. (2.24)

For convenience we the define parameter E(s) as:

D(s)

1 + 2Γ
β
D(s)

= E(s) =
1

n̄

2σ∫
−2σ

dξρ(ξ)

[
1

s+ 2Γ(2σ − ξ)

]
. (2.25)

When s = 0, E(0) represents the critical parameter βc, which is given as:

E(0) =
1

n̄

2σ∫
−2σ

dξρ(ξ)

(2σ − ξ)
= βc. (2.26)

Now we add and subtract E(0):

E(s) = E(0)− E(0) +
1

n̄

2σ∫
−2σ

dξρ(ξ)

[
1

s+ 2Γ(2σ − ξ)

]
, (2.27)
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and we explicitly write E(0) from Eq. (2.26):

E(s) = E(0) +
1

n̄

2σ∫
−2σ

dξρ(ξ)

[
1

s+ 2Γ(2σ − ξ)
− 1

2Γ(2σ − ξ)

]
. (2.28)

Now we multiply both sides to obtain common denominator and the expression is

following:

E(s) = E(0) +
1

2n̄

2σ∫
−2σ

dξρ(ξ)

[
2Γ(2σ − ξ)− (s+ 2Γ(2σ − ξ)

(s+ 2Γ(2σ − ξ))Γ(2σ − ξ)

]
. (2.29)

Taking s and Γ outside the integral and explicitly writing Wigner distribution ρ(ξ)

we obtain:

E(s) = E(0)− s

2Γn̄(2πσ2)

2σ∫
−2σ

dξ

[ √
4σ2 − ξ2

(s+ 2Γ(2σ − ξ))(2σ − ξ)

]
, (2.30)

and after simplification we finally have the expression for E(s):

E(s) = E(0)− s

2Γn̄(2πσ2)

2σ∫
−2σ

dξ

[ √
2σ + ξ

(s+ 2Γ(2σ − ξ))
√

2σ − ξ

]
. (2.31)

Using the approximation of integral near s ∼ 0 which means that t → ∞, we are

looking at the system reached steady state [48]:

∫
du

(s+ u)
√
u
∼ c√

s
. (2.32)

In our case integral is a bit different because of 2Γ term, which is:

∫
du

(s+ 2Γu)
√
u
∼ 1√

2Γs
∼ c√

s
. (2.33)
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Using this approximation Eq. (2.31) can be written as:

E(s) =
βc
2Γ
− c
√
s

2Γ
=

1

2Γ

(
βc − c

√
s

)
. (2.34)

In the constant c, term 1
n̄(2πσ2)

is merged inside. Now putting back D(s) expression

in E(s) and simplifying we obtain:

D(s)

1 + 2Γ
β
D(s)

=
1

2Γ

(
βc − c

√
s

)
, (2.35)

and finally:

D(s) =
β

2Γ

βc − c
√
s

β − βc + c
√
s
. (2.36)

It is convenient to expand this equation in Puiseux series for variable s until the first

term, because we are interested only in the first term approximation:

D(s) ≈ 1

2Γ

[
ββc
β − βc

− β2
c

(β − βc)2
c
√
s+ . . .

]
. (2.37)

Now we have a complete expression for D(s) but we are interested in the time domain

expression D(t), so we take the inverse Laplace Transform of D(s) with the inverse

Laplace Transform of 1/sα being:

L−1

{
1

sα

}
=
tα−1

Γ(α)
. (2.38)

with Γ(α) being the Gamma function. So now D(t) is following:

D(t) =
1

2Γ

[
ββc
β − βc

δ(t)− β2
c c

(β − βc)2

t−3/2

Γ(1
2
)

+ . . .

]
. (2.39)

Because t → ∞, δ(t) = 0 and we are left with second term plus higher order terms.

1/2Γ term as well as Gamma function Γ(1/2) term is absorbed in constant c. So
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finally:

D(t) = − c

(1− βc
β

)2
t−3/2 +O(t), (2.40)

with O(t) being higher order terms. From definition of D(t) we can express |γ(t)|2:

|γ(t)|2 =
e−4Γσt

D(t)
= −ce−4Γσt

(
1− βc

β

)2

t3/2 ∼ e−4Γσt

(
1− βc

β

)2

t3/2. (2.41)

|γ(t)| is thus:

|γ(t)| ∼ e−2Γσt

(
1− βc

β

)
t3/4. (2.42)

