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SUMMARY
Gravity anomalies induced by density heterogeneities are governed by Poisson’s equation.
Most existing methods for modelling such anomalies rely on its integral solution. In this
approach, for each observation point, an integral over the entire density distribution needs to
be carried out, and the computational cost is proportional to the number of observation points.
Frequently, such methods are sensitive to high density contrasts due to inaccurate resolution
of the volume integral. We introduce a new approach which directly solves a discretized form
of the Poisson/Laplace equation. The main challenge in our approach involves the unbounded
nature of the problem, because the potential exists in all of space. To circumvent this challenge,
we combine a mapped infinite-element approach with a spectral-element method. Spectral
elements represent the domain of interest, and a single layer of infinite elements captures outer
space. To solve the weak form of the Poisson/Laplace equation, we use Gauss–Legendre–
Lobatto (GLL) quadrature in spectral elements inside the domain of interest. Outside the
domain, we use Gauss–Radau quadrature in the infinite direction, and GLL quadrature in
the other directions. We illustrate the efficiency and accuracy of our method by comparing
calculated gravity anomalies for various density heterogeneities with corresponding analytical
solutions. Finally, we consider a complex 3-D model of an ore mine, which consists of both
positive and negative density anomalies.
Key words: Gravity anomaly; Poisson’s equation; Unbounded domain; Spectral-infiniteelement method.
1 I N T RO D U C T I O N
Mass density heterogeneities produce gravity anomalies, which can be measured on Earth’s surface or in space. The gravitational potential is
governed by Poisson’s equation inside the density distribution, and by Laplace’s equation elsewhere. The solution to Poisson’s equation may
be expressed as an integral over the mass distribution, and most existing methods for computing gravity are based on direct manipulation
of this integral solution. If the gravity anomaly needs to be computed inside the density anomaly, special procedures are necessary to avoid
singularities.
There have been studies of gravity anomalies induced by 2-D objects with a uniform density anomaly (Talwani et al. 1959; Bott 1960;
Won & Bevis 1987), 3-D objects with a uniform density anomaly (Talwani & Ewing 1960; Nagy 1966; Plouff 1976; Banerjee & Das Gupta
1977), spherical and ellipsoidal objects with a 1-D density anomaly (Johnson & Litehiser 1972), homogeneous polyhedrons (Werner 1994)
as well as 3-D objects with variable density anomalies (Chakravarthi et al. 2002; Garcı́a-Abdeslem 2005). The software package GBOX
is widely used for computing gravity anomalies due to uniform rectangular prisms (Blakely 1995). It implements the analytical solution
for a rectangular prism first given by Plouff (1976). GBOX can also be used to compute gravity anomalies due to irregular objects by
subdividing the object into a number of uniform rectangular subprisms and superposing their contributions. In the context of the coupled
elastic-gravitational equations, Poisson’s equation is generally solved using a spherical harmonics normal-mode approach (Pollitz 1997;
Spada et al. 2004; Al-Attar & Woodhouse 2008).
Because the integrand in the integral solution is dependent on the observation point, a volume integral has to be carried out for each
observation point. Therefore, compute time is proportional to the number of observation points. For a large number of observation points
and a large density anomaly, the computational cost may be excessive. The accuracy and efficiency of these methods may be significantly
improved with numerical quadrature. For example, Martin et al. (2017) used spectral-elements to discretize the model and GLL quadrature
for volume integration.
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2 S P E C T R A L - I N F I N I T E - E L E M E N T F O R M U L AT I O N
2.1 Governing equation
In this paper, we are concerned with perturbations in the gravitational potential, δ, induced by perturbations in mass density, δρ. Since
the Laplacian, ∇ 2 , is a linear operator, Poisson’s equation may be used to calculate gravitational perturbations induced by such density
perturbations (see e.g. Dahlen & Tromp 1998), that is
∇ 2 δ = 4 π G δρ,

(1)

where G denotes the universal gravitational constant. Let  denote the domain of interest with boundary , and let δ denote the region
with a non-zero density perturbation, as illustrated in Fig. 1. All of space is denoted by , and the ‘boundary’ at infinity is denoted by  ∞ .
Outside the density anomaly domain δ, the mass density anomaly vanishes, and the governing eq. (1) reduces to Laplace’s equation: ∇ 2 δ
= 0. The associated boundary conditions are
[δ]+
− = 0 on
[n̂ · ∇δ]+
− = 0 on

,
,

(2)

where [ · ]+
− denotes a jump in the enclosed quantity when going from the − side of boundary  to the + side, and where n̂ denotes the unit
outward normal to the boundary, pointing from the − side to the + side. If the model domain  has internal discontinuities—as is the case at
phase boundaries in the Earth’s interior—the gravitational field satisfies boundary conditions (2) across each discontinuity. At  ∞ , the field
satisfies the boundary condition
δ = 0

on ∞ .

