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ABSTRACT In this paper, we propose a general framework to investigate cooperative non-orthogonal
multiple access (NOMA) using two-stage relay selection (TSRS) in spatially random relaying networks.
More specifically, we consider both amplify-and-forward and decode-and-forward protocols and compare
the performance between them. From practical consideration, we adopt a stochastic geometry-based model
and assume that the spatial topology of relays ismodeled by using homogeneous Poisson point process (PPP).
Based on such a setting, an effective coverage area of the relays modeled by using homogeneous PPP in
cooperative NOMA systems is developed and performance comparison between TSRS and the conventional
max–min RS scheme is also presented. According to the locations of the NOMA users, we develop the
complete strategies for calculating the effective coverage area of the relays. Furthermore, in the high
signal-to-noise ratio regime, asymptotic expressions are provided to show that the outage probability tends
to a constant which is only related to the density of homogeneous PPP and the effective coverage area of the
relays. For a given outage probability, we reveal the relationship between the shortest and longest radii of
the effective district of the relays. Finally, Monte Carlo simulations are provided to verify the accuracy of
the analytical results.

INDEX TERMS Amplify-and-forward (AF), decode-and-forward (DF), homogeneous Poisson point
process (PPP), non-orthogonal multiple access (NOMA), two-stage relay selection (TSRS).

I. INTRODUCTION
Recently, non-orthogonal multiple access (NOMA) as one
of the promising key techniques of fifth generation (5G)
wireless networks has attracted significant attention [1]–[3].
NOMA exploits the power domain to implement multiple-
access schemes, which is different from the conventional
orthogonal multiple access (OMA) schemes, such as fre-
quency division multiple access (FDMA). Comparing to the
traditional OMA techniques, the advantage of NOMA sys-
tem is that the multiple receivers sharing a same resource
slot (e.g., time/frequency) can be allocated and served
by power resource blocks, which increases the spectrum
resources serving the receivers.

Due to its superior spectral efficiency, NOMA systems
have been proved that it is capable of combining with
many wireless communication techniques and enhancing the
system performance. For example, in a multi-user environ-
ment, the technique of cooperative transmission, an important

application adopted by NOMA, can form a virtual
multiple-input multiple-output (MIMO) system to transmit
data cooperatively. Therefore, the technique of coopera-
tive transmission for NOMA can enhance the communica-
tion reliability for the users who are in poor channels [4].
Generally, cooperative NOMA techniques can be categorized
as two types. Due to the application of successive inter-
ference cancellation (SIC) at the near user, the near user
knows the prerequisite for decoding the far user. Hence,
one category is that the near user can act as an assisted
relay forwarding signals to the far user. Do et al. [5] stud-
ied the outage performance of relaying cooperative NOMA
systems with simultaneous wireless information and power
transfer (SWIPT) technique at the near users to power their
relaying operations. Another general application of the coop-
erative NOMA technique is exploiting dedicated relays to
process cooperative transmission [6], [7]. Liang et al. [6]
studied a cooperative NOMA scenario with the help of an
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amplify-and-forward (AF) relay and derived an approximate
outage probability expression. Liau et al. [7] combined a vir-
tual full-duplex relaying technique with cooperative NOMA
systems, where the operation of full-duplex relay using the
successive relaying (SR) technique was achieved by using
two half-duplex AF relays. Since more relays bring higher
diversity gains, applying multi-relay network to NOMA
techniques has been considered in [8]–[10]. Specifically,
Ding et al. [8] analyzed the outage performance of a decode-
and-forward (DF) relaying NOMA system and proposed a
two-stage relay selection (TSRS) method. In [9], an optimal
joint user and relay selection algorithm in cooperativeNOMA
networks was proposed to achieve the transmissions from
multiple users to two destinations via multiple AF relays.
In [10], two kinds of two-stage DF and AF relay selection
schemes for cooperative NOMA have been proposed and
their results show that the performance of the proposed
schemes in [10] outperforms the scheme proposed in [8], but
it cannot achieve the optimal outage performance.

More recently, some stochastic geometry models have
been considered in NOMA systems. For instance, in [11],
to improve the security of a random network, the physical
layer security of NOMA systems in large-scale networks was
investigated and a protected zone around the source node
was adopted. Applying random beamforming to mmWave-
NOMA systems was proposed in [12], where a stochastic
geometry model was used for characterizing the performance
of transmission. Zhou et al. [13] proposed a dynamic DF-
based cooperative NOMA strategy for downlink transmission
with spatially random users. A pair of RS schemes for either
full-duplex or half-duplex NOMA networks was investigated
in [14], where the locations of the relays in the network were
modeled by a stochastic geometry.

