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`p-Box ADMM: A Versatile Framework for
Integer Programming
Baoyuan Wu, Member, IEEE, Bernard Ghanem*, Member, IEEE
Abstract—This paper revisits the integer programming (IP) problem, which plays a fundamental role in many computer vision
and machine learning applications. The literature abounds with many seminal works that address this problem, some focusing
on continuous approaches (e.g., linear program relaxation), while others on discrete ones (e.g., min-cut). However, since many
of these methods are designed to solve specific IP forms, they cannot adequately satisfy the simultaneous requirements of
accuracy, feasibility, and scalability. To this end, we propose a novel and versatile framework called `p -box ADMM, which is
based on two main ideas. (1) The discrete constraint is equivalently replaced by the intersection of a box and an `p -norm sphere.
(2) We infuse this equivalence into the ADMM (Alternating Direction Method of Multipliers) framework to handle the continuous
constraints separately and to harness its attractive properties. More importantly, the ADMM update steps can lead to manageable
sub-problems in the continuous domain. To demonstrate its efficacy, we apply it to an optimization form that occurs often in
computer vision and machine learning, namely binary quadratic programming (BQP). In this case, the ADMM steps are simple,
computationally efficient. Moreover, we present the theoretic analysis about the global convergence of the `p -box ADMM through
adding a perturbation with the sufficiently small factor  to the original IP problem. Specifically, the globally converged solution
generated by `p -box ADMM for the perturbed IP problem will be close to the stationary and feasible point of the original IP problem
within O(). We demonstrate the applicability of `p -box ADMM on three important applications: MRF energy minimization, graph
matching, and clustering. Results clearly show that it significantly outperforms existing generic IP solvers both in runtime and
objective. It also achieves very competitive performance to state-of-the-art methods designed specifically for these applications.

F

1

I NTRODUCTION

In this work, we focus on the problem of integer programming (IP), which can be generally formulated as a binary
optimization as follows:
min

x∈{0,1}n

f (x),

s.t. x ∈ C.

(0,1)

L1 -box intersection

(1)

Note that the discrete constraint space could include multiple states (more than two). But, by introducing auxiliary
variables and linear equality constraints, it can be easily
transformed into the binary constraint space {0, 1}n [1].
Therefore, in the rest of the paper, we will consider
IP problems that have already been transformed into the
binary form in Eq (1). The additional constraint space C
is application-specific, e.g. in many cases, it is a polyhedron (the intersection of linear equality and inequality
constraints).
IP problems abound in the field of computer vision (CV)
and machine learning (ML). In many applications, solving a
particular form of Eq (1) is viewed as a fundamental module
that researchers use as a plug-and-play routine. A few
typical examples include (but not limited to) clustering [2],
feature selection [3], image co-segmentation [4], [5], image
denoising [6], binary hashing [7], graph matching [8], [9],
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Fig. 1. Geometric illustration of the equivalence between `p box intersection and the set of binary points in R2 . For clarity,
we just show the cases when p ∈ {1, 2, 5}.

etc. One popular manifestation of Eq (1) is the energy
minimization of the pairwise MRF model [10], where f (x)
is a quadratic function (convex in the continuous domain)
and C enforces that each node takes on only one state. This
form alone has been popularized in many labeling problems
in CV including stereo matching [11] and automatic and
interactive image segmentation [12], [13], [14].
Although many popular tasks in CV and ML fall under
the general form of Eq (1) and the IP literature is rich and
ever-evolving, there does not seem to be a general-purpose
framework for solving these types of problems, which is
scalable and efficient. The situation is quite different in
the continuous domain, where many generic and popular
optimization methods exist (e.g. interior point methods for
smooth problems). Indeed, there do exist efficient and, in
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some cases, global discrete solutions (e.g. binary MRF
energy minimization with submodular weights or unimodular binary linear programs) for some IP forms; however,
they only apply to limited types of this general problem.
This is probably due to the fact that the problem in its
general form is NP-hard. An intuitive approach is to relax
the binary constraints to continuous ones, which approximates the IP problem with a continuous one. This strategy
has the advantage of exploiting well-studied concepts in
continuous optimization; however, the drawback is either
in high computational complexity or the undesired side
effects of thresholding the final continuous solution, or
both. Moreover, there is a large body of work that utilizes
similar methods to exactly solve the IP problem, such
as Branch-and-Bound (BB) [15], cutting plane (CP) [16],
and exact penalty methods [17], [18], [19]). Unfortunately,
these methods are usually plagued with high computational
complexity and/or the risk of getting stuck in undesirable
local minima, thus, precluding their use in many practical,
medium-to-large scale problems in ML and CV. Therefore,
there seems to be an inherent need for a unified framework
or tool that researchers can use to reach a desirable (not
necessarily global), feasible, and binary solution without
sacrificing much computational efficiency. This work can
be considered as an insightful and practical step in that
direction.
In this paper, we propose to handle the binary constraints
in Eq (1) by replacing them with an equivalent set of
continuous constraints, namely the intersection between the
box (n-convex constraints) and the shifted `p -sphere (a nonconvex constraint), of which a geometric interpretation is
shown in Figure 1.
Proposition 1. `p -Box Intersection: The binary set {0, 1}n
can be equivalently replaced by the intersection between a
box Sb and a (n − 1)-dimensional sphere Sp , as follows:


n
1
x ∈ {0, 1}n ⇔ x ∈ [0, 1]n ∩ x : ||x − 1n ||pp = p (2)
2
2
where p ∈ (0, ∞), and Sb = [0, 1]n = {x| ||x||∞ ≤
1}, Sp = {y : ||y − 12 1n ||pp = 2np }. Note that Sp can be
seen as a (n − 1)-dimensional `p -sphere centered at 12 1n
1

with radius

np
2

.

Proof. (Left ⇒ Right) As {0, 1}n ⊂ [0, 1]n , given
n
x
, x ∈ [0, 1]n must hold. As {0, 1}n ⊂
 ∈ {0, 1}
1
n
p
n
x : ||x − 21 1n ||pp = 2np , given x ∈ {0, 1} , x ∈
x : ||x − 2 1n ||p = 2p must hold.
 Combining these two
points, we conclude: x ∈ [0, 1]n ∩ x : ||x − 12 1n ||pp = 2np
must hold, given x ∈ {0, 1}n .
(Right ⇒ Left) As x ∈ [0, 1]n , then |xi − 12 | ≤ 12 ∀i,
and equality holds iff xi ∈ {0, 1}. As p ∈ (0, ∞) and
|xi − 12 | ≤ 12 , we have |xi − 12 |p ≤ 21p , and equality
Pn holds
iff xi ∈ {0, 1}. Then, we have ||x − 12 1n ||pp = i |xi −
n
1 p
holds iff xi ∈ {0, 1} ∀i. Therefore,
2 | ≤ 2p , and equality

if x ∈ [0, 1]n ∩ x : ||x − 12 1n ||pp = 2np , then x ∈ {0, 1}n
must hold.