(3)
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Very few methods are based on solving the weak form of Poisson’s equation. In this context, the main challenge is the infinite boundary
condition. Cai & Wang (2005) used a finite-element method with approximate boundary conditions to compute the gravitational potential on
the outer surface of an extended model, under the assumption that the gravitational potential is of order r−4 at a distance r from the centre of
mass. For global seismic wave propagation simulation, Chaljub & Valette (2004) solved the Poisson’s equation using spectral-element method
first approximating the Neumann boundary conditions on the free surface using spherical harmonics. An alternative approach is to consider a
very large domain that includes portions of outer space. This strategy requires large computational resources and is often inaccurate (Tsynkov
1998). A higher-order solver based on a convolution integral was also proposed to solve the unbounded Poisson equation (Hejlesen et al.
2013). Alternatively, one may use spherical harmonics for spherical density anomalies (Dahlen 1974; Tromp & Mitrovica 1999).
In solid and fluid mechanics, the displacement descent approach (Bettess 1977; Medina & Taylor 1983; El-Esnawy et al. 1995) and
the coordinate ascent approach (Beer & Meek 1981; Zienkiewicz et al. 1983; Kumar 1985; Angelov 1991) are both widely used to solve
unbounded problems. In the displacement descent approach, an element in the physical domain is mapped to an element in a natural domain of
interval [0, ∞]. This is achieved by multiplying the standard interpolation functions by suitable decay functions. Since the integration interval
is [0, ∞], classical Gauss–Legendre quadrature cannot be employed. Either Gauss–Legendre quadrature has to be modified to accommodate
the [0, ∞] interval, or Gauss–Laguerre quadrature can be used (Mavriplis 1989). In terms of programming, both the Jacobian of the mapping
and the numerical quadrature have to be modified from the classical finite-element method. The coordinate ascent approach is also referred
to as the ‘mapped infinite element’ approach. In this technique, an element that extends to infinity in the physical domain is mapped to a
standard natural element with interval [−1, 1]. This is achieved by defining shape functions using a point outside the element opposite to the
infinite direction; this point is frequently called a pole. The corresponding shape function possesses a singularity at the far end of the infinite
element to map the infinite location. Standard Gauss–Legendre quadrature can be used. In terms of programming, only the Jacobian of the
mapping needs to be modified, and quadrature identical to the classical finite-element method can be used.
The spectral-element method (SEM) is a high-order finite element method which uses nodal quadrature, specifically, Gauss–Legendre–
Lobatto (GLL) quadrature. For dynamic problems, the mass matrix is diagonal by construction. The method is highly accurate and efficient,
and is widely used in applications involving wave propagation (Faccioli et al. 1997; Seriani & Oliveira 2008; Tromp et al. 2008; Peter et al.
2011), fluid dynamics (Patera 1984; Canuto et al. 1988; Deville et al. 2002), as well as for quasistatic problems (Gharti et al. 2012a,b).
To solve the unbounded Poisson/Laplace equation efficiently, we combine the infinite-element approach based on coordinate ascent with
the SEM. From hereon, we refer to this method as a ‘spectral-infinite-element method (SIEM)’. Gharti & Tromp (2017) previously developed
the SIEM to compute background gravity on a global scale. This paper details the development and implementation of the SIEM to compute
gravity anomalies. The method is validated based on calculations of the gravity anomaly for a range of problems. Finally, we demonstrate an
application of the method to an ore mine in Finland.
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Figure 2. The domain is discretized using spectral elements. The mesh honors the density anomaly (inner dark grey elements). A single layer of infinite
elements is added outside the domain (outer dark grey elements).

2.2 Discretization
The weak form of the governing eq. (1) subject to boundary conditions (2) and (3) is



∇w · ∇δ dV = − 4 π G
w δρ dV +
w n̂ · ∇δ dS,


δ

(4)

∞

where w denotes a test function, and where we have used the fact that the mass density anomaly vanishes outside of δ.
The domain  is meshed using spectral elements (Fig. 2). A single layer of infinite elements is added outside the domain in order
to reproduce the behaviour of outer space. As we discuss in more detail later, spectral and infinite elements share the same interpolation
functions, namely Lagrange polynomials, but use different quadrature. Thus, the gravitational potential perturbation δ is discretized in
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Figure 1. Schematic diagram of an unbounded domain with a fictitious boundary  ∞ on which the perturbed gravitational potential vanishes, δ = 0. The
domain contains a region of interest, , without density perturbations, δρ = 0, and a region δ, with non-zero density anomalies, δρ = 0. The domain  has
a boundary  with unit outward normal n̂, pointing from the inside of the domain (−) to the outside of the domain (+).
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natural coordinates ξ as
δ(ξ ) =

n


δα Nα (ξ ),

(5)

α=1

j
n

(ξ j − ξβ )
j

j

Nα j (ξ j ) =

j

j

(ξα j − ξβ )

β=1
β=α j

,

(6)

such that
Nα (ξ ) =

3


j

Nα j (ξ j ).

(7)

j=1

Here α denotes the index of quadrature point ξ α = {ξα1 , ξα2 , ξα3 }.
The test function w is taken to be an interpolation function Nα , making the approach a Galerkin method. Upon substituting w = Nα and
δ given by eq. (5) in eq. (4), we obtain a set of elemental linear equations that may be written conveniently in matrix–vector form:
Ke δe = Fe .

(8)

The quantities Ke and Fe are known, respectively, as the stiffness matrix and force vector of an element. Similarly, δe is the gravitational
potential vector. Symbolically, we write

BT B dV,
Ke =
e


(9)
δρ Ne dV +
(n̂ · ∇δ)e Ne dS,
Fe = − 4 π G
δe

∞

where
B = D NeT ,
such that

∂
D=
∂x

(10)

∂
∂y

∂
∂z

T
,

(11)

and
Ne = {N1
δe = {δ1

N2

N3 · · · Nn }T ,

δ2

δ3 · · · δn }T .

