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Abstract—We carry out a theoretical analysis of the uplink
(UL) of a massive MIMO system with per-user channel correlation and Rician fading, using two processing approaches. Firstly,
we examine the linear-minimum-mean-square-error receiver under training-based imperfect channel estimates. Secondly, we
propose a statistical combining technique that is more suitable
in environments with strong Line-of-Sight (LoS) components. We
derive closed-form asymptotic approximations of the UL spectral
efficiency (SE) attained by each combining scheme in single
and multi-cell settings, as a function of the system parameters.
These expressions are insightful in how different factors such as
LoS propagation conditions and pilot contamination impact the
overall system performance. Furthermore, they are exploited
to determine the optimal number of training symbols which
is shown to be of significant interest at low Rician factors.
The study and numerical results substantiate that stronger LoS
signals lead to better performances, and under such conditions,
the statistical combining entails higher SE gains than the
conventional receiver.
Index Terms—Massive MIMO, correlated Rician fading, imperfect channel estimation, optimal training, LMMSE combining.

I. I NTRODUCTION
Future 5G networks are expected to support substantial
amounts of mobile data traffic and ensure a reliable quality
of service to the end users [1]–[3]. Over the past couple of
years, massive MIMO has been extensively investigated, (see
[1]–[7] and references therein). In general, most of these works
consider Rayleigh fading channels that model scattered signals,
yet do not encompass the possibility of a Line-of-Sight (LoS)
component which is commonly present in practical wireless
propagation scenarios and modeled by Rician-fading. At the
same time, in order to meet the 5G performance demands,
massive MIMO is expected to be omnipresent and thus, all
propagation conditions ought to be examined. This is the case
for indoor applications or small areas operating over mmWave
communications wherein the presence of LoS is conceivable [8].
In fact, active research is being conducted to study the pairing
of massive MIMO systems with mmWave communications to
jointly reap their benefits [9]–[11]. Accordingly, understanding
the performance of massive MIMO systems operating under
LoS conditions is of growing importance and is the focus of
the present work.
The main literature related to this work is represented by [12]–
[26]. The authors in [12] investigate the power scaling laws and
the uplink (UL) rates using zero-forcing (ZF) and maximumratio (MR) combiners, however assuming uncorrelated channels.

In [14], an analytical study of the rates of the downlink
(DL) of a MU-MIMO system assuming ZF beamforming and
uncorrelated Rician fading channels is performed. Conversely,
in [16], the authors use tools from random matrix theory
(RMT) to conduct an asymptotic analysis of the DL of a
spatially correlated MIMO Rician fading model, yet under
the assumption of perfect channel state information at the
base station (BS). A similar large system analysis relying on
some recent RMT results is led in [19]. In this latter, the
authors investigate regularized-ZF and MR-transmit schemes
in the DL of a large-scale MIMO system under uncorrelated
Rician fading system and assuming imperfect channel estimates.
Moreover, in the same line, the authors in [21] use similar tools
to analyze the ergodic UL rates of a massive MIMO system
and determine the optimal fraction of the coherence time used
for channel training in a Rayleigh fading setting. The work in
[25] analyzes transmit and receive LoS-based beamforming
designs which treat the scattered signals as interference in
Rician fading massive MIMO systems. Finally, the work
[26] recently appeared after our submission, and it focuses
on correlated Rician massive MIMO systems using the less
involved MR combining and precoding scheme.
In this paper, we investigate the UL performance of a
massive MIMO system wherein every user is allotted a distinct
channel correlation matrix and Rician factor, and above all,
assuming imperfect CSI, and ultimately, pilot contamination.
Furthermore, we consider two different combining schemes.
The first method consists in the involved Linear-MinimumMean-Square-Error (LMMSE) receiver which we will refer
to as the ‘conventional’ receiver in the sequel. Note that
LMMSE’s performance underlying such an intricate system
model render the analysis comprehensive and unprecedented
as, to the best of our knowledge, it has not been conducted
thus far. As to the second technique, we propose a ‘statistical’
combiner that only utilizes the long-term statistics of the
channels like the Rician factors, spatial correlation matrices,
etc. In essence, this technique is purposely designed for LoSprevailing environments to circumvent training and channel
estimation and associated errors, and exploit the presence of
LoS components in a more efficient manner.
We first consider a single-cell network with the aforementioned
comprehensive channel model, and carry out a theoretical
A part of this paper has been presented at the IEEE ICC18, May 2018,
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analysis of the achievable UL spectral efficiency (SE) for
each receiver. Assuming the large antenna-limit with a fixed
number of users, we harness some rudimentary asymptotic
tools such as the law of large numbers (LLN) and convergence
of quadratic forms [27], to derive closed-form approximations
of the SEs. These approximations provide insights on the
impact of the system parameters such as the training sequence’s
length, the Rician factor as well as the propagation conditions
on the overall performances. Furthermore, we exploit them
to determine the optimal number of training symbols that
maximizes the UL SE whose value is shown to be particularly
crucial at low Rician factors. A relevant outcome of the study
reveals that high Rician factors generate far better performances,
and that in such environments, longer training sequences are
rather counterproductive since they degrade the achievable
SEs. This result, led us to propose the statistical receiver for
systems with strong specular signals. As will be elaborated
later, this scheme is obtained through the maximization of
the corresponding UL SE and proven to outperform the
conventional receiver in LoS-prevailing systems. Note that in
the conference paper [28], we present the preliminary results
of this single-cell setting.
For a more thorough analysis, we extend our study to a
multi-cell system in order to examine the performances of
both combining schemes when they are subject to inter-cell
interference, and especially to pilot contamination. Similarly
to the singe-cell, we derive closed-form approximations of
the achievable SEs under the asymptotic antenna regime.
Accordingly, the impacts of LoS propagation conditions and
pilot-contamination-induced interference are meticulously analyzed for both receivers. Ultimately, the discussion highlights
interesting aspects on the interplay between the Rician factors
and pilot contamination. Additionally, it unveils that in a multicell setup, the proposed combiner outperforms the conventional
one to an even higher extent than it is the case for a single-cell
system. Evidently, numerical results are provided to validate
the accuracy of our analytical findings and better illustrate
the efficiency of both schemes in all settings for finite system
dimensions, albeit computed in the asymptotic regime.
The remainder of the paper is organized as follows. Section
II encompasses the single-cell system starting by the corresponding UL system model, followed by the detection schemes,
and finally the theoretical analysis of the achievable spectral
efficiencies that shed light on some interesting aspects. Then,
pursuing a similar rationale as in Section II, Section III focuses
on the multi-cell systems. After that, Section IV consists of
a selection of numerical results that confirm the theoretical
derivations given in Sections II and III. Finally, conclusions
are drawn in SectionV.

