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Abstract—This paper studies two-player zero-sum repeated
Bayesian games in which every player has a private type that
is unknown to the other player, and the initial probability of
the type of every player is publicly known. The types of players
are independently chosen according to the initial probabilities,
and are kept the same all through the game. At every stage,
players simultaneously choose actions, and announce their actions
publicly. For finite horizon cases, an explicit linear program
is provided to compute players’ security strategies. Moreover,
based on the existing results in [1], this paper shows that a
player’s sufficient statistics, which is independent of the strategy
of the other player, consists of the belief over the player’s own
type, the regret over the other player’s type, and the stage.
Explicit linear programs, whose size is linear in the size of the
game tree, are provided to compute the initial regrets, and the
security strategies that only depends on the sufficient statistics.
For discounted cases, following the same idea in the finite horizon,
this paper shows that a player’s sufficient statistics consists of
the belief of the player’s own type and the anti-discounted regret
with respect to the other player’s type. Besides, an approximated
security strategy depending on the sufficient statistics is provided,
and an explicit linear program to compute the approximated
security strategy is given. This paper also obtains a bound on
the performance difference between the approximated security
strategy and the security strategy, and shows that the bound
converges to 0 exponentially fast.

I. I NTRODUCTION
In many non-cooperative games, players often have their
own private information that is unknown to the others. Such
asymmetries of information have been seen in economic
systems [2], [3], engineering systems [4], [5], air transportation
systems [6], and security systems [7].
Games with asymmetric information have two new challenges compared with games with symmetric information.
The first challenge of a player in games with asymmetric
information is how to use its own private information to maximize the total payoff. In multi-stage games with asymmetric
information, if a player makes decisions based on its private
information, the private information is revealed by its actions.
The other players can learn its private information from its
actions, which may results in a loss in future payoff. Therefore,
it is important for the player to balance the exploitation and
the revelation of its private information. The second challenge
of a player in games with asymmetric information is how to
explore the other player’s private information to maximize
its own total payoff. As mentioned above, since the actions
of the other players may include their private information, a
player needs to find a way to extract the information from
the actions, and adjust its own strategy accordingly to achieve
better performance in the future.
This paper is especially interested in two-player zero-sum
repeated Bayesian games, where each player has a private

type that is unknown to the other player. At the beginning of
the game, every player’s type is chosen independently, once
and for all, according to the corresponding prior distribution,
and kept as private information. Notice that a player’s type
is unknown to the other player. At every stage, both players
simultaneously choose their actions which are observed by
both players. The one-stage payoff of player 1, i.e. the onestage penalty of player 2, depends on both players’ types and
actions, and is not observable by either player. The game is
repeated for multiple stages until it ends. The final payoff is
revealed to both players at the end of the game. Take the
jamming problem in a sensor network as an example. Sensors
at different places need to coordinate with each other to use
several channels to transmit as much data as possible to a sink
node, while a power-limited jammer, which can only jam one
channel at a time, wants to block as much data as possible. The
overall throughput depends on the positions of the sensors, the
position of the jammer, and how the channels are allocated.
Since sensors’ positions are unknown to the jammer and vice
versa, no one knows the one stage throughput [8]. We are
interested in a computationally tractable strategy.
Similar problems were studied in [9], [10], [11] which used
common information based belief to derive backward recursive
formulas to find the Nash equilibrium or perfect Bayesian
equilibrium. In [9], assuming the common information based
beliefs are strategy independent, the authors decoupled strategies and beliefs, and provided a backward induction algorithm
to find subgame perfect Nash Equilibrium of the game. Prior
work [10], [11] studied perfect Bayesian equilibrium which
consists of a strategy profile and a belief system such that the
strategy is sequentially rational given the belief system and
the belief system is consistent given the strategy profile [12].
Based on the common information based belief system, [10]
studied common information based perfect Bayesian equilibrium, and [11] studied structured perfect Bayesian equilibrium.
Backward recursive formulas were given in both papers to
find the corresponding perfect Bayesian equilibrium. Since our
work focuses on computing the Nash equilibrium of the game,
and the beliefs are strategy dependent, the works [9], [10], [11]
are not applicable in our problem.
This paper first studies finite horizon repeated Bayesian
games, which is based on our work in [13]. Our first contribution for finite horizon games is developing LP formulations
to compute action history based security strategies for both
players, whose sizes are only linear in the size of the game tree.
Noticing that the size of action history based security strategy
space grows exponentially in the time horizon, we further
study sufficient statistics of both players for finite horizon
games. Previous work [1] showed that a player’s sufficient
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statistics in finite horizon games is stage, its own type, belief
over its own type, and regret over the other player’s type.
However, while a recursive formula was provided to update
the regret stage by stage, what the initial regret is and how to
compute it remained open questions. Our second contribution
in finite horizon games is showing that the initial regret over
the other player’s type is the difference between 0 and the
worst case payoff guaranteed by the player’s security strategy
for every possible type of the other player and constructing
an LP formulation to compute the initial regret. Based on
the sufficient statistics, we provide an algorithm to compute
a sufficient statistics based security strategy for each player,
which is our third contribution in finite horizon games.
We, then, extend the results to infinite horizon discounted
repeated Bayesian games. The first challenge is to find out
sufficient statistics of players, and the second one is to find
computationally tractable approximated security strategies for
both players since computing security strategies in infinite
horizon discounted repeated Bayesian games is non-convex
[14]. The first challenge was partially addressed in [1], [15]
which showed that sufficient statistics of a player is its own
type, belief over its own type, and anti-discounted regret over
the other player’s type. As discussed in finite horizon games,
while [1], [15] provided a recursive formula to update the antidiscounted regret stage by stage, the physical meaning and a
tractable computation method were missing. Our contributions
in addressing the first challenge are showing that the initial
anti-discounted regret over the other player’s type is the
difference between 0 and the worst case payoff guaranteed
by the player’s security strategy given every possible type of
the other player, and providing an LP formulation to compute
an approximated initial anti-discounted regret. With sufficient
statistics, we further study sufficient statistics based security
strategies in infinite horizon discounted repeated Bayesian
games. As mentioned in the second challenge, computing
security strategies is non-convex in infinite horizon repeated
games. We construct an approximated security strategy for
each player based on the value of a finite stage (N -stage)
discounted game, a truncated version of the infinite horizon
discounted game. Our main contribution in addressing the second challenge is developing an LP formulation to compute the
approximated security strategy for every player, and showing
that the worst case payoff of the approximated security strategy
converges to the game value exponentially fast over N .
While our technique used to develop approximated security
strategies in infinite horizon discounted games looks similar
to reinforcement learning [16]. There are fundamental differences between this paper and [16]. First, we use a different
game model. Our model is a repeated game with asymmetric
information, while the game model in [16] has symmetric
information. In our model, one-stage payoff is not observable
by either player, while in [16], one-stage payoff is a common
information among players. Besides, the transition matrix in
our model is known while the transition matrix in reinforcement learning is unknown. Second, the strategies in this paper
and [16] guarantee different performances. The worst case
payoff of our approximated security strategy converges to
the game value exponentially fast. In [17], it was shown

that reinforcement learning guaranteed that the corresponding
strategy converged to the security strategy with probability
1, but didn’t study the total payoff of the corresponding
strategy in the game. Fictitious play is another important tool
to approximate security strategies in repeated games [18].
But to the best of our knowledge, there is no prior work in
fictitious play literature studying games in which players are
not sure about their own utility functions. Recently, adversarial
machine learning gains a lot of interests, and can be modeled
as a game between a classifier and an data generator [19],
[20], [21]. In this literature, [20] is mostly related to this
paper. In [20], the classifier was of single type, and the data
generator had two types, normal and adversarial. Extensive
game was used to solve the problem. There are two main
differences between [20] and this paper. The first difference
is that only one player in [20] has multiple types, while we
consider a more general case where both players have multiple
types. The second difference is about the time horizon. [20]
considers a one shot game, while we study repeated games
where exploration-exploitation trade-off appears.
II. N -S TAGE R EPEATED BAYESIAN G AMES
Let Rn denote the n-dimensional real space. For a finite
set K, |K| and ∆(K) denote its cardinality and the set of
probability distributions over K, respectively. Symbols 1 and 0
denote vectors with all elements equal to 1 and 0, respectively.
For a vector p and a matrix Z, we use p(i) to denote the
ith element of p, and Z(i, j) to denote the element at the
ith row and the jth column of Z. The transposes of a vector
variable p and a matrix variable Z are denoted by pT and Z T ,
respectively. The ith row and the jth column of Z are denoted
as Z(i, :) and Z(:, j), respectively. Given a vector valued
function σ(·) ∈ Rn , the ith element of σ(·) is denoted by
σ i (·), and its transpose is denoted as σ(·)T . Let v(0), v(1), . . .
be
We adopt the convention that
P0a sequence of real
Qvalues.
0
v(t)
=
0,
and
v(t)
= 1. The supremum norm of
t=1
t=1
a function f : D → R is defined as kf ksup = supx∈D |f (x)|,
where D is a non-empty set.
A two-player zero-sum repeated Bayesian game is specified
by the seven-tuple (K, L, A, B, M, p0 , q0 ), where
• K and L are non-empty finite sets, called player 1 and
2’s type sets, respectively.
• A and B are non-empty finite sets, called player 1 and
2’s action sets, respectively.
• Mkl is the payoff matrix given player 1’s type k ∈ K and
player 2’s type l ∈ L. The element Mkl (a, b) is player 1’s
one stage payoff, i.e. player 2’s one stage penalty, given
player 1’s type k ∈ K and action a ∈ A, and player 2’s
type l ∈ L and action b ∈ B.
• p0 ∈ ∆(K) and q0 ∈ ∆(L) are the initial probabilities
on K and L, respectively. Without loss of generality, we
assume p0 (k), q0 (l) > 0 for any k ∈ K and l ∈ L.
The seven-tuple is common knowledge of the two players.
Let at , bt denote player 1 and player 2’s actions at stage
t = 1, . . . , N , respectively. At the beginning of this game, k
and l are chosen independently according to p0 and q0 , and
communicated to player 1 and 2, respectively. Notice that a
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player’s type is unknown to the other player. After the types
are chosen, at stage t = 1, . . . , N , each player simultaneously
chooses its action which is observed by both players. We
assume perfect monitoring and perfect recall, i.e. every player
can observe the current actions of both players, and record all
action histories of both players. The one stage payoff of player
1, i.e. one stage penalty of player 2, at stage t is Mkl (at , bt ).
Neither player can observe the one stage payoff, and the total
payoff is revealed to both players at the end of the game.
At the beginning of stage t, the available information of
player 1 and 2 is denoted by It = {k, a1 , b1 , . . . , at−1 , bt−1 }
and Jt = {l, a1 , b1 , . . . , at−1 , bt−1 }, respectively. A behavior
strategy of player 1 is an element σ = (σt )N
t=1 , where σt is a
map from K × At−1 × Bt−1 to ∆(A). Similarly, a behavior
strategy of player 2 is an element τ = (τt )N
t=1 , where τt is a
map from L × At−1 × Bt−1 to ∆(B). Denote by Σ and T the
sets of strategies of player 1 and 2, respectively.
A quadruple (p0 , q0 , σ, τ ) induces a probability distribution
Pp0 ,q0 ,σ,τ on the set Ω = K×L×(A×B)N of plays. Ep0 ,q0 ,σ,τ
stands for the corresponding expectation. The payoff with
initial probabilities p0 , q0 and strategies σ, τ of the N -stage
repeated Bayesian game is defined as
γN (p0 , q0 , σ, τ ) = Ep0 ,q0 ,σ,τ

N
X

!
Mkl (at , bt ) .

t=1

An N -stage game ΓN (p0 , q0 ) is defined as a two-player
zero-sum repeated Bayesian game equipped with initial distribution p0 and q0 , strategy spaces Σ and T , and payoff function
γN (p0 , q0 , σ, τ ). In this game, player 1 wants to maximize the
payoff γN (p0 , σ, τ ), while player 2 wants to minimize it.
In an N -stage game ΓN (p0 , q0 ), player 1’s security level V N (p0 , q0 ) is defined as V N (p0 , q0 ) =
maxσ∈Σ minτ ∈T γN (p0 , q0 , σ, τ ), and a strategy σ ∗ ∈ Σ
achieving this security level is called a security strategy of
player 1. Similarly, player 2’s security level V N (p0 , q0 ) is
defined as V N (p0 , q0 ) = minτ ∈T maxσ∈Σ γN (p0 , q0 σ, τ ),
and a strategy τ ∗ ∈ T achieving this security level is called
a security strategy of player 2. If V N (p0 , q0 ) = V N (p0 , q0 ),
we say game ΓN (p0 , q0 ) has a value. Since game ΓN (p0 , q0 )
is a finite game, it always has a value VN (p0 , q0 ) [15].
A. LP formulations of action history based security strategies
An N -stage Bayesian repeated game is a finite game whose
security strategy can be computed by solving a linear program
based on the sequence form [22]. The linear program provided
in [22], however, cannot be directly used in our case, because
the strategies of both players depend on their own types.
Therefore, we adopt the idea of a realization plan in the
sequence form [22], and construct an explicit linear program
for N -stage Bayesian repeated games.
Let us first introduce the realization plan. Define player 1’s
realization plan xIt ∈ R|A| given It and player 2’s realization
plan yJt ∈ R|B| given Jt as
xIt (at ) = p

k

yJt (bt ) = q l

t
Y
s=1
t
Y
s=1

where as , Is are player 1’s action and available history
information at stage s in information set It , denoted by
as , Is ∈ It , and bs , Js are player 2’s action and available
history information at stage s in information set It , denoted
by bs , Js ∈ Jt , for all s = 1, . . . , t−1. Let Ft+1 = It+1 ∪Jt+1
be the full history information at the beginning of stage t + 1,
and p(Ft+1 ) be the joint probability for Ft+1 to happen.
Realization plans xIt (at ) and yJt (bt ) can be seen as the
influences of player 1 and 2 in p(Ft+1 ), respectively, and joint
probability p(Ft+1 ) satisfies P (Ft+1 ) = xIt (at )yJt (bt ), where
A
at , It ∈ It+1
and bt , Jt ∈ Jt+1 . Let xt = (xIt )It ∈K×(A×B)t−1
and yt = (yJt )Jt ∈L×(A×B)t−1 . Denote by x = (xt )N
t=1 and
y = (yt )N
t=1 player 1 and 2’s realization plans of the N -stage
Bayesian game. The realization plans x and y satisfy constraint
(3-4) and (5-6), respectively.
1T xIt =xIt−1 (at−1 ),
xIt ≥0,

for all t = 1, . . . , N , and It ∈ K × (A × B)t−1 .
1T yJt =yJt−1 (bt−1 ),
yJt ≥0,