(12)
(13)

After assembling the elemental matrices and vectors, we obtain a set of global linear equations
K δ = F,

(14)

where K and F are known, respectively, as the global stiffness matrix and global force vector. Similarly, δ is the global gravitational potential
vector.
On the fictitious boundary  ∞ , both the gravity anomaly and its gradient vanish, but in the numerical solution we cannot prescribe both
conditions simultaneously on the same boundary. Therefore, we impose a zero gravity anomaly, δ = 0, and regard its gradient, ∇δ, as

unknown on the boundary  ∞ , such that the surface integral ∞ w n̂ · ∇δ dS is unknown. We call the corresponding unknown part of the

global force vector F1 , and its known part, determined by − 4 π G δ w δρ dV , F̂2 . We note that if the gradient is computed on  ∞ based on
the numerical solution, it is zero within machine precision. Similarly, the global potential vector, δ, is split in terms of a known component,
ˆ 1 , which corresponds to values on  ∞ which are zero, and an unknown component, δ2 , which corresponds to the rest of the domain.
δ
Thus, we may partition the global equation as follows:
K11 K12
K21 K22

ˆ1
δ
δ2

=

F1
,
F̂2

(15)

resulting in two sets of linear equations, namely,
ˆ 1 + K12 δ2 = F1 .
K11 δ 

(16)
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where δα denotes the field value at quadrature point ξ α , and Nα denotes an interpolation function. The total number of quadrature points in

an element is n, and is given by the product of the number of quadrature points in each dimension, nj , j = 1, 2, 3, that is, n = 3j=1 n j . The
interpolation functions Nα in natural coordinates are determined by a tensor product of one-dimensional Lagrange polynomials, that is
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and
ˆ 1 + K22 δ2 = F̂2 ,
K21 δ 

(17)

ˆ 1 = 0 and rewriting eq. (17) as
First, the unknown part, δ2 , is obtained by noting that δ 
K22 δ2 = F̂2 ,

(18)

leading to a system of linear equations for δ2 . Once δ2 is determined, F1 can be directly obtained from eq. (16).
After determining the gravity potential δ, we compute the perturbed gravitational acceleration, δg, by simply calculating a numerical
derivative within a spectral element:
δg = − ∇δ = −

n


δα J−1
α · ∇ Nα ,

(19)

α=1

where J−1
α denotes the inverse of the Jacobian of the mapping (see Section 2.3) at node α. The vertical component of the perturbed gravity
acceleration is often referred to as the surface gravity anomaly. One key advantage of the spectral-element method is that derivatives are
directly computed on quadrature points, rendering this operation highly accurate. However, derivatives may be discontinuous across elemental
boundaries, and therefore on such boundaries we average over all elements that touch a given node.

2.3 Mapping
For numerical integration, a point x = {x i } in a physical element is mapped to a point ξ = {ξ j } in the natural element, as illustrated in Fig. 3.
This mapping is different for the spectral-element and infinite-element domains, as described below.

2.3.1 Spectral elements
A spectral element is mapped to a natural element using the transformation
x(ξ ) =

ng


xα Mα (ξ ).

(20)

α=1

Here Mα denotes a shape function and ng the number of geometrical nodes, xα , of an element. The shape function Mα is defined similar to the
interpolation function (eq. 5). However, the number of interpolation points, n, and the number of geometrical points, ng , may differ. In general,
ng < n for the spectral-element method, leading to a subparametric formulation. The Jacobian matrix of the transformation is determined
using the relation J i j (ξ ) = ∂ x i (ξ )/∂ξ j . We use GLL quadrature for numerical integration, in which the interpolation and quadrature points
are identical.

2.3.2 Infinite elements
Inside the domain , geometrical nodes are used to map an element from the physical domain to the natural domain (Fig. 4, left-hand panel).
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Figure 3. Left-hand panel: a typical spectral element with five interpolation nodes in each dimension (open circles). Right-hand panel: the same spectral
element mapped to its natural coordinates. Gauss–Legendre–Lobatto points (solid black circles) are used for numerical integration. Integration points and
interpolation nodes coincide. Only interpolation nodes on the three visible faces are shown for clarity.
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Figure 5. Shape functions for a 1-D element with three geometrical nodes: 1, 2 and 3. Left-hand panel: spectral/finite element. Right-hand panel: infinite
element.

Outside the domain , we introduce a single layer of elements in which the gravity field is discretized using infinite elements (Fig. 2). For
simplicity and clarity, we illustrate a 1-D mapping. For the infinite element shown in the Fig. 4(right-hand panel), the point x0 is defined as
the ‘pole’. For a given pole, x0 , and node x1 , the intermediate node x2 is determined by the relation γ = (x2 − x0 )/(x1 − x0 ). Generally, we set
γ = 2, so that point x1 is located midway between points x0 and x2 . The pole x0 and node x2 are used to map the element from the physical
domain to the natural domain (Fig. 4, right-hand panel) using the transformation (Curnier 1983; Zienkiewicz et al. 1983)
x = M0 (ξ ) x0 + M2 (ξ ) x2 ,

(21)

where the shape functions M0 (ξ ) and M2 (ξ ) are defined as
ξ
,
ξ −1
ξ
.
M2 (ξ ) = 1 +
1−ξ

M0 (ξ ) =

(22)

The shape functions M0 (ξ ) and M2 (ξ ) satisfy the relation
M0 (ξ ) + M2 (ξ ) = 1.

(23)

These shape functions map an element in the physical domain, which is extended to infinity, to an element in the natural domain in the
following manner (Fig. 4):
ξ = −1
ξ =0
ξ = +1

→
→

x = x1 ,
x = x2 ,

→

(24)

x = x3 = ∞.

