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Field data provide estimates of effective permeability, fracture spacing, well drainage

area and incremental production in gas shales✩

Behzad Eftekharia, M. Mardera, Tadeusz W Patzekb,∗

aDepartment of Physics, The University of Texas at Austin, Austin, Texas 78712
bAli I. Al-Naimi Petroleum Engineering Research Center, The King Abdullah University of Science and Technology (KAUST), Thuwal

23955-6900, Kingdom of Saudi Arabia

Abstract

About half of US natural gas comes from gas shales. It is valuable to study field production well by well. We present
a field data-driven solution for long-term shale gas production from a horizontal, hydrofractured well far from other
wells and reservoir boundaries. Our approach is a hybrid between an unstructured big-data approach and physics-based
models. We extend a previous two-parameter scaling theory of shale gas production by adding a third parameter that
incorporates gas inflow from the external unstimulated reservoir. This allows us to estimate for the first time the effective
permeability of the unstimulated shale and the spacing of fractures in the stimulated region. From an analysis of wells in
the Barnett shale, we find that on average stimulation fractures are spaced every 20 m, and the effective permeability of
the unstimulated region is 100 nanodarcy. We estimate that over 30 years on production the Barnett wells will produce
on average about 20% more gas because of inflow from the outside of the stimulated volume. There is a clear tradeoff
between production rate and ultimate recovery in shale gas development. In particular, our work has strong implications
for well spacing in infill drilling programs.

Keywords: hydrofracturing, shale gas, fracking, energy resources, scaling laws

1. Introduction

Natural gas from hydraulically fractured mudrock for-
mations continues to attract attention as a major source
of energy for the future. Commonly known as shales, mu-
drocks are layers of fine–grained sediment which typically
lie at a depth of 2−3 km and have the geometry of a sheet:
they extend laterally over hundreds of kilometers and are
about 30 − 90 m thick. Shale gas is stored in nanome-
ter scale, poorly connected pores (Loucks et al., 2009) and
as such is not accessible without hydraulic fracturing, or
stimulation. This process involves drilling one or more
horizontal wells along the mudrock layer, injecting large
volumes of pressurized water into reservoir rock at multi-
ple points along the well, known as hydrofracture stages,
propagating fluid–driven fractures into the rock and prop-
ping the fractures open with sand. Hydraulic fracturing
ultimately creates a highly permeable, multiscale network
of hydraulic fractures, reopened natural fractures, faults
and shear failures. Gas seeps through the rock and is col-
lected by this network, quickly flows within the fractures,
reaches the wellbore and is produced. Tens of thousands
of US shale wells have been hydraulically fractured, and
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potential for development on all other continents is also
considerable (Birol, 2012).

Shale development is decided primarily based on long-
term production forecasts and reserve estimates, which
depend upon many independent reservoir and stimulation
variables. For horizontal gas wells with multiple fracture
stages, considerable modeling effort has been devoted over
the past two decades to extract these variables from data
on time dependence of production (Wattenbarger et al.,
1998; Anderson et al., 2010; Nobakht et al., 2012;
Silin and Kneafsey, 2012; Patzek et al., 2013;
Virués et al., 2013; Walton and McLennan, 2013).
Existing models can infer certain combinations of these
variables, but cannot determine each variable uniquely. In
particular, characteristic spacing of the connected fracture
network responsible for production (“fracture spacing”
from here on) and effective permeability of unstimulated
shale (matrix and natural fractures) have not been ob-
tained independently of one another. Wattenbarger et al.
(1998), Anderson et al. (2010), Nobakht et al. (2012)
and Virués et al. (2013) have extracted from production
data the product A

√
k, where 2A is total fracture surface

area and k is effective permeability of unstimulated
shale, but k or A could not be estimated individually;
Patzek et al. (2013) have extracted the ratio d2/k, where
d is fracture spacing, but k or d could not be obtained
uniquely. As a result, current estimates of long-term
production and fracture spacing rely on presumed values
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for permeability which vary widely and therefore lead to
very different conclusions. For instance, with regards to
production estimates, existing models suggest that the
volume accessed by stimulation fractures (“the stimulated
volume”) is not the only source of production and gas flow
from beyond this volume can also contribute to ultimate
recovery over production time scales (Brown et al., 2009;
Anderson et al., 2010; Virués et al., 2013). However, de-
pending upon the particular choice for permeability, these
models arrive at opposing conclusions about the relative
importance of this contribution (Anderson et al., 2010;
Virués et al., 2013). With regards to fracture spacing
estimates, the choice for permeability determines whether
or not the estimates will be consistent with the spacing
of natural fractures, which is used to decide the role of
natural fractures in shale gas production. If permeability
is taken to be equal to lab-measured values, i.e., a few
nanodarcy (Vermylen, 2011), the spacing comes out on
the order of 1 m, which suggests reactivation of natural
fractures (Patzek et al., 2013); taking permeability to be
100 nanodarcy or more results in spacing estimates of 30
m or more, which suggests that shale gas production is
dominated by matrix discharge and natural fractures are
not essential (Walton and McLennan, 2013).

We present a model for shale gas production which can
extract both effective permeability of unstimulated shale
and fracture spacing directly from production decline data
for horizontal wells with multiple fractures. We examine
two problems involving single phase flow of real gas in
a dual permeability system of connected stimulation frac-
tures inside an infinite effective medium made of shale ma-
trix and natural fractures. The interior problem involves
linear transient flow of gas normal to absorbing planar hy-
drofractures which are perpendicular to a horizontal well.
The interior problem concerns only production from inside
the stimulated volume, defined here as a parallelepiped
which contains the well and fractures. The exterior prob-

lem concerns production from outside the stimulated vol-
ume, which we call the exterior region. Total production
in our model is the sum of interior and exterior produc-

tion. For the interior problem, Patzek et al. (2013) have
obtained a scaling solution which has been successfully ap-
plied to tens of thousands of wells in many shale plays
(Patzek et al., 2013; Male et al., 2014, 2016, 2017). On
its own, this solution cannot distinguish between a tightly
spaced fracture system in a low permeability medium and
a sparse fracture system in a high permeability medium.
We address this limitation by extending Patzek et al.’s so-
lution for the interior problem to one which also accounts
for production from the exterior region. We model exterior
production as a nonlinear boundary value problem for ra-
dial flow of gas within an infinite effective medium towards
an absorbing parallelepiped, which denotes the stimulated
volume of the interior problem. We solve the exterior prob-
lem using a scaling curve. For total production, we obtain
a scaling solution which for wells in a given field depends
upon only 3 free parameters. Time dependence of exte-

