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Summary
In this paper, we develop a method for the simultaneous estimation of spectral density
functions (SDFs) for a collection of stationary time series that share some common
features. Due to the similarities among the SDFs, the log-SDF can be represented
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using a common set of basis functions. The basis shared by the collection of the
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expansion, and these coefficients can be used for visualization, clustering, and classification purposes. The Whittle pseudo-maximum likelihood approach is used to fit

log-SDFs is estimated as a low-dimensional manifold of a large space spanned by a
pre-specified rich basis. A collective estimation approach pools information and borrows strength across the SDFs to achieve better estimation efficiency. Also, each estimated spectral density has a concise representation using the coefficients of the basis

the model and an alternating blockwise Newton-type algorithm is developed for the
computation. A web-based shiny App found at “https://ncsde.shinyapps.io/NCSDE”
is developed for visualization, training and learning the SDFs collectively using the
proposed technique. Finally, we apply our method to cluster similar brain signals
recorded by the electroencephalogram for identifying synchronized brain regions
according to their spectral densities.
KEYWORDS:
roughness penalty; time series clustering; whittle likelihood
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INTRODUCTION

Nonparametric techniques for estimating functional structures have been developed in a variety of settings including regression, density estimation, and survival analysis. In time series analysis the spectral density function plays an important role
in characterizing the frequency content of a signal. Mainly, the estimated spectral density can be used to detect the periodicities of the signals in the frequency domain.
In practice, it is common to utilize a discrete Fourier transform (DFT) of the input signal and provide a mathematical
approximation of the full integral solution of the Fourier transformation. The squared-magnitude of a DFT of the data is
called periodogram. However, the raw periodogram is not a consistent estimator for the spectral density of a stationary random process. One classical method to obtain a consistent estimator is to smooth the periodogram across frequencies. Yuen 1
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analyzed the performance of three methods of periodogram smoothing for spectrum estimation. Wahba 2 developed an objective optimum smoothing procedure for estimating the log-spectral density using the spline to smooth the log-periodogram.
A discrete spectral average estimator and lag window estimators were introduced in Brockwell and Davis 3 . Both of the two
methods are consistent. Brillinger 4 introduced periodogram kernel smoothing. One critical issue in periodogram smoothing
is span selection. Lee 5 proposed a span selector based on unbiased risk estimation. Ombao 6 proposed using the Gammadeviance generalized cross-validation (Gamma GCV), and Lee 7 proposed a bandwidth selection based on coupling of the
so-called plug-in and the unbiased risk estimation ideas. Iannaccone and Coles 8 introduced a semiparametric random effect
model for spectral analysis in a Bayesian framework using the MCMC methodology. Freyermuth, Ombao and von Sachs 9
presented a functional mixed effects model based on the methodology of tree-structured wavelets to rigorously treat the
random effects for estimating the spectrum of a stationary process. Krafty, Hall and Guo 10 proposed a more general mixedeffects model based on spline smoothing of the empirical log-spectra using the first two moments of the log-spectra. Chau
and van Sachs 11 extended the last two approaches 9,10 by allowing different time series replicates within a subject to be
correlated based on known covariates.
Another popular method for spectral density estimation is based on likelihoods. For example, Capon 12 used the maximum
likelihood method to estimate the spectral density of signals with noise. In Güler et al. 13 , the spectral density of brain
signal data was analyzed using the maximum likelihood. The well-known Whittle likelihood was developed for time series
analysis in Whittle 14,15,16 . Pawitan and O’Sullivan 17 proposed using a penalized Whittle likelihood to estimate spectral
density functions. Chow and Grenander 18 developed a penalized likelihood-type method for the nonparametric estimation
of the spectral density of Gaussian processes. Fan and Kreutzberger 19 used local polynomial techniques to fit the Whittle
likelihood for spectral density estimation.
It is challenging to estimate spectral densities from multiple time series. Pawitan 20 developed a penalized Whittle likelihood estimator for bivariate time series only and not suitable for high-dimensional time series. Dai and Guo 21 proposed
to smooth the Cholesky decomposition of a raw estimate of a multivariate spectral density, allowing different degrees of
smoothness for different elements. Rosen and Stoffer 22 proposed a Bayesian approach that applies Markov Chain Monte
Carlo techniques to fit smoothing splines to each component of the Cholesky decomposition of the periodograms, and then
the spectral estimator is obtained by reconstructing the spectral estimator from these components. Krafty and Collinge 23
introduced a penalized likelihood approach for multivariate spectral density estimation through the minimization of a
penalized Whittle negative log-likelihood, but it is computationally expensive for large dimensionality.
In this paper, we propose collectively estimating multiple spectral densities that share common features. The collective
estimation was first proposed by Maadooliat et al. 24 for the estimation of probability density functions in protein structure
analysis. For multiple stationary time series that may share similar spectral density functions, we propose a nonparametric
spectral density estimation approach that minimizes a penalized Whittle negative log-likelihood. The dimension is reduced
by representing the raw periodograms on a set of common basis functions while allowing each one to differ by introducing random effects into the model. The collectively estimated spectral densities can then be used for clustering purposes.
Collective estimation is a novel approach for estimating multiple spectral densities that share common features in a more
statistically efficient way.
The rest of the paper is organized as follows. Section 2 presents the core of the proposed method. Subsection 2.3 provides
the blockwise Newton-Raphson algorithm, and subsections 2.4-2.8 provide the implementation details. Section 3 reports the
simulation results to illustrate the proposed collective estimation approach and to compare it with competitive non-collective
estimation approaches. The application to EEG data is given in Section 4. Section 5 concludes the paper.
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2

METHODOLOGY

2.1

Definitions and background

We suppose that 𝑋𝑡 represents a zero-mean, weakly stationary time series with the autocovariance function 𝛾(ℎ) defined as
∑∞
𝛾(ℎ) = 𝐸(𝑋𝑡 𝑋𝑡+ℎ ), ℎ = 0, ±1, ±2, … . If the autocovariance function is absolutely summable, i.e., ℎ=−∞ |𝛾(ℎ)| < ∞, then
the autocovariance sequence 𝛾(ℎ) has the spectral representation
1∕2

𝛾(ℎ) =

∫

𝑓 (𝜔)𝑒2𝜋𝑖𝜔ℎ 𝑑𝜔,

−1∕2

where 𝑓 (𝜔) is the spectral density of 𝑋𝑡 , which has the inverse Fourier representation
∞
∑

𝑓 (𝜔) =

𝛾(ℎ)𝑒−2𝜋𝑖𝜔ℎ ,

−1∕2 ≤ 𝜔 ≤ 1∕2.

ℎ=−∞

Given the time series {𝑥𝑡 , 𝑡 = 1, … , 𝑛}, when 𝛾(ℎ) is replaced by the sample covariance 𝛾̂ (ℎ), the periodogram is defined as
𝑛+1
∑

𝐼𝑛 (𝜔𝑗 ) =

𝛾̂ (ℎ)𝑒−2𝜋𝑖𝜔𝑗 ℎ ,

𝑗 = 0, 1, ..., 𝑛 − 1,

ℎ=−(𝑛−1)

which can be calculated as 𝐼𝑛 (𝜔𝑗 ) = |𝑑(𝜔𝑗 )|2 , where 𝑑(𝜔𝑗 ) = 𝑛−1∕2

𝑛
∑

𝑥𝑡 𝑒−2𝜋𝑖𝜔𝑗 𝑡 is the discrete Fourier transform of 𝑥𝑡 at

𝑡=1

the fundamental frequencies 𝜔𝑗 = 𝑗∕𝑛.

