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ABSTRACT

Modeling and Analysis of Hybrid Aerial-Terrestrial Networks: A

Stochastic Geometry Approach

Khlod Khalid Alshaikh

The ever-increasing demand for better mobile experiences is propelling the re-

search communities to look ahead at how future networks can be geared up to meet

such demands. It is likely that the next-generation of wireless communications will be

revolutionary, outpacing the current systems capabilities in terms connectivity, reliab-

ility and intelligence. These trends and predictions will cause a revolutionary change

in the wireless communications. In this context, the concept of Ultra-Dense Network

(UDN) is poised to be the cornerstone of the development of fifth generation(5G) sys-

tems, whereby a massive number of base stations (BSs) are deployed for enhancing the

network performance metrics. Though such densification might be economically vi-

able in urban areas, it is mostly unfavorable in rural ones due to the sheer complexity

and the various factors involved the planning and installation processes; all of which

trigger the need for cost-effective, flexible and easily-implementable solutions. As a

result, unmanned aerial vehicles (UAVs) emerge as a promising alternative solution

for enhancing wireless coverage. Due to their mobility capabilities, UAVs are of par-

ticular importance in events of (i) terrestrial-based cellular systems dilapidation, (ii)

infrastructure absence in remote and suburban areas, or (iii) limited-duration events

or activities wherein there is a short-term need for supplementary network resources

to handle the overload. While a growing body literature works towards characteriz-

ing and providing insights into the performance of UAVs-only networks (serving the

first two purposes), understanding the performance of such networks when coupled
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with existing terrestrial BSs remains a challenging, yet interesting, open research

venue. Towards this direction, this thesis provides a rigorous analysis of the downlink

coverage probability of hybrid aerial-terrestrial networks using tools from Stochastic

Geometry. The thesis presents a mathematical model that characterizes the coverage

probability metric under different network environments. The proposed model is val-

idated against intensive simulations so as to substantiate the analytical results. The

developed work is essential to understanding the premises of one possible solution to

the UDNs of tomorrow, capture its key performance metrics and, most importantly, to

uncover key design insights and reveal new directions for the wireless communication

industry.
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Chapter 1

Introduction and Overview

1.1 The Road to 5G

Wireless networks have undergone a major revolution over the past several decades.

To date, four generations of cellular communication systems have been adopted world-

wide since the early 1980s. First generation (1G) cellular communication systems, as

the name suggests, were the earliest systems adopted. These systems were primitive,

operating based on analog telecommunication technologies and providing only voice

call services. However, with the advent of digital technology, the second generation

(2G) systems were developed, introducing for the first time the Short Message Service

(SMS) [1]. The early 2000s saw the emergence of the long-awaited third generation

(3G) cellular networks. 3G systems supported a higher data rate and provided a

mobile Internet access, which in fact opened up a whole new era in the communica-

tions industry. The introduction of mobile Internet access has enabled a wide range

of data services that includes video streaming, Web browsing, E-mail, navigational

maps and much more. Fourth generation (4G) was introduced around 2012, and gave

rise to even more sophisticated applications and data services such as the real-time

high-quality multimedia [2].

The success of these generations one after the other has led to the proliferation

of mobile devices and services. The increase of demand is of two main folds: (i)

the number of connections, and (ii) the quality of service (QoS) requirements to be

delivered to the end user. In the first quarter of 2018, the global mobile data traffic
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grew 54% year-on-year, and almost a 100 million new subscriptions were added [3]. By

2020, the number of connected devices will surpass the total number of living humans

on Earth by over 40 billion [4], and by 2021, the global data traffic is anticipated

to increase 7 times from 2016, and the global Internet traffic will be 127 times the

volume of the entire global Internet in 2005 [5]. This rapid diffusion of devices,

along with the need for platforms that are capable to cope with the forthcoming

demanding services, imposes strict requirements on the QoS that next generation

wireless networks must deliver. These trends and predictions will, in the not too

distant future, cause a revolutionary change in the wireless mobile communications.

The next fifth generation (5G) systems are expected to come to life by 2020, and are

envisioned to be the core of the so-called Internet of Things (IoT) era [6].

With such continuing growth in demand from mobile subscribers for better QoS

and end-to-end user experience, 5G is envisioned to serve three main use cases [7]:

• Enhanced Mobile Broadband (eMBB)

• Massive Internet of Things (MIoT)

• Ultra Reliable and Low Latency Communication (URLLC)

As depicted in Figure 1.1, each use case imposes several strict requirements that 5G

is expected to deliver, especially as we reach one billion 5G devices connected world-

wide by the end 2023 [3]. eMBB is characterized by extreme capacity and data rate

requirements, MIoT targets ultra-high density with ultra-low energy and deep cover-

age, and URLLC entails mobility, reliability, security and low latency requirements.

In numbers, 5G key requirements are less than 1 ms latency, more than 10 years of

battery life, and more than 10 Gigabits per second (Gbps) data rate [7].

In order to provide better QoS to the end users and cope with the exponential

increase in demand, base-station (BS) densification becomes inevitable [6,8,9]. That

is, deploying more BSs until BS density is potentially equivalent to, or even exceeding,
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Figure 1.1: 5G use cases and key requirements.1

the user density. This trend, the concept of ultra-dense networks (UDNs), has been

proposed as key solution to deliver an ever-increasing capacity and improved user

experience. The adoption of UDNs however introduces new and challenging problems

such as (i) interference becoming a major concern as it gets more severe and possibly

dominant [10], (ii) BSs heights contributing largely to the degradation in network

performances [11–13], (iii) line-of-sight (LoS) propagation becoming more dominant

[12, 14–16], and (iv) infrastructure installation getting more costly and complex. To

make matters even worse, densification will eventually fail to provide an exponential

increase in data rates [17]. All of the above triggers the need for easily-implementable

cost-effective solutions to be proposed to handle the huge expected data traffic an

strict 5G requirements. To alleviate the pressure on the terrestrial networks and

reduce the cost od deploying UDNs, unmanned aerial vehicles (UAVs) can be exploited

as a propitious solution for enhancing future communications networks [18–24]. The

next section review the related work on UAV-assisted communications and validates

the use of the hybrid model proposed in the sequel.
1Image source: [25]
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1.2 UAV-assisted Communication

As evident from Gartner Hype Cycle for Emerging Technologies of 2017 [26], the past

decade have seen a sharp increase in the commercial use of UAVs. The multitude

of features it provides makes it a perfect solution for communication purposes. Such

features include, but are not limited to, the following: (i) reliable communication

links, (ii) improved coverage, (iii) cost-effectiveness, and (iv) more deployment options

and solutions. The reliability of is mainly due to its higher probability of line-of-sight

(LoS) links along with mobility, both of which allow for establishing communication

links that can better serve the end user. In terms of coverage, UAVs ability to move

and adjust altitudes enables maximizing its the coverage radius if needed. UAVs are

also known be a simple, easily-deployed solution; eliminating, or at least lessening,

the need for building new infrastructure [22, 23]. In the context of 5G, UAVs can fit

into URLLC use case as it is capable of supporting reliable and secure links in the

case of critical mission communications.

In view of the UAVs’ potential as supporting solution for wireless communications,

significant research efforts have been recently devoted to the modeling, analysis and

design of UAVs-based networks. These networks are fairly different than the tradi-

tional terrestrial network because of the the greater the probability of establishing a

LoS communication with higher altitudes as shown in Figure 1.2. This fact mandates

a full understanding and characterization of the channel scenarios introduced such as

the air-to-air (A2A) and air-to-ground (A2G) channels. Such channels differ signific-

antly from the typical ground-to-ground (G2G) channel between the user equipment

(UE) and the ground BSs [27–29]. The modeling of these channels hence has gain a

lot of attention in the literature [30–37].

The authors in [31] presented a method to find the probability of LoS between a

UAV and a ground user as a function of the elevation angle, however the model lacked

a full shadowing analysis. The work was further expanded in [31] and presented a
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Figure 1.2: An illustration of LoS and NLoS scenario in hybrid aerial-terrestrial
networks.2

statistical model for A2G channels to determine the LoS probability by accounting

for the network geometry parameters such as the elevation angle between the UE-

UAV link and the ground, the buildings heights, the transmitter and receiver heights,

... etc. Though the model captured accurately the actual channel, it is not only

complex but also limited in the sense that it is most suited for typical European

cities with dense and irregular streets and can not be altered to fit a other urban

environments. The gradually growing interest in the use of UAVs for communication

purposes led to a deluge of literature addressing this research void and calling for more

general A2G models. In [32], a generic statistical model for A2G channels between an

aerial and a terrestrial nodes was introduced. The model encompassed a wide range of

different environment setups by utilizing the general geometrical statistics of a certain

urban area, but it stopped short as it accounted for high altitude platform (HAP)

only. Following a similar strategy, Hourani et al. [33] developed a comprehensive

propagation model for predicting the A2G pathloss for low altitude platforms (LAPs).

The authors extended the work in [34] and approximated the probability of LoS

obtained statically by a simple Sigmoid function (S-curve). Furthermore, the authors
2Image source: [38]
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exploited the simplicity of the approximate pathloss model obtained and found, via

a numerical search, the optimum LAP altitude that maximizes the cell radius of the

coverage area for different environment setups. A more detailed literature review on

the A2G channel modeling can be found in [35], and a study on the A2G channel

model parameters for the design of 5G wireless communication systems is presented

in [36,37].

To this end, the main utilization of UAVs in communications purposes can be put

into one of three categories: (i) infrastructure absence in remote areas, (ii) terrestrial-

based cellular systems damage, or (ii) limited-duration events or activities. The

first utilize UAV-only network, i.e., networks of only UAVs serving as BSs, while

the latter requires integrating the UAVs into the cellular network to achieve the so-

called UAV-assisted Communication. Leveraging theses A2G simple channel models,

[34] in particular, many recent research studies investigated the optimal deployments

of the UAVs for both types by maximizing or minimizing related performance and

evaluation metrics such as the coverage, UAVs altitude, 3D placement, cell radius

and trajectories. For UAVs-only networks, Mozaffari et al. [39] obtained the optimal

altitude of a single UAV such that the coverage is maximized. Furthermore, the

authors determined the optimal deployment of two UAVs in terms of their altitudes

and the distance in between. The problem of multiple UAVs deployment is discussed

in [40] wherein the optimal cell boundaries and locations for multiple UAVs is jointly

derived while minimizing the transmit power and satisfying a data rate requirement.