Figure 1: Geometrical setup of our model. We examine a horizontal
well of length 2X with uniformly spaced hydrofractures of height H
and tip-to-tip length 2L. Spacing between the fractures is 2d. Hy-
drofractures collect gas from the interior of the stimulated volume
as well as that from the exterior unstimulated infinite region. Frac-
ture permeability is assumed to be infinite compared to the effective
permeability of unstimulated shale, which includes shale matrix and
natural fractures. Geometric volume refers to the nominal size of the
well and does not enter our analysis. For Barnett Shale, the mass
of gas contained in the stimulated volume has been estimated to be
about 10 − 15% of that inside the geometric volume (Patzek et al.,
2013). (Color online.)

rior production shows a characteristic signature in total
production which we use to uniquely determine fracture
spacing and effective permeability of unstimulated shale.

2. Model and Methods

Previous works on decline curves for shale gas have
focused on the stimulated volume and treated it as a
region of finite size that can be completely depleted
(Patzek et al., 2013; Male et al., 2014, 2016, 2017). Here
we extend the physical picture and also consider gas dif-
fusing in towards the stimulated region from the exterior.
This leads qualitatively to three separate time regimes. In
the first, one observes linear flow of gas towards planar
fractures. In the second, one sees rapid decay in the rate
of linear flow due to depletion of the interior of the stimu-
lated region. In the third, one sees a long tail of production
due to gas pressure diffusing from outside the stimulated
region to the fractures on its boundaries. To capture this
late-time period, we model the well as a cuboid volume
(parallelepiped) with an absorbing boundary, Fig. 1.

We acknowledge that the stimulated fracture network
in real wells has a complex geometry (Olson, 2004;
Gale et al., 2007; Geiser et al., 2012) and is expected to
span multiple scales (Marrett, 1996). Recent field obser-
vations (Raterman et al., 2017) and physics-based mod-
els (Marder et al., 2015) suggest that the actual network
likely consists of dense hydrofracture swarms intercon-
nected by shear failure cracks. However, Patzek et al.
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(2013) have shown that production from more than 8,000
wells in the Barnett Shale can be fit reasonably well with a
model which treats the stimulated well as an array of par-
allel planar hydrofractures, Fig. 1. The model has been
applied successfully to other shales as well, such as Hay-
nesville (Male et al., 2014), Marcellus (Male et al., 2016)
and Bakken (Male et al., 2017). Production in this model
comes entirely from the interior of the stimulated vol-
ume. This geometry for horizontal wells was proposed
by Al Ahmadi et al. (2010). The diffusion problem in
this setup has been solved by Nobakht et al. (2012), in
numerical and approximate analytical fashion, and by
Silin and Kneafsey (2012), who presented an analytical so-
lution for compressible gas flow with adsorption. Gas flow
from outside the stimulated volume is not considered in
these models.

The diffusion problem for both stimulated volume and
the exterior region was solved by Brown et al. (2009) in
what is known as a trilinear flow model. This model
accounts for many independent reservoir and completion
variables. By tuning these variables, one can use the model
to history match production data. However, since many
combinations of the variables can match the same produc-
tion history, the model cannot infer individual variables,
in particular effective unstimulated permeability, uniquely.
If one treats the variables as free fitting parameters and
attempts to fit these models to production data, the uncer-
tainty in the computed fit parameters (the physical quan-
tities of interest) is so large as to render the fits useless.
This difficulty results from the presence of a large num-
ber of free parameters. Here we address this issue using a
scaling procedure with only 3 free parameters, which we
infer uniquely from production data and use to estimate
effective unstimulated permeability.

We start by discussing the effects that we do not
include. First, spontaneous imbibition of water into
gas–bearing shale has been the subject of detailed analysis
(Schmid and Geiger, 2013) and the effects have been mea-
sured experimentally (Dehghanpour et al., 2012, 2013).
Imbibition and other transient effects are most promi-
nent in the first few months of production, when injected
fracturing water is being back produced. We can neglect
these effects because our analysis excludes the early tran-
sient period (details in Supplementary Materials). Next
we comment on gas desorption. Desorption refers to sep-
aration of adsorbed gas from rock as a result of pres-
sure drop and is described by the Langmuir isotherm
(Langmuir, 1918). Desorption can contribute to gas re-
covery in shales, but this effect is negligible in the Barnett
Shale (Browning et al., 2013a,b; Patzek et al., 2014).

We employ an effective medium approximation for un-
stimulated shale. Permeability of this medium, which we
call the effective unstimulated permeability, is due to dif-
fusion of gas pressure through unstimulated shale matrix
and unstimulated natural fractures. By natural fractures,
we mean those fractures which are visible at the core scale
(inches) and are typically filled with mineral lining but

could be empty as well (Gale et al., 2007). Our hypoth-
esis in this paper is that the stimulated region can be
modeled as uniformly spaced fractures interspersed with
effective medium and that the exterior region is composed
of the same effective medium. This assumption is logical
because it means that we ascribe to the fractures of the
stimulated region only that enhanced transport that would
not have taken place if they were not there. Enhanced
permeability in the stimulated region is modeled by in-
creased fracture density. We believe this choice presents
advantages over the assumption of different effective per-
meabilities in different regions as adopted by for example
Rafiee and Grover (2017) or Stalgrova and Mattar (2012).
We discuss this decision in more detail later.

