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S U M M A R Y
Elastic reflection waveform inversion (ERWI) utilizes reflections to update the low and inter-
mediate wavenumbers in the deeper part of elastic models and can provide good initial models
for elastic full waveform inversion (EFWI). Although ERWI aims to mitigate the nonlinearity
of inversion when starting from a poor initial model, it suffers from the cycle-skipping prob-
lem due to the objective function of waveform fitting. Building initial P- and S-wave velocity
models for EFWI through elastic wave-equation reflection traveltime inversion (ERTI) would
be effective and robust since traveltime information relates to the background model more
linearly. However, the current implementations of acoustic traveltime inversion is not straight-
forward in elastic media due to the existence of S-wavefields. Wave mode decomposition,
both on the recording surface and in the extrapolated wavefields, is important for ERTI. First,
for seismic data with P-wave sources, the P/S separation of multicomponent seismograms
isolates the PP and PS reflection events and thus make it possible to extract the event-to-event
time-shifts of these isolated reflections through dynamic image warping (DIW). Then, we
can use the traveltime residuals of PP and PS reflections to build the objective function for
ERTI. Second, based on the investigation of the complicated reflection kernels in an elastic
medium, we demonstrate the necessity of wave mode decomposition applied on the extrapo-
lated elastic wavefields, to suppress the artefacts induced by the undesirable cross-correlations
of the components in forward and back-propagated wavefields. Therefore, the decomposition
of surface recording data and extrapolated wavefields guarantees the dominate contribution of
the traveltime is included during the ERTI. Accordingly, we propose a two-stage method to
first build the P-wave background velocity using the separated PP reflections and then build
the S-wave background velocity using the separated PS reflections based on the well-recovered
P-wave velocity model. A numerical example of the Sigsbee2A model shows the effectiveness
of the proposed ERTI approach.

Key words: Inverse theory; Waveform inversion; Seismic tomography; Elasticity and anelas-
ticity.

1 I N T RO D U C T I O N

With the emergence of long-offset wide-azimuth acquisitions and
broad-band sources, full waveform inversion (FWI) has been rec-
ognized as an efficient tool for constructing velocity models and for
quantitative seismic imaging Virieux & Operto (2009). Although
FWI, which primarily focuses on P-wave velocity inversion, has
been widely studied in past decades Tarantola (1984); Pratt et al.
(1998); Shipp & Singh (2002). Researchers have recently given
more attention to waveform inversion under the elastic assumption,
which is referred to as elastic full waveform inversion (EFWI; Taran-
tola 1986). Waveform inversion provides high-resolution model
estimation of the elastic properties, but it suffers from the cycle

skipping easily because of its insensitivity to the low and interme-
diate wavenumber components of the model when the acquisition
illumination is poor and/or good initial models are unavailable Sears
et al. (2008); Brossier et al. (2009). Moreover, multiparameter trade-
off effects and more complicated elastic wave phenomena increase
the difficulties with EFWI. Appropriate parametrization, more pre-
conditioning and hierarchical strategies should be considered dur-
ing EFWI to address the nonlinearity and parameter trade-offs Sears
et al. (2008); Operto et al. (2013); Prieux et al. (2013); Wang et al.
(2015b); Oh & Alkhalifah (2016).

For classic FWI, long-offset data corresponding to diving waves
are important to build the long-to-intermediate wavelengths of the
model. However, the penetration depths of diving waves are far
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from sufficient to reach the target in the deeper part, even when us-
ing the wide-aperture surveys. In addition, the low signal-to-noise
ratio at the far offset is also a limit for FWI relying on diving
waves. Therefore, researchers have attempted to utilize the reflec-
tions to help to build a macro-model containing low-to-intermediate
wavenumbers in the deep part Stork (1992); Chavent et al. (1994);
Clement et al. (2001); Symes (2008b); Xu et al. (2012). This pro-
cess can be implemented in the image domain or the data do-
main. Indeed, image-domain ray-based tomography Stork (1992);
Woodward et al. (2008); Jones (2010) is a workhorse in the stan-
dard workflow to obtain the background velocity by flattening the
common image gathers. However, when the lateral velocity vari-
ation is strong, the ray-based method fails to present the wave
propagation underground. Great efforts have been made to de-
velop wave-equation-based reflection inversion that employs wave-
form or traveltime information to overcome the limits of ray the-
ory Plessix et al. (1999); Xu et al. (2012); Ma & Hale (2013);
Chi et al. (2015); Wang et al. (2015a); Wu & Alkhalifah (2015);
Zhou et al. (2015).

Alternatively, the misfit function of reflection inversion can be
built in the image domain in the manner of wave-equation migration
velocity analysis (WEMVA), which aims to annihilate the energy
at non-zero subsurface offsets in the image gathers Symes (2008a);
Almomin & Biondi (2012); Sun & Symes (2012); Biondi & Al-
momin (2013). Recently, Raknes & Weibull (2016) developed an
image-domain method to recover the P-wave velocity (Vp) in 3-D
elastic media. Wang et al. (2017a) exploited the extended PS image
in WEMVA to update the S-wave velocity (Vs) with the help of
elastic wave mode decomposition. However, the extended-domain
methods are limited due to their prohibitive computational cost,
especially in 3-D cases. In the data domain, inspired by the pioneer-
ing work of reflection inversion Chavent et al. (1994); Plessix et al.
(1999); Clement et al. (2001), Xu et al. (2012) proposed reflection
waveform inversion (RWI) to reduce the nonlinearity in FWI by
reconstructing the long-wavelength components of the model using
the reflections predicted through a migration/demigration process.
Recently, Zhou et al. (2015) proposed a joint FWI method that com-
bines RWI and FWI to utilize both diving and reflected waves. Wu
& Alkhalifah (2015) developed an RWI scheme to simultaneously
update the background velocity and the perturbation in acoustic
media. This approach was recently extended to elastic media Guo
& Alkhalifah (2017), referred to as elastic reflection waveform in-
version (ERWI). Theoretically, RWI requires the high-wavenumber
model perturbation to generate the reflections which can match the
amplitude of the observed data. And this high-wavenumber pertur-
bation should be updated with the least-squares migration as long
as the background velocity changes.

Compared with waveform information, traveltime is more sen-
sitive and linearly related to the low-wavenumber components of
the model. Therefore, traveltime inversion will be more robust and
helpful to build good initial models for conventional FWI Wang
et al. (2014). Ma & Hale (2013) introduced a wave-equation re-
flected traveltime inversion method based on dynamic image warp-
ing (DIW) to build the low-wavenumber portion of the model. Chi
et al. (2015) and Wang et al. (2015a) employed a correlation-based
method to extract temporal and spatial lag to implement reflection
inversion. Elastic reflections carry the background information of
Vp and Vs, which can help to build good initial velocity models
for EFWI. Unfortunately, the current traveltime inversion method
in acoustic media is hard to straightforwardly implement in elastic
case. Even using the reflection tomography, we need the a priori
information of important horizons and employ the particular P or

S events to constrain the inversion Broto et al. (2003); Du et al.
(2012); Yang et al. (2015).