II. P ERFORMANCE A NALYSIS IN A S INGLE -C ELL S ETTING
We consider uplink transmissions of a TDD single-cell
system with K mono-antenna users (UEs) and a BS equipped
with N antennas. Assuming Gaussian codebooks, the vector
of
transmitted data symbols sent by all the UEs is denoted
p pthe
u
x
∼ CN (0, pNu IK ) and therefore, the received signal at
N

the BS writes:

r
y=

pu
Hx + n,
N

(1)

where H = [h1 , . . . , hK ] is the N × K aggregated MIMO
channel matrix from all UEs to the BS and n represents a zeromean additive Gaussian noise with variance σ 2 . Correlated
Rician fading channels are considered such that the channel
between the k−th UE and the BS is modeled as:
r

r
p
1
1
κk
hk = βk
Θk2 zk +
zk ,
(2)
1 + κk
1 + κk
where βk accounts for the large-scale channel fading of
UEk and the second term represents the small-scale fading
channel. This latter consists of the Rayleigh component
zk ∼ CN (0, IN ) to depict scattered or Non-LoS signals and
the deterministic component zk ∈ CN to represent the specular
(LoS) signals. For each UE, the ratio between these components
is depicted by the Rician factor κk . Plus, for each UE k, we
consider a different channel correlation matrix Θk . Throughout
the paper, ∀k, Θk is assumed to be slowly varying compared
to the channel coherence time and thus is supposed to be
perfectly known q
to the BS. Finally, for notational convenience,
βk κk
βk
we let: hk =
zk and Rk = 1+κ
Θk . Therefore,
k
1+κk
hk ∼ CN hk , Rk .
A. Channel Estimation
In practice, prior to processing the received
signal,i the BS
h
b
b K denote
b
estimates the channel matrix H. Let H = h1 , . . . , h
the aggregate matrix of these estimates. In TDD systems, each
UL channel coherence block of length T is split into two phases
starting by training and followed with data transmission. In the
pilot training interval of τ ≥ K symbols, all K UEs broadcast
orthogonal sequences of known pilot symbols with average
power τ pp . It is important to note that in the considered Rician
fading, since the specular components are hardly changing,
it is reasonable to assume that both the LoS component and
Rician factors of all UEs are known to both the transmitter and
receiver. Accordingly, using single-cell LMMSE estimation,
b k of the channel hk is given by [4] :
the estimate h

b k = Rk Φk ytr − hk + hk ,
h
(3)
k

−1
where, Φk = Rk + τ ρ1tr IN
, yktr = hk + √τ1ρtr ntr
k ,
pp
and ρtr = 2 is the SNR corresponding to the training phase.
σ
The higher value τ ρtr takes, the better quality of channel
b → H which
estimation becomes. In fact, as τ ρtr → ∞, H
corresponds to the perfect
CSI scenario. From (3), it can be

b k ∼ CN hk , R̃k , with R̃k = Rk Φk Rk . Plus,
shown that h
Notations: In the sequel, bold upper and lowercase characters refer
to matrices and vectors, respectively. We also use (.)H , tr(.) and
(.)−1 to denote the conjugate transpose, the trace of a matrix and the
inverse operations, respectively. log(.) is the natural logarithm, the
N × N identity matrix is denoted IN , and δj` is the Kronecker delta.
Finally, [A]ij is the element on the i−th row and j−th column of
matrix A and diag {ai }N
i=1 is the N × N diagonal matrix with ai
being its i−th diagonal element.
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considering the orthogonality property of LMMSE estimation,
b
the estimation
error

 ξ k = hk − hk follows the distribution
CN 0, Rk − R̃k .
B. Detection and Achievable Uplink Spectral Efficiency
To process the signal y (1), the BS uses a linear receiver.
In this work, we are interested in the conventional LMMSE
receiver that relies on acquired channel estimates, and propose
a statistical receiver that is mainly based on the long-term
parameters of the system.
1) Conventional LMMSE Receiver: Let gk CN ×1 denote
the conventional combining vector used to process the single
sent by UE k. Under imperfect channel estimation conditions,
gk is defined as [4], [29]:
!−1
K 
 N
X
H
b k . (4)
b
b
gk = HH +
Ri − R̃i + IN
h
ρ
d
i=1
In order to retrieve useful data, the BS generates the signal
r = GH y. As shown in (4), the design of gk leverages the
b thus making the performances sensitive
channel estimates H,
to channel estimation errors. Therefore, the k-th element of r
can be decomposed as:
r
r
K
K
pu X H b
pu X H
gk hi xi +
g ξ xi + gkH nk , (5)
rk =
N
N i=1 k i
i=1

This expression respectively, separates the signal and intracell interference, channel estimation errors, and noise terms.
Additionally, when a pre-training phase of τ symbols is
performed, only a fraction of the total coherence block is used
for useful data transmission. Therefore, denoting ρd = pσu2 , the
UL achievable SE for UE k, in case of channel-estimate based
conventional processing is defined as [30]: 3 :

τ
SEconv,S
= 1−
k
T
"

#
b k |2
|gkH h
E log 1 +
.
K
K
X
X

N
Hb 2
H
2
2
|gk hi | +
|gk ξ i | + kgk k
E
ρd
i=1
i6=k

i=1

(6)
2) Statistical LMMSE Receiver:
 Due to its
 slow varying
pace, the LoS component H = h1 , . . . , hK can be easily
estimated. For example, the BS may estimate the specular
signals in a previous transmission from the UEs, in contrast
to the Rayleigh signals which must be estimated at every T .
In addition, choosing the right number of training symbols,
τ , is paramount to ensure the overall UL performances since
a small τ entails significant estimation errors and a larger τ
suggests less transmitted data. Motivated by these factors,
we propose in this work a statistical receiver denoted gk , that
exclusively exploits the presence of the quasi-deterministic
3 In the sequel, we add the superscripts (.)conv,S , (.)stat,S , (.)conv,M and
(.)stat,M to, respectively, distinguish the relevant quantities corresponding to
conventional combining and statistical combining, in single-cell and multi-cell
schemes.

LoS component H and the long-term parameters of the system,
such as the spatial correlation matrices Rk , the large-scale
fading factors βk , etc. Naturally, using such a receiver enables
to avoid training and channel estimation altogether, thereby
yielding the single-cell UL SE SEstat,S
:
k
SEstat,S
=
k 
E log 1 +



2

|gk hk |
 H PK
H
E gk
h hH − hk hk +
i=1 i i
H

N
ρd IN



gHk

  .
(7)

We propose to design gk through the maximization of a
deterministic equivalent of SEstat,S
in the infinite antenna limit
k
stat,S
which we denote SEk
. Specifically, for k = 1, . . . , K, gk
is defined as:
stat

gk = argmax SEk ,

(P1)

gk

stat,S

s.t SEstat,S
− SEk
k

a.s.

−−−−→ 0.
N →∞

As shall be seen in the next section, on account that gk is
stat,S
deterministic, one should note that SEk
is obtained by
means of quite rudimentary asymptotic tools.
C. Asymptotic Analysis of the Single-Cell Performances
In this section, we carry out a comparative theoretical analysis between the UL performances achieved by the conventional
receiver, gk (4), and the proposed statistical combiner, gk (P1).
The study is conducted under the assumption of imperfect
channel state information, and a distinct Rician factor as
well as channel correlation per user. Ultimately, the objective
is to determine conditions in which the statistical receiver
outperforms the conventional one. Nonetheless, as can be seen
from SEconv,S
(6) and SEstat,S
(7), these expressions involve
k
k
random quantities that are rather compact and do not lend
themselves to simple interpretations nor manipulations. Accordingly, we first derive closed-form asymptotic approximations
of both SEconv,S
and SEstat,S
which we exploit thereafter for
k
k
the comparison. To obtain these approximations, we consider
the large-antenna limit with a fixed number of UEs. This can
be formulated as:
Assumption 1. We assume that K is fixed while N grows
large without bound. We also consider that as N → ∞, ∀k,
the channel correlation matrix has a bounded spectral norm
kΘk k2 . For simplicity, this asymptotic regime will be denoted
by 1)
N Conventional
→ ∞.
Combining in Single-Cell Systems: Define
the matrices:

−1
n
oK
1 H
1
1
Q=
H H + diag tr R̃`
+ IK
, (8)
N
N
ρd
`=1

K
1
1
H
Ti = H
Ri Φi H + diag tr(R̃`
Ri Φi )
,
τ ρtr
τ ρtr
`=1
(9)
and let qk be the k−th column of the matrix Q.
Theorem 1 (Conventional combining in single-cell systems).
conv,S a.s.
Under Assumption 1, we have : SEconv,S
− SEk
−−−−→ 0,
k
N →∞
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conv,S

such that SEk
is given by (10) : (in the top of the next
page).
Proof: A proof is given in Appendix A
We provide in the closed-form expression (10) approximations of all the different terms constituting SEconv,S
. This
k
allows to have some insights on the behavior of these signals
and their impact on the achievable SE. Note nonetheless that
further simplifications can be made in the infinite antenna limit.
For instance, we can
see that as N grows infinitely large and
PK
a.s.
for a fixed K : N12 i=1 qHk Ti qk −−−−→ 0, therefore implying
N →∞
that channel estimation errors vanish in the UL massive MIMO
conv,S
setting. Accordingly, SEk
(10) amounts to:


 


τ
ρd
1
conv,S
log
SEk
= 1−
+O
.
(11)
T
[Q]kk
N
conv,S

Another key point in SEk
(10), is the term
2
PK
1
i=1 ρd [Q]ki , which represents an approximation of

beneficial when the channels are poorly estimated. By the same
token, having reliable CSI becomes of greater importance as
the LoS component weakens. Consequently, good channel
estimates highly impact the performances; however, in Rician
fading channels, it is of utmost relevance to have a receiver
that exploits the presence and strength of the specular signals
in an efficient manner.
2) Optimal Training: Define γk (τ ), such that (11) writes:

conv,S
SEk
= 1 − Tτ log (1 + γk (τ )). We determine in the
next Theorem the optimal value τ ∗ that maximizes the
achievable average SE. The objective is to determine the
optimal number of symbols out of the total coherence symbols
to be dedicated for training, for a fixed power allocation.
Therefore, τ ∗ ≥ K to preserve orthogonality of the pilot
sequences, and evidently, τ ∗ < T . Accordingly, τ ∗ is solution
to the optimization problem:
τ ∗ =argmax

i6=k

intra-cell interference. If Rayleigh fading is considered (i.e.
H = 0N ×K ), this term cancels out. Pursuant to [4], this result
confirms that in the setting N → ∞ while K is fixed, intracell interference due to Rayleigh fading dissipates. However,
as we can see in this paper, in Rician fading, the specular
signals generate intra-cell interference which is embodied by
the inner products between hk and hi , (i, k, 1, . . . , K). In light
of this outcome, one way to eliminate interference is to have
LoS components that are mutually orthogonal between users.
This circumstance can be accomplished under asymptotic
H
a.s.
favorable propagation conditions where, N1 hi hj −−−−→ 0,
N →∞
2 a.s.
PK
i 6= j, therefore yielding i=1 ρ1d [Q]ki −−−−→ 0. Hence,
i6=k

N →∞

with the elimination of interference, we can conclude that for
Rician fading, better performances are achieved in favorable
propagation environments, specifically:
a.s.
1 H
−−−→
N hi hj −
N →∞

Corollary 1 (Favorable Propagation). if
i 6= j, we have:

τ
SEk conv,S = 1 −
T
 
h
i
ρd 
1
log 1 +
tr R̃k + khk k2 + O
.
N
N

0, for

(12)

Furthermore, under the same settings of corollary 1, we
demonstrate in [28], where we compare LMMSE and Matched
Filters (MF), that the UL SE (12) is in fact identical to when MF
is used. Accordingly, we find that in massive MIMO with Rician
fading channels, LMMSE and MF receivers attain comparable
performances only under favorable propagation conditions. This
is, however, different from Rayleigh fading, wherein similar
performances are obtained by the receivers (see [1, Eq.(13)]
and [4, Remark 3.4]). On another note, from the expression
b k (3), it can be shown by a simple
of channel estimates h
eigenvalue decomposition that for low CSI, (i.e. τ ρtr → 0),
tr R̃i → 0, ∀ i. In such a case, we can see from the SE
conv,S
expressions SEk
(11) and (12), that the UL performances
degrade with the deterioration of the CSI quality, and SEconv,S
k
will be mainly determined by the specular signals. Accordingly,
we can state that the strength of the LoS component is peculiarly

τ

K
1 X conv,S
SEk
,
K

(P2)

k=1

s.t. K ≤ τ < T.
Theorem 2 (Optimal training). Under imperfect channel
estimates, the optimal training length is given by :
• If:

K 
γk0 (K)
1 X
(T − K)
− log (1 + γk (K)) ≤ 0,
K
1 + γk (K)
k=1
(13)
then τ ∗ = K.
∗
• Otherwise: τ is the solution to the fixed point equation:
PK
1
k=1 log (1 + γk (τ ))
∗
K
τ =T −
,
(14)
PK
γ 0 (τ )
1
K

k

k=1 1+γk (τ )

where γk0 (τ ) is the derivative of γk (τ ) with respect to τ .
Proof: A proof of Theorem 2 is given in Appendix B.
conv,S
Note that the derivation of τ ∗ relies on SEk
considering
its explicit form relatively to the intractable alternative,
SEconv,S
. The results of Theorem 2 will be validated by
k
simulations. Nevertheless, they can be exploited to get some
insights on the behavioural tendencies of the choice of τ and
the overall uplink performances. For instance, an interesting
direction is the impact of the Rician factor κ on the choice of
τ . In order to investigate this point, we consider the following
case study.
Case study: Let us examine the case where if K is kept
H
a.s.
βk κk
fixed and N grows without bound: N1 hi hj −−−−→ 1+κ
δij ,
k
N →∞
where δij is the Kronecker delta. Additionally, let ∀k : Rk =
βk
1+κk IN , βk = β and κk = κ. Thus, according to corollary 1:
!
βρd
1
γ (τ ) =
+κ .
(15)
1 + κ 1 + κ + τ ρ1tr
•

a) Low Rician factor: consider small values of κ
At a low SNR level ( ρd approaches 0), the solution (14)
can be rewritten as :
lim τ ∗ =

κ→0
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SEk conv,S


τ
log 
= 1−
1 + PK
T

1−



1
i=1 ρd
i6=k



(1 + βρtr τ ) 1 + βρtr τ + β 2 ρtr τ ρd log 1 +
T−

β2ρ

2

β 2 ρtr τ
1+βρtr τ



t ρd

(16)

Using Taylor’s expansion in the low SNR regime yields:
√


−1 + 1 + βρtr T
lim τ ∗ = max K,
.
(17)
κ→0
βρtr
b) High Rician factor: For high values of the Rician
factor, κ,thus leading to γ 0 (K) = 0, and therefore, (13) is
always verified, hence :
lim τ ∗ = K.

κ→∞

+

[Q]ki

(18)

This case study sheds some light on how the optimal number of
training symbols depends on the large-scale fading parameters,
the number of users, the UL SNR and the coherence interval.
The first example represents the case wherein the Rayleigh
fading is governing at poor SNR levels. As can be seen
from (17), τ ∗ depends on the system parameters and on
the available SNR during training, ρtr . For instance,
if this

latter is also low, (17) yields limκ→0 τ ∗ = max K, T2 . This
result implies that in a network setting where T > 2K, to
ensure the best performances, half of the total transmitted
symbols should be dedicated to training and the other half
to useful data. Conversely, if more users are considered such
that T ≤ 2K, then, the optimal number of training symbols
should not go beyond the imposed minimum, K. In the
second example, as the Rician factor takes higher values, we
find that τ ∗ always approaches K (18). Consequently, in such
circumstances, there is no need to perform any optimization
since the optimal number of training symbols is limited to
the minimum possible value to ensure pilot orthogonality,
namely K. More importantly, we deduce that above a certain
κ, investing in more training samples is not optimal in terms
of spectral efficiency as it will have a minor impact on the
achievable UL SE. In fact, it might even induce performance
losses when τ  K, as shall be illustrated in simulations.
This result motivates us to analyse, in the next section, the
potential outcomes of employing the statistical receiver gk
(P1) in LoS-prevailing environments.
3) Statistical Combining in Single-Cell Systems: As previously mentioned, the objective of having a statistical receiver
is to eliminate both training and channel estimation and to
exploit the presence of the Rician component efficiently. To
this end, the proposed combining vector gk is obtained through
the maximization of a deterministic approximation of the UL
spectral efficiency SEstat,S
(7), as depicted in (P1). Taking into
k
account that gk is deterministic itself, a direct application of
the convergence of quadratic forms lemma [27] and continuous
mapping Theorem [31], yields:

.

