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ABSTRACT 

Experimental study on the viscosity effects on the bubbly flow 

dynamics inside a large Hele-Shaw cell  

Ahmed Al brahim 

 

We study experimentally the gravity-driven bubbly flow inside a large Hele-Shaw 

cell. The bubbles and foam were created by a series of upside-down overturns of 

the half-filled cell about its horizontal axis. When the liquid flows down it entraps 

a large number of bubbles, which remain stable as the liquid contains surfactant 

molecules. The total number and sizes of these bubbles slowly asymptote to a 

steady state after dozens of overturns. It takes longer to reach this asymptote 

when the viscosity of the liquid is larger. The bubbles also become more 

monodisperse with more cell over-turns. The number and distribution of the 

bubbles in turn affects the average motion of the liquid phase, which is 

characterized by the downwards motion of the liquid center of mass.   

We use high-resolution 6k video-camera to track the trajectories of thousands of 

bubbles. This required the development of software codes to identify individual 

bubbles and follow them between video frames. Successful thresholding 

algorithm required a machine-learning component, which was integrated into the 

program. This program also needed to account for possible splitting or 

coalescence of adjacent bubbles. The program can also find the velocities along 

the trajectories. In this way we can find the vertical velocity of bubbles as a 

function of their sizes. The smaller bubbles are sometimes observed to move 
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downwards against their buoyancy. This occurs when the viscous stress from the 

surrounding liquid phase overcomes the upwards buoyancy force. Bubbles with 

similar sizes were often found to be stacking together and having worm-like rising 

movement that is faster than their individual rising velocity. The occurrence of the 

bubble stacking was dependent on the distance between the bubbles, their sizes 

and their wakes. Clusters of tiny bubbles that are much smaller than the gap of 

the Hele-Shaw cell were observed to form layers which can severely hinder the 

overall liquid motion.  
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Chapter 1: Introduction  

1.1 Overview 

Foams are present in nature as well as in many impactful and disperse range of 

industrial applications. Foams encompass unique functions due to their 

extremely large specific area, minor weight and their capability to have both solid 

and liquid characteristics [1, 2].  These unique functions include their ability to be 

mixed with active ingredients or raw materials without impairing their structure 

functionality. Thus, reducing the consumption of the additives which makes foam 

usage desirable for cleaning and decontamination industries [1]. Foams are also 

capable of extremely quick expansions which make them valuable in fire fighting 

among other applications that require substances with a high rate of expansion 

[3]. Liquid foams are used in the early stages of fabricating polymer seat 

cushions and solid aluminum foams, where the bubble wall rapture during 

solidification. Moreover, tiny particles can be trapped in foams making them 

useful in methods of purification and separation [1]. The elasticity of foams can 

be advantageous in displacing oil as well as the cosmetic and food production 

[3]. However, under other circumstances, foam presence is undesirable, such as 

in the industrial production of paper and paint [1]. It is also undesirable in 

fermentation and industrial waste treatment [3]. These situations demand the use 

of defoaming agents.   

There are several techniques that could be used to generate foam with varying 

properties such as the liquid volume fraction. All of these techniques require the 



19 
 

presence of bubbles within a liquid [2]. Among these techniques is the shaking 

method where a container that includes a liquid and a gas is shaken to generate 

the foam. One only needs to think of shaking foam emerging from a pressured 

spray nozzle. While implementing this technique is relatively simple, it involves 

several complex mechanisms for generating the foam. There have been only a 

few studies focusing on this technique which considered the effect of liquid filling 

level of the container and the type and amount of present surfactant on the 

generation of the foam [4, 5]. These studies were done in a flat cell consisting of 

two glass plates with a very thin gap in between, i.e. the Hele-Shaw cell. The thin 

gap of the Hele-Shaw allows for the creation of quasi two-dimensional foam. The 

shaking mechanism was simulated by the flipping of the Hele-Shaw cell. 

The usage of the Hele-Shaw cell is not limited to the study of the generation of 

the foam. When a Hele-Shaw cell containing a liquid and foam is turned upside 

down, the bubbles of the foam will detach from the liquid surfaces and rise 

through the liquid. Bubbles motion in a liquid is fundamental for several natural 

phenomena and technical processes. These phenomena and processes include 

oil recovery, biological systems and material processing [6]. 

Investigating the bubbles that are separated from a foam in a rotated Hele-Shaw 

cell enable the characterization of rising bubble behavior, dynamics and 

interactions in a confined space. Thousands of bubbles can be studied using this 

technique in an exchange flow after the Hele-Shaw cell is flipped over and the 

liquid flows down while the bubbles rise to the top.  Most previous work on 
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bubbles interactions inside a Hele-Shaw cell is limited to the interaction of a few 

bubbles in a quiescent liquid.  

1.2   Objectives   

In this present work, the effects of the liquid viscosity on foaming in a Hele-Shaw 

cell by turning it upside down will be examined. This examination will focus on 

the generated foam structure in addition to the behavior and dynamics of the 

foam bubbles when they are separated from the foam by the liquid movement.  In 

order to complete this examination, the following objectives need to be met: 

 The summary of the existing knowledge about foaming and bubbles 

characteristics, dynamics and interactions in a Hele-Shaw cell. 

 The build of an experimental setup for capturing videos of the bubbles and 

the liquid motions in addition to the images of the foam. 

 The analysis of the captured video frames to investigate the behavior, 

characteristics and dynamics of the bubbles and the liquid as well as the 

structure of the foam.  

 The interpretation of the results and the summarization of the done work.  

 

 

 

 



21 
 

Chapter 2 

Foams and foaming structure and dynamics  

2.1 Foam structure  

Foams are dispersions of densely packed gas bubbles separated from each 

other with a liquid network [7]. This network consists of a very thin films that are 

minorly curved that separate two neighboring bubbles. In 3D Foams, every three 

films meet at curved and liquid carrying thicker interfaces named the Plateau 

borders (PB). Exactly four PB are joined at each node of the polyhedral bubble 

as can be observed in Figure 2.1 [8, 9]. For a foam to form and to be stable, the 

liquid films between the bubbles needs the presence of surfactants [1].  

Surfactants consist of long molecules with amphiphilic properties [10]. An 

amphiphilic molecule consists of a hydrophilic head and a hydrophobic tail. 

These molecules typically carry a small charge resulting in a disjoining force that 

counterbalances capillary suction, preventing the breakup of the interstitial film 

and preventing the bubbles from coalescing. The strong interaction of gas and 

liquid entrapped at the interface occurs at different length scales, according to 

the mechanism of formation. Even if made of the same liquid, the multiscale 

structure results in foams different properties, such as elasticity, plasticity and 

mean viscosity, from their constitutive components [11]. This is the reason 

behind classifying foams as complex fluids.  
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Figure 2.1: Photo of a dry aqueous foam describing its components, such as the gas pocket surrounded by 
the interstitial film, the surfactant molecules, the PB and the node. The angle between the PB nodes Is     
cos (-1/3). Taken from Langevin (2017) [36].  

2.1.1 Two-dimensional and quasi two-dimensional foam structure 

Due to the complexity of the 3D foam structure, its study has often been 

simplified by confining the foams in a narrow gap. In these conditions, the foam 

may be studied as a 2D or a quasi-2D structure in a narrow channel such as a 

Hele-Shaw cell. Then, the foam is visualized using transparent walls, usually 

made of glass. In this simplified geometry, there are two categories of PBs, 

illustrated in Figure 2.2 [12, 13]. The first is the film-film PB, which corresponds to 

films separating three bubbles. The film-film PB is orientated perpendicular to the 

walls of the container. The second is the film-glass Plateau borders (also called 

the surface plateau borders) which are parallel to the glasses and are set  
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Figure 2.2: The types of Plateau borders in a Hele-Shaw cell. Taken from Glazier, Balter & Perry (2017) [37]. 

 

Figure 2.3: The cross-section of the film-film Plateau borders (left) and the film-glass Plateau borders (right). 
Taken from Dollet & Raufaste (2014) [38]. 

between two neighboring bubbles and the glass. The first type of PB cross-

section is typically shaped as three intersecting circular curves, whereas the 

second type of cross-section is shaped as a straight line connecting two 

intersecting circular curves, as shown in Figure 2.3. 
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2.2 Foaming   

In order to create a foam, a significant amount of gas bubbles must be dispersed 

inside a liquid which requires the addition of energy and the presence of 

surfactants to stabilize them [14]. There are several methods of generating foams 

which include and are not limited to bubbling, turbulent mixing, whisking liquids 

and chemical reactions [15-18]. Different techniques produce foams with different 

bubbles sizes ranging from micrometers to centimeters, bubbles monodispersity 

level and liquid fractions range [2].  

Caps, Vandewalle and Broze [4] (2006) have experimentally studied the 

evolution of foam when it is shaken inside a Hele-Shaw cell. They have utilized a 

Hele-Shaw cell that had a size of a (130 X 130 X 3 mm) partly filled with a 

mixture of sodium dodecyl sulfate-water mixture in their experiments. A 

controlled motor was used to rotate the Hele-Shaw cell around its horizontal axis 

multiple times with a short time gap of ten seconds between rotations. They 

observed that the number of foam bubbles continued to increase between turns 

until certain number after which the bubble number stayed constant. They have 

related the final number of bubbles (𝑁∞) to the fill solution level (𝑆𝐿) and the Area 

of the Hele-Shaw cell (𝐴𝐻𝑆) as 

𝑁∞~
𝐴𝐻𝑆(1 − 𝑆𝐿)

𝑙𝐵w𝑃𝐵
 , (2.1) 

where 𝑙𝐵 is the characteristic length of the bubbles and w𝑃𝐵 is the width of the 

PB. They have observed that the cumulative distribution function (CDF) of the 
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sizes of the foam bubbles followed Γ distribution. The ratio between the standard 

deviation and the mean of sizes of the foam bubbles quickly decreased between 

turns. This indicated that the foam is becoming more monodispersed faster than 

the mean size decreasing between turns. They reported that the size variations 

of the bubbles kept decreasing with the increasing number of turns. They have 

attributed the bubble breakup to the force of the downward motion of the liquid 

between turns. They have clarified that the final number of bubbles is related to 

the inability of bubbles to break further according to a limit given by the capillary 

length where surfactants overcome gravity.  

Following their previous work, Caps at al. (2007) [5] have used the same 

experimental setup and procedure to study foaming using different surfactants. 

Three different surfactants with different strength were used: paraffin sulfonate 

(PS), sodium lauryl sulfate (SLS) and sodium laureth sulfate (SLES). They have 

confirmed that the number of foam bubbles and their monodispersity was 

affected by the particular surfactant used. They have characterized the 

foamability based upon the level of the generated foam homogeneity that is 

dictated by the foam bubbles size distributions. They have associated the foam 

homogeneity with its bubbles clustering and the number of neighbors for bubbles. 

They have measured the degree of clustering by associating it with the 

probability of finding a bubble of the same size within a certain distance range.  
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2.3 Foams stability 

Surfactants play a significant role in the formation and stabilization of foams. 

Good foamability is dependent on having large amounts of strong surfactants 

absorbed quickly at the liquid/gas interface to reduce its surface tension [1]. 

Increasing the concentration in the solutions will lead to better surfactant 

absorption and consequently a lower surface tension and better foaming until 

reaching the critical micelle concentration (CMC) [1,10]. Beyond the CMC, the 

surfaces are saturated with surfactant molecules that will remain in the bulk [14]. 

Foams stability can be classified based upon their lifetime as transient or 

metastable [19]. Typically, transient foam exists for less than twenty seconds and 

frequently under the presence of a weak surfactant. In contrast, a metastable 

foam can have a lifetime up to several hours coarsening only through gas 

diffusion through the liquid films. 

When the total pressure acting on the liquid films are at an equilibrium, the 

thicknesses of the film approaches a constant value. [1]. One component of this 

pressure results from the capillary action due to the PB geometry and surface 

curvature of the liquid network. Another component is the disjoining pressure 

caused by the repulsive forces of the surfactant molecules on the two sides of 

the film.  

All foams suffer from thermodynamic instability that causes them to age and 

breakup in the long-time limit. Foam aging and breakup are mainly caused by 

four extremely correlated factors. These factors are liquid drainage by gravity,  
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Figure 2.4: Foam aspects for different liquid volume fractions. Taken from Langevin (2017) [36].  

coarsening by the gas diffusion between bubbles, films rupture and coalescence. 

Foam drainage can be defined as the gravity-driven flow of liquid in between the 

bubbles through the liquid network [20].  Coarsening is the gas transfer between 

bubbles due to the pressure difference between them through diffusion through 

the liquid/gas film. The rupture of the films causing the bubbles to coalesce can  

be largely attributed to the film thinning, the nonuniformities of films thicknesses, 

evaporation and environmental variations such as the presence of dust particles.  

The properties of foams at equilibrium are influenced by the chemical 

composition of the interstitial film, the liquid fraction and the topology and 

geometry of the bubble. The foam liquid fraction (ϕ𝑙) defined as the ratio of liquid 

volume to the total volume [21]. Based upon the level of liquid fraction, the foam 

can be categorized as dry foam, wet foam or bubbly liquid [20]. The difference 

between foam categorizes are indicated in Figure 2.4.  The dry foam consists of 

polyhedral bubbles separated by thin films, whereas wet foam typically features 
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spherical bubbles which may move freely [22]. In the free drainage regime, 

where the action of gravity is relevant, the foam will have different liquid fraction 

values varying with the vertical position [23].  

2.4 Foam Drainage  

Drainage is caused by capillary forces and gravitational forces (in the free 

drainage regime) and it is hindered by viscous damping in the liquid flow within 

the PB. Foam drainage is extremely difficult to model due to several reasons. 

These reasons include the dependence of the liquid network geometry on the 

foam liquid fraction and the mobility of the liquid/gas interface. Due to the mobility 

of the liquid/gas interface, the liquid entrapped in the interface itself can be pulled 

in the direction of the flow due to the shear stresses. Drainage flow is typically 

modeled either as a Poiseuille flow or as Plug flow based upon the behavior of 

the foam bubbles films surfaces. In the Poiseuille flow models, the no-slip 

condition is assumed at the gas/liquid interfaces. In contrast, in the plug flow 

models, the velocity of the drainage flow is assumed to be constant at the 

gas/liquid interfaces. 

Verbist et al. (1996) [23] have developed a model for drainage based on porous 

media flow. The drainage equation (2.2) that they formed consisted of several 

nondimensional p that are based on position, time and physical parameters: 

𝜕𝛼

𝜕𝜏
+

𝜕

𝜕𝜉
(𝛼2 −

√𝛼

2

𝜕𝛼

𝜕𝜉
) = 0, (2.2)                
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where  𝜉 =
𝑦

𝑦𝑜
=  

𝑦

√𝐶𝜎 𝜌𝑔⁄
 , 𝜏 =

𝑡

𝑡𝑜
=

𝜇∗ 

√𝐶𝜎𝜌𝑔
  , 𝛼 =

𝐴𝑃𝐵

𝑧𝑜
2   and 𝑐 = √√3 − 𝜋/2. 

The physical parameters in equation (2.2) are the vertical position 𝑦, time 𝑡, 

surface tension 𝜎, density 𝜌, PB area 𝐴𝑃𝐵, effective viscosity 𝜇∗, acceleration of 

gravity 𝑔. This model is only suitable for a very dry foam. It assumes that the flow 

through the thin film is negligible and it assumes a constant surface tension and 

viscosity in both the layers and the bulk. In addition, in this model the drainage 

from PBs and nodes taken to be a Poiseuille flow, which indicates that shearing 

motion produces viscous dissipation. The solutions of the drainage equation 

were listed for limited cases, such as foam at equilibrium, steady foam drainage 

and a solitary-wave solution. A dry foam is very difficult to reproduce 

experimentally due to the fact that drainage causes the foam to be wet at the 

bottom, which poses the challenge of determining the boundary conditions there. 

Verbist et al. (1996) [23] concluded that free drainage cannot be characterized 

with analytical solutions, whereas numerical solutions are in a good agreement 

with experimental results for free drainage.  