In elastic media, the traveltime shifts of a particular wave mode
are difficult to extract due to the complicated wave phenomena, such
as mode conversion. Therefore, the estimated time-shifts would be
inaccurate or misleading when the original multicomponent seis-
mograms are used directly. In addition, since the multiparameter
trade-offs increase the nonlinearity of inversion, more hierarchi-
cal strategies should be considered to address this problem. Wang
& Cheng (2017) proposed preconditioning of the EFWI gradients
through wave mode decomposition to mitigate the parameter trade-
offs and explained that this preconditioning approximately employs
the off-diagonal Hessian blocks when recovering Vs. As a natural
way to obtain the separated data subsets, wave mode decomposi-
tion is expected to have the potential to precondition elastic wave-
equation reflection traveltime inversion (ERTI) with a more flexible
hierarchical strategy.

In this paper, we exploit the traveltime misfits of the PP and PS
reflections to implement an ERTI approach with the aid of wave
mode decomposition and DIW. First, the elastic reflection kernels
are calculated and decomposed according to the wave mode to ob-
tain insights and suppress the artefacts in the gradient calculation.
Then, P/S separation is applied to the observed and predicted seis-
mograms to extract the isolated event-to-event traveltime residuals
of the PP or PS reflections via DIW. These processes lead to a two-
stage ERTI approach, in which we first invert the PP reflections to
recover the background Vp model and then invert the PS reflections
to recover the background Vs model. Given that the reflectors in the
PS image should be at the same depths as those in the PP image, we
take the well-positioned PP image as the parameter perturbation to
generate PS reflections in the second stage. Moreover, we precon-
dition the gradient with respect to Vs through mode decomposition
to suppress the artefacts. A numerical example of the Sigsbee2A
model is presented to illustrate the robustness and validity of our
ERTI method.

2 T H E O RY O F E RT I

The subsurface of the Earth can be considered as elastic media
under the elastodynamic assumption. Seismic wave propagation in
such media is governed by the wave equation

ρ
∂u2

i

∂t2
− ∂

∂x j

[
ci jkl

∂uk

∂xl

]
= fi , (1)

where ui and fi are the ith components of the particle displacement
vector and the body force, respectively; ρ is the density; and cijkl

is the component of the stiffness tensor. All indices change from 1
to 3, and Einstein’s summation convention over repeated indices is
implied.

Assume that there is a perturbation c1
i jkl in the background elastic

media c0
i jkl , the background wavefields ui and perturbed wavefields

ûi satisfy

ρ
∂u2

i

∂t2
− ∂

∂x j

[
c0

i jkl

∂uk

∂xl

]
= fi (2)

and

ρ
∂ û2

i

∂t2
− ∂

∂x j

[
c0

i jkl

∂ ûk

∂xl

]
= ∂

∂x j

[
c1

i jkl

∂uk

∂xl

]
. (3)

In the sense of first-order Born scattering, ûi can be taken as the
demigrated reflection data using the image perturbation c1

i jkl ob-
tained via reverse time migration (RTM) or other imaging methods.
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(a) (b) (c)

Figure 1. Schematic illustration of the calculation of the reflection kernels: (a) the physical realization of an L mode converts to a Q mode: t1 and t2 are traveltime

of the incident and reflected part, respectively. (b) Source side cross-correlation satisfying t(uM ) + t(ψ̂
N

) + t(ψ) = t1 + t2. (c) Receiver side cross-correlation
satisfying t(u) + t(ûM ) + t(ψ N ) = t1 + t2. Note, the black lines denote forward wave propagation while the blue ones denote backward wave propagation.
ū represents the physical realization and u represents the numerically reconstructed wavefields in the subsurface. For a certain physical realization (a), the
corresponding migration or inversion process may generate all kinds of wave modes during the wavefield extrapolation (b or c). The two cross-correlations
can be taken as pre-stack migration above the interface with the receiver or source moving to their mirror locations below the interface, given that the forward
and adjoint wavefields meet at the image point with a ‘scattering’ angle θ . The common-mode cross-correlations provide zero-wavenumber (transmission)
components only when θ = 180◦ and M = N = L at source side (or M = N = Q at receiver side). The low-wavenumber (transmission) components decrease if
θ decreases within the first Fresnel zone. Other responses with smaller ‘scattering’ angles lead to relatively high-wavenumber artefacts to the reflection kernels.

Figure 2. Reflection kernels for a horizontal interface due to the perturbation of P-wave velocity at the depth of 1.1 km: (a) Vp, (b) Vs, (c) KVp and (d) KVs .
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Figure 3. Reflection kernels for a horizontal interface due to the perturbation of S-wave velocity at the depth of 1.1 km: (a) Vp, (b) Vs, (c) KVp and (d) KVs .

Due to the waveform fitting objective function in RWI, a least-
squares or true amplitude migration is required for the perturbation
of stiffness tensor to accurately predict the amplitude of reflection
data. In ERTI, we aim to minimize the traveltime differences be-
tween the observed data do and the calculated data dc using the
following objective function:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

τ (xr, t) = arg min
τ

∫ T

0

∑
r

‖ dc(xr , t) − do(xr , t + τ ) ‖2

E = 1

2

∫ T

0

∑
r

τ 2(xr, t)dt,

(4)

where the time-shift τ (xr, t) can be extracted through DIW Hale
(2013). For efficiency, we apply conventional RTM instead of its
expensive least-squares counterpart to provide the perturbed stiff-
ness coefficients because we focus on the kinematics.

After the derivation in Appendix A using the adjoint state method,
the gradients of the objective function in eq. (4) can be expressed
as

∂ E

∂c0
i jkl

= −
∫

(
∂ui

∂x j

∂ψ̂k

∂xl
+ ∂ ûi

∂x j

∂ψk

∂xl
)dt, (5)

where ui and ûi are the state variables representing the forward back-
ground wavefields and perturbed wavefields, respectively. ψ i and

ψ̂i are the adjoint state variables representing the back-propagated
background wavefields and the perturbed wavefields and satisfying

ρ
∂ψ2

i

∂t2
− ∂

∂x j

[
c0

i jkl

∂ψk

∂xl

]
= τ (xr, t)

ḋ
o

i (xr, t + τ )

h(xr, t)
, (6)

and

ρ
∂ψ̂2

i

∂t2
− ∂

∂x j

[
c0

i jkl

∂ψ̂k

∂xl

]
= ∂

∂x j

[
c1

i jkl

∂ψk

∂xl

]
, (7)

where h(xr, t) = ḋo(xr, t + τ )2 − d̈o(xr, t + τ )[dc(xr, t) −
do(xr, t + τ )] (the hat dot denotes the time derivative). The first
equation indicates that the adjoint background wavefields ψ is
determined by the adjoint source at the receiver locations, whereas
the second equation shows that the adjoint perturbed wavefield ψ̂

is determined by the virtual source related to the high-wavenumber
image perturbations. On the right-hand side of eq. (5), the two
cross-correlations constitute the source and receiver parts of the
reflection wave path.