1
N2

1
ρd



2

[Q]kk

PK

1
ρd

qH T q +
i=1 k i k



[Q]kk −

1
ρd

[Q2 ]kk



.

(10)

Theorem 3 (Statistical combining in single-cell systems).
stat,S a.s.
Under Assumption 1, SEstat,S
− SEk
−−−−→ 0, with:
k
N →∞

stat,S
SEk

=



log 1 +

gHk
H

gk



1
N

PK
i=1



H

hk hk
N

Ri +





gk

H
1
N Hk Hk

+

1
ρd IN



gk


,
(19)

where Hk is obtained by removing the k−th column from the
LoS-channels matrix H.
Using the expression (19), we can now derive gk by solving
the SE optimization problem (P1). Note that the problem (P1)
is the sum of decoupled positive and increasing functions,
therefore, a sufficient condition to solve it is to find ∀ k,
k = 1, . . . , K, gk that satisfies:


H
hk hk
H
gk
gk
N
 P
 .
gk = argmax
H
K
gk
gHk N1 i=1 Ri + N1 Hk Hk + ρ1d IN gk
(P1’)
It can be seen that (P1’) is equivalent to Rayleigh quotient
and thus admits the solution:
!−1
K
X
N
H
gk =
Ri + Hk Hk + IN
hk
(20)
ρd
i=1

Consequently, under assumption 1,
SEk stat,S =


 
1 H 1
1
1
H
−1
.
log 1 + hk ( Hk Hk + IN ) hk + O
N
N
ρd
N
(21)
Furthermore, under favorable propagation conditions:
 


ρd
1
stat,S
SEk
= log 1 + khk k2 + O
.
N
N

(22)

As can be seen from (21)-(22), the UL performances generated
by gk are mainly determined by the level of the specular
component. That is, the proposed statistical processing is
essentially beneficial in LoS-prevailing environments, thereby
requiring a certain level of κ.
4) Comparative Analysis (Case Study): As concluded above
and will be illustrated in simulations, the statistical processing
is convenient when the specular component is dominant over
the scattered signals. For this reason, we aspire here to
find a condition on the Rician factor κk under which the
proposed statistical processing outperforms the conventional
processing. We examine a simple network setting where:
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a.s.
1 H
−−−→ βi κi δij ,
N hi hj −
N →∞ 1+κi

where δij is the Kronecker delta.
Specifically, we determine κk , ∀k, s.t.:

ρd βk κk
log (1+
1 + κk




1
τ
βk κk
log 1 + ρd
≥ 1−
tr R̃k +
T
N
1 + κk
(P3)
Result: Taking into account that τ ∈ [K, T ),
a.s.
1 H
i κi
h
h
−−−→ beta
N i j−
1+κi δij and under Assumption 1, it can
N →∞
be shown that the statistical processing outperforms the
conventional channel-estimate based processing, if κk verifies
the sufficient condition4 :
tr Θk T − K
κk ≥
.
(23)
N
K
Proof: A proof is given in Appendix C.
Furthermore, if the correlation matrix Θk follows the widely
used one-ring model [32] (introduced in the next section (35))
or the exponential correlation model [33], then N1 tr Θk = 1,
∀k, therefore, (23) writes : κk ≥ T −K
K . These inequalities
provide a lower bound on a sufficient Rician factor above
which the statistical combing is more profitable than the
conventional receiver. This bound is a function of the systems
parameters, including the coherence length and the number
of users. Moreover, as can be seen, for a fixed T , T −K
is a
K
decreasing function of K. As a result, the higher is the number
of users, the smaller is the required κk to enable the use of
the proposed statistical receiver with better UL performance
and as such, avoid training along with channel estimation and
its associated errors.
III. P ERFORMANCE A NALYSIS IN A M ULTI - CELL SCENARIO
In this section, we extend our analysis of both conventional
and statistical combining schemes to a multi-cell scenario. The
objective is to examine the impact of inter-cell interference
and pilot contamination on the overall performance of such
systems. Therefore, we consider a multi-cell network with
L cells having each K single-antenna users communicating
with an N −antennas BS. In this line, we follow the same
notations as in the single-cell scenario, except that we add a
triple sub-script indication to differentiate the receiving BS
from the cell where the UE is located. For example, hj`k
represents the channel linking the k−th UE in cell ` to BSj .
Plus, Rj`k refers to the correlation matrix of channel hj`k ,
etc. Accordingly, the received signal at BSj is given by :
L

and the BSs in other cells, that would likely include scatterers
and thus significantly reduce the possibility of a Line-of-Sight
transmission. Specifically, the channel linking BSj to UE k
located in cell ` is modeled as:
s
!
r
p
1
1
κ
jk
hj`k = βj`k
zjk ,
Θ 2 zj`k + δj`
1 + κjk j`k
1 + κjk
(25)
where δj` is the Kronecker delta, and βj`k accounts for the
large-scale fading. Finally, to simplify the presentation of the
β
results, let Rj`k = 1+κj`k
Θj`k , and the aggregate matrix of
jk δj`


the LoS components
in cell j denoted Hj = hj1 hj2 . . . hjK ,
q
with hjk =

βjjk κjk
1+κjk

zjk .

A. Conventional combining in Multi-Cell Systems
Similarly to the single-cell scenario, to design the conventional receiver, we consider a pre-training phase of τ symbols in
each cell. On the other hand, to account for pilot contamination,
we assume that the same set of pilot sequences is reused in
every cell. More specifically, the same pilot is assigned to every
k-th UE in each cell, and as such ∀(j, k), the estimates of the
channels hj1k , hj2k , . . . , hjLk , will be correlated. Accordingly,
using the MMSE estimation, the estimate of hjjk is given by
[29]:
!
L
X
1
tr
b
hjjk = Rjjk Φjk
hj`0 k + √
n
+ δj` hjk , (26)
τ ρtr jk
0
` =1

−1
L
1
b jjk
where Φjk =
. Therefore, h
`0 =1 Rj`0 k + τ ρtr IN


∼ CN hjk , R̃jjk , with R̃jjk = Rjjk Φjk Rjjk . Plus, the
b jjk , follows the distribution
estimation error
−h
 ξ jjk = hjjk 
ξ jjk ∼ CN 0, Rjjk − R̃jjk . Let gjk ∈ CN ×1 denote the
conventional combining vector that BSj uses to process the
signal sent by its UE k. This vector is given by [4]:
!−1
K
X
N
H
b jji h
b + Aj + IN
b jjk .
gjk =
h
h
(27)
jji
ρd
i=1
P

where Aj ∈ CN ×N is an arbitrary hermitian positive semidefinite design parameter. For instance, it could contain the
covariances of estimation errors and inter-cell
Pinterference
K
as in [4]. Therefore, we shall put: Aj =
i=1 (Rjji −
PL PK
R̃jji ) + `=1 i=1 Rj`i . Accordingly, the achievable SE
`6=j

corresponding to this transmission, SEconv,M
, is defined as in
jk
(28) (in the top of the next page).

