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Carbon nanotubes (CNTs) have been widely used to improve the electrical conductivity of polymers. However,
not all CNTs actively participate in the conduction of electricity since they have to be close to each other to form
a conductive network. The amount of active CNTs is rarely discussed as it is not captured by percolation theory.
However, this amount is a very important information that could be used in a deﬁnition of loading eﬃciency for
CNTs (and, in general, for any nanoﬁller). Thus, we develop a computational tool to quantify the amount of
CNTs that actively participates in the conductive network. We then use this quantity to propose a deﬁnition of
loading eﬃciency. We compare our results with an expression presented in the literature for the fraction of
percolated CNTs (although not presented as a deﬁnition of eﬃciency). We found that this expression underestimates the fraction of percolated CNTs. We thus propose an improved estimation. We also study how eﬃciency changes with CNT loading and the CNT aspect ratio. We use this concept to study the size of the representative volume element (RVE) for polymers loaded with CNTs, which has received little attention in the
past. Here, we ﬁnd the size of RVE based on both loading eﬃciency and electrical conductivity such that the
scales of “morphological” and “functional” RVEs can be compared. Additionally, we study the relations between
particle and network properties (such as eﬃciency, CNT conductivity and junction resistance) and the conductivity of CNT/polymer composites. We present a series of recommendations to improve the conductivity of a
composite based on our simulation results.

1. Introduction
Carbon nanotubes (CNTs) are ideal nanoﬁllers either to improve the
electrical conductivity of polymers [47,49] or to tailor their piezoresistive behavior, making them suitable as strain sensors and for
structural health monitoring applications [1,33,55]. CNT-ﬁlled polymers are also useful for applications that are constrained by electrical
charge mitigation [41]. Increasing the electrical conductivity of the
polymer by the addition of CNTs reduces the polymer’s dielectric
properties. This, in turn, reduces the accumulation of electrical charge,
preventing damage to electronic equipment due to electric discharge
[19].
The addition of CNTs to a polymer matrix modiﬁes its electrical
properties through a percolation process [43]. An important quantity is
the percolation threshold, which describes the minimum concentration
that ensures the development of one or multiple percolated network(s)
from one side to the other side of the sample. For such conductive
networks to form, the conductive nanoﬁllers need to be close to each
other because conduction between particles is impossible when the
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nanoﬁllers are separated by more than a few nanometers [24,44]. Due
to this limitation, nanoﬁllers that are not close enough to the network
will not be part of it. The amount of CNTs that actively participates in
the conduction of electricity is unknown and has been largely ignored
in the literature. In this work, we quantify the amount of CNTs that
actively participates in the conduction of electricity. We use this
quantity to provide a deﬁnition of loading eﬃciency that has not been
yet oﬀered in the literature. To achieve this, we develop a computational tool that generates geometric representations of CNT networks.
We use this tool to study the loading eﬃciency of polymers ﬁlled with
CNTs at diﬀerent volume fractions and aspect ratios. This tool is based
on our previous work and has been shown to reproduce realistic CNT
networks [15]. An empirical expression to approximate the fraction of
percolated CNTs was proposed by Deng and Zheng [10]. However, this
expression was not presented as a deﬁnition of loading eﬃciency nor
were its limitations studied. Considering that this expression continues
to be used [14,28,52], we highlight the importance of studying the
validity and limitations of this expression. Thus, we compare our eﬃciency results with those obtained by the expression presented by Deng
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to generate the point si + 1 (0 ⩽ i ⩽ n−1). In this local coordinate system,
xi is the projection of x on Ai , where Ai is the plane containing the point
si with normal vector z i . Here, for i = 0 , the direction vector z 0 is calculated diﬀerently from [27]. First, three numbers, vx , vy and vz , are
generated randomly following a uniform distribution in the interval
[−1, 1]. These three numbers deﬁne the components of a vector
v = [vx , vy , vz ]T . Then, we set z 0 = v /(v·v ) . For 1 ⩽ i ⩽ n−1, z i has the
→
same direction as ⎯s⎯⎯⎯⎯⎯⎯
i − 1 si . Then, the point si + 1 has spherical coordinates
(l, ωs , ψs ) in the local coordinate system (xi , yi , z i ) .
Diﬀerent speciﬁcations for the ranges and probability functions for
ωs and ψs result in networks with diﬀerent microstructures such as
random or aligned CNTs [15]. Finally, the interpenetration of CNTs
during the generation process is avoided to reproduce more realistic
CNT networks. Details on how to avoid the interpenetration of CNTs are
presented in [27].