Now we calculate average value of dynamic observable 〈bξ(t)〉. Eq. (2.16) is

averaged and second part of the Eq. (2.16) disappears, because average value of noise

η(t) is 0. We obtain:

〈bξ(t)〉 ∼ e−Γ(2σ−ξ)t
(

1− βc
β

)
t3/4. (2.43)

Equation (2.43) shows that for all eigenvalues ξ < 2σ, 〈bξ(t)〉 decay exponentially

to zero. It means that at steady state there is no energy in these states, except the

state at band edge when ξ = 2σ. This state will increase its energy in time and

become macroscopically stronger in terms for increasing value of β.
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2.3 Thermodynamic Analysis

In the previous section, we show that the steady state of the system is characterized

by the generation of a thermodynamic transition with the macroscopic occupation of

a single state. Now we want to demonstrate that this is indeed a thermodynamic

state equivalent to the Bose-Einstein condensation because BEC is a phenomenon

for a system in thermodynamic equilibrium. We will also make clear the physical

role of the parameter β, which we did not specify. To this extent, we will do the

thermodynamic analysis.

We start calculating partition function Z and free energy F of the photon gas:

Z = tr{e−βH} =
N∏
k=1

∞∑
nk=0

e−β~(nk+ 1
2

)(`−ξk) =
∏
k

[
2 sinh

β~(`− ξk)
2

]−1

, (2.44)

where we have used the relation
∑n

k=m ar
k = a(rm−rn+1)

1−r . Free energy is given by:

F = − logZ

β
=

1

β

∑
k

log

[
2 sinh

β~(`− ξk)
2

]
. (2.45)

The equation of state can be calculated from Eq. (2.5) with the following expression:

1

~N
∂F

∂`
= n̄, (2.46)

and using Eq. (2.18) we have:

1

2

∫ 2σ

−2σ

dξρ(ξ) coth

[
β~
2

(`− ξ)
]

= n̄. (2.47)

Eq. (2.47) can be regarded as the static counterpart of the dynamical equation

Eq. (2.23). The Lagrange multiplier ` can be found from the Eq. (2.47) and it allows

to define all thermodynamic quantities through Eqs. (2.44) and (2.45).

The phase transition point, namely critical parameter β∗c can be found from Eq.
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(2.47) when ` = 2σ:

1

2

∫ 2σ

−2σ

dξρ(ξ) coth

[
β∗c~
2

(2σ − ξ)
]

= n̄. (2.48)

At the transition point we can expand this equation in a semi-classical limit when

~ → 0. To do this, first we need to remove ~ outside of Eq. (2.46) and obtain Eq.

(2.47) again, but this time without ~ in coth fuction. Now we can expand it and take

the first term, which gives us:∫ 2σ

−2σ

dξ
ρ(ξ)

n̄(2σ − ξ)
= β∗c = βc. (2.49)

This is exactly the same critical condition of Eq. (2.26). At this point, we can

conclude that β is an effective inverse temperature of the system and the strength

of fluctuations in the system acts as β. The bigger the loss in the cavity, the larger

the temperature of the system and vice versa. Even more, Eq. 2.49 shows that

the steady state reached by photons is indeed the thermodynamic state, following

Boltzmann distribution.

To extract the parameter which tells how many photons are in the condensed

state, we can use constraint from Eq. (2.5) and by adding and subtracting βc
β

we

obtain:

∑
k

〈b†kbk〉
Nn̄

=
βc
β

+

(
1− βc

β

)
=

1

β

∫ 2σ−ε

−2σ+ε

dξ
ρ(ξ)

n̄(2σ − ξ)
+

(
1− βc

β

)
, (2.50)

where ε is very small number and:

∑
k 6=2σ

〈b†kbk〉
Nn̄

=
1

β

∫ 2σ−ε

−2σ+ε

dξ
ρ(ξ)

n̄(2σ − ξ)
. (2.51)

We define new quantity Q called order parameter which gives us the condensation

fraction, namely the ratio between photons at a condensed state and a total number
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of photons:

Q =
〈b†2σb2σ〉
Nn̄

=

(
1− βc(n̄, σ)

β

)
(2.52)

To describe condensation as a function of disorder, it is more convenient to calcu-

late the entropy by formula S = logZ − β ∂
∂β

logZ:

S = −
∑
k

log

[
2 sinh

β~(`− ξk)
2

]
+
∑
k

β

2
~(`− ξk)

cosh β~(`−ξk)
2

sinh β~(`−ξk)
2

. (2.53)