Koehler et al. (1999) [24] have experimentally examined a 1D constant flow 

drainage through monodispersed and dry foam inside a long column. They were 

able to determine that the drained liquid wave front velocity 𝑣𝑓 and width 

𝑤𝑓 follow a power-law behavior, with respect to the flow-rate of the two phase’s 

ratio 𝑄 in the tube cross section 𝐴𝑡 according to 

𝑣𝑓 = 𝑣𝑜(𝑄 𝐴𝑡)⁄ 𝑐1
 (2.3) 
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𝑤𝑓 = 𝑤𝑜𝑣𝑓
𝑐2 (2.4) 

The experimental values of the exponents 𝑐1 and 𝑐2 were extremely different 

from the analytical solutions obtained from the drainage equation.  By assuming 

that the flow was a plug flow instead of a Poiseuille flow, they were able to obtain 

analytical results that were in a good agreement with the experiment. They have 

proposed that the no-slip assumption is not valid for certain surfactants. Durand 

et al. (1999) [25] have followed the work of Koehler et al. (1999) [24] to 

investigate their plug flow assumption. They followed a similar experimental 

protocol as above, with the same foaming mixture and they found a good match 

with their results. However, by changing the chemical composition of the 

surfactant used, they were able to conclude that surfactant type has an effect on 

the behavior of the surfaces of the film of the foam and the drainage. They 

established that the behavior of the film is related to the Boussinesq number (𝐵), 

which is a dimensionless number defined as the ratio between the surface shear 

viscosity (𝜇𝑠) and bulk viscosity (𝜇) and the film radius of curvature (𝑟𝑓).  

𝐵 =
𝜇𝑠

𝜇 𝑟𝑓
 (2.5) 

They concluded that when the Boussinesq number has a large value, the film 

behaves like a solid giving no-slip boundary condition and the flow through the 

foam will be comparable to a Poiseuille flow. On the other hand, they claimed 

that for a very low Boussinesq number value, the film behaves similar to liquids 

free-shear and modeling the drainage flow as plug flow will be reasonable. 
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Koehler et al. (2002) [26] have conducted a microscopic study focusing on the 

drainage of liquid through a single PB. They estimated the impact of surfactants 

on the boundary conditions at the interface by measuring the velocity profile in a 

PB. Using a protein surfactant resulted in a negligible surface velocity. On the 

other hand, when using sodium dodecyl sulfate (SDS) caused relatively large 

surface velocities. They were able also to emphasize the role of the viscous and 

Marangoni stresses opposing the gravitational force. Concentrating on a single 

PB, Nguyen (2002) [27] used numerical simulations to assess the impact of the 

interfacial shear on the drainage in the low Boussinesq number regime. By 

relying on numerical methods, he was able to stress the role of interfacial shear 

impact on the drainage in the low Boussinesq number regime by concentrating 

on a single Plateau border. 

The impact of gas coarsening during free drainage was investigated by Vera and 

Durian (2002) [28]. They were able to link drainage and coarseness in the liquid 

flowing through foam using a numerical model. They claimed that the numerical 

results of their model had a promising agreement with their experimental results 

under several limitations. However, the constants and functions in their model 

were significantly varying and can only be determined from experimental results. 

In addition, the model was not able to account for the cases of extremely dry or 

extremely wet drainage.   

Hutzler et al. (2005) [29] have both experimentally and numerically investigated 

forced drainage through a two dimensional foam with a high degree of bubble-
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monodispersity inside a Hele-Shaw cell. In their experiment, a constant flow of 

liquid was injected from a narrow input at the top of a 2D monodispersed foam 

that was draining vertically due to gravity and horizontally due to capillary 

suction. They have established that the drainage velocity has a power law 

relationship with the vertical position which is different from the horizontal 

spreading. By increasing the inlet size while keeping the same flow rate, they 

were able to observe an increase in drainage wave velocity. Their experimental 

and numerical results had good agreement with the drainage equation under the 

assumption of Poiseuille flow.  

In an investigation by Caps et al. (2003) [30], foam was generated inside a 

vertically oriented Hele-Shaw cell. The experiment reproduced microgravity 

conditions on a parabolic flight. In this flight, an acceleration of 𝑎 = 0𝑔 ± .05𝑔 

was established for a period of 20 seconds. During this period, the liquid at the 

bottom had risen to invade the foam. Then, the bubbles within the foam became 

spherical and started separating from each other. This phenomenon was 

denominated by foam wetting. It was concluded that foam wetting follows a 

diffusive behavior that is faster than foam inflation. Also, foam wetting can be 

linked to loss of rigidity, increased bubble motion and capillary rise. An analytical 

model for this drainage had been earlier formulated by Cox and Verbist (1999) 

[31] using either Poiseuille or Plug flow. Tong et al. (2011) [32] have developed a 

numerical model to study the evolution of the bubbles of a quasi-2D foam as a 

function of time and the vertical position. Their model focused on the progression 

of coalescence of foam bubbles, which is caused by the breakup of the film-film 
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PB between bubbles. However, such bubble coalescence is extremely 

dependent on film thickness through the foam drainage. Thus, they have 

modified the drainage equation to account for a quasi-2D geometry on their 

model. In a vertical quasi-2D foam, the drainage occurs mostly through the 

vertical PB (the film-film PB), while the horizontal PB (film-glass PB) act as a 

liquid reservoirs. Besides the numerical model, Tong et al. (2011) [32] have also 

utilized a Hele-Shaw cell to experimentally study quasi-2D foam to validate their 

model. The numerical model that they developed has yielded results with a 

reasonable agreement with the experiments.   

2.5 Foam bubble breakup  

Bubble breakup under steadily sheared foams between two parallel plates of a 

rheometer was experimentally studied by Golemanov at el. (2008) [33]. They 

have subjected a foam with a low a liquid fraction ( 2 ≤ 𝜙𝑙 ≤ 8 %) to either a 

controlled share rate or shear stress. They investigated the effects of such 

controlled input on the bubble sizes of the foam, the breakup efficiency and its 

rheological properties. They have observed that subjecting a monodispersed 

foam to a certain critical shear stress or shear rate will cause the foam bubbles to 

break. They were able to characterize this limit using a dimensionless critical 

sheer stress 𝜏𝐶�̃�, that is defined by the ratio of shear stress 𝜏𝐶𝑅 to surface tension 

𝜎  for a bubble with radius R. 

𝜏𝐶�̃� = 𝜏𝐶𝑅𝑅 𝜎⁄  (2.6) 
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They found that the value of the parameter (𝜏𝐶�̃�) stayed almost constant over the 

range of liquid fraction range investigated. The dimensionless stress (𝜏𝐶𝑅) was 

also not affected by changing the surfactant type nor the viscosity of the solution. 

They noticed that a shear stress beyond the critical limit triggers an initially fast 

breakup stage, where the volume of bubbles reduces more than half. This is 

followed by a slow breakup stage. They also reported that bubbles break up 

much faster in a polydispersed than in a monodispersed foam, with the same 

average bubble size. This can be explained by the fact that the larger bubbles of 

a polydispersed foam break much easier than the average size bubble. Finally, 

they concluded that the breakup of foam bubbles occurs at a critical stress that is 

extremely low when compared to single bubble breakup in a Newtonian liquid. 

The have attributed this difference to the interaction between bubbles inside of 

the foam.  

2.6 Optics of Foams 

Optical characterization is considered to have the best accuracy method for 

studying the local topology and the geometrical characteristics of foam, when 

compared to conductivity, acoustical and mechanical measurements [7]. The 

light passing through foam will be either refracted or reflected multiple times due 

to the presence of the numerous liquid/gas interfaces [34]. In a dry foam, the 

multiple scattering of the light is affected by the geometry and the properties of 

the foam bubbles, Plateau borders and the vertices [35]. Particularly, film-glass 

PBs have a great effect on light scattering measurements as illustrated by the  
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Figure 2.5: Simulation of the propagation of light rays through foam. Modified from Sun & Hutzler (2007) 
[35]. 

 

Figure 2.6: The effect of flow rate on the shape of Surface-file plateau borders: (left) low flow rate, (right) 
high flow rate. Modified from Sun & Hutzler (2007) [35]. 

simulation of light rays in figure 2.5. The impact of film-glass PB is dependent on 

their width which is inversely proportional to distances between the top and the 

bottom film-glass PBs. This distance decreased with the increase of the bubbles 

flow as demonstrated in Figure 2.6. The foam container is an additional barrier 

between the light source and the observer that can cause further light 

dispersions. If the foam contains bubbles smaller than the spacing of the glass 

plates, then the optical distortions are greatly increased, as we will encounter in 

this thesis.   

Illumination  

Sensor 

Flow 

 

                      Flow 
Plateau border 

pl 



36 
 

Chapter 3 

Bubbles characteristics and dynamics   

3.1 Bubble formation and stability  

The creation of bubbles requires the formation and deformation of a gas/liquid 

interfaces [39]. This creation requires energy which is named the surface energy 

and it is equal to the surface tension multiplied by the area of the interface. The 

surface tension can drive motions and tends to reduce the area of the interface. 

The shape of stationary interfaces is determined by a force balance between the 

surface tension and the normal pressure drop across the interface. The balance 

is determined by the Young-Laplace law 

∆𝑃 = 𝜎(
1

𝑅1
+

1

𝑅2
), (3.1) 

where ∆𝑃 is the pressure difference between the two sides of the interface and 

𝑅1, 𝑅2 are the radii of curvature.  The bubbles tend to take the smallest surface 

area to contain their gas volume which explains their spherical shapes. However, 

when they are large enough, their shape can be influenced by external factors. 

Moreover, when two bubbles are in contact they will share an interface and will 

change their shapes to have minimal total surface area. Bubbles behavior is 

greatly affected by the hydrostatic pressure gradient causing them to experience 

a buoyancy force 𝐹𝐵 based upon their volume 𝑉𝐵. 
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𝐹𝐵 =  𝛥𝜌𝑔𝑉𝐵 (3.2) 

The breakup of bubbles moving in a liquid into smaller pieces occurs mainly 

when the deformation forces on the bubbles overcome the restorative surface 

tension force. The cause of the bubbles breakup is related to their Reynolds 

number value. The Reynolds number is used to describe the ratio between the 

inertial forces to the viscous forces, 

𝑅𝑒 =
𝜌𝑈𝐷

𝜇
 (3.3) 

The breakup of bubbles at low Reynolds number is mainly due to the viscous 

shear stress [40]. This breakup is influenced by the sizes of the bubbles as well 

as the value of the Capillary number [40].  The capillary number is defined as the 

ratio between the viscous forces and surface tension, 

𝐶𝑎 =
𝜇𝑈

𝜎
 (3.4) 

 At a high Reynolds number, bubbles breakup is a consequence of inertial forces 

in relation to surface tension and is expressed in terms of the Weber number and 

the shape of the bubbles [41]. The Weber number is defined as the ratio of the 

inertial forces to the surface tension 

𝑊𝑒 =
𝜌𝑈2𝐷

𝜎
 (3.5)  
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3.2 Individual bubble motion & characteristic inside a Hele-Shaw cell 

The motion and behavior of an individual bubble inside a Hele-Shaw cell has 

been a subject of interest in numerous studies. Taylor and Saffman (1959) [42] 

were the first to tackle bubble motion in a Hele-Shaw cell. They’ve proposed a 

mathematical model for a symmetric bubble motion inside a horizontal Hele-

Shaw cell that neglects the effects of surface tension and density. They were not 

able to establish a unique solution for their model. They have instead formulated 

two-parameter solutions that determine the shape of the bubble be linking it to a 

velocity range at a fixed area. They claim that the small bubbles have an elliptic 

shape elongated in the direction of the liquid flow in the case when the bubble 

has a larger velocity than twice the surrounding liquid velocity. They’ve also 

claimed that if the velocity of the bubble is less than twice the velocity of the 

surrounding liquid, its short axis will be oriented in the direction of the flow. 

Finally, they’ve concluded that if the bubble has exactly twice the velocity as the 

surrounding liquid it will be a perfect circle.      

A follow up to Taylor and Saffman (1959) [42] work was done by Tanveer (1986, 

1987) [43, 44] to investigate the effect of surface tension on the bubble shape in 

a horizontal Hele-Shaw cell. He was able to establish three-parameter solutions 

for bubble motion based upon the bubble area, velocity and centroid location. 

The inclusion of the effect of surface tensions led him to establish two solution 

branches for the bubble in a Hele-Shaw cell. The first he named the “Main 

branch” in which the bubble has a velocity that is twice that of the surrounding 
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liquid velocity.  Its shape will be circular if the surface tension value is large, 

otherwise elliptic with its long axis oriented in the direction of the flow at low 

surface tension.  The second branch he called the “extraordinary branch” occurs 

when the bubble to liquid velocity ratio is 1.86. Opposite to the above case, here 

the bubble is circular at a low surface tension value and elliptic with its shorter 

axis in the direction of the flow at higher surface tension value. In the followup 

paper “Stability of bubbles in a hele shaw” (1987) [45] it was found that only the 

“main branch” has stable solutions and only for bubbles that do not have a very 

large size. 

Maxworthy (1986) [46] has considered the effect of the Hele-Shaw cell 

orientation on the bubbles behavior which was neglected in the earlier studies 

[42-45]. In his experiments, he utilized a large Hele-Shaw cell with an adjustable 

orientation with respect to its horizontal axis. The cell was filled with silicon oil 

and the bubble was generated by air supply injection. He observed that 

increasing the Hele-Shaw cell angle led the bubble to elongate further and the 

back half of the bubble to be more concaved than the top half. He also showed 

that based upon the velocity of the bubble and its size and the orientation of the 

Hele-Shaw cell, there exists a critical region. In this region, the bubble undergoes 

an extreme instability where it severely deforms and could possibly split.  

Kopf-Still and Homsy (1988) [47] experimentally investigated the bubble shape 

inside a Hele-Shaw cell under different velocity ratio between the bubble and the 

surrounding liquid and for different capillary numbers. They used a horizontal  
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Figure 3.1: The six shapes of bubbles observed by Kopf-Still and Homsy (a) Near-circular; (b) flattened; (c) 
Tanveer bubble; (d) ovoid; (e) short-tail; (f) long-tail. Taken form Park & Maruvada (1994) [48]. 

Hele-Shaw cell filled with glycerin-water solutions at two different concentrations, 

where the bubbles are created by injecting air into the cell. They were able to 

observe six different stable shapes for the bubbles which are shown in Figure 

3.1. They related these stable shapes to the bubble size, the capillary number 

and velocity ratio between the bubble and the liquid as shown in figure 3.2. They 

were able to conclude that small circular bubbles can exist at low velocity ratio 

which contradicts Taylor and Saffman (1959) [42] claim.  
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Figure 3.2: The relationship between bubble/liquid velocity ratio, capillary number and bubble shape at 
different bubble radius, ם, R=0.76 cm; Ο, R=1.3cm; Δ, R= 2.06 cm. Taken form Park & Maruvada (1994) 
[48]. 

 

Park at el. (1994) [48] have attributed the odd shapes of the bubble that Kopf-Still 

and Homsy (1988) [47] reported as well as the discrepancy between their results 

and Taylor and Saffman (1959) [42] results to the presence of surfactants. They 

redid Kopf-Still and Homsy experiments while testing for the surfactant effects. 

The have filled the Hele-Shaw cell with water mixed with different concentrations 

of sodium dodecyl sulfate (SDS) and separate test with silicon oil. The selection 

of silicon oil was based upon the fact that oil-air interface is not strongly impacted 

by the presence of surfactants. For the case of water mixed with SDS, they were 

able to observe bubbles with the shapes that Kopf-Still and Homsy (1988) [47] 

have described. They attributed the ovoid shape to the fact that when the bubble 
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is moving slower than the liquid, the surfactant molecules will be moved to the 

top of the bubble causing the bubble to deform due to surface tension difference. 