Now suppose 𝐗 is a time series 𝐗 of length 𝑛 from a mean-zero stationary Gaussian process with a parametric covariance
function 𝛾(ℎ; 𝜽), where 𝜽 is the unknown parameter. If we let Γ𝑛,𝜽 be the covariance matrix of the random vector 𝐗, then
the likelihood function is

)
(
1 ⊤ −1
1
𝐗
Γ
𝐗
,
exp
−
𝑛,𝜽
2
(2𝜋)𝑛∕2 |Γ𝑛,𝜽 |1∕2
and 𝓁(𝜽) = −2 × log𝐿(𝜽) is the log-likelihood,
(
)
𝓁(𝜽) ∝ log(|Γ𝑛,𝜽 |) + tr 𝐗𝐗⊤ Γ−1
.
𝑛,𝜽
𝐿(𝜽) =

Whittle 25 proposed an approximation of the above log-likelihood function, known as the Whittle likelihood approximation:
1∕2

𝓁𝑊 (𝜽) = 𝑛

∫

{

}
log(𝑓𝜽 (𝜔)) + 𝐼𝑛 (𝜔)𝑓𝜽 (𝜔)−1 𝑑𝜔,

(1)

−1∕2

where 𝑓𝜽 (𝜔) is the spectral density function. For a discrete frequency range, the Whittle approximation (1) can be written as
{
}
∑
.
𝓁𝑊 (𝜽) = 𝑛
log(𝑓𝜽 (𝜔𝑗 )) + 𝐼𝑛 (𝜔𝑗 )𝑓𝜽 (𝜔𝑗 )−1 .
−1∕2<𝜔𝑗 <1∕2

(
)
Using the fast Fourier transform (FFT), 𝓁𝑊 (𝜽) can be obtained efficiently with only 𝑂 𝑛log2 𝑛 operations.

2.2

Collective modeling of spectral density functions

We consider a collection of stationary time series, 𝐗𝑖 s, where 𝑖 = 1, ⋯ , 𝑚 and

𝐗⊤𝑖 = (𝑋𝑖1 , 𝑋𝑖2 , ⋯ , 𝑋𝑖𝑛 ) with the

associated spectral density 𝑓𝑖 . We want to estimate the spectral density functions together. The rationale of this collective
spectral density estimation approach is to improve the efficiency of the estimates by using a shared basis to obtain the SDFs.
We assume that each log-spectral density function can be represented by a linear combination of a common set of basis
functions {𝜙𝑘 (𝜔), 𝑘 = 1, ⋯ , 𝐾}, and that each has its own set of coefficients. More specifically, we assume that log{𝑓𝑖 (𝜔)} =
𝑢𝑖 (𝜔), with
𝑢𝑖 (𝜔) =

𝐾
∑
𝑘=1

𝜙𝑘 (𝜔)𝛼𝑖𝑘 ,

𝑖 = 1, … , 𝑚.

(2)
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Equivalently, the spectral density functions can be written as
}
{𝐾
∑
𝜙𝑘 (𝜔)𝛼𝑖𝑘 ,
𝑓𝑖 (𝜔) = exp 𝑢𝑖 (𝜔) = exp

𝑖 = 1, … , 𝑚.

(3)

𝑘=1

For identifiability, we require that 1, 𝜙𝑘 , 𝑘 = 1, … , 𝐾, to be linearly independent. We would like 𝐾 to be a small number
so that the number of parameters to be estimated remains manageable even when we estimate a large number of spectral
densities (i.e., when 𝑚 is large).
In our setting, the basis functions are not prespecified and need to be determined from the data. To this end, we suppose
that these basis functions fall in a low-dimensional subspace of a function space spanned by a rich family of fixed basis
functions, {𝑏𝓁 (𝜔), 𝓁 = 1, ⋯ , 𝐿} (𝐿 ≫ 𝐾), such that
𝜙𝑘 (𝜔) =

𝐿
∑

𝑏𝓁 (𝜔)𝜃𝓁𝑘 ,

𝑘 = 1 … , 𝐾.

(4)

𝓁=1

For identifiability, we require that 1, 𝑏𝓁 , 𝓁 = 1, … , 𝐿, to be linearly independent. A large enough 𝐿 ensures the necessary
flexibility to represent the unknown spectral densities. For univariate cases, the fixed basis can be the monomials, the Bsplines, or the Fourier basis. Bivariate splines can be used as the fixed basis functions for bivariate spectral densities. In this
work, without loss of generality, we initialize the algorithm with a cubic B-spline basis functions with 40 degrees of freedom.
To simplify the presentation, we now introduce some vectors and matrices to denote the quantities of interest: 𝝓(𝜔) =
(𝜙1 (𝜔), ⋯ , 𝜙𝐾 (𝜔))⊤ , 𝜶𝑖 = (𝛼𝑖1 , ⋯ , 𝛼𝑖𝐾 )⊤ , 𝐛(𝜔) = (𝑏1 (𝜔), ⋯ , 𝑏𝐿 (𝜔))⊤ , 𝜽𝑘 = (𝜃1𝑘 , ⋯ , 𝜃𝐿𝑘 )⊤ , and 𝚯 = (𝜽1 , ⋯ , 𝜽𝐾 ). Then,
from (2) and (4), we can rewrite 𝑢𝑖 (𝜔) in the vector-matrix form as
𝑢𝑖 (𝜔) = 𝝓(𝜔)⊤ 𝜶𝑖 = 𝐛(𝜔)⊤ 𝚯𝜶𝑖 ,

𝑖 = 1, … , 𝑚.

(5)

One may combine the equations above for 𝑖 = 1, … , 𝑚 into a matrix form by evaluating the log-SDFs over the discrete
(
)
frequencies 𝝎 = (𝜔1 , ⋯ , 𝜔𝑛̃ )⊤ . The 𝑚 equations given in (5) can be written as 𝐔 = 𝐁𝚯𝐀⊤ , where 𝐔 = 𝑢1 (𝝎), ⋯ , 𝑢𝑚 (𝝎)
(
)⊤
is an 𝑛̃ × 𝑚 matrix that represents the log-SDFs, 𝐁 = 𝐛(𝜔1 ), ⋯ , 𝐛(𝜔𝑛̃ ) is an 𝑛̃ × 𝐿 matrix that represents the rich basis
functions at the discrete frequencies 𝝎, and 𝐀 = (𝜶1 , … , 𝜶𝑚 )⊤ . The unknown parameters can then be collectively written as
the pair (𝚯, 𝐀). There is an identifiability issue caused by the non-uniqueness of the parametrization of (𝚯, 𝐀). This issue
can be resolved by introducing some restrictions on the parameterization; see subsection 2.8.
We could have used the fixed basis {𝑏𝓁 (𝜔), 𝓁 = 1, ⋯ , 𝐿} in (2) and (3); however, that would be either too restrictive (if
𝐿 is small) or produce a large number of parameters (if 𝐿 is large). Alternatively, if we were to model the individual density
functions separately using the fixed basis {𝑏𝓁 (𝜔), 𝓁 = 1, ⋯ , 𝐿}, then we would write
𝑢𝑖 (𝜔) = 𝐛(𝜔)⊤ 𝝍𝑖 ,

𝑖 = 1, … , 𝑚.