For the isotropic case, the stiffness tensor satisfies

ci jkl = ρ(V 2
p − 2V 2

s )δi jδkl + ρV 2
s (δikδ jl + δilδ jk), (8)

where δij is the Kronecker symbol. For simplicity, we derive the
gradients with respect to the stiffness coefficients for inversion,
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Figure 4. Four components of KVs : (a) K P P
Vs

, (b) K P S
Vs

, (c) K S P
Vs

and (d) K SS
Vs

. Here, we only decompose the extrapolated elastic wavefields but do not apply
the P/S separation before injecting the adjoint sources on the recording surface.

however, the velocity parametrization is more reasonable for imple-
menting the traveltime inversion. Thus, we obtain the gradients in
terms of the background Vp and Vs through the chain rule, namely

∂ E

∂Vp
= 2ρVp

∂ E

∂c0
i jkl

δi jδkl ,

∂ E

∂Vs
= 2ρVs

∂ E

∂c0
i jkl

(−2δi jδkl + δikδ jl + δilδ jk). (9)

3 D E C O M P O S I T I O N O F E L A S T I C
R E F L E C T I O N K E R N E L S

As demonstrated in Tromp et al. (2005) and Fichtner et al. (2006a,b),
much of our physical intuition is based on the interpretation of
sensitivity or Frechét kernels, which are defined as the volumetric
densities of the misfit Frechét derivatives. Frechét kernels reveal
how the objective function is affected by infinitesimal changes in
the model parameters . The study of the reflection (Frechét) kernels
enables the design of efficient inversion schemes and a physically
meaningful interpretation of the results.

For brevity, we use a simple formula to express the gradient (or
reflection kernel):

∇E(m0) = −
∫

(u ⊗ ψ̂ + û ⊗ ψ), (10)

where m0 is the background model, u and û are the incident and
perturbed forward wavefields, and ψ and ψ̂ are the incident and
perturbed adjoint wavefields, respectively. The operator ⊗ denotes
the zero-lag cross-correlation between two wavefields. Note that eq.
(10) just schematically shows the manner of cross-correlation. The
detailed formula of a specified parametrization should be derived
according to the chain rule as in eq. (9). Due to the complex wave
phenomena, the wave path of elastic reflections is far more compli-
cated than that in the acoustic case. Since the four wavefields in eq.
(10) contain both P- and S-waves, the cross-correlations between
different wave mode conversions generate artefacts in the reflec-
tion kernel Wang et al. (2017b). In addition, the non-physical mode
conversions occurring at the reflectors or recording surface further
contaminate the reflection kernels.
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Figure 5. Decomposition of KVp in Fig. 3(c) by injecting the PP and PS events separately and decomposing the extrapolated elastic wavefields: (a) adjoint
sources for backward-propagated wavefields; (b) KVp , and its (c) source- and (d) receiver-side subkernels; panels (e)–(h) represent source- and receiver-side
kernel components: the first and second rows denote the injected adjoint sources and the involved wave modes, while the last row shows the four kernel
components. Note that the reflection kernels of the background P-wave velocity only result from common-mode cross-correlation of P-wave fields because of
the divergence operations in eq. (9). Panel (h) displays some high-wavenumber artefacts very far away from the first Fresnel zone due to the non-physical mode
conversions when injecting the PS event at the receiver location.

To gain more insight into the elastic reflection kernel, we de-
compose it into four components, which correspond to the cross-
correlation of different wave modes, as follows:

K M N
m0

= −
∫

(uM ⊗ ψ̂
N + ûM ⊗ ψ N ), M, N ∈ {P, S}. (11)

K M N
m0

represents the sum of two cross-correlations between the for-
ward wavefields of the M mode and the adjoint wavefields of the
N mode. Note that the superscript M or N indicates the mode type
of the wavefields involved in the cross-correlation rather than a
particular wave mode in the seismograms.

As illustrated in Fig. 1(a), there is an L mode incident wavefield
that is converted to a Q mode at the interface. Note ū represents the
physical realization and u represents the numerically reconstructed
wavefields in the subsurface. So, for a certain physical realization
of the mode conversion (Fig. 1a), the corresponding migration or
inversion process using the adjoint-state method may generate all

kinds of wave modes during the wavefield extrapolation (Figs 1 b or
c). Given the traveltimes t1 and t2 for the two legs of the ray path, the
kernels calculated using eq. (11) can be considered as the results of
pre-stack migration of the event recorded at the time t1 + t2. Taking
the source-side kernel as an example (Fig. 1b), the forward and
adjoint wavefields will meet at an ‘image’ point with a ‘scattering’

angle of θ , when t(uM ) + t(ψ̂
N

) + t(ψ) = t1 + t2, where t(uM ) rep-
resents the traveltime of the forward background wavefields from

source to the image point, t(ψ̂
N

) represents the traveltime of the
adjoint perturbed wavefields from the reflection point to the image
point and t(ψ) represents the traveltime of the adjoint background
wavefields from the receiver to the reflection point. Like in the
RTM results based on the cross-correlation imaging condition, the
reflection kernels contain both low-wavenumber (transmission) and
high-wavenumber (scattering) responses. When the ‘scattering’ an-

gle approaching 180◦ and t(uM ) + t(ψ̂
N

) = t1, the source-side leg
becomes a transmission one, which admits near-zero wavenumber
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456 T. Wang et al.

Figure 6. Decomposition of KVs in Fig. 3(d) by injecting the PP and PS events separately: (a) adjoint sources for backward-propagated wavefields; (b) KVs , and
its (c) source- and (d) receiver-side subkernels; panels (e)–(h) represent source- and receiver-side kernel components: the first row denotes the injected adjoint
sources, the second row shows the involved wavefields and the bottom row shows the four kernel components. Note, this is only the first-level decomposition.

updates. Depending on the frequency, the wavenumber of the kernel
will increase within the first Fresnel zone away from the ray path and
yields reasonable resolution of the low-to-intermediate wavenum-
bers of the model. These components of the reflection kernel are
required to build the background velocity models, while the others
would be artefacts that have adverse effects on the inversion.

For illustration, we calculate the reflection kernels of a single
source–receiver pair for a horizontal interface in a constant back-
ground. We use a pure P-wave source with a main frequency of
15 Hz. True perturbation of the stiffness tensor is used to synthesize
the perturbed wavefields. In the first test, the interface results from
Vp perturbation at a depth of 1.1 km in a homogeneous medium

(Figs 2 a and b). Only PP reflections exist in the data (like in acous-
tic media), so mode decomposition is not used in this case. As
shown in Figs 2(c) and (d), the reflection kernels consist of two-
wide first Fresnel zones centred on the two-way ray paths between
the reflection point and the source/receiver. KVp represents the low-
wavenumber wave paths of the PP reflection. In KVs , we observe
similar low-wavenumber wave paths that are relatively weaker at the
centre of the first Fresnel zones, representing the effects of P-wave
components on the reflection kernel of Vs. As in acoustic reflec-
tion kernels Zhou et al. (2015), we also observe the isochrones
located below the interface, which decrease in size at higher
frequencies.
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Elastic reflection kernel analysis & ERTI 457

Figure 7. Further decomposition of the subkernel in Fig. 6(h) through mode decomposition of the extrapolated receiver-side forward (perturbed) and adjoint
(background) wavefields: (a) The injected adjoint source; (b) subkernel of KVs to be decomposed; panels (c)–(f) represent the involved wave modes (top)
and the corresponding kernel components (bottom). The red symbols (ψ P ) in (c) and (e) denote the backward propagating P wavefields resulting from the
non-physical mode conversion at the receiver location. Note that only the common-mode cross-correlation of the S wavefields in panel (f) corresponds to the
reflection kernel because the background S-wave velocity only has effects on the receiver-side kinematics of PS reflections.