Rather than adding these equivalent continuous constraints into the objective as penalty methods do, we embed
them into the original problem by using the alternating
direction method of multipliers (ADMM) [20]. In doing
so, we introduce additional variables to separate the constraints, thus, simplifying the ADMM updates of all the
primal variables without changing the form of the objective
function, as formulated in Eq (3). As we will describe in
more detail later, (x, y1 , y2 ) are updated in each ADMM
step such that they move towards a local binary solution
together, where y1 remains in the box, y2 on the shifted
`p -sphere, and x ∈ C. Upon convergence, all three variables
are equal and the resulting solution is binary.
(
x ∈ C, x = y1 , x = y2
(3)
min f (x), s.t.
x,y1 ,y2
y1 ∈ Sb , y2 ∈ Sp
where Sb = {y : 0 ≤ y ≤ 1}, Sp = {y : ||y − 21 1||pp =
n
2p }.
Contributions. The contributions of the proposed `p -box
ADMM method are four-fold. (i) To the best of our
knowledge, this is the first work that uses the `p -box
equivalence coupled with ADMM to solve IP problems.
This combination enables a general optimization framework
to solve these problems in the continuous domain by leveraging the flexibility and attractive properties of ADMM
(e.g. simple sub-problems and aptitude for parallelization).
Although a global solution is not guaranteed, we hope
that this framework can serve as a basis for developing
general-purpose or application-specific IP solvers. (ii) To
focus our framework on some important applications in CV
and ML, we target IP problems where f (x) is quadratic
and C is a polyhedron. In this case, the update steps
are simple, as the most computationally expensive step is
solving a positive definite linear system. (iii) We provide
the theoretic analysis about the global convergence of the
`p -box ADMM through. By adding a perturbation with
the sufficiently small factor  to Problem (3), the globally
converged solution generated by `p -box ADMM for the
perturbed IP problem will be close to the stationary and
feasible point of Problem (3) within O(). (iv) We apply
the latter solver to three popular applications and compare
it against widely used and state-of-the-art methods, some
of which were specifically designed for the particular application. Extensive experiments show that our framework
can efficiently produce state-of-the-art results.

2

R ELATED W ORK

Integer programming (IP) has a very rich literature and a
wide-range of developed methods and theory. In no way
do we claim that we can give a detailed survey of all
methods and variations of IP solvers here. However, in
order to clarify the relationship and differences between
our proposed `p -box ADMM method and existing ones, we
group some widely used IP methods hierarchically (shown
in Figure 2) and discuss them briefly in what follows.
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Fig. 2. A hierarchical organization of widely used integer
programming (IP) methods.

Discrete vs. Continuous. Here, we distinguish between
IP solvers that operate solely in the discrete domain and
those that employ continuous optimization. Although IP
is NP-hard in most cases, there do exist some discrete
algorithms that guarantee the global solution in polynomial
time for some particular IP forms. For example, if the IP is
unconstrained and f (x) is submodular, then the global solution can be efficiently computed by the min-cut algorithm
[21]. Another example is the Hungarian algorithm for the
assignment problem [22]. However, there does not seem to
be an efficient discrete method for the general constrained
IP problem of Eq (1). Discrete approaches are beyond the
scope of this work, so we refer the readers to [23] for more
specifically designed algorithms.
Since a practical discrete approach is not easy to find
for general IP, much attention has been given to continuous
approaches, owing to the advances in continuous optimization. The underlying motive behind this type of methods is
to replace the binary constraints with continuous ones.
Relaxation vs. Replacement. For continuous methods, the
binary constraints are usually handled in one of two ways.
The binary space can be relaxed to a larger continuous constraint space, thus, leading to relaxation-based approaches,
or it can be replaced with an equivalent set of continuous
constraints, thus, leading to replacement-based approaches,
to which our proposed method belongs. In what follows, we
give a brief overview of some popular examples of both
types of continuous IP methods.
Relaxation Methods. They fall into two main categories:
approximate and exact methods. Approximate methods usually optimize a continuous relaxed problem and then round
the resulting continuous solution to generate a discrete
one. Here, we briefly review three widely used forms
of this type, including linear, spectral and semi-definite
(SDP) relaxation. For the linear relaxation1 method [25], the
binary constraint is relaxed to the box constraint, i.e., x ∈
Sb = [0, 1]n . The main benefit here is in runtime because
the simple box constraints can be efficiently embedded
into continuous optimization solvers (e.g., interior-point)
[26]. However, this relaxation is often too loose. Spectral
relaxation [27] relaxes the binary constraint to the `2 -ball,
1. Note that this relaxation is called as linear programming relaxation
in Wikipedia. However, the linear programming relaxation also indicates
a well-known MAP inference method [24]. To avoid confusion, we call
this relaxation as linear relaxation in this manuscript.

leading to a non-convex constraint. In SDP relaxation [28],
[29], [30], the binary vector constraints are substituted with
a positive semi-definite matrix constraint, i.e. X ∈ Rn×n
and X  0. Compared with linear and spectral relaxation,
SDP relaxation is often tighter [28], [5], but with much
higher memory and computation cost, despite the fact that
there are recent efforts to alleviate these SDP side-effects
[31], [5], [32]. Moreover, we realize that there are still
many other types of relaxations and their variants in this
sub-branch, such as quadratic [33], SOCP (second-ordercone programming) [34], and completely positive relaxation
[35] to name a few. In general, a common drawback of
approximate methods lies in the need to round/threshold
the continuous solution to a binary one, which is not
even guaranteed to be feasible. Since the optimization and
rounding are performed separately, there is no guarantee
that the obtained discrete solution is (locally) optimal in
general. To obtain better discrete solutions, some exact
relaxation methods have been developed, such as Branchand-Bound (BB) [15] and cutting plane (CP) [16] methods.
These methods call upon approximate methods in their
sub-routines. Although BB and CP usually return feasible
binary solutions (without the need for rounding), their
common drawback is the slow runtime due to the repeated
use of the linear relaxation.
Replacement Methods. They handle binary constraints
by replacing them with equivalent continuous constraints.
One popular group of these methods design specific penalty
functions (non-convex in general) that are added to the objective f (x), so as to encourage binary solutions. Conventional continuous techniques (e.g. interior-point methods)
can then be applied to optimize this regularized problem
at each iteration. These penalties are applied over and
over again with increasing weights and generally guarantee
convergence to feasible binary solutions. One drawback of
such methods is that each iteration usually involves the
minimization of a non-convex objective, which is difficult
and time consuming in its own right, even if f (x) is
convex. Since the penalty function is increasingly enforced
with more iterations, the non-convexity of the resulting
optimization may lead to further issues, namely undesirable
local minima and sensitivity to the initialization. Here,
we note that recent efforts have been made to alleviate
some of these issues [17], [18], [36]; however, they remain
serious obstacles precluding the use of this type of solver
in medium and large scale IP problems.
Our proposed method is also a replacement-based technique. Instead of adding a penalty to the objective, we
use the `p -box equivalence in Eq (1) within the ADMM
framework to solve the equivalent problem in Eq (3)
without changing the objective. In this way, we separate
the different constraints, leading to simple ADMM updates.
Moreover, we inherit the attractive properties of ADMM,
including granularity and aptitude for parallelization, which
facilitate its use at large scales, as well as, for different types
of objective f (x) and constraint space C.
Another related field is the literature of ADMM. Many
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variants of ADMM have been proposed, with the purpose
of the better acceleration, convergence or stability. Some
typical works include linearized ADMM, Bethe-ADMM,
Bregman-ADMM. There are also some attempts to apply ADMM on some specific nonconvex problems [37],
[38], [39], [40], [41]. However, ADMM is designed for
continuous optimization, rather than integer programming.
Although some variants of ADMM have been used to
in some specific IP problems, such as MAP inference,
actually they optimize the relaxation rather than the original
IP problem. Our `p -box ADMM is a standard ADMM
algorithm on nonconvex optimization. But any continuous
optimization algorithm can be adopted, rather than only
ADMM. Moreover, based on our equivalent continuous
reformulation of the IP problem, we have built the bridge
between IP and the continuous optimization algorithms
(including ADMM).