(6)

We let 𝚿 = (𝝍1 , … , 𝝍𝑚 ) be the 𝐿 × 𝑚 matrix of coefficients from the basis expansions given in (6). By comparing (5)
and (6), we obtain 𝚿 = 𝚯𝐀⊤ , which is a rank 𝐾 matrix. Thus, the collective modeling approach introduces a low-rank
structure to the coefficient matrix in the basis expansion of the log-spectral densities. This dimensionality reduction allows
us to significantly reduce the number of parameters to be estimated and, thus, gain estimation efficiency.

2.3

Estimation using penalized Whittle likelihood

The periodogram 𝐼𝑖,𝑛 is a rough estimate of the spectral density, 𝑓𝑖 , associated with the time series 𝐗𝑖 observed over 𝑛 time
points:

|1 ∑
|2
𝐼𝑖,𝑛 (𝜔) = |
𝑋𝑖𝑡 𝑒−2𝜋𝑖𝑡𝜔 | .
|𝑛
|
𝑛

𝑡=1

We consider the periodogram at the Fourier frequencies 𝝎 = 2𝜋𝑱 ∕𝑛 for 𝑱 = {−⌊(𝑛 − 1)∕2⌋, ⋯ , 𝑛 − ⌊𝑛∕2⌋}.
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The Whittle likelihood for estimating 𝑚 spectral densities has the following form:
𝓁𝑊 (𝚯, 𝐀) =

{
𝑚
∑
∑

}

[
]
𝑢𝑖 (𝜔𝑗 ) + 𝐼𝑖,𝑛 (𝜔𝑗 ) exp −𝑢𝑖 (𝜔𝑗 )

,

(7)

𝑖=1 𝑗∈𝑱

where 𝑢𝑖 (𝜔) are defined in (5). It is concave in 𝜶𝑖 when other parameters are fixed and also concave in 𝜽𝑘 when other
parameters are fixed. Applying the roughness penalty approach of function estimation 26 , we estimate the model parameters
by minimizing the penalized likelihood criterion
−2 𝓁𝑊 (𝚯, 𝐀) + 𝜆

𝐾
∑

𝖯𝖤𝖭(𝜙𝑘 ),

(8)

𝑘=1

where 𝖯𝖤𝖭(𝜙𝑘 ) is a roughness penalty function that regularizes the estimated basis function 𝜙𝑘 to ensure that it is a smooth
function, and 𝜆 > 0 is a penalty parameter. The penalty function can be written in a quadratic form as
𝐾
∑

𝖯𝖤𝖭(𝜙𝑘 ) =

𝐾
∑

𝜽⊤𝑘 𝐑𝜽𝑘 = tr{𝚯⊤ 𝐑𝚯}.

(9)

𝑖=𝑘

𝑘=1

Two choices for the penalty matrices (𝐑1 and 𝐑2 ), based on the second derivative of the basis functions and the difference
operator, are given in subsection 2.5.
We use an alternating blockwise Newton-Raphson algorithm to minimize the penalized Whittle likelihood approximation.
Our algorithm cycles through updating 𝜶𝑖 for 𝑖 = 1, … , 𝑚 and 𝜽𝑘 for 𝑘 = 1, … , 𝐾 until convergence. Following the usual
step-halving strategy for the Newton-Raphson iteration, the updating formulas are
[

𝜶𝑖𝑛𝑒𝑤

=

𝜶𝑖𝑜𝑙𝑑

= 𝜶𝑖𝑜𝑙𝑑

]
]−1 [
|
𝜕2
𝜕
−𝜏
{𝓁𝑊 (𝚯, 𝐀)} ||
{𝓁𝑊 (𝚯, 𝐀)}
⊤
𝜕𝜶
𝜕𝜶𝑖 𝜕𝜶𝑖
|𝚯=𝚯𝑜𝑙𝑑 ,𝐀=𝐀𝑜𝑙𝑑
𝑖
[
} ]−1
∑{
[
]
𝐛(𝜔𝑗 )𝐼𝑖,𝑛 (𝜔𝑗 ) exp −𝑢𝑖 (𝜔𝑗 ) 𝐛(𝜔𝑗 )⊤ 𝚯
×
− 𝜏 𝚯⊤

[
𝚯⊤

𝑗

]
[
]} |
|
𝐛(𝜔𝑗 ) − 𝐛(𝜔𝑗 )𝐼𝑖,𝑛 (𝜔𝑗 ) exp −𝑢𝑖 (𝜔𝑗 )
|
|𝚯=𝚯𝑜𝑙𝑑 ,𝐀=𝐀𝑜𝑙𝑑

∑{
𝑗

(10)

and
[

𝜽𝑛𝑒𝑤
𝑘

=

]−1
𝜕2
−𝜏
{𝓁𝑊 (𝚯, 𝐀)} − 𝜆𝐑
×
𝜕𝜽𝑘 𝜕𝜽⊤𝑘
[
]
|
𝜕
{𝓁𝑊 (𝚯, 𝐀)} − 𝜆𝐑𝜽𝑘 ||
,
𝜕𝜽𝑘
|𝚯=𝚯𝑜𝑙𝑑 ,𝐀=𝐀𝑜𝑙𝑑
[𝑚
]−1
}
∑
∑{
[
]
2
⊤
−𝜏
𝛼𝑖𝑘
𝐛(𝜔𝑗 )𝐼𝑖,𝑛 (𝜔𝑗 ) exp −𝑢𝑖 (𝜔𝑗 ) 𝐛(𝜔𝑗 ) − 𝜆𝐑
×

𝜽𝑜𝑙𝑑
𝑘

= 𝜽𝑜𝑙𝑑
𝑘

𝑖=1

[

𝑚
∑
𝑖=1

𝛼𝑖𝑘

𝑗

]
|
[
]}
𝐛(𝜔𝑗 ) − 𝐛(𝜔𝑗 )𝐼𝑖,𝑛 (𝜔𝑗 ) exp −𝑢𝑖 (𝜔𝑗 ) − 𝜆𝐑𝜽𝑘 ||
|𝚯=𝚯𝑜𝑙𝑑 ,𝐀=𝐀𝑜𝑙𝑑

∑{
𝑗

(11)

where 𝜏 is the first result from the sequence {(1∕2)𝛿 , 𝛿 = 0, 1, … } such that the objective function in (8) is reduced.
The initial values of the Newton-Raphson iteration can be obtained by projecting the raw spectral density estimates (e.g.,
periodograms) to the model space of (3).

2.4

Selecting the tuning parameter

We may select the penalty parameter by minimizing the AIC 27 ,
̂ 𝐀)
̂ + 2 𝖽𝖿(𝜆),
AIC(𝜆) = −2 𝓁𝑊 (𝚯,

(12)

6
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where 𝓁𝑊 (𝚯, 𝐀) is the log-likelihood defined in (7), and the degrees of freedom 𝖽𝖿(𝜆) is defined as

𝖽𝖿(𝜆) =

𝐾
∑

{[

𝑚
∑

trace

𝑘=1

[

2
𝛼𝑖𝑘

}
[
]
𝐛(𝜔𝑗 )𝐼𝑖,𝑛 (𝜔𝑗 ) exp −𝑢𝑖 (𝜔𝑗 ) 𝐛(𝜔𝑗 )⊤ − 𝜆𝐑

𝑗

𝑖=1
𝑚

∑

]−1

∑{

2
𝛼𝑖𝑘

×

]}

∑{

}
[
]
𝐛(𝜔𝑗 )𝐼𝑖,𝑛 (𝜔𝑗 ) exp −𝑢𝑖 (𝜔𝑗 ) 𝐛(𝜔𝑗 )⊤

.