In [41], the minimum number of UAVs and their 3D placement is obtained such that

all the UEs within a certain area in coverage. In UAV-assisted Communication, UAVs

are mainly used traffic offloading of data from the infrastructure or to provide coverage

for users in outage. In [21] for example, a single UAV flying cyclically along the cell

edge is used and the minimum throughput of all users within the cell is maximized for

two cases: (i) orthogonal spectrum sharing between the ground BSs tier and the UAVs
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tier wherein there in no cross-tier interference, and (ii) spectrum reuse wherein the

whole spectrum is shared by the ground BSs and the UAVs. In [42], multiple UAVs

are considered and the optimal density needed to achieve a maximum throughput is

obtained. Moreover, a cost function based on a neural model is formulated to find

the optimal UAV location based on the user demand in a particular zone.

While the above work is comprehensive, the objective functions are chosen to be

simple and the optimization problems are mostly solved through exhaustive numerical

searches or an algorithm. One important metric of interest to optimize is the coverage

probability, however the complexity of the problem and randomness of the network

setup preclude any analytical or closed-from expression. As such, researchers often

optimize the coverage radius of include the coverage probability in the constraints.

One way of circumventing such issue is the use of Stochastic Geometry to obtain the

coverage probability expressions [43–46]. Stochastic geometry is a powerful math-

ematical tool that have shown a real success in providing a unified mathematical

paradigm to capture the essential spatial characteristics and thereby account for the

heterogeneous nature of future networks. A comprehensive review of stochastic geo-

metry in provided in Chapter 2. In the following section, we preset an overview of the

existing state-of-the-art literature concerning the utilization of stochastic geometry

tools to study communications with UAVs.

1.3 Stochastic Geometry with UAVs

With the rapidly increasing interest in the use of UAVs in communications, fully un-

derstanding the performance of such networks is now of utmost importance. Towards

this direction, several studies have addressed this issue and rendered a quantifica-

tion of several metrics of interest, such as the coverage and rate, using tools from

stochastic geometry. In [47], the authors studied the downlink performance of a

single UAV within an a circular area wherein UEs are engaged in a device-to-device
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(D2D) communication in an underlay fashion. The authors considered two scenarios:

a static and a dynamic UAV and derived tractable expressions for the coverage prob-

abilities. A coverage analysis for a UAVs-only network is presented in [48] and [49]

for multiple UAVs in urban environments where the UAV locations are modeled using

a 2D Poisson Point Process (PPP). In [50], the coverage analysis is also performed

on a Poisson field of multiple UAVs, and the obtained coverage probability expres-

sion is used to find the optimum UAVs antenna beamwidth, density and altitude. A

more practical modeling using a finite Binomial Point Process (BPP) and a coverge

probability analysis is found in [20]. All of the aforementioned work considered a

downlink transmission where the UAV is acting as a transmitter. The effect of the

use of UAVs as aerial users on the network performance is discussed in [51]. Besides

the 2D modeling, 3D modeling of the locations of the UAVs is also discussed in the

literature. In [52], a network of multiple UAVs is modeled as a 3D PPP in an infinite

space and the analyzed the performance in terms of the coverage probabilities for

both HAPs and LAPs.

While a growing body of literature is studying and providing a performance quan-

tification of the UAVs-only networks (as discussed above), the coexistence of UAVs

and terrestrial BSs is still an under-explored area of research despite its vast applic-

ations. Several questions remain unanswered regarding the hybrid aerial-terrestrial

networks, particularly with respect to its performance. Therefore, the ambiguity con-

cerning the performance metrics for the UAV-assisted networks has to be brought into

light, which is the main motive behind this thesis. In terms of related work, the up-

link coverage performance of a two-cell network composed of a ground BS and a UAV

is studied in [53]. The authors considered a scenario wherein there is a temporary

need for additional resources and provided the expression of the coverage probability

to quantify the performance. For analytical tractability, the authors did not account

for the LoS/NLoS transmissions and resorted to only considering the LoS links. The
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downlink coverage performance is more widely discussed [54–56]. In [54], a three-tier

consisting of macro, small, and UAV BSs is considered. The locations of the BSs

are modeled using a 2D PPP and a rate analysis is performed for both mobile and

static users. The authors overlooked the differences in channel models between the

G2G and A2G links and assumed Rayleigh fading environment, which is far from

realistic. In [56], two collocated PPPs were used to model the locations of the ground

BSs and UAVs and the LoS and non-LoS (NLoS) transmissions were accounted for.

The authors then calculated the coverage probability for the specific case of clustered

UEs. Wu et. al. [55] provided a quantification of the coverage probability in a hy-

brid network wherein ground BSs are UAVs are deployed as independent 2D and 3D

PPPs, respectively. In this work, both LoS and NLoS propagations are taken into

consideration and a novel cooperative UAV Cluster is adopted to offload ground UEs

from ground BSs to a nearby UAV. Both of the previously mentioned work neglected

the ground BSs heights and only considered the heights of the UAVs. Compared to

the previous studies on the hybrid aerial-terrestrial networks, this thesis provides a

more practical, yet tractable, approach into modeling such networks. On the one

hand, we consider a downlink transmission in a one-tier terrestrial network that is

densified using UAVs. Both transmitting devices, the ground BSs and the UAVs, are

modeled using independent 2D PPPs and are placed at different heights. This allows

for multiple setups to be studied, ranging from high altitudes to ulta-low altitudes,

since the analysis does not restrict the ground BSs height to be less than the UAVs

height. On the other hand, the channel model adopted accommodates the differences

in communication likes by using a G2G model for the UE and ground BSs links,

and A2G model for the UE and UAVs links. A flexible cell association scheme [29]

is employed to ensure the user is served by the best transmitting device. While we

do not tackle the problem of optimizing the parameters of the UAVs such as height

and density, we study them by obtaining the optimal pair for coverage maximization
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through simulations. As a further step into a more realistic model, we then adopted

BPP for modeling the UAVs locations and derived the coverage probability for scen-

arios where LoS link is dominating, that is probability of LoS is one. Though the full

analysis already developed, it is not included in this thesis. We however present the

system model and verify the coverage probability expression we’ve obtained through

simulations.

1.4 Scope and Contribution

There are three key challenges in understanding hybrid aerial-terrestrial networks: (i)

to develop a simple yet realistic system model that captures the inherent randomness

and differences in characteristics between the aerial and terrestrial, and (ii) to develop

a mathematical framework to study the figure of metrics of these networks, and (iii) to

provide fundamental system design guidelines and insights for communications with

UAVs. This thesis serve as a comprehensive framework tackling the aforementioned

challenges. The main contributions are summarized below.

General Hybrid Aerial-Terrestrial Downlink Model. We present a tractable

and accurate mathematical framework, based on stochastic geometry, for modeling

dowlink transmission in a hybrid aerial-terrestrial communications. The developed

model assumes two collocated PPP to model the the terrestrial and aerial BSs at

different heights. The G2G channel is assumed to be Rayleigh while the A2G channel

adopts the LoS/NLoS model. We assume the typical user uses the strongest averaged

received power association rule.

Overall and Conditional Coverage Probability Analysis. We derive an exact

expression for the coverage probability at a downlink user located at an arbitrary

origin on the ground in terms of the conditional coverage and association probabilities.

We validate our analytical results against Monte Carlo simulations and give a brief
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discussion on the simulation run time as compared to the analytical computation of

the coverage probability expression.

Fundamentals of Communications with Underlaid UAVs. Through a thor-

ough discussion of the variations in system parameters and the trends in coverage

probability, we provide fundamentals for communications with UAVs. In particular,

we discuss the effects of the heights, densities, and environment settings on the con-

ditional and overall coverage probability. We then discuss the scenarios wherein the

use of UAVs can enhance the overall network coverage.

Key System Design Guidelines and Insights. We provide key insights into the

design of the hybrid aerial-terrestrial networks through a discussion of two on-going

work directions. The first gives a flavor of the optimal heights and density that can

maximize the coverage probability through simulations, while the second tackles a

more realistic PP to better emulate the finite nature of the UAVs deployments.

1.5 Organization

The rest of the thesis is organized as follows.

• Chapter 2 presents some Stochastic Geometry preliminaries that are employed

throughout the thesis. In addition, it describes the baseline system model ana-

lysis and simulation to facilitate the readability and understating of the next

chapters.

• Chapter 3 develops a tractable mathematical model the dowlink transmission

in a hybrid aerial-terrestrial communications, and present the results by first

validating the model against simulations and second discussing the effect of

several system parameters on the coverage probability.
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• Chapter 4 provides a brief summary of this thesis and concludes its contribu-

tions. It also discusses two on-going research directions concerning the modeling

and design of hybrid aerial-terrestrial networks.
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Chapter 2

Stochastic Geometry Background

2.1 Motivation and Rationale

Given the penetration of wireless technology into every aspect of our day-to-day

lives, there can be no denying that the expansion into the new-generation networks

is a major leap forward. Future networks are envisioned to be utterly different than

those of today [5, 6]. Targeting a better inter-connectivity, flexibility, reliability and

intelligence, the networks of tomorrow are expected to be irregular, heterogeneous,

drastically dense and, unfortunately, complex. This increasing complexity of tomor-

row’s wireless communications system, poses a major challenge and calls for a radical

reconsideration in the way networks are understood, modeled and analyzed.

Traditionally, insights into the performance of future wireless networks and a com-

prehensive understanding of the figures of merit were only possible through extensive

system-level simulations. Though such approach is valid and yield the desired out-

comes, the booming growth of wireless networks gives rise to the question of whether

such time-consuming and computation-intensive simulations remain a feasible choice.

To give an estimate of the runtime needed to complete such simulations for perform-

ance analysis of future networks, the authors in [57] discussed the following scenario:

Consider a typical simulation of a dense urban scenario (e.g., in 3GPP

TR1 38.802) where a mobile network consists of 57 cells, each of which

contains 10 UEs located within the geographic coverage. If each TRP2

1Third Generation Partnership Project Technical Report
2Transmit and Receive Point
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(or cell) has 6H2V (6 horizontal and 2 vertical) Tx3 beams, and each

UE has 4H2V (4 horizontal and 2 vertical) Rx4 beams; then there are 96

Tx-Rx beam pair links in total between a TRP and a UE. If the size of

antenna elements is large, based on our experiments, 30-hour simulation

time is needed only for cell assignment, not to mention the subsequent

beam management procedure and beam-level mobility.