For infinite elements, shape functions therefore become singular on right-end boundary nodes. Shape functions for regular spectral and infinite
elements are plotted in Fig. 5.
To understand the implications of using infinite-element shape functions, we may express the field variable as a piecewise polynomial:
δ(ξ ) = a0 + a1 ξ + a2 ξ 2 + a3 ξ 3 + · · · ,

(25)

where, a0 , a1 , a2 , are constants. From eqs (21) and (22) we determine the inverse map
γ (x1 − x0 )
,
r
where r = x − x0 is the distance measured from the pole.
Substituting ξ in eq. (25), we obtain

ξ =1−

δ(r ) = b0 +

b1
b3
b2
+ 2 + 3 + ··· ,
r
r
r

(26)

(27)
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Figure 4. Mapping of a 1-D element to natural coordinates. The element consists of three geometrical nodes. Left-hand panel: spectral/finite element.
Right-hand panel: infinite element.
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where b0 , b1 , b2 , are constants for given values of x0 , x1 x2 . Hence δ decays to b0 when r tends to ∞. For our problem, since the gravity
anomaly decays to zero at ∞, the value of b0 is zero. For solid mechanics problems, the pole is generally defined to be the point from which
the ‘disturbance’ originates (Zienkiewicz et al. 2005). By analogy, we generally define the centre of mass of the density anomaly, x, as the
pole, that is,

x δρ(x) dV
.
(28)
x = V
δρ(x) dV
V
However, we can set one or more poles, depending on the density anomaly. All poles have to be located opposite to the decay direction and
outside the infinite element. The accuracy of the infinite-element approximation may be improved by increasing the order of the interpolation
functions, but the shape functions remain the same. Alternatively, the shape functions for the infinite element can be defined using nodes 1
and 2 shown in Fig. 5 (Marques & Owen 1984; Kumar 1985). Similarly, shape functions for particular decay functions, such as exponential
or logarithmic decay, can also be derived (Abdel-Fattah et al. 2000). A typical mapping of a 3-D infinite element in a general physical domain
to an element in the natural domain is shown in Fig. 6.
2.4 Numerical integration
In a spectral element, we use GLL quadrature:
 1
n−1

f (ξ ) dξ = w1 f (−1) +
wα f (ξα ) + wn f (1),
−1

(29)

α=2

where f is a general function, wα are the GLL weights of integration, and ξ α are the quadrature points. GLL quadrature is exact for polynomials
up to order 2 n − 3. Since the quadrature includes the end points of the interval, shape functions for infinite elements are singular at the
infinite boundary of the element, and GLL quadrature cannot be used.
To circumvent the singularity, we can use either Gauss–Legendre quadrature, which does not include the end points of the interval, or
Gauss–Radau (GR) quadrature, which includes only the nearest end point. We choose to use the GR quadrature so that the furthest end lies
at infinity and the nearest end coincides with the spectral element, as shown in Fig. 7. GR quadrature is given by
 1
n

f (ξ ) dξ = w1 f (−1) +
wα f (ξα ).
(30)
−1

α=2

It is exact for polynomials up to order 2 n − 2. Based on this expression, infinite-element shape functions can be safely computed at all
quadrature points. By combining GR quadrature in infinite elements with GLL quadrature in spectral elements, quadrature points on a
spectral-infinite-element interface coincide (Fig. 7). This coincidence naturally and elegantly couples spectral and infinite elements.
3 PA R A L L E L I Z AT I O N
We use non-overlapping domain decomposition for parallelization, in which each partition contains a unique set of elements, and nodes are
only shared on interfaces. Since pre- and post-processing of infinite elements is similar to spectral elements, infinite elements do not pose any
difficulty for parallelization. Depending on the geometry of the domain decomposition, an infinite element and its pole may lie in different
partitions, which also does not pose any problem for parallelization. The Message Passing Interface (MPI) is used as the parallel library (e.g.
Gropp et al. 1994). We use the mesh partitioning tool SCOTCH (Pellegrini & Roman 1996) to partition the mesh. We implemented parallel
iterative Krylov solvers using PETSc, a portable and extensible toolkit for scientific computation (Balay et al. 2015).
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Figure 6. Left-hand panel: a general 3-D infinite element. Points x01 , x02 , x03 and x04 are the poles. Right-hand panel: 3-D infinite element mapped to its
natural coordinates.

Spectral-infinite-element simulations of gravity anomalies

1105

Figure 8. Model geometry for a density anomaly in the shape of a rectangular prism.

4 NUMERICAL EXAMPLES
We rely on MeshAssist (Gharti et al. 2017) and Trelis/CUBIT (CUBIT 2017) for model preparation and meshing for all examples included
in this article. Each spectral or infinite element involves 3 GLL or GR points in each direction, that is, a total number of n = 27 points per
element. Since all elements of the mesh have planar faces, we use only the 8 corner nodes for the geometrical mapping of an spectral element,
that is, the number of geometrical nodes is ng = 8. For an infinite element, we use effectively ng = 5— pole generally taken at the centre
of mass and four intermediate corner nodes such that each intermediate corner node is determined by the relation x2 = x0 + γ (x1 − x0 ), as
described in Section 2.3. Of course there are eight nodes, in principle, but four nodes have the same coordinates as the pole. We set γ = 2, and
we use a conjugate gradient solver with a geometric algebraic multigrid (AMG) pre-conditioner (e.g. Stüben 2001), with a relative tolerance
of 10−7 .