3

`p - BOX ADMM

In this section, we give an overview of how ADMM can
be used to solve the general (equivalent) IP problem in Eq.
(3). Firstly, we equivalently reformulate it into the following
form,
min f (x) + h(y), s.t. Ax = y,
x,y

(4)

Here, y = [y1 ; y2 ] and A = [In ; In ] ∈ {0, 1}2n×n .
h(y) = I{y1 ∈Sb ∩C} + I{y2 ∈Sp } . I{a} denotes the indicator
function: if a is true, then I{a} = 0, otherwise I{a} = ∞.
A = [In ; In ] ∈ {0, 1}2n×n . This optimization is nonconvex in general due to the `p -sphere constraint and
possibly the nature of C and f (x). Although ADMM
has is widely used for convex (especially non-smooth)
optimization [20], there has been growing interest and
recent insights on the benefits of ADMM in non-convex
optimization [37], [38], [39], [40], [41]. Inspired by this
trend, we formulate the ADMM update steps for Eq. (3)
based on the following augmented Lagrangian.
L (x, y1 , y2 , z1 , z2 ) = f (x) + h(y) + z>
1 (x − y1 ) +
ρ
ρ
2
1
kx − y1 k22 + kx − y2 k22
(5)
z>
2 (x − y2 ) +
2
2
Here, (z1 , z2 ) indicate dual variables, while (ρ1 , ρ2 ) are
positive penalty parameters. Following the conventional
ADMM process, we iteratively update the primal variables
(y, x) by minimizing the augmented Lagrangian with respect to these variables, one at a time. Then, we perform
gradient ascent on the dual problem to update (z1 , z2 ).
Therefore, at iteration k, we perform the following update
steps summarized in Algorithm 1.
Update y1k+1 : The y1 sub-problem is reformulated as
 ρ1
y1k+1 = arg min (zk1 )> xk − y1 + ky1 − xk k22 . (6)
y1 ∈Sb
2
It is a quadratic problem with a box constraint, which can
be exactly solved by the following closed-form solution,
y1k+1

1
= PC∩Sb (xk + (zk1 )> ),
ρ1

(7)

Algorithm 1: General `p -Box ADMM Algorithm

1
2
3
4
5
6

Input: ADMM parameters and {x0 , y10 , y20 , z01 , z02 }.
Output: x∗ .
while not converged do
update (y1k+1 , y2k+1 ) as shown in Eq. (7, 9)
update xk+1 by solving Eq. (10)
update (zk+1
, zk+1
) according to Eq. (17)
1
2
end
return x∗ = xk+1 .

where the projection PC∩Sb (a) depends on the constraint
space C:
n
n
• If C = R , then it is the projection onto the [0, 1]
box space, i.e., PSb (a) = min(1n , max(0n , a)).
• If C ∩ Sb is a probability simplex on partial or all
dimensions of y1 , then the projection can be exactly
solved by the efficient algorithm presented in [42]. For
example, y1 ∈ C ≡ 1>
n y1 = 1.
• If C ∩ Sb are other forms of constraint spaces, such as
a non-probability simplex (e.g., C is a general linear
equality) or a half-space (e.g., C is a linear inequality),
then it is difficult to obtain an exact solution. In this
case, we suggest to move the constraint C onto x,
which will be presented in details in Section 4.
Update y2k+1 : The y2 sub-problem is reformulated as
y2k+1 = arg min z>
2 (x − y2 ) +
y2 ∈Sp

ρ2
ky2 − xk22
2

(8)

It is a quadratic problem with a non-convex constraint
Sp , which requires the Euclidean projection onto Sp . The
complexity of such a projection depends on the value of p.
For example, when p = 2, there is a closed-form solution,
through a simple `2 -normalization and shifting procedure.
For the Euclidean projection onto other general `p spheres,
we have not found much related work. Here, we propose to
efficiently solve Problem (8) through two steps: optimize
the unconstrained problem then project this solution onto
the `p sphere, as follows:
( k+1
y2
= PSp (xk+1 + ρ12 zk2 ),
(9)
1/p
a
PSp (a) = n 2 ||a||
+ 12 1n , a = a − 12 1n .
p
It is easy to see that (a) the projection operator PSp (·) leads
to a point on the `p sphere and (b) the above solution is
optimal when p = 2. Although this solution is not optimal
for other value of p, it is still a reasonable choice, at least
owing to its efficient closed-form. This is also advocated
in [20], where good performance on the original problem
can be achieved even if the global solution for each subproblem is not attained in each ADMM iteration. A detailed
analysis of the influences of the projection operator PSp (·)
with different p values will be presented in Section 3.2.
Update xk+1 : This step requires solving the optimization
in Eq. (10). Of course, the solution strategy is highly dependent on the nature of f (x), which are application specific.
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Interestingly, when f (x) is convex, then this update simply
requires the evaluation of the proximal operator of f (x)
k
ρ yk +ρ y2k −zk
1 −z2
. Moreover, when f (x) is quadratic,
at 1 1 ρ21 +ρ
2
then it is not difficult to see that xk+1 can be computed
by solving a single linear system. In the next section, we
will give a detailed treatment of how to update xk+1 when
f (x) is quadratic.
2

ρ1 y1k+1 + ρ2 y2k+1 − zk1 − zk2
f (x)
1
x−
min
+
x
ρ1 + ρ2
2
ρ1 + ρ2
2
(10)
Update (zk+1
, zk+1
): We use conventional gradient ascent
1
2
to update the dual variables.
(
zk+1
= zk1 + ρ1 (xk+1 − y1k+1 )
1
(11)
zk+1
= zk2 + ρ2 (xk+1 − y2k+1 )
2
3.1 Convergence Analysis
In this section we present the convergence analysis of the
`p -box ADMM algorithm presented above. For clarity, we
set ρ = ρ1 = ρ2 .

where f¯(x̄) = f (x) + 2 x̂> x̂, and x̄ = [x; x̂] = [x; x̂1 ; x̂2 ]
with x̂1 , x̂2 ∈ Rn . Its augmented Lagrangian function is
Lρ (x̄, y, z) =f¯(x̄) + h(y)
 ρ
+ z> Āx̄ − y + kĀx̄ − yk22 . (16)
2
where z = [z1 ; z2 ] with z1 , z2 ∈ Rn . The updates in
ADMM algorithm are as follows

k+1

= arg miny h(y) − (zk )> y + ρ2 kĀx̄k − yk22
y
x̄k+1 = arg minx̄ f¯(x̄)f¯(x̄) + (Ā> zk )> x̄ + ρ2 kĀx̄ − yk+1 k22

 k+1
z
= zk + ρ(Āx̄k+1 − yk+1 )
(17)
The optimality conditions of the variable sequence
(x̄k+1 , yk+1 , zk+1 ) are as follows


zk + ρ(Āx̄k − yk+1 ) = zk+1 − ρĀ(x̄k+1 − x̄k )





∈ ∂h(yk+1 )




¯ k+1 ) + Ā> zk + ρĀ> (Āx̄k+1 − yk+1 )

Of (x̄
= [Of (xk+1 ); x̂k+1 ] + Ā> zk+1



= [Of (xk+1 ); x̂k+1 ] + [zk+1
+ zk+1
; zk+1
; z2k+1 ]

1
2
1




= 03n



 1 (zk+1 − zk ) = ρ(Āx̄k+1 − yk+1 )
ρ
(18)

3.1.1 Optimality Conditions of `p -box ADMM Algorithm for (4)
∗
∗ ∗
∗
We firstly check the optimality conditions of the variable If there is a cluster point (x̄ , y , z ), and x̄ is a stationary
sequence (xk+1 , yk+1 , zk+1 ) generated by ADMM for and feasible point of Problem (15), then the following
stationary and feasibility conditions should be satisfied,
Problem (4),

[Of (x∗ ); x̂∗ ] = −Ā> z∗ , z∗ ∈ ∂h(y∗ ), Āx̄∗ = y∗

zk + ρ(Axk − yk+1 ) = zk+1 − ρA(xk+1 − xk )



