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Three-Element Fractional-Order Viscoelastic
Arterial Windkessel Model

Mohamed A. Bahloul Member, IEEE and Taous Meriem Laleg-Kirati Senior Member, IEEE

Abstract—Arterial hemodynamic assessment has always been
essential for clinical Cardiovascular System (CVS) diagnosis.
Using Windkessel (WK) lumped parametric model as non-
invasive measurement tool provides the potential of achieving
a very convenient, computational inexpensive and accurate
prediction of the arterial parameters. Many versions of WK
models have been proposed and extensively studied, over the last
century. In general, they can be classified into two categories:
elastic and viscoelastic models. Recently, several studies have
discussed the potential of describing the arterial wall viscoelas-
ticity using fractional order models, reducing the number of
parameters and exposing a natural response. Hence, a key
missing item in the arterial Windkessel modeling is a fractional-
order analog component that can provide a reliable, realistic and
reduced representation of the fractional viscoelasticity behavior.
In this paper, we present, for the first time, a three-element
fractional-order viscoelastic Windkessel model. The proposed
model incorporates a fractional-order capacitor that substitutes
the ideal capacitor of standard three-elements WK model. The
latter non-ideal element combines both resistive and capacitive
properties which displays viscoelastic behavior of the arterial
vessel. The contribution of both properties is controlled by
the fractional differentiation order α enabling an accurate and
reliable physiological description.

Keywords—Arterial hemodynamic, Arterial viscoelasticity,
Lumped parameter model, Fractional-order model, Fractional
order capacitor.

I. INTRODUCTION

M Odeling the arterial hemodynamic has been considered
as an essential tool for the Cardiovascular System

(CVS) assessment and diagnosis. It also has a paramount
importance in the study of physio-pathological symptoms and
diseases affecting the systemic arterial system [1]. Hence,
many research studies have been invested for the sake of
modeling and characterization of the arterial system param-
eters such as: 1) Aortic characteristic impedance, 2) Arterial
compliance and 3) Arterial peripheral resistance [2]. Since
the pioneer Frank’s arterial model, Windkessel (WK) lumped
parameters models have shown to be good candidates to
successfully characterize the systemic hemodynamic in a
simple and comprehensive way. In fact, WK models rep-
resent a powerful, non-invasive tool that help to evaluate
the vascular features [3]. Many WK models have been
proposed and extensively studied. In general, they can be
classified into elastic and viscoelastic models. Elastic WK
models consider the mechanical behaviors of the vessel’s
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wall purely elastic and represented by an ideal capacitor.
However, Viscoelastic Windkessel (VWK) models suppose
the blood vessel motions to exhibit both elastic and viscous
properties [4]. In addition, several studies have claimed that
similar to most biological tissues CVS wall material shows
a viscoelastic behavior rather than pure elastic behavior.
Indeed, arteries are considered as a viscoelastic reservoir.
They are modeled as a superposition of viscous and elastic
components where the transmission of the mechanical energy
might be split into two modules: the first module represents
the stored energy into wall tissues which can be retrieved
due to elasticity capabilities, while the second module refers
to the dissipated energy caused by the viscous property. The
deep understanding of the blood vessel viscoelasticity and the
knowledge of its variety effect are imperative, in the study of
degenerative diseases that affect arterial network [5], [6]. Re-
cently, many studies have shown that the arterial wall motion
can be described using fractional-order models consisting of
fractional differential equations, thus reducing the number of
parameters and showing a natural response [7]–[11]. They
have interesting properties that help in modeling accurately
complex systems including biological systems. In the present
study, we propose a fractional-order Viscoelastic Windkessel
Model, for the first time to the best of our knowledge.
Similar to the standard three-element Windkessel (3-WK),
the proposed model characterizes the aortic characteristic
impedance ZC and the total peripheral resistance Rp by ideal
resistors. However, we substitute the ideal capacitor of 3-WK
by a fractional-order capacitor CF (Constant phase Element).
The latter non-ideal component combines both resistive and
capacitive properties which displays the fractional viscoelas-
tic behavior of the arterial vessel. The contribution of both
properties is controlled by the fractional differentiation order
α enabling an accurate and reliable physiological description.
We study the effect of varying the fractional differentiation
order value α on the complex and frequency dependent
arterial compliance and arterial stiffness. We also examine
the effect of α values on the modulus and phase angle of the
aortic input impedance. The rest of the paper is organized as
follows. Section II introduces preliminary concepts related
to this work and describes the fractional calculus applied to
Arterial viscoelasticity. In Section III, the proposed model
derivations are shown. Section IV presents the numerical
simulations of the proposed model and further discussion.