4.1 Rectangular prism
For the first example, we consider a rectangular prism of size 5 km × 10 km × 0.5 km with a density anomaly δρ = 400 kg m–3 located at
a depth of 2 km from the ground surface, as shown in Fig. 8. We consider a gravity anomaly profile on the ground surface along the x-axis
from −15 km to 15 km. We created a model of size 30 km × 20 km × 6.5 km which sufficiently covers the prism and the observation
points. We extended the model slightly above the ground surface to avoid placing the infinite-element layer adjacent to observation points.
Initially, we selected a coarse element size of 2 km and meshed the model using hexahedral elements. The mesh consists of only 825
elements and honors the prism, as shown in Fig. 9(left-hand panel). A single layer of infinite elements is added outside the mesh domain, as
shown in Fig. 9(right-hand panel). We position the pole for the decay function required by the infinite elements at the centre of the prism,
which is also the centre of mass. Opposite faces of infinite elements must be parallel or diverging with respect to the pole so that they do not
converge at infinity.
An analytical expression for the gravity anomaly of the prism is given by eq. (A1). Fig. 10 shows a gravity anomaly profile computed at
the ground surface, z = 0. We observe good agreement with the analytical result. Although we used a very coarse mesh, we obtain acceptable
results because the mesh perfectly honors the prism.
Next, we refined the mesh by decreasing the element size from 2 km to 1 km. The refinement increases the number of elements to
6600. The resulting profile for the gravity anomaly matches very well with the analytical solution, demonstrating rapid convergence in terms
of mesh refinement. Finally, we plot the computed gravitational potential and the vertical component of perturbed gravitational acceleration
in 3-D, as shown in the Fig. 11. As expected, the potential is maximum at the centre of mass and decays away from the prism. On the other
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Figure 7. Coupling between a spectral and an infinite element in 2-D. Both elements use identical interpolation nodes. Spectral elements use Gauss–Lobatto–
Legendre (GLL) quadrature points, whereas infinite elements use Gauss–Radau (GR) quadrature points in the infinite direction and GLL quadrature in the two
remaining directions. GLL and GR quadrature points coincide on a spectral-infinite-element boundary.
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Figure 10. Profile for the vertical component of the gravity anomaly at z = 0 for a rectangular prism.

Figure 11. Left-hand panel: gravitational potential for a rectangular prism. Right-hand panel: vertical component of the perturbed gravitational acceleration.

hand, the gravity anomaly is zero at the centre of mass. Its magnitude is maximum on either side of the centre of mass in the prism, and it
decays away from the prism. Due to the positive density anomaly, we observe a positive gravity anomaly at the ground surface.

4.2 Spherical salt dome
In this section, we consider a spherical salt dome of radius 4 km buried at a depth of z = 6 km, as shown in Fig. 12. This example closely
resembles the salt dome located ≈125 miles southeast of Galveston, TX, USA, near the outer edge of the continental shelf (Nettleton 1957).
The salt dome and the host sediment have average densities of 2200 and 2400 kg m–3 , respectively, resulting in a negative density anomaly
of δρ = −200 kg m–3 in the salt dome.
We created a model of size 40 km × 30 km × 30 km that covers the dome and the observation points. For accuracy, we slightly
extended the model above the ground surface to avoid placing the infinite element layer adjacent to observation points. We mesh the model
using hexahedral elements of size 1 km inside the dome and 2 km outside the dome. The mesh consists of 6702 elements and honors the
spherical dome. We add an infinite-element layer outside the model surface based on a pole positioned at the centre of the dome, which is
also the centre of mass for the model. The analytical expression for the gravity anomaly due to the sphere is given by eq. (A4).
Fig. 14 shows the gravity anomaly profile calculated at the ground surface, z = 0, along the x-axis from −20 km to 20 km. Due to the
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Figure 9. Left-hand panel: spectral-element mesh of a model with a buried rectangular prism. The model is sectioned to visualize the prism (dark grey).
Right-hand panel: infinite elements (outer dark grey) radiating from the outer surfaces of the full simulation domain. Only infinite elements from the visible
outer surfaces are shown for clarity.
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Figure 13. Spectral-element mesh for a spherical salt dome. The model is sectioned to visualize one quadrant of the salt dome. The salt dome mesh is finer
than the surrounding rock.

Figure 14. Profile for the vertical component of gravity at z = 0 along the x-axis for a spherical salt dome.
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Figure 12. Model geometry for a spherical salt dome.
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Figure 16. Layout of an array of 100 spheres of varying sizes.

negative density anomaly, we observe a negative gravity anomaly. The computed result is in good agreement with the analytical solution, but
not as good as in the case of the prism. The largest discrepancy is around the centre of the dome.
We refined the mesh by decreasing the element size to 0.5 and 1 km, respectively, inside and outside the dome, which increases the
number of elements to 53 615. The resulting gravity anomaly profile is closer to the analytical result, but we still observe some discrepancies
near the centre. We further refined the mesh with element sizes of 0.25 and 0.5 km, respectively, inside and outside the dome, thereby
increasing the total number of elements to 156 538. This refinement gives a nearly perfect match with the analytical solution. The spherical
geometry poses a challenge for the mesher, because the coarser meshes fail to properly capture the anomaly. Compared to the prism discussed
in the previous section, a finer mesh is needed to accurately represent a spherical anomaly.
In Fig. 15, we plot the gravitational potential and the vertical component of the perturbed gravitational acceleration in 3-D. The potential
is minimal but largest in magnitude at the dome centre, where the gravity anomaly is zero. The magnitude of the gravity anomaly is largest
on the either sides of the centre of mass. Both the potential and the gravity anomaly decay away from the dome at the expected rate.