∈ A, ∀t = 0, . . . , N

τsbs (Js ), ∀bt ∈ B, ∀t = 0, . . . , N

(1)
(2)

(5)
(6)

for all t = 1, . . . , N , and Jt ∈ L × (A × B)t−1 .
With perfect recall, for either player, looking for a security
strategy is the same as looking for a realization plan that
achieves the security level of the player [22].
For player 1’s realization plan x, define player 1’s weighted
future security payoff UJt (at , bt ) for t = 0, . . . , N as

UJt (at , bt ) =

min

X

τt+1:N (l)
k∈K
∈Tt+1:N (l)



N
X

xIt (at )E 

Mkl (as , bs )|k, Jt+1  (7)

s=t+1

where τt+1:N (l) is player 2’s behavior strategies from t+1 to
N given player 2’s type l, Tt+1:N (l) is the corresponding set,
and Jt+1 = Jt ∪{at , bt }. Similarly, define player 2’s weighted
future security payoff WIt (at , bt ) for t = 0, . . . , N as

WIt (at , bt ) =

max

X

σt+1:N (k)
l∈L
∈Σt+1:N (k)



N
X

yJt (bt )E 

Mkl (as , bs )|l, It+1  , (8)

s=t+1

where σt+1:N (k) is player 1’s strategies from stage t+1 to N
given player 1’s type k ∈ K, Σt+1:N (k) is the corresponding
set, and It+1 = It ∪ {at , bt }.
For t = 1, . . . , N , UJt and WIt are |A| × |B| matrices.
For t = 0, since at , bt ∈ ∅, UJt and WIt are scalars.
The weighted future security payoffs U, W satisfy backward
recursive formulas.
Lemma 1. Consider an N -stage Bayesian game ΓN (p, q) and
players’ realization plans x and y. Player 1 and 2’s weighted
future security payoffs UJt (at , bt ) and WIt (at , bt ) defined in
(7) and (8) satisfy

UJt (at , bt ) =

min
τt+1 (Jt+1 )
∈∆(B)


X



T
Mkl
t+1

xI

WIt (at , bt ) =

max
σt+1 (It+1 )
∈∆(A)

T

+ 1 UJt+1  τt+1 (Jt+1 ), (9)

k∈K



σsas (Is ), ∀at

(3)
(4)

T
σt+1 (It+1 ) 


X

Mkl yJt+1 + WIt+1 1 (10)

l∈L

for all t = 0, . . . , N − 1, where It+1 = It ∪ {at , bt } and
Jt+1 = Jt ∪ {at , bt }.
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1T yJt = yJt−1 (bt−1 ),

Proof. According to equation (7), we have

∀Jt ∈ L × (A × B)t−1 , ∀t = 1, . . . , N

UJN −1 (aN −1 , bN −1 )
X
=
min
xIN −1 (aN −1 )σN (IN )T Mkl τN (JN )
τN (JN )∈∆(B)

=

X
k∈K

X

min
τN (JN )∈∆(B)

xTIN Mkl

T

τt∗ (Jt ) =

+ 1 UJN

τN (JN ).

k∈K

Suppose equation (9) holds for all t = 1, . . . , N − 1.
Consider the case of t − 1.

+

X X

(21)

P (at , bt |k, Jt )E

at ∈A bt ∈B

(22)

Proof.XEquation (7) indicates that VN (p, q)
=
max
q(l)UJ0 (x), where UJ0 (x) satisfies (9). According
x∈X

l∈L

UJt (at , bt ) =

k∈K
N
X

yJ∗t
.
∗
yJt−1 (bt−1 )

.

to the strong duality theorem, equation (9) is rewritten as

UJt−1 (at−1 , bt−1 )
n
X
xIt−1 (at−1 ) σt (It )T Mkl τt (Jt )
=
min
τt:N (l)∈Tt:N (l)

, ∀t = 1, . . . , N

where WIN is a zero matrix for all IN ∈ K × (A × B)
Player 2’s security strategy τt∗ (Jt ) is

xTIN Mkl τN (JN )
!

=

(20)
N −1

k∈K

min
τN (JN )∈∆(B)

yJt ≥ 0, ∀Jt ∈ L × (A × B)

t−1

s.t.

!)

X

max
UJt (at ,bt )

UJt (at , bt )

(23)

T
Mkl
xIt+1 + UJTt+1 (x)1 ≥ UJt (at , bt )1,

k∈K

Mk,l (as , bs )|k, Jt+1

∀t = 0, . . . , N − 1.

s=t+1

(24)

(
=

X

min
τt (Jt )∈∆(B)

τtbt (Jt )

For t = N − 1, since UJN is a zero matrix, we have

at ∈A bt ∈B

k∈K

X

min
τt+1:N (l)

X X

xTIt Mkl τt (Jt ) +

!)

N
X

xIt (at )E

Mk,l (as , bs )|k, Jt+1

=

s=t+1

k∈K

UJ

!
=

X

min
τt (Jt )∈∆(B)

xTIt Mkl

T

+ 1 UJt

s.t.

τt (Jt ).

Therefore, equation (9) holds for all t = 0, . . . , N − 1.
Following the same steps, equation (10) can be shown.

Theorem 2. Consider an N -stage repeated Bayesian game
ΓN (p, q). Its game value VN (p, q) satisfies

X

s.t.

(aN −1 ,bN −1 )

T
Mkl
xIN ≥ UJN −1 (aN −1 , bN −1 )1.

(27)

For t = N − 2, we define

Now, let us present the explicit LP formulations to compute
the action history based security strategies.

x,U

N −1

X

(25)
(26)

k∈K

k∈K

VN (p, q) = max

UJN −1 (aN −1 , bN −1 )
max
UJN −1 (aN −1 , bN −1 ),

X

ÛJN −2 (aN −2 , bN −2 )
UJN −2 (aN −2 , bN −2 )
=
max
UJ

s.t.

N −2

(aN −2 ,bN −2 )∈R

UJ

∈R|A|×|B|

X

N −1

T
Mkl
xIN −1 + UJTN −1 1 ≥ UJN −2 (aN −2 , bN −2 )1,

(28)
(29)

(30)

k∈K

q(l)UJ0 , where J0 = {l}

(11)

X

(12)

∀aN −1 ∈ A, bN −1 ∈ B.

l∈L

T
Mkl
xI1 + UJT1 1 ≥ UJ0 1, ∀l ∈ L,

T
Mkl
xIN ≥ UJN −1 (aN −1 , bN −1 )1,

k∈K

(31)

k∈K

X

We will show that UJN −2 (aN −2 , bN −2 )
ÛJN −2 (aN −2 , bN −2 ). Equation (23) implies that

T
Mkl
xIt+1 + UJTt+1 1 ≥ UJt (at , bt )1,

k∈K

∀Jt+1 ∈ L × (A × B)t , t = 1, . . . , N − 1,

(13)

T

1 xIt = xIt−1 (at−1 ),
∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , N

(14)

xIt ≥ 0, ∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , N

(15)

where UJN is a zero matrix for any JN ∈ L × (A × B)N −1 .
Player 1’s security strategy σt∗ (It ) is
σt∗ (It ) =

x∗It
.
∗
xIt−1 (at−1 )

(16)

Dually, the game value VN (p, q) also satisfies
VN (p, q) = min
y,W

s.t.

X

X

pk WI0 , where I0 = {k}

(17)

k∈K

Mkl yJ1 + WI1 1 ≤ WI0 1, ∀k ∈ K,

(18)

l∈L

X

Mkl yJt+1 + WIt+1 1 ≤ WIt (at , bt )1,

l∈L

∀It+1 ∈ K × (A × B)t , t = 1, . . . , N − 1

(19)

UJN −2 (aN −2 , bN −2 )
=
max
UJN −2 (aN −2 , bN −2 )
UJ

N −2

(aN −2 ,bN −2 )∈R

T
s.t.Mkl
xIN −1

+ UJ∗T
1 ≥ UJN −2 (aN −2 , bN −2 )1,
N −1

=
(32)
(33)
(34)

UJ∗N −1

where the element in
is the maximum of LP (26-27).
Let UJ?N −2 (aN −2 , bN −2 ), UJ?N −1 be the optimal solution to LP problem (29-31). Since UJ?N −1 satisfies equation (31) and hence (27), we have UJ∗N −1 (aN −1 , bN −1 ) ≥
UJ?N −1 (aN −1 , bN −1 ) for any aN −1 ∈ A, bN −1 ∈ B. Together
with equation (30), we show that UJ?N −1 (aN −2 , bN −2 ) satisfies equation (34). Therefore, UJ?N −2 (aN −2 , bN −2 ), UJ?N −1
is a feasible solution to the nested LP problem (33-34), and
ÛJN −2 (aN −2 , bN −2 ) ≤ UJN −2 (aN −2 , bN −2 ).
Meanwhile, let UJ∗N −2 (aN −2 , bN −2 ), UJ∗N −1 be the optimal
solution to the nested LP (33-34). It is easy to check that
UJ∗N −2 (aN −2 , bN −2 ), UJ∗N −1 is a feasible solution to LP (2931), and hence UJN −2 (aN −2 , bN −2 ) ≤ ÛJN −2 (aN −2 , bN −2 ).
Therefore, UJN −2 (aN −2 , bN −2 ) = ÛJN −2 (aN −2 , bN −2 ).
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Following the same steps, we can show the case for t =
N − 3, . . . , 0. When t = 0, we have
max UJ0
UJ0 =
UJ0 ∈R,u∈U
X T
s.t.
Mkl xI1 + UJT1 1 ≥ UJ0 1,

(35)
(36)

k∈K

X

T
Mkl
xIt+1 + UJTt+1 1 ≥ UJt (at , bt )1,

k∈K

∀t = 1, . . . , N − 1, Jt+1 ∈ L × At−1 × Bt−1

(37)

and equation (11-13) is shown. From the definition of x in
(1), we derive player 1’s security strategy as in (16).
Following the same steps, we show equation (17-21) is true,
and player 2’s security strategy is computed as in (22).
B. Sufficient statistic based security strategies and dual games
Theorem 2 provides LP formulations to compute action
history based security strategies for both players. Notice that
action history space grows exponentially in time horizon which
makes this LP formulation undesirable as the horizon length
grows. In order to remedy this drawback, we now consider
another type of security strategies, which depend on fixedsized sufficient statistics.
Prior work [23], [1] shows that a player’s security strategy in
the dual game with some special initial parameters is also the
player’s security strategy in the primal game, and the security
strategy only depends on a fixed-sized sufficient statistics.
However, the physical meaning and a tractable computation
method of the special initial parameters are missing in [23],
[1]. This subsection clarifies what the special initial parameters
mean in the primal game, and gives LP formulation and
algorithms to compute the initial parameters and fixed-sized
sufficient statistics based security strategies.
First of all, we would like to introduce two dual games of an
N -stage repeated Bayesian game ΓN (p, q). Type 1 dual game
Γ̃1N (µ, q) of primal game ΓN (p, q) is defined with respect
to its first parameter p, and is specified by a seven-tuple
(K, L, A, B, M, µ, q), where K, L, A, B, M, q are defined in
the same way as in primal game ΓN (p, q), and µ ∈ R|K|
is called the initial regret over player 1’s type.
Type 1 dual game Γ̃1N (µ, q) is played in the same way as
in the primal game except that at the beginning of the game,
player 1’s type is chosen by itself. Player 1’s one stage payoff,
i.e. player 2’s one stage penalty, is Mkl (at , bt ) at stage t. Let p
be player 1’s strategy to choose his own type, and σ ∈ Σ and
τ ∈ T be player 1 and 2’s strategies to choose actions. Player
1
1’s payoff γ̃N
(µ, q, p, σ, τ ) in type 1 dual game Γ̃1N (µ, q) is
1
(µ, q, p, σ, τ ) = Ep,q,σ,τ
γ̃N

µ(k) +

N
X

!
Mkl (at , bt ) .

t=1

Type 1 dual game Γ̃N (µ, q) is defined as a two-player zerosum repeated Bayesian type 1 dual game equipped with initial
regret µ over K, initial probability q over L, strategy spaces
1
∆(K) × Σ and T , and payoff function γ̃N
(µ, q, p, σ, τ ).
2
Similarly, type 2 dual game Γ̃N (p, ν) is defined with respect
to the second parameter q of the primal game ΓN (p, q),
and is specified by a seven-tuple (A, B, K, L, p, ν), where
A, B, K, L, q are defined in the same way as in the primal
game, and ν ∈ R|L| is the initial regret over player 2’s type.