Though their proposed system-level simulator tackled such major drawback and

saved 60% simulation times, it is still too computationally intensive. In this context,

mathematical modeling becomes of a particular importance. Initially, for perform-

ance evaluation of wireless networks, deterministic models such as a one-dimensional

Wyner model, depicted in Fig. 2.1 where the interference emerging from the neighbor-

ing cells is only considered [58], or a two-dimensional grid-based model, wherein BSs

are placed on a regular hexagonal lattice and mobile users are randomly scattered, as

shown in Fig. 2.1a were used. Due to the difficulty of mimicking realistic networks’

patterns, these simplistic approaches were considered adequate despite their limited

efficacy. The Wyner model, though unrealistic, was predominantly used by inform-

ation theorists because of its tractability along with its deterministic features. The

grid-based model, on the other hand, is more realistic yet has limited tractability [27],

highly idealized, and does not capture the randomness inherit in heterogeneous cellu-

lar network deployments. Such approaches, hence, do not provide much insights to the

performance of the different network scenarios and so complex and time-consuming

simulations were still needed to identify key design parameters and understand their

effect on the overall performance [27].

The idea of introducing more even randomness to narrow the gap between math-

ematical models and real-world wireless networks was originally proposed in [59],

wherein the spatial distributions of nodes (whether BSs or UEs) are abstracted using
3Transmitter
4Receiver
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Figure 2. The 1-D grid-based model used for comparison, which has random user locations.

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

SIR threshold θ (dB)

O
ut

ag
e 

pr
ob

ab
ilit

y 
q

 

 

Simulation
Lower Bound

β=3

β=2

β=4

β=5

Figure 3. Outage probability in intracell TDMA for the uplink with varying SIR threshold θ.

Figure 2.1: A Wyner model where the gain between a BS and it tagged mobile user is
unity, and the interference caused by the neighboring BSs is characterized by a fixed
parameter α ranging between zero and one.5

a proper point process. This approach, which has been gaining momentum in recent

years, utilizes mathematical results from stochastic geometry to develop models that

are capable of catching the essential spatial characteristics and thereby account for

the heterogeneous nature of future networks. Compared to the classical methodolo-

gies, Stochastic Geometry provides tools that can be leveraged to develop tractable

expressions of some performance metrics (e.g., coverage and average rate) and as

such is essential in providing comprehensive insights into the performance of future

wireless networks [27,28,60–66].

Chapter 1

INTRODUCTION

1.1 Stochastic Wireless Networks

With the proliferation of wireless devices at home and outdoors, modeling their

spatial location is of utmost importance in applications such as cellular, cognitive,

sensor networks, just to name a few. For the last several decades, deterministic

models include square, triangular, and hexagonal lattices [1, 2] have been considered

as network models since it provides highly simplified system models for analysis and

system level simulations for design. As an example, the hexagonal deterministic

cellular system is shown in Fig. 1.1 (A). However, the deterministic models can not

reflect the irregularity of real networks due to geographical factors such as buildings

and hills and irregular deployment of various types of transmitters such as microcells,
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Figure 2.2: Illustrations of deterministic and stochastic networks.

Within this framework, there has been an extensive body of literature concerning
5Image source: [58]
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the performance of a typical, such as the cellular wireless networks, or atypical, such

as ad hoc, sensor, and UAVs networks, or a combination of both. For cellular net-

works, the locations of BSs is commonly assumed to follow a spatial PPP [62,64,65]

as illustrated in Figure 2.1b. This is because of the simplicity and tractability of

such assumption, allowing for computable and understandable performance metrics’

expressions. [27], for example, exploited tools from SG and quantified the coverage

probability, the probability that the signal-to-interference ratio (SIR) is above a cer-

tain value, for single-tier networks via a closed-form expression. The work was then

extended in [28] and [29] to multi-tier heterogeneous networks. Though obtaining

a closed-form expression is not always possible, the yield expressions often contains

integrals that can be efficiently computed numerically; reducing the unnecessary sim-

ulation overhead. Beside the pile of notable results obtained for cellular networks,

the tools offered by Stochastic Geometry span a wide spectrum of other atypical net-

works. A more thorough discussion and review on stochastic geometry can be found

in [67] and [65].

This chapter is intended to provide a concise yet complete overview of the tools,

techniques, and mathematical preliminaries from stochastic geometry that are essen-

tial to fully comprehending the analysis provided in the next chapter. We start by

discussing the spatial point processes in general, and then discuss in more details

the main point process used in this thesis: PPP. A thorough overview of the second

most relevant point process, that is BPP, and its utilization to compute the coverage

probability can be found in [68–71] and will be briefly discussed in 4.1.2. We then

discuss how to utilize such results in the context of wireless network modeling. We

afterwards demonstrate the baseline system model that represents the fundamental

and basic setting upon which we build the model studied in this thesis.
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2.2 Mathematical Preliminaries

2.2.1 Point Processes

A point process (PP) Φ = {Xi} ⊂ Rd is loosely defined as a “random collection of

points that reside in some space6 [62]. Point processes are formally defined in one of

two possible ways:

• Random set formalism, where Φ is a countable set of random variables.

• Random measure formalism, where Φ can be characterized by its counting

measure N(B) over an arbitrarily chosen Borel set B or, put simply, a count of

of the number of points in B for any B ⊂ Rd.

A more thorough and rigorous introduction to PPs can be found in [60] and [61],

and [62]. Below we present the definitions for two important statistical measures of

a point process. The first is the intensity measure, which is the expected number of

points in a set B, and is defined formally next.

Definition 1 (Intensity Measure).

The intensity measure Λ is defined as

Λ(B) , E[N(B)], ∀B ∈ Bd (2.1)

The second is the vacancy measure, which characterizes the regions wherein no

points belonging to the considered process exist. The formal definition is presented

next.

Definition 2 (Vacancy Measure).

The vacancy indicator V (B) is defined as

V (B) , 1(N(B) = 0) (2.2)
6We will focus on R2 throughout this thesis.
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We now give two point processes properties that are relevant to the discussions

made in the remaining parts of this chapter.

Definition 3 (Stationary of a PP).

A PP Φ in Rd is called stationary if its distribution is translation-invariant.

Definition 4 (Homogeneous PP).

A PP Φ in Rd is called homogeneous if it is characterized by a constant intensity

measure, independent of the points locations, such that Λ(B) = Λ.

2.2.2 Poisson Point Process

As discussed earlier, the most convenient and widely used point process for complete

spatial random modeling of wireless nodes is the PPP, which is the prime focus of

this thesis. PPP is mathematically defined next.

Definition 5 (Possion Point Process).

A point process Φ = {Xi; i = 1, 2, 3, · · · } ⊂ Rd where d is the dimension is a PPP if

and only if the number of points inside any compact set B ⊂ Rd is a Poisson random

variable, and the numbers of points in disjoint sets are independent.

Functionals of Poisson Point Processes are of particular importance in the context

of SG analysis for modeling wireless networks. Below we list two functionals that

were exploited in our analysis.

Probability Generating Functional (PGFL) One of the main techniques to

handle the spatial randomness of a point process is expressing the performance metric

of interest as a random product, then use the PGFL of the underlying PP, defined

next, to convert an expectation of the product of the points in the PP into a integral

over the PP domain.
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Definition 6 (Probability Generating Functional of PPP).

Let f : Rd → R be a measurable function and Φ be a PPP, then the PGFL is

E

{ ∏
xi∈Φ

f(xi)

}
= E

{
exp

(
−
∫
Rn

(1− f(x))Λ(dx)

)}
(2.3)

Slivnyak’s theorem Slivnyak’s theorem is the main reason PPP is the most used

PP among all others. It states the following strong statement: For a PPP, due to the

independence between all points, conditioning on a point does not change distribution

of the rest points in the process. That is, when adding or subtracting points to/from

the PPP, the distribution of the new PPP is the is equal to the original distribution.

2.3 Performance Metrics and Analysis Overview

Stochastic geometry is the main mathematical tool to be exploited by this thesis due

to its ability to circumvent the unrealistic assumptions made in hopes of reducing

the complexity encountered when studying the system-level performances of wireless

networks. This tool does not only consider the uncertainties inherit in a wireless

cellular network, but also adds up another source of randomness to the system, namely

the BS locations. This approach may seem implausible, as in practice the BSs are

already deployed and their locations are known, yet it is holistic and pragmatic in

its nature. Stochastic geometry is mainly concerned with developing models that are

flexible enough to enable an understanding the average behavior of a wide variety of

networks over many spatial realizations. The proposed methodology encompasses the

following basic steps:

Step # 1: Abstract the network elements (i.e., BSs and mobile users) into a con-

venient point process.

Much like points are the basic building blocks of geometry; point processes play a key
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role in stochastic geometry. Point processes provide an adequate base for quantifying

and modeling spatial distributions of different networks, and pertain to the study of

the operation of wireless systems in terms of throughput, error rate, coverage, and

interference levels.

Step #2: Consider the aggregate interference as a function of the point process.

The aggregate interference Iagg, i.e., the cumulative interference caused by all BSs

or mobile users except the tagged one, is the main performance metric of interest to

characterize using the stochastic geometry. Characterization Iagg in an elementary

manner is infeasible —first because Iagg is function of the network geometry, and

second because it is subject to numerous uncertainties such as the number and location

of the interferes. Alternatively, the aggregate interference is expressed as functions

of the selected point process. It’s worth noting the it is not intended to calculate

an instantaneous value for Iagg, rather, to characterize it via its probability density

function (PDF), characteristic function (CF), moments, or Laplace Transform (LT).

The latter is most commonly used for interference characterizations and hence the

the formal definition is given below.

Definition 7 (Laplace Transform of a Random Variable).

The Laplace transform of a random variable X is

LX(s) , E[e−sX ], s ∈ C (2.4)

Step #3: Use results from stochastic geometry to characterize the aggregate inter-

ference.

Stochastic geometry provides two main techniques that transform a function of the

point process into a simple integral over the point process domain: (a) Campbell’s

theorem and (b) PGFL (defined earlier). Both techniques can be directly used and a

certain representation of the parameter of interest is mandatory. Specifically, Camp-
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bell’s theorem requires an expectation over a random sum, whereas PGFL requires

an expectation over a random product. Campbell’s theorem is however known to be

insufficient for characterizing Iagg as it is restricted to calculating moments. PGFL is,

on the other hand, more suitable and can obtain a characterization of the aggregate

interference.