This reason can be applied also to the bubble with a tail shape where the 

reported bubble velocity is higher than liquid velocity. Thus, the surfactant will be 

driven by the viscous stress to the bottom of the bubble. A mathematical model 

accounting for surfactants effect on velocity was done in a later paper by 

Maruvada and Park (1996) [49] that was on an agreement with these 

experimental observations. On the other hand, the velocity results they found 

when filling the Hele-Shaw cell with silicon oil were in good agreement with the 

Taylor and Saffman (1959) [42] solutions. In addition, bubbles with ovoid and tail 

shape were not detected. Thus, they were able to solidify their claims about the 

role of surfactants. They also believe that even under the action of buoyancy, the 

bubble with ovoid or tail shape will appear. They have attributed the lack of 

presence of these shapes in Maxworthy (1986) [46] experiments to his usage of 

silicon oil. 

The rising path of a flat circular bubble in a vertical Hele-Shaw cell was 

investigated by Kelley and Wu (1997) [50]. They have characterized the rising 

path of this bubble over a range of Reynolds numbers. They have observed that 

beyond a critical Reynolds number value the rising path change from a straight 

path to a zig-zag path. They attributed the zig-zag path to vortex shedding from 

the alternating sides of the bubble. 
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Kozuka et al. (2006) [51] have also studied the rising instabilities of bubbles 

inside a vertical Hele Shaw cell and express them in terms of the value of the 

nondimensional Eötvös number 𝐸𝑜 given in Equation 3.6.  

𝐸𝑜 =
∆𝜌𝑔𝐷2

𝜎
 (3.6) 

The Eötvös number demonstrates the significance of gravitational forces when 

related to the surface tension. This ratio also goes by the name Bond number. 

They observed that at low Eötvös number values, the bubble had a constant 

oblate elliptic shape but it followed a zig-zag path. By increasing the Eötvös 

number value, the bubble rising path become straight and increasing it even 

further led to instability in the path and a shape change that resemble a comma. 

Beyond a certain Eötvös number limit, the bubble path stabilizes and its shape 

becomes similar to a bird flapping its wings. These shapes and their raising 

motion are illustrated in Figure 3.3. They have also linked Eötvös number to the 

Strouhal number 𝑆𝑡 given in (3.7) which describe the oscillating motion of the 

bubble.  

𝑆𝑡 =
𝑓𝐷

𝑈
 , (3.7) 

where 𝑓 is the frequency of the bubble oscillations. The 𝑆𝑡 number was 

proportional to the 𝐸𝑜 number which can indicate its use in determining the 

behavior of the bubble wake. They have also concluded that the absorption of 
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Figure 3.3: The rising path and shape of bubble in a vertical Hele-Shaw cell at different Eötvös number 
ranges. Taken form Kozuka et al. [51] (2006). 

surfactant molecules by the bubble affects its viscoelasticity. Increasing the 

bubble viscoelasticity dampens its rising path instability. However, even at high 

viscoelasticity, the bubble is still susceptible to deformation by increasing the 𝐸𝑜 

value further. 

3.3 Bubble interactions  

In Maxworthy’s (1986) [45] experiments, a large Hele-Shaw cell filled with silicon 

oil injected by constant air supply was used to study the creation of bubbles 

inside the Hele-Shaw cell, their motion and interactions. In these experiments, 

bubble creation from the air injection point and their rising motion inside the 

solution were observed. Due to a continuous air supply, bubbles continued to be 

formed inside the Hele-Shaw cell and they were able to catch the bubbles 

created before they form a bubble pair or bubbles stacks, sometimes called  
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Figure 3.4: Bubbles interactions resulted from injecting a Hele-Shaw cell with continuous air supply. (a) 
Bubbles stacking, (b) Stacks splitting, (c) Bubble breakup and instability. Taken form Maxworthy (1986) [45].  

worms. However, this process was not the only one. Other processes start to 

occur that included bubble stacks splitting at their tip and the interactions of 

bubbles of different sizes. These processes reported by Maxworthy (1986) [45], 

are shown in Figure 3.4. 

Ikeda and Maxworthy (1990) [52] have explored the impact of the presence of a 

small bubble (the nose bubble) at a top of a large bubble in a Hele-Shaw cell. 

They observed three cases based upon the sizes of the bubble and the 

orientation of the Hele-Shaw cell. In the first case, the nose bubble was too small 

(less than the gap of the Hele-Shaw spacing) and it got swept away by the large 
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bubble movement. In the second case, the top bubble which was relatively large 

was able to attach to the bottom bubble. However, both of them underwent 

extensive oscillations in their behavior. In the last case, the bottom large bubble 

was still stable and get elongated when a small nose bubble got attached to its 

top. This elongation was attributed to small bubble influencing the interface of the 

large bottom bubble to match its radius of curvature and slope. The elongation 

was inversely proportional with the size of the nose bubble since it caused the tip 

of the larger bubble to be more curved. The elongation was also found to be 

greater if the bottom large bubble has a high velocity.  

Huisman at el. (2012) [53] have utilized a large vertical Hele-Shaw cell to 

investigate the interaction and coalescence between two relatively large rising 

bubbles. They’ve injected the bottom center of the Hele-Shaw cell with a large 

bubble followed by a smaller bubble with a controllable delay in between these 

injections. They established that the leading bubble wake makes the second 

bubble accelerate and deform. Moreover, the trailing bubble was able to reach 

the leading bubble and coalesce with it.  They have observed that the existences 

of the second bubble had a negligible effect on the velocity of the front bubble. In 

contrast, the smaller bubble was able to reach a velocity that it is 50% larger than 

its isolated velocity and double the leading bubble velocity. They have reported 

that when the trailing bubble was about to catch the leading bubble, it 

decelerates and becomes wider to match the interface of the leading bubble. 

They found out that the coalescence occurs after the bubbles meet and the liquid 
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between them was drained at a steady rate. Finally, they have noted that the 

smaller bubble was able to catch the front large bubble even if they were not 

aligned if the spacing between them is small. Tsuchiya at el. (1995) [54] have 

conducted a visual analysis on the interaction between a large bubble (“cap”) on 

a swarm of small bubbles in a bubble column with 1 cm gap thickness. They 

have attributed the breakup of the cap bubble in the presence of a swarm of 

small bubbles to five mechanisms: the first is the instability of the cap bubble 

regardless of the effect of the swarm bubbles effect; the second is the 

attachment of a smaller bubble into the bottom can lead the bubble to pinch due 

its tendency to restore its stable shape; the third mechanism is the impact of 

intermediate bubble hitting the cap bubble due to the cap wake; the fourth is the 

pushing of the cap bubble by two small bubbles on its bottom; the last 

mechanism is the suction effect of an intermediate size bubble located in front of 

the cap bubble. The five mechanism of cap bubble breakup in the presence of a 

swarm of small bubbles are illustrated in Figure 3.5. They have categorized large 

bubble breakup and its deformation due to the interaction of a small bubble into 

seven modes listed on table 3.1. They have noted that the interaction occurrence 

and the type of breakup mode are affected by the swarm gas holdup (ratio of the 

gas volume to liquid volume) and the liquid viscosity.  
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1st  2nd  3rd  4th  5th  
 

Figure 3.5: The five mechanism of cap bubble breakup in the presence of a swarm of small bubbles. Taken 
from Tsuchiya at el. (1995) [54] 

 

Table 3.1: The modes of a cap bubble breakup in the presence of swarm bubbles. Taken from Tsuchiya, 
Ohsaki & Taguchi (1996) [54].  
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Chapter 4 

Experimental setup 

4.1 The Hele Shaw cell  

The Hele-Shaw cell used to perform the experiments can be seen in the design 

sketches in Figure 4.1-4.3. It consists of two large glass plates each of a 

thickness of 18.8 mm. The large thickness of the glass is required to minimize 

their deformation caused by hydrostatic pressure due to the liquid filling the gap. 

To maintain a constant gap between the glasses, a uniform spacer of 4 mm was 

placed in between the glass plates. The spacer was cut from a silicon sheet, a 

common material used to make gaskets and used to prevent any leaking from 

the cell. The spacing was measured directly after assembly and found to be 3.95 

mm. The liquid was visible in an area of 950 x 550 mm2. The aspect ratio 

therefore is 1.73. The glasses are fixed in the right position by two rigid 

Aluminum frames with a gasket in between and tightly bolted to each other to 

prevent leakage. The frame contains two openings, one for filling and another for 

draining the cell. The Hele-Shaw cell is connected to a metallic frame structure 

that enables it to rotate around its central axis. The cell was about half-filled with 

liquid and subsequent rotations around its axis produced a multitude of bubbles.  

4.2 The camera   

In order to study the motion of bubbles with diameters down to order of 

millimeters in such a large setup, a high-resolution video camera is essential. 
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The Red cinema size Epic DRAGON video camera is capable of taking footage 

at 6k resolution (6144x3072 pixels) at up to 82.2 frames per second. According 

to the experimental observations, the minimum exposure times needed to avoid 

motion blur was 1/200 s. The resolution of the camera allows for a large 

magnification to achieve a scale of around six pixels per mm, or 0.167 mm/pixel. 

4.3 The Backlighting 

Clearly distinguishing the bubbles from the liquid in the video recordings requires 

an adequate light source. Due to the large area to be visualized, a modified light 

emission diode (LED) panel was implemented to provide a uniform backlight 

illumination. The LED panel is powered by direct current (DC). Its large size, 

1200 x 600 mm2, is barely enough to visualize the area of the Hele-Shaw cell. 

The uniformity of the images leads to a better analysis and avoids the need of 

using algorithms to adjust for the uneven light distribution which could result from 

using other sources, such as the Halogen bulbs. By avoiding the need for these 

algorithms, the potential risk of inaccuracies in the data reduction is greatly 

diminished. For camera setting, the intensity of the used DC LED was adequate 

to illuminate the huge area of the cell. Alternating current (AC) powered LED 

panels can have more light intensity. However, they contain flickering that is 

detectable in the video recordings once the shutter speed is higher than 1/120 s. 

The DC powered LED light flickering was eliminated using adapters. The LED 

panel is mounted on a frame that is directly attached to the Hele-Shaw cell as 

shown in Figure 4.4 and 4.5. Finally, the apparent geometry of the bubbles will 
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be different for focused and diffused light, since focused light rays will hit the 

bubbles and the liquid at different angles and intensities based upon their 

location [35]. Therefore, a diffused light was used.  
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Figure 4.4: Side photo of the experimental setup.  

 

Figure 4.5: Photo of the experimental setup shown the alignment  
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Chapter 5 

Experimental protocol 

5.1: Mixture preparation 

The liquids used in the experiments were of different viscosities relatively 

controlled by the amount of glycerin and distilled water. The prepared mixtures 

contain a fixed amount of aqueous soap (Thermo Scientific™ SoftCIDE™ Extra-

Mild Antimicrobial Handwash) with a different amount of glycerin and distilled 

water as reported in Table 5.1. Additional 0.5% red color dye was also added to 

the mixtures for better visualization of the bubbles within the liquid. At a higher 

concentration of glycerin, any minor glycerin volume change may have a 

significant impact on the properties of the mixture [55]. Consequently, in order to 

ensure that the mixtures consist of the intended liquid concentration, plastic 

syringes were used to fill the jars containing the mixture. After each time the 

syringes were filled and drained, the syringes plungers were flushed multiple 

times. This was done to eliminate the adhesion of the liquids in the syringe which 

might lead to wrong concentrations.  After the jars are filled with the liquids, they 

were shaken intensely for the liquid to be fully mixed. The shaking of the jars 

caused a bubbly mess, thus the jars were left to settle down. The measurements 

of the viscosities were done using Brookfield DV-I Prime viscometer, whereas the 

surface tension measurements were obtained using K100MK2/SF/C Kruss plate 

tensiometer. The procedures of the viscosity and surface tension measurements are 

listed in Appendix C.  
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Mixture Viscosity (𝜇) 

(𝑐𝑝) 

Density (𝜌) 

(𝑘𝑔/𝑚3) 

Surface 

tension (𝜎) 

( 𝑚𝑁/𝑚) 

75% Glycerol + 20% Distillated 

water + 5% aqueous soap 

132.8 1.156 29.12 

82.5% Glycerol + 12.5 % Distillated 

water + 5% aqueous soap 

196.0 1.184 28.92 

90% Glycerol + 5% Distillated 

water + 5% aqueous soap 

361.6 1.224 28.68 

 

Table 5.1: Properties of the prepared mixtures measured at 20.5 oC  

5.2: Filling the Hele-Shaw cell 
 
To fill half of the Hele-Shaw Cell with liquid, the inlet of the cell is connected to a 

pipe filled with the mixture, thus the cell is filled slowly by the action of gravity. 

The filling process could take up to twenty-four hours due to the small diameter 

of the Hele-Shaw cell inlet tube which has a diameter of 1.12 mm. Such a small 

inlet size was needed due to the small spacing of the Hele-Shaw glass plates. 

The duration of the filling process is also dependent on the viscosity of the liquid 

which dominates the flow rate. It is important to keep checking the filling level 

inside the Hele-Shaw cell since draining any excess volume will lead to massive 

delay in performing the experiments. This is due to the need of flipping the Hele-

Shaw cell to drain the excess volume. The flipping will create a foam that is very 

stable that will require waiting a very lengthy period for the foam to break. The 

outlet of the cell should be kept open during the filling process to allow the 

trapped air to escape and the mixture to flow into the cell without pressure 



58 
 

building up inside the cell.  Finally, after the filling procedure is done, two steel 

caps are attached to the inlets and outlets to close them and prevent additional 

air coming during the cell rotation. 

5.3 Video recordings 

In order to obtain videos with the best possible quality, the following requirements 

should be met: 

1. The Hele-Shaw cell should be perpendicular to the camera. 

2. The camera center should coincide with the center of the Hele-Shaw cell. 

3. To maintain the greatest pixel size possible, the position of the Hele-

Shaw cell and the camera zoom should be adjusted to show only the top 

and the bottom of the Hele-Shaw cell inner frames. This is due to the fact 

The Red cinema size Epic DRAGON video camera is only able to capture 

videos that are wider than the width of the cell, due to its aspect ratio. 

4. The camera must be accurately focused on the bubbles within the cell. 

Using the digital zoom-in capability of the screen of the camera helps 

ensuring the correct manual focus. 

5. The aperture should be adjusted to allow sufficiently bright videos. 

6. The shutter speed should be at least twice as large as the selected 

camera frame rate (fps) to prevent motion blurring. 
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5.4 Performing the experiments 

The instructions listed below are followed while performing the experiments: 

1. The LED should be turned on and all the light sources of the lab should be 

switched off to prevent any undesired reflections to appear on the footage. 

2. The camera should start capturing before the rotation of the cell. 

3. The cell should be rotated 180 degrees or other desirable angles as fast 

as possible while aiming to smoothly stop the rotation to prevent the Hele-

Shaw Cell from rotating backward. 

4. After the majority of the bubbles have reached the top of the Hele-Shaw 

cell and a reasonable amount of liquid has drained from the foam, the 

camera should stop capturing the footage to limit the storage space 

usage. 

5. A waiting period should be allowed after the video capturing has stopped 

to ensure that the smaller bubbles reach the interface and an adequate 

foam drainge has occurred. However, it should not be too long so that the 

foam starts breaking. 

6. Before rotating the Hele-Shaw cell again, a single picture should be taken 

to study the initial and the final structure of the foam between rotations.  