Type 2 dual game Γ̃2N (p, ν) is played in the same way as
in the primal game except that at the beginning of the game,
player 2 chooses its own type. Player 1’s one stage payoff, i.e.
player 2’s one stage penalty, is Mkl (at , bt ) at stage t. Let q
be player 2’s strategy to choose his type l. Player 1’s payoff
2
γ̃N
(p, ν, q, σ, τ ) in type 2 dual game is defined as
!
N
X
2
γ̃N (p, ν, q, σ, τ ) = Ep,q,σ,τ ν(l) +
M (k, l, at , bt ) .
t=1

Γ̃2N (p, ν)

Type 2 dual game
is defined as a two-player zerosum repeated Bayesian type 2 dual game equipped with
initial probability over player 1’s type, initial regret over
player 2’s type, strategy spaces Σ and ∆(L) × T , and payoff
2
function γ̃N
(p, ν, q, σ, τ ). In both dual games, player 1 wants
to maximize the payoff, while player 2 wants to minimize it.
Both dual games are finite, and hence have game values
denoted by ṼN1 (µ, q) and ṼN2 (p, ν). They are related to the
game value of the primal game in the following way [15].
ṼN1 (µ, q) = max {VN (p, q) + pT µ},

(38)

VN (p, q) = min {ṼN1 (µ, q) − pT µ},

(39)

ṼN2 (p, ν) = min {VN (p, q) + q T ν},

(40)

VN (p, q) = max {ṼN2 (q, ν) − q T ν}.

(41)

p∈∆(K)
µ∈R|K|

q∈∆(L)
ν∈R|L|

Let µ∗ and ν ∗ be optimal solutions to problems (39) and (41),
respectively. Player 2’s security strategy in type 1 dual game
Γ̃1N (µ∗ , q) is its security strategy in primal game ΓN (p, q), and
player 1’s security strategy in type 2 dual game Γ̃2N (p, ν ∗ ) is
its security strategy in primal game ΓN (p, q) [1].
While [1], [15] show that the special parameters should
be optimal solutions to problems in (39) and (41), it is
unclear what the physical meanings of µ∗ and ν ∗ are, and
how to compute them. We show that µ∗ is the difference
between 0 and the worst case payoff guaranteed by player 2’s
security strategy for all possible player 1’s types, and ν ∗ is the
difference between 0 and the worst case payoff guaranteed by
player 1’s security strategy for all possible player 2’s types.
Lemma 3. Consider an N -stage repeated Bayesian game
ΓN (p, q). Let σ ∗ and τ ∗ be player 1 and 2’s security strategies
in ΓN (p, q), respectively. Denote by x∗ and y ∗ the corresponding optimal realization plans of player 1 and 2. The optimal
solution µ∗ to problem minµ∈R|K| {ṼN1 (µ, q) − pT µ} is
µ∗ (k) = −WI∗0 , where I0 = {k}, ∀k ∈ K

(42)

where WI∗0 is defined in (8), and is an optimal solution to LP
problem (17-21).
The optimal solution ν ∗ to max {ṼN2 (q, ν) − q T ν} is
ν∈R|L|

ν ∗ (l) = −UJ∗0 , where J0 = {l},∀l ∈ L

(43)

where UJ∗0 is defined in (7), and is an optimal solution to
linear program (11-15).
Proof. First, we show
VN (p, q) =

X

p(k)WI∗0 .

(44)

k∈K
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Equation (8) and (2) imply that
WI∗0 =

X

max
σ(k)∈Σ(k)

q(l)Eσ(k),yl∗

N
X

!
Mkl (as , bs )|k, l

,

s=1

l∈L

where σ(k) indicates player 1’s strategy given player 1’s type
k, and yl∗ indicates player 2’s optimal realization plan given
player 2’s type l. Therefore, we have
X

p(k)WI∗0

k∈K

XX

= max
σ∈Σ

p(k)q(l)Eσ(k),yl∗
N
X

σ∈Σ

!
Mkl (as , bs )|k, l

s=1

k∈K l∈L

= max Eσ,y∗

N
X

!

qt (l) = P (l|It ), ∀l ∈ L, t = 1, . . . , N,

Mkl (as , bs )

qt+1 (l) =

∗

where the second equality holds because y is player 2’s
optimal realization plan.
Next, letting W0∗ (k) = WI0 and I0 = {k}, we show that
ṼN1 (−W0∗ , q) = 0,

(45)

=
Equation (38) implies that ṼN1 (−W0∗ , q)
maxp0 ∈∆(K) {VN (p0 , q) − p0T W0∗ } ≥ VN (p, q) − pT W0∗ = 0.
Meanwhile, for any p0 ∈ ∆(K), we have
VN (p0 , q)
= min max Ep0 ,q,σ,y
σ∈Σ

≤ max E
σ∈Σ

=

X
k∈K

=

X

qt (l)Zt (bt , l) . l
= q+ (bt , Zt , qt ), with q1 = q,
z̄qt ,Zt (bt )

µt (k) = µ(k) +

p0 (k)

N
X

σ(k)∈Σ(k)

E(Mkl (as , bs )|Is+1 ),

for all k ∈ K, t = 1, . . . , N, and is updated as follows

!

X

qt+1 (l)Mkl (at , bt ),

(49)

l∈L

.
=µ+
k (µt , at , bt , Zt , qt ), ∀k ∈ K, with µ1 = µ

Mkl (at , bt )
!

The game value of type 1 dual game Γ̃1N (µ, q) satisfies the
following recursive formulation [15] with n = N + 1 − t.

Mkl (at , bt )

t=1

max

t−1
X
s=1

t=1

p0 ,q,σ,y ∗

(48)

where Zt is a |B| × |L| P
matrix whose lth column is Zt (:
, l) = τt (Jt ), z̄qt ,Zt (bt ) = l∈L qt (l)Zt (bt , l), and q+ : B ×
∆(B)|L| × ∆(L) → ∆(L) is a vector valued function whose
l
lth element is q+
. The regret over player 1’s type is

µt+1 (k) =µt (k) +
N
X

(47)

For any l ∈ L, qt+1 (l) is updated as follows.

s=1

=VN (p, q)

y

beginning of stage 1, which is 0, and the guaranteed payoff
using player 1’s security strategy if player 2 is of type l.
With the special initial parameters µ∗ and ν ∗ , our next step
is to find tractable computation methods to compute player 1’s
security strategy in type 2 dual game Γ̃2N (p, ν ∗ ) and player
2’s security strategy in type 1 dual game Γ̃1N (µ∗ , q). We first
introduce sufficient statistics of player 2 in type 1 dual game,
and sufficient statistics of player 1 in type 2 dual game. In
type 1 dual game Γ̃1N (µ, q), player 2’s sufficient statistics is
(t, l, µt , qt ), where t is the stage, l is player 2’s type, µt ∈
R|K| is called the regret over player 1’s type at stage t, and
qt ∈ ∆(L) is called the belief over player 2’s type. The belief
qt over player 2’s type is defined as

Eq,σ(k),y∗ (

N
X

Ṽn1 (µt , qt ) =

Mkl (at , bt )|k)

t=1

X

p0 (k)WI∗0

min

max

Z∈∆(B)|L| a∈A

(50)

1
z̄qt ,Z (b)Ṽn−1
(µ+ (µt , a, b, Z, qt ), q+ (b, Z, qt ))

b∈B

k∈K

which implies that VN (p0 , q)−p0T W0∗ ≤ 0 for any p0 ∈ ∆(K).
From (38), we have ṼN1 (−W0∗ , q) ≤ 0, and (45) is true.
Equation (45) implies that ṼN1 (−W0∗ , q) − pT (−W0∗ ) =
T
p W0∗ = VN (p, q), where the second equality is based on (44).
According to equation (39), we see that −W0∗ is an optimal
solution to problem (39). From the proof of Theorem 2, we
see that W0∗ is the optimal solution to linear program (17-19).
Following the same steps, we first show that
ṼN2 (q, −U0∗ ) = 0,

(46)

where U0∗ (l) = UJ0 and J0 = {l}, and then prove that
−U0∗ is an optimal solution to problem (41). Moreover, U0∗
is the optimal solution to LP (11-15), according to the proof
of Theorem 2.
In the primal game, the parameter µ∗ (k) can be seen
as player 2’s initial regret given player 1’s type k, i.e. the
difference between the expected realized payoff at the beginning of stage 1, which is 0, and the guaranteed payoff of
player 2’s security strategy given player 1’s type k. Parameter
ν ∗ (l) is player 1’s initial regret given player 2’s type l, i.e.
the difference between the expected realized payoff at the

Similarly, in type 2 dual game Γ̃2N (p, ν), player 1’s sufficient
statistics is (t, k, pt , νt ), where t is the stage, k is player 1’s
type, pt ∈ ∆(K) is called the belief over player 1’s type, and
νt ∈ R|L| is called the regret over player 2’s type. The belief
pt over player 1’s type is defined as
pt (k) = P (k|Jt ), ∀k ∈ K, t = 1, . . . , N,

(51)

and is updated as follows, with p1 = p.
pt+1 (k) =

pt (k)Rt (at , k) . k
= p+ (at , Rt , pt ),
r̄pt ,Rt (at )

(52)

|A|×|K|
for all k ∈ K,
with Rt (:, k) = σt (It ),
P where Rt ∈ R
r̄pt ,Rt (at ) = k∈K pt (k)Rt (at , k), and p+ : A × ∆(A)|K| ×
∆(K) → ∆(K) is a vector valued function whose kth element
is pk+ . The regret over player 2’s type is defined as

νt (l) = ν(l) +

t−1
X

E(Mkl (as , bs )|Js+1 ),

s=1

for all l ∈ L, t = 1, . . . , N , and is updated as below
νt+1 (l) =νt (l) +

X

pt+1 (k)Mkl (at , bt ), with ν1 = ν

(53)

k∈K

. l
=ν+
(νt , at , bt , Rt , qt ), ∀l ∈ L
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The game value of type 2 dual game Γ̃2N (p, ν) satisfies the
following recursive formulation [15] with n = N + 1 − t.
Ṽn2 (pt , νt )
X

=

max

min

τ̃t∗ (l, µt , qt ) =

(54)

R∈∆(A)|K| b∈B

(68)

Ṽn2 (pt , νt )

From equation (48,49,52,53), we see that the sufficient
statistics (t, k, pt , νt ) and (t, l, µt , qt ) are fully accessible to
player 1 and 2, respectively. With sufficient statistics, player
2 in type 1 dual game Γ̃1N (µ, q) can first update its sufficient
statistics (t, k, µt , qt ) at stage t, then find the security strategy
for the game Γ̃1N +1−t (µt , qt ) in the remaining stages, and use
the security strategy at stage 1 in Γ̃1N +1−t (µt , qt ) as the current
security strategy. Player 1 in type 2 dual game can take the
same steps to find its current security strategy based on its
fixed sized sufficient statistics.
From the LP formulation of VN (p, q), we derive LP formulations to compute players’ security strategies in dual games.
Theorem 4. Consider a type 2 dual game Γ̃2N (p, ν). Let pt and
νt be the belief over player 1’s type and the regret over player
2’s type at stage t, respectively. The game value Ṽn2 (pt , νt ) of
n stage type 2 dual game Γ̃2n (pt , νt ) satisfies the following LP
formulation, where n = N + 1 − t.
(55)

x,U,ũ

s.t.UJ0 + νt (l) ≥ ũ, where J0 = {l},∀l ∈ L
X T
Mkl xI1 + UJT1 1 ≥ UJ0 1, ∀l ∈ L,

(56)
(57)

+

x

q∈∆(L) τ ∈T

UJTt+1 1

x

q∈∆(L)

= max min

!
n
X
q(l) νt (l) + E(
Mkl (as , bs )|l)

l∈L

s=1

q(l) νt (l) +

l∈L

X

x∈X q∈∆(L)

min
τ (l)∈T (l)

n
X
E(
Mkl (as , bs )|l)

!

s=1

q(l) (νt (l) + UJ0 ) .

l∈L

P
Define ũ = minq∈∆(L) l∈L q(l)(νt (l) + UJ0 ). According
to the dual theorem, given x, we have
ũ = max ũ
ũ

s.t.νt (l) + UJ0 ≥ ũ, ∀l ∈ L,

where UJ0 satisfies (35-37) with the horizon to be n.
Therefore, following the same steps in the proof of Theorem
2 to show Û = U , we have
ũ = max ũ
s.t.νt (l) + UJ0 ≥ ũ, ∀l ∈ L,
X T
Mkl xI1 + UJT1 1 ≥ UJ0 1, ∀l ∈ L,
k∈K

t

∀Jt+1 ∈ L × (A × B) , t = 1, . . . , n − 1,

T
Mkl
xIt+1 + UJTt+1 1 ≥ UJt (at , bt )1,

k∈K

≥ UJt (at , bt )1,

∀Jt+1 ∈ L × (A × B)t , t = 1, . . . , n − 1,

k∈K

(58)