(13)

𝑗

𝑖=1

The parameters in these formulas are replaced by their estimated values. The AIC can be derived as an approximation of
the leave-one-out cross-validation 28,29 .
Selecting the tuning parameter that minimizes the AIC requires training the model for different values of 𝜆s and then
picking the one that minimizes the criterion function, which can be very expensive in time. Instead, we present an alternative
procedure that updates the value of the tuning parameter within the Newton-Raphson iterations. This idea has been used in
a generalized mixture model to iteratively update the smoothing parameter 30 . Schellhase and Kauermann 31 and Najibi et
al. 32 extended this approach for density estimation. We borrow their formulation, and use the parameter estimates in the 𝑖𝑡ℎ
step to update the tuning parameter, 𝜆̂ 𝑖+1 , through
𝜆̂ −1
=
𝑖+1

̂ ⊤ 𝐑𝚯
̂ 𝑖)
trace(𝚯
𝑖

,
(14)
𝖽𝖿(𝜆̂ 𝑖 ) − (𝑎 − 1)
where 𝑎 is the order of the differences (derivative) used in the penalty matrix 𝐑 (see Section 2.5). From what we have seen in
the implementation of the new procedure, updating the tuning parameter within the Newton-Raphson iterations, on average,
does not increase the number of iterations required for convergence. Therefore, the new procedure obtains the final result
𝑝 times faster than the old procedure, where 𝑝 is the number of 𝜆s used in the grid search to minimize the AIC [see 32 for
details].

2.5

Choices of penalties

We consider two different choices of penalties:
• Second derivative of the basis: For the univariate spectral density estimation, if we use the usual squared-secondderivative penalty 𝖯𝖤𝖭(𝜙𝑘 ) = ∫ {𝜙′′ (𝜔)}2 𝑑𝑥 and 𝜙𝑘 (𝜔) = 𝐛(𝜔)⊤ 𝜽𝑘 , then 𝐑1 = ∫ ̈𝐛(𝜔)̈𝐛(𝜔)⊤ 𝑑𝜔 with ̈𝐛(𝜔) =
𝑘

(𝑏′′1 (𝜔), … , 𝑏′′𝐿 (𝜔))⊤ .
• Difference operator: We can also control the roughness of the estimated functions by using the difference penalty 33

to achieve the appropriate level of smoothness. The variability is controlled through a difference function of order 𝑎,
Δ𝑎 , where Δ1 𝜽𝑘 ∶= 𝜽𝑘 − 𝜽𝑘−1 , and Δ𝑎 is obtained recursively. For example, the second order difference function, Δ2 ,
has the following form:
Δ2 𝜽𝑘 ∶= Δ1 Δ1 𝜽𝑘 = 𝜽𝑘 − 2𝜽𝑘−1 + 𝜽𝑘−2 .
We can write the difference functions Δ𝑎 into a matrix form, 𝑳𝑎 . For example, when 𝑎 = 1 we have
⎡1
⎢
⎢0
𝑳1 = ⎢
⎢⋮
⎢0
⎣

−1 0 … 0 ⎤
⎥
1 −1 ⋱ 0 ⎥
⎥
⋱ ⋱ ⋱ 0 ⎥
⋯ 0 1 −1 ⎥⎦

(𝑀−1×𝑀)

The positive definite penalty matrix used to control the smoothness is denoted as 𝐑2 , and it has the quadratic form
𝐑2 = 𝑳⊤𝑎 𝑳𝑎 .
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In the web-application, that we implemented the proposed nonparametric collective spectral density estimation (NCSDE),
we incorporated both penalties and either one can be used by the user.

2.6

Clustering

The NCSDE result can be utilized as an input to different clustering algorithms (e.g. k-means, hierarchical, ⋯). We used the
euclidean distance between (𝑎) the estimated SDFs; and (𝑏) the basis expansion coefficients (score matrix 𝐀), associated to
six competitive approaches given in subsection 3.2, as inputs to the hierarchical clustering algorithm. In our implementation,
we used the hclust function with the euclidean distances as input and option {method="ward.D2"} in the R package stats
to obtain the clustering results 34 .

2.7

Number of basis functions (clusters)

A critical step in dealing with real data is identifying the number of common basis functions (choice of 𝐾 in the context of
̃ We identify the number of basis functions (clusters), using
NCSDE), which is directly related to the number of clusters, 𝑘.
the elbow method as typically used in clustering analysis and it can be traced back to the work by Thorndike 35 .
In the elbow method, we use hierarchical clustering for partitioning the data, and obtain the total within-cluster sum of
squares (WSS) based on different numbers of clusters 𝑘̃ (e.g., by varying 𝑘̃ from 1 to 10). We note that WSS measures the
concentration of the clusters and it is desired to be as small as possible. Therefore, the optimal number of clusters can be
̃ The location of an elbow (turning point) in this plot is generally
obtained by plotting WSS against the number of clusters 𝑘.
considered an indicator of the appropriate number of clusters (see Figures 1 (a), 6 (a) and 7 (a) for illustration purposes).
(
)−1 ⊤
𝐁 log(𝐈), which is then used as an input to the
In the first step of NCSDE algorithm, we obtain log(𝖲.𝖯𝗌) = 𝐁 𝐁⊤ 𝐁
elbow method, implemented in the R package factoextra 36 , to determine the number of clusters and basis functions. From
what we have seen in the implementation of NCSDE, a clear-cut elbow is achievable in longer time series (𝑛 ≥ 400).

2.8

Identifiability of (𝚯, 𝐀)

The non-uniqueness of the parametrization of (𝚯, 𝐀) causes an identifiability issue. Specifically, if 𝐔 is a 𝐾 × 𝐾 orthogonal
̃ = 𝚯𝐔 and 𝜶̃ 𝑖 = 𝐔⊤ 𝜶𝑖 give the same representation of (5). To gain identifiability,
matrix, then 𝚯𝜶𝑖 = (𝚯𝐔)(𝐔⊤ 𝜶𝑖 ). Thus, 𝚯
we require that (𝑖) 𝚯⊤ 𝚯 = 𝐈, (𝑖𝑖) 𝐀⊤ 𝐀 = 𝐃2 is a diagonal matrix, (𝑖𝑖𝑖) the columns of 𝐀 are ordered such that the diagonal
elements of 𝐃2 are in strictly descending order, and (𝑖𝑣) the first non-zero element of each column of 𝚯 is positive. With such
̄ = 𝐀𝐃−1 so that 𝐀
̄ ⊤𝐀
̄ = 𝐈, then we have 𝚯𝐀⊤ = 𝚯𝐃𝐀
̄ ⊤,
𝚯 and 𝐀, if the diagonal elements of 𝐃 are all different, and we set 𝐀
which is a uniquely defined singular value decomposition (SVD). The desired identifiability of (𝚯, 𝐀) then follows from the
uniqueness of the SVD.