As mentioned above, although the cooperative NOMA
has been extensively considered in the literature, the coop-
erative NOMA systems with randomly roaming relays are
still lack of sufficient consideration. In particular, the results
in [8]–[10] are only applicable to the static models where the
locations of the relays are assumed to be static. Liu et al. [11],
Ding et al. [12], and Zhou et al. [13], assumed that the users
in their considered NOMA systems are spatially random.
To the best of the authors’ knowledge, few works have used
the stochastic geometry model to model the locations of the
multiple relays in cooperative NOMA networks. We note that
Yue et al. [14] have proposed a model that the relays are
uniformly distributed in a given area. However, the effective
coverage district of the spatially random relays in NOMA
networks is still not reported in the literature. In practical
scenarios, it is unrealistic to assume that the coverage dis-
trict of the relays is fixed when the locations of NOMA
users are undefined. This is because the relays are generally
deployed between the source and the destination. Otherwise
this relaying model makes no sense. Hence, it is necessary
to consider a dynamic coverage district of spatially random
relays related to the locations of the users. Motivated by this,
in this work, we investigate the performance of cooperative

NOMA systems with a random number of relays randomly
deployed in a two dimensional coverage area determined by
the locations of the NOMA users, where the relays are mod-
eled by a homogeneous poisson point process (PPP). With
this system model, our analytical results can be applicable
to some more practical cases. The main contributions of this
work can be summarized as follows:
• A closed-form approximation for the outage probability
is derived, which is shown to closely match with the
simulation results at high signal-to-noise ratio (SNR).
The performance comparison between the conventional
max-min RS scheme and TSRS is also provided.
It shows that the outage performance of TSRS out-
performs that of the max-min RS scheme. Moreover,
an asymptotic analysis is provided and it is shown that an
error floor exists in the AF/DF-based outage probability
performance and the zero diversity happens.

• To obtain an effective district of the relays, we propose
the constraints related to the radius of the relays in
cellular networks, which depends on the locations of the
users. Additionally, we present comprehensive analysis
for the areas of the effective district of the relays and
further plot the effective district of the spatially ran-
dom relays to imitate the practical scenario. Finally, our
results show that increasing the density of PPP and the
acreage of the relaying zone results in improving the
outage probability significantly due to the enlargement
of the average number of the relays.

• Since noises at the first time slot are amplified by
AF-based relays, we show that the DF-based outage
performance is superior to the AF mode. In order to
obtain more insights, we analyze the performance of
cooperative NOMA systems at high SNR regimes. It is
observed that the impact of the channels between the
relays and the poor user on the system performance can
almost be omitted at high SNRs.

II. SYSTEM AND CHANNEL MODELS
Consider a NOMA system including one base station (BS),
a random number of relays, and two users (UE1 and UE2),
which are equipped with single antennas. From practical
consideration, we adopt the stochastic geometry-based model
and assume that the locations of the relays are modeled by
homogeneous PPP, denoted by 8 with density λ. As shown
in Fig. 1, our communication networks can be illustrated as
a coordinate system, where the BS is the center of the circle
with radius RD, the relays are assumed to be distributed in
this circle and are located in (x, y), and UE1 and UE2 are
respectively located in (x1, y1) and (x2, y2), which are out of
the circle. In addition, in order to ensure the channels between
the relays and the NOMA users without being impaired by
path loss due to obstacles, it is assumed that the distance from
the BS to the relay should be larger than a secure radius Rd .
We further assume that there are no direct paths between BS
and the two users due to the significant path loss between
them. Also, due to the long distance between the BS and user,
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FIGURE 1. Illustration of a NOMA-based network including one BS,
randomly distributed relays, and two NOMA users.

it can be viewed as an outage event if the distance from the
relay to the user is larger than that of user’s direct link, which
can be formulated as the following conditions:

SE =


x2 + y2 = r2, x21 + y

2
1 = r21 , x

2
2 + y

2
2 = r22 ,

Rd≤r≤RD,
(x − x1)2 + (y− y1)2≤x21 + y

2
1,

(x − x2)2 + (y− y2)2≤x22 + y
2
2,

(1)

where SE denotes the effective area of the relays, r , r1 and r2
are the radiuses of the relay, UE1 and UE2, respectively.

For multi-relay NOMA systems, obtaining perfect channel
state information (CSI) of the users results in high system
overheads. However, in this paper, UE1 can be served for
small packet transmission and UE2 can be served oppor-
tunistically [15] because the user ordering is only affected
by the users’ quality of service (QoS) requirements instead
of the knowledge of CSI, which means that the relays do not
need to acquire the perfect CSI of the users. The small-scale
fading coefficients of BS-relay n (Rn), Rn-UE1 and Rn-UE2
channels are denoted by hn, gn,1, and gn,2, respectively,
which are assumed to be subject to independent Rayleigh
fading.

During the first time slot, the source broadcasts the super-
imposed mixture, (

√
α1s1 +

√
α2s2), to the relays, where si

(i = 1, 2) is the unit power signal received by user i and αi
are the power allocation coefficients. To fulfill UE1’s QoS
requirements, we set that α1 ≥ α2 and define the power allo-
cation coefficients satisfy the equation that α1 + α2 = 1 [15].
Therefore, the received signal at the relay of the set (8) can
be expressed as

yn,r =
√
L(dn,0)hn(

√
α1s1 +

√
α2s2)

√
Ps + ωn,r , (2)

where n ∈ 8, L(dn,0) = d−αn,0 is the path loss, dn,0 = r is
the distance from BS to Rn, α is the path-loss factor usually
satisfying 2 ≤ α ≤ 4, Ps is the transmit power of BS, and
ωn,r is the additive white Gaussian noise.