4.3 Multiple spheres with varying size and density
In this section, we design a problem similar to the example in Martin et al. (2017). We consider 100 spheres with varying radii and density
anomalies in a vertical plane, as shown in Fig. 16. The model consists of 10 horizontal equidistant lines in the vertical plane with a vertical
spacing of 10 km. Each horizontal line consists of 10 equidistant spheres with a horizontal spacing of 14 km. The lth horizontal line has
a constant sphere radius, rl , and density, ρ l , determined by the relations, rl = 2 + 0.2 (l − 1) km, and ρl = 50(1 + 4 l) kg m–3 , respectively,
such that lines l = 1 to 10 are numbered top to bottom. The first sphere of the first horizontal line is located at x = 40 km, y = 0 km and z =
− 5 km from the origin.
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Figure 15. Left-hand panel: gravitational potential for a spherical salt dome. Right-hand panel: vertical component of the perturbed gravitational acceleration.
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Figure 18. Profiles of the vertical component of the gravity anomaly at various elevations for an ensemble of spheres.

We created a model of size 206 km × 80 km × 170 km covering all spheres and observation points. The outer surfaces of the model
lie 40 km in each direction from the nearest sphere centre. We selected an element size of 0.2 rs inside a sphere and 0.4 rs outside a sphere,
where rs is the sphere’s radius. This approach gradually coarsens the mesh from top to bottom, varying the element size inside the sphere
from 0.4 to 0.76 km and outside the sphere from 0.8 to 1.52 km. This approach ensures the same number of elements in all spheres (Fig. 17).
Although not strictly necessary, this maintains a relatively uniform resolution for all spheres. We positioned the pole of the infinite elements
at the centre of mass of the model. The mesh consists of 2 886 000 spectral elements, for a total of 22 808 007 degrees of freedom. We used
256 processors, on which it took about 8 min to compute the gravity anomaly.
As a benchmark, we also computed the gravity anomalies using GBOX (Blakely 1995). We discretized the model using uniform cubic
cells. Since the smallest spectral element has a size of 0.4 km and each spectral element has three GLL points in each direction, we chose a
cell size of 0.2 km. Consequently, the GBOX grid resolution is similar to the finest region of the spectral-element mesh, and hence the GBOX
model is sampled more finely than the spectral-element model. There are a total of 1 611 488 cells with non-zero density anomaly. We set
157 observation points each at four elevations, namely, 0 , 5 , 15 and 25 km, along the x-axis, resulting in a total of 628 observation points.
The calculations took about 28 min on a single processor. Since the computational cost for the GBOX solution is proportional to the number
of observation points for a given discretization, the total computational cost for the 22 808 007 points, that is, the total number of points in
the spectral-element mesh, would be huge. On the other hand, the total computational cost for the SIEM is independent of the number of
observation points for a given discretization.
We plot gravity anomaly profiles at several elevations along the x-axis, specifically at 0 , 5 , 15 and 25 km, as shown in Fig. 18. For all
profiles, we observe excellent agreement of the SIEM solution with the analytical solution given by eq. (A5). At zero elevation, we clearly
observe the influence of individual spheres. As we move away from the spheres, individual influences diminish until all spheres behave as a
single entity. Although the GBOX model was sampled more finely than the spectral-element model, the resulting gravity anomaly profiles
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Figure 17. Left-hand panel: spectral-element mesh for an ensemble of 100 spheres. Right-hand panel: zoom in view of the mesh.
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Figure 20. Strong scaling test: total elapsed time for a fixed problem size run on 192, 224, 256, 288 and 320 processors, compared with a reference line
computed using the total elapsed time for 256 processors, assuming perfect linear scaling.

are significantly different from the analytical and SIEM results, as shown in Fig. 18. The discrepancies in the GBOX results are due to the
variable density anomalies, and the fact that uniform cubic cells are unable to represent spherical shapes accurately.
In Fig. 19, we plot the gravitational potential and gravity anomaly in 3-D. We clearly observe the imprint of individual spheres. The
larger spheres and spheres nearer to the centre of mass have stronger potentials, as revealed by the local maxima. Overall, the potential has its
largest amplitude around the centre of mass of the entire model. We see positive and negative gravity anomalies on either side of each sphere.
The magnitude of the gravity anomaly is largest around the centre of mass of the model. Both the gravity anomaly and the potential decay
away from the spheres.
Finally, we perform a simple strong scaling test for the parallel performance of our software package running the same example with
different numbers of processors, specifically, 192, 224, 256, 288 and 320 CPUs. Fig. 20 shows the total elapsed time for each run, illustrating
that the software package scales very well when compared to the ideal reference.

4.4 Rectangular prism with a parabolic density distribution
In this example, we consider a prism of size 2 km × 1 km × 1 km located at a depth of 1 km below the ground surface, as shown in Fig. 21.
The prism has a parabolic density anomaly distribution as defined in Chakravarthi et al. (2002), namely,
δρ(z) =

δρ03
.
(δρ0 − α z)2

(31)

Here δρ 0 denotes the density anomaly observed at the ground surface, and α a constant expressed in units of density gradient, kg m–3 m–1 . We
set α = 0.001. In eq. (31) z is positive below the ground surface, to match the convention used for the analytical solution given by eq. (A6).
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Figure 19. Left-hand panel: gravitational potential for an ensemble of spheres. Right-hand panel: vertical component of the gravity anomaly.
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Figure 22. Parabolic density anomaly gradients inside a buried rectangular prism.