(19)
k+1


)
∈ ∂h(y
k+1
> k
>
k+1
k+1
In the following we will prove that the ADMM algorithm
Of (x
) + A z + ρA (Ax
−y
)


k+1
k+1
k+1
> k+1
k+1
for

= Of (x
)+A z
= Of (x
) + z1 + z2 = 0n (15) globally converges to a stationary and feasible (i.e.,



integer) point, which is close to the stationary and feasible
 1 (zk+1 − zk ) = ρ(Axk+1 − yk+1 )
ρ
point of the original problem (4) within the range O(). As
(12)
the perturbed problem (15) fully satisfies the assumptions
If there is a cluster point (x∗ , y∗ , z∗ ), and x∗ is a stationary of the problem studied in [40], we expand our convergence
point of (4), then the following conditions should be analysis by generally following the proof structure in [40].
satisfied,
3.1.3 Assumptions and Propositions
Of (x∗ ) = −A> z∗ , z∗ ∈ ∂h(y∗ ), Ax∗ = y∗
(13)
Assumption 1. The objective function should satisfy the
3.1.2 `p -box ADMM Algorithm for the Perturbed Prob- following conditions:
• f and h are semi-algebraic functions, and h(y) is
lem of (4)
closed and proper
Here we study the convergence of `p -Box ADMM al2
• There exist Q1 , Q2 such that Q1  Ox̄ [f (x) +
gorithm for optimizing Problem (4). We find the main
>
x̂ x̂]  Q2 , ∀x
difficulty during the convergence analysis is the constraint
>
• lim inf kx̄k→∞ kOx̄ [f (x) + x̂ x̂]k = ∞
Ax = y, where A = [In ; In ] is full column rank, rather
than full row rank. To tackle it, we propose to add a Assumption 2. The constraints and parameters should
sufficient small perturbation onto the constraint, as follows satisfy the following conditions:
>
• There exists σ > 0 such that ĀĀ  σI2n
Āx̄ = [A, I2n ][x; x̂] = Ax + x̂ = y,
(14)
1
>
• Q2 + ρĀ Ā  δI3n for some ρ, δ > 0, and ρ ≥ 
2
2
where  > 0 is sufficient small, and x̂ ∈ R2n is an extra
• There exists Q3  [O f (x), 02n ; 02n , I2n ] , ∀x, and
2
variable. Using this perturbed constraint, we present an
δI3n  σρ
Q3
n
associated perturbed problem of (4), as follows
• The constraint space C should be: R ; or, y1 ∈ C ∩ Sb
is a probability simplex on partial or all dimensions
min f¯(x̄) + h(y), s.t. Āx̄ = y,
(15)
x̄,y
of y1
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•

p = 2 in the `p projection (9)

Remark on Assumptions. The definition of semi-algebraic
functions can be found in [43], and it covers a broad
class of functions, such as quadratic function, indicator
function and cardinality function. The functions f and h
considered in this work belong to this class. Since h(y)
in (15) is the summation of two indicator functions, it
satisfies the first condition of Assumption 1. The second
condition of Assumption 1 says that f (x) + x̂> x̂ should
be twice differentiable and has a bounded Hessian matrix. If
f (x) + x̂> x̂ is twice differentiable, the last condition must
hold. In (15), Ā is full row rank, thus the first condition in
Assumption 2 holds. The second and third conditions can
be satisfied by setting ρ sufficiently large. However, in later
specific problems, we can derive a lower bound of ρ. The
last two conditions on C and p are needed to ensure the
exact solutions to the sub-problems w.r.t. y1 (see Eq. (6))
and y2 (see Eq. (8)) respectively, otherwise the optimality
condition (see Eq. (18)) cannot be satisfied.
Proposition 2. Suppose that Assumption 1 and 2 hold, then
the following conclusions are satisfied:
k
k k
• The sequence {(x̄ , y , z )}} generated from the
ADMM algorithm has a cluster point (x̄∗ , y∗ , z∗ )
k
k k
∗
∗ ∗
• {(x̄ , y , z )}} converges to (x̄ , y , z )
∗
• x̄ is a stationary and feasible point of 15, i.e., the
stationary and feasibility conditions in (19) hold.
∗
∗
∗
> ∗
∗
∗
• z ∈ ∂h(y ), Of (x ) = −A z , kAx − y k ≤
O()
Following the proof structure in [40], we prove Proposition 2 with four steps, as follows:
1) We prove that if there is a variable sub-sequence
generated by ADMM for Problem (15) that converges
to a cluster point, then this cluster point satisfying the
optimality conditions (19).
2) We prove that the whole variable sequence generated
by ADMM is bounded, implying the existence of the
cluster point, which is required in step 1).
3) We prove that the whole variable sequence generated
by ADMM is globally convergent.
4) The limit of variable sequence generated by ADMM
for Problem (15) will be close to the stationary point
of Problem (4) within the range O().
Due to space limitations, the detailed proof will be presented in supplementary material.
3.2 Understanding the `p Projection
In the proposed `p -box ADMM algorithm, the `p projection
(i.e. the update of y2 in Eq. (9)) plays a key role, as
it introduces the only non-convexity. We dedicate this
section to understand how the chosen p value influences
the optimization process and how it can be used to vary
the (ρ0 , µρ ) parameters. In the experiments of the previous
sections, we find that although the computational cost of
the `p projection is the same for different p values, certain
attributes of the optimization process (e.g. sensitivity to the

ρ parameters and number of iterations for convergence) are
significantly different.
To simplify the analysis and without loss of generality,
we consider the projection onto the `1 and `2 spheres (i.e.
p ∈ {1, 2}) in R2 in an example illustrated in Figure 3.
Vector space R2 is partitioned into 4 uniform areas: 4
quadrants with the shifted origin ( 21 , 12 ), represented by
3π
the degree range (0, π2 ), ( π2 , π), (π, 3π
2 ) and ( 2 , 2π). Note
that each quadrant includes one binary point. In Figure 3
(left), we focus on the half-quadrant (0, π4 ) that includes the
single binary vector (1, 1). Any point a in this area can be
defined by a moving angle θ and its `1 and `2 projections
are collinear with the center ( 12 , 12 ) (see the dots on red and
green curves). In fact, all points a with the same θ have
the same `p projections. During the optimization of our
`p -box ADMM algorithm, y2 is encouraged to gradually
move along its corresponding `p -sphere from θ = 0 towards
θ = π4 , where the binary solution is. For example, if using
the `1 projection, y2 will move along the straight segment
between (1.5, 0.5) and (1, 1); if using the `2 projection, y2
will move along the arc between (1.207, 0.5) and (1, 1).
We define a moving distance dp (θ) to evaluate how
close y2 is to the binary solution along the `p -sphere.
This can give us a new interpretation for the `p projection.
To do this, we define the normalized angle θ = θ/ π4
and the normalized distance dp (θ) = dp (θ)/dp ( π4 ). The
relationship between dp (θ) and θ is as follows.
2 tan( π
4 θ)
1+tan( π
4 θ)

•

For p = 1, d1 (θ) =

•

For p = 2, d2 (θ) = θ ∈ [0, 1],
√

∈ [0, 1]
√

where d1 ( π4 ) = 22 and d2 ( π4 ) = 82π . Note that the
subscript corresponds to the p value. As shown in Figure
3 (middle), we plot the curves of (θ, dp (θ)) for different p
values. Note that for p values excluding {1, 2}, where we
do not have simple formulations for d(θ), we generate the
plots numerically. Furthermore, it is easy to compute the
angular moving speed of y2 for p = {1, 2} as follows,
•

For p = 1,

•

For p = 2,

∂d1 (θ)
∂θ
∂d2 (θ)
∂θ

=

2
π
π 1+tan (θ 4 )
2 (1+tan(θ π ))2
4

∈ [ π4 , π2 ].

= 1.