In order to investigate the impacts of the relaying proto-
cols on the performance of NOMA systems, the analytical
frameworks for both AF and DF are depicted as the following
subsections.

A. AMPLIFY-AND-FORWARD
During the second time slot, the Rn amplifies and forwards
its received signals to the two users. Therefore, the signal
received at user i is

yAFn,i = βyn,rgn,i + ωn,i, (3)

where β is the amplifying factor given by β =√
Pn

Psd
−α
n,0 |hn|

2+N0
[16], ωn,i denotes the additive Gaussian noise

with zero mean and variance N0, Pn is the transmit power of
Rn. For simplifying the calculations, we assume that Pn = Ps.

Then,β =
√

1
d−αn,0 |hn|

2+ 1
ρ

, where ρ = Ps/N0 = Pn/N0 denotes

the average SNR. The conditions for UE1 and UE2 to decode
s1 and s2 are given by, respectively,

1
2
log(1+ γ AFn,1 ) ≥ R1,

1
2
log(1+ ZAFn,2 ) ≥ R2, (4)

where γ AFn,1 =
|gn,1|2d

−α
n,0 |hn|

2α1

|gn,1|2d
−α
n,0 |hn|

2α2+
1
ρ
|gn,1|2+ 1

ρ
d−αn,0 |hn|

2+ 1
ρ2

denotes

the signal-to-interference-plus-noise ratio (SINR), ZAFn,2 =
ρd−αn,0 |hn|

2
|gn,2|2α2

|gn,2|2+d
−α
n,0 |hn|

2+ 1
ρ

denotes the SNR, and Ri is the targeted

data rate for user i. UE1 decodes its signal with γ AFn,1 .
On the other hand, UE2 decodes its own signal with ZAFn,2
under the condition 1

2 log(1 + γ
AF
n,2 ) ≥ R1, where γ AFn,2 =

|gn,2|2d
−α
n,0 |hn|

2α1

|gn,2|2d
−α
n,0 |hn|

2α2+
1
ρ
|gn,2|2+ 1

ρ
d−αn,0 |hn|

2+ 1
ρ2
.

B. DECODE-AND-FORWARD
For DF scheme, the Rn firstly decodes its received superim-
posed message from BS and then re-encodes and sends it
to the destination. Then, the received signals at UEi can be
expressed as

yDFn,i = gn,i(
√
α1s1 +

√
α2s2)

√
Pn + ωn,i, (5)

Combining (2) and (5), the condition that UEi decodes s1
and UE2 decodes s2 can be expressed as

1
2
log(1+ γDFn,i ) ≥ R1,

1
2
log(1+ ZDFn,2 ) ≥ R2, (6)

where γDFn,i = min
{

d−αn,0 |hn|
2α1

d−αn,0 |hn|
2α2+

1
ρ

,
|gn,i|2α1
|gn,i|2α2+ 1

ρ

}
, ZDFn,2 =

min
{
ρd−αn,0 |hn|

2α2, ρ|gn,2|2α2
}
.

C. RELAY SELECTION STRATEGIES
Notice that the relay selection scheme can significantly
improve the performance of NOMA systems. In the next,
we present the relay selection strategies as follows:

1) TSRS STRATEGY [8]
According to the QoS requirements of NOMA users, the opti-
mal RS strategy can be expressed as

ϑ = max
n∈8,
r∈SE

{
1
2
log(1+ γ jn,1) ≤ R1

or
1
2
log(1+ γ jn,2) ≤ R1 or

1
2
log(1+ Z jn,2) ≤ R2

}
. (7)
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where j = AF/DF . The main motivation of this relay selec-
tion scheme is to achieve two targets simultaneously. First we
should ensure UE1’s targeted data rate can be achieved, and
another one is to serve UE2 with a rate as large as possible.

2) MAX-MIN RELAY SELECTION STRATEGY [17]
This traditional relay selection case can be written as

max
{
min

{
Z jn,1,Z

j
n,2

}
, n ∈ Sr

}
. (8)

where Sr =
{
1
2 log(1 + γ

j
n,1) ≥ R1, 12 log(1 + γ

j
n,2) ≥ R1,

n ∈ 8, r ∈ SE
}
. As shown in the simulation results in

Section IV, TSRS has a better system performance than the
max-min relay selection scheme, which is in agreement with
the result in [8].

III. PERFORMANCE ANALYSIS
A. OUTAGE PROBABILITY ANALYSIS
In this section, we derive the outage probability expressions
for our considered NOMA systems. The overall outage event
ϑ can be defined as

ϑ = ϑ1
⋃
ϑ2, (9)

where ϑ1 denotes the event that s1 cannot be decoded by
either of the two users successfully, i.e.,

ϑ1 =
{
[γ jn,1< f (R1)]∪ [γ

j
n,2< f (R1)],∀n ∈ 8

}
, (10)

where f (R) = 22R − 1. The term ϑ2 can be described as the
event that the UE2 cannot decode s2 correctly even though s1
can be decoded successfully by the two users, i.e.,

ϑ2 =
{
[Z jn,2 < f (R2)] ∩ [γ

j
n,1 ≥ f (R1)] ∩ [γ

j
n,2 ≥ f (R1)],

∀n ∈ 8
}
. (11)

Therefore, the overall outage probability can be
expressed as

Pout = Prϑ1 + Prϑ2 . (12)

B. AMPLIFY-AND-FORWARD
We assume that the locations of the relays in a circle following
the PPPs and the channels of the relays are ordered. Then,
according to (10) , we have

Prϑ1 = E8

 ∏
n∈8, r∈SE

FAFϑ1 (R1)

, (13)

where FAFϑ1 (R1) = 1− Pr(min
{
γ AFn,1 , γ

AF
n,2

}
> f (R1)).