Step 4: Calculate the performance metrics of interests.

Characterizing Iagg is no sufficient to provide key design insights into the performance

of wireless cellular networks. A conceptual analysis relying on performance metrics

is, therefore, essential to obtain abstract and easy-to-interpret expressions that can

help studying the network performance and understanding its behavior. These per-

formance metrics include coverage (or outage) probability, diversity gain, power gain,

ergodic rate, etc. Throughout this thesis, we restrict our attention on the coverage

probability, which is mathematically defined as follows:

Definition 8 (Coverage Probability).

For a given threshold τ , the coverage probability Pcov at the typical user is given by

Pcov = P(SIR > τ) (2.5)

2.4 Baseline System Model

The baseline model is a deliberately simplified model used to establish a basis for the

analysis of more realistic and complicated systems [27]. The model presented below

demonstrates the proposed methodology, and verifies the its robustness and validity

against Monte Carlo simulations via MATLAB. The focus is mainly on the downlink

scenario where the interference experienced at the mobile user come from the BSs.
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2.4.1 System Model and Modeling Assumptions

We consider a single-tier cellular network consisting of BSs that are spatially distrib-

uted in R2 according to a Homogeneous PPP (HPPP) Φ = {Ri} with intensity λ. We

further assume that a typical UE associate with the nearest BS; namely the mobile

user in the Voronoi cell of a BS are associated with it, resulting in coverage areas that

comprise a Voronoi tessellation on the plane, as shown in Fig. 2.3. Without any loss

of generality, the UE under consideration is assumed to be located at an arbitrary

origin. All BSs are assumed to transmit symbol s such that E{|s|2} = 1 at a fixed

power P . The transmitted symbol experiences a distance-dependent path-loss r−η

where η > 2 is the pathloss exponent, and encounters a Rayleigh fading with unit

mean to reach to the typical user, i.e., h ∼ exp(1). We assume the thermal noise is

negligible compared to the interference. In this setup, the received power of at the

typical UE can be expressed as

Pr = Ph0R
−η
0 +

∑
i∈Φ\{0}

PhiR
−η
i︸ ︷︷ ︸

Iagg

(2.6)

where the first term is the power of the desired signal; the second term is the condi-

tional aggregate interference Iagg. The downlink SIR for the typical mobile user can

be written as:

SIR =
h0R0

−η∑
i∈Φ\{0} hiRi

−η (2.7)
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Figure 2.3: Network topology realization in [−1500, 1500] m2, where the black tri-
angles and red square represent the BSs and UE; respectively. The intensity of the
PPP is λ = 7× 10−6 BSs/m2.

2.4.2 Coverage Probability Analysis

Following the steps described earlier, the probability of coverage of a randomly located

UE in the described network model can be derived as follows [27]:

Pcov = P(SIR > τ)

= P

(
h0R0

−η∑
k∈Φ\{0} hiRi

−η > τ

)

= P

h0 > τR0
η
∑

k∈Φ\{0}

hiRi
−η


(a)
= EΦ

 exp

−τR0
η
∑

i∈Φ\{0}

hiRi
−η


(b)
= EΦ

[
LIagg (τrη0)

]
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where (a) follows from the Rayleigh fading assumption and (b) utilizes the Laplace

transform definition. An expression LIagg (s) where s = τrη0 is derived as follows:

LIagg (s) = EIagg [exp (−sIagg) ]

= EIagg

exp

−τR0
η
∑

i∈Φ\{0}

hiRi
−η


= EIagg

 ∏
i∈Φ\{0}

exp
(
−τR0

ηhiRi
−η)

(a)
= EΦ

 ∏
i∈Φ\{0}

Ehi [exp
(
−τR0

ηhiRi
−η)]


(b)
= EΦ

 ∏
i∈Φ\{0}

1

1 + sPr−η


(c)
= exp

(
−λ
∫
R2

(
1− 1

1 + sPr−η

)
dr

)
(d)
= exp

(
−2πλt

∫ ∞
r0

(
1− 1

1 + sPr−η

)
r dr

)
(2.8)

where (a) follows from the independence of the fading channel gains, (b) utilize the

Moment generating function (MGF) of an exponential random variable with unit

mean, (c) follows from the PGFL of the PPP and the integration over R2 in (d) is

evaluated using polar coordinates an the limits are from r0 in infinity since the closest

interferer is at least at distance r0. The distribution of R0, the distance of the typical

user to the serving BS, is given by [27]:

fR0(r0) = 2πλr0 exp(−λπr2
0), r0 ≥ 0 (2.9)

2.4.3 Numerical Results and Simulation

The coverage probability expression obtained is validated against Monte Carlo sim-

ulations using MATLAB. The BS intensity is set to λ = 10−5 BS/m2, the transmit
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power is set to P = 30 dBm, and the pathloss exponent is assumed to be η = 4. As

evident from Figure 2.4, the derived model accurately captures the downlink coverage

probability.
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Figure 2.4: Theoretical versus empirical Downlink coverage probability versus SIR
threshold in a cellular network.
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Chapter 3

Modeling and Analysis of Hybrid Aerial-Terrestrial Networks

3.1 System Model

3.1.1 Network Architecture

Consider the downlink traffic in a one-tier cellular network of terrestrial basestations

(TBSs) within a certain geographical area. We assume a limited-duration event is

held within the network region; triggering the need for additional resources to satisfy

a certain QoS. The network is thus populated with aerial basestations (ABSs) provid-

ing a wireless coverage for the UEs located within the area. The network scenario is

depicted in Fig. 4.3. We will use the subscript a to denote the ABSs (aerial transmit-

ting devices) and t to denote the TBSs1 (terrestrial transmitting devices).We model

the locations of the TBSs and ABSs are are spatially distributed according to a HPPP

Φt , {st,i} and Φa , {sa,i}, where st,i and sa,i refer to the location of TBS i and ABS

i respectively on the ground, with spatial intensities λt and λa BSs/km2; respectively.

All BSs are equipped with single omni-directional antennas. The TBSs and ABSs

transmit at fixed powers Pt, Pa and are placed at altitudes ht and ha respectively.

The analysis is performed at a typical single-antenna UE located, without loss of

generality, at the origin of the Euclidean plane on the ground. The set of distances

between a UE and (i) the projection of the ith transmitting device (horizontal dis-

tances) is denoted by Sζ,i where ζ ∈ {t, a}, and (ii) the location of the ith transmitting

device (actual distances) is denoted by {Zζ,i} =

{√
Sζ,i

2 + hζ
2

}
. Form these sets,

1Note that hereafter the terms UAVs/ABSs and ground BSs/TBSs are used interchangeability.
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the minimum horizontal distance is denote Rζ and the minimum actual distance is

denoted Dζ .

TBS
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Figure 3.1: Illustration of the system model.

3.1.2 Channel Model

To analyze the network performance accurately, it is essential to adopt different chan-

nel models to accommodate the differences between TBS-UE and ABS-UE Commu-

nications. In the following, we discuss the salient characteristics of both and present

the proposed channel models.

3.1.2.1 TBS-UE Communications

Due to the nature of the terrestrial communications, the fading channel between the

TBSs and the UE, i.e.,G2G channel, consists of: (i) a large-scale fading modeled using

a distance-dependent path-loss with path-loss exponent ηt ≥ 2, which is consistent

with the empirical findings in [72], and (ii) a small-scale Rayleigh fading modeled

using an independent and identically distributed (iid) exponential random variable,

denoted as Ωt, with unit mean. The PDF of Ωt is given by:

fΩt(ω) = e−ω, ω ≥ 0 (3.1)
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The received signal power at a typical UE can thus be expressed as follows

Pr,t = Pt zt,i
−ηt Ωt,i = Pt (s2

t,i + h2
t )
−ηt/2 Ωt,i (3.2)

This setup, though simplified, is widely used in the literature because it offers a good

approximation for practical TBS-UE channels [27–29].

3.1.2.2 ABS-UE Communications

Compared to the well-studied G2G channels, only a limited body of literature ex-

ists on the ABS-UE communication, or the so-called A2G channel modeling [30–37].

However, with the dramatic increase in the use of UAVs to enhance the capabilities

of the current cellular systems, A2G channel characterization and modeling is rapidly

gaining momentum. A recent survey of A2G propagation channel modeling for UAVs

is found in [35]. The A2G channel is fairly different than the G2G channel due to

the higher likelihood of LoS propagation —which has been experimentally shown to

be valid for UAVs flying above a certain altitude [73]. We will adopt the common

approach of considering the LoS and NLoS links separately along with their prob-

abilities of occurrence. The LoS probability, and accordingly the NLoS probability,

depends on the environment setup for different scenarios (urban, suburban, dense

urban, highrise urban). The probability function is distance-dependent; therefore we

define Φa,L , {sa,i ∈ Φa : sa,i in LOS} and Φa,N , Φa \Φa,L to be the subsets of

ABSs in LoS and NLoS fading conditions, respectively. The probability function of

LoS, and NLoS, can be approximated to a simple S-curve of the following form [34]:

PL(sa,i) =
1

1 + a exp (b [a− θ(sa,i)])
(3.3)

where θ(sa,i) is the elevation angle which is given by 180
π

arctan (ha/sa,i), and a and b

are constant values that define the environment. The corresponding NLoS probability
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is PN(sa,i) = 1− PL(sa,i).

The fading channel between the ABS and the UE, similar to the terrestrial commu-

nications, is characterized using the combination of two components: (a) a large-scale

fading modeled using a distance-dependent path-loss with path-loss exponent ηa,L and

ηa,N for the LoS and NLoS links respectively with ηa,N ≥ ηa,L > 2, and (b) a small-

scale Nakagami-m fading modeled using a gamma-distributed random variable with

shape parameter m and scale parameter 1/m. The small-scale fading is denoted Ωa,L

and Ωa,N with parameters mL and mN = 1 for the LoS and NLoS links respectively.

The pdfs can be expressed as [20]:


fΩa,L(ω) =

mmL
L ωmL−1

Γ(mL)
e−mLω for LoS

fΩa,N (ω) = e−ω for NLoS
(3.4)

where ω ≥ 0, and Γ(m) is the gamma function given by Γ(m) =
∫∞

0
xm−1e−xdx.