7. Keep in mind that only the odd number rotations of the cell can be 

captured as the lighting is fixed on one side of the cell glass.  
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5.5 Draining and cleaning the Hele-Shaw cell 

After the experiment has been performed, the inlet and outlet should be at the 

bottom after the caps are removed. A weak 5-wat air pump is connected to the 

inlet of the Hele-Shaw cell through a small tube to help expedite the draining 

process without causing excessive pressure to build inside the cell that could 

potentially damage it and cause safety concerns. Highly pressurized air should 

never be directly applied into the cell as the glass could explode. After the 

mixture has been drained from the cell, it is then filled with distilled water to get 

rid of the remaining foam and mixture from the cell. The distilled water used for 

cleaning should be allowed to drain after rotating the cell a sufficient number of 

times (~ 25 - 100 quick rotations). Filling the Hele-Shaw cell once with distilled 

water is not sufficient to fully clean it from the remaining foam and mixture from 

the cell. Consequently, the Hele-Shaw cell is filled several times with distilled 

water that can be mixed with either Isopropyl or Ethanol to help in the cleaning 

process. However, if Isopropyl or Ethanol were used, it is important to clean the 

cell with distilled water once or twice before filling it with the mixture again. This is 

done to ensure that they are do not linger in the cell, since their presence could 

impact the properties of the mixture. The number of times of filling and draining 

the Hele Shaw cell required for cleaning ranged from four to fourteen times. This 

number was dependent on the properties of the mixture and the time duration 

that the mixture was inside the Hele Shaw cell.  After the cleaning process is 

done, the cell should be left to dry before filling it again for the next experiment.  
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Chapter 6 

Analysis and Results  

6.1 Video segmentation 

In order to perform a statistical analysis of the foam and the individual bubbles in 

the bubbly flow, the ability to distinguish them in the video footage is essential. 

This distinction revolves around identifying bubbles in the foam liquid network or 

identifying them from the surrounding liquid in the individual video frames. The 

partial wetting of glass surfaces, the thin boundaries of the bubbles as well as the 

reflectivity and refractivity of the moving bubbles complicate the bubble 

identification. Consequently, the ability to identify them in the video frames 

necessitate the utilization of segmentation techniques. 

The bubbles that have a diameters of less than four pixels or less than three 

quarters of a millimeter are neglected. This negligence is based upon the fact that 

these bubbles are significantly smaller than the gap between the glass plates. 

Their small sizes cause them to behave as 3D bubbles where they can be 

completely submerged in the liquid and can travel behind other bubbles and are 

therefore visually not clearly identifiable. Moreover, when these bubbles touch 

the glass that is nearest to the camera, a small section of them appears brighter 

in the footage causing their sizes to be identified is smaller than their actual 

sizes. Consequently, these bubbles can introduce errors to the final results.   
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6.1.1 Trainable Weka Segmentation 

Relying on the existing thresholding algorithms for bubble identification in the 

videos proved inadequate as can be observed in Figure 6.1. This inadequacy 

established the need of more advanced segmentation techniques to be 

implemented. Consequently, our attention was shifted to Machine Learning 

methods.  

Trainable Weka Segmentation (TWS) is a tool that leverages several of its users 

manually identified regions or segments of interest in an image to train a 

classifier that is capable of automatic pixel segmentation based upon machine 

learning algorithms [56]. These machine learning algorithms are obtained from 

the data mining and machine learning Waikato Environment for Knowledge 

Analysis (WEKA) toolkit [57]. TWS is also dependent on the image processing 

capabilities of the Fiji toolkit and its features that include edge detection, textures 

filtering and noise reduction [58]. Fiji is an open source image processing toolkit 

developed by Schindelin et al. (2012) [58].  

The result of TWS is eight-bit probability map images. The probability map image 

contains high values for pixels that TWS considers to belong to the bubbles, 

whereas lower pixels values are deemed to belong to the liquid. Implementing 

the TWS toolkit has significant improvements in segmenting the bubbles from the 

liquid, as can be observed in Figure 6.2. These improvements include the 

removal of boundaries of overlapping bubbles that causes the front bubble to be 

considered as a multiple bubbles of smaller sizes. Example of such overlapping  
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Figure 6.1: Segmentation using different thresholding algorithms. 

bubbles can be observed in Figure 6.2. The most impactful outcome of TWS is 

its contribution in overcoming the difficulty of distinguishing the individual bubbles 

in a cluster and in foam. This difficulty is attributed to the thin liquid film between 

the bubbles within clusters or foam and their relatively high brightness compared 

to larger liquid areas. This relatively high brightness is caused by reflectivity and 

refractivity of the bubble boundary as previously mentioned in section 2.6. The 

high brightness in the liquid between bubbles in clusters is also emphasized in 

Figure 6.3. 
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Figure 6.2: The effect of using Trainable Weka Segmentation on a section of a typical image 
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Figure 6.3: Zoomed in frame of a footage of bubble stacks in the Hele-Shaw cell showcasing the brightness 
of boundaries between them in addition to the overlapping effect where smaller bubbles sit behind or on 
front of the larger bubbles.  

Segmenting using TWS is extremely computationally demanding. This demand is 

impacted by the number of sample regions identified by the user to train the TWS 

classifier. In order to reduce the time as well as the resources needed for the 

TWS, the focus of TWS was limited to two subsections of the video frames. The 

first subsection is located in the center region of the Hele-Shaw cell, whereas the 

second reside near the side wall of the frame. Each of these subsections have 

the same height as the Hele-Shaw cell workspace and slightly larger than one 

eighth of its width. The location of these subsection and their dimensions is 

illustrated in Figure 6.4. The segmentation of the subsection by TWS was done 

by 40 central processing unit (CPU) cores at an average of 2.8 Gigahertz (GHz) 

at rate of 2000 frames per day. 
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Figure 6.4: Sketch of the locations and dimensions of the analysis subsections in the Hele-Shaw cell. Red 
color box represent the center subsection, whereas blue represents the side subsection.  

While the TWS is an extremely powerful tool with very remarkable results, it 

cannot solve all the difficulties of segmenting the frames of the experiments. 

These unsolvable difficulties include the insignificant size of several of the 

boundaries between the bubbles. An example of these boundaries includes 

some of the boundaries of the foam when they are sheared by the liquid moving 

near them. These boundaries can be extremely small and difficult to detect even 

with the use of high-resolution camera.  Another difficulty is the previously 

mentioned bright boundaries. Even though TWS is capable of segmenting the 

majority of these boundaries, some of them are quite bright and in some cases 

TWS can’t account for them. The failure of TWS of segmenting these regions can 

cause two or more bubbles to be treated as one. Some manual corrections are 

then required. 

6.1.2 Binarization 

As previously mentioned, by the end of TWS process, eight-bit probability map 

images will be created. These eight-bit images pixels take values between 0 to 

255 representing the grayscale. The ability to study the bubble motions and 
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characteristics requires the binarization of the images created by TWS. In the 

binarization or thresholding process, the eight-bit images are converted to binary 

images that contain only completely black or completely white pixels. The 

simplest binarization techniques involve specifying a threshold value for the gray-

scale pixels. If the pixel intensities are above this threshold value, they are 

changed to white pixels and vice versa.  

The threshold techniques can be categorized as local or global. In the local 

threshold, the threshold value can vary between different regions of the image, 

where in the global threshold, there is only one value over the entire image. The 

global threshold method was used for the binarization process. This is justified by 

the local variance being accounted for by the TWS tool and the fact that the 

resulting TWS images are probability maps. There are several global 

thresholding methods including those going by the names Moments [59], Yen 

[60] and Triangle [61]. We selected the geometric based Triangle threshold 

method, since it yielded the best results based upon several trials on the TWS 

images. After the binarization is done, several processes can be implemented to 

improve the quality of the segmentation. The selected processes are Watershed 

segmentation, “filling-holes” and the “open” process. The Watershed 

segmentation is a tool that enables the separation of touching bubbles. Its results 

are more accurate for convex shapes. Using this tool should not be done 

automatically due to the odd shapes that occur during the deformation of the 

bubbles. For example, this tool tends to crates false boundaries during the  
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Figure 6.5: The effect of using Watershed segmentation. The left pair of frames shows correct segmentation, 
whereas the right pair of frames show false boundaries created by this tool.   

necking process since it assumes that the bubble neck is the touching boundary 

of two bubbles. Figure 6.5 demonstrates the effect of using Watershed 

segmentation. This use of this tool was limited to analyzing the foam and the key 

frames which will be discussed later.  

The “filling-holes” tool is used to transform the dark pixels inside connected white 

pixels to white pixels. The tool was used to fill the spurious black pixels inside the 

bubbles pixels region.  The dark pixels presence is due to smaller droplet, image 

noise or minor bubbles boundaries behind the bubbles.  

Finally, in order to smooth the boundaries of the bubbles and eliminate isolated 

pixels from them, the binary “open” process is performed. This process consists 

of two subprocesses. The first is the “erode” process in which the pixels in the 

edges are turned to black. The second is the “dilate” process in which the 

additional pixels are uniformly added to the edges to account for the removed 

pixels.  
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6.2 Bubbles characterization and motion tracking   

After the experimental video frames are transformed into segmented binary 

images, they are introduced into the in-house MATLAB code which is included in 

Appendix D. In this code, the segmented binary frames will be analyzed to 

determine the bubble features, as well as their motion. Also, these frames will be 

used to investigate simultaneous trajectories of multiple bubbles vs time. The 

overall liquid motion around the bubbles was examined by considering the center 

of mass of the liquid. 

6.2.1 Bubbles characterization 

The developed algorithms for identifying and characterizing the bubbles begin 

with separating each area of connected white pixels into different arrays. Each 

array contains the location values of all pixels representing each individual 

bubble. The number of such arrays represents an estimate of the total number of 

bubbles. The pixels count in these arrays is used to evaluate the bubbles areas. 

The diameters of the bubbles are estimated as the square root of these areas. 

The parameter of the bubbles is determined by counting the number of pixels on 

the edges of the bubble. The X and Y centroid of the bubble is evaluated by 

taking the average of all the X and Y pixels coordinates of the bubbles pixels 

arrays. In order to describe the shape of the bubbles, the bubbles are fitted inside 

ellipses to allow the determination of the roundness of the bubbles. The 

roundness is defined as the ratio of fitted ellipses minor axis over its major axis. 

A roundness value of one indicates that the bubble has a perfect circular shape.  
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 6.2.2 Bubble motion tracking 

The tracking algorithm is based upon linking bubbles arrays from on frame to the 

next. The main criteria used for this linking is the location of the bubble centroids. 

The linking is done by finding the shortest distance between the centroid of the 

bubbles in the initial frame and the follow up frame. However, finding the shortest 

link can’t account for coalescence and bubble breakup. In order to eliminate the 

errors caused by coalescence and bubble breakup, additional constrains are 

implemented on the tracking process. 

The first constraint is to limit the maximum distance the bubbles are allowed to 

travel between frames. The applied maximum distance condition is based upon 

the diameter of the specific bubble. In this condition the bubbles that are moving 

more than their diameter values divided by a constant value well remain 

unlinked. Using the diameter condition was done to account for the higher 

maximum velocity that larger bubbles can experience. The diameter condition 

was also done to eliminate the wrong linking of bubbles. The distance between 

the smaller bubbles centroids can be very limited, thus more restrictive condition 

must be applied to avoid the wrong linking of bubbles. On the other hand, the 

centroids of the larger bubbles are far from the other bubble centroids, thus more 

relaxed condition should be used.  

The second implemented constraint is the limitation on the allowed change in 

bubble size between frames. In the case of coalescence, when a relatively large 

bubble coalesces with a smaller bubble, the centroid of the resulted bubble will  
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Figure 6.6: Rising Bubbles tracks. The yellow color indicates large speed.  

be very close to the centroid of the larger bubble. Consequently, the large bubble 

location will be linked to resulted bubble from coalescence. This will cause the 

centroid of the larger bubble to be falsely shifted. In the case of the bubble 

breakup, smaller bubbles situated close to the splitting point can be confused 

with the new small bubble created by the pinch-off. Consequently, Bubbles sizes 

were limited to increase or to decrease by a specific percentage value.  

After the bubble arrays are linked between frames, their velocities can be 

measured based upon the bubble centroid displacement. The evolution of 

bubbles characteristics with time can also be investigated. The diameter 

displacement condition constant as well as the percentage of bubble size change 

condition are based upon the adequacy of the camera frame rate to capture the 
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bubbles changes between frames.  An example of numerous bubble paths are 

shown in figure 6.6. 

6.2.3 Overall liquid motion 

A similar algorithm to the bubble tracking algorithms was used to study the 

motion of the center of gravity of the liquid. This center of gravity in each frame is 

estimated by locating all of the black pixels and finding their average location. 

This estimation doesn’t account for the bubbles with a very small size belonging 

to the detection limit. It also assumes that boundaries between the bubbles have 

a constant width across their cross sections.     

6.3 Foam and foaming results  

By repeatedly flipping the Hele-Shaw cell we have created thousands of bubbles 

that will rise through the liquid to the main liquid-air interface forming a Foam. 

The characteristics of the resulting foams shown in Figure 6.7-6.10 will be 

investigated in this subsection. This investigation will emphasize the role the 

number of the Hele-Shaw cell rotations as well, as the effect of liquid viscosity on 

the foam and foaming properties. Figure 6.7 and 6.8 show the overall effects 

along the entire width of the cell. These views show that the foam structure 

becomes essentially homogenous in the horizontal direction, even though the 

overall flow fields may have been affected by the side-walls.  
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Figure 6.9: Bubble evolution in the center section of the foam for 75%vol glycerin, after different number of 
Hele-Shaw cell turns. 
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Figure 6.10: Bubble evolution in the center section of the foam for 75%vol glycerin, after different number of 
Hele-Shaw cell turns. 
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6.3.1 Number of foam bubbles  

The total number of foam bubbles was found to be increasing with the number of 

Hele-Shaw cell rotations, as can be observed in Figures 6.9 and 6.10. This 

increase is caused by the bubbles splitting by the motion of the liquid after each 

turning of the cell. The increase in bubbles numbers grows fastest during the first 

couple of rotations, as can be seen in the plots in Figure 6.11. The increase in 

the number of bubbles slows down with more and more rotations of the Hele-

Shaw cell. Increasing the liquid viscosity (by using larger volume fraction of 

glycerin) leads to a slower increase in the number of foam bubbles with respect 

to the number of Hele-Shaw rotations. The foam bubbles number (𝑁) evolution 

with respect to the number of Hele-Shaw turns (𝑛𝑡) can be empirically modeled 

as a two-term exponential Equation according to  

𝑁 = 𝑎𝑁{𝑏𝑁[exp(𝑛𝑡)]} + 𝑐{𝑑𝑁[exp(𝑛𝑡)]}, (6.1) 

 where the constants are determined experimentally and listed in Table A.1 in 

Appendix A.  

6.3.2 Sizes of the foam bubbles 

The foam generated in the Hele-Shaw cell start as polydisperse bubbles 

including relatively very large bubbles after the first couple of Hele-Shaw cell 

flips. The average bubbles diameter decreases with the increase of the number 

of the cell over turns, as reported in Figure 6.12. It is clear that the average of the 

bubble diameter reaches an asymptotic value after a certain large number of  
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Figure 6.11: The number of bubbles in the foam as function of the number of Hele-Shaw rotations, for 
different glycerol volume percent (vol%) in the liquid. The fits use Equation 6.1.   

turns that depends on the liquid viscosity. The asymptote is reached more slowly 

for higher viscosity. The diameter evolution with the number of turns follows an 

exponential trend and can be fitted by using  

�̅� = 𝑎𝐷{𝑏𝐷[exp(𝑛𝑡) + 𝑐𝐷]} + 𝑐𝐷 . (6.2) 

As the number of Hele-Shaw cell turns increases, the foam bubbles become 

more monodisperse as demonstrated in Figure 6.13, which relates the standard 

deviation of the bubble diameters to the number of turns. This relationship 

between the diameter standard deviation and number of turns can be fitted as a 

two-term exponential Equation according to: 



79 
 

 

Figure 6.12: The average diameter of the foam bubbles vs the number of Hele-Shaw turns, fitted using 
Equation 6.2.  