Figure 8. The gradient with respect to Vs with using the same model as in Fig. 3 but for a common-shot record: the source is on the left while the receivers
are located on the top of the model with a minimal offset of 500m. (a) no P/S separation on the recording surface or in the extrapolated wavefields, (b) using
the proposed two-level mode decomposition method.

In the second test, the interface results from Vs perturbation
(Figs 3 a and b) to generate both PP and PS reflections. The ker-
nel of Vp excludes S-wave components automatically owing to the
divergence operation implied in the gradient calculation, see eq.
(9). However, the result is slightly different from that in Fig. 2(c)
because mode conversions at the interface introduce the effects of
the induced SP waves in the adjoint perturbed wavefields. Various
mode conversions and wave path overlapping make the kernel of

Vs even more complicated (Fig. 3d). As shown in Fig. 4, we can
decompose KVs into four subkernels with eq. (11). Note that K P P

Vs

appears similar to K P P
Vp

(Fig. 3c) but with an opposite polarity and
a hollow centre because the terms (with δijδkl) of the divergence
operation have opposite signs, see eq. (9). The common-mode sub-
kernels (K P P

Vs
and K SS

Vs
) mainly contain low-wavenumbers in the first

Fresnel zones along the reflection wave paths, whereas the cross-
mode subkernels (K P S

Vs
and K S P

Vs
) have many artefacts of relatively
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458 T. Wang et al.

Figure 9. Sigsbee2A model example: on the top are the true models of Vp (a) and Vs (b), and at the bottom are their initial models for the migration and
inversion experiments.

Figure 10. The results of ERTM (top) and EFWI (bottom) using the initial models: (a) PP and (b) PS images of near-offset data; (c) and (d) are the inverted
Vp and Vs models.

Figure 11. The gradients with respect to Vp calculated with (a) the original seismograms and (b) the isolated PP seismograms.

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article-abstract/215/1/450/5056165 by King Abdullah U

niversity of Science and Technology user on 03 D
ecem

ber 2018



Elastic reflection kernel analysis & ERTI 459

Figure 12. The gradients with respect to Vs (a) before and (b) after the application of mode-decomposition-based preconditioning.

Figure 13. The gradients with respect to Vp (a) before and (b) after the structure-oriented regularization.

Figure 14. The inverted (a) Vp and (b) Vs models using ERTI. Due to the lack of reflection coverage, the background velocities close to the bottom cannot be
reconstructed effectively.

higher wavenumbers, as well as some low wavenumbers very close
to the mode conversion points.

Alternatively, we can decompose the reflection kernel by distin-
guishing the wave mode of the adjoint sources with P/S separation
of the residual seismograms on the recording surface. For the sec-
ond test, we preferentially demonstrate the decomposed KVp (Fig. 5)
because only P waves participate in the cross-correlations due to
the divergence operation on the extrapolated wavefields. Figs 5(e)–
(g) show the low-wavenumber common-mode subkernels along the
reflection wave paths. The cross-correlation between the forward-
perturbed PP waves and the backward-propagated SP waves from
the non-physical mode conversions at the adjoint sources causes
high-wavenumber artefacts far from the first Fresnel zone on the
receiver side (Fig. 5h).

To gain a more physical understanding of the complicated reflec-
tion kernel of Vs, we conduct the following two-level decomposition.
First, we distinguish PP and PS events when injecting the adjoint
sources. As shown in Fig. 6, the source- and receiver-side kernels are
decomposed into two subkernels; then, these subkernels are further
decomposed via mode decoupling of the extrapolated forward and
adjoint wavefields before cross-correlation. As an example, Fig. 7
displays the decomposition of the subkernel in Fig. 6(h). When a

PS event is injected as the adjoint sources, SP modes (ψ P ) exist in
the adjoint background wavefields stemming from the non-physical
mode conversions at the receiver locations. This leads to relatively
high-wavenumber ‘migration’ responses (Figs 7 c and e). More-
over, as shown in Figs 7(d) and (e), cross-mode cross-correlation
also results in strong artefacts in the reflection kernel. Common
mode cross-correlation between the forward-perturbed and adjoint
background wavefields (ûP S and ψ S) generates low-wavenumber
components along the receiver-side wave paths of the reflected PS
waves. The rest of the second-level decomposition process is dis-
cussed in Appendix B.

In physics, background P-wave velocities control the traveltime
of PP reflections, whereas background S-wave velocities determi-
nate the receiver-side traveltimes of PS reflections. Therefore, it is
better to use the PP-wave path to recover the background P-wave
velocity and use the receiver-side wave path of PS events to re-
cover the background S-wave velocity. Based on the above kernel
decomposition, two kinds of components, the common-mode com-
ponents related to non-physical conversions and the cross-mode
components, represent artefacts in the gradients (or reflection ker-
nels). Fig. 8 shows the contribution of seismogram P/S separation
and wavefield mode decomposition to the one-shot gradient with
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Figure 15. PP (left) and PS (right) images of ERTM using the true (top) and inverted (bottom) models.

Figure 16. Normalized relative least-squares error of PP and PS traveltime
in terms of iterations. The red line indicates PP data while blue line indicates
PS data. Since we used the layer-stripping strategy in the Stage II, the misfit
of PS traveltime presents a peak when we include all the data at the 20th
iteration.

respect to Vs. Although multifold stacking can reduce part of the
artefacts, obvious high-wavenumber energy still remains in the gra-
dient. Moreover, the gradient in Fig. 8(a) also contain the P-wave
path which may mislead the recovery of Vs, while our proposed
method gives quite smooth and clean gradient.

Thus, separating the PP and PS data when injecting the ad-
joint sources and decoupling the P- and S-wavefields before cross-
correlation is helpful to suppress these artefacts. For instance, the
reflection kernel of Vp is well represented if we calculate it only with
the isolated PP event, see Fig. 5. Even in the other common-mode
components, however, P-wave related cross-correlations lead to
similar wave paths, but with opposite polarities, for the background

Vp and Vs. Similar phenomena are also mentioned by (Wang &
Cheng 2017, Fig. 7) in the EFWI problem. Therefore, the gradient-
type linearized optimization still suffers from the trade-off problem.
For our interests, the common-mode component corresponding to
the cross-correlation of S-waves adequately represents the receiver-
side wave path of the isolated PS event. Therefore, we recommend
using this component to mitigate the trade-offs and to suppress the
artefacts when recovering the background Vs model.