Note that the Nakagami-m model is a flexible model that enables mimicking different

fading environments depending on the value assigned to the parameter m. In case

of the NLoS link, m is equal to 1 and the Nakagami-m fading reduces to a Rayleigh

fading. For the LoS link, we limit the possible values of mL to integers for analytical

tractability. For the LoS and NLoS connections, the received signal power at a typical

UE can be expressed as follows

Pr,a =


Pr,a,L = Pa za,i

−ηa,L Ωa,L,i = Pa (sa,i
2 + h2

a)
−ηa,L/2 Ωa,L,i for LoS

Pr,a,N = Pa za,i
−ηa,N Ωa,N,i = Pa (sa,i

2 + h2
a)
−ηa,N/2 Ωa,N,i for NLoS

(3.5)

3.1.3 Cell Association and link SIR

Since the main motive behind the usage of UAVs for communication purposes is their

higher probability of LoS, we assume that the UE is allowed to connect to either any

TBS or an ABS providing an LoS link. A common cell association criterion is the
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closest BS association [27], that is, a UE is associated with a BS at distance Rζ . Such

criterion, though widely applicable, does not necessarily ensure the user is served by

the BS providing the best SIR in our case. This is merely due to the fact that the

LoS pathloss exponent is less than that of the NLoS. As a result, there can exist a BS

providing a stronger SIR than that provided by the closest BS. Against this backdrop,

we resort to the strongest SIR association criterion, wherein a UE is assumed to be

served by the transmitting device that offers the maximum average received-power.

The fading in this case is averaged out since E[Ωt,i] = E[Ωa,i,L] = 1. We employ a

flexible scheme [29] by introducing a positive biasing factor βζ to allow for tuning and

better offloading of data traffic using ABSs from overloaded TBSs in a temporary

hotspot. Note that when βζ = 1, the flexible scheme is equivalent to the maximum

average received-power cell association scheme. The distance between the typical UE

and its serving ζ-BS, denoted Xζ , can thus be expressed as:

Xζ = arg max{βtPr,t, βaPr,a,L} (3.6)

In our model, we consider that the cellular communication network of TBS is

densified with underlaid ABS. Meaning, the TBSs and ABSs concurrently transmit

over the same spectrum band. As such, the communication link between the UE

and its associated BS is interfered by all other BS whether aerial or terrestrial. The

aggregate interference can thus be written as follows

Iagg =


Iagg,t = Ît + Ia if the serving device is a TBS

Iagg,a = Îa + It if the serving device is a ABS
(3.7)

with

It =
∑
i∈Φt

Pr,t , Ît =
∑

i∈Φt\{0}

Pr,t , Ia =
∑
i∈Φa

Pr,a , Îa =
∑

i∈Φa\{0}

Pr,a
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Since the link in the case of ABS-UE communication can be either LoS or NLoS, Ia

and Îa are further decomposed as follows

Ia = Ia,L + Ia,N and Îa = Ia,L + Îa,N

with

Ia,L =
∑
i∈Φa,L

Pr,a,L, Îa,L =
∑

i∈Φa,L\{0}

Pr,a,L, Ia,N =
∑
i∈Φa,N

Pr,a,N (3.8)

If the UE is served by a TBS, SIR expression, we assume the noise power is negligible

compared to aggregate interference, is

γt =
Pt (X2

t + h2
t )
−ηt/2 Ωt,0

Iagg,g

(3.9)

On the other hand, if the UE is served by a ABS, the SIR expression is

γa =
Pa (Xa

2 + h2
a)
−ηa,L/2 Ωa,L,0

Iagg,a,L

(3.10)

3.2 Performance Analysis

Under the system model introduced in Section 3.1, we study the downlimk network

performance at a typical UE in terms of the coverage probability. The coverage

probability Pcov is the probability that the instantaneous SIR of an arbitrarily located

UE is less than a certain threshold τ . Since the typical UE is associated with either

a TBS or a LoS-ABS, using the law of total probability, the probability is given as

Pcov = Pcov,tAt + Pcov,aAa (3.11)
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where Pcov,t, Pcov,a,L and At,Aa are the coverage and association probabilities for TBS

and ABS respectively. The coverage probability Pcov,t can be evaluated as follows:

Pcov,t = EXt [P(γt > τ) ]

= EXt
[
EIagg,t

[
P
(

Ωt,0 >
τIagg,t

Pt(x2
t + h2

t )
−ηt/2

)]]
(a)
= EXt

[
EIagg,t

[
exp

(
− τIagg,t

Pt(x2
t + h2

t )
−ηt/2

)]]
= EXt

[
LIagg,t(s1)

]
(3.12)

where s1 = τ/Pt(x
2
t + h2

t )
−ηt/2 and (a) follows the Rayleigh fading assumption. Sim-

ilarly, the coverage probability Pcov,a can be written as:

Pcov,a = EXa [P(γa > θ) ]

= EXa
[
EIagg,a,L

[
P
(

Ωa,L,0 >
τIagg,a,L

Pa (xa2 + h2
a)
−ηa,L/2

)]]
(a)
= EXa

[
mL−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LIagg,a,L

(s)

]
s=s2,L

]
(3.13)

where s2,L = mLτ/Pa (xa
2 + h2

a)
−ηa,L/2, and (a) follows from the Nakagami-m and

Rayleigh fading assumptions for the LoS and NLoS links respectively. A detailed

proof of (a) is provided in Appendix A.

3.2.1 Association Probabilities

As discussed 3.1.3, we will adopt the approach of associating a typical UE with the

BS providing the strongest biased average received power. As will be shown shortly,

the derivation of association probability Aζ utilizes the distributions of the horizontal

distances to the nearest ζ-BS, i.e., Rζ , which can be readily derived using the null

probability of a 2-D PPP in an area A [27], and is given by

fRζ(rζ) = 2πλrζe
−πλr2

ζ , rζ ≥ 0 (3.14)
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Proof. See Appendix B.

In the following Lemma, we present the probability that the UE is associated with

an LoS-ABS or TBS., i.e., the probability that βaPr,a,L > βtPr,t or βtPr,t > βaPr,a,L,

respectively. Note that At = 1−Aa since both events, the event that a UE is served

by a TBS or an ABS, are independent and one is the complementary event of the

other.

Lemma 1. The probability that a typical user is associated with a ζ-BS is given by

Aζ =

A∗
ζ︷ ︸︸ ︷∫ ∞

0

PL(rζ) fRζ(rζ) drζ −
∫ ∞
αζ

PL(rζ)FRζ̄

(√
Eζ(rζ)

)
fRζ(rζ) drζ∫ ∞

0

PL(rζ)fRζ(rζ)drζ

(3.15)

where Eζ(rζ) =
(
βζ̄Pζ̄
βζPζ

)2/ηζ̄
(r2
ζ + h2

ζ)
ηζ,L/ηζ̄ − h2

ζ̄
denotes the horizontal radius of a

region referred to as the exclusion disc, and αζ is a non-negative root of Eζ(rζ) that

is given by

αζ =


√
Eζ̄,ν(0), Eζ̄,ν(0) > 0

0, otherwise

Proof. See Appendix C.

Lemma 1 gives a clear view on the range over which the interferes are located based

on the association rule. For clarity of exposition, the next remarks present the actual

distances to the closest interfering BS in the TBS-UE and ABS-UE communications,

which are essential for deriving the coverage probability expressions in the sequel.

Remark 1. Given that the typical UE is associated with a ζ-BS located at distance

xζ, the closest interfering ζ-BS is at least at distance

lζ(xζ) =
√
x2
ζ + h2

ζ (3.16)
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Remark 2. Given that the typical UE is associated with a TBS located at distance

xt, the closest interfering ABS is at least at distance

dt(xt) =


√
Et(xt) + h2

a, xt > αt

ha, otherwise

(3.17)

Remark 3. Given that the typical UE is associated with a LoS-ABS located at distance

xa, the closest interfering TBS and NLoS-ABS are at least at distances

dTa (xa) =


√
Et(xt) + h2

t , xt > αt

ht, otherwise

and dNa (xa) =


√
Et(xt) + h2

a, xt > αt

ha, otherwise

(3.18)

3.2.2 Relevant Distance Distributions

As evident from the above, the network has two types of randomness: one is due to the

intrinsic randomness in the BS deployments, and the other is due to the uncertainties

in the wireless channel. To tackle the former, we need to characterize the distribution

of distances of interest. The latter is to be dealt with in the next subsection. Lemma

2 below present the pdf of the distance Xζ , i.e., the distance to the serving ζ-BS.

Lemma 2. The pdf fXζ(xζ) of the distance Xζ between a typical UE and its serving

ζ-BS is given by

fXζ(xζ) =


fXζ,1(xζ), xζ < αζ

fXζ,2(xζ), otherwise
(3.19)

with

fXζ,1(xζ) =
PL(xζ)fRζ(xζ)

A∗ζ
, fXζ,2(xζ) =

PL(xζ)fRζ(xζ)

A∗ζ

(
1− FRζ̄

(√
Eζ(xζ)

))
.

Proof. See Appendix D.
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3.2.3 Laplace Transforms of the Interference

We now address the randomness resulting from the channel fading by aggregate inter-

ference characterization using the Laplace transforms of Iagg at an arbitrarily-located

UE. As discussed earlier, the system model is composed of two collocated networks

with different fading assumptions in an underlay fashion. This results in two types of

the aggregate interference as shown in (3.7). In the following, we provide the Laplace

transform expressions for Iagg,t and Iagg,a.

3.2.3.1 TBS-UE Communications

When a UE is served by a TBS, the aggregate interference it experience is a combin-

ation of the interference coming from all ABSs and all TBSs except the serving TBS,

i.e., the interference can be expressed as

Iagg,t = Ît + Ia =
∑

i∈Φt\{0}

Pr,t +
∑
i∈Φa

Pr,a (3.20)

The Laplace transform of Iagg,t is then given by

LIagg,t(s) = EIagg,t [exp (−sIagg,t)]

= EIagg,t

[
exp

(
−s(Ît + Ia)

)]
(a)
= EÎtEIa

[
exp

(
−sÎt

)
exp (−sIa)

]
= LÎt(s)LIa(s) (3.21)

where (a) follows from the independence Ît and Ia. In the following Lemmas, we

present the expressions LÎt(s) and LIa(s).

Lemma 3. The Laplace transform of Ît is given by

LÎt(s) = exp

(
−2πλt

∫ ∞
lt(xt)

(
1− 1

1 + sPtr−ηt

)
r dr

)
(3.22)
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Proof. See Appendix E.