Fig. 1: Three Element Windkessel model analog circuit. This model consists
of a resistance ZC representing the characteristic aortic impedance in series
with the two element Windkessel model that comprises an ideal capacitor C
connected to a resistor Rp which exhibit the total arterial compliance and
peripheral resistance respectively.

Finally, Section V presents the conclusion and future
perspectives on potential applications of the proposed model.

II. MOTIVATION AND BACKGROUND

A. Windkessel lumped parameter arterial modeling

Windkessel lumped parameter model is the most com-
monly used 0-Dimension method (No space variation) that
describes the systemic arterial system function of the three-
elementary analog device components: resistor, capacitor and
inductor. WK models present the arterial hemodynamic by
linking the blood flow, and blood pressure to the arterial
resistance and compliance [3] [12]. It is formulated based on
the analogy between physiological, hydraulic and electrical
systems [4].

The first two element Windkessel (2-WK) model was
proposed by Otto Frank in 1899. It consists of a resistor
representing the total arterial peripheral resistance connected
in parallel to an ideal capacitor, which characterizes the
total vessel compliance. Whereas, the WK2 is very simple,
it does not produce the real systemic input impedance and
fails to predict aortic pressure in the systolic phase. In fact,
the frequency analysis of the aortic input impedance pattern
shows that the complex modulus decreases to a negligible
value and the phase angle reaches −90◦at medium and high
frequency. This response is in contrast with that measured
in-vivo, where the modulus reduces to a plateau value and
the phase angle tends to 0◦ [3] [13]. In order to overcome
this weakness, a three-element Windkessel (3-WK) model
has been proposed. Compared to 2-WK, the latter model
adds a characteristic impedance ZC connected in series to
WK2 block, as shown in Fig 1, which helps to improve
the frequency response and provides a realistic shape of
the blood flow and aortic pressure [14]. Since the pioneer
Frank’s model, several modified Windkessel configurations
have been suggested with the objective to improve the
accuracy of arterial hemodynamic prediction. The models
varied in the numbers of electrical elements used to represent
the arterial system variables [6]. Although, 3-WK and the
latest Windkessel modified model were able to produce
an acceptable hemodynamic characterization, many research
papers claimed that the compliance C which represents the
elasticity ability of the blood vessel, was not well estimated.
Indeed, these models considered that the arterial vessel is
a pure elastic reservoir (represented by an ideal capacitor)
which contrasts the natural behavior. In fact, similar to the

Fig. 2: (a) Viscoelastic Voigt Cell model consisting of a spring with elastic
constant K connected in parallel to a dashpot with a damping factor D and
its electrical analogue that consists of a resistor Rd in series with a capacitor
Cvw and (b) Viscoelastic ladder network comprising an infinite Voigt cells
connected in series and its electrical analogue.

most existing biological tissues, vascular vessel wall shows
a viscoelastic property rather than pure elastic one [4].

The transmission of the mechanical energy through arteries
might be split into two modules: the first module presents
the stored energy into wall tissues that can be retrieved
due to elasticity capabilities, while the second module is
dissipated due to the viscosity property [15]. Hence, some
research attempts have tried to characterize this behavior by
developing Viscoelastic Windkessel (VWK) Models. Those
representations are similar to the standard WK; however, the
ideal capacitor C is replaced by a complex and frequency
dependent capacitor. This latter complex compliance is de-
veloped based on the mechanical Voigt cell model whose
electrical analogous is a resistor Rd in series with a capacitor
Cvw representing respectively the viscous and elastic phe-
nomena, as illustrated in Fig. 2 (a). However, Roberto et al.
[5] showed that modeling the arterial vessel motion using
Voigt cell model is limited and does not certainly yield to
a realistic representation of the vascular viscoelasticity. This
is because, Voigt characterization does not account for the
stress-relaxation experiment [16]. This issue can be addressed
by increasing the viscoelastic model order as illustrated by
the ladder network in Fig. 2b, however, with the ladder model
the number of parameters to identify is very large which
define another challenge. Literally, the collected data based
physiological aortic input impedance is deemed insufficient
to identify all the variables for these complex models. In
addition, it is well known that reduced order models are
preferable for their simplicity and their ease to characterize
and use.
Recently, several studies proved that the arterial viscoelas-
ticity exhibits fractional order behavior. Accordingly, the
study of vascular wall motion within fractional modeling
framework may overcome the previously mentioned incon-
sistencies. In fact, fractional order models may provide good
behavior with less parameters. In addition, the representation
of arterial viscoelasticity using ladder structure can be re-
placed simply by a two-element fractional order model with
that is able to capture accurately the real behavior [17].