T

T

1 xIt = xIt−1 (at−1 ),
∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , n

1 xIt = xIt−1 (at−1 ),
t−1

∀It ∈ K × (A × B)

, ∀t = 1, . . . , n

(59)

xIt ≥ 0, ∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , n

(60)

where UJn is a zero matrix for all l ∈ L. Player 1’s security
strategy σ̃t∗ (k, pt , νt ) at stage t is
σ̃t∗ (k, pt , νt ) =

X

= max min

X

k∈K
T
Mkl
xIt+1

= max min min

X

U,ũ

Ṽn2 (pt , νt ) = max ũ

x∗I1
, where I1 = {k}.
pt (k)

(61)

Similarly, in type 1 dual game Γ̃1N (µ, q), let µt and qt be
the regret over player 1’s type and the belief over player 2’s
type at stage t. The game value Ṽn1 (µt , qt ) of n stage type 1
dual game Γ̃1n (µt , qt ) satisfies the following LP formulation,
where n = N + 1 − t.
Ṽn1 (µt , qt ) = min w̃
y,W,w̃

s.t.WI0 + µt (k) ≤ w̃, where I0 = {k}, ∀k ∈ K,
X
Mkl yJ1 + WI1 1 ≤ WI0 1, ∀k ∈ K,

(62)
(63)
(64)

l∈L

X

yJ∗1
, where J1 = {l}.
qt (l)

Proof. First, We have

2
r̄pt ,R (a)Ṽn−1
(p+ (a, R, pt ), ν+ (νt , a, b, R, pt ))

a∈A

X

where WIn is a zero matrix for all In ∈ K × An−1 × Bn−1 .
Player 2’s security strategy τ̃t∗ (l, µt , qt ) at stage t is

Mkl yJt+1 + WIt+1 1 ≤ WIt (at , bt )1,

l∈L

∀, It+1 ∈ K × (A × B)t , t = 1, . . . , n − 1

xIt ≥ 0, ∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , n

Hence, equation (55-58) is shown. Player 1’s security strategy
at stage t in dual game Γ̃2N (p, ν) can be seen as player 1’s
security strategy at stage 1 in dual game Γ̃2n (pt , νt ). Hence,
according to equation (1), we have σ̃t∗ (k, pt , νt ) = x∗I1 /pt (k).
Following the same steps, we show equation (62-65) is also
true, and player 2’s security strategy at stage t is as in (68).
Now, let us get back to the primal N -stage repeated
Bayesian game ΓN (p, q). It was shown in [1], [15], [23]
that if ν ∗ is an optimal solution to maxν∈R|L| {ṼN2 (q, ν) −
q T ν}, then player 1’s security strategy in type 2 dual game
Γ̃2N (p, ν ∗ ) is also the player’s security strategy in the primal
game ΓN (p, q). Similarly, if µ∗ is an optimal solution to
minµ∈R|K| {ṼN1 (µ, q) − pT µ}, then player 2’s security strategy
in type 1 dual game Γ̃1N (µ∗ , q) is also the player’s security
strategy in the primal game ΓN (p, q). Since Lemma 3 shows
that ν ∗ and µ∗ are the regrets over player 2 and 1’s type,
respectively, we have the following corollary.

(65)

1T yJt = yJt−1 (bt−1 ),
∀Jt ∈ L × (A × B)t−1 , ∀t = 1, . . . , n

(66)

yJt ≥ 0, ∀Jt ∈ L × (A × B)t−1 , ∀t = 1, . . . , n

(67)

Corollary 5. Consider an N -stage repeated Bayesian game
ΓN (p, q) and its dual games Γ̃1N (µ, q) and Γ̃2N (p, ν). Player
1’s security strategy σ̃ ∗ ∈ Σ, which depends only on t, k,
pt , and νt at stage t, in type 2 dual game Γ̃2N (p, ν ∗ ) is also
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a player 1’s security strategy in the primal game ΓN (p, q),
where ν ∗ is given in (43).
Similarly, player 2’s security strategy τ̃ ∗ ∈ T , which
depends only on t, l, µt , and qt at stage t, in type 1 dual
game Γ̃1N (µ∗ , q) is also a player 2’s security strategy in the
primal game ΓN (p, q), where µ∗ is given in (42).
According to Corollary 5, we can compute player 1’s
security strategy in the following way. First, compute the initial
regret, ν ∗ , over player 2’s type. Stage by stage, update pt and
νt , and compute the security strategy based on t, k, pt , and νt
in the dual game. Player 2’s security strategy is computed in
the same way. This corresponds to the following algorithms.
Algorithm 6. Player 1’s security strategy based on fixed-sized
sufficient statistics
1) Initialization
∗
• Compute UJ based on LP (11-13).
0
∗
• Set t = 1, pt = p, and νt (l) = −UJ for all l ∈ L.
0
2) Compute player 1’s security strategy σ̃t∗ at stage t
according to (61) based on LP (55-60).
3) Choose an action in A according to σ̃t∗ , and announce
it publicly. Meanwhile, read player 2’s current action.
4) If t = N , then go to step 6. Otherwise, update pt+1 and
νt+1 according to (52) and (53), respectively.
5) Update t = t + 1 and go to step 2.
6) End.
Algorithm 7. Player 2’s security strategy based on fixed-sized
sufficient statistics
1) Initialization
∗
• Compute WI based on LP (17-19).
0
∗
• Set t = 1, qt = q, and µt (k) = −WI for all k ∈ K.
0
2) Compute Player 2’s security strategy τ̃t∗ at stage t
according to (68) based on LP (62-67).
3) Choose an action in B according to τ̃t∗ , and announce
it publicly. Meanwhile, read player 1’s current action.
4) If t = N , then go to step 6. Otherwise, update qt+1 and
µt+1 according to (48) and (49), respectively.
5) Update t = t + 1 and go to step 2.
6) End.
Algorithm 6 and 7 emphasize an important difference
between sufficient statistic based and action history based
strategies. The former must be solved for at every stage, while
the latter can be computed only once at the beginning of the
game. However, the sufficient statistic is of fixed size, while
the size of action history (which needs to record all possible
actions of both players over time) increases exponentially with
time. In that sense, computation of sufficient statistic based and
action history based strategies thus sit on opposite sides of the
time/storage complexity trade-off.
III. (1 − λ)-D ISCOUNTED R EPEATED BAYESIAN G AMES
A two-player zero-sum (1 − λ)-discounted repeated
Bayesian game, which is simply called discounted game or
discounted primal game in the rest of this paper, is specified
by the same seven-tuple (K, L, A, B, M, p0 , q0 ) and played in
the same way as in a two-player zero-sum N -stage repeated

Bayesian game. The one stage payoff of player 1, i.e. one stage
penalty of player 2, at stage t is λ(1 − λ)t−1 M (k, l, at , bt ),
where λ ∈ (0, 1), and the game is played for infinite horizon.
Correspondingly, the strategy spaces Σ and T are defined for
infinite horizon. The total payoff of the discounted game with
initial probability p0 , q0 and strategies σ and τ is defined as
γλ (p0 , q0 , σ, τ ) = Ep0 ,q0 ,σ,τ

∞
X

!
λ(1 − λ)

t−1

Mkl (at , bt ) .

t=1

The discounted game Γλ (p0 , q0 ) is defined as a two-player
zero-sum repeated Bayesian game equipped with initial distribution p0 and q0 , strategy spaces Σ and T , and payoff
function γλ (p0 , q0 , σ, τ ). As in N -stage games, in discounted
game Γλ (p0 , q0 ), player 1 wants to maximize the total payoff
γλ , while player 2 wants to minimize it.
The security strategies σ ∗ and τ ∗ , and security levels
V λ (p0 , q0 ) and V λ (p0 , q0 ) are defined in the same way as
in an N -stage repeated Bayesian game. Since γλ (p0 , q0 , σ, τ )
is bilinear over σ and τ , the discounted game Γλ (p0 , q0 ) has
a value Vλ (p0 , q0 ) according to Sion’s minmax Theorem [24],
i.e. Vλ (p0 , q0 ) = V λ (p0 , q0 ) = V λ (p0 , q0 ).
Prior works [15], [23], [1] provide players with sufficient
statistics, and recursive formulas to compute the sufficient
statistics in discounted games. But the physical meaning of
the initial condition, and a tractable computation method of the
initial condition are missing. We clarify the physical meaning
of the initial sufficient statistics, and construct LP formulations
to approximate the initial sufficient statistics in this section.
Computing game value and security strategies in discounted
games is non-convex. How to find a computationally tractable
approximated security strategies with guaranteed performance
is still an open problem. We provide each player with a linear
program to compute its approximated security strategy whose
performance converges to the game value exponentially fast.
A. Dual games, security strategies, and sufficient statistics
As in N -stage games, players’ security strategies in discounted games are strongly related to their security strategies
in the corresponding dual games. To be more specific, [15],
[23], [1] show that player 1’s security strategy in type 2 dual
game of discounted game Γλ (p, q) is its security strategy in
the discounted primal game, and player 2’s security strategy in
type 1 dual game of discounted game Γλ (p, q) is its security
strategy in the discounted primal game. Now let us first
introduce the dual games of the discounted game Γλ (p, q).
A discounted game Γλ (p, q) also has two dual games. A
discounted type 1 dual game Γ̃1λ (µ, q) is with respect to
the first parameter p, and is specified by the seven tuple
(K, L, A, B, µ, q) which is defined in the same way as in N stage type 1 dual game. A discounted type 1 dual game is
played in the same way as in an N -stage type 1 dual game
except that discounted type 1 dual game is played for infinite
stages. The one stage payoff of player 1, i.e. one stage penalty
of player 2, is the same as the one stage payoff in discounted
primal game. Let p be player 1’s strategy to choose his own
type. The total payoff γ̃λ1 of the Γ̃1λ (µ, q) is
γ̃λ1 (µ, q, p, σ, τ )

=Ep,q,σ,τ

µ(k) +

∞
X

!
λ(1 − λ)

t−1

Mkl (at , bt ) .

t=1
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A discounted type 1 dual game Γ̃1λ (µ, q) is defined as a twoplayer zero-sum (1 − λ)-discounted repeated Bayesian type
2 dual game equipped with initial regret µ over player 1’s
type, initial probability q over player 2’s type, strategy spaces
∆(K) × Σ and T , and payoff function γ̃λ1 (µ, q, p, σ, τ ).
A discounted type 2 dual game Γ̃2λ (p, ν) is defined with
respect to the second parameter q, and is specified by the
seven tuple (K, L, A, B, M, p, ν) defined in the same way as
in an N -stage type 2 dual game. The discounted type 2 dual
game Γ̃2λ (p, ν) is played in the same way as in an N -stage type
2 dual game, except that the discounted type 2 dual game is
played for infinite stages. The one stage payoff of player 1, i.e.
the one stage penalty of player 2, is λ(1 − λ)t−1 Mkl (at , bt )
at stage t, the same as the one stage payoff in the discounted
primal game. Let q be player 2’s strategy to choose his type.
Player 1’s payoff in Γ̃2λ (p, ν) is
γ̃λ2 (p, ν, q, σ, τ )

=Ep,q,σ,τ

ν(l) +

∞
X

!
λ(1 − λ)

t−1

Mkl (at , bt ) .

t=1

A discounted type 2 dual game Γ̃2λ (p, ν) is defined as a twoplayer zero-sum repeated Bayesian type 2 dual game equipped
with initial probability p over player 1’s type, initial regret ν
over player 2’s type, strategy spaces Σ and ∆(L) × T , and
payoff function γ̃λ2 (p, ν, q, σ, τ ).
In both discounted dual games, player 1 and 2 are the
maximizer and the minimizer, respectively. Both dual games,
Γ̃1λ (µ, q) and Γ̃2λ (p, ν), have values denoted by Ṽλ1 (µ, q) and
Ṽλ2 (p, ν). The game values of the dual games and the game
value of the primal game satisfy the following equations [15].
Ṽλ1 (µ, q) = max {Vλ (p, q) + pT µ}

(69)

Vλ (p, q) = min {Ṽλ1 (µ, p) − pT µ}

(70)

Ṽλ2 (p, ν) = min {Vλ (p, q) + q T ν}

(71)

Vλ (p, q) = max {Ṽλ2 (p, ν) − q T ν}

(72)

p∈∆(K)
µ∈R|K|

q∈∆(L)
ν∈R|L|

Let µ∗ and ν ∗ be optimal solutions to problem (70) and
(72), respectively. Player 2’s security strategy in type 1 dual
game Γ̃1λ (µ∗ , q) is also its security strategy in the primal
game Γλ (p, q). Player 1’s security strategy in type 2 dual
game Γ̃2λ (p, ν ∗ ) is its security strategy in the primal game
Γλ (p, q) [15], [23], [1]. While it is shown that the special
initial parameters µ∗ and ν ∗ are optimal solutions to problem
(70) and (72), it is unclear what µ∗ and ν ∗ stand for in the
discounted primal game. We show in the following lemma
that µ∗ (k) is the difference between 0 (the realized payoff at
the beginning of stage 1) and the total payoff guaranteed by
player 2’s security strategy in the discounted primal game if
player 1’s type is k. Similarly, ν ∗ (l) is the difference between
0 (the realized payoff at the beginning of stage 1) and the
total payoff guaranteed by player 1’s security strategy in the
discounted primal game if player 2’s type is l. The proof of
the following lemma is the same as the proof of Lemma 3.
Lemma 8. Consider a discounted game Γλ (p, q). Let σ ∗ and
τ ∗ be player 1 and 2’s security strategies. Define
ŪJ∗0 =

min
τ (l)∈T (l)

Ep,σ∗

∞
X
t=1

W̄I∗0

=

max
σ(k)∈Σ(k)

E

∞
X

q,τ ∗

!
λ(1 − λ)

t−1

Mkl (at , bt )|I0

,

t=1

where J0 = {l} and I0 = {k}. The optimal solution µ∗ to
the optimal problem minµ∈ R|K| {Ṽλ1 (µ, q) − pT µ} is
µ∗ (k) = −W̄I∗0 , where I0 = {k},∀k ∈ K.