Lemma 4. The Laplace transform of Ia is given by

LIa(s) = exp

−2πλa

∫ ∞

dt(xt)

PL(r)

1− 1(
1 + s

mL
Par−ηa,L

)mL
 r dr

+ PN(r)

(
1− 1

1 + sPar−ηa,N

)
r dr

])
(3.23)

Proof. See Appendix F.

3.2.3.2 ABS-UE Communications

In the ABS-UE communication case, the user is associated with an ABS via a LoS

link. As such, the aggregate interference Iagg,a is split into three components: the

interference received from (a) all TBSs, (b) all NLoS-ABSs, and (c) all LoS-ABSs

except the serving one. The interference expression is thus given by

Iagg,a = It + Îa,L + Ia,N =
∑
i∈Φt

Pr,t +
∑

i∈Φa,L\{0}

Pr,a,L +
∑
i∈Φa,N

Pr,a,N (3.24)

Due to the independence of Φt,Φa,L, and Φa,N , the Laplace transform of Iagg,a is

LIagg,a(s) = LIt(s)LÎa,L(s)LIa,N (s) (3.25)

The expressions of LIt(s) and LÎa(s) = LÎa,L(s)LIa,N (s) are provided in the Lemmas

below.
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Lemma 5. The Laplace transform of Îa can be expressed as

LÎa(s) =

LÎa,L (s)︷ ︸︸ ︷
exp

−2πλa

∫ ∞
la(xa)

PL(r)

1− 1(
1 + s

mL
Par−ηa,L

)mL
 r dr


× exp

(
−2πλa

∫ ∞
dNa (xa)

PN(r)

(
1− 1

1 + sPar−ηa,N

)
r dr

)
︸ ︷︷ ︸

LÎa,N (s)

(3.26)

Proof. The derivation is similar to that of LIa in Appendix F with the utilization of

Remark 1 for the LoS links and Remark 3 for the NLoS links.

Lemma 6. The Laplace transform of It is given by

LIt(s) = exp

(
−2πλt

∫ ∞
dTa (xa)

(
1− 1

1 + sPar−ηt

)
rdr

)
(3.27)

Proof. The proof follows the same steps in Appendix E, except that (d) will make

use of Remark 3 instead.

3.2.4 Coverage Probability Expressions

Using the distances distributions and the Laplace transform expressions presented

earlier, we first evaluate the expressions for the coverage probability of a typical

user given that it is associated with a TBS or a LoS-ABS given in (3.12) and (3.13)

respectively. Then, the main result for the probability of coverage in hybrid aerial-

terrestrial networks is given in Theorem 1.
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3.2.4.1 TBS-UE Communications

The coverage probability Pcov,t is given by

Pcov,t = EXt
[
LIagg,t(s1)

]
=

∫ ∞
0

LIagg,t(s1) fXt(xt) dxt

=

∫ αt

0

LIagg,t(s1) fXt,1(xt) dxt +

∫ ∞
αt

LIagg,t(s1) fXt,2(xt) dxt (3.28)

where s1 = τ/Pt(x
2
t + h2

t )
−ηt/2.

3.2.4.2 ABS-UE Communications

The coverage probability Pcov,a can be written as

Pcov,a = EXa

[
mL−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LIagg,a(s)

]
s=s2,L

]

=

∫ ∞

0

(
mL−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LIagg,a(s)

]
s=s2,L

)
fXa(xa) dxa

=

∫
αa

0

(
mL−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LIagg,a(s)

]
s=s2,L

)
fXa,1(xa)dxa

+

∫ ∞

αa

(
mL−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LIagg,a(s)

]
s=s2,L

)
fXa,2(xa)dxa (3.29)

where s2,L = mLτ/Pa (xa
2 + h2

a)
−ηa,L/2.

Theorem 1. The coverage probability for a typical randomly located mobile user in a hybrid

aerial-terrestrial network is

Pcov = At
(∫ αt

0
LIagg,t(s1) fXt,1(xt) dxt +

∫ ∞
αt

LIagg,t(s1) fXt,2(xt) dxt

)
+ Aa

(∫ αa

0
L∗Iagg,a

(s)fXa,1(xa) dxa +

∫ ∞
αa

L∗Iagg,a
(s)fXa,2(xa) dxa

)
(3.30)
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with

L∗Iagg,a
(s) =

mL−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LIagg,a(s)

]
s=s2,L

3.3 Results and Discussion

3.3.1 Numerical Results

In this subsection, we present numerical results to verify our theoretical findings. In

particular, we compare the coverage probability expression obtained in Theorem 1

using Stochastic Geometry with the results obtained using Monte-Carlo simulations.

We begin by presenting the simulation setup and the parameters, and then show the

exact match between our theoretical model and the simulations.

3.3.1.1 Simulation Setup

We perform the Monte-Carlo simulations in MATLAB as follows: we deploy two col-

located HPPPs with intensities λt TBS/m2 and λa ABS/m2 in an area of 50 km2. A

UE, that is dropped in the center of the simulation area, associates with the strongest

biased average received power. The SIR at the UE, and for each realization in the

setup, the UE is declared to be in coverage if the SIR exceeded a threshold τ ran-

ging from −30 dB to 10 dB. The downlink coverage probability empirical results

are averaged over 105 simulations runs. Unless stated otherwise, the simulations

are carried out for an urban environment2 with λt = 10−3 TBS/m2, λa = 10−5

ABS/m2βt = βa = 1, Pt = Pa = 30 dBm, ηt = 3.6, ηa,N = 3.2, ηa,L = 3, ht = 60 m,

ha = 100 m. Figure 3.2 shows a snapshot of the network topology realization.

3.3.1.2 Model Validation

Figure 3.3 shows the theoretical coverage probability expression derived earlier

matches exactly the empirical results obtained through the simulations. The solid
2The parameters are found in the next subsection.
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Figure 3.2: Network topology realization in [−1500, 1500] m2, where the black tri-
angles, blue dots, and red square represent the TBSs, ABSs, and UE; respectively.
The intensities are λt = 7× 10−6 TBSs/m2 and λa = 4× 10−6 ABSs/m2.

lines are the coverage probabilitiy values computed using the expression provided in

Theorem 1, while the dotted lines represent the empirical values. Comparing the

blue and black curves, we can see that the coverage probability of the infrastructure,

Pcov,t, is indeed enhanced by deploying the UAVs. We also note that the users served

by the ABSs have higher coverage probabilities than those served by the TBSs. This

is owing to the fact that a UE establishes a communication link with a ABS only if

there exists a LoS link between them.

To further promote the utilization of Stochastic Geometry based models in quanti-

fying the networks performance metrics, we next compare the time needed to compute

the coverage probability numerically against the simulation run time. The compu-
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Figure 3.3: Downlink coverage probability versus SIR threshold in a hybrid aerial-
terrestrial network.

tations were done in approximately 12 minutes, while the simulation took almost 40

minutes to deliver the desired results. Using the model approach, the time needed

reduces by 70%. This undoubtedly stresses on the validity and reliability of such

models for capturing the inherent performance trends.

3.3.2 Discussions

In this subsection, after validating the developed mathematical model, we utilize it to

study the hybrid aerial-terrestrial network performance in terms of effect of the system

various parameters on the main metric of our interest: the coverage probability.

The key factors affecting the coverage probability: (i) heights, (ii) density, and (iii)

environment setting. In the following, we discuss the effect of each factor separately

and in details. We also highlight the interdependence between the parameters of each

communications type: TBS-UE and ABS-UE.
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3.3.2.1 Effect of Heights

The height of the TBSs and ABSs is a major contributor to the system performance.

In Figure 3.4, we show the effect of the increase in ht on the coverage probability in

a suburban environment. The values of ht range between 0 to 60 m, and the rest of

the simulations parameters are λt = λa = 10−5 BS/m2 and ηt = ηa,N = 4. We notice

that, with the increase of ht, the Pcov,t is decreasing while Pcov,a is unchanged, and

the overall coverage probability follows the Pcov,a curve. The deployment of UAVs is

of positive impact on the coverage probability when the ABS height exceed a cer-

tain value, otherwise it will just overload the system with LoS interferes. Figure 3.4

illustrates the effect of the ha on the coverage probability a suburban environment.

The range of ha is from 0− 300 m. Similar to the previous case, the overall coverage

probability curves follows closely the Pcov,a curve. It is also shown that the increase

in ha leads to a better coverage provided by the UAVs than that of the pre-installed

infrastructure; resulting in an enhancement in the overall network performance. How-

ever, as the ABS height increase, the user will almost never associated with the UAVs,

and the ABSs will act only as interferes; which will eventually result in a degraded

overall coverage probability.It is important to highlight that the same trend carry on

for other environment setups. More discussion about the effect of the environment is

found next.

3.3.2.2 Effect of Density

The effect of network densification has been always a matter of question in the context

of performance analysis of future networks. It has been shown in [27] and [28] that

coverage probability is invariant to the density change as the increase in the signal

power is exactly compensated by the increase in the interference power. This however

is merely due to the use of unbounded path-loss models [74]. As the height of the

BSs is brought into the picture, the pathloss models become bounded and effect of
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Figure 3.4: Downlink coverage probability versus TBS heights in a hybrid aerial-
terrestrial network in a suburban setting.

the density in indeed significant to study. In our model, we have two densities to

consider, λt and λa. We let ha = 120 m, ht = 60 m and ηt = 3.5, ηa,N = 4. Figure 3.6

shows the effect of λa on the overall coverage probability in an urban environment

setting for λt = 10−4 TBS/m2. It ca be obviously seen that the increase in ABS

density does not result in a better coverage probability. If λa is higher than the λt,

the drop in coverage probability is huge. This is due to the major increase in LoS

interference links, causing a degradation in the link quality in average. However,

for values of λa that are less than λt, decreasing λa continues to result in a better

in coverage probability until no more improvement is achieved. This highlights the

importance of careful consideration in choosing λa when deploying UAVs. It also show

the effectiveness and practicality of our proposed solution. Figure 3.7, on the other

hand, demonstrates the effect of λt on the overall coverage probability in the same

setting for λa = 10−4 TBS/m2. The same trend can be observed, TBS deployments

denser than the ABS density experience worse coverage probability conditions. As
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Figure 3.5: Downlink coverage probability versus ABS heights in a hybrid aerial-
terrestrial network in a suburban setting.

the TBSs become less dense, the ABSs is able to maintain a certain level o coverage

probability. This behavior hold as the limit approaches infinity, which demonstrates

the ability of UAVs to provide support in the case of TBS complete absence.