Figure 23. Spectral-element mesh for a model with a rectangular prism with a parabolic density distribution. The model is sectioned to visualize the prism
(dark grey).

We used a model of size 14 km × 4 km × 4 km, which covers the prism and observation points. The model is extended above the
ground surface by 0.5 km. To begin with, we selected an average element size of 0.4 km. The mesh consists of 4235 spectral elements and
honors the prism, as shown in Fig. 23. We consider four different density anomalies, namely, δρ 0 = 5, 10, 100 and 1000 kg m–3 . Lower
values of δρ 0 give a strongly variable density contrasts, as shown in Fig. 22.
We intentionally position the pole at the centre of the model, and we added the infinite element layer to the external surfaces with respect
to the chosen pole position. We note that the centre of mass shifts for the various density profiles, and the pole shifts accordingly. Fig. 24
shows surface gravity anomaly profiles along the x-axis from −7 to 7 km for all cases. Despite the coarse mesh, we observe very good
agreement with the analytical result. There is only a small discrepancy around the centre. Next, we set the average element size to 0.2 km and
remesh, thereby increasing the number of spectral elements to 33 880. The resulting gravity anomaly profiles are in excellent agreement with
the corresponding analytical results for all density anomaly contrasts. This demonstrates that the spectral-infinite-element method is highly
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Figure 21. Model geometry involving a buried rectangular prism with a parabolic density anomaly distribution.
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Figure 25. Gravitational potential for a rectangular prism with a parabolic density distribution. Left-hand panel: δρ = 5 kg m–3 . Right-hand panel: δρ =
1000 kg m–3 .

Figure 26. Vertical component of the gravity anomaly for a rectangular prism with a parabolic density distribution. Left-hand panel: δρ = 5 kg m–3 . Right-hand
panel: δρ = 1000 kg m–3 .

accurate even for strongly variable density contrasts. Furthermore, the results demonstrate that slightly shifting the pole position does not
affect accuracy.
Figs 25 and 26 show 3-D plots of the gravitational potential and gravity anomaly, respectively. Since we observe similar patterns for all
density contrasts, we plot only the smallest and largest density contrasts, namely, δρ = 5 kg m–3 and δρ = 1000 kg m–3 . They are similar
in pattern but differ in magnitude. The potential is maximal around the mass centre and decays away from the prism, whereas the gravity
anomaly is zero around the centre of mass, maximal around the prism edges, and also decays away from the prism.
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Figure 24. Profiles for the vertical component of the gravity anomaly at z = 0. Top left-hand panel: δρ = 5 kg m–3 . Top right-hand panel: δρ = 10 kg m–3 .
Bottom left-hand panel: δρ = 100 kg m–3 . Bottom right-hand panel: δρ = 1 000 kg m–3 .
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Figure 28. Left-hand panel: spectral-element mesh for the Pyhäsalmi mine model. Right-hand panel: interior section of the mesh visualizing the ore body
(brown) and stopes (cyan).

4.5 Application to an underground ore mine
To demonstrate our method for realistic problems, we compute the gravity anomaly of an existing underground ore mine, namely, the
Pyhäsalmi mine in Finland. This active, deep mine contains volcanogenic massive sulphide (VMS) deposits with copper and zinc ore bodies
(Puustjärvi 1999). The complete mine layout and surrounding infrastructure are shown in Fig. 27(left-hand panel). For more details on the
mine and its microseismic event characteristics, see Oye et al. (2005). Fig. 27(right-hand panel) shows the 622 m × 622 m × 622 m 3-D
density model, which consists of host rock, ore body and stopes (i.e. mined out voids). Due to the mine’s complex geometry and high density
contrasts, it is a very challenging problem to calculate the gravity anomaly.
We meshed the model using an average element size of 10 m. Due to the complex geometry, actual element sizes may differ in some
areas, as shown in Fig. 28. The mesh involves 294 500 spectral elements and 2 517 769 degrees of freedom. We used 96 processors for the
parallel simulation, which took 35 s.
Fig. 29(left-hand panel) shows the gravitational potential in a 3-D section. It is maximal around the centre of mass and decays away
from the ore body. Similarly, Fig. 29(right-hand panel) shows the gravity anomaly in the same 3-D section. We observe negative anomalies
around voids and below the approximate centre of mass. The gravity anomaly observed on the top surface is positive due to the larger positive
density anomaly caused by the ore body.
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Figure 27. Left-hand panel: Pyhäsalmi mine with surrounding infrastructure: copper/zinc ore body (brown/pink), access tunnels (yellow), elevator shaft (dark
blue), and seismic stations (numbered). The passage for quarried ore is marked by KN1. Right-hand panel: 3-D density model (see Table 1) of the Pyhäsalmi
mine: stopes (i.e. mined out voids, blue) and ore body (brown). The remainder is host rock. Geophones are indicated by black dots and numbered.
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5 C O N C LU S I O N S
We have successfully implemented a spectral-infinite-element method to solve the unbounded Poisson/Laplace equation for gravity anomalies
induced by density heterogeneities. We benchmarked our results with analytical solutions for a range of problems, and used the Pyhäsalmi
mine as a concrete example.
Our tests shows that the method is highly accurate and efficient, even in the presence of strongly variable density anomalies. The additional
computational cost and memory requirement associated with a single layer of infinite elements is insignificant. Since the computational cost
is independent of the number of observation points, the SIEM is well suited for very large models and a large number of observation points.
A simple strong-scaling performance test shows that the software is scalable and efficient; nevertheless, GPU acceleration will be of future
interest.
The main advantage of this numerical discretization of the unbounded Poisson equation is that it can be naturally coupled with the the
laws of continuum mechanics that govern geostatic and geodynamic deformations. This allows us to solve the coupled elastic-gravitational
equations efficiently to address several challenging geophysical problems, such as long-period seismic wave propagation, glacial-isostatic
adjustment, post-seismic relaxation and tidal loading. Future work will focus on these important problems.