4 W O R K F L OW O F
WAV E - E Q UAT I O N - B A S E D E RT I

Multicomponent seismograms generally contain records of different
wave modes corresponding to various discontinuity points and/or
interfaces in the subsurface media. Even in the recorded data of P-
wave sources, we often observe both PP and PS reflections, which
makes it more challenging to measure the traveltime misfits between
synthetic and recorded seismograms than in acoustic cases. How-
ever, the kernel decomposition tells us that distinguishing the wave
modes of adjoint sources provides an opportunity to reduce the arte-
facts in the gradient calculation. Therefore, we apply P/S separation
of multicomponent seismograms Li et al. (2016) for easier estima-
tion of the time-shifts through DIW and better improvements of
the gradients. Accordingly, we propose an ERTI approach through
a two-stage workflow: estimate Vp using PP reflections and then
estimate Vs using PS reflections.

4.1 Stage I: ERTI of PP reflection

In this stage, we use the traveltimes of PP reflection to recover
the low-to-intermediate wavenumbers of the background Vp model.
The PP image acts as the perturbation of Vp, that is, δVp, which rep-
resents the secondary sources to generate the synthetic reflection
data. When the migration velocity model is inaccurate, the two-way
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Figure 17. Comparison of the predicted and recorded PP and PS seismograms . The demigrated reflection data (left part of the dash line) are tailored together
with the observed data (right part of the dash line). (a) PP seismograms with initial and true model, (b) PP seismograms with ERTI and true model, (c) PS
seismograms with initial and true model and (d) PS seismograms with ERTI and true model.

traveltime of the zero-offset is taken as invariant during reflection
inversion. As in the process of RWI, for example, Zhou et al. (2015),
a zero- or small-offset image is used to provide the velocity pertur-
bation for demigration. When the velocity anomaly is complex, a
better method is the demigration of the extended image Weibull &

Arntsen (2014); Hou & Symes (2015); Guo et al. (2017), but it is
out of the scope of this paper.

Since traveltimes rather than amplitudes are fitted in ERTI, elastic
reverse time migration (ERTM; instead of its least-squares counter-
part) is sufficient to obtain the image perturbation for demigration.
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Figure 18. EFWI results using the inverted models of ERTI as the starting models: (a) Vp and (b) Vs.

Figure 19. Vertical profiles of the inverted models obtained through application of ERTI (green) and EFWI (yellow) in sequence: (a) x = 1.4 km and (b) x =
3.0 km. The black and blue lines denote the true and initial models of Vp (top) and Vs (bottom).

Thus, the objective function is specified as⎧⎪⎨
⎪⎩

τpp(xr, t) = arg min
τ

‖ dc
pp(xr , t) − do

pp(xr , t + τ ) ‖2

E pp = 1

2

∫
τ 2

pp(xr, t)dtdxr,

(12)

where dc
pp and do

pp are the synthesized and observed PP reflections
after P/S separation on the recording surface, respectively. Accord-
ing to the previous derivation, the gradient with respect to Vp, that is,
∂ E
∂Vp

, satisfies the same expression as eq. (9), in which the background
wavefields backward propagate from a slightly modified adjoint
source. The divergence operation implied in ∂ E

∂Vp
makes the gradient

calculation only involving common-mode cross-correlation of the
P-waves in the regular and adjoint wavefields. In fact, the P-wave
seismograms isolated through P/S separation of multicomponent
recordings may contain SP components due to the elastic effects
on the wave path of propagation. For simplicity, we ignore these
components in this paper.

4.2 Stage II: ERTI of PS reflection

In the second stage, we utilize the PS reflections to retrieve the
background Vs model. The objective function becomes⎧⎪⎨
⎪⎩

τps(xr, t) = arg min
τ

‖ dc
ps(xr , t) − do

ps(xr , t + τ ) ‖2

E ps = 1

2

∫
τ 2

ps(xr, t)dtdxr,

(13)

where dc
ps and do

ps are the synthesized and observed PS reflections,
respectively. According to our investigation, the lack of zero-offset
components leads to abnormal reconstruction of the kinematics for
the near-offsets through demigration of PS images. Because both

the background and perturbation (i.e. imaged interfaces) of Vp are
well recovered in the first stage, and in most geological settings, Vp

and Vs have consistent structures in the subsurface; therefore, we
can use the well-located interfaces of the first stage to generate the
PS reflections for reliable kinematic information.

During this stage, we use the well-recovered background Vp

model built from Stage I and the initial Vs model as input. The
PP image is used as perturbation of Vs after some depth-related
normalizations and remains unchanged in this stage. Therefore, the
accumulated traveltime residuals of the demigrated PS events may
be large in the deeper part due to overburden velocity errors. DIW
may suffer from cycle skipping under these conditions. Note, in
Stage I, DIW does not have such problems because we use the near-
offset PP image to generate PP reflections. To address this problem,
we utilize the ‘layer-stripping’ strategy, in which the shallow part
is recovered using the early-arrived reflections, whereas the deep
part is gradually recovered using the late-arrived reflections. In this
way, the incorrect traveltime residuals of the deeper part will not
negatively affect the inversion of the shallow part. Moreover, reli-
able inversion of the shallow part guarantees the estimation of the
traveltime residual for the deeper part.

Given the correct background Vp model, the traveltimes of the PS
events are sensitive to only the change of Vs along the receiver-side
reflection wave path. To ensure that the reflected S-wave kernels
are used to update the background Vs model, elastic wave mode
decomposition is applied to calculate K SS

Vs
, namely

∂ E ps

∂Vs
= −2ρVs

∫
(
∂ ûS

i

∂x j

∂ψ S
k

∂xl
)(δikδ jl + δilδ jk). (14)

This process is similar to the gradient preconditioner for EFWI
proposed by Wang & Cheng (2017), and it can suppress artefacts in
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Elastic reflection kernel analysis & ERTI 463

Figure 20. Recovered Vp (left) and Vs (right) by ERTI + EFWI with different high-pass filtering of the seismograms. The low-cut frequencies are 3.0, 5.0 and
7.0 Hz from top to bottom, respectively.

the gradients and mitigate parameter trade-offs for the inversion of
Vs.

5 N U M E R I C A L E X A M P L E

We select part of the Sigsbee2A model to test the inversion algorithm
and strategy. As shown in Figs 9(a) and (b), the Vs model is generated
through the Vp model with a constant Vs-to-Vp ratio of 0.66. The
initial models for ERTI, which increase linearly with depth, are
shown in Figs 9(c) and (d). The initial model of Vp is generally
lower (from 1500 to 1996 m s–1) while that of Vs is higher (from
990 to 1317 m s–1)) than the true ones. 48 shots and 320 receivers
are evenly deployed on the surface. The main frequency of the P-
wave source is 15 Hz, and the spatial and time sampling intervals
of the forward modelling are 16 m and 1.2 ms, respectively.