Remark 1: We note that Fϑ1 (R1) is intractable because
the considered random events, γ jn,1 and γ AFn,2 , are correlated.
Therefore, a closed-form lower bound on FAFϑ1 (R1) in the high
SNR can be calculated as

FAFϑ1 (R1) ≥ 1− Pr
(
max

{ dαn,0
|hn|2

,
1
|gn,1|2

}
<

1
T
,

max
{ dαn,0
|hn|2

,
1
|gn,2|2

}
<

1
T

)
, (14)

where T = 22R1−1
ρ[α1−α2(22R1−1)]

. Assume that hn, gn,1 and gn,2
are independent Rayleigh distributions with parameters λn,0,
λn,1, and λn,2, respectively. Note that α1 > α2(22R1 − 1) is
required. Otherwise, Pϑ1 = 1. With above expressions and
using themethod derived in [18], we can obtain a lower bound
on Prϑ1 as

Prϑ1 ≈ E8

 ∏
n∈8, r∈SE

(1− e−ωT )

 (15)

where ω = dαn,0λn,0 + λn,1 + λn,2.
On the other hand, Prϑ2 can be calculated as

Prϑ2 = Pr(E, |Sr | > 0), (16)

where E denotes the event that s2 cannot be decoded by UE2,
|Sr | is the size of subset Sr . Then, (16) can be rewritten as

Pr(E, |Sr | > 0)

= Pr

(
log

(
1+

ρd−αn,0 |hn∗ |
2
|gn∗,2|2α2

|gn∗,2|2+d
−α
n,0 |hn∗ |

2+ 1
ρ

)
< 2R2, |Sr |>0

)
.

(17)

Assuming |Sr | > 0 and defining

xn = log

(
1+

ρd−αn,0 |hn|
2
|gn,2|2α2

|gn,2|2 + d
−α
n,0 |hn|

2 + 1
ρ

)
, (18)

and

xn∗ = max {xn,∀n ∈ Sr }, (19)

we have

Prϑ2 = Pr(xn∗ < 2R2, |Sr | > 0)

= E8

[
8∑
l=1

Pr(xn∗ < 2R2 | |Sr | = l) Pr(|Sr | = l)

]
(20)

Similar to (14), the cumulative distribution function (CDF)
of xn can be derived as

F(x)

= Pr
(
ZAFn,2 < 2x − 1

∣∣∣n∈Sr , |Sr |6=0)
> Pr

(
max

{ dαn,0
|hn|2

,
1
|gn,2|2

}
>
1
ξ2

∣∣∣max
{ dαn,0
|hn|2

,
1
|gn,2|2

}
<
1
T

)
= Q1 + Q2, (21)

where ξ2 = 2x−1
ρα2

. In (21), Q1 can be expressed as

Pr
( dαn,0
|hn|2

>
1
|gn,2|2

,
dαn,0
|hn|2

>
1
ξ2

∣∣∣ dαn,0
|hn|2

<
1
T
,

1
|gn,2|2

<
1
T

)

=

Pr
(
|gn,2|2 > max

{
|hn|2

dαn,0
,T
}
,T < |hn|

2

dαn,0
< ξ2

)
Pr
(
|hn|2 > dαn,0T , |gn,2|

2 > T
)

=
λn,0dαn,0e

ηT

η

(
e−ηT − e−ηξ2

)
. (22)
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where η = λn,0dαn,0+λn,2. Similar to (22),Q2 can be obtained

as λn,2eηT

η

(
e−ηT − e−ηξ2

)
. Therefore, the CDF expression

in (21) is given by

F(x) = 1− e−η(ξ2−T ). (23)

With (20), Prϑ2 can be evaluated as

Prϑ2 = E8


8∑
l=1

 l∏
n=1,
r∈SE

F(2R2)

Pr(|Sr | = l)

, (24)

where

Pr(|Sr | = l)

=

(
8

l

) 8−l∏
n=1,
r∈SE

Fϑ1 (R1)
8∏

n=8−l+1,
r∈SE

[
1− Fϑ1 (R1)

]
. (25)

Therefore, (25) can be further approximated as

Pr(|Sr | = l) ≈
(
8

l

) 8−l∏
n=1,
r∈SE

(
1− e−ωT

) 8∏
n=8l+1,
r∈SE

e−ωT . (26)

With (12), (15), (24), and (26), the overall outage probabil-
ity is given in the following lemma.
Lemma 1: Assuming that the relays follow the homoge-

neous PPP and the effective zone of the relays is a circle with
radius RD, the overall outage probability of an AF NOMA
system with the TSRS method can be written as

Pout
= Prϑ1 + Prϑ2

≈ E8


8∑
l=0

(
8

l

)8−l∏
n=1,
r∈SE

(
1− e−ωT

) 8∏
n=8−l+1,

r∈SE

[
e−ωTF(2R2)

]
= E8


∏
n∈8,
r∈SE

[
1− e−ε

] , (27)

where ε = ηT1 + λn,1T , T1 = 22R2−1
ρα2

. From (27), it is
clearly shown that 1 − e−ε is the outage probability for an
arbitrary relay case, which verifies the correctness of the
TSRS scheme.