K

√ XX
p
hj`i x`i + nj ,

(24)

Theorem 4 (Conventional combining in multi-cell systems).
conv,M a.s.
Under Assumption 1, we have : SEconv,M
−SEjk
−−−−→ 0,
jk

where nj represents a zero-mean additive Gaussian noise with
variance σ 2 IN . Plus, we consider correlated Rician fading for
intra-cell or local channels and correlated Rayleigh fading for
channels from other cells. This is a reasonable setting for
inter-cell channels, owing to the longer distances between UEs

such that SEjk
is given in (29) (top of next page), with

−1
n
oK
H
Qj = N1 Hj Hj + diag N1 tr(R̃jji )
, and
+ ρ1d IK

yj =

`=1 i=1

4 As shown in proof, for mathematical convenience, we consider a higher
bound than it is necessary.

N →∞

conv,M

i=1

qj,k is the k − th column of matrix Qj .
Proof: The proof is given in Appendix D
conv,M
As can be seen from the SE approximation SEjk
(29),
the achievable UL SE in the multi-cell setting has an analogous
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conv,M
SEjk

conv,M
SEjk

 
H b
|gjk
hjjk |2
τ  
P
E log 1 + h
= 1−
H
T
H
H
E gjk
(`,i)6=(j,k) hj`i hj`i + ξ jk ξ jk +





"
τ
= 1−
log 1 + P
T
K


1
i=1 ρd
i6=k



Qj


ki

1
ρd IN

  2
1 − ρ1d Qj kk
h 2i
2
PL PK
) + `=1 i=1
+ ρ1d ([Qj ]kk − ρ1d Qj
kk

`6=j



bj
gjk H

i  .

(28)

#
1
N [Qj ]ki

tr(Rj`i Φji Rjji )

2

.

(29)

expression to the single-cell scenario (10), apart from the intercell interference represented by the last term of the denominator
conv,M
of SEjk
(29). As a result, most conclusions provided in
Theorem 1 (conventional combining in multi-cell systems) hold
true in the multi-cell setup, including the cancellation of the
estimation errors as N grows large without bound. In addition,
intra-cell interference is also generated by the inner products
between the LoS components, and as such, dissipates under
favorable propagation conditions.
We now move on to investigating the effect of inter-cell
interference on this combining approach. In this line, by
conv,M
expanding the inter-cell interference approximation, SEjk
writes as in (30) (top of next page). Expression (30) separates
the pilot contamination induced interference from the remaining
inter-cell interference, which we refer to as “uncorrelated”
interference. Clearly, inter-cell interference limits the overall
performances even at the infinite-antenna limit. Nevertheless,
note that its impact can be alleviated through the mitigation
of the uncorrelated interference by observing that this latter is
eliminated when Qj becomes diagonal. In fact, this is achieved
in favorable propagation conditions, wherein the performances
will attain:
Corollary 2 (Favorable propagation in multi-cell). if
a.s.
1 H
−−−→ 0, for i 6= k, we have:
N hji hjk −
N →∞

SEconv,M
jk

τ
= 1−
log 1+
T

2
ρd
2
N (tr R̃jjk + khjk k )


ρd
N (tr R̃jjk

+ khjk

k2 )

L 
X
ρd

effects of pilot contamination which is known to be a limiting
performance factor in massive MIMO systems [1], [4].
Proof: The proof is given in Appendix E
B. Statistical Combining in Multi-Cell Systems
In this section, we propose to investigate whether the
statistical receiver defined in the single-cell scenario can
still be beneficial in a multi-cell system with LoS-prevailing
transmissions. In other words, we are interested in investigating
the resilience of this combining scheme when it is subject to
inter-cell interference. In this line, let gjk indicate the statistical
combining vector associated with the communication between
UE k and its BS j, defined as:
!−1
K
X
N
H
gjk =
Rjji + Hj,/k Hj,/k + IN
hjk , (32)
ρd
i=1

where Hj,/k is matrix Hj without the k−th column. Furthermore, since utilizing this receiver allows to circumvent training
and estimation, the corresponding UL SE attains:
"
SEstat,M
= E log 1+
jk
!#

|gHjk hjk |2
 
PK PK
H
h hH − hjk hjk +
E gHjk
`=1
i=1 j`i j`i

N
ρd IN





.

H

gjk
(33)

!
.

2
+
tr(Rj`k Φjk Rjjk )
N
{z
}
`6=j |
induced by pilot contamination

(31)
Another important outcome from Theorem 4 and corollary
2 lies in the interplay between the interference emanating from
pilot-contamination
PL and the LoS signals. In fact, consider the
quantity N1 tr( `6=j Rj`k Φjk Rjjk ) in (30) and (31) which
represents this type of correlated interference. As shown in
the following proof, this term is a decreasing function of the
Rician factor κjk . Actually, in the limiting case κjk → ∞,
PL
we have N1 tr( `6=j Rj`k Φjk Rjjk ) → 0. Consequently, we
can state that in such multi-cell systems, another advantage
of having stronger LoS components is to reduce the adverse

Next, we provide an asymptotic approximation of the achievable SE generated by gjk . This constitutes the last main result
of this work.
Theorem 5 (Statistical combining in multi-cell systems).
stat,M a.s.
Under Assumption 1, SEstat,M
− SEjk
−−−−→ 0, with
jk
N →∞
"
#

−1
N
H
H
stat,M
SEjk
= log 1 + hjk Hj,/k Hj,/k + IN
hjk ,
ρd
(34)
Proof: Under assumption 1, since gjk is deterministic,
a direct application of the convergence of quadratic forms
lemma [27] and the continuous mapping Theorem [31] yields
stat,M
SEjk
.
First of all, we emphasize once again that the receiver,
gjk , is purposely designed for environments with strong LoS
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conv,M
SEjk

τ
= 1−
log 1 +
T


2

ρd
−1
[Qj ]kk

!

 . (30)
X ρd
X ρd [Qj ]ki
ρd
2
2
| tr(Rj`k Φjk Rjjk )| +
−1+
|
tr(Rj`i Φji Rjji )|
N
[Qj ]kk
{z
} i6=k N [Qj ]kk
`6=j |
{z
}
|
induced by pilot contamination

components. Second, in such environments, comparing the
stat,M
above multi-cell SE SEjk
(34) with the single-cell one
stat,S
SEk
(21), reveals that employing the statistical combining
scheme entails a similar asymptotic performance gain for both
stat,M
stat,S a.s.
network settings, i.e., SEjk
− SEk
−−−−→ 0. Therefore,
N →∞
we can conclude that, for LoS-prevailing communications, intercell interference can be mitigated through the use of gjk and as
such, does not constitute a limitation of the achievable capacity
when this processing approach is employed. This outcome is
explained by the fact that the underlying premise behind the
statistical receiver is to bypass training and thereby, prevent
pilot-contamination and its ensuing undesirable effects. It is also
important to note that this desirable feature comes in contrast
to conventional combining, whose UL SE remains limited by
pilot-contamination-induced interference, as previously shown
conv,M
conv,S
in expressions (30)-(31), i.e., SEjk
≤ SEk
.

UL Spectral efficiency [bits/s/Hz/user]

uncorrelated interference

κmax = 10
κmax = 4

2

κmax = 0.5
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(a)

120

In this section, we carry out MonteCarlo simulations
over 1000 channel realizations to validate, for finite system
dimensions, the asymptotic results for both single-cell and
mutli-cell settings, given in Sections II and III.