The moving speeds for different values of θ across different ranges of p are plotted in Figure 3 (right). Based on
these plots in R2 , we can make the following observations:
1) When p = 2, y2 = PSp (a) always moves with unit
speed no matter where a is in the half quadrant.
2) When p ∈ (0, 2): if θ = 0 (i.e. a is located at the
middle place between two binary points), its speed
is higher than 1, and smaller p values correspond
to higher speeds; if θ = π4 (i.e. a is collinear to
the binary point and the center), its speed is lower
than 1, and smaller p values correspond to smaller
speeds. This means that when using a smaller p,
y2 is more sensitive to the change of a when it is
in between binary points, while being less sensitive
around binary points. If we use a binary initialization
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Fig. 3. Geometric illustration of the z2 update process using the `p projection. Left: the moving path of z2 through the `1 and
`2 projection. Middle: plots of the normalized moving distance d(θ)/d( π4 ) w.r.t. the normalized moving angle θ/ π4 for different
p values. Right: the moving speed of z2 at different places. See the text for a detailed description.

for y2 and a (we do this in clustering and matching
experiments), then the optimization process of our
method can be intuitively seen as doing the following:
y2 firstly jumps from one quadrant to other quadrants,
then stays in one area, and finally converges to the
corresponding binary point. During this process, y2
can easily to jump between different areas, leading
to the frequent oscillation of the objective curve. To
alleviate the oscillation, empirical evidence suggests
that ρ0 or µρ be decreased, leading to smaller changes
in a. This trick is very useful in our experiments.
3) When p ∈ (2, +∞): if θ = 0, its speed is lower
than 1 and smaller p values have smaller speeds;
if θ = π4 , its speed is higher than 1, and smaller
p values have higher speeds. This means that when
using a larger p, y2 is less sensitive to the change of a
when it is in between binary points, while being more
sensitive around binary points. During the optimization process, in early iterations, the change of y2 and
a tend to be large. But, when they approach to the
middle place, y2 gets slower and it is difficult to jump
to other quadrants (corresponding to other binary
points). Thus, the expected shape of the objective
curve is expected to be quickly decreasing in the early
iterations with a long smooth tail. A side-effect of this
situation is that its performance is more dependent
on the initialization, and it may converge to a poor
solution. To alleviate this drawback, our experience
is to increase ρ0 or µρ , leading to larger changes in
a. This trick is very useful in our experiments.
Although above observations are made in R2 , they are
naturally extended to higher dimensional spaces Rn .

4

`p - BOX ADMM

FOR

BQP S

In this section, we focus on the popular BQP problem in
Eq. (20). Without loss of generality, we assume that L  0.
This is valid because x> x = 1> x when x ∈ {0, 1}n , and

thus, x> Mx = x> (M + αI)x − α1> x for any α and M.
min

x,y1 ,y2

f (x) = x> Lx + b> x

(20)

(
x ∈ C = {x : C1 x = d1 ; C2 x ≤ d2 }
s.t.
y1 ∈ Sb ; y2 ∈ Sp ; x = y1 = y2
We can invoke Algorithm 1 to solve the BQP. The x
sub-problem is actually a convex QP with linear constraints,
whose global solution can be computed with many iterative
off-the-shelf QP solvers (e.g. as simple as the built-in
function quadprog in MATLAB). In practice, these methods
can be computationally expensive especially at large-scales.
Since we need to solve this kind of optimization in every
ADMM iteration, we prefer to have the per-iteration cost
to be as low as possible. In what follows, we will show
that by adding more variables to the problem, the most
complicated update step becomes solving a single positivedefinite linear system. To do this, we add an auxiliary
variable y3 to transform {C2 x ≤ d2 } in Eq. (20) into
{C2 x + y3 = d2 ; y3 ∈ Rn+ }.
Following the same ADMM strategy, we use two more
dual variables (z3 , z4 ) for the linear equalities and inequalities and formulate the following augmented Lagrangian.
L = f (x) + g1 (z1 ) + g2 (z2 ) + g3 (z3 ) + z>
1 (x − y1 )
>
>
+ z>
2 (x − y2 ) + z3 (C1 x − d1 ) + z4 (C2 x + y3 − d2 )
ρ1
ρ
ρ
2
3
+ kx − y1 k22 + kx − y2 k22 + kC1 x − d1 k22
2
2
2
ρ4
+ kC2 x + y3 − d2 k22 ,
(21)
2

where g3 (z3 ) = I{z3 ∈Rn+ } . The update steps for (y1 , y2 ,
z1 , z2 ) are exactly the same as in Algorithm 1. The only
additional steps that are needed involve (x, y3 , z3 , z4 ). We
summarize them next.
Update xk+1 : This step requires the minimization of a
strongly convex QP without constraints. By setting the
gradient to zero, we can compute xk+1 by solving the following positive-definite linear system. This can be done efficiently using the preconditioned conjugate gradient (PCG)
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method, especially for large sparse matrices.



>
k+1
2L + (ρ1 + ρ2 )I + ρ3 C>
= ρ1 y1k
1 C 1 + ρ4 C 2 C 2 x

>
k
k
k
+ ρk2 y2k + ρ3 C>
1 d1 + ρ4 C2 (d2 − y3 ) − b − z1 − z2
k
> k
− C>
1 z3 − C2 z4

(22)

Update (y3k+1 , zk+1
, zk+1
): These are simple updates. The
3
4
n
projection onto R+ is an element-wise truncation at 0.

zk
k+1
k+1

− ρ44 )
y3 = PRn+ (d2 − C2 x
zk+1
= zk3 + γρ3 (C1 xk+1 − d1 )
3

 k+1
z4 = zk4 + γρ4 (C2 xk+1 + y3k+1 − d2 )

(23)

Implementation Details. For convenience, we set all the
ρ parameters to the same value in the same iteration. At
the end of each ADMM iteration, ρ is increased by µρ %
with µρ ∈ [0, 5]. We also set a upper limit ρmax , such
that ρ ← min(ρµρ , ρmax ). We experimented with different stopping criteria (e.g. relative change in x, difference
between x and (y1 , y2 ), and relative change in continuous
objective), all of which have comparable performance. In
the reported experiments, we adopt these criteria jointly,
which means that the algorithm will stop if all criteria
are satisfied. Specifically, we set the same threshold value
0.0001 for all criteria. Furthermore, all the y and z variables
are initialized to 0, while x is initialized as a random
binary vector, or by using the results of other methods
(e.g., using K-means as initialization in clustering). The
computational complexity of the `p -box ADMM is linear
in n, i.e. O(Tadmm (Tpcg n|A| + an)), with Tadmm and
Tpcg (Tpcg < 10 in our experiments) being the iterations
of the ADMM and PCG respectively, a is a small scalar
(depending on the number of rows of C1 and C2 ), and n|A|
indicating the number of non-zero entries in A. When A
is sparse (which is indeed the case in many real problems),
n|A| is linear in n. Our algorithm is implemented in
MATLAB.
Remark on convergence. As L , f (x) satisfies the
conditions in Assumption 1. Moreover, as demonstrated
under Eq. (7), if C1 , d1 don’t exist, or {y1 | C1 y1 =
d1 }∩Sb is a probability simplex on partial or all dimensions
of y1 , as well as that C2 , d2 don’t exist, then the subproblem with respect to y1 (see Eq. (6)) can be solved
exactly. Consequently, we can move the equality constraint
C1 y1 = d1 onto y1 , then the global convergence presented
in Proposition 2 holds for `p -box ADMM for BQPs. On the
other hand, if C2 , d2 exist, or {y1 | C1 y1 = d1 } ∩ Sb isn’t
a probability simplex, then the theoretic global convergence
can not be guaranteed. In this case, we suggest to move both
equality and inequality constraints onto x, and handle them
as presented above in this section. In our experiments, the
ADMM algorithm still always gives the converged integer
solution.