By taking similar steps in [19] and applying the generating
function [20], (27) can be rewritten as

P out = exp
{
−λ

∫
S

[
1−

(
1− e−ε

)]
rdr
}

= exp
[
−λ

∫ 2π

0
dθ
∫ Rmin

Rd
re−εdr

]
, (28)

where S is the selected area according to (1) and θ =
arctan(y/x) denotes the angel of the relay.

Lemma 2:To obtain the area of the effective relays, we need
to solve the constraint in (1). Hence, a condition of r can be
obtained as

Rd≤r≤Rmin, (29)

where Rmin = min{RD,
√
2x1x + 2y1y,

√
2x2x + 2y2y}.

Then, we have Rmin = min{RD, 2r1 cos(θ − θ1), 2r2 cos
(θ − θ2)} by using the polar coordinate transform, where
θi = arctan(yi/xi) denotes the angel of UEi.

Proof : The proof is given in APPENDIX A.
To obtain the area of the effective relays, we divide this area

into three parts. More specifically, we describe these three
parts in the following three remarks, respectively.
Remark 2: Firstly, with the assumption Rd≤Rmin, the valid

area of the relays can be ensured according to the interval of θ .
Therefore, the available range of the relays can be written as

θ ∈ (0, θa) ∪ (2π − θb, 2π ), (30)

where θa = min{arccos(Rd/2r1)+ θ1, arccos(Rd/2r2)+ θ2}
and θb = min{arccos(Rd/2r1) − θ1, arccos(Rd/2r2) − θ2}.
Notice that θa + θb ≤ π .

Proof : The proof is given in APPENDIX B.
Remark 3: Notice that the value of Rmin depends on the

interval of θ . Hence, we can obtain the value of Rmin by
analyzing the interval of θ . Therefore, in the next we consider
two cases: Rmin = RD and Rmin = ri cos(θ − θi). For Rmin =

RD, it means that RD < min{2r1 cos(θ−θ1), 2r2 cos(θ−θ2)}.
Similar to (49) in APPENDIX B, the condition of Rmin = RD
is given by

θ ∈ (0, θa1) ∪ (2π − θb1, 2π ), (31)

where θa1 = min{arccos(RD/2r1)+θ1, arccos(RD/2r2)+θ2}
and θb1 = min{arccos(RD/2r1) − θ1, arccos(RD/2r2) − θ2}.
Obviously, arccos(x) is a monotonically decreasing function
when 0 ≤ x ≤ 1. Hence, it can be observed that θa1 < θa
and 2π − θb < 2π − θb1, which means that the interval of θ
in (31) is included in (30).
Remark 4: Finally, we derive the interval of θ when

2r1 cos(θ − θ1) > 2r2 cos(θ − θ2). After a series of calcu-
lations, we have

θ ∈
(
0,
π

2
+ θ12

)
∪

(
3π
2
+ θ12, 2π

)
, (32)

where θ12 = arctan(y12/x12) satisfies with θ12 ∈ (0, 2π ),
x12 = x1 − x2 and y12 = y1 − y2. Accordingly, the result is
different when θ ∈ (π2 + θ12,

3π
2 + θ12).

Since the locations of x1 and x2 are variable, we rotate
y = tan(θ12)x to distinguish the areas corresponding to Rmin.
Interestingly, we can observe that

⇀y = tan(π2 + θ12)
⇀x and

⇀y = tan( 3π2 + θ12)
⇀x can not be covered by the effective

distinct of the relays simultaneously due to θa + θb ≤ π ,
where⇀x and

⇀y denote the vectors. The complete strategies
for choosing Rmin are presented in TABLE I. For example,
in Fig. 2-Fig. 3, we simulate the effective areas of the relays
for different cases of TABLE I, where Fig. 2 and Fig. 3
correspond to case 5 and 6, respectively.

Proof : The proof is given in APPENDIX C.
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TABLE 1. Different cases for the corresponding areas of the relays.

FIGURE 2. Illustration of the effective area of the relays. RD = 1000,
Rd = 200, λ = 0.01, UE1 (1900,500), and UE2 (1500,300).

Furthermore, the integral in (28) can be expressed as∫ 2π

0
dθ
∫ Rmin

Rd
re−εdr =

∫ σ2

σ1

dθ
∫ RD

Rd
re−εdr︸ ︷︷ ︸

U1

+

∫ σ4

σ3

dθ
∫ 2r1 cos(θ−θ1)

Rd
re−εdr︸ ︷︷ ︸

U2

+

∫ σ6

σ5

dθ
∫ 2r2 cos(θ−θ2)

Rd
re−εdr︸ ︷︷ ︸

U3

,

(33)

where the values of σ1 ∼ σ6 depend on the locations of the
users and are given in TABLE I.