AC K N OW L E D G E M E N T S
We thank Volker Oye, Katja Sahala, and ISS for access to the mine model. We thank Frederik J. Simons for helpful discussions. Parallel
programs were run on computers provided by the Princeton Institute for Computational Science and Engineering (PICSciE). 3D data were
visualized using the open-source parallel visualization software ParaView/VTK (www.paraview.org). This research was partially supported
by NSF grants 1644826 and 1550901. Our software is open source and freely available via the Computational Infrastructure for Geodynamics
(CIG; geodynamics.org). We thank the editor Prof. Bert Vermeersen, Bernhard Steinberger, David Al-Attar, and an anonymous reviewer
for their insightful comments which helped to improve the manuscript.
REFERENCES
Abdel-Fattah, T.T., Hodhod, H.A. & Akl, A.Y., 2000. A novel formulation
of infinite elements for static analysis, Comput. Struct., 77(4), 371–379.
Al-Attar, D. & Woodhouse, J., 2008. Calculation of seismic displacement
fields in self-gravitating earth models-applications of minors vectors and
symplectic structure, Geophys. J. Int., 175(3), 1176–1208.
Angelov, T.A., 1991. Infinite elements–theory and applications, Comput.
Struct., 41(5), 959–962.
Balay, S. et al., 2015. PETSc users manual, Tech. Rep. ANL-95/11 - Revision
3.6, Argonne National Laboratory.
Banerjee, B. & Das Gupta, S.P., 1977. Gravitational attraction of a rectangular parallelepiped, Geophysics, 42(5), 1053–1055.
Beer, G. & Meek, J.L., 1981. ‘Infinite domain’ elements, Int. J. Numer.
Methods Eng., 17(1), 43–52.
Bettess, P., 1977. Infinite elements, Int. J. Numer. Methods Eng., 11(1),
53–64.

Blakely, R.J., 1995. Potential Theory in Gravity and Magnetic Applications,
Cambridge University Press.
Bott, M.H.P., 1960. The use of rapid digital computing methods for direct
gravity interpretation of sedimentary basins, Geophys. J. R. astr. Soc.,
3(1), 63–67.
Cai, Y. & Wang, C.-Y., 2005. Fast finite-element calculation of gravity
anomaly in complex geological regions, Geophys. J. Int., 162(3), 696–
708.
Canuto, C., Hussaini, M.Y., Quarteroni, A. & Zang, T.A., 1988. Spectral
Methods in Fluid Dynamics, Springer.
Chakravarthi, V., Raghuram, H.M. & Singh, S., 2002. 3-D forward gravity
modeling of basement interfaces above which the density contrast varies
continuously with depth, Comput. Geosci., 28(1), 53–57.
Chaljub, E. & Valette, B., 2004. Spectral element modelling of threedimensional wave propagation in a self-gravitating Earth with an arbitrarily stratified outer core, Geophys. J. Int., 158(1), 131–141.

Downloaded from https://academic.oup.com/gji/article-abstract/215/2/1098/5067876 by King Abdullah University of Science and Technology user on 19 November 2018
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Here δxi = (xi − x), δyj = (yj − y), and δzk = (zk − z), where xi , yj , and zk denote the coordinates of the corners of the prism, i, j, k = 1, 2 and
Ri jk = δxi2 + δy 2j + δz k2

1/2

,

(A2)

and
μi jk = (−1)i (−1) j (−1)k .

(A3)

A2 Sphere
The analytical solution for the gravity anomaly due to a sphere of radius r with a density anomaly δρ buried at a depth of zs is (Turcotte &
Schubert 2014)
δgz (x, 0, 0) =

zs
4 π G r 3 δρ
.
3
2
3
(x + z s2 ) 2

(A4)

A3 Multiple spheres
The gravity anomaly induced by ns spheres of radii rs and density anomalies δρ s buried at depths zs is obtained by superposing the gravity
anomalies of each individual sphere:
δgz (x, 0, z) =

ns
zs
4π G 
r 3 δρs 
3 .
3 s=1 s
2
(x − xs ) + (z − z s )2 2

(A5)

A4 Prism with a parabolic density distribution
The gravity anomaly induced by a prism (Fig. A1) with a parabolic density anomaly distribution (eq. 31) is given by Chakravarthi et al.
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Figure A1. Geometry for the analytical gravity anomaly solution for a prism with a parabolic density distribution.
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(2002). The expression in the original and subsequent references has typos. The correct form is

2
2
2
2
L 3 (α r4 L 1 + L 21 − δρ0 L 4 )
3 α Y (x + T )[2 δρ0 + α (Y + (x + T ) )]
ln
δgz (x, 0, 0) = 2 G δρ0
2
2
L 1 (Y 2 α 2 + δρ0 )[δρ0 + α 2 (x + T )2 ]
L 4 (α r1 L 1 + L 21 − δρ0 L 3 )

−
+
−
+
+
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−
+
+
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α Y (x − T )[2 δρ02 + α 2 (Y 2 + (x − T )2 )]
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L1 =
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