and Zheng [10] and present an improved estimation for the fraction of
percolated CNTs.
For simulations and measurements to be reliable, they need to be
performed on a sample that is at least the size of the representative
volume element (RVE). The RVE is the minimum volume at which a
property becomes size-independent. The concept of RVE for CNT/
polymer nanocomposites has been rarely investigated in the literature
and is commonly deﬁned as the simulated volume [33,51]. In other
studies, the RVE has been deﬁned as having enough ﬁllers without
providing an exact geometry [12]. Periodic unit cells have been deﬁned
as RVEs [39]. However, periodicity is not representative of an actual
CNT/polymer composite, especially when percolation has to be accurately described. Song et al. [42] obtained the RVE size for a single CNT
geometry and used that same RVE size to perform simulations of CNTs
with diﬀerent geometries. However, they did not investigate the dependence of the RVE size on CNT loading or CNT geometry. Lubineau
et al. [27] also obtained the RVE size for CNT/polymer composites and
considered its dependency on CNT loading, aspect ratio and tortuosity.
Here, we build on the results obtained by Lubineau et al. [27] and use
electrical conductivity (providing a “functional” deﬁnition) and loading
eﬃciency (providing a “morphological” deﬁnition) to better understand how to deﬁne the RVE size of CNT/polymer composites.
This paper is organized as follows. In Section 2, we present the
methodology to generate computational representations of CNT networks and the procedure to determine the backbone and the electrical
conductivity of those networks. In this section, we introduce a deﬁnition of loading eﬃciency based on the backbone of the CNT network. In
Section 3, we determine the RVE size based on eﬃciency and electrical
conductivity. We compare our results on eﬃciency with the fraction of
percolated CNTs proposed by Deng and Zheng [10] to propose an improved estimation. Additionally, we perform a sensitivity analysis of
our model on the electrical conductivity of CNTs and junction resistance. We present recommendations to improve the eﬃciency and
electrical conductivity of CNT/polymer composites based on these results. Finally, we oﬀer conclusions in Section 4.

2.2. Loading eﬃciency
Electrical conductivity is possible through a percolated network
formed by the CNTs inside the polymer. However, not all CNTs form
part of the percolated network nor all CNTs in the percolated network
contribute to electrical conductivity. An illustration of this is the 2D
network shown in Fig. 2(a). In this network, the CNTs can be separated
into an electrically percolated network and some isolated particles, or
clusters of particles, that do not participate in the electrical conduction
(Fig. 2(b)). The percolated network can be further separated into: 1) the
backbone, which is the current carrying member of the percolated
network, 2) some zero-current branches that do not bear any current
despite their connection to the percolated network, and 3) some balanced branches that form closed loops that do not bear any current
either.
Since it is only the backbone network that actually carries electricity, extracting the backbone from a percolated network becomes an
important task. In previous work, we described a methodology to extract the backbone from a CNT network [27], which we brieﬂy summarize here.
We start by ﬁnding and grouping all CNTs in electrical contact into
clusters, by using the Hoshen-Kopelman algorithm [2,17]. We consider
two CNTs to be in electrical contact when they are separated by less
than the maximum distance that allows transfer of electrons due to
tunneling or hopping of electrons [31]. Here, we use a commonly used
cutoﬀ distance of dt = 1.8 nm [24].
We then ﬁnd the percolated clusters, i.e., those clusters that span
from one boundary to the opposite one in a cubic sample. The backbone
network is extracted from each percolated cluster by applying the direct
electrifying algorithm (DEA) [21,22]. This algorithm turns the CNT
network into a network of electrical resistors. Then, using the currentcarrying deﬁnition of the backbone, zero-current paths are found. This
network consists of two types of resistors: junction resistors and CNT
resistors. When two CNTs are in electrical contact, a junction resistor is
added. On the other hand, a CNT resistor comes from the intrinsic
electrical resistance of a CNT. Thus, every CNT is initially represented
as a resistor. However, when a junction resistor is added between two
CNTs, each CNT is divided into two CNT resistors, as shown in Fig. 3.
Next, a voltage is applied to the network of resistors. Then, the
system of equations that determines the voltage distribution over the
resistor network is solved. Once the voltage at each resistor is known,
the current passing through each resistor is calculated. Only those resistors that possess a non-zero current belong to the backbone. For
numerical stability and solely to extract the backbone, all resistors are
set to 1 Ω. Because of the large diﬀerences in magnitude between CNT
resistors and junction resistors (e.g., around 1.2 × 105 Ω [27] and 1018 Ω
[9,24], respectively), having these values in the same matrix causes it to
be ill-conditioned. Then, the conditioning number of the matrix is improved by using resistors that have the same magnitude. In addition,