𝐷𝑆𝐷 = 𝑎𝑁{𝑏𝑁[exp(𝑛𝑡)]} + 𝑐{𝑑𝑁[exp(𝑛𝑡)]}. (6.3) 

The Cumulative Distribution Function (CDF) of the foam bubbles sizes is shown 

in Figure 6.14. The corresponding Probability Distribution Function (PDF) is 

shown in Figure 6.15. The PDFs indicate clearly how the foam reaches better 

monodispersity with increasing the number of the cell turns. The effect of 

increasing liquid viscosity is also clear in the CDF and PDF plots, since the 

distributions for the largest viscosity (90% vol glycerin) are significantly different 

than the other concentration until the later turns. How the foam bubble diameter 

distribution changes with respect to the vertical position was also investigated. As 

indicated by Figure 6.16, the foam bubble diameters have a large variance as a 
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Figure 6.13: The standard deviation of foam bubbles diameters with respect to the number of Hele-Shaw cell 
turns, fitted using Equation 6.3. 

 function of their y position, especially after the first few turns with the larger 

bubble residing in the middle of the foam. As the number of the turns increases, 

so does the uniformity of the bubbles with regard to their vertical position. The 

convergence rate of bubbles diameters with respect to vertical position is also 

hindered by the increase of liquid viscosity, as is noticed in Figure 6.17.    
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Figure 6.14: Semi-log plot of the Cumulative Distribution Function (CDF) of foam bubble diameter after a 
different number of turns. 
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Figure 6.15: Semi-log plots of Probability Distribution Function (PDF) of foam bubble diameter after a 
different number of turns. Note that the vertical PDF axis is not the same between the turns.  
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Figure 6.16: Semi-log plot of the change of the foam average bubble diameter distribution as a function of Y 
position with respect to the number of Hele-Shaw turns for glycerin volume percent = 75%. 

 

 

Figure 6.17: Semi-log plot of the change of the foam average bubble diameter distribution as a function of Y 

position with respect to the number of Hele-Shaw turns at large viscosity, for glycerin volume percent = 90%. 
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6.3.3 Transitional region of the foam 

The repeated turning of the Hele-Shaw cell is also responsible for generating 

bubbles that are much smaller than the gap between the cell walls (4 mm). 

These bubbles can be as small as twenty microns and their number can be 

estimated to reach millions. These bubbles generally accumulate at the liquid 

interface since between turns the larger bubbles have a greater velocity and can 

reach the top of the cell quicker. Moreover, if these smaller bubbles happen to be 

at a higher position in the foam, they will be displaced downward when the liquid 

is drained though the PB between the foam larger bubbles. As the number of the 

Hele-Shaw cell turns increases, so does the width of the transitional region of the 

foam increases.  The evolution of the transitional region of the foam with respect 

to the number of Hele-Shaw cell is roughly estimated in the Figure 6.18 plot. The 

increase of the width of the transitional region, with the increase of viscosity, can 

be related to the role of shear stress on the breaking of smaller bubbles.  

6.4 The overall motion of the liquid phase   

The liquid movement under gravity, when the Hele-Shaw cell is flipped over is 

impacted by several parameters. These parameters include the viscosity of the 

liquid which will affect viscous shear forces from the glass walls and the side of 

the frames. The viscosity will also impact the movement of the liquid through the 

foam bubbles which can behave similarly to Poiseuille flow or plug flow 

depending on the bulk viscosity. This dependence is based upon on the  
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Figure 6.18: The Y position start of the transitional region of the foam with respect to the number of turns at 
different glycerin percent weight.  

Boussinesq number value which is inversely proportional to bulk viscosity as 

previously mentioned in section 2.4. Moreover, the rising bubbles stability and 

behavior is affected by the viscosity according to the capillary number 

representing the ratio of surface tension and viscous stress. The drag force on 

the bubble is also directly dependent on the viscosity. Consequently, their motion 

will be impacted by the viscosity of the liquid which in turn will affect the bubbly 

flow dynamics.  
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Figure 6.19: The foam bubbles deformation (left two frames) and split up (right frames pair) due to the liquid 
motion.  

The sizes of the bubbles are another factor affecting the motion of the liquid. The 

liquid movement through the foam is impacted by the radius of curvature of the 

bubbles according to the Boussinesq number. The larger bubbles in the foam 

tend to be split up by the liquid inertia, whereas the bubbles with intermediate 

size only tend to deform in response to the liquid movement. This split up and 

deformation of foam bubbles are shown in Figure 6.19. The smaller bubbles in 

the foam do not experience significant deformation and the flow between them 

resembles Plug flow. Once the bubbles are free to rise from the foam network, 

their buoyancy will cause the liquid to displace downward. The bubble wakes are 

also contributors to the motion of the liquid. During the first couple of turns of the 

Hele-Shaw cell flips when the larger bubbles are separated from the foam, the 

liquid flow can resemble slug flow.  The deformation behavior of bubbles during 

the bubbly flow phase and slug flow phase is similar to their deformation behavior 

before being separated by the foam. However, some of the relatively large 

bubbles tends to slip sideways while deforming due to liquid movement instead 

of breaking up.  
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Figure 6.20: The viscous fingers following the first Hele-Shaw cell flip.  

The last factor in consideration is the bubble interaction and clustering which will 

be discussed in the upcoming sections of this thesis.  

During the first overturn where no bubbles are present and the foam doesn’t 

exist, the liquid interface will be unstable either due to Rayleigh-Taylor instability 

or due to the viscosity difference between the liquid and air. The instability of the 

interface causes it to have the shape of growing fingers as can be observed in 

Figure 6.20. There are numerous publications focusing on the study of the 

viscous fingering. The most recognizable publication on viscous fingers is the 

study of Saffman and Taylor in 1958 [62]. These viscous fingers are not 

considered within the scope of this thesis as the focus is on the dynamics after 

the following turns.   
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The motion of the liquid phase after the Hele-Shaw cell has been rotated is 

investigated by following the Y center of gravity of the liquid. The downward 

motion occurs relatively very sharply in the first couple of turns showing that 

viscosity alone is not sufficient to slow down the flow. This is mainly due to the 

presence of only large bubbles in the flow that rise very quickly displacing the 

liquid downward and the relatively low number of small bubbles that can increase 

the resistance of the collective motion. As the number of turns increases, the 

movement in the liquid become slower and smoother. The behavior of this overall 

motion is qualitatively similar across all the tested viscosities. However, 

increasing the viscosity slows movement, as can be observed when comparing 

Figure 6.21 and Figure 6.22. The Y center of gravity with respect to time can be 

fitted according to  

𝑌𝐶𝐺 = 𝑎𝑌𝐶𝐺{𝑏𝑌𝐶𝐺 [atan(t)]} + 𝑐𝑌𝐶𝐺 + 𝑑𝑌𝐶𝐺, (6.5) 

where the constants where determined experimentally as listed in Table A.5 in 

Appendix A.  

Due to the reliance on imaging analysis, the volumes of the smaller bubbles that 

don’t fill the Hele-Shaw cell gap are treated as a part of the liquid volume. The 

image analysis also doesn’t account for the bubbles curvatures within the gap 

between the Hele-Shaw glass plates. Consequently, the estimation of the overall 

liquid motion could be impacted by the limitations of the current image analysis.  
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Figure 6.21: The liquid Y center of gravity transition vs time, for the 75vol% glycerin. The dashed lines 
represent the fitting by equation 6.5.  

 

Figure 6.22: The liquid Y center of gravity transition vs time, for the 90vol% glycerin. The dashed lines 
represent the fitting by equation 6.5.  
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6.5 Bubbles characteristics and dynamics results  

6.5.1 Observations  

The bubbles sizes and shapes after rotating the Hele-Shaw cell are influenced by 

several factors. These factors include their viscous deformation, breakup and 

coalescence, which are driven by the liquid inertia and viscous shear forces, 

hydrostatic pressure and bubbles interactions.  

During the first few Hele-Shaw cell turns, the impact of the inertial forces on the 

bubbles is very significant. This is due to the existence of large bubbles that have 

very limited resistance to the viscosity of the liquid, when they are in the foam 

liquid network. These bubbles can be split when the liquid downward movement 

infiltrate them when they are still part of the foam as previously discussed. The 

bubble split indicates that a critical Weber number limit has been reached. The 

rapid movement of the larger bubbles as they rise up will also impact the 

downward liquid motion, thus influencing the bubbles breakup due to inertial 

forces below them. The sizes of the bubbles after a bubble split is dependent on 

the location where the liquid infiltrates the bubble which tend to be near the 

middle of the bubble forming two-half sized daughter bubbles. The larger bubbles 

are more susceptible to splitting due to their limited internal pressure. The 

bubbles can be split when they reach the top of the cell because of the early 

stages of drainage, as can be seen in Figure 6.23.  

As the foam bubbles become smaller with the increase of the number of turns, 

the liquid velocity cannot penetrate them due to the strong surface tension for  
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Figure 6.23: Bubble splitting during the early stages of drainage once the bubbles have penetrated the liquid 
layer, forming a foam at the top.    

their sharply curved free surfaces, thus indicating that the inertial forces have 

limited effect.  

The bubble breakup due to viscous shear stress ensues when surface tension 

can’t balance the shear forces as can be described by the Capillary number. The 

shear force tends to stretch the bubble so it becomes too elongated and breaks 

up into two or more pieces. 

Bubble coalescence occurs when the interface between two touching bubbles 

ruptures. Coalescence between larger bubbles was observed extensively in the 

first couple of the Hele-Shaw cell turns. The touching of the bubble interfaces 

requires that the liquid between them is drained away. The drainage is 

dependent on the velocity of the bubbles and their radii of curvature. The 

Coalescence between two large bubbles is shown in Figure 6.24. 
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Figure 6.24: Coalescence between large bubbles in the 5th Hele-Shaw turn at 90%vol glycerin.  

 

The occurrence of coalescence during the initial turns was more frequent with the 

increase of the viscosity. This could indicate that the accumulation of the 

surfactant molecules on the bubble interfaces was overcome by the rapid motion 

and the stretching of the leading interfaces, which makes the interface more 

prone to breaking when the bubbles touch. This sweeping motion of the liquid 

around the bubble, is due to the inertial and shear stresses. This sweeping 

motion can pull the surfactant molecules to the bottom of the bubble, thus making 

the thin liquid bridge at the front surface of the bubble more susceptible to 

breaking. Consequently, coalescence could be a significant factor behind the 

slower rate of decrease of the foam average bubble vs the number of turns at the 

higher liquid viscosities, as was mentioned in section 6.3. Bubbles coalescence 

inside the foam in response to the deformation by the liquid in the foam was also 

observed in the initial turns as shown in Figure 6.25.  
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Figure 6.25: Foam borders deformation and bubble coalescence in response to liquid transition.  

  

The interactions between the rising bubbles is mainly influenced by their wakes 

and the distance between them. When a bubble is caught in the leading bubble 

wake it will accelerate until catching up with the leading bubble. If the leading 

bubble is sufficiently large so not to be displaced downward by the trailing 

bubbles, the trailing bubbles interface tends to deform in order to match the 

leading bubble’s interface. This interface change can lead to an elongation that 

increases their joined velocity. This potential velocity increase is due to the 

dependence of drag forces on the radius of curvature of the bubbles. The 

elongation effect is shown in Figure 6.26. These bubbles will move at the same 

velocity and their wakes could attract other bubbles to form a stack which 

increase their effective buoyancy. Multiple stacks can join with each other 

forming a larger stack, as shown in Figure 6.27.  The bubbles in a stack can be 

divided by the liquid inertial and shear forces as is seen on the left side of the 
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bottom cluster in Figure 6.28. There is a group of small bubbles that separated 

from the main cluster.  

Several smaller bubbles can share the interface with a larger bubble, as can be 

observed in Figure 6.28. If a significantly large bubble was present in the stack 

relative to the rest of the stack bubbles, it can displace the other bubbles until it 

finds a bubble that could match its interface. This result in a significant 

rearrangement of the order of the bubbles in the stack as can be seen in Figure 

6.28. Here the smaller bubbles on the top are pulled down to the side of the 

larger bubble to settle at its bottom because of the wake.  

 

Figure 6.26: The effect of bubble interface matching on its elongation, becoming more streamlined.  
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Figure 6.27: The joining of two bubbles stacks of groups. 

 

Figure 6.28: Bubbles stack rearrangement of small bubbles to the bottom side. 
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6.5.2 The structures and dynamics of the rising bubbles, averaged with 

time 

Overall, after a few turns of the cell, the bubble dynamics portray the following 

evolutions. Before the turn, the liquid sits on the bottom with the air at the top, 

while between them sits a foamy/bubbly layer with a range of bubbles sizes. 

Immediately after the overturn the liquid is now on top and the air on bottom i.e., 

inherently unstable configuration, as can be seen in Figures 6.29-6.32.  The 

liquid is now pulled by gravity through the foamy layer, while buoyancy pulls the 

bubbles upwards. The larger bubbles reach the top of the Hele-Shaw cell 

significantly faster than the smaller bubbles which explained their high position 

within the foam especially after the initial turns, as can be observed in Figure 

6.29 and 6.31. 

The average vertical velocity of the bubbles with respect to time starts to 

increase slowly when the smaller bubbles are separated from the foam. If 

relatively large bubbles are present in the foam, they will eventually dislodge and 

rise rapidly. The downward sweeping motion of the liquid around their interfaces 

is very impactful on the motion of the smaller bubbles trailing them. This 

sweeping motion is the reason behind the sharp decrease on the average 

vertical velocity in the fifth and eleventh turns observed in the green and blue 

curves in Figure 6.33 plots. This is due to the great number of bubbles being 

displaced downward by this motion against buoyancy. As these larger bubbles 

reach the top section of the Hele-Shaw cell, the liquid motion will decrease  
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allowing the smaller bubbles to rise again causing the average vertical velocity to 

increase. Finally, the average velocity will start to smoothly decrease as the 

bubbles start to accumulate at the top section of the Hele-Shaw cell.  

At the later turns when the foam becomes more monodisperse, the rapid 

fluctuations on the average vertical velocity will not occur. This is due to the slow 

motion of the liquid in response to the resistance of the small bubbles in the 

foam. This is also caused by the fact that the rapid sweeping motions of the liquid 

resulting from the rising bubble motion depends strongly on the bubble size. This 

sweeping motion can’t displace larger or similar sized bubble, especially at a 

higher viscosity. The duration of the overall bubble motions to the top will 

increase with higher liquid viscosity. This is due to the dependence of drag forces 

on the viscosity.   

 

Figure 6.33: Evolution of the bubble average Y velocity with respect to time in the center section of the cell, 
for low viscosity (left side) and high viscosity (right side). 
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In order to investigate the impact of deformation, breakup and coalescence on 

the bubbles evolution with time, the average and the standard deviation of bubble 

diameters with respect to time was measured. This evolution was calculated after 

different turns in the central region of the Hele-Shaw cell and are plotted in 

Figure 6.33 and 6.34. The location of this region is shown in Figure 6.4.  The 

change in their diameters is very limited in the later turns where the majority of 

bubbles have become sufficiently small to be invariable to significant 

deformation.  

 

Figure 6.34: The average bubbles diameters evolution with respect to time, for low viscosity (left side) and 

high viscosity (right side). 
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Figure 6.35: Standard deviation of bubbles diameter evolution with respect to time at different viscosities.  

The analysis was also conducted on a section that is close to the Hele-Shaw cell 

side frame to investigate the possible effects of the vertical side walls. The 

average vertical bubble velocity trends on the side analysis section were similar 

to those measured in the center analysis section with the exception of a slight 

time shift. This is not true for the early turns, where the difference between the 

center and the side sections is quite different. This can be explained by the early 

dynamics being controlled by the few largest bubbles, for which lateral 

movements in the side section is restricted by the presence of the wall of the 

Hele-Shaw cell. In the following turns, the average and standard deviation of the 

bubbles diameters were found to be slightly larger on the side section. The 

variations of these values with time were found to be very similar in both sub-

areas. 
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Figure 6.36: Comparison between the bubbles Y velocity evolution with respect to time in the center and 
side section of the Hele-Shaw cell.  

 

 

Figure 6.37: Comparison between the bubbles average diameters evolution with respect to time in the 
center and side section of the Hele-Shaw cell.  
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Figure 6.38: Comparison between the bubbles diameters standard deviation evolution with respect to time in 
the center and side section of the Hele-Shaw cell.  

 

6.5.3 The relationship between the bubble vertical velocities and their 

diameters, at various vertical positions  

After successfully developing the tracking algorithm, we can investigate how the 

vertical velocity of the bubbles depends on their sizes. This is of interest as 

bubble-size will affect the relative strength of buoyancy and viscous stresses. 