Fig. 10 shows the results of ERTM and EFWI with the initial
model. Since the initial models are far from the true ones, neither
the PP image nor the PS image are well recovered with ERTM.
The diffractions do not collapse in the PP image, and the faults
are not focused and inappropriately positioned in the PS image.
During EFWI, a hierarchical strategy is applied from low to high
frequency through the time-domain low-pass filtering of the data.
Thus, the inversion is divided into four stages in which the allowable
maximum frequency are 2, 4, 6 and 8 Hz, respectively. The shallow
parts of the updated models are acceptable due to the contribution of

diving waves and low-frequency data. However, the inversion of the
deep part suffers from severe cycle skipping due to the absence of
low-to-intermediate wavenumber components in the initial model.

Starting from the same initial model, we implement the proposed
two-stage ERTI workflow. During the inversion, the direct waves
are muted to ensure that only reflection data are used. In the first
stage, the isolation of the PP seismogram ensures good estimation
of the PP traveltimes and helps to reduce the artefacts caused by
PS events. Fig. 11 shows that the gradient with respect to Vp us-
ing the separated PP seismograms contains more low wavenumbers
than that using the original seismograms. In the second stage, mode
decomposition-based preconditioning remarkably improves the gra-
dient with respect to the background S-wave velocity (Fig. 12),
which helps to effectively update the background velocity models
along the reflection wave paths in a large spatial range. In addition, in
each iteration, we apply structure-oriented regularization to the pre-
conditioned gradients using the structure tensor information Hale
(2009); Ma et al. (2010); Williamson et al. (2011). The structure
tensors are extracted from the seismic image obtained by ERTM.
As shown in Fig. 13, this smoothing provides more balanced and
structure-consistent gradients. After 40 iterations for each stage,
ERTI provides good recovery of the low-to-intermediate wavenum-
bers of the Vp and Vs models, see Fig. 14. The results of ERTM are
greatly improved by the inverted models and are very close to those
obtained with the true models (Fig. 15). In both the PP and PS im-
ages, see Figs 15(c) and (d), the diffractions collapse very well, and
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464 T. Wang et al.

Figure 21. ERWI kernels using the waveform residual as adjoint source: (a) and (b) are KVp and KVs with the settings in Figs 2(c)–(e) are KVp , KVs and K SS
Vs

with the settings in Fig. 3. So we can compare the following pairs to see the differences between the kernel of ERWI and ERTI: (a)–Fig. 2(c), (b)–Fig. 2(d),
(c)–Fig. 3(c), (d)–Fig. 3(d) and (e)–Fig. 4(d).

the interfaces including the faults have been migrated to their cor-
rect positions. We plot the normalized relative least-squares error
of PP and PS traveltime in terms of iterations in Fig. 16. The pro-
posed gradient preconditioning and model regularization methods
ensure the convergence of the inversion and help to obtain structure-
consistent model updating. Note, in the Stage II, since we used the
layer-stripping strategy, the traveltime larger than 2 s was not used

before the 20th iteration. Therefore, the misfit function increases
when we included all the data at the 20th iteration.

Fig. 17 shows the PP and PS reflections of observed data and
synthetic data through Born modelling with the initial and inverted
model. Almost all the PP and PS reflections are well matched with
the observed events in kinematics when the inverted models are
used. Fig. 18 shows the inverted results of EFWI with the mentioned
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Figure 22. Inversion test with strong image perturbation: (a) original δVs used in Stage II, (b) δVs with enhancement at certain layers denoted by the red
arrows, (c) and (d) Vs model obtained by ERTI with and without model decomposition of extrapolated wavefields. The red arrows in (d) indicate the footprints
due to the enhancement in the image perturbation.

hierarchical strategy from low to high frequencies. Compared with
Fig. 10, the EFWI with the new starting models shows remarkable
improvement, especially in the deeper parts. Therefore, the cycle-
skipping problem of EFWI is mitigated by initiating the inversion
with the velocity models obtained by ERTI. The vertical profiles
extracted at 1.4 and 3.0 km validate the effectiveness of the proposed
ERTI approach (Fig. 19). Due to the lack of reflection coverage close
to the bottom, we fail to obtain reasonable background models,
resulting in poor recovery for this part after EFWI.

Usually, the low-frequency components in the data and the low-
to-intermediate wavenumbers in the initial models are key factors
in mitigating the cycle-skipping problem in FWI. For field data,
the low-frequency components are difficult to obtain and are also
more easily contaminated by noise. Therefore, good initial models
are important to reduce the nonlinearity caused by the lack of low
frequencies. To check the robustness of the above ERTI and EFWI
workflow, we test the dependency on the low-frequency data. The
low-cut frequency thresholds are 3, 5 and 7 Hz. The components
lower than the threshold are filtered out for both ERTI and EFWI. As
shown in Fig. 20, even when starting from 5 Hz, the final EFWI pro-
vides the acceptable inverted results, as in the previous test shown
in Fig. 18. Therefore, the low-to-intermediate wavenumber com-
ponents reconstructed by ERTI help to reduce the dependency of
EFWI on low-frequency data.

6 D I S C U S S I O N

6.1 Kernel comparison between ERTI and ERWI

Although we aim to build the workflow for ERTI, the kernel anal-
yses shown in this paper are also valid for the ERWI workflow.
As mentioned at the end of Appendix A, the gradients of ERTI
and ERWI share the same calculation form but different in adjoint
sources. For brief comparison, we calculate several key (sub)kernels

with waveform-type adjoint sources. According to previous analy-
ses, the useful ERTI common-mode kernels mainly concentrate on
the first Fresnel zone where the velocity perturbation contributes to
the traveltime most. As shown in Fig. 21, the kernels of ERWI show
similar appearance but have relatively higher spatial resolution,
which means that ERWI can retrieve higher wavenumber compo-
nents of the model. In the meanwhile, the hollow centre disappears
in the common-mode subkernels of Vs using P-wave (K P P

Vs
). This

is reasonable since the waveform information of P wave is more
sensitive to the background Vs model. In practice, ERWI would be
a complementary stage to the proposed ERTI workflow.

6.2 Necessity of two-level mode decomposition

The kernel analyses in Section 3 show that the two-level decom-
position removes a lot of artefacts in the gradients. Some of the
artefacts can be suppressed by other methods as well, like multishot
stacking, smoothing and so on. Here, we try two tests for S-wave
recovery with the previous Sigsbee2A model to investigate whether
the proposed preconditioning methods can be replaced during the
inversion. In the first test, we use the data containing both P- and
S-wave energy to repeat the Stage II inversion. According to eq. (4),
DIW measures the traveltime shifts by minimizing the amplitude
differences. Generally, the PP reflections are stronger than the PS
reflections in seismograms. So, the DIW will focus on matching
the PP reflections and thus is unable to find the correct traveltime
shifts of PS reflections. Therefore, in this test the gradient with re-
spect to Vs is unacceptable and the step-length estimation always
fails. From this perspective, separating the PP and PS reflection
events is an essential data preconditioning for traveltime inversion
of multicomponent seismic data.