We use Eq. (2.18) again to transform from discrete to continuous variables:

S =

∫ 2σ

−2σ

dξρ(ξ)

[
β~(`− ξ)

2
coth

(
β~(`− ξ)

2

)
− log

(
2 sinh

(
β~(`− ξ)

2

))]
. (2.54)

We can take entropy in semi-classical limit when ~ → ε by expanding sinh and

cosh terms in Taylor series, knowing that sinhx ≈ x and coth x ≈ x−1:

S =

∫ 2σ

−2σ

dξρ(ξ)

[
β~(`− ξ)

2

(
2

β~(`− ξ)

)
− log

(
β~(`− ξ)

)]
=

∫ 2σ

−2σ

dξρ(ξ)

(
1− log [β~(`− ξ)]

)
.

(2.55)

Eq. (2.54) shows why the calculation in quantum level needs to be performed.

This expression of entropy shows that it is always positive definite, but in the semi-

classical limit in Eq. (2.55) the entropy becomes negative for lower temperatures.

That is why condensation is a quantum phenomenon, although it can be observed in

a semi-classical limit.

When the system approaches the transition point, we can expand Eq. (2.55) in

Taylor series S(β) ≈ S(βc) + S ′(βc)(β − βc) in terms of β around a point βc:

S(β) ≈
∫ 2σ

−2σ

dξρ(ξ)

(
1− log [βc~(`− ξ)]

)
−
∫ 2σ

−2σ

dξρ(ξ)
~(`− ξ)
βc~(`− ξ)

(β − βc). (2.56)
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Knowing that
∫ 2σ

−2σ
dξρ(ξ) = 1, the entropy can be finally simplified as follows:

S(β) ≈ S(βc) +

(
1− β

βc

)
, (2.57)

and we can express condensation fraction Q as a function of entropy:

Q = 1− 1

1− (S(β)− S(βc))
= 1− 1

1−∆S
. (2.58)

Eq. (2.57) and (2.58) shows that the photon gas reaches the transition point without

dependence on the gas density of states ρ and it only depends on β and βc.
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2.4 Fluctuation - Dissipation Theorem

In this section, we explicitly calculate the noise correlation relation which was

given in Eq. (2.12). We start by the assumption that the noise is already delta

correlated by the relation:

〈η∗k(t′)ηk(t)〉 = Bδ(t− t′). (2.59)

The task is to prove that B = 2Γk
β

. We start by using quantum Langevin equation

and its complex conjugate:

ḃk(t0 + t) = ξk(−Γk − i)bk(t0 + t) + ηk(t0 + t) = αbk(t0 + t) + ηk(t0 + t), (2.60)

ḃ∗k(t0) = ξk(−Γk + i)b∗k(t0) + η∗k(t0) = α∗b∗k(t0) + η∗k(t0), (2.61)

where ηk(t0+t) is a random force and ξk(−Γk−i) = α and α∗ is its complex conjugate.

We want to calculate the following quantity which is the Fourier transform of the noise

correlation:

∞∫
0

〈η∗k(t0)ηk(t0 + t)〉e−iωtdt =

∞∫
0

〈[
ḃ∗k(t0)− α∗b∗k(t0)

][
ḃk(t0 + t)− αbk(t0 + t)

]〉
e−iωtdt.

(2.62)

There are four parts in the RHS integral. We will evaluate them:

∞∫
0

〈
ḃ∗k(t0)ḃk(t0 + t)

〉
e−iωtdt, (2.63)

− α
∞∫

0

〈
ḃ∗k(t0)bk(t0 + t)

〉
e−iωtdt, (2.64)
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− α∗
∞∫

0

〈
b∗k(t0)ḃk(t0 + t)

〉
e−iωtdt, (2.65)

α∗α

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt. (2.66)

1) We start evaluating (2.63) by partial integration:

∞∫
0

〈
ḃ∗k(t0)ḃk(t0 + t)

〉
e−iωtdt =

〈
ḃ∗k(t0)bk(t0 + t)

〉∣∣∣∣∞
0

+ iω

∞∫
0

〈
ḃ∗k(t0)bk(t0 + t)

〉
e−iωtdt.

(2.67)

To simplify it more, we use property from Kubo [49]:

〈
ḃ∗k(t0)bk(t0 + t)

〉
= −

〈
b∗k(t0)ḃk(t0 + t)

〉
, (2.68)

and obtain:

∞∫
0

〈
ḃ∗k(t0)ḃk(t0 + t)

〉
e−iωtdt = −

〈
ḃ∗k(t0)bk(t0)

〉
− iω

∞∫
0

〈
b∗k(t0)ḃk(t0 + t)

〉
e−iωtdt.