FIGURE 3. Illustration of the effective area of the relays. UE1 (1900,500),
UE2 (1500,−500) and θ12 = arctan(0.4).

By applying [21, eq. (3.381.9)], U1 can be obtained as

U1 =
∫ σ2

σ1

dθ
(∫
∞

Rd
re−εdr −

∫
∞

RD
re−εdr

)
= (σ2 − σ1)ϕ1

(
0( 2

α
, µRαd )− 0(

2
α
, µRαD)

αµ
2
α

)
, (34)

where ϕ1 = e−(λn,1T+λn,2T1),µ = λn,0T1, and 0(a, b) denotes
the incomplete gamma function.

Similarly, we have

U2 =
∫ σ4

σ3

ϕ1

×

0
(
2
α
, µRαd

)
− 0

[
2
α
, µ(2r1 cos(θ − θ1))α

]
αµ

2
α

dθ, (35)

Since the different environments result in an unpredictable
value of a, we assume an arbitrary value of a in our systems.
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U3 ≈
ϕ1

αµ
2
α

[
(σ6 − σ5)0

(
2
α
,µRαd

)
+
σ6 − σ5

2

n∑
k=1

W (xk )0
(
2
α
, µ

[
2r2 cos

(
σ6 − σ5

2
xk +

σ6 + σ5

2
− θ1

)]α)]
(36)

U2 ≈
ϕ1

αµ
2
α

[
(σ4 − σ3)0

(
2
α
,µRαd

)
+
σ4 − σ3

2

n∑
k=1

W (xk )0
(
2
α
, µ

[
2r1 cos

(
σ4 − σ3

2
xk +

σ4 + σ3

2
− θ1

)]α)]
(37)

However, it is difficult to derive the closed-form expres-
sion for (35). By adopting the Gaussian-Chebyshev quadra-
ture [22], the approximate expressions for U2 and U3 are
given at the top of this page.

With (28), (34), (36), and (37), the over-all system outage
probability is given by

Pout = exp [−λ(U1+ U2+ U3)] . (38)

where W (xk ) and xk are the number of terms, the weight
factor, and the abscissas for the Gaussian-Chebyshev
integration, respectively.

C. DECODE-AND-FORWARD
Similar to (13), the probability of ϑ1 when considering
DF mode can be written as

Prϑ1 = E8

 ∏
n∈8, r∈SE

FDFϑ1 (R1)

, (39)

where FDFϑ1 (R1) = 1 − Pr(min
{
γDFn,1 , γ

DF
n,2

}
> f (R1)) =

1− e−ωT .
Then, the probability of ϑ2 is given by

Prϑ2 = Pr(ZDFn,2 < 2R2, |Sr | > 0), (40)

From (21), we use an approximate method and obtain
ZAFn,2 ≈ min

{
ρd−αn,0 |hn|

2α2, ρ|gn,2|2α2
}
= ZDFn,2 , which

means that the theoretical result of Prϑ2 in the AF scheme is
exactly equal to that in the DFmode. Accordingly, the overall
outage probability for the DF case is also equal to

Pout = exp [−λ(U1+ U2+ U3)] . (41)

By comparing (38) and (41), we can conclude that the outage
performance of AF and DF based NOMA systems at high
SNRs are almost the same.
Lemma 3: If ρ →∞, T and T1 reduce to zero. Then, (28)

can be asymptotically expressed as

Pasymptout = exp
{
−λ

∫ 2π

0
dθ
∫ Rmin

Rd
rdr
}
, (42)

where the value of S depends on the coordinates of the
users and can be divided into three parts which are pro-
vided in TABLE I. For given coordinates of the users, using
[21, 2. 513. 11], we have∫ 2π

0
dθ
∫ Rmin

Rd
rdr =

1
2
(σ2 − σ1)(R2D − R

2
d )

+ r21 [sin(ϕ2) cos(ϕ2)+ ϕ2 − sin(ϕ1)

× cos(ϕ1)− ϕ1]

+ r22 [sin(ϕ4) cos(ϕ4)+ ϕ4 − sin(ϕ3)

× cos(ϕ3)− ϕ3], (43)

where ϕ1 = σ3 − θ1, ϕ2 = σ4 − θ1, ϕ3 = σ5 − θ2, and
ϕ4 = σ6 − θ2.
From (43), we observe that the asymptotic outage probabil-

ity tends to a constant only related to the area of the effective
district of the relays and the density of the homogeneous
PPP when ρ → ∞. Furthermore, we can see that the mean
number of relays, 8, is dependent on S and λ. In high SNRs,
the outage probability for an arbitrary relay link approximates
to zero. Hence, the asymptotic expression of the over-all
system outage probability is only affected by S and λ.
Lemma 4: From (38), for a given or known outage prob-

ability, the relationship between Rd and RD can be derived
as

0

(
2
α
,µRαD

)
= 0

(
2
α
,µRαd

)
+

αµ
2
α

(σ2 − σ1)ϕ1

×

[
ln(Pout)
λ
+ U2+ U3

]
= z(Rd ). (44)

From (44), we have

RD =

(
0−1

(
2
α
,z(Rd )

)
µ

) 1
α

. (45)

Obviously, RD can be expressed as a Rd -dependent
function when the outage probability is a constant value.
Moreover, for fixed outage probability, we note that the area
of the effective district of the relays needs to be kept constant
when other parameters are unchanging. Accordingly, to keep
S unchanging, we should ensure that RD increase as Rd
increase.