Let us denote by mI the cumulative interior produc-
tion by time t. mI is given by the scaling solution in
Patzek et al. (2013), the scaled interior cumulative pro-
duction function RFI:

mI = M × RFI (t/τ) , (1)

where the stimulated mass M is defined as the total
amount of gas contained in the stimulated volume and
the characteristic interference time τ is determined by the
onset of pressure interference between two hydrofractures
spaced 2d apart and defined by:

τ =
d2

αi

, (2)

where αi is the hydraulic diffusivity at initial reservoir
pressure and temperature (pi, T ):

αi =
k

φµgSgcg

∣

∣

∣

∣

pi, T

. (3)

Here, k, φ, µg, cg and Sg denote respectively permeabil-
ity, porosity, gas viscosity, isothermal compressibility and
saturation. For interior production, τ defines the scaled
time

t̃ =
t

τ
(4)

and M sets the mass scale.
Exterior production constitutes the rest of total pro-

duction. This component depends upon the geometry of
the stimulated volume, which is not precisely understood.
However, the stimulated volume is related to stimulated
mass M, obtainable from fitting RFI to production data.
Stimulated volume is the geometric property we know with
greatest certainty. Analytical progress here depends upon
a tractable model for gas flow from an infinite plane into
the stimulated volume. The natural choice is a model
where gas flows into a rectangle Ω, the dimensions of which
are set by the tip-to-tip fracture length 2L and the aspect
ratio ǫ,

ǫ = X/L, (5)

where 2X is well length. We define the stimulated volume
as the cuboid region (parallelepiped) formed by uniform
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extrusion of Ω along reservoir thickness H , Fig. 1. The
mass of gas contained in this volume is

M = 4LXHφSgρi, (6)

M = 4ǫL2HφSgρi. (7)

For H , we use everywhere in our calculations a typical field
value of H = 30 m (Anderson et al., 2010; Nobakht et al.,
2012; Patzek et al., 2013). For X or L, we do not choose
any particular values. Instead, we fix the aspect ratio ǫ at
a typical field value. Using typical values for well length
and fracture tip-to-tip, 2X = 2 km and 2L = 200 m, we
estimate the aspect ratio to be about ǫ = 10. While the
model could be extended to allow for both X and L to
vary freely, production data available to us do not suffice
to determine both well.

We are interested in the time evolution of mass transport
out of the exterior region. Transport of real gas in shales
is governed by the following linear diffusion equation:

∂m

∂t
= α (m) ∇2m, (8)

where m is known as the real gas pseudopressure
(Al-Hussainy et al., 1966) and α (m) is hydraulic diffusiv-
ity. We solve Eq. 8 for the geometry of the exterior prob-
lem using the following boundary conditions:

m (~r ∈ ∂Ω, t) = m (pf ) , (9)

lim
r→∞

m (~r, t) = m (pi) , (10)

where ∂Ω denotes the boundary of the rectangle Ω and pf

is well flowing pressure, which we take to be fixed.
The scaling solution to Eq. 8 is discussed in detail in

Supplementary Materials. Here we illustrate only the main
results. Let us denote by mE the cumulative exterior pro-
duction by time t. mE is given by our scaling solution, the
scaled exterior cumulative production function RFE:

mE = M × RFE (t/τ ′) , (11)

where the characteristic time scale for exterior production

τ ′ is defined as the time it takes low pressure to diffuse
from the wellbore over a distance equal to fracture half-
length L:

τ ′ =
L2

αi

. (12)

For exterior production, τ ′ defines the scaled time

t′ =
t

τ ′
(13)

and M sets the mass scale. We obtain RFE numerically
using a commercial finite element solver (COMSOL) with
the geometry in Fig. 1. Tabulated values of RFE (and RFI)
are presented in Supplementary Materials.

Solutions to the interior and exterior problems have
very different character. Examining production rate ver-
sus time (Fig. 2) shows that rate for the interior problem

(ṁI) initially declines as 1/
√

t and transitions to expo-
nential decline at t = τ . Rate for the exterior problem
(ṁE) initially declines as 1/

√
t and transitions to 1/ log (t)

at t = ǫ2τ ′, where ǫ2τ ′ is the time it takes low pressure
to diffuse from the wellbore over a distance equal to half
the length of the stimulated cuboid. Time in the interior
problem is scaled with τ , which captures the spacing of the
interior fracture system (Eq. 2), while time in the exterior
problem is scaled with τ ′, which captures the scale of the
stimulated volume (Eq. 12).

Figure 2: Scaling solution for production rate versus time, interior
and exterior problems. Both solutions initially decline as 1/

√
t. This

initial trend is known as the infinite acting regime. The interior
solution (top) transitions to exponential decline at t̃ = 1 (i.e., t = τ ;
τ is defined by Eq. 2). The exterior solution (bottom) transitions to
1/ log (t) at t′ = ǫ2 (i.e., t = ǫ2τ ′; ǫ and τ ′ are defined by Eqs. 5 and
12). Here, ǫ = 10 and the transition happens at t′ = 100. M is the
mass of gas contained inside the stimulated volume (Eq. 7).

From a physical perspective, the initial 1/
√

t decline in
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both problems arises because at early times production
acts as if gas pressure is diffusing within an unbounded
region towards an absorbing boundary (“infinite acting
regime”). The boundary for the interior problem is the
set of hydrofractures; for the exterior problem, it is the
outer surface of the stimulated cuboid.

Past the early-time 1/
√

t decline, the late-time exponen-
tial decline in the interior problem is due to pressure inter-
ference between neighboring hydrofractures; the late-time
1/ log (t) decline in the exterior problem emerges because
of gas pressure diffusion from the infinite exterior region.
These rates result in solutions for cumulative production
which are essentially different: RFI

(

t̃
)

leads to production
of a fixed portion of the stimulated mass M in a charac-
teristic time τ , while RFE (t′) leads to infinite production
but requires exponentially large times (Fig. 3).