(2.69)

Using (2.60) and (2.61) we obtain:

∞∫
0

〈
ḃ∗k(t0)ḃk(t0 + t)

〉
e−iωtdt = −α∗

〈
b2
k

〉
− iωα

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt. (2.70)

2) Evaluating (2.64) we use property (2.68) and (2.60):

−α
∞∫

0

〈
ḃ∗k(t0)bk(t0 + t)

〉
e−iωtdt = α

∞∫
0

〈
b∗k(t0)ḃk(t0 + t)

〉
e−iωtdt

= α2

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt.

(2.71)
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3) The third integral from (2.65) is evaluated using (2.60):

− α∗
∞∫

0

〈
b∗k(t0)ḃk(t0 + t)

〉
e−iωtdt = −α∗α

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt. (2.72)

Now it is obvious that (2.72) cancels out with (2.66). We then have the expression

for the noise correlation from (2.70) and (2.71):

∞∫
0

〈η∗k(t0)ηk(t0 + t)〉e−iωtdt = (α2 − iωα)

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt− α∗

〈
b2
k

〉
.

(2.73)

To evaluate the integral on the RHS, we take (2.60), multiply by b∗k(t0), take the

average and integrate from 0 to ∞:

∞∫
0

〈
b∗k(t0)ḃk(t0 + t)

〉
e−iωtdt

= α

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt+

∞∫
0

〈
b∗k(t0)ηk(t0 + t)

〉
e−iωtdt.

(2.74)

Using partial integration we obtain:

〈
b∗k(t0)bk(t0 + t)

〉∣∣∣∣∞
0

+ iω

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt

= α

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt.

(2.75)

So finally we obtain:

∞∫
0

〈
b∗k(t0)bk(t0 + t)

〉
e−iωtdt =

〈b2
k〉

iω − α
. (2.76)

Let’s plug this integral in (2.73):
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∞∫
0

〈η∗k(t0)ηk(t0 + t)〉e−iωtdt = (α2 − iωα)
〈b2
k〉

iω − α
− α∗〈b2

k〉

= −〈b2
k〉(α + α∗) = −〈b2

k〉ξk(−Γk − i− Γk + i).

(2.77)

After simplifying the integral reads as follows:

∞∫
0

〈η∗k(t0)ηk(t0 + t)〉e−iωtdt = 2〈b2
k〉ξkΓk. (2.78)

Assuming that each k mode gives out equal energy contribution and losses in each

mode k are the same, we write by energy equipartition theorem:


〈b2
k(t)〉Γkξk = Γ

β
,

Γk = Γ.

(2.79)

For noise correlation we assume Dirac delta relation and if we replace t0 by t′ and

t0 + t by t we obtain:

〈η∗k(t′)ηk(t)〉 =
2Γ

β
δ(t− t′). (2.80)
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Chapter 3

Analysis and Discussion

In section 2.1 it was demonstrated that steady state reached by photons is a

condensed state. Let us see what happens at that state when ξ = 2σ. The average

number of photons from section 2.3 is given as:

Q =
〈b†2σb2σ〉
Nn̄

=

(
1− βc(n̄, σ)

β

)
(2.52)

In this state, the only criterion which determines if there is a condensation is the

temperature. Figure 3.1 shows the plot of the average number of photons
〈b†2σb2σ〉
Nn̄

dependence on (1− βc
β

). When β < βc, there is no condensation observed and 〈b†2σb2σ〉

cannot go smaller than 0, because it is a positively defined variable. At β = βc con-

densation immediately starts to form with the sharp phase transition. As β becomes

larger than βc, more photons undergo a BEC phase transition. When β → ∞, all

photons in the system condensate, resulting in a pure BEC.

By numerically solving Eq. (2.49), Figure 3.2 illustrates the inverse critical tem-

perature βc dependence of the disorder strength σ for different average number of

photons. As σ increases, then βc decreases and at large σ values it follows the rela-

tion ∼ σ−1. This behavior is not constrained by a critical average number of particles

or temperature as one would expect for condensation of light in a normal cavity [50].

In our model, this behavior is observed even at the lowest density n̄ = 1. This prop-

erty opens the possibility of observing condensation of light by changing only the

disorder strength σ in the system. Regardless the initial values of β and the average
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Figure 3.1: 〈bξ(t)〉 dependence on temperature of the system.

number of photons n̄, increasing disorder strength would allow the light to enter the

condensed state, by reducing inverse critical temperature βc.