2. Numerical modeling for RVE determination
2.1. Geometric representation of a CNT network
The algorithm presented by Lubineau et al. [27] is utilized to generate computational representations of CNT networks in cubic samples
of size [a × a × a]. This algorithm is brieﬂy summarized here. For further details, we refer the reader to the original study [27].
In a global Cartesian coordinate system deﬁned by (x , y, z ) , a CNT
comprises n interconnected cylinders with length l and radius r, as
shown in Fig. 1. The axis of the (i + 1) -th cylinder, for 0 ⩽ i ⩽ n−1, is a
segment from point si to point si + 1. The starting point of a CNT, s0 , is
generated randomly following a uniform distribution in the cube. A
local Cartesian coordinate system (xi , yi , z i ) with origin at si is deﬁned
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Fig. 1. Geometrical representation of a CNT.
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Fig. 2. Example of the classiﬁcation of CNTs in a simple 2D network.
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diameter, polymer type, junction area [6,13,23]). Thus, it is diﬃcult to
obtain an accurate magnitude of the junction resistance. Because of
this, the junction resistance has been approximated using a constant
value or by obtaining it using a probability distribution function
[23–25,40,51]. Since the magnitudes of some CNT resistors are comparable to those of junction resistances [27], we use a constant value for
the junction resistance that is higher than that of CNT resistors in the
network. This value is calibrated macroscopically as described in the
next section.
Next, the current passing through the CNT network is calculated.
Finally, using Ohm’s law, the value of the equivalent resistance, R eq , of
the network is obtained. We can determine the electrical conductivity
of the sample, σ , using the following equation:

CNTB

Fig. 3. On the left, two CNTs are shown in electrical contact. The corresponding
network of resistors for the direct electrifying algorithm is represented on the
right.

the number of iterations to solve the system of equations is reduced. We
note that this does not aﬀect our ability to ﬁnd the backbone because a
non-zero current is what deﬁnes a resistor as being part of the backbone, not the magnitude of the current.
Finally, as it is clear that the backbone of a CNT network is what
actually carries electrical current, we deﬁne the loading eﬃciency, feff ,
as the fraction of CNTs that forms part of the backbone:

feff =

Vbackbone
Vtot

σ=

lsample
R eq Asample

=

1
aR eq

(2)

where lsample = a is the side length of the cubic sample and Asample = a2
is its cross sectional area.

2.4. RVE determination
(1)
We base the deﬁnition of RVE on the stabilization of a property of
interest inside a cubic sample. Here, stabilization means that the
property of interest remains constant, or nearly constant, above the size
of the RVE and at any point in the material. In this paper, we consider
the loading eﬃciency and the electrical conductivity of the sample as
the properties of interest. Thus, we seek to ﬁnd an RVE based on eﬃciency and one based on electrical conductivity, resulting in a “morphological” and a “functional” RVE, respectively. To do so, we follow a
procedure based on the one described by Lubineau et al. [27], which is
brieﬂy summarized here.
We start by deﬁning an observation window of size [b × b × b] inside our sample of size [a × a × a], where b < a . The size of the observation window is progressively increased by increments of Δb . The
initial observation window is centered inside the sample and stays
centered as the size of the window increases. The size of the observation
window is increased until it reaches the size of the sample (i.e., when
a = b ). At each observation window, CNT eﬃciency and electrical
conductivity are calculated. An example illustrating this process is
presented in Fig. 4. In this ﬁgure, we show the evolution of the electrically conductive backbone for a sample with 0.7 % volume fraction,
a=1́ μ m, 0.5 μ m ⩽ b⩽1 μ m and Δb = 0.25 μ m. The minimum observation window ensuring that CNT eﬃciency (electrical conductivity) becomes size-independent is considered the eﬃciency (conductivity)based RVE.