3

SIMULATION STUDY

We conducted a simulation study to evaluate the proposed nonparametric collective spectral density estimation method and
compare it with non-collective spectral density estimation approaches. First, we describe the simulation setup and, in the
next subsection, we list the competitive non-collective alternatives.
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3.1

Simulation setup

In the simulation study, to mimic the real data structure of the EEG signals, we consider the single-channel EEG data
described in subsection 4.1. We first select three sets of data from healthy volunteers (A), the epilepsy patients in seizurefree status (D) and the patients with seizure activities (E), respectively. There are 300 EEG signals in total with 100 from
each set. We then fit 𝐴𝑅(𝑝) models to each of the 300 time series in R using the function spec.ar with a sufficiently large
order of 𝑝 fixed at 𝑝 = 36, and obtained the Yule-Walker (YW) estimates of the 𝐴𝑅 coefficients. The 𝐴𝑅(𝑝) model is given
∑𝑝
by 𝑋𝑡 = 𝑖=1 𝜑𝑖 𝑋𝑡−𝑖 + 𝜀𝑡 , with the associated SDF
𝑝
|−2
|
∑
|
|
𝜑𝑘 𝑒−2𝜋𝑖𝑘𝜔 | ,
𝑓 (𝜔) = 𝜎𝜀2 |1 −
|
|
𝑘=1
|
|

(15)

where 𝜎𝜀2 = 𝑉 𝑎𝑟(𝜀𝑡 ) [see 37 for details].
̂𝐴 , 𝝋
̂𝐷 , and 𝝋
̂𝐸 , respectively.
We denoted the averaged estimates of the 100 sets of the 𝐴𝑅 coefficients for each class by 𝝋
In each simulation run, we generated an 𝑛 × 𝑚 matrix 𝐗 = (𝐗1 , 𝐗2 , ⋯ , 𝐗𝑚 ), where 𝐗⊤𝑖 = (𝑋𝑖1 , 𝑋𝑖2 , ⋯ , 𝑋𝑖𝑛 ), 𝑛 is the length
of the time series and 𝑚 is the number of the times series. Each 𝐗𝑖 is generated from one of the following models:
⎧ Model I 𝐴𝑅(𝑝) ∶ 𝝋 = 𝝋
̂𝐴 , with prob. 𝑝1 ,
⎪
̂𝐷 , with prob. 𝑝2 ,
⎨ Model II 𝐴𝑅(𝑝) ∶ 𝝋 = 𝝋
⎪
̂𝐸 , with prob. 𝑝3 .
⎩Model III 𝐴𝑅(𝑝) ∶ 𝝋 = 𝝋
1
We set 𝑛 = (100, 200, 400), 𝑚 = (6, 15, 30), and 𝑝𝑘 = , for 𝑘 = 1, 2, 3. Therefore, we had nine different pairs of (𝑛, 𝑚)
3
and, for each pair we ran the simulation 𝑁 = 100 times.
In reality, similar spectral densities within a cluster might exhibit small variability. To incorporate this variability into
account, for each 𝐴𝑅 model, we obtained the Cholesky decomposition of the 𝑛 × 𝑛 autocovariance matrix 𝚪 = 𝚲𝚲⊤ . Then,
̃𝚲
̃ ⊤ , by adding an 𝑛 × 𝑛 matrix of random errors,
we reconstructed a perturbed version of the autocovariance matrix, 𝚪̃ = 𝚲
̃ (i.e. 𝚲
̃ = 𝚲 + 𝑬). We generated 𝜖𝑖𝑗 ’s, the entries of 𝑬, independently from normal
𝑬, to the Cholesky factor, 𝚲, to derive 𝚲
distribution with zero-mean and 𝜎𝑒 = 0.05. In each simulation run, for each 𝐴𝑅 model, we used a perturbed autocovariance
̃ to simulate the 𝐴𝑅(𝑝) signals.
matrix, 𝚪,

3.2

Competitive approaches

̂ 𝑛̃ × 𝑚 matrix) from
In each simulation run we used the 𝑛 × 𝑚 data matrix 𝐗 as an input to obtain estimates of 𝑚 SDFs (𝐟:
the following six methods:
• Periodograms (Ps):

We used the periodogram 𝐈 as a rough estimate. For each run, the 𝑖𝑡ℎ column of the 𝑛̃ × 𝑚 matrix 𝐈 was a vector of
size 𝑛̃ obtained via

|1 ∑
|2
𝐼𝑖,𝑛 (𝝎) = |
𝑋𝑖𝑡 𝑒−2𝜋𝑖𝑡𝝎 | ,
|𝑛
|
(
) 𝑡=1
evaluated at the discrete frequencies 𝝎 = 𝜔1 , ⋯ , 𝜔𝑛̃ .
𝑛

• Smoothed Periodograms (S.Ps):

next estimate] was obtained by smoothing 𝐈 using the rich set of basis functions, 𝖲.𝖯𝗌
[ The
( ⊤ )−1 ⊤
exp 𝐁 𝐁 𝐁 𝐁 log(𝐈) .
• tSVD Periodograms (tSVD.Ps):

=
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(
)−1 ⊤
We used the truncated SVD to obtain the rank 𝐾 approximation of the smoothed periodograms 𝐁⊤ 𝐁
𝐁 log(𝐈),
called 𝚯1 𝐀⊤1 . This was referred to in Stewart 38 as the approximation theorem (a.k.a. the Eckart-Young theorem).
[
]
Therefore, the third estimate, “tSVD Periodograms”, is 𝗍𝖲𝖵𝖣.𝖯𝗌 = exp 𝐁𝚯1 𝐀⊤1 .
• Separate Estimations (NSDE):

We avoided collective estimation and obtained the nonparametric spectral density estimates (NSDE) by maximizing the Whittle likelihood using the rich family of basis functions 𝐁 separately. From (6), 𝑢𝑖 (𝝎) = 𝐁𝝍𝑖 . Therefore, our
fourth estimate is 𝖭𝖲𝖣𝖤 = exp [𝐁𝚿], where 𝚿 = (𝝍1 , … , 𝝍𝑚 ).
• tSVD Separate Estimations (tSVD.NSDE):

Having obtained 𝚿 by maximizing the Whittle likelihood separately, we used the truncated SVD to obtain the rank
[
]
𝐾 approximation of 𝚿 called 𝚯𝑠 𝐀⊤𝑠 . The fifth estimate is 𝗍𝖲𝖵𝖣.𝖭𝖲𝖣𝖤 = exp 𝐁𝚯𝑠 𝐀⊤𝑠 .
• Collective Estimations (NCSDE):

[
]
̂𝐀
̂⊤ .
Finally, we used the proposed method from Section 2 to obtain 𝖭𝖢𝖲𝖣𝖤 = exp 𝐁𝚯

For comparison purposes, we employed the euclidean distance between the estimated SDFs of Ps, S.Ps, NSDE and
̂ ) as
NCSDE, as well as the basis expansion coefficients (score matrix 𝐀) of tSVD.Ps(𝐀1 ), tSVD.NSDE(𝐀𝑠 ) and NCSDE(𝐀
inputs to the hierarchical clustering algorithm as described in subsection 2.6.

3.3

Measures of quality

To evaluate the performance of the proposed method in discovering the correct labels (gold standard), in a more systematic
framework, we used two popular external measures, adjusted Rand index (𝖠𝖱𝖨) and 𝖲𝖨𝖬 index in “TSClust” package, which
are commonly used in the clustering evaluation literature.