The optimal solution ν ∗
maxν∈R|L| {Ṽλ2 (p, ν) − q T ν} is

to

the

optimal

(73)

problem

ν ∗ (l) = −ŪJ∗0 , where J0 = {l},∀l ∈ L.

(74)

Now, we know what the initial regrets µ∗ and ν ∗ mean
in a discounted primal game. Let us further study the players’
security strategies in the corresponding discounted dual games.
Player 2 in type 1 dual game Γ̃1λ (µ, q) has a security strategy
that depends only on (l, µ̄t , qt ) at stage t [15], [23], [1], where
l ∈ L is player 2’s type, qt ∈ ∆(L) is the belief over player 2’s
type, and µ̄t ∈ R|K| is called the anti-discounted regret over
player 1’s type. The belief qt over player 2’s type is defined
and updated in the same way as in an N -stage type 2 dual
game. The anti-discounted regret µ̄t over player 1’s type is
µ̄t (k) =

µ(k) +

Pt−1

s=1

λ(1 − λ)s−1 E(Mkl (as , bs )|Is+1 )
,
(1 − λ)t−1

for all k ∈ K, and is updated as follows.
P
µ̄t (k) + λ l∈L qt+1 (l)Mkl (at , bt )
µ̄t+1 (k) =
,
1−λ
. k
=µ̄+ (µ̄t , at , bt , Zt , qt )

(75)
(76)

for all k ∈ K, with µ̄1 = µ, where µ̄+ is a vector valued
function whose kth element is µ̄+
k.
Player 1 in discounted type 2 dual game Γ̃2λ (p, ν) has a
security strategy that only depends on (k, pt , ν̄t ) at stage t
[15], [23], [1], where k ∈ K is player 1’s type, pt ∈ ∆(K) is
the belief over player 1’s type, and ν̄t ∈ R|L| is called the antidiscounted regret over player 2’s type. Belief pt over player
1’s type is defined and updated as in an N -stage type 2 dual
game. The anti-discounted regret ν̄t on player 2’ type is
ν̄t (l) =

ν(l) +

Pt−1

s=1

λ(1 − λ)s−1 E(Mkl (as , bs )|Js+1 )
,
(1 − λ)t−1

for all l ∈ L, and is updated as follows
P

pt+1 (k)Mkl (at , bt )
,
1−λ
l
=ν̄+ (ν̄t , at , bt , Rt , pt )

ν̄t+1 (l) =

ν̄t (l) + λ

k∈K

(77)
(78)

for all l ∈ L, with ν̄1 = ν, where ν̄+ is a vector valued
l
function whose lth element is ν̄+
.
1
The game values Ṽλ (µ, q) and Ṽλ2 (p, ν) of discounted type
1 and type 2 dual games satisfy the following recursive
formulas, and the security strategies are computed by solving
the problems [15], [23], [1].
Ṽλ1 (µ, q) =

Ṽλ2 (p, ν)

min

Z∈∆(B)|L|

max(1 − λ)
a∈A

X

z̄q,Z (b)

b∈B

Ṽλ1 (µ̄+ (µ, a, b, Z, q), q+ (b, Z, q)).
X
= max min(1 − λ)
r̄p,r (a)
R∈∆(A)|K| b∈B

(79)

a∈A

Ṽλ2 (p+ (a, r, p), ν+ (ν, a, b, r, p)).

(80)

!
λ(1 − λ)t−1 Mkl (at , bt )|J0

,

This subsection provides what the special initial regrets µ∗
and ν ∗ are in a discounted primal game, and what players’
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security strategies are in dual games. The problem is that
computing the initial regrets in a discounted primal game and
the security strategies in discounted dual games are all nonconvex [14]. Therefore, in the rest of this section, we will focus
on computationally tractable approximated solutions and the
performances guaranteed by the approximated solutions.
B. Approximating the initial regrets µ∗ and ν ∗
Computing the initial regrets µ∗ and ν ∗ in discounted primal
game is non-convex, and we use the initial regrets µ? and ν ?
in an N -stage (1 − λ)-discounted primal game to approximate
them. An N -stage (1 − λ)-discounted repeated Bayesian game
Γλ,N (p, q) is a truncated version of the (1 − λ)-discounted
repeated Bayesian game Γλ (p, q) with time horizon N . A twoplayer zero-sum N -stage discounted repeated Bayesian game
is specified by the same seven-tuple (K, L, A, B, M, p, q) as
in a discounted repeated Bayesian game Γλ (p, q). The game
is played in the same way as in a discounted game. Player 1’s
one stage payoff, i.e. player 2’s one stage penalty, at stage t is
λ(1 − λ)1−t Mkl (at , bt ), the same as in a discounted repeated
Bayesian game. The only difference between an N -stage
discounted game and a discounted game is that an N -stage
discounted game is played for N stages while a discounted
game is played for infinite stages. Therefore, the total payoff
in an N -stage discounted game is
γλ,N (p, q, σ, τ ) = Ep,q,σ,τ

N
X

!
λ(1 − λ)t−1 Mkl (at , bt ) .

t=1

A two-player zero-sum N -stage discounted repeated Bayesian
game Γλ,N (p, q) is defined as a two-player zero-sum discounted repeated Bayesian game equipped with initial probabilities p and q, strategy spaces Σ and T , and payoff function
γλ,N (p, q, σ, τ ). Since an N -stage discounted game Γλ,N (p, q)
is still a finite game, it has a value denoted by Vλ,N (p, q).
In game Γλ,N (p, q), we define anti-discounted weighted
future security payoffs ŪJt (at , bt ) and W̄It (at , bt ) for t =
0, . . . , N − 1 as follows
ŪJt (at , bt ) = (1 − λ)−t

E

N
X

X

min
τt+1:N (l)∈Tt+1:N (l)

xIt (at )

k∈K

!
λ(1 − λ)s−1 Mkl as , bs )|k, Jt+1

,

s=t+1

W̄It (at , bt ) = (1 − λ)−t

E

N
X

X

max
σt+1:N (k)∈Σt+1:N (k)

yJt (bt )

l∈L

!
λ(1 − λ)s−1 Mkl (as , bs )|l, It+1

,

s=t+1

where It+1 = It ∪ {at , bt } and Jt+1 = Jt ∪ {at , bt }.
The anti-discounted weighted future security payoffs Ū and
W̄ of security strategies in an N -stage discounted game can be
computed by solving LP, and our approximated initial regrets
are the opposite of the corresponding optimal solutions.
Following the same steps as in Lemma 1 and Theorem 2,
we construct LP’s to compute Ū ? and W̄ ? as follows.
Theorem 9. Consider an N -stage (1−λ)-discounted repeated
Bayesian game Γλ,N (p, q). Its game value Vλ,N (p, q) satisfies
(81)

T
Mkl
xI1 + (1 − λ)ŪJT1 1 ≥ ŪJ0 1, ∀l ∈ L,

(82)

x,Ū

s.t.λ

X
k∈K

X

q(l)ŪJ0 , where J0 = {l}

Vλ,N (p, q) = max

l∈L

X

λ

T
Mkl
xIt+1 + (1 − λ)ŪJTt+1 1 ≥ ŪJt (at , bt )1,

k∈K

∀Jt+1 ∈ L × At × Bt , t = 1, . . . , N − 1,

(83)

T

1 xIt = xIt−1 (at−1 ),
∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , N

(84)

xIt ≥ 0, ∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , N

(85)

where ŪJN is a zero matrix for any JN ∈ L × (A × B)N −1 .
Given player 1’s security strategy σ ? , the anti-discounted
weighted future security payoff at stage 0 is ŪJ?0 for all J0 ∈ L.
Dually, Vλ,N (p, q) also satisfies
Vλ,N (p, q) = min
y,W̄

s.t.λ

X

X

pk W̄I0 , where I0 = {k}

(86)

k∈K

Mkl yJ1 + (1 − λ)W̄I1 1 ≤ W̄I0 1, ∀k ∈ K,

(87)

l∈L

λ

X

Mkl yJt+1 + (1 − λ)W̄It+1 1 ≤ W̄It (at , bt )1,

l∈L

∀, It+1 ∈ K × (A × B)t , t = 1, . . . , N − 1

(88)

T

1 yJt = yJt−1 (bt−1 ),
∀Jt ∈ L × (A × B)t−1 , ∀t = 1, . . . , N
yJt ≥ 0, ∀Jt ∈ L × (A × B)

t−1

, ∀t = 1, . . . , N

(89)
(90)

where W̄IN is a zero matrix for any IN ∈ K×(A×B)N −1 . For
player 2’s security strategy τ ? , the anti-discounted weighted
future security payoff at stage 0 is W̄I?0 for all I0 ∈ K.
With ŪJ?0 and W̄I?0 computed based on (81-85) and (86-90),
according to Lemma 8, we approximate µ∗ and ν ∗ as
µ† (k) = − W̄I?0 , where I0 = {k},

(91)

ν † (k) = − ŪJ?0 , where J0 = {l}.

(92)

C. Approximating security strategies σ̃ ∗ and τ̃ ∗ in dual games
Computing security strategies in discounted dual games is
non-convex [14]. Therefore, we use game values of truncated
discounted dual games to approximate the game value of discounted dual games, and then compute approximated security
strategies based on the approximated game values. An N -stage
(1 − λ)-discounted type 1 dual game Γ̃1λ,N (µ, q) is a truncated
discounted type 1 dual game Γ̃1λ (µ, q) with time horizon N . A
two-player zero-sum N -stage (1 − λ)-discounted type 1 dual
game is specified by a seven tuple (K, L, A, B, M, µ, q) which
is defined in the same way as in a (1 − λ)-discounted type 1
dual game, and is played in the same way as in a discounted
type 1 dual game. Player 1’s one stage payoff is the same as in
a discounted type 1 dual game. The only difference between
an N -stage discounted type 1 dual game and a discounted
type 1 dual game is that the former is played for N stages,
while the latter is played for infinite stages. Let p be player
1’s strategy to choose its type. The total payoff of an N -stage
discounted type 1 dual game is
1
γ̃λ,N
(µ, q, p, σ, τ )

=Ep,q,σ,τ

µ(k) +

N
X

!
λ(1 − λ)

t−1

Mkl (at , bt ) .

t=1

A two-player zero-sum N -stage discounted type 1 dual game
Γ̃1λ,N (µ, q) is defined as a two-player zero-sum N -stage (1 −
λ)-discounted type 1 dual game equipped with initial regret
µ over player 1’s type, initial probability q over player 2’s
type, strategy spaces ∆(K) × Σ and T , and payoff function
1
γ̃λ,N
(µ, q, p, σ, τ ). Since N -stage discounted type 1 dual game
1
is a finite game, it has a game value denoted by Ṽλ,N
(µ, q).
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Following the same steps as in the proof of Proposition 4.22
1
1
in [15], the game value Ṽλ,N
+1 (µ, q) of game Γ̃λ,N +1 (µ, q)
satisfies the following recursive formula.
1
Ṽλ,N
+1 (µ, q) =

min

max(1 − λ)

Z∈∆(B)|L| a∈A

X

z̄q,Z (b)

1
2
kVλ − Vλ,N ksup = kṼλ1 − Ṽλ,N
ksup = kṼλ2 − Ṽλ,N
ksup

b∈B

1
Ṽλ,N
(µ+ (µ, a, b, Z, q), q+ (b, Z, q)),

(93)

1
Ṽλ,0
(µ, q)

Lemma 10. Consider a discounted game Γλ (p, q) and its
dual games Γ̃1λ (µ, q) and Γ̃2λ (p, ν), and an N -stage discounted game Γλ,N (p, q) and its dual games Γ̃1λ,N (µ, q) and
Γ̃2λ,N (p, ν). Their game values satisfy

Γ̃1λ,N (µ, q)

with
= max{µ}. Moreover, since
is
the type 1 dual game of Γλ,N (p, q) with respect to the first
parameter p, their game values satisfy
(94)

1
Vλ,N (p, q) = min {Ṽλ,N
(µ, q) − pT µ}.

(95)

p∈∆(K)

µ∈R|K|

1
Proof. First, we show that kVλ −Vλ,N ksup ≤ kṼλ1 − Ṽλ,N
ksup .
According to equation (70) and (95), we have

|Vλ (p, q) − Vλ,N (p, q)|
1
=| min{Ṽλ1 (µ, q) − pT µ} − min{Ṽλ,N
(µ, q) − pT µ}|.
µ∈R

1
Ṽλ,N
(µ, q) = max {Vλ,N (p, q) + pT µ},

(99)

µ∈R

∗

?