3.3.2.3 Effect of Environment

The environment wherein the scenario we described in 3.1.1 is occurring can largely

affect the effectiveness of our proposed solution. In [34] and [33], the aerial channel

LoS/NLoS model developed is a function of the angle between the ABS and the user

and the constants a and b. The constants define the environment setting in terms

of (i) built-up land area density, (ii) buildings density, and (iii) buildings’ heights

distribution. The typical values of a and b for four environment setups, namely

suburban, urban, dense urban, and high-rise urban, are given in Table 3.1. For fair

assessment, we set the densities of the ABSs and TBSs to be 10−5. The rest of the

network parameters are set to ηt = 3.5, ηa,N = 4. It can be seen from Figure 3.8 that
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Figure 3.6: Downlink coverage probability versus SIR thresholds in a hybrid aerial-
terrestrial network for different values of λa.

the coverage probability is increasing as we move from suburban to high-rise urban

environment. This is because of the severe building blockage for the dense and the

high-rise urban environment, allowing the ABSs to leverage the network performance

by introducing the LoS connectivity. Figure 3.9 shows that for environments with low

building densities (suburban), the coverage provided by infrastructure is not improved

with the use of UAVs, as they will only introduce interference into the network. But

as the density and heights of the buildings in an environment increase, making it

a high-rise urban environment, the use of UAVs significantly improves the overall

performance in terms of the coverage probability.
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Figure 3.7: Downlink coverage probability versus SIR thresholds in a hybrid aerial-
terrestrial network for different values of λt.

Table 3.1: Aerial Channel Parameter Values for Different Environment Setups

Environment a b
Suburban 4.88 0.43
Urban 9.61 0.16

Dense Urban 12.08 0.11
High-rise Urban 27.23 0.08
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Figure 3.8: Downlink coverage probability versus SIR threshold in a hybrid aerial-
terrestrial network with different environment setups.
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Figure 3.9: Overall and conditional downlink coverage probabilities versus SIR
threshold for suburban and high-rise urban environments.
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Chapter 4

Concluding Remarks and Future Directions

4.1 Future Directions

The model proposed throughout the thesis is a relatively new area of research as the

commercial use of UAVs for communication purposes was not possible until recently.

A Survey of the potential, challenges and important issue is found in [18,19]. Here we

present two under-explored research problem as part of our on-going work related to

the enhancement of the proposed model. Problem I aims at answering the following

question: what are the values of ABS height and Density that maximizes the coverage

probability? Though we do not provide an explicit answer to this question, we will

preset the formulated problem and give visual insights into the solution through

simulations. Problem II, on the other hand, calls into question the accuracy of the

PPP assumption given the finite nature of the UAVs deployment. A relatively simple

yet reasonable alternative is the use of BPP [20, 69]. We will present the modified

system model and discuss the implications of adopting such approach.

4.1.1 Optimal ABS Height and Density for Coverage Maxim-

ization

Though modeling and analysis of networks are essential for a better understanding

of their performance, the end goal is to utilize this knowledge to design a far more

reliable networks of tomorrow. Towards this goal, recent studies have addressed

the efficient deployment of UAVs. In [44], the optimal UAV height for maximum
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coverage probability at every user location was derived, but the work was limited to

only one UAV and assumed the aerial and terrestrial cells are non-overlapping. An

optimum placement of drone-cells in a cellular network for maximum coverage radius

and maximum number of covered users are presented in [45] and [75] respectively,

both of which focused solely on UAVs-only scenarios. The coexistence of the UAVs

and infrastructure was considered in [21] in the context of offloading data traffic for

cell-edge users in a cellular hotspost by maximizing the throughput of all users in the

cell. The study is, however, focused on the single-cell setup with only one UAV flying

cyclically along the cell edge. In this context, coverage maximization for hybrid aerial-

terrestrial networks is needed to fill the gap briefly discussed above. Here we will focus

on maximizing the overall coverage probability as a function of the ABS density and

height. In particular, we set finite constraint on λa and ha, i.e., λa ≤ λa,max and

ha ≤ ha,max. The resulting coverage maximization problem can be written as

maximize
ha,λa

Pcov(ha, λa)

subject to 0 ≤ ha ≤ ha,max

0 ≤ λa ≤ λa,max

We next provide numerical results for the considered hybrid system, in which the

optimal configuration of ha and λa is found. The simulation results are shown for

λa = [10−6, 10−5, 10−4, 10−3] ABS/m2 and ha ranging from 0 to 200 m. The rest of

the parameters are as follows: λt = 10−4 TBS/m2, , βt = βa = 1, Pt = Pa = 30

dBm, ηt = 3.5, ηa,N = 4, ηa,L = 3, ht = 60 m,. Figure 4.1 shows that the overall

coverage increases until it peaks at h?a then it starts to decrease and finally saturates

as the ABS height tend to infinity. A noteworthy observation to be highlighted is that

for values for λa greater than λt (dense ABSs deployments), the coverage probability

reaches its maximum at relatively low h?a, however when λa < λt the maximum is
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achieved for moderate ABS heights. The maximum coverage probability among all

values of λa is obtained when the λa and λt are equal. Note that all Pcov,max values

are when the ABS is placed at heights less that the height of the TBSs.
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Figure 4.1: Coverage probability versus ABS heights for different values of λa.

4.1.2 A More Realistic Spatial Model for ABS locations

Regardless of the differences in the nature of wireless network topologies, PPP was,

and still is, the first choice for modeling BS locations mainly because of its simplicity

and tractability [27, 28, 64, 65].While such approach can be justified for large-scale

random networks, the emergence and utilization of new technologies for communic-

ation purposes require the use of non-Poisson models that takes into account the

intrinsic characteristic of the new networks. In this context, the accurate modeling

the network of UAVs becomes of particular importance proper performance analysis.

One proposed solution to account for the fact that usually a finite number UAVs

are deployed to cover a certain region is the use of BPP [69]. While BPP has been
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recently used for the analysis of UAVs-only networks [20], its use in the analysis of

hybrid aerial-terrestrial networks is yet fully explored. Next, the altered version of

the network model is presented. along with a brief look at the implications.

4.1.2.1 Network Architecture

We consider a cellular downlink scenario, shown in Fig. 4.3, within a circular geo-

graphical area b(o, rc) of radius rc centered at o ≡ (0, 0, 0), consisting of two types

of transmitting devices: (i) TBSs, and (ii) ABSs. In this model, a network of TBSs

is densified using N ABSs to provide wireless coverage for UEs located within the

area. The ABSs are placed at a fixed altitude ha, and their locations are spatially

distributed according to a uniform BPP Ψa in a disk b(o′, rc) of radius rc centered at

o′ ≡ (0, 0, ha). All ABSs have identical transmit power Pa. The terrestrial BSs, on the

other hand, are spatially distributed according to a HPPP Φt with spatial intensity

λt TBSs/m2. All BSs transmit at Pt and are placed at ht.

The analysis is performed on a UE with an omnidirectional antenna located an

arbitrary location on the ground. The unordered set of distances between a UE and

(i) the projection of the ith transmitting device is denoted by Sζ,i where ζ ∈ {a, t}, and

(ii) the location of the ith transmitting device is denoted by {Zζ,i} = {
√
Sζ,i

2 + hζ
2}.

The ordered set of distances from a UE to the the location of the ith transmitting

device is denoted by {Zζ,(i)}, where Zζ,(i) is the distance between a UE and its ith

transmitting device. From this set, the serving distance is denoted by Rζ = Zζ , (1).

The distance to the closest interfering devices is denoted by Ua,1 = Za, (2) and the

unordered set of distances between the UE and remaining interferers is denoted by

Ua,i . To further illustrate the described scenario, we depicted a visualization of the

network topology in Figure 4.2.
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Figure 4.2: Illustration of the system model.

4.1.2.2 Implications of BPP

The performance analysis of networks modeled by a BPP is a cumbersome due to

three main factors: (i) the location-dependence, (ii) the correlation between distances,

and (iii) the variance in distance distribution of the interferes as the result of the

association criterion. Although these factors have been addressed comprehensively

in the literature [20, 68–71], the utilization of the obtained results when deriving the

a mathematical framework for characterizing hybrid aerial-terrestrial networks is not

straightforward. The covergae probability expression, however, has been obtained

and verified through simulations. See Appendix G for the simulation results.
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Figure 4.3: Network topology realization in [−1500, 1500] m2, where the black tri-
angles, blue dots, and red square represent the TBSs, ABSs, and UE; respectively.
The simulation parameters are λt = 7 × 10−6 TBSs/m2, N = 50 ABSs/m2, and
rc = 103 m.
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APPENDICES

A Appendix A: Proof of Pcov,a

The coverage probability Pcov,a, the probability that the SIR γa is above a certain

threshold, can be written as

Pcov,a = P(γa > τ)

= P
(
Pa (Xa

2 + h2
a)
−ηa,L/2 Ωa,L,0

Iagg,a,L

> τ

)
= EXa

[
EIagg,a,L

[
P
(

Ωa,L,0 >
τIagg,a,L

Pa (xa2 + h2
a)
−ηa,L/2

)]]

Letting s∗2,L = τ/Pa (xa
2 + h2

a)
−ηa,L/2, we have

Pcov,a
(a)
= EXa

[
EIagg,a,L

[
Γ
(
mL,0 , mL,0s

∗
2,L Iagg,a,L

)
Γ(mL,0)

]]
(b)
= EXa

[
EIagg,a,L

[
mL−1∑
k=0

(mL,0s
∗
2,L Iagg,a,L)k

k!
e−mL,0s

∗
2,L Iagg,a,L

]]

= EXa

[
mL−1∑
k=0

[
(−s)k

k!
EIagg,a,L

[(−Iagg,a,L)ke−sIagg,a,L ]

]
s=s2,L

]

= EXa

[
mL−1∑
k=0

[
(−s)k

k!

∂k

∂sk
LIagg,a,L

(s)

]
s=s2,L

]
(A.1)

where s2,L = mLτ/Pa (xa
2 + h2

a)
−ηa,L/2, (a) follows from complementary cumulat-

ive distribution function (ccdf) of a gamma-distributed random variable, Ωa,L,0, which
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is given by

F̄Ωa,L,0(ω) = 1− γ(mL,0, ωmL,0)

Γ(mL,0)
=

Γ(mL,0, ωmL,0)

Γ(mL,0)

and (b) follows from the definition of the gamma function for positive integer values

of mL,0.