3.3.1

Adjusted Rand similarity coefficient

The adjusted Rand similarity coefficient (adjusted Rand index) was used to compare the (dis-)similarity between two
clustering results. It is defined as follows 39 :
∑1 ∑1

[∑ ( ) ∑ ( )] ( )
𝑛𝑖⋅
𝑛⋅𝑗
−
∕ 𝑚2
𝑖 2 +
𝑗 2
2
𝖠𝖱𝖨 = [∑ ( ) ∑ ( )] [∑ ( ) ∑ ( )] ( ) .
1
𝑛𝑖⋅
𝑛⋅𝑗
𝑛𝑖⋅
𝑛⋅𝑗
−
∕ 𝑚2
𝑖 2 +
𝑗 2
𝑖 2 +
𝑗 2
2
𝑖=0

(𝑛𝑖𝑗 )

𝑗=0

To calculate the adjusted Rand index, we computed the 2 × 2 contingency table, which consists of the following four cells:
• 𝑛11 : the number of observation pairs where both observations are comembers in both clusterings.
• 𝑛10 : the number of observation pairs where the observations are comembers in the first clustering but not the second.
• 𝑛01 : the number of observation pairs where the observations are comembers in the second clustering but not the first.
• 𝑛00 : the number of observation pairs where no pairs are comembers in either clustering result.

Furthermore 𝑛𝑖⋅ and 𝑛⋅𝑗 are defined as 𝑛𝑖0 + 𝑛𝑖1 and 𝑛0𝑗 + 𝑛1𝑗 , respectively.
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3.3.2

𝖲𝖨𝖬 index in “TSClust” package

We also used the 𝖲𝖨𝖬 index, provided in “TSClust” package 40 , for further comparison. The 𝖲𝖨𝖬 index measures the amount
of agreement between the true cluster partition  = {𝐺1 , ⋯ , 𝐺𝑘 } (the “ground-truth”), assumed to be known, and the
experimental cluster solution  = {𝐴1 , ⋯ , 𝐴𝑘 } obtained by a clustering method. It is defined as:
1∑
max 𝖲𝗂𝗆(𝐺𝑖 , 𝐴𝑗 ),
𝑘 𝑖=1 1≤𝑗≤𝑘
𝑘

𝖲𝖨𝖬(, ) =
where 𝖲𝗂𝗆(𝐺𝑖 , 𝐴𝑗 ) =

|𝐺𝑖 ∩𝐴𝑗 |
|𝐺𝑖 |+|𝐴𝑗 |

, with | ⋅ | denoting the cardinality of the elements in the set.

Note that the 𝖠𝖱𝖨 and 𝖲𝖨𝖬 range from 0 to 1, with 0 indicating that the two clusters do not agree on any pairs and 1
indicating that the clusters are exactly the same. In subsection 3.4, we present and compare the clustering results from the
approaches given in subsection 3.2, considering the original labels from the simulation as the gold standard. We did not use
the class labels when applying the clustering algorithms; we only use the class labels to evaluate the clustering results.

3.4

Simulation results

In each simulation run, we used the approaches given in subsection 3.2 for nine different pairs of (𝑚, 𝑛) to obtain matrices
of size 𝑛̃ × 𝑚 that represent the associated estimates of 𝑚 SDFs for each approach. Figure 1 (a) illustrates how to use the
elbow method to obtain the number of clusters (𝑘̃ = 3), and the remaining subfigures (Figure 1 (g)-(f)) provide the results of
the five approaches (S.Ps, tSVD.Ps, NSDE, tSVD.NSDE, and NCSDE) when estimating the SDFs for a randomly selected
simulation run with 𝑚 = 30 and 𝑛 = 400. NCSDE obtained the results that are the smoothest and the closest to the true SDFs.
[FIGURE 1 about here.]
To compare the performance of different techniques in hierarchical clustering, Figure 2 provides the dendrograms of
̂ ), on a randomly selected simulation run with 𝑚 = 30 and
four of the approaches, Ps, tSVD.Ps(𝐀1 ), NSDE, and NCSDE(𝐀
𝑛 = 400). Since we knew the number of clusters and the cluster labels (gold standard) in advance, we cut the dendrograms
into the original number of clusters.
[FIGURE 2 about here.]
̂ ) clearly
A comprehensive comparison on the performance of the clustering results are given in Table 1 . NCSDE(𝐀
outperformed the competing approaches in this clustering task, based on both 𝖠𝖱𝖨 and 𝖲𝖨𝖬 measures.
[TABLE 1 about here.]
It is common to proceed with a two-step procedure to visualize the level of similarity among the SDFs:
̂ from any of the approaches given; then
i) Obtain the 𝑛̃ × 𝑚 matrix (𝐟)
ii) Use a multidimensional scaling (MDS) technique 41 .
However, another advantage of the proposed method is that the coefficients of the basis expansion for the fitted densities
(𝐀 matrix) provide a low-dimensional representation that can be directly used to visualize and cluster the spectral densities.
Figure 3 shows the scatter plot of the first three coefficients (𝐀.1 , 𝐀.2 , and 𝐀.3 ) for the last two approaches in subsection 3.2
(tSVD.NSDE and NCSDE). We observe a clear segregation into three classes using NCSDE, indicating that these coefficients
are useful for clustering purposes.
[FIGURE 3 about here.]
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EEG DATA APPLICATIONS

We apply our method to two neuroscience studies in clustering of brain signals with electroencephalogram (EEG) data.
The EEG is a method of monitoring spontaneous electrical activity in the brain over a period of time. EEGs are typically
recorded from single or multiple electrodes, referred as EEG channels, placed on the scalp. The clustered EEG signals are
useful for understanding how different diseases may affect the brain activity or how different brain regions communicate
with each other.

4.1

Application 1: Epilepsy - EEG data

For the first application, the publicly available EEG data in Andrzejak et al. work 42 is used. The complete data includes five
sets (denoted as 𝐴, 𝐵, 𝐶, 𝐷 and 𝐸), each one containing 100 single-channel EEG segments of 23.6-sec duration. Each set
was selected from EEG records after removing artifacts caused by strong eye and muscle movements. The first two sets (𝐴,
𝐵) consisted of segments from surface EEG recordings taken from five healthy volunteers with eyes open (𝐴) and eyes closed
(𝐵). The last three sets (𝐶, 𝐷, and 𝐸) were intracranially taken from five epilepsy patients. Sets 𝐶 and 𝐷 are measured in
seizure-free intervals from epileptic hemisphere and the opposite hemisphere of the brain, respectively. Finally, the last set
(𝐸) captured the seizure EEG activity. Orhan et. al. 43 used this dataset to introduce a deep neural network for classification
as a diagnostic decision support mechanism in the epilepsy treatment. In this study we used the proposed NCSDE method
to obtain the spectral density functions for different groups of unit variance EEG signals, and evaluate the performance of
the proposed technique in clustering those signals based on the estimated spectral densities. We should note that we did not
use the set labels (𝐴, ⋯ , 𝐸) when we applied the clustering algorithms. We only used the set labels for evaluation of the
clustering results. We conducted four different experiments, by varying the level of complexity, to evaluate the performance
of the NCSDE in clustering different mixtures of healthy segments, epileptic seizure free segments and epileptic seizure
segments. The details of each experiment is provided here:
(1) Easy Task (𝐴 − 𝐸): The aim of this experiment is to cluster the epileptic seizure patients (𝐸) and the healthy volunteers
(𝐴). Therefore the NCSDEs of 200 EEG signals in sets 𝐴 and 𝐸 is obtained.
(2) Somewhat-Hard Task (𝐷 − 𝐸): The aim of this experiment is to cluster the epileptic seizure patients in seizure-free
intervals (𝐷) and the patients with seizure activity (𝐸). Here the NCSDEs of 200 EEG signals in sets 𝐷 and 𝐸 is
obtained.
(3) Hard Task (𝐴 − 𝐷): The aim of this experiment is to cluster the healthy volunteers (𝐴) and the epileptic seizure patients
in seizure-free intervals (𝐷). Here the NCSDEs of 200 EEG signals in sets 𝐴 and 𝐷 is obtained.
(4) Challenging Task (𝐴 − 𝐷 − 𝐸): The aim of this experiment is to cluster the EEG signals of the healthy volunteers (𝐴),
the epilepsy patients in seizure-free status (𝐷) and the patients with seizure activity (𝐸).
In each experiment, we used the euclidean distance between the estimates SDFs of NCSDE procedure, as well as the score
̂ as inputs to the the hierarchical clustering algorithm to obtain the associated clusters. For comparison, we used
matrix, 𝐀,
some novel clustering methods implemented in the “TSClust” package 40 . Montero and Vilar provided more than 30 different
methods (dissimilarity measures) for clustering the time series in this package. We picked the following four dissimilarity
measures, that are based on nonparametric spectral estimators:
• LLR.DLS : General spectral dissimilarity measure using the local lineal smoothers of the periodograms, obtained via