Let µ and µ be optimal solutions to problem
1
min{Ṽλ1 (µ, q) − pT µ} and min{Ṽλ,N
(µ, q) − pT µ},
µ∈R

µ∈R

1
respectively. If min{Ṽλ1 (µ, q) − pT µ} ≥ min{Ṽλ,N
(µ, q) −

Similarly, an N -stage (1 − λ)-discounted type 2 dual game
Γ̃2λ,N (p, ν) is a truncated version of a discounted type 2 dual
game Γ̃2λ (p, ν) with time horizon N . A two-player zero-sum
N -stage discounted type 2 dual game is specified by the same
seven tuple (K, L, A, B, M, p, ν) as in a discounted type 2 dual
game, and is played in the same way as in a discounted type
2 dual game. Player 1’s one stage payoff, i.e. player 2’s one
stage penalty, is λ(1−λ)t−1 Mkl (at , bt ) at stage t, the same as
in discounted type 2 dual game. The only difference between
an N -stage discounted type 2 dual game and a discounted
type 2 dual game is that the former is played for N stages
while the latter is played for infinite stages. Let q be player
2’s strategy to choose its own type. The total payoff of an
N -stage discounted type 2 dual game is
2
γ̃λ,N
(p, ν, q, σ, τ ) =Ep,q,σ,τ

ν(k) +

N
X

!

A two-player zero-sum N -stage discounted type 2 dual game
Γ̃2λ,N (p, ν) is defined as a two-player zero-sum N -stage (1 −
λ)-discounted repeated Bayesian type 2 dual game equipped
with initial probability p over player 1’s type, initial regret ν
over player 2’s type, strategy spaces Σ and ∆(L) × T , and
2
payoff function γ̃λ,N
(p, ν, q, σ, τ ). Since game Γ̃2λ,N (p, ν) is
2
a finite game, it has a game value denoted by Ṽλ,N
(p, ν).
2
The game value Ṽλ,N +1 (p, ν) of the N -stage discounted
type 2 dual game Γ̃2λ,N +1 (p, ν) satisfies [15]
max

min(1 − λ)

R∈∆(A)|K| b∈B

X

r̄p,R (a)

p∈∆(K)

Let p∗ and p? be optimal solutions to max {Vλ (p, q) +
p∈∆(K)

max {Vλ,N (p, q) + pT µ}, respectively. If

and

p∈∆(K)

max {Vλ (p, q) + pT µ} ≥ max {Vλ,N (p, q) + pT µ}, then

p∈∆(K)

p∈∆(K)

1
we have |Ṽλ1 (µ, q) − Ṽλ,N
(µ, q)| ≤ |Vλ (p∗ , q) − Vλ,N (p∗ , q)|.
1
Otherwise, it is true that |Ṽλ1 (µ, q) − Ṽλ,N
(µ, q)| ≤
?
?
|Vλ (p , q) − Vλ,N (p , q)|. Therefore, we conclude that for any
1
µ ∈ R|K| and q ∈ ∆(L), |Ṽλ1 (µ, q) − Ṽλ,N
(µ, q)| ≤ kVλ −
1
1
Vλ,N ksup , which implies that kṼλ − Ṽλ,N k ≤ kVλ −Vλ,N ksup .
Therefore, we prove the first equality of (99). Following the
2
ksup .
same steps, we have kVλ − Vλ,N ksup = kṼλ2 − Ṽλ,N
1
2
When we use Ṽλ,N
(µ, q) and Ṽλ,N
(p, ν) to approximate
2
and Ṽλ (p, ν), respectively, we are interested in how
fast the approximations converge to the real game values. To
this purpose, we define two operators F̃ 1 and F̃ 2 as
1

F̃Z1,Ṽ (µ, q) = max(1 − λ)

T

(97)

2
Vλ,N (p, q) = max {Ṽλ,N
(p, ν) − q T ν}.

(98)

q∈∆(L)

a∈A

F̃R2,Ṽ

2

X

z̄q,Z (b)

b∈B

Ṽ 1 (µ+ (µ, a, b, Z, q), q+ (b, Z, q)),
X
(p, ν) = min(1 − λ)
r̄p,R (a)
b∈B

Based on the relations between the game values of the
discounted game, the truncated discounted game Γλ,N (p, q),
and their dual games, we have the following lemma.

(100)

a∈A

2

= min {Vλ,N (p, q) + q ν},
ν∈R|L|

p∈∆(K)

(96)

with Ṽλ,0 (p, ν) = min{ν}. An N -stage discounted type
2 dual game Γ̃2λ,N (p, ν) is the dual game of an N -stage
discounted primal game Γλ,N (p, q) with respect to the second
parameter q, and hence their game values satisfy
2
Ṽλ,N
(p, ν)

=| max {Vλ (p, q) + pT µ} − max {Vλ,N (p, q) + pT µ}|.

Ṽλ1 (µ, q)

a∈A

2
Ṽλ,N
(p+ (a, R, p), ν+ (ν, a, b, R, p)),

µ∈R

1
|Ṽλ1 (µ, q) − Ṽλ,N
(µ, q)|

λ(1 − λ)t−1 Mkl (at , bt ) . pT µ}

t=1

2
Ṽλ,N
+1 (p, ν) =

µ∈R

pT µ}, then we have |Vλ (p, q) − Vλ,N (p, q)|
≤
1
|Ṽλ1 (µ? , q) − Ṽλ,N
(µ? , q)|. Otherwise, it is true that
1
|Vλ (p, q) − Vλ,N (p, q)| ≤ |Ṽλ1 (µ∗ , q) − Ṽλ,N
(µ∗ , q)|.
Therefore, we have, for any p ∈ ∆(K) and q ∈ ∆(L),
1
|Vλ (p, q) − Vλ,N (p, q)| ≤ kṼλ1 − Ṽλ,N
ksup , which implies
1
1
that kVλ − Vλ,N ksup ≤ kṼλ − Ṽλ,N ksup .
1
ksup .
Next, we show that kVλ − Vλ,N ksup ≥ kṼλ1 − Ṽλ,N
According to equation (69) and (94), we have

Ṽ (p+ (a, R, p), ν+ (ν, a, b, R, p)).

(101)

Lemma 11. Given any Z ∈ ∆(A)|K| , R ∈ ∆(B)|L| and λ ∈
(0, 1), the operators F̃ 1 and F̃ 2 defined in (100) and (101)
are contraction mappings with contraction constant 1 − λ, i.e.
1,Ṽ11

kF̃Z

2,Ṽ12

kF̃R

1,Ṽ21

− F̃Z

2,Ṽ22

− F̃R

ksup ≤ (1 − λ)kṼ11 − Ṽ21 ksup ,

(102)

Ṽ22 ksup ,

(103)

ksup ≤ (1 −

λ)kṼ12

−
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1
2
where Ṽ1,2
: R|K| × ∆(L) → R and Ṽ1,2
: ∆(K) × R|L| → R.

Proof. Let a∗ X
and a? be optimal solutions to problem max(1 − λ)
z̄q,Z Ṽ11 (µ+ (µ, a, b, Z, q), q+ (b, Z, q)) and
a∈A
X b∈B
max(1 − λ)
z̄q,Z Ṽ21 (µ+ (µ, a, b, Z, q), q+ (b, Z, q)).
a∈A

If

b∈B
1,Ṽ11
F̃Z (µ, q)

1,Ṽ21

≥ F̃Z

(µ, q), we have

1,Ṽ 1
|F̃Z 1 (µ, q)

≤(1 −

1,Ṽ 1
− F̃Z 2 (µ, q)|
X
λ)
z̄q,Z (b)|Ṽ11 (µ+ (µ, a∗ , b, Z, q), q+ (b, Z, q))

Hence, for any µ ∈ R|K| and q ∈ ∆(L), |Ṽλ1 (µ, q) −
1
1
1
Ṽλ,N
+1 (µ, q)| ≤ (1−λ)kṼλ − Ṽλ,N ksup , which implies (104).
Equation (106) is shown following the same steps.
1
2
With the approximated values Ṽλ,N
(µ, q) and Ṽλ,N
(p, ν),
we can derive player 1 and 2’s approximated security strategies
σ̃ † and τ̃ † based on equation (79) and (80) as follows.

σ̃ † (:, p, ν) = arg max min(1 − λ)

X

r∈∆(A)|K|

a∈A

a∈A
b∈B
1
Ṽλ,N (µ+ (µ, a, b, z, q), q+ (b, z, q)).

≤(1 − λ)kṼ11 − Ṽ21 ksup .

Otherwise, we have
1,Ṽ 1

(µ, q) − F̃Z 2 (µ, q)|
X
≤(1 − λ)
z̄q,Z (b)|Ṽ11 (µ+ (µ, a? , b, Z, q), q+ (b, Z, q))
b∈B

− Ṽ21 (µ+ (µ, a? , b, Z, q), q+ (b, Z, q))|
≤(1 − λ)kṼ11 − Ṽ21 ksup .
1,Ṽ 1

Hence, for any µ ∈ R|K| and q ∈ ∆(L), |F̃Z 1 (µ, q) −
1,Ṽ 1
F̃Z 2 (µ, q)| ≤ (1 − λ)kṼ11 − Ṽ21 ksup , which implies equation
(102). Equation (103) is shown following the same steps.
Lemma 11 further implies that our game value approxima1
2
tions Ṽλ,N
(µ, q) and Ṽλ,N
(p, ν) converge to the real game
1
2
values Ṽλ (µ, q) and Ṽλ (p, ν) exponentially fast over N .
Theorem 12. Consider (1 − λ)-discounted repeated Bayesian
dual games Γ̃1λ (µ, q) and Γ̃2λ (p, ν), and their game val1
ues Ṽλ1 (µ, q) and Ṽλ2 (p, ν). The game values Ṽλ,N
(µ, q)
2
and Ṽλ,N (p, ν) of N -stage (1 − λ)-discounted dual games
Γ̃1λ,N (µ, q) and Γ̃2λ,N (p, ν) converge to Ṽλ1 (µ, q) and Ṽλ2 (p, ν)
exponentially fast with respect to the time horizon N with
convergence rate 1 − λ, i.e.
kṼλ1

−

1
Ṽλ,N
+1 ksup

1
− Ṽλ,N
ksup ,
1
1
λ)
kṼλ − Ṽλ,0
ksup
2
λ)kṼλ2 − Ṽλ,N
ksup

(106)

2
≤(1 − λ)N +1 kṼλ2 − Ṽλ,0
ksup

(107)

≤(1 −
≤(1 −

2
kṼλ2 − Ṽλ,N
+1 ksup ≤(1 −

λ)kṼλ1
N +1

(104)
(105)

Proof. Equation (79), equation (93), and the definition of
1
F̃ 1 in (100) imply that |Ṽλ1 (µ, q) − Ṽλ,N
=
+1 (µ, q)|
1,Ṽλ1

| min F̃z
z∈∆(L)

1
1,Ṽλ,N

(µ, q) − min F̃z

(µ, q)|.

z∈∆(L)

Let z ∗ and z ? be optimal solutions to problems
1,Ṽλ1

minz∈∆(L) F̃z

1
1,Ṽλ,N

(µ, q) and minz∈∆(L) F̃z

(µ, q), respec1
1,Ṽλ,N

1,Ṽλ1

tively. If minz∈∆(L) F̃z (µ, q) ≥ minz∈∆(L) F̃z
according to equation (102), we have
|Ṽλ1 (µ, q)
1,Ṽ 1
≤kF̃z? λ

−

−

1
Ṽλ,N
+1 (µ, q)|

1,Ṽ 1
F̃z? λ,N ksup

≤

1,Ṽ 1
|F̃z? λ (µ, q)

−

(µ, q),

1,Ṽ 1
F̃z? λ,N (µ, q)|

1
≤ (1 − λ)kṼλ1 − Ṽλ,N
ksup .

1,Ṽλ1

−

Comparing equation (108) and (109) with equation (96) and
(93), we see that the approximated security strategy of player
1 in discounted type 2 dual game is the security strategy of
player 1 at stage 1 in N + 1-stage discounted type 2 dual
game, and the approximated security strategy of player 2 in
discounted type 1 dual game is the security strategy of player
2 at stage 1 in N + 1-stage discounted type 1 dual game.
Following the same steps as in the proof of Theorem 4, we
provide LP formulations to compute the approximated security
strategies σ̃ † and τ̃ † in the following theorem.
2
Theorem 13. The game value Ṽλ,N
+1 (p, ν) of an N +1-stage
(1 − λ)-discounted type 2 dual game Γ̃2λ,N +1 (p, ν) satisfies
2
Ṽλ,N
+1 (p, ν) = max ũ

(110)

x,Ū ,ũ

s.t.ŪJ0 + ν(l) ≥ ũ, where J0 = {l},∀l ∈ L
X T
λ
Mkl xI1 + (1 − λ)ŪJT1 1 ≥ ŪJ0 1, ∀l ∈ L,

(111)
(112)

k∈K

λ

X

T
Mkl
xIt+1 + (1 − λ)ŪJTt+1 1 ≥ ŪJt (at , bt )1,

k∈K

∀Jt+1 ∈ L × At × Bt , t = 1, . . . , N,

(113)

T

1 xIt = xIt−1 (at−1 ),
∀It ∈ K × (A × B)t−1 , ∀t = 1, . . . , N + 1
t−1

xIt ≥ 0, ∀It ∈ K × (A × B)

(114)

, ∀t = 1, . . . , N + 1

≤ (1 −

1
1,Ṽλ,N

(µ, q) − F̃z∗

λ)kṼλ1

−

1
Ṽλ,N
ksup .