PAIRWISE MRF

5.1 Formulation
Given a Markov Random Field (MRF) model, which is
constructed based on a graph G = {V, E} with V being a
set of n nodes and E being the edge set, the energy pairwise
MRF minimization problem is generally formulated as
follows [45]:
min E(x) = x> Lx + d> x
(24)
x

s.t. C1 x = 1; x ∈ {0, 1}nK×1
where x is a concatenation of all indicator vectors for the
states k ∈ {1, · · · , K} and all n nodes. For example, if
xik = 1, then node i takes on the state k; otherwise, xik = 0.
Since
node can only take on one state, we enforce that
PK each
i
k=1 xk = 1 for ∀i ∈ V, which is formulated as a sparse
linear system of equalities: C1 x = 1. Here, L ∈ RnK×nK
is the un-normalized Laplacian of G, i.e. L = D − W
with W being the matrix of node-to-node similarities. Our
`p -box ADMM algorithm in Section 4 can be used to
solve Eq. (24). Interestingly, practical graph constraints can
be embedded into Eq. (24) as linear constraints, such as
hard (some nodes should have a particular state), mutually
exclusive (some nodes should have different states) and
cardinality (a limit on the number of nodes belonging to
a particular state) constraints.
Popular methods. It has been proven that when K = 2,
Eq. (24) is a submodular minimization problem, and it
can be globally optimized using the min-cut algorithm (a
discrete method) in polynomial time [21], [46]. However,
when K > 2, this global solution cannot be guaranteed in
general.
5.2 Image Segmentation Experiments
Here, we target the energy minimization problem of Eq.
(24) applied to binary and multi-class image segmentation.
Experimental setup. We compare our method against
three generic IP solvers, namely linear relaxation, spectral
relaxation and an exact penalty method [17], as well as,
a state-of-the-art and widely used min-cut implementation
[47]. A state-of-the-art MAP inference method called Bethe
ADMM [44] which is formulated based on LP relaxation
[24] is also compared. SDP relaxation is not feasible in
this scenario because the number of variables is n2 , where
n is the number of pixels in the image. The linear relaxation method is implemented using the built-in function
quadprog in MATLAB. In terms of the spectral relaxation,
its closed-form solution based on eigen-decomposition of
is also implemented using MATLAB. Bethe-ADMM is
implemented by C language2 . We follow the typical setup
in graph-based image segmentation. The similarity matrix
is defined on an 8-pixel neighborhood and each element
Wij = exp(−kci − cj k22 ), where ci is the RGB color of
pixel i. The user indicates pixels that belong to each state,
by drawing a color-coded brush stroke for each state on the
2. Downloaded from ”http://www-users.cs.umn.edu/ qifu/”
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TABLE 1
Energy minimization results on cameraman showing mean(std) values of the energy of Eq (24) and runtime
(seconds) for all methods over 5 runs.
size →
method ↓

energy

n = 103
runtime

min-cut [21]
linear relaxation
spectral relaxation [27]
Bethe-ADMM [44]
penalty [17]
`0.5 -box ADMM
`1 -box ADMM
`2 -box ADMM
`5 -box ADMM
`10 -box ADMM

-163(0)
-108(0)
206(0)
-163(0)
-157(7)
-163(0)
-163(0)
-162(0)
-162(0)
-162(0)

4e-3(0)
0.09(0)
0.71(0)
0.38(0)
84(23)
0.08(0)
0.08(0)
0.07(0)
0.08(0)
0.08(0)

size →
method ↓

energy

n = 105
runtime

min-cut [21]
linear relaxation
spectral relaxation [27]
Bethe-ADMM [44]
`0.5 -box ADMM
`1 -box ADMM
`2 -box ADMM
`5 -box ADMM
`10 -box ADMM

-43711(0)
-42530(0)
-22911(0)
-43694(0)
-43547(0)
-43614(0)
-43611(0)
-43536(0)
-43432(0)

0.13(0)
12.16(0.1)
1.47(0)
32.72(0)
5.03(0.16)
4.25(0.02)
4.02(0.005)
5.49(0.01)
5.46(0.02)

energy

n = 5 × 103
runtime

-1372(0)
-1319(0)
-415(0)
-1372(0)
-1325(12)
-1372(0)
-1372(0)
-1372(0)
-1372(0)
-1372(0)
energy

7e-3(0)
0.4(0)
1.41(0)
2.47(0)
963(85)
0.23(0)
0.23(0.01)
0.19(0)
0.28(0)
0.26(0)

n = 5 × 105
runtime

-254672(0)
-177932(0)
-200645(0)
-254641(0)
-253252(0)
-253747(0)
-253717(0)
-253169(0)
-252282(0)

0.74(0)
127.0(0.85)
1.93(0)
183.23(0)
27.77(0.06)
24.5(0.13)
22.96(0.08)
30.96(0.05)
28.25(0.19)

Fig. 4.

The optimization procedure of `2 -box ADMM on
the segmentation task of the cameraman image (resized to
100 × 100, i.e., n = 1e4). Notice how the continuous solution
becomes more binary and how the energy decreases, getting
closer to the global minimum (min-cut result). At convergence
(iteration 120), the final solution is binary and its energy is
only 0.4% away from the global minimum.

image. The unary costs d are computed from the negative
log-likelihood of pixels in the image belonging to each of
the K states. We initialize the linear relaxation, penalty,
and our method using a uniformly random label image.
Comparison. First, we compare all methods in terms of
their final energy value and runtime in the case of binary
submodular MRF (K = 2). Here, we consider the cameraman image at different sizes: n = {103 , · · · , 5 × 105 }
and repeat each segmentation five times. We summarize the
mean and std values of the objective and runtime in Table 1.
Since the penalty method needs to solve many increasingly
non-convex problems, its slow runtime makes it infeasible

energy

n = 104
runtime

-3228(0)
-2890(0)
-1242(0)
-3228(0)
N/A
-3219(0)
-3222(0)
-3218(0)
-3217(0)
-3213(0)
energy

0.02(0)
0.80(0)
0.11(0)
5.05(0)
N/A
0.43(0)
0.39(0.01)
0.33(0)
0.49(0.01)
0.46(0.01)
n = 106
runtime

-537557(0)
-429694(0)
-429694(0)
-537090(0)
-532998(0)
-534317(0)
-534261(0)
-533150(0)
-529809(0)

2.59(0)
669.6(1.1)
3.26(0)
390.45(0)
49.56(0.14)
46.15(0.06)
41.15(0.02)
55.52(0.08)
53.64(0.03)

energy

n = 5 × 104
runtime

-20481(0)
-19693(0)
-8809(0)
-20466(0)
N/A
-20380(0)
-20396(0)
-20390(0)
-20379(0)
-20323(0)
energy

0.07(0)
5.22(0.2)
1.67(0)
24.78(0)
N/A
2.37(0.02)
2.14(0.1)
1.84(0.01)
2.77(0.03)
2.58(0.01)

n = 5 × 106
runtime

-2959932(0)
N/A
-2844120(0)
-2959166(0)
-2929903(0)
-2942986(0)
-2932654(0)
-2936757(0)
-2929080(0)

11.47(0)
N/A
5.12(0)
1769.62(0)
261.34(0.25)
216.89(0.23)
209.72(0.14)
248.21(0.12)
248.65(0.09)

Fig. 5. MRF-based segmentation results. The user can determine the unary costs using free-hand strokes (1st column)
or a simple rectangle similar to [14] (2nd column). The user
can add hard linear constraints (3rd column) by identifying
pixels belonging to the foreground (green) or background
(red). In the 4th and 5th columns, we show some multi-class
results with K = 3, 4. Note how our `p -box method converges
to discrete solutions that are very similar to those of min-cut,
a state-of-the-art application-specific algorithm.

for larger sized images. Clearly, our method with different
`p projections achieve energies that are very close to the
global minimum (min-cut result), far closer than other IP
methods excluding Bethe-ADMM. Bethe ADMM gives
slightly lower energy than `p -box ADMM, while its runtime
is much higher than that of `p -box ADMM. Bethe ADMM
is specially designed for MAP inference in submodular
MRF, and its main technique is replacing the `2 penalty
term in the augmented Lagrangian function of ADMM by
the Bethe entropy. This technique can be naturally adopted
in `p -box ADMM algorithm. Note that we adopt the same
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Fig. 6. Graph matching results. For visualization purposes, the error bars of the objective and accuracy (std) are made
smaller ( 51 ) for all methods. The runtime of the penalty method (311 ± 23 seconds) is much higher than other methods, thus
it is not shown here. Since `p -box ADMM with different p values (we use p = 0.5, 1, 2, 5, 10) converge to the same objective
and accuracy, with slight differences in runtime, we only show the results of `2 -box ADMM for simplicity.

parameters for different `p projections, thus, demonstrating
that our method is robust to different p values. The approach
to do the parameter adjustment for different p values will
be presented in Section 3.2. Interestingly, our std values are
much lower than the penalty method, which indicates that
our method is less sensitive to the initialization and is less
prone to getting stuck in undesirable local minima, which
is a major issue in non-convex optimization in general.
Note that the linear relaxation method has a zero standard
deviation energy because the convexity of the relaxed
problem guarantees convergence to the same solution no
matter the initialization. Moreover, our method exhibits a
runtime that is O(n) owing to the fact that the number of
non-zero elements in L is 8n. It converges considerably
faster than the other IP solvers.
In Figure 4, we validate our convergence guarantee
by showing the continuous solution x in sample ADMM
iterations. In only 25 iterations, the randomly initialized
solution reaches an almost binary state, whose energy is
close to the global minimum. Upon convergence (iteration
120), the final solution is binary and its energy is only 0.3%
larger than the min-cut result. Finally, we show qualitative
segmentation results of our method and min-cut in Figure
5 for different versions of the image segmentation problem,
including GrabCut [14], interactive segmentation [48], and
multi-class segmentation [49].