According to Figs 6 and 7, after data preconditioning with P/S
separation and dropping the source-side subkernels, the artefacts
in Vs kernel have been suppressed greatly. In the second test, we
further evaluate the contribution of gradient preconditioning using
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mode decomposition of the extrapolated wavefields. We observe
that the subkernels shown in Figs 7(c) and (e) can be suppressed by
stacking or smoothing, while the subkernel in Fig. 7(d) cannot. This
remaining subkernel will introduce undesirable high-wavenumber
components into the background model around the interfaces. These
residual artefacts would be more destructive when the reflected PP
waves are strong. To verify that, we scale up the image perturbations
at certain layers and then repeat the Stage II inversion. In Fig. 22,
we observe that the retrieved model contains obvious footprints of
the image perturbations if we do not use the second-level mode
decomposition. In reality, strong PP reflections due to the velocity
contrasts can be easily found in many geological settings. In these
situations, it is important to mitigate the high-wavenumber arte-
facts around the interfaces. Note that mode decomposition of the
extrapolated wavefields is a natural way to remove the subkernel
in Fig. 7(d), while other methods such as up/down-going wavefield
decomposition can-not have a similar effect. If we want to use ERWI
for recovering more wavenumber components of Vp and Vs after the
proposed ERTI workflow, both PP and PS reflections are required
for a simultaneous inversion. In this case, the P-wave energy lead
to the artefacts in the gradients and parameter trade-off effects if
only using the gradient-based methods. So, the second-level mode
decomposition would be more useful to precondition the gradient
for a better inversion.

7 C O N C LU S I O N

In elastic media, background P-wave velocities control the trav-
eltime of PP reflections, whereas background S-wave velocities
determine the receiver-side traveltime of PS reflections. To recon-
struct the low-to-intermediate wavenumbers of P- and S-wave ve-
locity models, we have extended the approach of wave-equation-
based reflection traveltime inversion to elastic media. Based on
the adjoint-state method, we derived the gradients with respect to
the background velocity models using the traveltime misfit func-
tional with the DIW technique. With the help of a two-level kernel
decomposition, we investigate the different features of the compli-
cated reflection kernels in elastic media. Among them, the physical
common-mode components present the desirable low wavenumber
for ERTI and the other components introduce artefacts. In the phys-
ical common-mode components, the P-mode components indicate
the P-wave paths of both PP and PS reflections while the S-mode
components (mainly in Fig. 7f) indicate the S-wave paths of the PS
reflections for Vs recovery. To deal with the trade-offs and obtain a
desirable update, both the P/S separation of multicomponent seis-
mograms and mode decomposition of the extrapolated wavefields
are required.

Based on these observations, we have proposed a gradient-type
ERTI approach with a two-stage workflow: the background P-wave
velocity model is first built using the isolated P-wave seismograms,
then the background S-wave velocity model is built using the iso-
lated S-wave seismograms. In the second stage, we introduce mode
decomposition to precondition the gradient with respect to the S-
wave velocity. These data and gradient preconditioning processes
provide effective ways to address the nonlinearity of reflection inver-
sion and accelerate the convergence. The Sigsbee2A model example
shows that, this wave-equation-based ERTI approach can be used
to effectively build migration velocity models for ERTM and to
provide appropriate starting models for EFWI.
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A P P E N D I X A : A D J O I N T - S TAT E
M E T H O D F O R E RT I

In this appendix, we will derive the gradients of ERTI using adjoint-
state method Liu & Tromp (2006); Plessix (2006); Ma & Hale
(2013). According to Hale (2013), the L2 distance between observed
and calculated data satisfies

D(τ ) = 1

2

∫ T

0

∑
r

[dc(xr , t) − do(xr , t + τ (xr , t))]2 dt. (A1)

DIW aims to find τ ≡ ξ (xr , t) to minimize the objective function
D(ξ ), which implies

∂ D

∂τ
=

∫ T

0

∑
r

α(xr , t)dt = 0, (A2)

where α(xr , t) = ḋo(xr , t + τ )(do(xr , t + τ ) − dc(xr , t). For sim-
plicity in the derivation, we rewrite eqs (2) and (3) as

ρ∂2
t u − ∇·(c0 : ∇u) = f and

ρ∂2
t û − ∇·(c0 : ∇û) = ∇·(c1 : ∇u),

(A3)

where ∂2
t is the second-order time derivative. Eqs (A2) and (A3) are

the state equations in ERTI. Our objective is to minimize the misfit
function, eq. (4), subject to the constraints that the background and
perturbed wavefields (u and û) satisfy the wave eq. (A3), and the
time-shift τ satisfies eq. (A2). Therefore, using eqs (A3) and (A2)
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we can define the Lagrangian L:

L = 1

2

∑
r

∫ T

0
τ 2(xr , t)dt −

∑
r

∫ T

0
μ(xr , t)α(xr , t)dt

−
∫ T

0

∫



ψ̂
[
ρ∂2

t u − ∇·(c0 : ∇u) − f
]

d3xdt

−
∫ T

0

∫



ψ
[
ρ∂2

t û − ∇·(c0 : ∇û) − ∇·(c1 : ∇u)
]

d3xdt,

(A4)

in which 
 is the integration domain, τ , u and û are state variables,
and μ, ψ and ψ̂ are Lagrange multipliers (or adjoint-state variables)
that remain to be determined. Note that the predicted reflection
data are the forward-perturbed wavefields at the receivers, that is,
dc(xr , t) = δ(x − xr )δû. Taking the variation of the action (A4), we
obtain

δL =
∫ T

0

∑
r

[τ (xr , t) − μ(xr , t)h(xr , t)] · δτdt

+
∫ T

0

∫



μ(xr , t)ḋo(xr , t + τ )δ(x − xr ) · δûd3xdt

+
∫ T

0

∫



[
ψ̂ ∇· (δc0 : ∇u) + ψ ∇· (δc0 : ∇û)

]
d3xdt

−
∫ T

0

∫



ψ̂
[
ρ∂2

t δu − ∇·(c0 : ∇δu)
]

d3xdt

−
∫ T

0

∫



ψ
[
ρ∂2

t δû − ∇·(c0 : ∇δû) − ∇·(c1 : ∇δu)
]

d3xdt,

(A5)

where h(xr, t) = ḋo(xr, t + τ )2 − d̈o(xr, t + τ )[dc(xr, t) −
do(xr, t + τ )].