(115)

N

where ŪJN +1 is a zero matrix for all JN +1 ∈ L × A × BN .
The approximated security strategy σ̃ † (:, p, ν) of player 1 in
a discounted type 2 dual game with pt = p and ν̄t = ν is
σ̃ † (k, p, ν) =

x?I1
, ∀k ∈ K.
p(k)

(116)

1
Similarly, the game value Ṽλ,N
+1 (µ, q) of an N + 1-stage
1
discounted type 1 dual game Γ̃λ,N +1 (µ, q) satisfies
1
Ṽλ,N
+1 (µ, q) = min w̃

(117)

y,W̄ ,w̃

s.t.W̄I0 + µ(k) ≤ w̃, where I0 = {k}, ∀k ∈ K,
X
λ
Mkl yJ1 + (1 − λ)W̄I1 1 ≤ W̄I0 1, ∀k ∈ K,

(118)
(119)

l∈L

λ

X

Mkl yJt+1 + (1 − λ)W̄It+1 1 ≤ W̄It (at , bt )1,
∀, It+1 ∈ K × (A × B)t , t = 1, . . . , N

1
|Ṽλ1 (µ, q) − Ṽλ,N
+1 (µ, q)| ≤ |F̃z ∗
1,Ṽ 1
F̃z∗ λ,N ksup

(109)

l∈L

Otherwise, we have
1,Ṽ 1
≤kF̃z∗ λ

(108)

z∈∆(B)|L|

b∈B

1,Ṽ11

r̄p,r (a)

2
Ṽλ,N
(p+ (a, r, p), ν+ (ν, a, b, r, p)),
X
†
τ̃ (:, µ, q) = arg min max(1 − λ)
z̄q,z (b)

− Ṽ21 (µ+ (µ, a∗ , b, Z, q), q+ (b, Z, q))|

|F̃Z

b∈B

(120)

1T yJt = yJt−1 (bt−1 ),
(µ, q)|

∀Jt ∈ L × (A × B)t−1 , ∀t = 1, . . . , N + 1
yJt ≥ 0, ∀Jt ∈ L × (A × B)t−1 , ∀t = 1, . . . , N + 1

(121)
(122)
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where W̄IN +1 is a zero matrix for all IN +1 ∈ K × AN × BN .
The approximated security strategy τ̃ † (:, µ, q) of player 2 in a
discounted type 1 dual game with µ̄t = µ and qt = q is
τ̃ † (l, µ, q) =

yJ?1
, ∀l ∈ L.
q(l)

(123)

Player 1’s security strategy in discounted type 2 dual game
Γ̃2λ (p, ν ∗ ) is its security strategy in discounted primal game
Γλ (p, q), where ν ∗ is the optimal solution to the optimal
problem in (72). We can first transform the discounted primal
game Γλ (p, q) to a discounted type 2 dual game Γ̃2λ (p, ν ? )
with an approximated initial regret ν ? , and then compute the
approximated security strategy in the discounted type 2 dual
game as its approximated security strategy in the discounted
primal game. The same idea is also used to compute player 2’s
approximated security strategy in a discounted primal game.
Finally, we will provide algorithms to compute both players’
approximated security strategies.
Algorithm 14. Player 1’s approximated security strategy in
discounted game Γλ (p, q)
1) Initialization
• Set N , and read parameters: k, M , p, and q.
?
• Given (p, q), compute ŪJ by solving LP (81-85).
0
?
• Set t = 1, p1 = p and ν̄1 = −ŪJ .
0
2) Compute player 1’s approximated security strategy σ̃ † (:
, pt , νt ) according to (116) based on the LP (110-115)
with p = pt and ν = ν̄t .
3) Choose an action in A according to σ̃ † (k, pt , ν̄t ), and
announce it publicly. Read player 2’s action bt .
4) Update pt+1 and νt+1 according to (52) and (77).
5) Update t = t + 1 and go to step 2.
Algorithm 15. Player 2’s approximated security strategy in
discounted game Γλ (p, q)
1) Initialization
• Set N , and read parameters: l, M , p, and q.
?
• Given (p, q), compute W̄I by solving LP (86-90).
0
?
• Set t = 1, q1 = q and µ̄1 = −W̄I .
0
2) Compute player 2’s approximated security strategy τ̃ † (:
, µt , qt ) according to (123) based on the LP (117-122)
with µ = µ̄t and q = qt .
3) Choose an action in B according to τ̃ † (l, µt , qt ), and
announce it to the public. Read player 1’s action at .
4) Update qt+1 and µ̄t+1 according to (48) and (75).
5) Update t = t + 1 and go to step 2.
D. Performance analysis of approximated security strategies
With player 1 and 2’s approximated security strategies σ̃ †
and τ̃ † described in Algorithm 14 and 15, we are interested
in their worst case payoffs Gσ̃† and Gτ̃ † . Given player 1’s
strategy σ, its worst case payoff in game Γλ (p, q) is
Gσ (p, q) = min γλ (p, q, σ, τ ).
τ ∈T

(124)

Similarly, given player 2’s strategy τ ∈ T , its worst case
payoff in discounted game Γλ (p, q) is defined as
Gτ (p, q) = max γλ (p, q, σ, τ ).
σ∈Σ

Because players’ approximated security strategies in game
Γλ (p, q) are derived from the approximated security strategies
in its dual games, their worst case payoffs in Γλ (p, q) are
highly related to the worst case payoffs in the dual games.
We define player 1’s worst case payoff G̃2,σ in dual game
Γ̃2λ (p, ν) and player 2’s worst case payoff G̃1,τ in dual game
Γ̃1λ (µ, q) as
G̃2,σ (p, ν) = min min γ̃λ2 (p, ν, q, σ, τ ),
G̃1,τ (µ, q)

= max max γ̃λ1 (µ, q, p, σ, τ ).
p∈∆(K) σ∈Σ

(127)

Following the same steps as in the proof of (69-72) in [23],
[15], we can show the worst case payoffs Gσ (p, q), G̃2,σ (p, ν),
Gτ (p, q), and G̃1,τ (µ, q) satisfy the following euqations.
G̃2,σ (p, ν) = min {Gσ (p, q) + q T ν},

(128)

q∈∆(L)

T

(129)

T

(130)

T

(131)

Gσ (p, q) = max {G̃2,σ (p, ν) − q ν},
ν∈R|L|

G̃1,τ (µ, q) = max {Gτ (p, q) + p µ},
p∈∆(K)

Gτ (p, q) = min {G̃1,τ (µ, q) − p µ}.
µ∈R|K|

The worst case payoffs G̃2,σ and G̃1,τ in the dual games
satisfy recursive formulas if σ and τ are stationary strategies.
Lemma 16. Let σ be player 1’s stationary strategy that
depends only on k, pt and νt in a discounted type 2 dual
game Γ̃2λ (p, ν). Its worst case payoff G̃2,σ (p, ν) satisfies
2,G̃

2,σ
G̃2,σ (p, ν) = F̃σ(:,p,ν)
(p, ν).

(132)

Similarly, let τ be player 2’s stationary strategy that depends only on l, µt and qt in a discounted type 1 dual game
Γ̃1λ (µ, q). Its worst case payoff G̃1,τ (µ, q) satisfies
1,G̃

1,τ
(µ, q).
G̃1,τ (µ, q) = F̃τ (:,µ,q)

(133)

Proof. According to Bellman’s principle, we have

Gσ (p, q) =

min

Z∈∆(B)|L|

X

λ

p(k)q(l)R(:, k)T M kl Z(:, l)

l∈L,k∈K


X

+(1 − λ)

r̄p,R (a)z̄q,Z (b)Gσ (p+ (a, p, R), q+ (b, q, Z))

a∈A,b∈B

where R(:, k) = σ(k, p, ν). From equation (128), we derive

G̃2,σ (p, ν) =

X

min

q∈∆(L),Z∈∆(B)|L|

X

+λ

q(l)Z(b, l)ν(l)


b∈B,l∈L

p(k)q(l)R(a, k)Mkl (a, b)Z(b, l) + (1 − λ)

l∈L,k∈K,a∈A,b∈B


X

r̄p,R (a)z̄q,Z (b)Gσ (p+ (a, p, R), q+ (b, q, Z))

a∈A,b∈B

= (1 − λ)
X
l∈L

(125)

(126)

q∈∆(L) τ ∈T

X

min

q∈∆(L),Z∈∆(B)|L|

ν(l)
l
q+
(b, q, Z)

+λ

z̄q,Z (b)

k∈K

r̄p,R (a)

a∈A

b∈B

P

X

pk+ (a, p, R)Mkl (a, b)
1−λ

+Gσ (p+ (a, p, R), q+ (b, q, Z))) .
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l
Since q(l)Z(b, l) = q+
(b, q, Z)z̄q,Z (b) for any l ∈ L
and b ∈ B, the minimum function taken with respect to
q ∈ ∆(L), Z ∈ ∆(B)|L| is the same as the minimum function
taken with respect to q+ ∈ ∆(L)|B| , z̄ ∈ ∆(B). Thus, we have

G̃2,σ (p, ν) = (1 − λ)

min

X
|B|

q+ ∈∆(L)
z̄∈∆(B)

ν(l) + λ

P

k∈K

z̄(b)

b∈B

X

r̄p,R (a)

a∈A

X

l
q+
(b)

l∈L

pk+ (a, p, R)Mkl (a, b)
+ Gσ (p+ (a, p, R), q+ (b))
1−λ

=(1 − λ) min
z̄∈∆(B)

X

z̄(b)

X

!

r̄p,R (a)

G̃2,σ (p+ (a, p, R), ν+ (ν, a, b, R, p))
X
=(1 − λ) min
r̄p,R (a)G̃2,σ (p+ (a, p, R), ν+ (ν, a, b, R, p))
b∈B

a∈A

2,G̃2,σ
=F̃σ(:,p,ν)
(p, ν).

The second equality is derived from (128).
Following the same steps, we can show equation (133).
Based on Lemma 16, we are ready to analyze the performance difference between players’ approximated security
strategies and their security strategies.
Theorem 17. Consider a discounted game Γλ (p, q). If player
1 uses σ̃ † defined in (108) as its strategy, and uses Algorithm
14 to take actions, its worst case payoff Gσ̃† (p, q) satisfies
2(1 − λ)
kVλ,N − Vλ ksup .
λ
N +1
2(1 − λ)
kVλ ksup
≤
λ

kGσ̃† − Vλ ksup ≤

(134)
(135)

If player 2 uses τ̃ † defined in (109) as its strategy, and follows
Algorithm 15 to take actions, its worst case payoff Gτ̃ † (p, q)
satisfies
2(1 − λ)
kVλ,N − Vλ ksup .
λ
2(1 − λ)N +1
≤
kVλ ksup .
λ

kGτ̃ † − Vλ ksup ≤

(136)
(137)

Proof. According to equation (129) and (70), we have
|Gσ̃† (p, q) − Vλ (p, q)| = | maxν∈R|L| {G̃2,σ̃† (p, ν) − q T ν} −
maxν∈R|L| {Ṽλ2 (p, ν) − q T ν}|. Let ν ∗ be a solution to problem
maxν∈R|L| {Ṽλ2 (p, ν) − q T ν}. Since Gσ̃† (p, q) ≤ Vλ (p, q), we
have
|Gσ̃† (p, q) − Vλ (p, q)| ≤ |G̃2,σ̃† (p, ν ∗ ) − Ṽλ2 (p, ν ∗ )|
≤kG̃2,σ̃† − Ṽλ2 ksup , ∀p ∈ ∆(K), q ∈ ∆(L)

(138)

According to equation (132), (106) and (103), we have for
any p ∈ ∆(K) and any ν ∈ R|L| ,
|G̃2,σ̃† (p, ν) − Ṽλ2 (p, ν)|
2
2
2
≤|G̃2,σ̃† (p, ν) − Ṽλ,N
+1 (p, ν)| + |Ṽλ,N +1 (p, ν) − Ṽλ (p, ν)|
2,G̃

†

2,Ṽ 2

2
2,σ̃
λ,N
≤|F̃σ̃† (:,p,ν)
(p, ν) − F̃σ̃† (:,p,ν)
(p, ν)| + (1 − λ)kṼλ,N
− Ṽλ2 ksup
2
2
≤(1 − λ)kG̃2,σ̃† − Ṽλ,N
ksup + (1 − λ)kṼλ,N
− Ṽλ2 ksup .

2
Thus, we have kG̃2,σ̃† −Ṽλ2 ksup ≤ (1−λ)kG̃2,σ̃† −Ṽλ,N
ksup +
2
2
2
(1 − λ)|Ṽλ,N − Ṽλ ksup ≤ (1 − λ)kG̃2,σ̃† − Ṽλ ksup + 2(1 −
2
λ)|Ṽλ,N
− Ṽλ2 ksup , which implies that

kG̃2,σ̃† − Ṽλ2 ksup ≤

2(1 − λ) 2
kṼλ,N − Ṽλ2 ksup .
λ

Theorem 17 shows that the performances of our approximated security strategies of both players converge to the game
value exponentially fast over N .
IV. C ASE S TUDY

a∈A

b∈B

After applying the above inequality to (138), we have for
any p ∈ ∆(K) and q ∈ ∆(L), |Gσ̃† (p, q) − Vλ (p, q)| ≤
2(1−λ)
2
kṼλ,N
− Ṽλ2 ksup , which implies that kGσ̃† − Vλ ksup ≤
λ
2(1−λ)
2
kṼλ,N − Ṽλ2 ksup . According to equation (99) and (105),
λ
equation (134) and (135) are shown. With the same technique,
eq. (136) and (137) are shown.