The range bars plotted in Figure 6.39-6.42 and 6.43-6.47 are utilized to 

investigate the vertical velocities and the diameters of bubbles in relation to their 

vertical position in the center analysis section with the change of time. The 

horizontal diameter and vertical velocity range bars in Figures 6.39-6.42 and 

Figures 6.43-6.47 were found at ten equal vertical position steps at four key time 
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frames. The intersection between the range bars and the step bars represent the 

average value of the bubbles diameters and vertical velocities in the steps. The 

size of the vertical position steps was the height of the Hele-Shaw cell divided by 

ten. The selected key time frames were based upon the percentage of total 

displacement of Y center of gravity solution (%pDS) determined by equation 6.5.   

6.5.3.1 Bubbles statistics after the fifth turn  

When 20% of the liquid was displaced at the fifth turn with the lower viscosity, the 

largest bubble in the analysis section was found to be near the middle part of the 

height of the Hele-Shaw cell.  The Bubbles in the range below it have a negative 

vertical velocity average due to its existence, whereas the bubbles above it are 

not affected by it and have a positive vertical velocity average. This is a clear 

indication of the sweeping motion of the liquid effect on the trailing bubbles 

velocities. In contrast, at the same key time frame in the 5th turn in the 90%vol 

glycerin. One of the largest bubbles has almost already reached the top of the 

cell causing the bubbles below it to be displaced downward. The significant 

decrease of the velocity at the following key timelines was also result of the 

movement of very large bubbles outside of the analysis section. The impact of 

the sweeping motion was magnified due to the occurrence of coalescence 

between the large bubbles which resulted in great discrepancy in the bubbles 

vertical velocities trend between the key frames.  
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Figure 6.39: Bubbles Y position vs Diameter and vertical velocity at 75%vol glycerin in the 5th turn. (Left-
side) The range of bubble diameters at each vertical height in the cell. (Right side) The Range of vertical 
bubble velocities at different heights. Both panels show results measured at 4 different times following the 
cell overturn, i.e. when the liquid center of gravity has travelled down 20,40,60 and 80% of the total travel. 
Data for 75% glycerin  

 

Figure 6.40: Bubbles vertical position center vs Diameter and vertical velocity at 90%vol glycerin in the 5th 
turn.  

 



108 
 

6.5.3.2 Bubbles statistics after the eleventh turn  

Two key observation can be made about the eleventh turn in the 75%vol glycerin 

case. The first is the occurrence of comparable maximum velocities values in 

adjacent vertical position steps with different maximum diameters. This is a great 

indication of the existence of tall bubble stacks as can be observed in Figure 

6.43. The second observation is the breakup of the largest bubble between 

pDS=20% and pDS=40%. The behavior of the bubbles in the 90% glycerin 

volume case is a hybrid between their behavior in the fifth turn and the behavior 

of 75%vol glycerin at the eleventh turn. This is because of the presence of 

relatively very large bubbles as well as the existence of bubbles stacks.  

 

 

Figure 6.41: Bubbles vertical position center vs Diameter and vertical velocity at 75%vol glycerin in the 11th 
turn.  
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Figure 6.42: Bubbles vertical position center vs Diameter and vertical velocity at 90%vol glycerin in the 11th 
turn.  

 

Figure 6.43: The existence of tall bubble stacks at the 11th Hele-Shaw cell turn with glycerin 75%vol at 
80%pDS 
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6.5.3.3 Bubbles statistics after the twenty first turn  

By the twenty first turn, the foam is relatively very monodispersed in lower 

viscosity case. Consequently, the liquid motion becomes very slow and the 

sweeping motion by the big bubbles is no longer a large factor. This is reflective 

in the limited negative vertical motion. The smooth transition of bubbles can be 

noticed when focusing on the location of the largest bubble. For example, at 

pDS=20% the largest bubble is found at the bottom of the Hele-Shaw cell and at 

pDS=40% it moved to the middle of the cell. The effect of bubble stacking is still 

present and the highest measured velocities belong to bubbles in stacks. The 90 

glycerin volume percent behavior starts to closely resemble the 75 glycerin 

volume percent by the twenty first turn.  

 

Figure 6.44: Bubbles vertical position center vs Diameter and vertical velocity at 75%vol glycerin in the 21tst 
turn.  



111 
 

 

 

Figure 6.45: Bubbles vertical position center vs Diameter and vertical velocity at 90%vol glycerin in the 21st 
turn.  

6.5.3.4 Bubbles statistics after the forty first turn  

The trends of the forty first turn do not differ significantly from the twenty first turn 

in the lower viscosity case. The averages of the vertical velocities of the bubble 

as well as the sizes of the bubble are decreased between these turns. The effect 

of viscosity difference on the other hand, become very distinguishable. The 

velocities of the bubbles are significantly smaller in the higher viscosity liquid. 

The wake of the bubbles is linked to the Reynolds number which will be much 

smaller due to the viscosity increase and the velocity decrease. Consequently, 

the distance required for bubbles to interact will be smaller, thus making stacking 

less frequent with a lower number of bubbles in the stacks.  
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Figure 6.46: Bubbles vertical position center vs Diameter and vertical velocity at 75%vol glycerin in the 41tst 
turn.  

 

Figure 4.47: Bubbles vertical position center vs Diameter and vertical velocity at 90%vol glycerin in the 41tst 

turn.  
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6.5.3.5 Vertical velocity vs bubble size   

The above plots in Figures 6.41-6.44 and Figures 6.46-6.49 show the variation of 

the bubble sizes and bubble velocities at different vertical heights. However, 

each height Y has a range of bubble sizes and bubble velocities. We therefore 

cannot directly extract the velocity of each bubble size. In this subsection, we 

present this aspect directly by showing the average and range of vertical velocity 

as function of bubble size. The vertical velocity range bars were also established 

at ten equal diameter size steps at the same four key frames in the plots in 

Figure 6.50, 6.51. The size of the diameter steps was the difference between the 

maximum and the minimum diameters divided by ten. These plots indicate the 

complexity of relating interacting bubbles diameters directly to their velocities. In 

the case of individual stable rising bubble in quiescent liquid, the velocity is 

directly proportional to its size. However, this relationship does not hold true 

when bubble interaction, liquid motion as well as cell boundaries are significant 

factors.  
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Figure 6.48: Bubbles Y velocity ranges vs at ten diameter steps at 75%vol glycerin 
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Figure 6.49: Bubbles Y velocity ranges vs at ten diameter steps at 90%vol glycerin 
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6.5.4 Small bubble clusters   

As previously discussed, the increase of the number of the Hele-Shaw cell turns 

correspond in the growth in the width of the transitional foam region between the 

relatively dry foam and pure liquid. This region contains a numerous number of 

very small bubbles. The accumulations of these very small bubbles near the 

bottom of the bubbly layer is mainly the result of the liquid movements which can 

break off small bubbles from the larger bubbles. When the liquid motions start to 

settle down, these bubbles will start to rise slowly due to the weak buoyancy, 

after all the larger bubbles reached the top. Even very small bubble motion can 

cause smaller bubbles to be displaced downward. This behavior can be 

observed in Figure 6.44 which focuses on a small cross section centered around 

25% of the Hele-Shaw height using a long-distance microscope (LEICA Z16 

APO) lens, as demonstrated in Figure 6.53. The diameter of the smallest bubbles 

was estimated to be around 20 𝜇𝑚. These small bubbles are so small that they 

mostly follow the liquid motion and buoyancy only manages to bring them up to 

the top of the liquid layer long after the larger bubbles have stopped moving. 

However, during the foam drainage process they will primarily be displaced 

downword.  
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Figure 6.50:  Clustering of smaller bubbles with progress of time captured with LEICA Z16 APO lens. 
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Figure 6.51: Camera alignment with the long-distance microscope lens (LEICA Z16 APO).     

After numerous cell overturns, the clustering of these small bubbles starts to limit 

the liquid movement. Consequently, the top surface of this bubbly layer is directly 

exposed to the liquid bulk facing limited drag resistance, thus they are able to 

rise in the liquid before the larger bubbles, as can be observed in Figure 6.52. 

These bubbles clusters which rise and resemble plumes from chimneys. 

According to Stewart (1995) [63], these bubble in clusters are constantly 

changing their positions by climbing each other’s wakes and colliding with each 

other. Their interactions cause them to move faster than their individual  
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Figure 6.52: Small clusters of bubbles rising from the top of the bubbly layer immediately following the 
overturn of the cell. 

velocities. Their interaction will stop if the distance between them becomes too 

large due to strong collisions or if they are impacted by larger bubbles. The small 

bubbles in clusters motion hindrance does also extend to the bigger bubbles 

beneath them. Intermediate size bubbles can’t displace the bubbles clusters. As 

result, their motion is halted unless an adequate number of the smaller bubbles 

has been displaced. The blocking effect of the small bubble clusters on other 

bubble motion can be more apparent when the Hele-Shaw cell is rotated to lower 

angle not fully vertical. When rotating the Hele-Shaw cell ten degrees from the 

horizontal axis, the larger bubbles could not displace the small bubble clusters. 

The structure of this foam layer was kept almost the same during the bubble 

transition as can be observed in Figure 6.55 where the layer rises as a whole, not 

as an individual bubbles. However, if the foam contained very large bubbles, they 

can break through the fine-bubble layer, as can be observed in Figure 6.56.   
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Figure 6.53: Bubble transition when the Hele-Shaw cell is rotated ten degrees from the horizontal axis. 

 

Figure 6.54: The breakup of small bubble clusters by large bubbles during Bubble transition when the Hele-
Shaw cell is rotated ten degrees from the horizontal axis. 
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Chapter 7 

Conclusions  

In this thesis an experimental device has been build which allows the study of 

multiphase flow inside a narrow gap, between two glass plates, similar to the 

Hele-Shaw setup. We have then generated bubbly flow by half-filling this device 

with separate soap-glycerin-water liquids of different concentrations, to obtain 

three different liquid viscosities. The Hele-Shaw cell is then rotated about its 

horizontal axis, so that the liquid layer becomes unstable and flows downwards 

into the air-layer, thereby generating multitude of bubbles. The dynamics are 

video-taped with a high-resolution video camera, which has 6144 pixels across 

its horizontal axis, so we can follow numerous bubble trajectories vs time, to 

obtain statistical information about the dynamics.  Specialized numerical 

algorithm has been developed to identify and track individual bubbles, if their 

diameters are larger than about 0.75 mm.  This algorithm includes parallelization 

and a machine learning component.  Below is a list of the main results: 

 The number of bubbles increases as we overturn the cell more and more 

times. The bubbles also become smaller and more monodisperse, as is 

shown by constructing the size probability distributions and by following 

their shape evolution with time. The number of overturns required to reach 

an asymptotic state was found to be dependent on the liquid viscosity.  

When the viscosity of the liquid is increased it takes longer to reach this 

asymptotic state, compared to the lower-viscosity liquid. 
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 After the gravity-driven motions have stopped, a bubbly layer has formed 

at the interface between the liquid on bottom and air on top.  The liquid 

slowly drains out of this bubbly layer turning it into foam.  In our 

experiments we do not wait long enough for foam to dry, so there is still 

significant interstitial liquid at the start of the next cell overturn. The 

bubbles are quite polydisperse during the first few overturns. These 

bubbles also segregate according to their sizes and rearrange in the 

vertical location, with the largest bubbles on the top and the smallest ones 

near the bottom.  However, immediately following the next overturn, now 

the size arrangement has flipped, with the smallest bubbles now on the 

top. 

 The presence of more bubbles slows down this overall interchange of the 

liquid from the top to bottom of the cell. This is clear from tracking the 

center of mass of the liquid vs time. Larger viscosity also slows down the 

overall motions, as is expected, with viscous stress being an important 

factor for a narrow gap, with no-slip condition at the boundaries. 

 The dynamics of each bubble are affected by buoyancy and the motion of 

the surrounding liquid which depends on the viscosity, both of which 

depend on the size of the bubble. Interaction with other surrounding 

bubbles also plays a complicated and collective role. For example, 

bubbles can group together and move collectively as a cluster, or small 

bubbles ride in the wake of larger bubbles. On the other hand, large 

bubbles rapidly push liquid downwards around their sides.  This rapid 
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motion can sweep smaller bubbles through viscous forces, to overcome 

their smaller buoyancy force. The average vertical velocity is therefore 

different for different bubble sizes. This is also a function of time.  For 

example, originally small bubbles are often moving down with the mean 

liquid flow, whereas later on when this flow stops even the small bubbles 

are driven upwards by buoyancy. This is presented in many plots that 

showcase the average velocity vs time, vs bubble size and vs vertical 

location in the cell.    
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Chapter 8 

Future Work 

In this thesis we have successfully built a robust experimental Hele-Shaw device, 

as well as formulated a program to follow thousands of bubbles around within 

this cell. However, we have only scratched the surface of all the possible 

experimental configurations which can be performed in this device. Here we 

mention some of these extensions and some obvious open questions which we 

hope to address in this device in the future. 

• First of all, the spacing of the glass plates is quite large. The original 

design was for a 2-3 mm gap, whereas fabrication problems increased this 

to around 4 mm. The flow-field is very sensitive to this gap, as it basically 

determines the strength of the viscous stresses.  We are currently 

modifying the design to reduce this gap to 3 mm. We can also change the 

aspect ratio of the cell, i.e. rotate it around the shorter axis, to increase the 

variation in the hydrostatic pressure. 

• The effective strength of gravity can be altered by reducing the angle of 

the plates with respect to the vertical. The relative strength of buoyancy 

can thereby be altered. However, this should only be done if the gap 

between the glass plates is small enough to limit cross-flow, with one flow 

direction along the top plate and an opposite direction flow along the 

bottom plate. It is therefore essential to minimize the spacing of the plates 

for this extension. 
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• Computational limitations only allowed us to calculate the statistics in a 

small vertical slice at the center of the Hele-Shaw cell.  This produces 

large fluctuations in the statistics when large bubbles can enter from the 

sides of this sub-area.  Performing the calculations on the entire cell 

requires more computational power than was available for this work. If the 

video data can be uploaded onto the KAUST supercomputer, one can 

envision calculating the evolution of the entire bubble-field.  Video data is 

inherently amenable to parallelization, as subset of adjacent frames are 

independent of later frames. 

• How does the waiting period between cell over-turns affect the dynamics 

is another aspect to consider. Longer waiting times will allow for more 

foam drainage to take place, making the foam drier. This may slow down 

the detachment of the bubbles and cause more ruptures of the cell 

Plateau borders. In this thesis we believe we have found a reasonable 

compromise, by waiting an average about 14 minutes between turns, 

dependent somewhat on the viscosity and the number of the cell 

overturns, to allow all the bubbles to rise through the bottom liquid region. 

Which reduces film ruptures and allows the number of bubbles to grow 

and reach an asymptotic state. 

• More phases.  We have done some preliminary tests with multiple 

components, like two or more immiscible liquids, like water and 

perfluorohexan or oils. These complicated situations might be more 
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relevant to actual reservoir applications. Figure 8.2 shows one of our test 

with glycerin/water mixture layer, Olive oil and perfluorohexane layer.  

• One idealization can be tested is to inject a uniform bubble size through a 

nozzle.  This will prevent the formation of the very small bubbles as can be 

seen in Figure 8.1, while the larger bubbles are also absent.  This is 

bound to affect the dynamics.  Using more than one inlet nozzle, one 

could generate bi-disperse bubbly flow. 

• The study the of flow-field inside the liquid by seeding it with fine particles. 