Upon integrating the terms involving spatial and temporal deriva-
tives of u, δu, û and δû by parts, we have

δL =
∫ T

0

∑
r

[τ (xr , t) − μ(xr , t)h(xr , t)] · δτdt

+
∫ T

0

∫



μ(xr , t)ḋo(xr , t + τ )δ(x − xr ) · δûd3xdt

−
∫ T

0

∫



[
∇ψ̂ : δc0 : ∇u+ ∇ψ : δc0 : ∇û

]
d3xdt

−
∫ T

0

∫



[
ρ∂2

t ψ̂ − ∇·(c0 : ∇ψ̂) − ∇·(c1 : ∇ψ)
]
δud3xdt

−
∫ T

0

∫



[
ρ∂2

t ψ − ∇·(c0 : ∇ψ)
]
δûd3xdt

−
∫




[ρ(ψ̂ · ∂tδu − ∂t ψ̂ · δu + ψ · ∂tδû − ∂tψ · δû)]T
0 d3x

+
∫ T

0

∫
∂


ψ̂ · [n · (δc0 : ∇u + c0 : ∇δu)]

− n · (c0 : ∇ψ̂) · δud2xdt

+
∫ T

0

∫
∂


ψ · [n · (δc0 : ∇û + c0 : ∇δû)]

− n · (c0 : ∇ψ) · δûd2xdt

+
∫ T

0

∫
∂


ψ · [n · (c1 : ∇δu)] − n · (c1 : ∇ψ) · δud2xdt,

(A6)

where n is the unit outward vector normal on the surface ∂
. The
regular wavefields are subject to the initial and boundary condition:

u(x, 0) = 0, ∂t u(x, 0) = 0, u(x, t)|x→∞ → 0

û(x, 0) = 0, ∂t û(x, 0) = 0, û(x, t)|x→∞ → 0,
(A7)

while the adjoint wavefields satisfy the ‘final’ (at the time of T) and
boundary condition:

ψ(x, T ) = 0, ∂tψ(x, T ) = 0,ψ(x, t)|x→∞ → 0 and

ψ̂(x, T ) = 0, ∂t ψ̂(x, T ) = 0, ψ̂(x, t)|x→∞ → 0,
(A8)

on ∂
. Thus all the surface integrals in eq. (A6) will disappear, then
we have

δL =
∫ T

0

∑
r

[τ (xr , t) − μ(xr , t)h(xr , t)] δτdt

−
∫ T

0

∫



[
ρ∂2

t ψ̂ − ∇·(c0 : ∇ψ̂) − ∇·(c1 : ∇ψ)
]
δud3xdt

−
∫ T

0

∫



[
ρ∂2

t ψ − ∇·(c0 : ∇ψ)

−μ(xr , t)ḋo(xr , t + τ )δ(x − xr )
]
δûd3xdt

−
∫ T

0

∫



[
(∇ψ̂ : δc0 : ∇u) + (∇ψ : δc0 : ∇û)

]
d3xdt.

(A9)

To obtain the stationary points, setting the coefficients of δτ to zero
yields

μ(xr , t) = τ (xr , t)

h(xr , t)
, (A10)

and setting δu and δû to zero yields another two adjoint state equa-
tions:

ρ∂2
t ψ − ∇·(c0 : ∇ψ) = μ(xr , t)ḋo(xr , t + τ )δ(x − xr ) and

ρ∂2
t ψ̂ − ∇·(c0 : ∇ψ̂) = ∇·(c1 : ∇ψ).

(A11)

The first equation implies that the adjoint background wavefields ψ

is determined by the adjoint source at the receiver locations; while
the second equation implies that the adjoint perturbed wavefields ψ̂

is determined by the virtual source inspired by the high-wavenumber
image perturbations. The adjoint wavefields ψ and ψ̂ can be ob-
tained by solving eq. (A11) in a time-reversed manner. Therefore,
eq. (A9) implies that we have the gradient

∂L
∂c0

= −
∫ T

0

∫



[
∇ψ̂∇u + ∇ψ∇û

]
d3xdt, (A12)

or in a more detailed manner:

∂ E

∂c0
i jkl

= −
∫

(
∂ui

∂x j

∂ψ̂k

∂xl
+ ∂ ûi

∂x j

∂ψk

∂xl
)dt. (A13)

In fact, the gradient in ERWI shares the same forms as in eqs (A12)
and (A13), so long as the adjoint background wavefields backward
propagate from the adjoint sources directly induced by the waveform
residuals at the receiver locations, namely dc(xr, t) − do(xr, t).

A P P E N D I X B : S E C O N D - L E V E L
D E C O M P O S I T I O N O F T H E O T H E R
T H R E E S U B K E R N E L S O F V s

For integrity, we illustrate the second-level decomposition of the
other three subkernels for KVs in Fig. 6. Initially, we investigate the
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two source-side subkernels in Figs 6(e) and (f). In fact, the non-
physical mode conversions at the receiver locations introduce both
P and S wavefields into the adjoint background wavefield (ψ). That
will make the adjoint perturbed wavefields (ψ̂) extremely complex
after they are reflected and converted at the interface. To simplify
the classification of these source-side subkernels, we do not distin-
guish the wave mode of ψ but only distinguish the wave mode of ψ̂

before the cross-correlation. As shown in Fig. B1, the source-side
subkernels are decomposed into two components for injection of PP
and PS events. In this case, cross-mode cross-correlations induce
artefacts in the reflection kernel (Figs B1 f and h), while common-
mode cross-correlations mainly generate low-wavenumber compo-
nents along the source-side wave paths (Figs B1 e and g). Because
the S waves in the adjoint perturbed wavefields stem from mode con-
versions both at the interface and on the recording surface (when
injecting the adjoint sources), the cross-mode subkernels possess
both low and relatively high wavenumbers. Decomposing them by

distinguishing their origins is possible but requires greater computa-
tional efforts. For injection of the isolated PP event, the source-side
kernels of Vp (Fig. 5e) and Vs (Fig. B1e) have similar shapes but
opposite polarities in the first Fresnel zone, except that the latter
has a hollow centre. Additionally, for injection of the isolated PS
event, the source-side kernels of Vp (Fig. 5f) and Vs (Fig. B1g) have
similar shapes but opposite polarities in the first Fresnel zone be-
cause the terms (with δijδkl) of divergence operation in the gradient
calculation have opposite signs, see eq. (9).

Then we apply the second-level decomposition to the subker-
nel in Fig. 6(g). The injected PP event generates non-physical PS
waves from the receiver locations. Similarly, non-physical mode
conversion-related common-mode cross-correlations and cross-
mode cross-correlations induce artefacts in the reflection kernel
(Figs B2 d–f). The receiver-side kernels of Vp (Fig. 5g) and Vs

(Fig. B2c) also share the same similarities and differences as that in
the source-side ones due to the previously mentioned reason.

Figure B1. Further decomposition of the two source-side subkernels in Figs 6(e) and (f): panels (a) and (c) denote the isolated adjoint sources; panels (b) and
(d) represent the source-side subkernels to be decomposed; panels (e)–(h) show the involved wave modes and the corresponding kernel components.
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Figure B2. Further decomposition of the remaining receiver-side subkernel in Fig. 6(g): panel (a) denotes the isolated adjoint source; panel (b) represents the
subkernel to be decomposed; panels (c)–(f) show the involved wave modes and the corresponding kernel components. Note that the red symbols (ψ S) in (d)
and (f) denote the backward propagating PS waves resulting from the non-physical mode conversion at the receiver location.
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