100

A. Single-cell scenario

where λ denotes the signal’s wavelength and auv is the distance
between receive antennas u and v. We also choose aλuv =
0.5|u − v|, θk,min = −π and θk,max = θk − π.
We first illustrate the effects of the LoS presence and the
length of the training sequence on the performances when
using the conventional combining to, ultimately, validate the

τ = τ∗
τ =K
Arbitrary τ
Asymptotic

κmax = 0

IV. N UMERICAL R ESULTS

80

τ∗

For this scenario, we consider a single-cell massive MIMO
having one BS with N = 150 antennas, K = 20 users, and
a coherence length Tc = 500 symbols. The inner cell-radius
is 150m and the users are uniformly distributed around the
BS at an arrival angle θk . Furthermore, the pathloss is given
βk = x1α , where xk is the distance between UE k and the
k
BS and α = 2.5. The specular component zk follows the
model [zk ]n = e−j(n−1)π sin(θk ) . Moreover, to ensure distinct
Rician factors among the users, we assume throughout all the
simulations that ∀k, κk ∼ U [0, κmax ]. As a result, varying
κmax yields specular signals with different levels of strength
which ultimately enables to epitomize both NLoS and LoS
prevailing environments. Finally, the elements of the correlation
matrix Θk of channel hk are given by the one ring model
[32]:
Z θk,max
2π
1
[Θk ]uv =
ej λ auv cos(θ) dθ, (35)
θk,max − θk,min θk,min

3

60

40

20
−5

κmax = 0
κmax = 0.5
κmax = 4
κmax = 10

0

5

10
SNR (dB)

15

20

25

(b)

Fig. 1: Single-cell setting: (a) Impact of τ on the UL SE using
conventional combining (4), for different levels of Rician factor, s.t.
κk ∼ U(0, κmax ). (b) Optimal number of training symbols τ ∗ (14)
for different levels of κk .

conclusions of Theorems 1 and 2. To this end, we plot in
Fig.1a the achievable SE SEconv,S
(6) for different levels of
k
the Rician factors, including, κmax = 0 (corresponding to
Rayleigh fading), 0.5, 4 and 10. Moreover, to manifest the
importance of the number of training symbols, we represent in
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Overall, as expected, the LoS has a beneficial impact since
increasing the Rician factor enables higher SEs, for any value
of τ . As to this latter, it can be seen that the best performances
are clearly obtained when the optimal number of symbols given
in Theorem 2 (i.e. τ = τ ∗ ) is considered (Fig.1a, diamondmarked curves). Furthermore, note that the gap between the
settings τ = τ ∗ and τ = K is particularly noteworthy at
small values of Rician factors, (Fig.1a, κmax = 0 and 0.5, i.e
0 ≤ κk ≤ 0.5, ∀k). However, this difference in performance
becomes less significant as κk takes higher values (Fig.1a,
curves κmax = 4 and 10, i.e. 0 ≤ κk ≤ 10). These simulation
results confirm that as κ takes higher values, τ ∗ → K as also
displayed in Fig.1b. Indeed, Fig.1b clearly asserts that, for
small Rician factors (κmax = 0 and 0.5), τ ∗ takes increasingly
higher levels with the increase of the SNR. Conversly, τ ∗ → K
when κmax = 10. Evidently, since τ ∗ → K for these scenarios,
the SEs corresponding to τ = K and τ = τ ∗ are almost
identical (Fig.1a, overlapping diamond and circle-marked
curves); whereas, interestingly, for τ > K (represented by
the square-marked curve), we observe a decrease in the SE.
Consequently, the plots in Fig.1a and Fig.1b validate the
conclusions of Section II-C and the case study indicating
the importance of assigning the optimal number of training
symbols to attain the best performance. Additionally, as another
important result, these simulations manifest that above a
certain level of κmax , i.e. as the LoS get stronger, investing in
longer training sequences to enhance the spectral efficiency is
actually counterproductive. This interesting outcome inspired
the proposed statistical combining that is a more opportune
approach in such environments, as was previously demonstrated
in Section II, and is illustrated in what follows.
Under the aforementioned network setting and for different
values of κ, we compare in Fig.2 the UL SE SEstat,S
(7)
k
achieved using the statistical receiver with the one attained
by the conventional technique SEconv,S
(6) assuming optimal
k
training, i.e. τ = τ ∗ . Plus, we represent ordinary and favorable
propagation conditions in Fig.2a and Fig.2b, respectively. First,
comparing Fig.2a with Fig.2b reveals that favorable propagation
enable better performances for both combining techniques.
This consequence, as explained in Theorem 1, is due to the
cancellation of LoS induced intra-cell interference when the
specular signals are mutually orthogonal. Second, as can be
seen in both propagation conditions, conventional LMMSE
is more beneficial than the statistical combiner at low ranges
of the Rician factor, (Fig.2, κmax = 0.5). Nonetheless, as
the LoS component becomes stronger, SEstat,S
progressively
k
approaches SEconv,S
,
up
to
generating
exceeding
gains starting
k
at κmax = 4 in ordinary conditions, and κmax = 1.5 in
favorable propagation. This consequence can be justified by the
stat,S
expression SEk
that clearly demonstrates that the statistical
receiver’s performance is mainly determined by the strength

κmax = 10
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κmax = 4
2
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(a) Ordinary propagation

5
UL Spectral efficiency [bits/s/Hz/user]

the same figure SEconv,S
with different values of τ , namely:
k
the minimum K, the optimal τ ∗ (14), and another arbitrary
value (6= τ ∗ nor K). Solid and dotted lines represent empirical
and asymptotic SEs, respectively. In addition, for each scenario,
we plot in Fig.1b the obtained optimal values τ ∗ (13)-(14)
with respect to the SNR for the various levels of κmax .

UL Spectral Efficiency [bits/s/Hz/user]

9
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Fig. 2: Single-cell setting: UL SE using conventional combining (4)
with optimal training τ ∗ and statistical combining (20) for different
levels of κ, with (a) ordinary and (b) favorable propagation conditions.

of the LoS components. Therefore, these results confirm our
single-cell analysis by substantiating the existence of a κ above
which the statistical processing outperforms the conventional
one. In the same line, this threshold value is fairly lower
in favorable propagation compared to ordinary propagation
environments. It is also important to note that they extend
the outcome in Section II-C4 to a more realistic scenario
that accounts for different per-user correlations and Rician
factors. Finally, Fig.1 and Fig.2 validate, for finite system
dimensions, the accuracy of the asymptotic approximations
derived in Theorems 1, 2 and 3.
B. Multi-cell scenario
For the multi-cell scenario, we consider L = 3 adjacent
cells having the same parameters as defined in the single-cell
section. Besides, for each cell, we consider cell-edge users as
shown in Fig.3. Deploying the users in such a configuration
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generates high levels of inter-cell interference, and the close
angles of arrival ensures considerable intra-LoS interference.
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Fig. 3: Multi-cell network setup with L=3 cells and K=20
cell-edge users.