IV. NUMERICAL RESULTS
In this section, we plot the outage probability comparison
between the simulation results and their corresponding ana-
lytical results for both AF and DF schemes which have been
obtained in Eq. (38) and Eq. (41), respectively. Monte-Carlo
simulation is also provided to verify our analytical results.

In Fig. 4, we plot the outage probability curves versus ρ
for different values of λ. From Fig. 4, we can observe that
lower bounds developed in this work are very tight at high
SNRs. First, we see that our proposed AF scheme almost can
obtain a same system performance with the DF-based scheme
at high SNR. It can be observed that the DF-based perfor-
mance outperforms the AF-based performance due to the
noise amplification. However, compared with the DF case,
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FIGURE 4. Outage performance comparison between our proposed
scheme and other schemes. λn,0 = λn,1 = λn,2 = 1, RD = 10, Rd = 2,
UE1 (19, 5), UE2 (15, −5), α = 4, R1 = 0.01 bit per channel use (BPCU),
R2 = 0.04 BPCU, and √α1 = 0.75.

the structure of the AF strategy is simple because DF needs
the decoding and encoding procedures at the relay node,
which results in a higher system complexity. Furthermore,
we observe that the TSRS outperforms the conventional max-
min approach proposed in [17], which is in agreement with
the result in [8]. As expected, increasing the density of the
homogeneous PPP can improve the system performance sig-
nificantly because it means that the mean number of available
relays increases. Furthermore, the outage probability tends to
a constant dominated by S and λ when ρ →∞.

FIGURE 5. Outage performance comparison between Rayleigh fading
case and other schemes.

In Fig. 5, we plots the outage probability versus ρ for
different fading impairing gn,1. In particular, we assume that
gn,1 suffers fromRayleigh, exponentiatedWeibull (EW) [23],
and generalized-K (GK) [24] fading. Interestingly, we can
observe that the curves whatever adopting DF or AF schemes
are very tight when we change the channel fading model
of gn,1. According to the characteristic of NOMA systems,
it can be obtained that γ AFn,i ≈ γDFn,i ≈

α1
α2

and ZAFn,2 ≈

ZDFn,2 ≈ min
{
ρd−αn,0 |hn|

2α2, ρ|gn,2|2α2
}
at the high SNR.

Therefore, we can conclude that the throughput of relaying
NOMA systems is almost not affected by the characteristics

of gn,1.

FIGURE 6. Outage probability for different values of path loss exponent.

In Fig. 6, we plot the outage probability versus ρ for
different path loss exponents. Increasing the value of path
loss exponent affects the system performance significantly.
Furthermore, we can see these asymptotic results are not
influenced by α when ρ → ∞, which verifies the accuracy
of Lemma 3. Finally, we find that the path loss decreases
significantly with the path loss exponent increasing, which
results in the approximated expressions of γ AFn,i and ZAFn,2 equal
to γDFn,i and ZDFn,2 at low SNR regimes. Thus, we can clearly
find that the curves for all the schemes become tight.

FIGURE 7. Outage probability comparison between our proposed scheme
and other schemes versus Rd . RD = 10, R1 = 0.01 BPCU, R2 = 0.04 BPCU,
and ρ = 25 dB.

In Fig. 7, we plot the outage probability curves versus Rd
for different values of λ. From Fig. 4, it is clearly shown
that increasing λ can result in a higher 8, i.e., increasing the
average of the number of relays. Additionally, we can see
that the outage probability of both RS schemes increases as
increasing Rd . According to the Lemma 3, we note that the
value of 8 is influenced by both λ and S. It is known that
increasing Rd results in decreasing S and leads to a higher
path loss, which implies that a larger secure radius causes
a lower multi-relay diversity gain and a higher path loss
impairing the link between the BS and the relays. Therefore,
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the above reasons significantly deteriorate the throughout
of the communication systems. Moreover, the observation
obtained in Fig. 7 verifies the correctness of Lemma 3.

FIGURE 8. Outage probability comparison between our proposed scheme
and other schemes versus RD. Rd = 2, R1 = 0.01 BPCU, R2 = 0.04 BPCU,
and ρ = 25 dB.

For comparison, in Fig. 8, we plot the outage probability
versus RD for different values of λ. Again, similar observa-
tions obtained in Fig. 7 can be found in Fig. 8. For a given Rd ,
increasing RD results in the opposite performance compared
to increasing Rd . When the density of 8 is small, we can
increase RD and improve the performance of the proposed
NOMA systems.

V. CONCLUSION
In this paper, we proposed a general framework to investigate
the performance of NOMA systems with the two-stage RS
strategy and spatially random relays. Specifically, we pro-
posed a method to calculate the area of the effective district
of the relays. Additionally, we show that our results converge
to the error floor and obtain the zero diversity. Furthermore,
we simplified the analyzing method of the TSRS scheme
and compared the performance between AF and DF. Also,
we developed the relationship between the area of the effec-
tive coverage district of the relays and the locations of the
users. Finally, we revealed the impact of the channel gain of
the poor user on the outage performance at the high SNR.