Figure 3.3 shows the dependence of βc when n̄ is being changed. As n̄ increases,

βc exponentially decreases for the same disorder strength, as it is expected from Eq.

(2.49). Physically it means, that by increasing the number of photons, the losses in

the cavity become larger, thus changing the effective temperature of the system.
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Figure 3.2: Change in the inverse critical temperature when the disorder strength is
changed for different n̄. When σ increases, in the limit βc asymptotically follows the
bluedashed line with relation ∼ σ−1.
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Figure 3.3: Change in the inverse critical temperature when the average number of
photons n̄ is changed for a constant disorder strength σ = 0.01.
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3.1 Experimental Realization

In previous chapters, we analytically showed that it is possible to experimentally

realize BEC with photons in a cavity by acting on disorder.

The first step of the experiment would be creating a material with different

strengths of the disorder. One option would be to create holes with a random dis-

tribution pattern in Silicon (Si) plate with a certain diameter. The pattern would

be created with a computer simulation, and the information would be sent to the

electron beam lithography machine to make holes. The strength of disorder would be

controlled by a filling factor, i.e. how many percent of holes in total are covering the

whole sample. Figure 3.4 shows Scanning Electron Microscope images of disordered

samples that have been fabricated with this approach [4]. On the left and right side

filling factor is f = 0.35 and f = 0.13, respectively. Our samples would look similar

way.

A lot of factors would influence the condensation. There is a possibility that

if the filling factor of holes in the Si plate is not enough, the condensation would

not happen, because the critical transition temperature is too low. The more holes

inside the Si plate, the stronger condensation is expected. But there is a certain limit

beyond which the filling factor cannot go. The problem is called the Parking problem

in 2 dimensions and computer simulations show that with a random distribution the

maximum filling factor of circles in the square is around 54.7% [51]. Hole diameter and

depth would also determine how light behaves inside microcavities. The possibility

would be to drill holes through the Si plate as well.

Once the pattern is ready, the next step is to design an experimental setup. The

conceptual scheme can be seen in Figure 3.5. A laser would generate a very short

single pulse with white color. It is preferable to cover all visible spectrum. The

beam passes through a Scanning Near-field Optical Microscope tip to the sample.

We let the light and the sample interact for some time and then analyze reflected
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Figure 3.4: Images of disordered samples taken with Scanning Electron Microscopy.
a) Filling fraction of holes f = 0.35; b) f = 0.13. Reproduced from [4]

light. It passes back through SNOM tip, reflects from beamsplitter and diffraction

grating into a detector. The grating is needed to separate frequencies of reflected light.

The detector analyzes the spectrum of the reflected light. If a notch is observed in

the spectrum, it would show that light has condensed at that particular frequency,

because light is trapped inside the cavity and does not reflect from it.

Figure 3.5: Possible experimental setup to observe BEC condensation.



52

Chapter 4

Concluding Remarks

In this thesis, I developed an original proposal for the observation of the Bose-

Einstein Condensation of photons at room temperature in a disordered system. On

the one hand, we looked at how photons evolve in time once they are put inside

the cavity. We used a spherical model to describe our system and solved quantum

Langevin equations with a constraint that after a time photons reach steady state

and their average number converges to a constant value and fluctuates around it.

Fluctuations are provided by noise terms in the equations. We proved that an in-

creasing temperature is obtained by larger fluctuations of photons. We observed that

at a specific frequency related to disorder strength, photons undergo BEC transition

and found the critical temperature of transition.

On the other hand, we studied photons from a thermodynamic perspective. We

obtained the same expression for the critical temperature of condensation as in the

first case. This demonstrates that these two situations are completely identical and

that photons in a steady state are also in thermal equilibrium, thus creating a BEC

state.

Another fundamental observation is, independently from the initial statistical dis-

tribution of photons, the steady state of the system is always at thermal equilibrium

that obeys a Boltzmann distribution with an effective temperature related to losses

in the cavity.

We observed that by only changing the strength of disorder in the cavity, the

critical temperature of condensation is changed, allowing to reach the BEC state at
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room temperature.

We showed that at transition point one can describe condensation process using

classical limit, but as temperature decreases, this description fails and exact quantum

approach is needed. Finally, a possible experimental realization was described, which

will be a part of future research work.
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