Fig. 3: RC network for fractional order capacitor emulation.

B. Fractional Derivative

Fractional derivative (FD) is a generalization of the tradi-
tional integer derivative to non-integer order. The interest in
FD has grown considerably and it is now used in many fields
of engineering and science. Due to its non-locality and mem-
ory properties, FD is a powerful tool for modeling physical
phenomena involving memory effect or delays. Many studies
have investigated modeling and analyzing biomedical and
biological systems using fractional calculus [18]. In addition
to the physiological insights that these fractional models
provide, the differentiation orders offer new parameters that
allow capturing more general behaviors that the integer order
models fail to describe accurately and with less equations.
Bearing these wider capabilities in mind, several research
studies have shown that FD is an ideal tool to characterize
the viscoelasticity property of different biological tissues.

The biomechanical behavior of the arteries is determined
by its three main wall components: smooth muscle fibers,
elastin fibers, and collagen fibers. Vascular activation is
defined as the smooth muscle fiber stretching action on
the collagenous fiber [19]. Scientists have noticed that this
activity affects the local viscoelastic behavior of the vessels.
Thus, we have modulating viscoelasticity that lead to non-
locality property. Recently, Caraiem et al. [8]–[10] proposed
a fractional order model to describe the response of the aorta
viscoelasticity. They showed that the fractional differentiation
order value (α) can be associated to the arterial modulating
viscoelasticity, smooth muscles action. In order to validate
their model, stress-relaxation experiment have been used.

According to Reimann and Liouville definition, the frac-
tional order derivative α of a function g(t) can be formulated
[20] as follow:

Dαg (t) =
1

Γ (1− α)

d

dt

∫ t

0

g (τ)

(1− τ)
α dτ, (1)

where Γ is the Euler gamma function. Assuming null initial
conditions for simplicity, in the Laplace domain, the frac-
tional operator is given by:

Dαg (t)
L→ sαG (s) , (2)

where s is the Laplace variable.

III. METHOD AND MODEL

In the systemic arterial system, a lumped parametric model
is an analog circuit arrangement that leads to the same input
impedance as the arterial network disposes, in a specific
frequency domain [21]. In this section, we present a three-
element based fractional-order arterial model. The proposed
model has a similar configuration as 3-WK. However, it

Fig. 4: Three element Fractional-Order Viscoelastic Windkessel model
analog circuit. This model consists of total peripheral resistance, Rp in
parallel to a fractional-order capacitor CF connected in series to the aortic
characteristic impedance ZC .

incorporates a fractional-order capacitor rather than an ideal
one. The non-ideal component presents the fractional arterial
viscoelasticity behavior.

A. Fractional order capacitor

A fractional order capacitor is an electrical component
which consists of two parallel plates confining a loss material.
It can also be defined as a constant phase element (CPE)
whose equivalent impedance has a constant phase angle
(between 0◦ and −90◦) over the whole frequency band, from
zero to infinity [22] [23].

The well-known relationship linking the current ic flowing
through an ideal capacitor C and the voltage vc between its
terminal is as follow:

ic = C
dvc
dt
. (3)

Applying Laplace transformation to Eq. 3 and assuming null
initial conditions we obtain:

Ic = CsVc. (4)

The impedance of an ideal capacitor is the ratio of the voltage
to the current flowing, in frequency domain. Accordingly, the
capacitor’s impedance is expressed as:

ZC(s) =
1

Cs
. (5)

Using the fractional mathematical framework given by Eq. 1
and 2 the Laplace impedance of a fractional-order capacitor
(CF ) is:

ZCF (s) =
1

CF sα
, (6)

where CF is the fractional-order capacitance whose
Farad/sec1−α. The Fractional impedance is variable with an
exponent α (0 < α < 1), which is the fractional differen-
tiation order. Many research studies tried to approximate
fractional-order capacitors by combining ideal elements in
different ways. The most optimized and recognized one is
by developing an accurate approximation of the variable sα.
Several methods have been developed in this direction such
us Carlson, Muatsuda, Outsaloup and continued fraction ex-
pansion methods [24]–[27]. The latter is the most attractive.
In fact, it is optimized in term of variables that yield to a
minimum gain error and phase angle for sα estimation around
a certain frequency w [28]. The corresponding expansion
may be written as follow:

sn ≈ wα
ans

n + an−1ws
n−1 + ...+ a1sw

n−1 + a0w
n

bnsn + bn−1wsn−1 + ...+ b1swn−1 + b0wn
, (7)



where n represents the approximation order and w the
centered frequency where the approximation is performed.
Substituting Eq. (7) in (6) we obtain:

ZCF =
1

CFw

ans
n+an−1ws

n−1+...+a1sw
n−1+a0w

n

bnsn+bn−1wsn−1+...+b1swn−1+b0wn
. (8)

The fractional order impedance approximation might be
implemented using an electrical circuit with a recursive
association of resistance and capacitance elements: Foster
integer-order ladder RC network as demonstrated in figure
3 [29]. It is worth to notice that this configuration is similar
to the viscoelastic analog circuit model represented in Figure
2 (b). Furthermore, for s = jw, the value of the fractional
capacitor at a specific frequency w will be calculated using
this expression:

ZCF (jw) =
1

CFwα
cos(φ)︸ ︷︷ ︸

ZD

− j 1

CFwα
sin(φ)︸ ︷︷ ︸

ZS

, (9)

where φ = απ2 . For α = 0, ZFC refers to an ideal resistor
whose phase angle equals to 0◦. For α=1, ZFC remains to
an ideal capacitor with a phase angle equal to −90◦.

|ZCF | =

√(
1

CFwα
cos

(
α

Π

2

))2

+

(
1

CFwα
sin

(
−α

Π

2

))2

.

(10)
From Eq. (9), ZFC may be split into a dissipative component
ZD(represented by the real part) and a storage component
ZS (represented by the imaginary part). With analogy to
mechanical behavior, these terms lead to exhibit the viscous
and elastic part of the arterial vessel wall. Thus, in our study,
the fractional element combines both resistive and capacitive
properties which displays the fractional viscoelastic behavior
of the arterial vessel. The impact of both properties is coordi-
nated by the fractional factor α allowing a real physiological
description and decreasing the number of variables.

B. Proposed Model
Aortic input impedance is a simple characterization of the

systemic arterial system. It presents the arterial parameters in
a comprehensive way. It is formulated as the ratio between
the frequency component of the output arterial blood pressure
(Pa) and the input blood flow (Qa) harmonics, Eq. (12). In
reverse, when the aortic input impedance is identified, a given
blood flow permits the control of the arterial pressure and
vice versa.

Zin =
Pa
Qa

. (11)

The proposed model is shown in Fig 4. Applying Kirchhoff’s
Voltage law (KVL) to the left mesh of the circuit, the voltage

Fig. 5: Storage modulus ZS and Dissipation modulus ZD of the complex
arterial compliance for different fractional differentiation order α.

between the terminals of the fractional order capacitor can
be expressed as follow:

vCF (t) = Pa (t)− ZCQa (t) . (12)

Applying Kirchhoff’s Current law (KCL) we obtain:

Qa (t) = CFD
t
αvCF (t) +

vCF (t)

Rp
. (13)

Substituting Eq. 12 in 13 gives the following equations.

Qa (t)=CFD
t
α (Pa (t)−ZCQa (t))+

(Pa (t)− ZCQa (t))

Rp
, (14)

ZCCFD
t
αQa (t)+Qa (t)

(
1 +

ZC
Rp

)
=CFD

t
αPa (t)+

Pa (t)

Rp
(15)

Applying Laplace transformation and assuming null initial
conditions, the fractional aortic input impedance ZF may be
expressed as:

ZF (s) = (Rp + ZC)
1 + sατN
1 + sατD

, (16)

where τN and τD are time constants and have the following
expressions: 

τN =
RpZC

Rp+ZC
CF ,

τD = RpCF .

(17)

Thus the input impedance modulus and phase angle at a
specific frequency w is given by Eq. (18) and (19).

IV. SIMULATION RESULTS AND DISCUSSION

In this section, we provide a comprehensive analysis of
the previous derived model, taking into consideration the
fractional-order parameter α. We study the effect of varying
the fractional differentiation order value α on the complex
and frequency dependent arterial compliance and arterial
stiffness. We also examine the variation of aortic input
impedance modulus and phase angle for the developed model
versus α. For the simulation, we use MATLAB−R2016b
and all the parameters values of the systemic arterial system

|ZF | = (Rp + ZC)

√
(1 + wατNcos(α

π
2 ))2 + (wατNsin(απ2 ))2√

(1 + wατDcos(α
π
2 ))2 + (wατDsin(απ2 ))2

. (18)

6 ZF = tan−1
(

wατNsin(απ2 )

1 + wατNcos(α
π
2 ))

)
− tan−1

(
wατDsin(απ2 )

1 + wατDcos(α
π
2 ))

)
. (19)



Fig. 6: Storage modulus ES and Dissipation modulus ED of the complex
Young modulus for different fractional differentiation order α.