Total cumulative production m can now be obtained by
adding production from inside the stimulated volume, mI,
to production from the exterior region, mE,

m = M [RFI (t/τ) + RFE (t/τ ′)] . (14)

(Details discussed in Supplementary Materials.) Total
production rate ṁ can be calculated from

ṁ = M
[

1

τ

∂RFI

∂t̃
+

1

τ ′

∂RFE

∂t′

]

. (15)

Given that
τ ′

τ
=

L2

d2
, (16)

we can eliminate τ ′ in favor of τ in Eq. 14. After scaling
m (t) with M, we get

m

M =

[

RFI

(

t̃
)

+ RFE

(

(

d

L

)2

t̃

)]

, (17)

where t̃ = t/τ . The scaled total cumulative production
m/M is the exact solution of the model for cumulative
gas production and includes the contributions of both in-
terior and exterior production. We refer to this solution as
the full scaling solution for cumulative production. m/M
is not a single universal curve, but the sum of two univer-
sal scaling curves, one of which (RFE) depends upon the
dimensionless factor L/d although they share the same M
and τ .

Fig. 4 shows m/M and the full scaling solution for rate,
ṁ/ (M/τ), for an example value of L/d = 10. Rate ini-
tially declines as 1/

√
t, then transitions to exponential de-

cline at t = τ and finally declines again as 1/
√

t at late
times. This secondary 1/

√
t decline (“late-time flow” from

here on) is due to flow from beyond fracture tips and does
not appear in the solution to the interior problem; i.e.,
late-time flow is the signature of exterior production. In
accord with rate, cumulative production initially grows as√

t, then plateaus around t = τ and finally rises as
√

t
again at late times.

Figure 3: Scaling solution for cumulative production versus time,
interior and exterior problems. The recovery factors on the verti-
cal axes are scaled not by the gas in place but by the mass of gas
contained inside the stimulated volume, M, such that RFI = mI/M
and RFE = mE/M. These solutions have very different character.
RFI asymptotes to estimated ultimate recovery (EUR) after charac-
teristic time τ (t̃ = 1), while RFE grows without bound over expo-
nentially large times. The level of EUR in RFI depends upon well
flowing pressure pf and will at most reach 1 if pf = 0. For the top
plot, pf = 500 psi and pi = 3500 psi and RFI reaches a maximum of
about 0.85 (details in Supplementary Materials).

In Fig. 5 we provide a graphical construction that shows
how cumulative production at the 12 year mark on a log-
log plot will differ from interior production alone. For a
given stimulated well of age tmax, L/d is a measure of the
density of the stimulation fracture system and τ sets the
scaled age of the well, tmax/τ . In turn, τ depends on ef-
fective unstimulated permeability k through αi. Fig. 5
shows the range of L/d and τ in which the signature of
exterior production is visible. It turns out that the sig-
nature of late-time flow is visible only for wells with suf-
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ficiently sparse fracture networks (small enough L/d) and
of sufficiently large scaled ages (small enough τ , i.e., large
enough k). We will not see the signature in wells with
small d and small k unless we wait unreasonably long.
Thus, the wells we can study now are those for which the
spacing and effective unstimulated permeability happen to
be sufficiently large. We illustrate this result with an ex-
ample. Consider a stimulated well with a sparse fracture
system at L/d = 2. Per Fig. 5, the signature of exterior
flow will not be visible unless the scaled age of the well
reaches about 1.2. For tmax = 12 years, this requires that

Figure 4: The scaling solutions for total production rate (top) and
total cumulative production (bottom) include the contributions of
both interior and exterior production. Rate shows three consecutive
decline regimes: 1/

√
t time at early times (linear flow), exponential

decline around t = τ (boundary dominated flow) and a secondary
decay as 1/

√
t at later times (radial flow inside an infinite reser-

voir). Accordingly, cumulative production initially increases as
√

t,
plateaus around t = τ and rises as

√
t once more at late times. This

late-time flow is the signature of exterior production.

the interference time τ be smaller than about 10 years, or
τ = d2/αi < 10 ⇒ αi > d2/10. For a somewhat dense
fracture system at L/d = 13, exterior flow will be visible
only if τ < 3, i.e., αi > d2/3. Exterior flow is not likely
to be visible 12 years into the production from a dense
fracture system at L/d = 100, unless interference time τ is
smaller than about 6 months (for reference, the majority
of Barnett wells in Patzek et al., 2013 have τ > 1 year,
with a mode at about 3 years).

Figure 5: Density of the stimulation fracture system (L/d) and
the scaled age of the well (tmax/τ) determine what can and can-
not be plausibly deduced from production data. Stimulated wells
with sparser fracture systems or larger scaled ages are more likely to
show the signature of exterior flow, which manifests itself as devia-
tion from the dashed black curve. We consider 12 years of production
here. If the stimulated well is one with a sparse network at L/d = 2,
effects of exterior flow will not be visible until the scaled age of the
well reaches about 1.2 or larger. Since tmax = 12 years, this trans-
lates into an interference time smaller than about 10 years. Thus,
τ = d2/αi < 10 ⇒ αi > d2/10. On the other hand, for a dense frac-
ture system at L/d = 100, exterior flow cannot be seen at 12 years
into production unless the interference time τ is uncharacteristically
small (< 6 months). For our Barnett wells in late-time flow, L/d
ranges between 2 to 13.

In principle, production depends upon many indepen-
dent variables. From a practical perspective, however, the
agreement between the scaling theory due to Patzek et al.
(2013) and real data provides empirical evidence that
porosity, initial reservoir temperature and pressure, well
flowing pressure and properties of natural gas can all be
fixed at typical field values (Table 1). This means that for
a given play the functions RFI and RFE can be taken as
universal. In practice, such curves are usually adequate
for all gas wells in one field but do vary from field to field.
The scaling curves for Barnett Shale are the ones which
appear in Fig. 3.
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Table 1: Typical values for the variables in our calculations
(Patzek et al., 2014).

Parameter SI units Field units

Reservoir (net pay)
thickness, H

30 m 98.4 ft

Rock porosity, φ 0.06 0.06

Gas viscosity, µg,i 2.13 × 10−5 Pas 0.0213 cp

Gas saturationa, Sg 0.75 0.75

Gas compressibility,
cg,i

3.42 × 10−8

Pa−1

236
microsips

(10−6 psi−1)

Initial reservoir
pressure, pi

24.1 MPa 3500 psi

Reservoir
temperature, T

361 K 190◦F

Fracture pressure,
pf

3.44 MPa 500 psi

Gas compressibility
factor, Zg,i

0.91 0.91

Gas density, ρi 161.2 kg/m3 10.06 lb/ft3

aGiven by Sg = 1 − Swc, where Swc is the connate wa-
ter saturation. Connate water does not leave the pore space
during production. In addition, the compressibility of the con-
nate water and pore space are negligible in comparison with
the large compressibility of gas (Patzek et al., 2014). As a
result, Swc and Sg remain constant at all times during gas
production. In contrast, gas pressure in the reservoir contin-
uously decreases during production.