UL Spectral efficiency [bits/s/Hz/user]

5

We illustrate in Fig.4 the achievable SEs for both statistical
and conventional combining schemes considering pilot contamination and correlated Rician fading. Fig.4a and Fig.4b
account for ordinary and favorable propagation conditions,
respectively. In accordance with the discussion in section
III, these figures confirm that the multi-cell UL spectral
efficiencies follow the same pattern as those observed for
a single-cell system. That is, firstly, higher Rician factors
entail increasingly better performances. Secondly, favorable
propagation conditions further enhance the SE, due to the
cancellation of the uncorrelated inter-cell interference for the
conventional combining, and the intra-LoS interference for
both receivers, as analytically demonstrated in Theorems 4
and 5.
Next, to highlight the impact of inter-cell interference on
the performance of the receivers, we consider cell 1 from
the network setup in Fig.3 as a cell of interest, and propose
to compare its achievable UL SE in the cases where it is
deployed:
(1) in the multi-cell setting of Fig.3,
(2) in a single-cell setting having the same system and channel
parameters as in (1).
Accordingly, we represent in Fig.5 the SEs corresponding to
these cases for different levels of κmax . Dashed and solid lines
(and arrows) correspond to cases (1) and (2), respectively. As
indicated for κmax = 2, in the multi-cell setting, the statistical
combining achieves a 33% SE gain over the conventional one;
whereas in the single-cell case, the observed increase is by 8%
only. As for smaller Rician factors (i.e., κmax = 1), we can see
that in the multi-cell plot, the statistical receiver outperforms
the conventional one for a lower SNR (starting 17 dB) than
it is the case for the single-cell scheme, wherein this is only
achieved for SNRs above 25dB. Consequently, Fig.5 validates
that, in the infinite antenna-limit, compared to conventional
combining, employing the statistical receiver works even better
in a multi-cell network. As demonstrated in SectionIII, this
is explained by the fact that since it mitigates the inter-cell
interference, this processing technique actually engenders a

4
κmax = 10

κmax = 1.5

3
κmax = 0.5

2

1

Statistical combining
Conventional combining
Asymptotic
0

10

20

30

SNR (dB)
(b) Favorable propagation

Fig. 4: Multi-Cell setting: UL SE using multi-cell conventional
combining (27) with τ = K and statistical processing (32) with
different levels of Rician factor, in (a) ordinary and (b) favorable
propagation conditions.

similar multi-cell SE, SEstat,M , to when used in a single-cell
system, SEstat,S
. To summarize, Fig.5 asserts that for the
k
stat,S
stat,M a.s.
same cell j: SEk
− SEjk
−−−−→ 0, whereas, due to
conv,S

N →∞
conv,M

pilot contamination, SEk
≥ SEjk
. Nonetheless, note
stat,S
that the gap observed in Fig.5 between SEk
and SEstat,S
is
k
due to the finite system dimension considered in the simulations
which will be reduced as N grows larger.
V. C ONCLUSION
We studied in this work the UL performances of single
and multi-cell massive MIMO systems underlying spatially
correlated Rician channels, with the assumption of imperfect
channel estimates. Considering the large-antenna limit, we
derived closed-form approximations of the spectral efficiencies
achieved by the LMMSE conventional receiver and proposed a
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1−
8%
33%

κmax = 3
SEstat,S > SEconv,S

κmax = 1

3

2

.

(36)

Accordingly, SEconv,S
in (6) can be rewritten as (37): (top
k
of next page). In fact, putting the spectral efficiency SEconv,S
k
in this form (37) facilitates the derivation of the deterministic
equivalent of this latter since we can simply use the LLN as
follows:
• Under
assumption
h
i
h 1, the
i LLN allows us to put
1
1
bHh
b j −−a.s.
b HH
b
H
−
E
h
−−→ 0.
i
N
N
ij

SEstat,M
> SEconv,M
1
1

2

1
[Q̃]kk
ρd

N →∞

Therefore, under Assumption 1, using the continuous
mapping theorem [31], we have :

1

a.s.

[Q̃]ij − [Q]ij −−−−→ 0,

(38)

N →∞
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Fig. 5: UL SEs of conventional and statistical combining in both
single-cell (L = 1) and multi-cell (L = 3) settings, for different
levels of Rician factor, and K = 20 cell-edge users. Solid and dashed
lines (and arrows) correspond to the single-cell and multi-cell cases,
respectively. Dotted lines represent the asymptotic approximations
given in Theorems 1 - 5.

novel statistical combining scheme. For the former, the approximations were exploited to determine an explicit expression of
the optimal number of training symbols which was shown to be
particularly important for small Rician factors. Conversely, the
study reveals that, in LoS-prevailing environments, investing in
longer training sequences to enhance the SE is ineffective. This
result, led us to propose the statistical receiver that is more
beneficial for systems with strong LoS components. The multicell analysis unveiled that conventional processing is limited
by pilot contamination, even under favorable propagation; yet,
it demonstrated that stronger LoS signals reduce this correlated
interference. On another note, the asymptotic derivations
indicated that statistical combining allows to mitigate intercell interference, and as such, outperforms the conventional
receiver in a multi-cell system to an even higher extent. Finally,
the approximations given in this work can be applied for
realistic scenarios involving different correlation matrix models,
Rician factors, CSI errors. In essence, they provide a general
framework that can be harnessed to perform further analysis
of similar networks.
A PPENDIX A
P ROOF OF T HEOREM 1
We demonstrate in this section the results of Theorem 1.
As the derivations rely most often on the same arguments,
we mention the pertinent steps to derive the asymptotic
−1
b H ZH
b + 1 IK
approximation (10). First, define Q̃ = N1 H
,
ρd


ρd PK
−1
with Z = N i=1 Ri − R̃i + IN . Second, using the
Woodbury matrix identity enables to express all the signals
constituting SEconv,S
in terms of the elements of matrix Q̃.
k
b k |2 , can be written as:
For instance, the signal term |gkH h
1 bH
hk
N

−1
K

bH
bH
H
1 X 
1
bk
+
Ri − R̃i +
IN
h
N
N i=1
ρd

2

=

where the matrix Q is given in (8).
Thus, a direct application of (38) with the continuous mapping theorem [31] enables us to find asymptotic approximations
of most of the terms in
h (37).
i 2For instance, for 2the signal
a.s.
1
− 1 − ρ1d [Q]kk −−−−→ 0.
term, we find: 1 − ρd Q̃
N →∞
kk
Likewise, the same steps allow to derive approximations of
the intra-cell interference term andPprocessed noise. As to
K
b H ξ i ξ H Hq̃
b k , we
the estimation error term Ek = N12 i=1 q̃Hk H
i
mainly adopt the same reasoning except for the following
step. Indeed, in order to find a deterministic equivalent for
Ek , we first exploit the orthogonality property of LMMSE
b k and ξ are
channel estimation by observing that ∀{k, i}, h
i
independent. After that, applying the convergence of quadratic
forms lemma [27] yields:

Ek −


K

1 X H
1
H
q
Ri Φi H
k H
2
N i=1
τ ρtr



1
+ diag tr R̃`
Ri Φi
τ ρtr

K
`=1




a.s.
qk −−−−→ 0.
N →∞

(39)

Finally, putting all the above terms together yields the
asymptotic approximation of the spectral efficiency in Theorem
1 and as such, concludes the proof.
A PPENDIX B
P ROOF OF T HEOREM 2
Denote ∂τ F and ∂τ2 F as the first and second derivatives of
any function F (τ ) with respect to τ . To prove the results of
Theorem 2, we use the following approach: First, we show
that ∀τ , ∂τ SEconv is monotonically decreasing and that ∃τ0 ,
such that ∂τ SEconv |τ =τ0 = 0. Therefore, τ0 is unique and
conv
τ0 = argmax SE
. Accordingly, if this step is verified,
τ

considering the constraint in (P2), finding τ ∗ is simply obtained
as:
∗
• If τ0 ≤ K, then τ = K, which is depicted by the first
solution (13).
∗
• On the other hand, if τ0 ∈ [K, T [, then τ = τ0 which is
represented by the solution (14).
Proof that ∀τ , ∂τ SEconv is monotonically decreasing:
To establish this, a sufficient condition is to have: ∀τ ∈ [K, T [,
∂τ2 SEconv,S
< 0. In this line, using (11), we have :
k
conv