B Appendix B: Proof of fRζ(rζ)

∀ζ ∈ {t, a}, Rζ is defined as the horizontal distance from a typical UE to the nearest

ζ −BS, i.e., min
i
Sζ,i. The cdf of Rζ is given by

FRζ(rζ) = P [Rζ ≤ rζ ]

= 1− P [Rζ > rζ ]

= 1− P [No ζ-BS closer than rζ ]

(a)
= 1− e−πλζr2

ζ (B.1)

where (a) utilizes the null probability of a PPP with density λζ in an area πr2
ζ .

Differentiating B.1, we obtain the pdf which is given by

fRζ(rζ) =
d

drζ
FRζ(rζ) = 2πλζe

−πλζr2
ζ rζ ≥ 0 (B.2)
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C Appendix C: Proof of Aζ

The association probability is defined as the probability that the UE is associated

with a TBSs or a LoS-ABS. Since each event is the complementary event of the

other, in the following we will only derive Aa, and At will simply be tiven by 1−Aa.

Since the event of βaPr,a,L > βtPr,t is the event βaPr,a > βtPr,t given Pr,a = Pr,a,L, the

probability of βaPr,a > βtPr,t can be expressed as

Aa = P[βaPr,a > βtPr,t | Pr,a = Pr,a,L] =
P[βaPr,a > βtPr,t, Pr,a = Pr,a,L]

P[Pr,a = Pr,a,L]
(C.1)

where PL = P[Pr,a = Pr,a,L] =
∫∞

0
PL(ra)fRa(ra)dra andA∗a = P[βaPr,a > βtPr,t, Pr,a =

Pr,a,L] is

A∗a = P[βaPr,a > βtPr,t, Pr,a = Pr,a,L]

=

∫ ∞
0

P [βaPr,a > βtPr,t, Pr,a = Pr,a,L] fRa(ra)dra

=

∫ ∞

0

P

[
R2
t >

(
βtPt
βaPa

)2/ηt

(r2
a + h2

a)
ηa,L/ηt − h2

t , Pr,a = Pr,a,L

]
fRa(ra)dra

=

∫ ∞
0

P
[
R2
t > Ea(ra), Pr,a = Pr,a,L

]
fRa(ra)dra

=

∫ ∞
0

P
[
R2
t > Ea(ra)

]
PL(ra)fRa(ra)dra

=

∫ αa

0

PL(ra) fRa(ra) dra +

∫ ∞
αa

PL(ra)P
[
Rt >

√
Ea(Ra)

]
fRa(ra) dra

=

∫ αa

0

PL(ra) fRa(ra) dra +

∫ ∞
αa

PL(ra)
[
1− FRt

(√
Ea(ra)

)]
fRa(ra) dra

=

∫ ∞
0

PL(ra) fRa(ra) dra −
∫ ∞
αa

PL(ra)FRt

(√
Ea(ra)

)
fRa(ra) dra (C.2)
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where αa is a non-negative root of Ea(ra) that is given by

αa =


√
Et(0), Et(0) > 0

0, otherwise

Plugging C.2 into C.1 gives

Aa =

∫ ∞
0

PL(ra) fRa(ra) dra −
∫ ∞
αa

PL(ra)FRt

(√
Ea(ra)

)
fRa(ra) dra∫ ∞

0

PL(ra)fRa(ra)dra

(C.3)

D Appendix D: Proof of fXζ
(xζ)

The pdf of Xζ , the random variable denoting the distance between the UE and its

serving BS given it is served by a ζ-BS, is expressed as

fXζ(xζ) =
d

dxζ
FXζ(xζ) = − d

dxζ
P[Xζ > xζ ] (D.1)

Since the event Xζ > xζ is equivalent to the event that the closest distance to the

user is greater than xζ given it is served by ζ-BS, we can write

P[Xζ > xζ ] = P[Rζ > xζ | βζPr,ζ > βζ̄Pr,ζ̄ ] =
P[Rζ > xζ , βζPr,ζ > βζ̄Pr,ζ̄ ]

P[βζPr,ζ > βζ̄Pr,ζ̄ ]
(D.2)

where P[βζPr,ζ > βζ̄Pr,ζ̄ ] = Aζ and the probability of Rζ > xζ and βζPr,ζ > βζ̄Pr,ζ̄ is

P[Rζ > xζ , βζPr,ζ > βζ̄Pr,ζ̄ ] =

∫ ∞
xζ

P[βζPr,ζ > βζ̄Pr,ζ̄ ] fRζ(rζ)drζ
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In the following, we will utilize the derivation in Appendix C to express P[Rζ >

xζ , betaζPr,ζ > βζ̄Pr,ζ̄ ]. For clarity and consistency and improved readability, we will

give the derivation for fXa(xa). The derivation of fXt(xt) follows similar steps and is

thus omitted. P[Ra > xa, βaPr,a > βtPr,t] is then given by

P[Ra > xa, βaPr,a > βtPr,t]

=

∫ ∞
xa

P[βaPr,a > βtPr,t] fRa(ra)dra

=

∫ ∞

xa

P[βaPr,a > βtPr,t, Pr,a = Pr,a,L]

P[Pr,a = Pr,a,L]
fRa(ra)dra

=
1

PL

∫ ∞

xa

P[βaPr,a > βtPr,t]PL(ra) fRa(ra)dra

=
1

PL

∫ ∞

xa

P
[
R2
t > Ea(ra)

]
PL(ra) fRa(ra)dra

=
1

PL


∫∞
xa
PL(ra) fRa(ra) dra −

∫∞
xa
PL(ra)FRt

(√
Ea(ra)

)
fRa(ra) dra, xa < αa∫∞

xa
PL(ra) fRa(ra) dra −

∫∞
αa
PL(ra)FRt

(√
Ea(ra)

)
fRa(ra) dra, otherwise

The pdf is then given by

fXa(xa) = − d

dxa
P[Xa > xa]

= − d

dxa

P[Rζ > xζ , βζPr,ζ > βζ̄Pr,ζ̄ ]

Aa

(a)
=

1

A∗a


PL(ra)fRa(xa), xa < αa

PL(ra)fRa(xa)
(

1−
[
FRt(

√
Ea(xa))

])
, xζ > otherwise

(D.3)

where the distribution of Ra is given by (3.14), and (a) is obtained using the funda-

mental theorem of calculus. Figure D.1 proves the analytical pdfs of Xa and Xt accur-

ately match the probability density estimate obtained using both Kernel smoothing

function estimate and histograms via simulations.
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Figure D.1: Theoretical versus empirical distribution of the horizontal distances Xa

and Xt given the UE is served by TBS or LoS-ABS respectivwly.
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E Appendix E: Proof of LÎt(s)

The Laplace Transform of the Ît is given by

LÎt(s) = EÎt
[

exp
(
−sÎt

)]
= EÎt

exp

−s ∑
i∈Φt\{0}

Pr,t


= EÎt

 ∏
i∈Φt\{0}

exp(−sPr,t)


= EΦtEΩt

 ∏
i∈Φt\{0}

exp(−sPr,t)


(a)
= EΦt

 ∏
i∈Φt\{0}

EΩt,i [exp(−sPr,t)]


(b)
= EΦt

 ∏
i∈Φt\{0}

1

1 + sPt,tr−ηt


(c)
= exp

(
−λt

∫
R2

(
1− 1

1 + sPtr−ηt

)
dr

)
(d)
= exp

(
−λt

∫ 2π

0

∫ ∞
0

(
1− 1

1 + sPtr−ηt

)
r dr dθ

)
(e)
= exp

(
−2πλt

∫ ∞
lt(xt)

(
1− 1

1 + sPtr−ηt

)
r dr

)
(E.1)

where (a) follows from the independence of {Ωt,i}, (b) makes use of the MGF of an

exponential random variable with unit mean, (c) follows from the PGFL of a PPP.

The integration over R2 in (d) is evaluated using polar coordinates and (e) utilizes
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Remark 1.

F Appendix F: Proof of LIa(s)

The Laplace Transform of the Ia is given by

LIa(s) = EIa [exp (−sIa) ]

= EIa

[
exp

(
−s
∑
i∈Φa

Pr,a

)]

= EIa

[∏
i∈Φa

exp(−sPr,a)

]

= EIa

 ∏
i∈Φa,L\{0}

exp(−sPr,a)
∏

i∈Φa,N\{0}

exp(−sPr,a)


(a)
= EΦa

 ∏
i∈Φa,L

EΩa,L,i [exp(−sPr,a)]
∏

i∈Φa,N

EΩa,N,i [exp(−sPr,a)]


(b)
= EΦa

 ∏
i∈Φa,L

1(
1 + s

mL
Par−ηa,L

)mL ∏
i∈Φa,N

1

1 + sPar−ηa,N


(c)
= exp

−2πλa

∫ ∞

dt(xt)

PL(r)

1− 1(
1 + s

mL
Par−ηa,L

)mL
 r dr

+ PN(r)

(
1− 1

1 + sPar−ηa,N

)
r dr

])
(F.1)

where (a) follows from the independence of {Ωa,L,i} and {Ωa,N,i}, (b) makes use of

the MGF of Γ(mL, 1/mL) for the LoS links and exp(1) for the NLoS links, (c) follows

from the PGFL of a PPP while taking into consideration the probabilities of LoS and

NLoS, and the lower limit of integration follows from Remark 2.
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G Appendix G: Simualtion results for the BPP case

The simulations results obtained here assume the the UAVs always have a line of

sight with the user, i.e., PL(xa) = 1 located at x0 = 500m from the center of an

area of radius 1 km. We assumed a 100 ABSs are deployed at height ha = 120 m

and transmit with Pa = 30 dBm. The path loss exponent is set to ηa = 3.5 and the

Nakagami-m fading parameter is m = 2. The TBSs, on the other hand, are assumed

to be spatially distributed as a PPP with density λt = 10−5 at height ht = 60 m. The

rest of the parameters are Pt = 30 dBm, ηt = 3.8. Figure G.1 shows the theoretical

coverage probability expression derived earlier matches exactly the empirical results

obtained through the simulations.
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Figure G.1: Theoretical versus empirical Downlink coverage probability versus SIR
threshold in hybrid aerial-terrestrial network using a BPP to model to ABSs locations.
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