3. Results

Validating our solution against production data shows
a good agreement between the two. Our data set includes
the production history of 15, 340 horizontal gas wells in the
Barnett Shale. Here we present an overview of our analysis
and leave the details for Supplementary Materials.

3.1. Reservoir and Stimulation Properties

We consider only the wells which have not been re-
fractured and have produced continuously for 18 months
or more (14, 675 wells). We seek wells which have entered
late-time flow. Since these wells must have first reached
exponential decline (boundary dominated flow), their pro-
duction time series must be advanced enough to show in-
terference. Thus, we start by identifying the wells with
visible interference: we fit RFI to data, obtain M and τ
for each well and then accept only those wells for which
M and τ can be determined with 20% or less uncertainty.
Since RFI is indistinguishable from

√
t at early times, τ and

M can be determined with the specified accuracy only for
the wells with visible interference. We find 4, 738 such
wells in the data set.

Figure 6: Stimulated mass M and interference time τ for the 58
wells in late-time flow. The standard uncertainty in M and τ is 20%
or less. Half-width of each error bar is one standard error.

Next, we look for wells in late-time flow among these
wells. We fit production from the wells with visible inter-
ference with our full scaling solution for cumulative pro-
duction, Eq. 17. We use three fitting parameters: M, τ
and the ratio L/d. In the fits, τ sets the scale for early-
time decline; L/d controls late-time flow because L/d and
τ ′ are equivalent (Eq. 16). For wells which have not yet
transitioned into late-time flow, it is impossible to deter-
mine L/d more accurately than within 25% standard error.
Analysis of this error reveals that almost all of the wells
with advanced interference (4, 680 out of 4, 738 wells) are
still in exponential decline and their transition into late-
time flow is not visible at present. However, we find 58
wells which show late-time flow. The values of M and τ
for these wells are presented in Fig. 6. Fig. 7 shows d/L
and τ . As expected, d/L gets smaller with decreasing τ .
The uncertainty in d/L is at most 25%. L/d for these wells
ranges from about 2 to 13 with a mode at 3.

We now infer fracture spacing d and effective unstim-
ulated permeability k from the fits. Everywhere in our
calculations, we adopt typical field values for the variables
which appear in Table 1. We first determine fracture half-
length L. Assuming an aspect ratio of ǫ = 10 for the
stimulated volume, we calculate L from

L =

√

M
4ǫ2HφSgρi

, (18)

which is Eq. 7 in rearranged form. Next, we obtain fracture
spacing d by dividing our estimate of L by the ratio L/d.
Finally, we determine effective unstimulated permeability
k from τ and our estimate of d:

k =
d2φ (µgcg)

i
Sg

τ
. (19)
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Figure 7: Interference time τ and d/L for the 58 wells in late-time
flow. Half-width of each error bar is one standard error. Maximum
uncertainty in d/L is 25%; in τ , it is 20%.

As mentioned earlier, interior production alone does not
contain enough information to determine effective unstim-
ulated permeability. The procedure above shows how ex-
terior production provides the extra piece of information
needed to uniquely infer permeability from production
data: addition of L/d (exterior production) to M and
τ (interior production) makes it possible to determine the
spacing d, which can then be used with τ to obtain k.

Values of the spacing d range from 2 to 37 m with a
mean/mode at 20 m, Fig. 8. The nominal spacing between
hydrofracture stages is around 100 m, so this spacing does
indicate the creation of a fine-scale fracture network that
is likely to require activation of natural fractures.

Values of the effective unstimulated permeability k and
hydraulic diffusivity αi are shown in Fig. 9 and Fig. 10. We
calculate hydraulic diffusivity αi from Eq. 2. Our fits to
the data obtain permeability values which range from 7 to
290 nanodarcy, with a mode at 50 nanodarcy and a mean
at 100 nanodarcy. These values are 2 − 50 times larger
than lab measurements of permeability for shale core sam-
ples (Vermylen, 2011). If the permeability had come out
to be around 5 nanodarcy on average, then we would have
concluded that hydrofracturing is completely dominated
by activation of natural fractures spaced by a few meters
(Marder et al., 2015), while if the spacing had come out
to be 50-100 m, we would have concluded that labora-
tory studies do not represent the effective permeability of
unstimulated shale. What actually comes out is an inter-
mediate case in which the effective medium (unstimulated
shale and natural fractures) is best represented as having
somewhat enhanced permeability, with a moderately dense
fracture network. The most typical case we have found so
far is a fracture network spaced at around 20 m, with an

Figure 8: Characteristic spacing d for the 58 wells in late-time flow.
Spacing ranges from 2 m to 37 m with a mean/mode at 20 m. Wells
in which the spacing is tighter than 2 m do not yet show transition
into late-time flow. Consequently, our model cannot determine their
spacing accurately at this point in time.

effective unstimulated permeability around 100 nanodarcy.
We note that the effective unstimulated permeability must
be greater than the laboratory permeability because it in-
cludes the contribution of natural fractures that typically
are larger than core samples.

We mentioned earlier that our hypothesis is that the
stimulated and exterior regions can be modeled as being
composed of the same effective medium. This does not
mean that we do not account for enhanced transport in-
side the stimulated volume. Rather, this means that we
ascribe the enhanced transport to the fractures of the stim-
ulated region, without which no enhancement would have
happened in the first place. The parameter which captures
the enhanced transport is fracture spacing d, which repre-
sents not the actual spacing between hydrofracture stages
in the field but a characteristic spacing of the fracture sys-
tem. In particular, d is given by the average distance from
any random point inside shale to the nearest connected
fracture (Eftekhari, 2016). In our model, tightly spaced
fractures enhance transport more than sparse fractures be-
cause in a tight fracture system natural gas diffuses over
a shorter average distance d to reach the nearest fracture.
This distance d is allowed to vary freely in our fits.