The jamming in underwater sensor networks is originally
modeled as a two-player zero-sum one-shot Bayesian game
in [8]. We adopt the game model in [8], and extend it to
a repeated Bayesian game with uncertainties on both the
sensors’ positions and the jammer’s position.
Let us assume that there are two sensors in the network
which send data to a sink node through a shared spectrum
at [10, 40] kHz. The distance from a sensor to the sink node
is either 1 km or 5 km. The shared spectrum is divided into
two channels, B1 = [10, 25] kHz and B2 = [25, 40] kHz.
Generally speaking, channel 1 works much better for a sensor
far away, and almost the same as channel 2 for a sensor close
by. The sensors need to coordinate with each other to use
the two channels to transfer as much data as possible to the
sink node in the presence of a jammer. The jammer’s distance
from the sink node is 0.5 km or 2 km. While the jammer
doesn’t know the sensors’ positions, the sensors don’t know
the jammer’s position either. For every time period, the jammer
can only generate noises in one channel, which can be detected
by the sensors. Meanwhile, the jammer can observe whether a
channel is used by a far-away sensor or a close-by sensor. The
jammer needs to minimize the throughput of the two channels.
The sensors (player 1) have three types according to their
position distribution, which are [1 1] (type 1), [1 5] (type 2),
and [5, 5] (type 3). We consider [1 5] and [5 1] as one type. The
initial distribution over the three types is p0 = [0.5 0.3 0.2].
When playing the game, they have two choices, sensor 1
uses channel 1 while sensor 2 uses channel 2 (action 1)
or sensor 1 uses channel 2 while sensor 2 uses channel 1
(action 2). The jammer (player 2) has two types according
to his position, which are 0.5 (type 1) and 2 (type 2), and
the initial distribution over the two types is q0 = [0.5 0.5].
His actions are jamming channel 1 (action 1) or channel 2
(action 2). Suppose both the sensors and the jammer transmit
with constant power 95 dB re νPa. A channel’s capacity can
be computed based on the Shannon-Hartley theorem with the
average under water signal-to-noise ratio described in [25],
[8]. The payoff matrices, whose element is the total channel
capacity measured by bit/s given both players’ types and
actions, are given in Table I.
We first consider a two-stage Bayesian repeated game
between the sensors and the jammer. Based on the linear
program (11-13), we compute the sensors’ security strategy
shown in Table II with a security level to be 162.49 bit/s.
According to the linear program (17-19), the jammer’s security
strategy is computed, and given in Table III. The jammer’s
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TABLE I
T HE PAYOFF MATRIX , TOTAL CHANNEL CAPACITY MATRIX , GIVEN
JAMMER ’ S TYPE l AND SENSORS ’ TYPE k IS LOCATED AT THE
CORRESPONDING ELEMENT OF THE TABLE .

HHl
H

H
k

1 ([1 1] km)
2 ([1 5] km)
3 ([5 5] km)

1(0.5 km)
108.89
108.89
11.48
99.04
1.64
1.64

113.78
113.78
107.38
20.15
13.75
13.75

2 (2 km)
122.30
122.30
24.89
100.26
2.85
2.85

154.40
154.40
107.42
60.77
13.79
13.79

security level is 162.49 bit/s which meets the sensors’ security
level. We then use the players’ security strategies in Table
II and III in the two-stage under water jamming game. The
jamming game was run for 100 times for each experiment, and
we did the experiment for 30 times. The total channel capacity
in the jamming game varies from 142.12 bit/s to 185.23 bit/s
with an average capacity to be 162.79 bit/s, which is almost
the same as the game value computed according to (11-13)
and (17-19).
Next, we would like to use security strategies based on
fixed-sized sufficient statistics in the jamming game, and
see whether we can still achieve the game value. First of
all, we need to verify Theorem 5. According to Lemma 3
and linear program (17-19) and (11-13), the initial regret µ∗
in type 2 dual game Γ̃2N (p0 , µ∗ ) is [−145.45 − 179.53],
and the initial regret ν ∗ in type 1 dual game Γ̃1N (ν ∗ , q0 ) is
[−234.77 − 141.44 − 13.38]. Player 1’s security strategy
in dual game Γ̃2N (p0 , µ∗ ) is computed according to the linear
program (55-57), and given in Table IV. We see that player 1’s
security strategy in dual game Γ̃2N (p0 , µ∗ ) is different from but
very close to player 1’s security strategy in the primal game
ΓN (p0 , q0 ). The security level of σ̃ ∗ in the primal game is
162.49 (checked by building a linear program the same as
(11-13) with x fixed), the game value of the primal game.
Therefore, σ̃ ∗ is player 1’s another security strategy. Player
2’s security strategy in the dual game Γ̃1N (ν ∗ , q0 ) is computed
according to linear program (62-65), and given in Table V,
which matches player 2’s security strategy in the primal game
ΓN (p0 , q0 ). We then run the two-stage under water jamming
game using security strategies based on fixed sized sufficient
statistics, and followed Algorithm 6 and 7 to take actions. For
each experiment, the two-stage under water jamming game
was run for 100 times, and we did 30 experiments. The channel
capacity varies from 144.38 to 180.31 bit/s, with an average
capacity to be 162.32 bit/s, which meets the game value.
Finally, we test Algorithm 14 and 15 in the discounted
under water jamming game with discount constant λ = 0.7
to see whether the outcome satisfies our anticipation. In
the algorithms, we set N = 3, and Vλ,3 = 78.28 bit/s.
First, we found that the highest game value of a 3-stage
discounted game occurs at p0 = [1 0 0] and q0 = [0 1],
and kVλ,3 ksup = 118.99 bit/s. Second, we found an upper
bound on kVλ ksup . According to equation (99) and (104), we
have kVλ − Vλ,3 ksup ≤ (1 − λ)3 kVλ ksup , which implies that
kVλ ksup ≤ 1/(1 − (1 − λ)3 )kVλ,3 ksup = 122.29 bit/s. Third,

TABLE II
T HE SENSORS ’ ACTION HISTORY BASED SECURITY STRATEGY IN THE
2- STAGE PRIMAL REPEATED BAYESIAN GAME GIVEN HISTORY
INFORMATION It = (k, a1 , . . . , at−1 , b1 , . . . , bt−1 )
(1, ∅, ∅)
0.43 0.57
(2, ∅, ∅)
0.18 0.82
(3, ∅, ∅)
0.44 0.56

It
σt∗ (It )
It
σt∗ (It )
It
σt∗ (It )

(1,1,1)
(1,1,2)
0.5 0.5
0.5 0.5
(2,1,1)
(2,1,2)
01
0.23 0.77
(3,1,1)
(3,1,2)
0.5 0.5
0.5 0.5
TABLE III

(1,2,1)
0.5 0.5
(2,2,1)
01
(3,2,1)
0.5 0.5

(1,2,2)
0.5 0.5
(2,2,2)
0.39 0.61
(3,2,2)
0.5 0.5

T HE JAMMER ’ S ACTION HISTORY BASED SECURITY STRATEGY IN THE
2- STAGE PRIMAL REPEATED BAYESIAN GAME GIVEN HISTORY
INFORMATION Jt = (l, a1 , . . . , at−1 , b1 , . . . , bt−1 )
Jt
τt∗ (Jt )
Jt
τt∗ (Jt )

(1, ∅, ∅)
0.068 0.932
(2, ∅, ∅)
10

(1,1,1)
(1,1,2)
01
0.5 0.5
(2,1,1)
(2,1,2)
10
\
TABLE IV

(1,2,1)
01
(2,2,1)
10

(1,2,2)
0.5 0.5
(2,2,2)
\

T HE SENSORS ’ SUFFICIENT STATISTICS BASED SECURITY STRATEGY IN
2- STAGE TYPE 2 DUAL REPEATED BAYESIAN GAME Γ̃2N (p0 , µ∗ ) GIVEN
It = (k, a1 , . . . , at−1 , b1 , . . . , bt−1 )
It
σ̃t∗ (It )
It
σ̃t∗ (It )
It
σ̃t∗ (It )

(1, ∅, ∅)
0.33 0.67
(2, ∅, ∅)
0.18 0.82
(3, ∅, ∅)
0.45 0.55

(1,1,1)
0.5 0.5
(2,1,1)
01
(3,1,1)
0.5 0.5

(1,1,2)
0.5 0.5
(2,1,2)
0.25 0.75
(3,1,2)
0.5 0.5
TABLE V

(1,2,1)
0.5 0.5
(2,2,1)
0.068 0.932
(3,2,1)
0.5 0.5

(1,2,2)
0.5 0.5
(2,2,2)
0.38 0.62
(3,2,2)
0.5 0.5

T HE JAMMER ’ S SUFFICIENT STATISTICS BASED SECURITY STRATEGY IN
2- STAGE TYPE 1 DUAL REPEATED BAYESIAN GAME Γ̃1N (ν ∗ , q0 ) GIVEN
Jt = (l, a1 , . . . , at−1 , b1 , . . . , bt−1 )
Jt
τt∗ (Jt )
Jt
τt∗ (Jt )

(1, ∅, ∅)
0.068 0.932
(2, ∅, ∅)
10

(1,1,1)
01
(2,1,1)
10

(1,1,2)
0.5 0.5
(2,1,2)
\

(1,2,1)
01
(2,2,1)
10

(1,2,2)
0.5 0.5
(2,2,2)
\

we derive a lower bound on the security level of the sensors’
approximated security strategy. According to equation (134),
(99) and (106), we have Gσ̃† (p0 , q0 ) ≥ Vλ,3 (p0 , q0 ) − 2(1 −
λ)4 /λkVλ ksup ≥ 75.44 bit/s. Finally, we get an upper bound
on the security level of the jammer’s approximated security
strategy. According to equation (136) , (99) and (104), we
have Gτ̃ † (p0 , q0 ) ≤ Vλ (p
, q0 ) + 2(1 − λ)4 /λkVλ ksup ≤
P0∞
Vλ,3 (p0 , q0 ) + (1 − λ)3 t=1 λ(1 − λ)t−1 154.4 + 2(1 −
λ)4 /λkVλ ksup ≤ 85.28 bit/s. Therefore, our anticipated channel capacity in the discounted under water jamming game is
between 75.44 and 85.28 bit/s. Now, we run the discounted
under water jamming game (10 stages) for 100 times. For
each run, we truncate the infinite horizon discounted game to
10 stages, since the total channel capacity for the truncated
stages is less than 10−3 bit/s. The average channel capacity is
82.15 bit/s, which is within our anticipation, and verifies our
main results in the discounted games.
V. C ONCLUSION AND FUTURE WORK
This paper studies two-player zero-sum repeated Bayesian
games, and provides LP formulations to compute players’
security strategies in finite horizon case and approximated
security strategies in discounted infinite horizon case with
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performance guarantee. In both cases, strategies based on
fixed-sized sufficient statistic are provided. The fixed-sized
sufficient statistics for each player consists of the belief over
his own type and the regret with respect to the other player’s
type. An interesting future direction is using the basic idea
in this paper to study fictitious play. In fictitious play, if
a player’s utility function depends on not only the other
players’ strategies but also some private information of the
other players, an estimation (belief and/or regret) of the other
players’ private information can be helpful.

[21] M. Brückner and T. Scheffer, “Stackelberg games for adversarial prediction problems,” in Proceedings of the 17th ACM SIGKDD international
conference on Knowledge discovery and data mining. ACM, 2011, pp.
547–555.
[22] B. Von Stengel, “Efficient computation of behavior strategies,” Games
and Economic Behavior, vol. 14, no. 2, pp. 220–246, 1996.
[23] B. De Meyer, “Repeated games and partial differential equations,”
Mathematics of Operations Research, vol. 21, no. 1, pp. 209–236, 1996.
[24] M. Sion et al., “On general minimax theorems,” Pacific J. Math, vol. 8,
no. 1, pp. 171–176, 1958.
[25] N. Baldo, P. Casari, and M. Zorzi, “Cognitive spectrum access for
underwater acoustic communications,” in ICC Workshops-2008 IEEE
International Conference on Communications Workshops. IEEE, 2008,
pp. 518–523.

R EFERENCES
[1] D. Rosenberg, “Duality and markovian strategies,” International Journal
of Game Theory, vol. 27, no. 4, pp. 577–597, 1998.
[2] R. P. McAfee and J. McMillan, “Auctions and bidding,” Journal of
economic literature, vol. 25, no. 2, pp. 699–738, 1987.
[3] Y. Ouyang, H. Tavafoghi, and D. Teneketzis, “Dynamic oligopoly games
with private markovian dynamics,” in Decision and Control (CDC), 2015
IEEE 54th Annual Conference on. IEEE, 2015, pp. 5851–5858.
[4] F. Aziz, J. Shamma, and G. L. Stuber, “Jammer type estimation in lte
with a smart jammer repeated game,” IEEE Transactions on Vehicular
Technology, 2017.
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