APPENDIX A
PROOF OF LEMMA 2
From (1), we have r ≤ min{RD,

√
2x1x + 2y1y,√

2x2x + 2y2y}. Utilizing the polar coordinate transform and
double angle formula transform, we can obtain√

2xix + 2yiy =
√
2r cos(θ )ri cos(θi)+ 2r sin(θ )ri sin(θi)

=

√
2rri cos(θ − θi). (46)

According to (1), the constraint of (x−xi)2+(y−yi)2≤x2i +y
2
i

can be written as

r≤2ri cos(θ − θi) (47)

Substituting (47) into (1), we have

Rd≤r≤min{RD, 2r1 cos(θ − θ1), 2r2 cos(θ − θ2)}. (48)

APPENDIX B
PROOF OF REMARK 2
To ensure the valid area of the relays, we need to derive the
interval of θ corresponding to Rd≤Rmin. With the assumption
of Rd≤RD, the event of Rd≤Rmin can be expressed as

Rd≤min{2r1 cos(θ − θ1), 2r2 cos(θ − θ2)}. (49)

Then, we can further obtain[
Rd
2r1
≤ cos(θ − θ1)

]
∩

[
Rd
2r2
≤ cos(θ − θ2)

]
. (50)

Since Rd/2ri > 0, θ − θ1 belongs to the first or fourth
quadrants. According to the characteristics of the cosine
function, we know that it monotonically increases in the first
quadrant and monotonically decreases in the fourth quadrant.
Furthermore, the range of arccos(x) is within [−π/2, π/2].
Therefore, the range of θ belongs to[
0, arccos

(
Rd
2ri

)
+ θi

]
∪

[
2π − arccos

(
Rd
2ri

)
+ θi, 2π

]
.

(51)

Thus, the interval of θ for the valid area of the relays is
given by

{[0, arccos (Rd/2r1)+θ1]∪[2π−arccos (Rd/2r1)+θ1, 2π ]}

∩ {[0, arccos (Rd/2r2)+ θ2] ∪ [2π − arccos (Rd/2r2)

+ θ2, 2π ]}

= [0,min{arccos(Rd/2r1)+ θ1, arccos(Rd/2r2)+ θ2}]

∪ [2π −min{arccos(Rd/2r1)− θ1, arccos(Rd/2r2)

− θ2}, 2π ], (52)

The proof of (30) is completed.
To prove θa + θb ≤ π , we first have

θsum = arccos(Rd/2r1)+ θ1 + arccos(Rd/2r2)+ θ2
+ arccos(Rd/2r1)− θ1 + arccos(Rd/2r2)− θ2

= 2 [arccos(Rd/2r1)+ arccos(Rd/2r2)] (53)

Then, it can be observed that arccos (Rd/2ri) is an acute
angle. Therefore, we have arccos (Rd/2ri) < π/2.

Finally, we obtain

θsum>2(min{arccos(Rd/2r1)+ θ1, arccos(Rd/2r2)+ θ2}

+ min{arccos(Rd/2r1)− θ1, arccos(Rd/2r2)− θ2}), (54)

From (54), we have θsum>2(θa + θb). Therefore, with above
facts, we obtain 2(θa + θb) < θsum < 2π and complete the
proof.

APPENDIX C
PROOF OF REMARK 4
To obtain the range of θ in (32), we compare 2r1 cos(θ − θ1)
with 2r2 cos(θ − θ2). Using the double angle formula, we
obtain 2r1 cos(θ − θ1) ≥ 2r2 cos(θ − θ2) as

r1 cos(θ ) cos(θ1)+ r1 sin(θ ) sin(θ1)

− r2 cos(θ ) cos(θ2)− r2 sin(θ ) sin(θ2) ≥ 0. (55)
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Then, by using the polar coordinate transform, (55) can be
rewritten as

(x1 − x2) cos(θ )+ (y1 − y2) sin(θ )

=

√
x212 + y

2
12 cos(θ − θ12) ≥ 0 (56)

According to the characteristic of the cosine function,
we have

θ ∈ {[θ12, π/2+ θ12] ∪ [3π/2+ θ12, 2π + θ12]} (57)

In the polar coordinate, (57) can be expressed as

θ ∈ {[0, π/2+ θ12] ∪ [3π/2+ θ12, 2π ]} (58)

From (57) or (58), we see that the intervals of θ correspond-
ing to 2r1 cos(θ − θ1) ≥ 2r2 cos(θ − θ2) or 2r1 cos(θ − θ1) ≤
2r2 cos(θ − θ2) are π .
In APPENDIX B, it has been proved that the interval

of θ for the valid area of the district of the relays is less
than π . Thus, we can draw some interesting conclusions. For
instance, we assume that the boundary of the area obtained in
Remark 4 can be viewed as a rotatable linear function rotating
around the center and it can be mathematically expressed as
y = tan(π2 + θ12)x or y = tan( 3π2 + θ12)x. Setting different
locations of the NOMA users, we can put this linear function
into different areas proposed in Remark 1 and Remark 2.
Hence, the interval of θ corresponding to Rmin can be pre-
sented in different strategies developed in TABLE I.
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