The oldest horizontal hydrofractured shale wells in the
United States are only around 12 years old. For this rea-
son, only a small number of wells display signatures of
late-time flow. Because we can only detect long-time flow
in wells with small values of L/d and small interference
times τ (Fig. 5), once we select wells where long-time flow
is evident, we should acknowledge that there is selection
bias favoring small L/d and small τ. Thus we must be cau-
tious in interpreting the values we find as representative

8
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Figure 9: Permeability k for wells in late-time flow. k ranges from
about 7 to 290 nanodarcy, with a mode at 80 nanodarcy and a mean
at about 100 nanodarcy. These values are about 2 − 50 times larger
than the lab-measured values of k for shale core samples because they
include the effects of natural fractures which are typically larger than
core samples.

of the whole field. In particular, L/d is very likely to be
larger than what we find. This means that typical values
of hydrofracture spacing are likely to be smaller than the
ones that are typical in our analysis at this point. Thus,
the values in Fig. 8 and Fig. 9 may well belong to the tail
of a distribution centered on a value much smaller than
d = 20 m and much smaller than k = 100 nanodarcy.

Since a 10:1 rectangle is a somewhat arbitrary geome-
try, both in shape and in aspect ratio, we also obtained
permeability and spacing estimates for a 10:1 ellipse and
a 1:1 disk to examine whether changing the shape or as-
pect ratio would lead to a different qualitative picture for
k and d. We find no substantial changes: in all geometries,
the effective medium is best described by a somewhat en-
hanced permeability and a moderately dense fracture net-
work, which suggests reactivation of natural fractures (de-
tails in Supplementary Materials). The diffusion problem
involving a fractal network of absorbing fractures and ideal
gas has been solved elsewhere (numerically by Eftekhari,
2016; analytically by Marder et al., 2018).

3.2. Enhanced Late-time production

Shale gas constitutes such an essential part of US out-
look for energy safety that even small corrections to pro-
duction estimates have significant implications for the US
economy and energy policy. With regards to estimating
production, our model allows us to address an important
question about the precise extent to which flow of gas from
beyond fracture tips and over a reasonable well lifespan
will contribute to gas production from hydraulically stim-
ulated shale reservoirs. In particular, for the 58 wells in

Figure 10: Hydraulic diffusivity αi for the wells in late-time flow
ranges from about 2.2 × 10−7 m2/s to 8.8 × 10−6 m2/s, with a mode
at about 1.5 × 10−6 m2/s and a mean at about 3 × 10−6 m2/s.

late-time flow and over a 30 year production period, we
have calculated how much more gas we expect to be pro-
duced from outside the stimulated region than if this con-
tribution were ignored. This result is presented in Fig. 11.
We find that exterior production will lead to an increase
in production by an average of about 23%.

Figure 11: Contribution of exterior flow to recoverable reserves for
the 58 wells in late-time flow, over the period which starts from the
current age of the well and ends at 30 years. Gas recovery from out-
side the stimulated volume adds on average about 23% extra gas to
the 30-year recovery from inside the stimulated volume alone. Verti-
cal axis is [mE (30 years) − mE (current age)] /mI (30 years). The size
of each circle is proportional to cumulative production at current age
of the well. Color map shows the spacing d. (Color in print).
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We note that estimates of exterior production have been
obtained by Anderson et al. (2010) for some wells in the
Barnett shale and other shale plays. These estimates re-
quire an independent guess for permeability. Our esti-
mates of extra production come entirely from production
data and do not involve any presumed values for perme-
ability or spacing. However, since there is a selection bias
towards wells with a large k, extra production over 30
years for many wells may be smaller than the estimates
we provide here.

The enhanced production accesses the region exterior to
the stimulated volume, and this raises the question of the
distance from which it comes. We estimate the distance
in two ways.

First, we treat the 30-year drainage volume as a cuboid
region of length 2X , width 2L and height H (pay thick-
ness). For a 10:1 aspect ratio, mass of drained gas is

m = 4LXHφSgρi = 40L2HφSgρi, (20)

where the total production at 30 years m is the sum of
interior and exterior production

m = mI (30 years) + mE (30 years) . (21)

Thus we arrive at the 30-year drainage length

Ldrainage =

√

m

40HφSgρi

. (22)

Fig. 12 shows the calculated values as a function of per-
meability. Drainage length ranges from about 30 m to 150
m with a mean at 90 m.

Figure 12: Drainage length for the wells in late-time flow, calcu-
lated from 30-year gas recovery estimates. Each well drains a cuboid
volume of width 2Ldrainage over 30 years on production. Since the
wells here belong to the large values tail of permeability distribution,
drainage length for other wells may be smaller.

We can also set m in Eq. 22 equal to the stimulated
mass M to infer fracture half-length (half-width of the

Figure 13: Stimulated length for the wells in late-time flow, cal-
culated from estimates of stimulated mass M. The width of the
stimulated volume is 2Lstimulated, where Lstimulated is the inferred
fracture half-length. Since the wells here belong to the large values
tail of permeability distribution, stimulated length for other wells
may be smaller.

stimulated volume), which we call the stimulated length
Lstimulated. Stimulated length ranges from about 28 m to
135 m with a mean at 78 m, Fig. 13. Fig. 14 shows the
relative size of stimulated and drainage lengths.

Figure 14: Relative size of the stimulated and drainage lengths for
the wells in late-time flow. Over a 30-year period, gas recovery comes
from a drainage volume which includes the stimulated volume as well
as an unstimulated ring outside. Width of the stimulated volume is
2Lstimulated, where Lstimulated is the inferred fracture half-length.
Width of the drainage volume is 2Ldrainage. Drainage length comes
out about 3 to 26% larger than stimulated length, with most wells
in the 5 to 20% range.