It is not clear whether the flow-field inside the liquid between the bubbles 

can become turbulent.  This will of course depend on the liquid viscosity. 
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 Figure 8.1: Foam creation by air injection  
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APPENDICES 

Appendix A: Fitting parameters values 

vol% glycerin 𝑎𝑁 𝑏𝑁 𝑐𝑁 𝑑𝑁 

75 1924x104 0.01875 -1293 -1.493 

82.5 1815x104 0.02543 -2991 -1.164 

90 2.8689 x108 -0.24731 -2.8690e8 -0.24729 

Table A.1:  Fitting parameters for Equation 6.1 at different glycerin vol%. 

vol% glycerin 𝑎𝐷 𝑏𝐷 𝑐𝐷 

75 0.6102 0.2192 2.582 

82.5 0.875 0.2518 2.723 

90 1.264 .1412 2.781 

Table A.2:  Fitting parameters for Equation 6.2 at different glycerin vol%. 

vol% glycerin 𝑎𝐷𝑠𝑑 𝑏𝐷𝑠𝑑 𝑐𝐷𝑠𝑑 𝑑𝐷𝑠𝑑 

75 15.77 -0.1617 3.281 -0.003201 

82.5 22.76 -0.1858 4.295 -0.01064 

90 42.94 -0.08305 0.01049 0.1217 

Table A.3:  Fitting parameters for Equation 6.3 at different glycerin vol%. 
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 𝑎𝑌𝐶𝐺 𝑏𝑌𝐶𝐺 𝑐𝑌𝐶𝐺 𝑑𝑌𝐶𝐺 

5th turn -0.1182 0.3872 -6.773 0.5129 

11th turn -0.08989 0.2077 -9.307 0.5087 

21st turn -0.06602 0.1302 -6.145 0.5035 

41st turn  -0.05416 0.06987 -3.912 0.4996 

Table A.4: Fitting parameters for Equation 6.4 at in 75vol% glycerin at different turns. 

 𝑎𝑌𝐶𝐺 𝑏𝑌𝐶𝐺 𝑐𝑌𝐶𝐺 𝑑𝑌𝐶𝐺 

5th turn -0.1322 0.5159 -8.923 0.5218 

11th turn -0.08669 0.1823 -7.95 0.5133 

21st turn -0.063 0.09717 -5.843 0.5035 

41st turn  -0.0447 0.05966 -4.057 0.5068 

Table A.5: Fitting parameters for Equation 6.4 at in 82.5vol% glycerin at different turns. 

 𝑎𝑌𝐶𝐺 𝑏𝑌𝐶𝐺 𝑐𝑌𝐶𝐺 𝑑𝑌𝐶𝐺 

5th turn -0.163 0.3606 -5.642 0.5213 

11th turn -0.1346 0.216 -10.57 0.5138 

21st turn -0.07438 -0.08728 9.689 0.5096 

41st turn  -0.04919 0.02819 -3.902 0.507 

Table A.6: Fitting parameters for Equation 6.4 at in 90vol% glycerin at different turns. 
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Appendix B: Additional results 

The results for 82.5%vol glycerin   

 

Figure B.1: Bubble evolution in the center section of the foam for 82.5%vol glycerin, after different number of 

Hele-Shaw cell turns. 
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Figure B.2: Semi-log plot of the change of the foam average bubble diameter distribution as a function of Y 
position with respect to the number of Hele-Shaw turns for glycerin volume percent = 82.5%. 

 

Figure B.3: The liquid Y center of gravity transition vs time, for the 82.5vol% glycerin. 
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Figure B.4: Bubbles Y position vs Diameter and vertical velocity at 82.5%vol glycerin in the 5th turn. 

 

Figure B.5: Bubbles Y position vs Diameter and vertical velocity at 82.5%vol glycerin in the 11th turn. 
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Figure B.6: Bubbles Y position vs Diameter and vertical velocity at 82.5%vol glycerin in the 21st turn. 

 

Figure B.7: Bubbles Y position vs Diameter and vertical velocity at 82.5%vol glycerin in the 41st turn. 
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Figure B.7: Bubbles Y velocity ranges vs at ten diameter steps at 82.5%vol glycerin. 
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Appendix C: Additional experimental details 
 
 
C.1 Temperatures record 
 
A record of the Hele-Shaw cell temperature during the experiments measured by 

TFI 650 Infrared-Thermometer shown in Figure C.1, was retained in Table C.1. 

This was done to insure the absence of significant temperature variation, since 

glycerin viscosity is extremely dependent on the temperature.      

 

75%vol glycerin 82.5%vol glycerin 90%vol glycerin 

Turn Number T (oC) Turn Number T (oC) Turn Number T (oC) 

1 20.4 1 19.8 1 19.9 

3 20.3 3 19.8 3 19.9 

5 20.1 5 19.8 5 19.9 

7 20 7 19.8 7 19.9 

9 19.9 9 19.8 9 19.8 

11 20.1 11 19.8 11 19.8 

13 20.2 13 19.7 13 19.9 

15 20.2 15 19.6 15 19.9 

17 20.3 17 19.6 17 19.9 

19 20.1 19 19.6 19 19.9 

21 20.1 21 19.4 21 19.9 

23 20.1 23 19.4 23 19.9 

25 20.1 25 19.5 25 19.9 

27 20 27 19.5 27 20 

29 20 29 19.6 29 20 

31 20 31 19.7 31 20.1 

33 20.1 33 19.8 33 20.1 

35 20.2 35 19.8 35 20 
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37 20.2 37 19.9 37 20 

39 20.3 39 20 39 19.9 

41 20.3 41 20 41 19.9 

 

Table C.1: The measured temperatures of the Hele-Shaw cell during the experiments performance.  

 

 
Figure C.1: TFI 650 Infrared-Thermometer. 

 

C.2 Viscosity measurement 
 
The viscosity of the prepared mixtures was measure using Brookfield DV-I Prime 

viscometer shown in Figure C.2. The usage of this viscometer require the 

following steps to be followed: 

 Remove the spindle from the viscometer to allow the automatic calibration 

to be made. 

 After the calibration is done, attach a suitable spindle to the viscometer 

 Lower the spindle until the groove on it is immerse in the solution. 

 Make sure that the selected spindle number is correct  
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 Turn on the motor and make sure that the measured torque percentage is 

higher than 10%. 

 Allow sufficient time for the indicated viscosity reading to stabilize before 

recording it.    

 

Figure C.2: Brookfield DV-I Prime viscometer. 

C.2 Surface tension measurement 

The plate tensiometer (K100MK2/SF/C, Kruss GmbH, Hamburg), shown in 

Figure C.3 was used to measure the prepared mixtures surface tensions. The 

procedure in using this plate tensiometer is as follows: 

 Clean the plate before attaching it to tensiometer as well as the liquid 

container before filling it with the mixtures. 
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 Connect the plate tensiometer to a computer that contain its required 

software for operation. 

 Level up the mixture container so that the plate is about to touch the 

interface of the liquid. 

 Start the program and allow sufficient time for the surface tension 

measurement to be done before saving them. 

 

Figure C.3: Kruss (K100MK2/SF/C) plate tensiometer. 
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Appendix D: MATLAB code 

%% Inputs needed to be specified by the user 
 
% directory of folder containing the video frames 
Inputdirectory = '';  
% directory of folder for the results 
Outdirectory='';  
% Name of the video 
Name='';  
% pixel scale 
Sscale=6.0733;  
% time scale or 1/fps 
Tscale=1./82; 
% the time form the turning the cell to start of the  
% analysis   
StartFrame=280;  
 
 
%% Images information determnation  
 
% type of images ( Tif in this case) 
files = dir([Inputdirectory '/*.Tif']);   
% to find the number of images 
Filesize=size(files,1);     
% to determine the resolution of the images sample image is read 
im= imread([Inputdirectory '/' files(1).name]); 
% X resoultion  
 Xres=size(im,2)/2;  
% Y resoultion    
Yres=size(im,1);    
 
 
%% to determine the properties of connected pixels representing the bubbles 
  
LX=zeros(Filesize,1); 
LY=zeros(Filesize,1); 
    parfor i = 1:Filesize 
        im= imread([Inputdirectory '/' files(i).name]); 
        im=im2bw(im,.5); 
        a=regionprops(im,'centroid','Area','Orientation','Perimeter',… 
       'MajorAxisLength', 'MinorAxisLength','Solidity',… 
       'BoundingBox'); 
        centroids = cat(1, a.Centroid); 
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        area=cat(1, a.Area); 
        Orientation=cat(1, a.Orientation); 
        Perimeter=cat(1, a.Perimeter); 
        MajorAxisLength=cat(1, a.MajorAxisLength); 
        MinorAxisLength=cat(1, a.MinorAxisLength); 
        Solidity=cat(1, a.Solidity); 
        Top=cat(1, a.BoundingBox); 
        CX{1,i}=centroids(:,1); 
        CY{1,i}=centroids(:,2); 
        AREA{1,i}=area; 
        PERIM{1,i}=Perimeter; 
        ANGLE{1,i}=Orientation; 
        MAJORA{1,i}=MajorAxisLength; 
        MINORA{1,i}=MinorAxisLength; 
        SOLIDITY{1,i}=Solidity; 
        TOP{1,i}=Top(:,2); 
        [LlY,LlX]=find(im==0) 
        LX(i,1)=mean(LlX); 
        LY(i,1)=mean(LlY); 
    end 
    for i=1:Filesize-1 
        VLX(i,1)=LX(i+1,1)-LX(i,1); 
        VLY(i,1)=LY(i+1,1)-LY(i,1); 
    end 
    VLX(Filesize,1)=0; 
    VLY(Filesize,1)=0; 
[RR,CC]=cellfun(@size,AREA); 
msize=max([RR,CC]); 
cx=zeros(3,msize); 
cy=zeros(3,msize); 
Area=zeros(3,msize); 
Perim=zeros(3,msize); 
Angle=zeros(3,msize); 
MajorA=zeros(3,msize); 
MinorA=zeros(3,msize); 
Soild=zeros(3,msize); 
AR=zeros(3,msize); 
Circ=zeros(3,msize); 
Round=zeros(3,msize); 
Top=zeros(3,msize); 
for i=1:Filesize 
    cx(i,1:size(CX{1,i}(:,1),1))=CX{1,i}(:,1); 
    cy(i,1:size(CX{1,i}(:,1),1))=CY{1,i}(:,1); 
    Area(i,1:size(CX{1,i}(:,1),1))=AREA{1,i}(:,1); 
    Perim(i,1:size(CX{1,i}(:,1),1))=PERIM{1,i}(:,1); 
    Angle(i,1:size(CX{1,i}(:,1),1))=abs(ANGLE{1,i}(:,1)); 
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    MajorA(i,1:size(CX{1,i}(:,1),1))=MAJORA{1,i}(:,1); 
    MinorA(i,1:size(CX{1,i}(:,1),1))=MINORA{1,i}(:,1); 
    Soild(i,1:size(CX{1,i}(:,1),1))=SOLIDITY{1,i}(:,1); 
   Top(i,1:size(CX{1,i}(:,1),1))=TOP{1,i}(:,1); 
   AR(i,1:size(CX{1,i}(:,1),1))=MajorA(i,1:size(CX{1,i}(:,1),1)) … 
   ./MinorA(i,1:size(CX{1,i}(:,1),1));  
   Circ(i,1:size(CX{1,i}(:,1),1))=(pi*4)*Area(i,1:size(CX{1,i}(:,1),1))… 
   ./((Perim(i,1:size(CX{1,i}(:,1),1))).^2); 
    Round(i,1:size(CX{1,i}(:,1),1))= AR(i,1:size(CX{1,i}(:,1),1)).^-1; 
end 
 
%% Eliminate small bubbles  
  
 % correspond D to ~0.75 mm; 
 sizelimit= 20; 
for i=1:Filesize 
    for k=1:size(Area,2) 
        if(Area(i,k)<sizelimit) 
            cx(i,k)=0; 
            cy(i,k)=0; 
            Area(i,k)=0; 
            Perim(i,k)=0; 
            Angle(i,k)=0; 
            MajorA(i,k)=0; 
            MinorA(i,k)=0; 
            Soild(i,k)=0; 
            AR(i,k)=0; 
            Circ(i,k)=0; 
            Round(i,k)=0; 
            Top(i,k)=0; 
        end 
    end 
end 
 
 
%% To find the statics of images vs time  
 
Fstat(:,1)=((0:(size(Area)-1))+StartFrame)*Tscale; 
Fstat(:,2)=(sum(cx,2) ./ sum(cx~=0,2)-Xres)/950; 
Fstat(:,3)=abs(sum(cy,2)./ sum(cy~=0,2)-Yres)/Yres; 
Fstat(:,4)=sum(Area,2)./ sum(Area~=0,2)/Sscale/Sscale; 
Fstat(:,5)=sum(Perim,2)./ sum(Perim~=0,2)/Sscale; 
Fstat(:,6)=sum(Angle,2)./ sum(Angle~=0,2); 
Fstat(:,7)=sum(MajorA,2)./ sum(MajorA~=0,2)/Sscale; 
Fstat(:,8)=sum(MinorA,2)./ sum(MinorA~=0,2)/Sscale; 
Fstat(:,9)=sum(AR,2)./ sum(AR~=0,2); 
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Fstat(:,10)=sum(Soild,2)./ sum(Soild~=0,2); 
Fstat(:,11)=sum(Circ,2)./ sum(Circ~=0,2); 
Fstat(:,12)=sum(Round,2)./ sum(Round~=0,2); 
Fstat(:,17)=(LX(:,1)-Xres)/950; 
Fstat(:,18)=abs(LY(:,1)-Yres)/Yres; 
Fstat(:,21)=VLX(:,1)/Sscale/Tscale; 
Fstat(:,22)=VLY(:,1)/Sscale/Tscale; 
Fstat(:,26)=abs(sum(Top,2)./ sum(Top~=0,2)-Yres)/Yres; 
stArea=Area; 
stArea(stArea==0)=NaN; 
Fstat(:,19) = nanstd(stArea,[],2)/Sscale/Sscale;   
 
%% Frame by Frame Tracking  
 
size1=size(cx,1); 
size2=size(cx,2); 
TF={}; 
IC={}; 
for i=1:size1  
   IC{1,i}(:,1)=cx(i,:);  
   IC{1,i}(:,2)=cy(i,:);  
   IC{1,i}(:,3)=Area(i,:);  
   IC{1,i}(:,4)=Perim(i,:); 
   IC{1,i}(:,5)=Angle(i,:); 
   IC{1,i}(:,6)=MajorA(i,:);  
   IC{1,i}(:,7)=MinorA(i,:); 
   IC{1,i}(:,8)=AR(i,:); 
   IC{1,i}(:,9)=Soild(i,:); 
   IC{1,i}(:,10)=Circ(i,:); 
   IC{1,i}(:,11)=Round(i,:); 
   IC{1,i}(:,15)=Top(i,:);  
   if(i~=size1) 
       IC{1,i}(:,12)=cx(i+1,:);  
       IC{1,i}(:,13)=cy(i+1,:); 
       IC{1,i}(:,14)=Area(i+1,:); 
       IC{1,i}(:,16)=Top(i+1,:);  
   end 
end 
  
parfor i=1:size1-1 
    k=1; 
    Atot=sum(IC{1,i}(:,3)); 
    for j=1:size2 
        if cx(i,j)~=0 
            TF{i,1}(k,1)=i; 
            TF{i,1}(k,2)=IC{1,i}(j,3); 
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            TF{i,1}(k,3)=IC{1,i}(j,4); 
            TF{i,1}(k,4)=IC{1,i}(j,9); 
            TF{i,1}(k,5)=IC{1,i}(j,5); 
            TF{i,1}(k,6)=IC{1,i}(j,8); 
            TF{i,1}(k,7)=IC{1,i}(j,10); 
            TF{i,1}(k,8)=IC{1,i}(j,11); 
            TF{i,1}(k,9)=IC{1,i}(j,1); 
            TF{i,1}(k,10)=IC{1,i}(j,2); 
            TF{i,1}(k,19)=IC{1,i}(j,15); 
            Mini=inf; 
            qq=0; 
            for q=1:size2 
                vx=IC{1,i}(q,12)-IC{1,i}(j,1); 
                vy=IC{1,i}(q,13)-IC{1,i}(j,2); 
                vtop=IC{1,i}(q,16)-IC{1,i}(j,15); 
                vm=sqrt((vx)^2+(vy)^2); 
                AreaRat=IC{1,i}(j,3)/IC{1,i}(q,14); 
                limit=sqrt(IC{1,i}(j,3))/2; 
                   if (vm < Mini && vm < limit && (AreaRat> .8 && … 