BQP Reformulation. As demonstrated in [8], the nonnegative similarity matrix M is rarely positive semi-definite
in real matching problems. But, we can easily transform Eq.
(25) into the BQP form in Eq. (20), by employing a simple
trick in binary programming: x> Mx = x> (M − D)x +
d> x = −x> Lx + d> x, where d = M1 is the degree
vector, D = diag(d) is the degree matrix, and L  0
is the resulting Laplacian matrix. As such, we form the
equivalent problem in Eq. (26).

6

6.2 Matching Experiments on a Video Sequence

G RAPH

MATCHING

6.1 Formulation
The general formulation of graph matching is [9]:
max x> Mx s.t. C2 x ≤ 1,

x∈{0,1}n

(25)

where x is an indicator vector with xia = 1 if node i from
the first graph (e.g. feature i in one image) is matched
to node a from the other graph (e.g. feature a in another
image) and 0 otherwise. The constraint C2 x ≤ 1 enforces
the one-to-one constraint in matching. Here, C2 = [1>
n2 ⊗
(n1 +n2 )×n
In1 ; In2 ⊗ 1>
]
∈
{0,
1}
with
n
and
n
being
1
2
n1
the number of nodes in the two graphs and n = n1 n2 . The
Kronecker product is denoted by ⊗.

min

x∈{0,1}n

x> Lx − d> x,

s.t. C2 x ≤ 1.

(26)

Popular methods. Many methods have been specifically
designed to solve the above matching problem. For example, the integer projected fixed point (IPFP) method [8]
iteratively determines a search direction in the discrete domain to update the continuous solution of the unconstrained
problem. Its major drawback is that it does not guarantee
convergence to a feasible binary solution [50]. A more
recent method called factorized graph matching (FGM) [9]
combines a convex and a concave relaxation, by utilizing
the fact that the matrix M can be decomposed into smaller
matrices. Then, the Frank-Wolfe (FW) [51] algorithm is
adopted to optimize the relaxed problem. Although FGM
guarantees a feasible binary solution, it is costly due to the
repeated use of FW.

We test the matching problem in Eq. (25) on a benchmark
sequence called house [9], comprising 111 frames.
Experimental setup. Our method is compared against
two generic IP solvers3 , namely the linear relaxation and
an exact penalty method [17], as well as, several stateof-the-art methods, namely SM (uses spectral relaxation)
[54], IFPUU (using a doubly stochastic matrix as the
initialization), IFPUS ( using the solution of SM as the
initialization) [8]. Note that the matching results of SM
3. We also used Branch-and-Bound and Branch-and-Cut using some
off-the-shelf optimization toolboxes (e.g. Hybrid [52] and OPTI [53]).
However, they cannot output comparable results with the other methods
in reasonable time (hours). As such, we did not compare with them.
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are used to initialize IFPUS , FGM, and our method. The
implementations of SM, IFPUU , IFPUS and FGM are
freely downloaded from http://www.f-zhou.com/gm.html.
We adopt the same settings as [9], including the nodes,
edges, features, and edge similarities (refer to [9] for more
details). Specifically, 30 landmark points are detected in
each frame, from which 5 points are randomly picked and
removed. Each pair of frames with a fixed frame gap are
matched. For example, if the frame gap is 10, then 101 pairs
{(1, 11), (2, 12), . . . , (101, 111)} are matched. The frame
gap is chosen from the set {1, 10 : 10 : 90}. For each
frame gap, we evaluate the methods using the mean and std
of three metrics: the final objective value (larger is better),
matching accuracy, and runtime (refer to Figure 6).

Proposition 3. The optimization problem in Eq. (27) can
be equivalently reformulated into BQP form, as follows:
(28)
min n y> Ly s.t. C1 y = d1 ,

Comparison. Our method achieves a very similar (slightly
higher) objective value as compared to FGM, a 4% improvement (on average) over IPFPU and IFPUS , and a
17% improvement over the penalty method. The relative
performance of different methods evaluated by accuracy is
generally consistent with that of objective value, and our
method and FGM outperform other methods. In terms of
runtime, our method is slower than the linear relaxation,
IFPUU and IFPUS , but much faster than FGM and the
penalty method. These comparisons demonstrate that our
method achieves state-of-the-art results in the presence of
application-specific methods, while being superior to other
generic IP solvers.

where M = −W = D − L can be seen as a similarity
matrix with non-negative entries, and the diagonal matrix
D and the positive semi-definite matrix L indicate the
corresponding degree matrix and un-normalized Laplacian
matrix respectively. During the derivation of (29), we utilize
the following fact

7

I NFORMATION

THEORETIC CLUSTERING

7.1 Formulation
The information theoretic clustering (ITC) model proposed
in [2] is originally formulated in Eq. (27).
(
N
1K
Y > 1N = K
(27)
min
tr(Y> WY) s.t.
Y∈{0,1}N ×K
Y1K = 1N
where Y denotes the cluster membership matrix: if Yij =
1, then the instance feature vector ri is assigned to the j-th
cluster. N and K denote the number of instances and clusN
1K
ters respectively. The column constraint Y> 1N = K
encourages the clusters to have equal-size. For details on
the validity of this assumption, we refer to [2]. The row
constraint Y1K = 1N enforces that each instance can
only be a member of one cluster. W denotes the similarity
matrix: Wij = log(kri − rj k22 ).
BQP reformulation. Proposition 3 allows us to reformulate
Eq. (27) into standard BQP form, as shown in Eq. (28).
Clearly, Eq. (28) can be solved using our `p -box ADMM
algorithm. Although L is large in size, it has a repetitive
block structure and is extremely sparse, two properties that
we exploit to make the PCG implementation much more
efficient. It is noteworthy to point out that it is easy to adjust
our ADMM algorithm to operate on the matrix variable Y
directly instead of vectorizing it. To maintain clarity and
consistency, we leave the details of this ADMM matrix
treatment to the supplementary material.

y∈{0,1}

where y = vec(Y) and n = N K. The positive semi-definite
n×n
matrix L = IK ⊗ L ∈ RP
, where L = D + W, and
N
>
D = diag(d) with di = − j Wij . C1 = [IK ⊗1>
N ; 1K ⊗
(N +K)×n
IN ] ∈ {0, 1}
, d1 = [N/K1K ; 1N ].
Proof. As the entries of W in (27) are non-positive, we
firstly conduct the first transformation,
tr(Y> WY) = tr(Y> (−M)Y)
>

(29)

>

>

= tr(Y LY) − tr(Y DY) = tr(Y LY) + const,

tr(Y> DY) =

K X
N
X
j

i

2
di × Yij
=

N
K X
X
j

di × Yij (30)

i

>
>
>
= tr[(d1>
K ) Y] = tr[d (Y1K )] = tr(d 1N ) = const,
2
where the constraints Yij ∈ {0, 1} imply that Yij = Yij
.
By vectorizing matrix Y, we obtain the problem in Eq. (28).
Since both the un-normalized Laplacian matrix L and IK
are PSD matrices and due to the property of Kronecker
products, it is easy to see that L is also PSD. Then, Problem
(28) is a standard BQP.