Our second estimate of the distance scale, which we call

10
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the diffusion length Ldiffusion, makes use of hydraulic dif-
fusivity. Ldiffusion (Fig. 15) involves a rough estimate for
how far drainage extends beyond the stimulated volume
and into unstimulated shale. Approximating hydraulic dif-
fusivity with αi and setting ∆t = 30 years, we calculate
diffusion length from

Ldiffusion = Lstimulated +
√

αi∆t. (23)

Figure 15: Diffusion length (dots) refers to the distance over which
low pressure diffuses beyond the stimulated volume over a 30-year
period (Eq. 23). Values shown are obtained assuming a uniform
hydraulic diffusivity equal to αi (Fig. 10); Lstimulated is given in
Fig. 14. There is an overall agreement with the drainage length
estimates (stars), which are obtained from gas recovery (Fig. 12).

Fig. 15 shows an overall agreement between the diffusion
length estimates and those obtained from gas recovery.
However, since hydraulic diffusivity in real wells is not
uniformly equal to αi, the two estimates are somewhat
different.

4. Conclusions

In this paper we have presented a field data-driven so-
lution to the problem of long-term production of gas from
a horizontal, hydrofractured well far from the boundaries
of a shale reservoir and far from other wells. We have
used monthly production data from the Barnett shale wells
to obtain emergent structure of the solution. We have
chosen the Barnett shale in Texas, US, because it offers
the longest production records from horizontal shale wells.
Our solution is a hybrid between the unstructured big-data
approach and the physics-based models. We have postu-
lated the simplest possible physical model of gas flow in
an infinite reservoir and let the long-time well behavior
determine the model parameters. Our approach requires

as few assumptions as possible, and this simplicity pro-
vides many advantages in comparison with models requir-
ing many more parameters. In most cases, the choices
of input parameters required by a large numerical model
are not possible to determine from available data, and the
result is unnecessarily large uncertainty in the model pre-
dictions. In contrast to the thousands or millions of input
parameters of a large numerical model of gas flow in a
shale, our model has only three parameters per well. The
optimal values of these three parameters are determined
by well production data and the basic geological, petro-
physical, and thermodynamic properties of the reservoir
and natural gas. In return, we are able to fix values of the
following effective variables: (a) Permeability of unstimu-
lated shale, (b) spacing of natural fractures, (c) half-length
of hydrofractures, (d) drainage area of a horizontal well,
and (e) extent of gas production from a reservoir volume
external to the cuboid defining the boundaries of the stim-
ulated rock volume associated with a horizontal well. Our
findings highlight a tradeoff between production rate and
ultimate recovery in shale gas development. In particular,
our work has implications for well spacing in infill drilling
programs.

The additional solution details are as follows:

1. Production from stimulated wells consists of (a) the
contribution of flow from inside the stimulated volume
and (b) that due to flow from beyond fracture tips,
i.e., from the unstimulated exterior region.

2. The well geometry is a uniform array of parallel
planar (hydro)fractures. We note that exactly the
same setup has been employed before by Patzek et al.
(2013), which assumed that gas production came en-
tirely from the cuboid region between the fractures.
We extend Patzek et al.’s model to allow for the pos-
sibility of gas flow from the reservoir external to the
cuboid.

3. Flow beyond fracture tips is modeled as gas inflow
from an infinite reservoir and into an absorbing cuboid
boundary. Transport is governed by a numerical so-
lution to a nonlinear diffusion equation of real gas
pseudo pressure.

4. We scale cumulative production from within and be-
yond fracture tips with physical quantities that repre-
sent characteristic scales of transport in our problem.
The result is an exact scaling curve which depends on
three scaling parameters:

(a) The stimulated mass scale, M, defined as the to-
tal mass of gas contained in the stimulated vol-
ume.

(b) The characteristic time scale for interior produc-
tion, τ , defined as the time over which low pres-
sure diffuses from the hydrofracture faces over
a distance equal to the half-distance, d, of hy-
drofractures.

(c) The characteristic time scale for exterior produc-
tion, τ ′, defined as the time over which low pres-
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sure diffuses over a distance equal to the half-
length, L, of hydrofractures.

(d) Because these two time scales are related to each
other through the assumption of uniform initial
hydraulic diffusivity, αi, everywhere, we elimi-
nate τ ′ through Eq. 16, τ ′ =

(

L2/d2
)

τ , thus
leaving the hydrofracture half-length as the third
model parameter.

The final result is a family of scaling curves with the
same M and τ but different L or τ ′ values.

5. Production rate declines as 1/
√

t at early times, tran-
sitions into exponential decline after the onset of pres-
sure interference τ and declines as 1/

√
t again later at

times sufficiently close to τ ′. The second 1/
√

t decline
in late-time flow, is due entirely to flow beyond frac-
ture tips and does not appear in the solution due to
Patzek et al. (2013).

6. In accord with rate, cumulative production scales with√
t at early times, plateaus after τ and begins to rise

as
√

t again later at times close enough to τ ′.
7. The onset of late-time flow depends upon fracture

density and could be about 10 times larger for dense
fracture systems (L/d ≫ 1) than for sparse fracture
systems (L/d ≤ 1).

8. Using the three scaling parameters, M, τ and L/d, we
fit the production history of 14,675 horizontal wells in
the Barnett Shale. We discard refractured wells and
focus on the wells which show pressure interference,
i.e., wells which are in exponential or late-time flow.
We find 4,738 such wells. We obtain the mass of gas
contained in the stimulated volume M and interfer-
ence time τ for each of these wells with 20% or less
standard error.

9. 4,680 of the pressure interfering wells have been in
exponential decline. However, we have found 58 wells
in which late-time flow is detectable. For these wells,
production fits capture L/d with 25% or less stan-
dard error. In the Barnett, relatively few wells are
in late-time flow regime, simply because wells which
quickly reach exponential decline are mostly either
refractured or shut in, and other wells have not pro-
duced long enough for the late-time flow to be visible
in 2017.

10. By accounting for flow beyond fracture tips and flow
between fractures we obtain independent estimates
of characteristic spacing d and hydraulic diffusivity
αi which were previously unavailable. d ranges from
about 2 m to 37 m (Fig. 8) and αi ranges from about
2.2 × 10−7 m2/s to 8.8 × 10−6 m2/s (Fig. 10).