TABLE I: Arterial Parameter Based Three-Element Windkessel Model
Parameter (dimensions) Hypotensive Normotensive Hypertensive
ZC (mmHg.s/ml) 0.02 0.033 0.05
C(ml/mmHg) 2 1.5 0.7
Rp(mmHg.s/ml) 0.6 0.95 1.4

were taken from [14] [30] [31] which represent the standard
three element Windkessel model variables in normal and
pathological conditions as shown in Table I.

A. Effect of α on the total arterial Stiffness
Arterial stiffness (AS) is a key metric for the evaluation

of the degenerative diseases physio-pathological mechanisms
that affect CVS. AS characterizes the vessel material prop-
erties and is measured based on the Young’s Modulus E.
In clinical practice, we cannot measure directly E because
isolating the arterial tissue without perfusion is not feasible.
Hence, we usually use the pressure-volume and pressure-
radius blood vessel relationships which define the two well-
known parameters, the total complex and frequency depen-
dent arterial Compliance (Ca) and Elastance (Ea). The last
two metrics are defined as the aptitude of the blood vessel to
contract and expand with the variation of the blood pressure
[21]. The Arterial Compliance Ca is the inverse of Ea and
expressed as follow:

Ca =
1

Ea
=

∆V

∆P
. (20)

In order to estimate the Young Modulus E, we usually use
the following relation that links E to C proposed by Love
[32]:

Ca ≈
3Πlr2i
2Eh

, (21)

where ri is the internal artery radius, h is the vessel wall
thickness and l is the arterial length. Fig. 5 and 6 show the
variation of the real and imaginary parts of the fractional
complex and frequency dependent compliance ZCF and
E. As the fractional-order parameter α increases from 0
to 1, implying an increase in the wall level elasticity, the
storage and dissipative modulus of the compliance increases,
however that of Young Modulus decreases across all the
frequencies [33].

B. Effect of α on the aortic input Impedance
As revealed previously, the aortic input impedance rep-

resents a simple and comprehensive resource for hemody-
namic parameters evaluation and vascular pathologies iden-
tifications. In addition, from of the aortic input impedance

Fig. 7: Numerical simulation of the aortic input impedance versus the
fractional differentiation order α and frequency.

modulus plot we can easily extract the three-fundamental ar-
terial parameters: total peripheral resistance Rp, total arterial
Compliance C and the aortic Characteristic impedance ZC .
Hence, get a sufficient idea about the arterial system state.
Fig. 7 presents the variation of the aortic input impedance
modulus versus the differentiation order α across frequencies.
It is clear that changing α which means varying the degree
of vessel wall viscosity influences all the hemodynamic
parameters. Physiologically, it is known that the variation
of the vessel wall resistivity contributes to the development
and genesis of systemic arterial system deceases such as
hypertensive (high blood pressure) and hypo-tensive) low
blood pressure. As an investigation, we plot in Fig 8, the
modulus and phase angle of a normo-tensive aortic input
impedance for different differentiation orders α together with
hypertensive and hypo-tensive input impedance. By tuning
α that implies changing in vessel resistivity, conduct the
arterial system from normo-tensive to hypertensive or hypo-
tensive. Thus, the arterial viscoelastic order described by α

Fig. 8: Example of modulus and phase angle of aortic input impedance
for different fractional differentiation order α plotted together with normo-
tensive, hypo-tensive and hypertensive aortic input impedance modulus and
phase using standard three-element Windkessel model.



could contribute to understand the mechanism through which
the arterial system hemodynamic behavior changes with the
changes of vessel tissue properties.

V. CONCLUSION

Cardiovascular system wall tissues show a viscoelastic
behavior rather than pure elastic. In addition, arteries which
constitute the major part of the arterial network should be
considered as a viscoelastic reservoir due to the superposition
of viscous and elastic components. Recently, many studies
have shown that the arterial wall mechanics can be described
using fractional order models, reducing the number of param-
eters and showing a natural response. In the presented work,
we proposed a three-element fractional order viscoelastic
Windkessel model to describe the arterial hemodynamic. We
believe that the deep understanding of arterial viscoelastic
behavior is of paramount importance in the study of physio
pathological mechanisms of degenerative disease affecting
CVS. Although, all the simulation results are based on vali-
dated physiological parameters, a limitation of this work that
one may argue, is no experimental data has been investigated.
In this paper, we just study the contribution of both arterial
viscous and elastic properties controlled by the fractional
differentiation order α. Nevertheless, ongoing work includes
the valiation of proposed model experimentally.
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