 AreaRat <1.25)) 
                    Tvx=vx; 
                    Tvy=vy; 
                    Tvm=vm; 
                    Tvtop=vtop; 
                    Mini=vm; 
                    qq=q;  
                   end 
            end 
                 
                if qq~=0 
                    TF{i,1}(k,11)=IC{1,i}(qq,12); 
                    TF{i,1}(k,12)=IC{1,i}(qq,13);    
                    TF{i,1}(k,13)=Tvx; 
                    TF{i,1}(k,14)=Tvy; 
                    TF{i,1}(k,15)=Tvm; 
                    TF{i,1}(k,16)=Tvx*IC{1,i}(j,3)/Atot; 
                    TF{i,1}(k,17)=Tvy*IC{1,i}(j,3)/Atot; 
                    TF{i,1}(k,18)=Tvm*IC{1,i}(j,3)/Atot; 
                    TF{i,1}(k,20)=IC{1,i}(qq,16);  
                    TF{i,1}(k,21)=Tvtop; 
                    TF{i,1}(k,22)=Tvtop*IC{1,i}(j,3)/Atot; 
                    TF{i,1}(k,23)=qq; 
                    IC{1,i}(qq,12)=inf; 
                    IC{1,i}(qq,13)=inf; 
                end 
             k=k+1; 
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         end 
     end 
end 
 
 
%% To find the statics of the images vs time  
 
Fstat(:,1)=((0:(size(Area)-1))+StartFrame)*Tscale; 
Fstat(:,2)=(sum(cx,2) ./ sum(cx~=0,2)-Xres)/950; 
Fstat(:,3)=abs(sum(cy,2)./ sum(cy~=0,2)-Yres)/Yres; 
Fstat(:,4)=sum(Area,2)./ sum(Area~=0,2)/Sscale/Sscale; 
Fstat(:,5)=sum(Perim,2)./ sum(Perim~=0,2)/Sscale; 
Fstat(:,6)=sum(Angle,2)./ sum(Angle~=0,2); 
Fstat(:,7)=sum(MajorA,2)./ sum(MajorA~=0,2)/Sscale; 
Fstat(:,8)=sum(MinorA,2)./ sum(MinorA~=0,2)/Sscale; 
Fstat(:,9)=sum(AR,2)./ sum(AR~=0,2); 
Fstat(:,10)=sum(Soild,2)./ sum(Soild~=0,2); 
Fstat(:,11)=sum(Circ,2)./ sum(Circ~=0,2); 
Fstat(:,12)=sum(Round,2)./ sum(Round~=0,2); 
Fstat(:,17)=(LX(:,1)-Xres)/950; 
Fstat(:,18)=abs(LY(:,1)-Yres)/Yres; 
for i=1:size(cx,1) 
    n(i)=nnz(cx(i,:)); 
    i=i+1; 
end 
Fstat(:,20)=n(1,:); 
Fstat(:,21)=VLX(:,1)/Sscale/Tscale; 
Fstat(:,22)=VLY(:,1)/Sscale/Tscale; 
Fstat(:,26)=abs(sum(Top,2)./ sum(Top~=0,2)-Yres)/Yres; 
stArea=Area; 
stArea(stArea==0)=NaN; 
Fstat(:,19) = nanstd(stArea,[],2)/Sscale/Sscale;   
for i=1:size(TF,1) 
    Fstat(i,13)=sum(TF{i,1}(:,13))./… 
    sum(TF{i,1}(:,13)~=0)/Sscale/Tscale; 
    Fstat(i,14)=sum(TF{i,1}(:,14))./… 
    sum(TF{i,1}(:,14)~=0)/Sscale/Tscale; 
    Fstat(i,15)=sum(TF{i,1}(:,15))./… 
    sum(TF{i,1}(:,15)~=0)/Sscale/Tscale; 
    Fstat(i,23)=sum(TF{i,1}(:,16))./ …  
    sum(TF{i,1}(:,16)~=0)/Sscale/Tscale; 
    Fstat(i,24)=sum(TF{i,1}(:,17))./ … 
    sum(TF{i,1}(:,17)~=0)/Sscale/Tscale; 
    Fstat(i,25)=sum(TF{i,1}(:,18))./ … 
    sum(TF{i,1}(:,18)~=0)/Sscale/Tscale; 
    Fstat(i,27)=sum(TF{i,1}(:,21))./ … 
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    sum(TF{i,1}(:,21)~=0)/Sscale/Tscale; 
    Fstat(i,28)=sum(TF{i,1}(:,22))./ … 
    sum(TF{i,1}(:,22)~=0)/Sscale/Tscale; 
end 
 
 
%% crate and save statistics plots  
  
Fstatpath=strcat(Outdirectory,'\Fstat'); 
mkdir (Fstatpath); 
fig=figure('visible','off'); 
set(fig, 'Position', [200 50 1000 1000]); 
 
plot(Fstat(:,1),Fstat(:,12),'LineWidth',1); 
title('\bf Bubbles Average  Roundness    VS    Time','Interpreter','Latex'); 
xlabel('\bf t (s)','Interpreter','Latex'); 
ylabel('$$\bf \bar{Roundness}_t  $$ ','Interpreter','Latex'); 
set(gca,'fontsize',14); 
saveas(fig, fullfile(Fstatpath, 'Roundness'),'jpeg'); 
clf(fig); 
Fstat(:,16)=sqrt(Fstat(:,4)); 
plot(Fstat(:,1),Fstat(:,16),'LineWidth',1); 
title('\bf Bubbles Average  Diameter    VS    Time','Interpreter','Latex'); 
xlabel('\bf t (s)','Interpreter','Latex'); 
ylabel('$$ \bf \bar{D}_t  $$ ','Interpreter','Latex'); 
set(gca,'fontsize',14); 
saveas(fig, fullfile(Fstatpath, 'D'),'jpeg'); 
clf(fig); 
xL = get(gca, 'XLim'); 
plot(xL, [0 0], '--','color','k'); 
title('\bf Bubbles Average y Velocity   VS    Time','Interpreter','Latex'); 
xlabel('\bf t (s)','Interpreter','Latex'); 
ylabel('$$\bf \bar{Vy}_t(mm/s) $$ ','Interpreter','Latex'); 
set(gca,'fontsize',14); 
saveas(fig, fullfile(Fstatpath, 'Vy'),'jpeg'); 
clf(fig) 
 
% Find and Plot atan fit of liquid Y center of gravity  
[xData, yData] = prepareCurveData( Fstat(:,1),Fstat(:,18) ); 
% Set up fit type and options. 
ft = fittype( 'a*atan(d*x+b)+c', 'independent', 'x', 'dependent', 'y' ); 
opts = fitoptions( 'Method', 'NonlinearLeastSquares' ); 
opts.Display = 'Off'; 
opts.StartPoint = [0.682921228848766 0.582635379760397 
0.613403632312824 0.913375856139019]; 
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% Fit model to data. 
[fitresult, gof] = fit( xData, yData, ft, opts ); 
sLY=coeffvalues(fitresult); 
%figure( 'Name', 'untitled fit 1' ); 
rLY=max(Fstat(:,18))-min(Fstat(:,18)); 
nPt=4; 
for i=1:nPt 
    yyyy(i)=(rLY*(nPt-(i-1))/(nPt+1)+min(Fstat(:,18))); 
    stt(i)=(erfinv((yyyy(i)-sLY(3))/sLY(1))-sLY(2))/sLY(4) ; 
end 
h = plot( fitresult, xData, yData); 
set(h(2),'linewidth',2); 
hold on 
scatter(stt,yyyy,'MarkerEdgeColor',[0 .5 .5], 'MarkerFaceColor',[0 .7 
.7],'LineWidth',1.5); 
legend( 'YCG vs t', 'fitted','Selected points', 'Location', 'NorthEast' ); 
title('\bf Solution Y Center of Gravity    VS    Time','Interpreter','Latex'); 
xlabel('\bf t (s)','Interpreter','Latex'); 
ylabel('$$\bf YCG/H  $$ ','Interpreter','Latex'); 
set(gca,'fontsize',14,'DefaultLineLineWidth',1); 
saveas(fig, fullfile(Fstatpath, 'fitCGY'),'jpeg'); 
clf(fig); 
 
%% D vs Vy 
fig=figure('visible','on'); 
set(fig, 'Position', [200 50 800 800]); 
pD={}; 
pVy={}; 
SdVy={}; 
mkb={}; 
mke={}; 
mnD={};  
mxD={};  
ssD=[]; 
for i=1:nPt 
    sD=(sqrt(VS{1,i}(:,2))); 
    rD=(sqrt(Mx(2,i)))-(sqrt(Mn(2,i))); 
    qqq=1; 
    for j=1:iVt 
        id=find(sD>((rD*(j-1)/iVt)+(sqrt(Mn(2,i)))) & sD< ((rD*j/iVt)+(sqrt(Mn(2,i))))); 
        if (~isempty(id)) 
            qq=1; 
            for q=1:size(id) 
                if (VS{1,i}(id(q),14)~=0) 
                    ssD(qq,1)=sD(q,1); 
                    MMVy(qq,1)=VS{1,i}(id(q),14); 
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                    qq=qq+1; 
                end 
            end  
            if (~isempty(ssD)) 
                  pD{1,i}(1,qqq)=rD*(j-0.5)/iVt+sqrt((Mn(2,i))); 
                  pVy{1,i}(1,qqq)= mean(MMVy); 
                  SdVy{1,i}(1,qqq)=std(MMVy); 
                  mnD{1,i}(1,qqq)=mean(MMVy)-min(MMVy); 
                  mxD{1,i}(1,qqq)=max(MMVy)-mean(MMVy); 
                  mkb{1,i}(1,qqq)=rD/iVt/2; 
                  mke{1,i}(1,qqq)=rD/iVt/2; 
                  qqq=qqq+1;  
            end 
            ssD=[]; MMVy=[]; 
        end  
   errorbar((pD{1,i}/(Sscale)) (pVy{1,i}/Sscale/Tscale),… 
   (SdVy{1,i}/Sscale/Tscale),(SdVy{1,i}/Sscale/Tscale),… 
   (mkb{1,i}/(Sscale)),(mke{1,i}/(Sscale)),'.','color',Colo(1,i),'MarkerSize',10,... 
   'MarkerEdgeColor',Colo(1,i),'MarkerFaceColor',Colo(1,i),… 
   'LineWidth',2,'Markersize',2); 
    hold on 
end 
title(['\bf Bubbles Y Velocity  VS Diameter at the 41st turn'],'Interpreter','Latex'); 
xL = get(gca, 'XLim'); 
plot(xL, [0 0], '--','color','k'); 
xlabel('$ \bf (D) (mm)$','Interpreter','Latex'); 
ylabel('\bf Vy(mm/s)  ','Interpreter','Latex'); 
legendCell = strcat('pDS=',string(num2cell(pst,3)),'%'); 
legend(legendCell,'Location','northwest'); 
set(gca,'fontsize',18); 
saveas(fig, fullfile(VyVSNew, 'DVy'),'jpeg'); 
clf(fig) 
  
%% Y vs Vy 
pY={}; 
pVy={}; 
SdVy={}; 
ssY=[]; 
mkb={}; 
mke={}; 
mnD={};  
mxD={};  
for i=1:nPt 
    kk=abs(VS{1,i}(:,10)-Yres)./Yres; 
    kk(kk==0)=[]; 
    sY=kk; 
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    mimime=min(kk); 
    maxme=max(kk); 
    rY=1; 
    mimime=0; 
    qqq=1; 
    for j=1:iVt 
        id=find(sY>rY*(j-1)/iVt+mimime & sY< rY*j/iVt+mimime); 
        if (~isempty(id)) 
            qq=1; 
            for q=1:size(id) 
                if (VS{1,i}(id(q),14)~=0) 
                    ssY(qq,1)=sY(q,1); 
                    MMVy(qq,1)=VS{1,i}(id(q),14); 
                    qq=qq+1; 
                end 
            end  
            if (~isempty(ssY)) 
                  pY{1,i}(1,qqq)=rY*(j-0.5)/iVt+mimime; 
                  pVy{1,i}(1,qqq)= mean(MMVy); 
                  SdVy{1,i}(1,qqq)=std(MMVy); 
                  mnD{1,i}(1,qqq)=mean(MMVy)-min(MMVy); 
                  mxD{1,i}(1,qqq)=max(MMVy)-mean(MMVy); 
                  mkb{1,i}(1,qqq)=rY/iVt/2; 
                  mke{1,i}(1,qqq)=rY/iVt/2; 
                  qqq=qqq+1;  
            end 
            ssD=[]; MMVy=[]; 
        end  
    end 
    errorbar( (pVy{1,i}/(Sscale)/Tscale),pY{1,i},mkb{1,i},… 
    mke{1,i},(SdVy{1,i}/Sscale/Tscale),(mnD{1,i}/(Sscale)/Tscale),.. 
    '.','color',Colo(1,i),'MarkerSize',10,... 
   'MarkerEdgeColor',Colo(1,i),'MarkerFaceColor',Colo(1,i),… 
   'LineWidth',1,'LineWidth',2,'Markersize',2); 
 hold on; 
end 
title(['\bf Y postion  VS Bubbles Y Velocity  at the 41st turn'],'Interpreter','Latex'); 
yL = get(gca, 'YLim'); 
plot( [0 0],yL, '--','color','k'); 
ylabel('$ \bf Y/H $','Interpreter','Latex'); 
xlabel('\bf Vy(mm/s)  ','Interpreter','Latex'); 
set(gca,'fontsize',18); 
saveas(fig, fullfile(VyVSNew, 'YVy'),'jpeg'); 
clf(fig); 
 
%% Y vs D  
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pD={}; 
pY={}; 
SdD={}; 
ssD=[]; 
mkb={}; 
mke={}; 
mnD={};  
mxD={};  
for i=1:nPt 
    kk=abs(VS{1,i}(:,12)-Yres)./Yres; 
    kk(kk==0)=[]; 
    sY=kk; 
    mimime=min(kk); 
    maxme=max(kk); 
    rY=1; 
    mimime=0; 
    qqq=1; 
    for j=1:iVt 
        id=find(sY>rY*(j-1)/iVt+mimime & sY< rY*j/iVt+mimime); 
        if (~isempty(id)) 
            qq=1; 
            for q=1:size(id) 
                if (sqrt(VS{1,i}(id(q),2))~=0) 
                    ssD(qq,1)=sY(q,1); 
                    MMD(qq,1)=sqrt(VS{1,i}(id(q),2)); 
                    qq=qq+1; 
                end 
            end  
            if (~isempty(ssD)) 
                  pY{1,i}(1,qqq)=rY*(j-0.5)/iVt+mimime; 
                  pD{1,i}(1,qqq)= mean(MMD); 
                  SdD{1,i}(1,qqq)=std(MMD); 
                  mnD{1,i}(1,qqq)=mean(MMD)-min(MMD); 
                  mxD{1,i}(1,qqq)=max(MMD)-mean(MMD); 
                  mkb{1,i}(1,qqq)=rY/iVt/2; 
                  mke{1,i}(1,qqq)=rY/iVt/2; 
                  qqq=qqq+1;  
            end 
            ssD=[]; MMD=[]; 
        end  
    end 
    errorbar( (pD{1,i}/(Sscale)),pY{1,i},mkb{1,i},mke{1,i},… 
   (mnD{1,i}/Sscale),(mxD{1,i}/(Sscale)),… 
   '.','color',Colo(1,i),'MarkerSize',10,... 
 'MarkerEdgeColor',Colo(1,i),'MarkerFaceColor',Colo(1,i),… 
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 'LineWidth',1,'LineWidth',2,'Markersize',2); 
    hold on 
end 
title(['\bf Y postion  VS Bubbles diameter  at the 41st turn'],'Interpreter','Latex'); 
ylabel('$ \bf Y/H $','Interpreter','Latex'); 
xlabel('\bf D(mm)  ','Interpreter','Latex'); 
set(gca,'fontsize',18); 
saveas(fig, fullfile(VyVSNew, 'YD'),'jpeg'); 
clf(fig); 
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