11. We deduce the effective permeability of unstimulated
shale for the wells in late-time flow. We find that ef-
fective unstimulated permeability ranges from about
7 to 290 nanodarcy. These values are 2-50 times larger
than the lab-measured values for permeability of shale
core samples because they include the effects of natu-
ral fractures which are typically larger than core sam-
ples.

12. We find that production from the wells in late decline
is due to a combination of moderately tight fracture
spacing and somewhat enhanced effective unstimu-
lated permeability. The most typical case we find is
a fracture network spaced at around 20 m, with an
effective unstimulated permeability around 100 nan-
odarcy. The range of d for these wells is at least one
order of magnitude smaller than the nominal spacing
of fracture stages. This indicates the formation of a
fine-scale fracture network which is likely to require
reopening of natural fractures.

13. We find that the signature of exterior flow is visible
only for wells with sufficiently large fracture spacing
d and effective unstimulated permeability k. For var-
ious fracture densities, we identify the regions in the
d-k plane over which exterior flow is visible. The wells
we have studied are those for which the spacing and
permeability happen to be large enough. This selec-
tion bias means that the values of d and k for the wells
in late-time flow (Fig. 8 and Fig. 9) belong to the tail
of a distribution centered on a spacing value smaller
than d = 20 m and permeability smaller than k = 100
nanodarcy. We conclude that it is extremely unlikely
that many wells have large d and large k. This finding
indicates the formation of a relatively dense fracture

network in an effective medium of somewhat enhanced

permeability.
14. We estimate cumulative production from the wells in

late-time flow over 30 years and determine the contri-
butions of flow from between the fractures and flow
beyond fracture tips. We find that the estimates of
cumulative production for these wells increase by an
average of about 23% when flow from outside the frac-
tured region is taken into account (Fig. 11).

15. We derive the transition time at which the contribu-
tion of exterior flow begins to dominate that of flow
between fractures. Our derivation is based on asymp-
totic analysis of production at late times. We find
that the scaled transition time t̃tr = ttr/τ scales with
log (L/d). So long as the scaled age of the well t̃max

is smaller than t̃tr, i.e., when the ratio L/d is large
enough, the scaling solution for production from the
stimulated volume alone (Patzek et al., 2013) suffices
to describe total production reasonably well. Once
t̃ > t̃tr, failure to account for exterior flow in cumula-
tive production will lead to average errors of 23% for
wells with 30 years on production (Fig. 11).

16. We infer the sizes of stimulated and drainage vol-
umes for the wells in late-time flow. For these wells,
drainage volume includes the entire stimulated vol-
ume as well as a ring of surrounding unstimulated
reservoir rock. Drainage length ranges from about
30 m to 150 m with an average of about 90 m
(Fig. 12). Stimulated length (inferred fracture half-
length) ranges from about 28 m to 135 m with an
average of about 78 m (Fig. 13). Stimulated length is
about 3 to 26% smaller than drainage length (Fig. 14).
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17. Our findings highlight a tradeoff between production
rate and ultimate recovery in shale gas development.
In particular, our work has implications for well spac-
ing in infill drilling programs. If wells are placed suffi-
ciently far from other neighboring wells, we find that
production from outside the stimulated volume can
add as much as about 45% to 30-year recovery from
inside the stimulated volume alone (Fig. 11). This
additional recovery is not present for closely spaced
wells, which are typically drilled in large numbers to
maximize initial recovery rate across the field. For
these wells, the high initial rate lasts until the onset
of pressure interference between nearby wells; once in-
terference is reached, gas recovery stops. Wells which
are spaced more closely interfere earlier.

18. A stimulated shale volume contains numerous iso-
lated shear fractures which likely disappear rapidly
with distance away from the hydraulic fractures. We
have not accounted for these fractures in our effec-
tive medium approximation. We acknowledge that
these fractures can increase the effective permeability
of stimulated shale. However, their precise frequency,
size distribution and correlation length are not yet
known. For cases where the correlation length is much
smaller than d, i.e., when the shear fractures are close
to hydraulic fractures, our effective medium approx-
imation accurately represents stimulated shale. For
cases where the correlation length and d are compa-
rable, permeability of stimulated shale will be larger
than our effective medium approximation.

19. Finally, to achieve late time flow in a month or two,
one could analyze flow and pressure data from two
small (1000 bbl or less), closely-spaced (30 ft) hy-
drofractures near the toe section of a new horizon-
tal well that could be fully completed later, after the
test. This field mini-test would involve perforating
two closely spaced clusters and performing a single
frac job in a well-cemented and instrumented cased
well.
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Nomenclature

mI cumulative interior production by time t

RFI scaled interior cumulative production function

M stimulated mass: total amount of gas contained in the
stimulated volume

τ characteristic interference time

αi hydraulic diffusivity at initial reservoir temperature
and pressure

d spacing between consecutive hydrofractures

k effective unstimulated permeability

φ porosity

µg gas viscosity

cg isothermal gas compressibility

Sg gas saturation

pi initial reservoir pressure

T initial reservoir temperature

Ω stimulated rectangle, has well length as length and tip-
to-tip fracture length as width.

L fracture half-length

ǫ aspect ratio of the stimulated rectangle Ω

2X well length

H reservoir height (pay thickness)

ρi gas density at initial reservoir temperature and pressure

m real gas pseudopressure

α (m) hydraulic diffusivity at pseudopressure m

pf well flowing pressure

mE cumulative exterior production by time t

RFE scaled exterior cumulative production function

τ ′ characteristic time scale for exterior production

ṁI production rate for the interior problem

ṁE production rate for the exterior problem

m total cumulative production

ṁ total production rate

tmax well age

Ldrainage 30-year drainage length

Lstimulated stimulated length

Ldiffusion diffusion length
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Field data provide estimates of effective permeability, fracture spacing, well drainage
area and incremental production in gas shalesI
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Highlights

• Late-time production from the horizontal, hydrofrac-
tured wells in shales can add 10-20% of ultimate pro-
duction.

• There is a distinct possibility that shale wells are over-
drilled and may be appropriating late time production
from one another.

• Late time production allows one to estimate average
distance of natural and induced fractures in the reser-
voir.

• Effective reservoir permeability in the region external
to the well can also be estimated independently.
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