generalized least squares.
• LLR.LK : General spectral dissimilarity measure using the local-linear estimation of the log-spectra. Here the estimation

is obtained via the maximum local likelihood criterion.
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• ISD: Computes the dissimilarity between two time series in terms of the integrated squared difference between non-

parametric estimators of their log-spectra.
• GLK: The dissimilarity between two time series is computed by using an adaptation of the generalized likelihood ratio

test to check the equality of two log-spectra.
The results of the above dissimilarity measures are used as inputs to the the hierarchical clustering algorithm. For more
details about these four techniques, we refer the interested readers to the Montero and Vilar package 40 .
For evaluation purpose, we used the 𝖠𝖱𝖨 and 𝖲𝖨𝖬 that are introduced in Section 3.3 as two indices to evaluate the
clustering results.
The associated results that compares our proposed approach with the competitive ones are given Table 2 . In this table,
we also presented the running time (𝖳𝖨𝖬𝖤) of each method on an Intel(R) Xeon(R) with E5-1660 processor @ 3.3 GHz
speed with 64 GB of memory to compare the computational complexity of different approaches.
[TABLE 2 about here.]
[FIGURE 4 about here.]

4.2

Application 2: Resting state - EEG data

The EEG data was collected during the resting state from a single subject, a male student randomly selected from the 17
subjects in the experiment, which is described in detail in Wu et al. 44 . During the experiment, the EEG signals were recorded
from 256 channels on the scalp surface, with a millisecond resolution (1000 recordings per second). From the 256 channels,
62 channels were eliminated due to the high muscle artifact content in EEG electrodes recording from cheek and neck
areas. 44 . The locations of the channels are shown in Figure 5 . In this application, we cluster the remaining 194 channels
using the time series data from the first and the last minutes. The total length of the time series is 60,000. However, we only
consider the low-frequency bands (i.e., we truncate the periodograms at length 3000).
[FIGURE 5 about here.]
The elbow method (Figures 6 (a) and 7 (a) suggested the presence of 4 different clusters in both cases, the first and the
last minutes. Therefore, we set 𝑘̃ = 4 for both cases and proceeded with the NCSDE iterative procedure to obtain the Whittle
maximum likelihood estimator.
For the data from the first minute, the algorithm converged after 33 iterations. Figure 6 (b) provides the result of the
̂ matrix, where the associated
hierarchical clustering algorithm based on the estimated coefficients of the basis expansion, 𝐀
tree has been cut into 𝑘̃ = 4 clusters. Out of the 194 channels, 57, 42, 46, and 49 SDFs were assigned respectively to the
four clusters. Figure 6 (c) shows the 194 estimated SDFs associated with the four different clusters. Figure 6 (d) presents
the clustering results in the 2D brain map.
[FIGURE 6 about here.]
The results from the last minute of data are presented in Figure 7 . The algorithm converged after 170 iterations, and
̂ matrix for the last minute of data. By
Figure 7 (b) provides the hierarchical clustering result based on the estimated 𝐀
cutting the tree into 𝑘̃ = 4 clusters, we determined that 22, 75, 54, and 43 SDFs should be assigned to the first through
fourth clusters, respectively. Figure 7 (c) shows the functional means of the estimated SDFs in each cluster to illustrate the
difference between the four groups. Figure 7 (d) presents the clustering results in the 2D brain map.
[FIGURE 7 about here.]
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As shown in Figure 6 and Figure 7 , we have the following findings:
(1) For both datasets (first and last minutes), the elbow method suggested using four clusters, and both of the brain maps
provide relatively well-separated, symmetric regions from the clustering results.
(2) All of the brain maps give three regions: the front, middle , and back regions. From the functional mean of each cluster,
we find that the channels in the middle region of the brain have a lower density in the low-frequency band than the front
and back regions.
(3) Both data are associated with the resting state; when we compare the results from the first and last minutes, we find
that there are no significant differences between them, except in the front region where we obtain two clusters in first
minute (Figure 6 (d)), but just one cluster in last minute (Figure 7 (d)).
(4) The most left-front channels in Figure 7 (d) have a different pattern from the other channels.

5

DISCUSSION

A novel approach for collectively estimating multiple SDFs was developed in this paper. By pooling data from different
time series in the frequency domain and using a shared basis to represent the SDFs, the collective estimation approach
is statistically more efficient than non-collective estimation approaches. The proposed method uses the penalized Whittle
likelihood approximation to yield a flexible family of spectral densities. As an output of the new method, each estimated logspectral density is expressed in a basis expansion where the basis is estimated from the data, assuming that the SDFs lie in a
low-dimensional manifold of the large space spanned by a pre-specified rich basis. The collective spectral density estimation
approach is widely applicable when there is a need to estimate multiple SDFs from different populations. Moreover, the
coefficients of the basis expansion for the fitted spectral densities provide a concise, low-dimensional representation that
could be useful for visualization and clustering. Another advantage of the new procedure is that it speeds up the process
by updating the smoothness parameter within the Newton-Raphson iterations and avoids a grid search over the space of the
smoothing parameter, 𝜆, which could be very time consuming.
The proposed model could suffer from some limitations. For example, the Whittle estimates from this model are likely
to be inconsistent for a collection of non-stationary time series. One may consider using adequate data tapers (e.g. Whittle
tapered estimate) 45 , as an extension of NCSDE and a remedy to deal with non-stationary time series. Another direction of
extension is to accommodate the correlation in complex studies where sub-units are nested within units. Potentially a general
framework of functional mixed effects model could be utilized to model the correlation within the sub-unit functions 46 in
the NCSDE. It is also interesting to investigate the impact of using different fixed basis functions (e.g. wavelet), and further
study the effect of varying number of common basis functions (𝐾) on the estimation performance.
A web application that can be used by the research community to reproduce the results in this paper or to estimate SDFs
collectively based on NCSDE for any other related applications is available at “https://ncsde.shinyapps.io/NCSDE.”
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TABLE 1 Comparison based on 100 simulation runs. The mean and standard errors (in parentheses) of the 𝖠𝖱𝖨 and 𝖲𝖨𝖬
are reported.
Measure