Popular methods. In [2], Eq. (27) is solved using SDP
relaxation, by replacing Y with G = YY> . The binary
constraints are also substituted with Gij ∈ [0, 1], Gii = 1
and G  0. Any off-the-shelf SDP solver can be used to
optimize this relaxed problem and a randomized algorithm
is adopted to recover back the original variable Y. Note that
this algorithm cannot guarantee a feasible binary solution.
Since N  K in general, optimizing G using SDP
relaxation is much more expensive than directly optimizing
Y. We will validate this in our experiments. Interestingly,
LP relaxation will lead to a trivial non-binary clustering
1
solution Y = K
1N ×K , at which the objective is zero. This
arises because the Laplacian matrix L has a zero eigenvalue
corresponding to the eigenvector 1. Consequently, BB and
CP based on LP relaxation also fail to give good results.
Thus, we do not compare against them in this application.
7.2 Clustering Experiments on UCI Data
We test the ITC model (see Eq. (27) ) on four benchmark
UCI datasets [55], including iris, wine, glass and letter.
Experimental Setup. We compare our method against
K-means, penalty method [17], and SDP relaxation (used
in [2]) that is implemented by the CVX toolbox. Note
that all methods except K-means optimize Eq. (27). Kmeans is not only considered as a baseline, but also used
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TABLE 2
Clustering results showing mean(std) values of three measures: RI score (%), objective of Eq (27), and runtime
(seconds), over 10 random runs of all methods. The best value in each column is highlighted in bold.
dataset →
method ↓

iris (N=150 instances, K=3 clusters)
objective runtime
RI

K-means
penalty [17]
SDP [2]
`0.5 -box ADMM
`1 -box ADMM
`2 -box ADMM
`5 -box ADMM
`10 -box ADMM

87.37(0)
94.95(0)
94.95(0)
94.95(0)
94.95(0)
94.95(0)
94.95(0)
94.95(0)

-3886(0)
-3918(0)
-3890(0)
-3918(0)
-3918(0)
-3918(0)
-3918(0)
-3918(0)

4e-3(1.6e-3)
77.6(1.2)
380.2(5.2)
0.58(0.08)
0.38(0.02)
0.18(0.01)
0.16(0.01)
0.15(0.01)

wine (N=178 instances, K=3 clusters)
objective
runtime
RI

glass (N=214 instances, K=6 clusters)
objective
runtime
RI

93.57(0.53)
77.80(5.81)
92.74(0)
92.74(0)
92.74(0)
92.74(0)
92.74(0)
92.74(0)

67.38(2.11)
54.74(8.5)
71.30(0.43)
62.21(0.26)
64.08(0.49)
61.39(0.13)
62.72(0.07)
64.08(0.40)

-3504(13.2)
-3171(85)
-3533(0)
-3533(0)
-3533(0)
-3533(0)
-3533(0)
-3533(0)

7e-3(4e-3)
13.7(1.06)
1206(96)
0.46(0.09)
0.48(0.02)
0.84(0.01)
0.46(0.02)
0.30(0.01)

as the initialization of penalty and our method. Three
metrics are adopted, including the final objective value of
Eq. (27) (lower is better), Rand Index (RI) and runtime.
Each method is run 10 times with random (K-means)
initializations and the mean and std values of these metrics
are reported.
Comparison. Clustering results are summarized in Table
2. Note that we do not report the results of SDP on
the letter dataset because it could not converge in a
reasonable amount of time. Our method with different p
values present similar results in all datasets. Our method
improves (in objective value) over the penalty method by
[0, 11.42, 2.85, 22.62]% on the four datasets respectively.
It outperforms SDP relaxation by [0.72, 0, 2.88]% on the
small scale datasets. It is notable that on iris and letter,
the objective values and the RI values are consistent,
ı.e., the lower objective value corresponds to the higher
RI value. In contrast, these two values are inconsistent
on wine and glass. The reason is that the ITC model
enforces the sizes of all clusters to be equal through the
N
1K in (27). Hence, if the groundconstraint Y> 1N = K
truth cluster distribution is uneven, then the lower objective
value of ITC may not indicate the better performance. The
cluster distributions of iris and letter are even, while the
distribution of wine is uneven (i.e., (59, 71, 48)), and that
of glass is the most uneven (i.e., (70, 76, 17, 13, 9, 29)).
This explains that the objective value and the RI value
are a bit inconsistent on wine, while they are significantly
inconsistent on glass. Overall, our method shows much
better performance (i.e., the lowest objective value) on this
task than other generic IP methods.

8

C ONCLUSIONS

AND

F UTURE W ORK

In this work, we propose a generic IP framework called
`p -box ADMM, which harnesses the attractive properties
of ADMM in the continuous domain by replacing the
discrete constraints with equivalent and simple continuous
constraints. When applied to a popular IP sub-class of
problems (namely quadratic problems), our method leads to
simple, computationally efficient, and provably convergent
update steps. Our experiments on MRF energy minimization, graph matching, and clustering verify the superiority
of our method in terms of accuracy and runtime, especially
when compared to other generic IP solvers. There are many

-9534(145)
-9627(438)
-9624(222)
-9901(95)
-9841(136)
-9901(59)
-9889(108)
-9841(80)

1.1e-2(4e-3)
2060(411)
3419.8(3.2)
0.66(0.29)
0.73(0.06)
0.45(0.26)
0.61(0.22)
1.378(0.35)

RI

letter (N=2e4 instances, K=26 clusters)
objective
runtime

92.95(0.08)
91.26(2.88)
N/A
94.35(0)
94.39(0)
93.80(0.05)
93.70(0.15)
93.28(0.20)

-1770122(12491)
-1634508(95624)
N/A
-1996916(2613)
-2004188(1009)
-2002874(3015)
-2001653(2401)
-1992118(6934)

2.68(0.86)
20523(14492)
N/A
142(0.62)
54(17.1)
81(37.3)
153(1.7)
157(2.1)

avenues of improving this framework further and we call
on the community to pursue them with us.
Algorithmic Improvements: The performance/runtime of
our method can be further improved in a number of ways,
namely by adopting popular variants of the general ADMM
framework. This includes efficient parallel and distributed
computing by invoking the separability property of ADMM,
where smaller pieces of the variable x can be updated
in parallel. Moreover, linearized and stochastic variants of
ADMM can be employed to approximate and therefore
expedite the variable updates, especially the x-update step.
Of course, our proposed method can benefit from hardware
acceleration, e.g. using GPU accelerated CG solvers for
large sparse linear systems. Also, we will investigate an
adaptive and systematic strategy to set γ and ρ per iteration
to allow for faster runtime. Finally, we will study other
popular types of f (x) (e.g. total variation) and C (e.g.
quadratic constraints) as specific instances of the general
framework to handle other important discrete problems. For
these families of problems and similar to our treatment
of BQPs, we will propose efficient ways to perform the
ADMM update steps. In the supplementary material, we
show that the proposed `p -box ADMM can easily handle
the non-smooth objective function with `l regularization,
which is popular in image denoising problems that use total
variation (TV) regularization [56], [57].
Theoretical Improvements: We will extend our framework
to handle other equivalences to the {0, 1}n binary space
(refer to Figure 7 for some examples). Ideally, we would
like to propose a systematic strategy that can recommend
equivalences that might be best suited for different forms
of objectives and constraints.
More Applications: Because our method does not add
any restrictions to the objective, our method can ideally
be applied to any discrete optimization problem, such as
subset selection [58], active batch selection [59], multi-label
learning [60], [61], [62], hash code learning [63], tracking
[64], TV-based image denoising [56], [57], to name a few.
Besides, the more general mixed-integer program (MIP)
problem can also be solved using our method, through
equivalently replacing the integer constraints by continuous
constraints. They will be explored in future work.
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Fig. 7. Four examples of generating the set of binary vectors in R2 by intersecting of a pair of continuous sets using different

`p norm spheres and balls. For example, the first plot on the left is the intersection of a shifted `2 -ball {x : kx − 12 k22 ≤ 12 } and
the shifted `1 -sphere {x : kx − 12 k1 = 1}.
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