∂τ SE

=
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SEconv,S
k

τ

= 1−
log 1 + P
T
K

1−



i=1
i6=k

1
ρd

2

h i
Q̃

+
ki

1
N2


K 
1 X 
τ  γk0 (τ )
1
1−
− log (1 + γk (τ )) , (40)
K
T 1 + γk (τ ) T
k=1

PK

1
ρd

2

h i
Q̃



kk

H b
bH
i=1 q̃k H ξ i ξ i Hq̃k +
H

1
ρd

h i
Q̃
kk

K 
1 X
2 γk0 (τ )
−
K
T 1 + γk (τ )
k=1
2

τ  γk00 (τ ) (1 + γk (τ )) − (γk0 (τ ))
+ 1−
,
2
T
(1 + γk (τ ))

with γk0 (τ ) and γk00 (τ ) given by :
γk0 (τ ) = ρd

qHk D2 qk
2 ,
[Q]kk

γk00 (τ ) = −2ρd

1
α
α α K
and Dα = (−1)
ρtr τ α diag N tr (R` Φ` ) `=1 , with α being an
integer. Note that Dα is a positive semi-definite matrix for
all even values of α, and negative semi-definite otherwise.
With this in mind, from (42), we can see that γk0 (τ ) ≥ 0,
∀τ ∈ [K, T [. Plus, since ∀τ , γk (τ ) is evidently positive, it can
be seen from (41) that γk00 (τ ) ≤ 0, ∀τ ∈ [K, T [ is a sufficient
conv
condition to obtain : ∂τ2 SE
≤ 0. With this in mind, using
H
H
the fact that a aIM − aa is a positive semi-definite matrix,
we can easily show that γk00 (τ ) ≤ 0, ∀τ . This concludes the
proof that ∂τ SEconv is monotonically decreasing with respect
to τ , and validates the results given in Theorem 2.
A PPENDIX C
P ROOF OF C OROLLARY II-C4
For simplicity, note that the index “k” will be dropped in
the sequel. Accordingly, denoting αi the i−th eigenvalue of
Θ, our objective is to find κ such that :
"
!#
N

τ
βρd
1 X
αi 2
1−
log 1 +
+κ
T
1 + κ N i=1 αi + ρ1+κ
tr βτ


κ
.
(P3’)
≤ log 1 + ρd β
1+κ
Since “log” is an increasing function and αi ≥ 0, ∀i, we
α2
consider the upper bound: α + i1+κ ≤ αi , for all positive
values of κ, τ and ρtr . Therefore, (P3’) is satisfied whenever
κ verifies:




τ
βρd
1
1−
log 1 +
tr Θ + κ
T
1+κ N


κ
≤ log 1 + ρd β
. (44)
1+κ

(37)

kk

1
βρd



tr Θ
 T T−τ  .

κ
−1 + 1 + βρd 1+κ

(45)
Next, we use the following result : Let x, α ∈ R, and
consider y(x), a positive increasing function of all x ≥ 0 with
y(0) = 0. If α > 1, the following inequality holds:
α


qHk D2 Q [Q]kk − qk qHk D2 qk − [Q]kk qH D3 qk
,
3
[Q]kk
(43)

τ ρtr


i .

(1 + y(x)) ≥ (1 + αy(x)) ,
(42)

i

Q̃2

1
N

κ
− κ+1
+

(41)

h

Applying “ exp ” on both sides of (44) yields the lower bound
κ ≥ f (κ), with:
f (κ) = −1 +

∂τ2 SEconv =

−

1
ρd

(46)

Remark. This result can be proved by showing that the function
α
g(x) = (1 + y(x)) − (1 + αy(x)) verifies, ∀x ≥ 0: g(0) = 0
0
and g (x) ≥ 0, thus yielding: g(x) ≥ 0, ∀x ≥ 0.
Accordingly, applying (46) on (45) allows us to obtain the
following condition on κ:
tr Θ (T − τ ) (1 + κ)
.
N
τκ
This latter admits the solution: κ ≥ trNΘ T −τ
τ . Finally, since the
function T −τ
is
decreasing
in
τ
,
plus
the
fact that τ ∈ [K, T ),
τ
we can simply consider the lower bound given in (23), therefore
concluding the proof.
κ ≥ −1 +

A PPENDIX D
P ROOF OF T HEOREM 4
The same steps and arguments given in appendix A can
conv,M
be used to find the asymptotic approximation SEjk
in Theorem 4, and are thus omitted due to space limitations. Nevertheless, the main difference lies in the intercell interference term, where it is imperative to take into
account the correlation between the estimates and the interfering
channels
that share the same pilot, s.t, ∀` 6= j :
i
h
1
b j`i − 1 tr(Rj`i Φjk Rjji )−−a.s.
bH h
E
h
−−→ 0.
jji
N
N
N →∞

A PPENDIX E
P ROOF THAT PILOT CONTAMINATION IS DECREASING WITH
RESPEST TO κjk
First we need the following preliminary results.
Lemma 1. [34] For any positive semi-definite (PSD) N × N
matrices A and B, the matrices ABA, BAB and A + B are
positive semi-definite, and tr (AB) ≥ 0. Plus, if AB = BA,
then AB is also PSD. Finally, if A is positive definite (PD),
then A−1 is also PD.
PL
Second, let = N1 tr( `6=j Rj`k Φjk Rjjk ). A straightforward
differentiation of f (κjk ) yields:


L
X
−1
1
f 0 (κjk ) =
tr  Rj`k Φjk (Rjjk − R̃jjk ) .
1 + κjk N
`6=j

(47)
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Accordingly,
we prove in what follows that
P
L
tr
R
Φ
≥ 0 which eventually
`6=j j`k jk (Rjjk − R̃jjk )
0
leads to f (κjk ) ≤ 0. In this line, we assume that the
correlation matrix Rjjk , is positive definite. That is, we
add the ‘perturbation’ IN ,  > 0 as follows. Denote Rjjk

−1
P
.
= Rjjk +IN , and Φjk = Rjjk + `6=j Rj`k + ρ1tr IN
Therefore,
under
this
assumption,
let
g(κ
,
)
=
jk
P

L
tr
R
Φ
(R
−
R
Φ
R
)
.
Note
that
j`k
jk
jjk
jjk jk jjk
`6=j
P

L
g(κjk , 0) = tr
`6=j Rj`k Φjk (Rjjk − R̃jjk ) . Plus, since
g(κjk , ) is continuous, if g(κjk , ) > 0, ∀ > 0, then
lim g(κjk , ) ≥ 0.
→0
PL
• ∀
> 0, let: Bjk =
=
`6=j Rj`k , Ajk

−1
1
.
Bjk + τ ρtr IN
−1

Therefore Φjk =
Rjjk + A−1
. Now, using the
jk
Woodbury matrix identity, we can put: Rjjk Φjk Rjjk =

−1
R−1
.Therefore:
jjk + Ajk

−1 
−1 

−1
−1
Rjjk + Ajk
g(κjk , ) = tr Bjk Rjjk + Ajk


−1
+
A
R
A
.
= tr Bjk Ajk 2Ajk + R−1
jk jjk jk
jjk
|
{z
}
PD due to lemma 1

(48)
Plus, observing that Bjk Ajk = Ajk Bjk , the product Bjk Ajk
is also a PSD matrix, based on lemma 1. Consequently, we
find that (48) amounts to the trace of the product of two PSD
matrices which is always a positive quantity, thus concluding
the proof.
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