𝖠𝖱𝖨

𝖲𝖨𝖬

ts-𝑛-𝑚
ts-100-6
ts-100-15
ts-100-30
ts-200-6
ts-200-15
ts-200-30
ts-400-6
ts-400-15
ts-400-30
ts-100-6
ts-100-15
ts-100-30
ts-200-6
ts-200-15
ts-200-30
ts-400-6
ts-400-15
ts-400-30

Ps
0.665(0.013)
0.586(0.010)
0.628(0.006)
0.669(0.012)
0.644(0.009)
0.658(0.006)
0.709(0.012)
0.670(0.009)
0.691(0.008)
0.695(0.012)
0.544(0.011)
0.574(0.008)
0.706(0.011)
0.606(0.010)
0.601(0.008)
0.732(0.011)
0.643(0.010)
0.643(0.010)

tSVD.Ps(𝐀1 )
0.643(0.012)
0.562(0.005)
0.554(0.003)
0.630(0.010)
0.562(0.005)
0.551(0.003)
0.663(0.012)
0.576(0.005)
0.555(0.002)
0.645(0.013)
0.493(0.007)
0.453(0.005)
0.639(0.010)
0.501(0.007)
0.446(0.005)
0.682(0.012)
0.521(0.008)
0.460(0.005)

NSDE
0.659(0.012)
0.599(0.012)
0.645(0.007)
0.785(0.013)
0.736(0.008)
0.747(0.005)
0.797(0.011)
0.788(0.006)
0.786(0.004)
0.708(0.010)
0.556(0.012)
0.581(0.008)
0.797(0.013)
0.676(0.009)
0.664(0.009)
0.805(0.011)
0.746(0.010)
0.725(0.010)

tSVD.NSDE(𝐀𝑠 )
0.649(0.012)
0.481(0.008)
0.441(0.005)
0.777(0.013)
0.623(0.016)
0.580(0.018)
0.799(0.011)
0.763(0.008)
0.767(0.006)
0.706(0.009)
0.456(0.007)
0.358(0.005)
0.794(0.012)
0.578(0.013)
0.492(0.017)
0.803(0.012)
0.717(0.010)
0.689(0.009)

NCSDE
0.653(0.012)
0.511(0.009)
0.545(0.005)
0.782(0.013)
0.641(0.015)
0.657(0.011)
0.785(0.011)
0.772(0.008)
0.769(0.006)
0.702(0.009)
0.476(0.009)
0.454(0.007)
0.798(0.012)
0.597(0.013)
0.572(0.011)
0.791(0.012)
0.726(0.010)
0.695(0.009)

̂)
NCSDE(𝐀
0.743(0.013)
0.726(0.009)
0.725(0.005)
0.795(0.012)
0.794(0.008)
0.798(0.006)
0.867(0.013)
0.904(0.009)
0.925(0.006)
0.755(0.013)
0.693(0.011)
0.690(0.007)
0.801(0.013)
0.769(0.011)
0.778(0.009)
0.872(0.013)
0.906(0.009)
0.934(0.006)
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TABLE 2 Comparison of four experimental tasks between our proposed method NCSDE and LLR.DLS, LLR.LK, ISD,
GLK based on 𝖠𝖱𝖨, 𝖲𝖨𝖬 and 𝖳𝖨𝖬𝖤.
Experiment
Easy
𝐴−𝐸
Somewhat Hard
𝐴−𝐷
Hard
𝐷−𝐸
Challenging
𝐴−𝐷−𝐸

Measure
𝖠𝖱𝖨
𝖲𝖨𝖬
𝖳𝖨𝖬𝖤(𝗌𝖾𝖼.)
𝖠𝖱𝖨
𝖲𝖨𝖬
𝖳𝖨𝖬𝖤(𝗌𝖾𝖼.)
𝖠𝖱𝖨
𝖲𝖨𝖬
𝖳𝖨𝖬𝖤(𝗌𝖾𝖼.)
𝖠𝖱𝖨
𝖲𝖨𝖬
𝖳𝖨𝖬𝖤(𝗌𝖾𝖼.)

NCSDE
0.98
0.99
52
0.49
0.85
28
0.49
0.85
34
0.37
0.68
99

̂
NCSDE (𝐀)
0.98
0.99
52
0.88
0.97
28
0.85
0.96
34
0.85
0.95
99

LLR.DLS
0.98
0.99
427
0.10
0.62
423
0.05
0.59
495
0.29
0.60
732

LLR.LK
0.88
0.97
30757
0.11
0.63
31235
0.38
0.81
27783
0.36
0.64
42814

ISD
0.98
0.99
30805
0.11
0.63
31257
0.38
0.81
27744
0.36
0.63
42842

GLK
0.36
0.80
15321
0.28
0.75
15437
0.43
0.83
15863
0.25
0.66
23585
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FIGURE 1 For a randomly selected simulation run with 𝑚 = 30 and 𝑛 = 400. (a) The elbow method suggests picking
𝑘̃ = 3 clusters. (b)-(f) Comparison of results from five different estimates of SDFs (S.Ps, tSVD.Ps, NSDE, tSVD.NSDE,
and NCSDE) vs. true SDFs (blue).
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FIGURE 2 Dendrograms from hierarchical clustering. Comparing four different estimates (Ps, tSVD.Ps(𝐀1 ), NSDE, and
̂ for a randomly selected simulation run with 𝑚 = 30 and 𝑛 = 400.
NCSDE(𝐀))
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FIGURE 3 A matrix plot that assesses the relationships among several pairs of scores, 𝐀, in tSVD.NSDE (𝐀𝑠 ) and NCSDE
̂ when clustering a randomly selected simulation run with 𝑚 = 30 and 𝑛 = 400.
(𝐀),
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FIGURE 4 The clustering results from the Epilepsy data, the challenging experiment (𝐴 − 𝐷 − 𝐸). The top left plot (a) is
̂
the result of the elbow method based on the log(𝖲.𝖯𝗌) and the top right plot (b) is the result of matrix plot of the scores (𝐀
matrix). The bottom left plots (c) are the estimated SDFs using the NCSDE method, and the last plot (d) is the result of the
̂ matrix.
hierarchical clustering based on the 𝐀
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FIGURE 5 The locations of the 256 channels on the scalp surface.
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FIGURE 6 The clustering results from the first minute. The top left plot (a) is the result of the elbow method based on the
̂ matrix. The bottom left plots
log(𝖲.𝖯𝗌) and the top right plot (b) is the result of the hierarchical clustering based on the 𝐀
(c) are the estimated SDFs using the NCSDE method, and the last plot (d) is the 2D brain map that illustrates the clustering
results from the first minute of data.
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FIGURE 7 The clustering result from the last minute. The top left plot (a) is the result of the elbow method based on
̂ matrix). The bottom left plot (c) is the
the log(𝖲.𝖯𝗌) and the top right plot (b) is the result of matrix plot of the scores (𝐀
functional mean of the estimated SDFs using the NCSDE method for each cluster, and the last plot (d) is the 2D brain map
that illustrates the clustering results from the last minute of data.