where Vbackbone is the volume of CNTs that form part of the backbone,
and Vtot , is the total volume of CNTs inside the sample.
2.3. Electrical conductivity of a CNT network
Here, we consider the electrical conductivity of the nanocomposite
(i.e., cubic samples in our model) to be that of the CNT network. We
make this assumption because, for loadings larger than the percolation
threshold, the CNT network is the main contributor to the composite’s
conductivity. This is due to the large diﬀerences between the electrical
conductivities of CNTs and polymers. However, for loadings lower than
the percolation threshold, the polymer matrix is the main contributor to
the composite’s conductivity. For such cases, it is more suitable to obtain the composite’s conductivity using a micromechanics approach
(e.g., [10,38]).
To estimate the equivalent electrical resistance of the resistor network, R eq , the DEA is applied to its backbone. Estimations of CNT and
junction resistors are calculated as follows. The magnitudes of the CNT
resistors are obtained using their geometry and CNT conductivity values reported in the literature. The junction resistance is commonly
approximated as a function that grows exponentially with respect to the
separation between particles [24,18]. However, several factors inﬂuence the magnitude of the juncton resistance (e.g., CNT type, CNT
83
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Fig. 4. An example of the process of ﬁnding the RVE in a sample with 0.7% volume fraction, a = 1 μ m, 0.5 ⩽ b⩽ 1 μ m and Δ b = 0.25 μ m. Only the backbone is
shown at each observation window.

3. Results and discussion

In the left column of Fig. 5, when the reduced volume fraction is the
same, we observe that the eﬃciency is similar for all aspect ratios. To
the best of our knowledge, this is the ﬁrst time this conclusion is reported. As the reduced volume fraction is increased, the eﬃciency also
increases for all aspect ratios. We also observe that, as the normalized
observation window is increased, the eﬃciency reaches a plateau,
which corresponds to a stabilization of the loading eﬃciency. We observe that the stabilized eﬃciency values are actually low for all reduced volume fractions shown in Fig. 5. For example, even at a loading
125 % above the percolation threshold, not even half the CNTs actively
participate in the conduction of electricity. These results show that
random networks are actually ineﬃcient. These low eﬃciency values
explain the large diﬀerences in electrical conductivity compared to
segregated structures [35]. In a segregated structure, nanoﬁllers are
conﬁned to speciﬁc locations in a composite. In this way, nanoﬁllers are
more likely to be in contact with each other, thus improving the loading
eﬃciency.
The plots of the relative standard deviation (right column of Fig. 5)
show that, at a given reduced volume fraction, there is a rapid decrease
of the relative standard deviation as the observation window is increased. This decrease in the relative standard deviation means a reduction of the variability of the loading eﬃciency. Therefore, the observation window at which this variability is small enough, is chosen as
the RVE size. As in our previous work [27], we determine the size of the
RVE by deﬁning a threshold equal to 5 % of the maximum relative
standard deviation. That is, the observation window at which the relative standard deviation is below this threshold is taken to be the size
of RVE. This threshold is represented by a horizontal line in Fig. 5(b),
(d), (f), and (h).

3.1. Percolation threshold
An important parameter in the study of CNT network conductivity is
the percolation threshold, ϕc . Here, we run simulations for CNTs of
radius 5 nm and lengths 1, 5 and 10 μ m. These geometries result in
aspect ratios, AR, of 100, 500 and 1000, respectively, that are common
in experiments [3]. We run simulations to ﬁnd the percolation
threshold for these geometries by proceeding as follows: ﬁrst, for a
given aspect ratio, we determine a suitable range of volume fractions
that contains ϕc . For instance, for CNTs with AR= 100, we ﬁnd a suitable range to be [0.6%, 0.7%]. We then run simulations for n volume
fractions inside the given range. After several repetitions, the minimum
volume fraction that always results in a percolated network is selected
to be the percolation threshold. For instance, for CNTs with AR = 100 ,
we set n = 401, resulting in a diﬀerence of 2.5 × 10−4 between two
volume fractions. We consider this accuracy to be suﬃcient for our
simulations. The percolation thresholds found using this method are
summarized in Table 1. We note that ϕc is reduced as the aspect ratio is
increased, as largely reported in the literature [26,31,47] and these
results are consistent with those derived from classical analytical
models for percolation.
3.2. RVE size determination based on eﬃciency
We ﬁrst determine the RVE size based on ﬁller eﬃciency. The RVE
size is determined for each aspect ratio deﬁned in Section 3.1, and at
volume fractions ranging from 1.25ϕc to 2.25ϕc . In other words, the simulated volume fractions are between 25 % and 125 % above the
percolation threshold.
In the left column of Fig. 5, we show the eﬃciency (as deﬁned by
Eq. 1) at each normalized observation window, b/ lCNT , where each
point is an average over 20 samples. This way, the window size is relative to the length of the CNT. The right column of Fig. 5 shows the
relative standard deviation of the eﬃciency, at each normalized observation window. Each row of Fig. 5 corresponds to a diﬀerent CNT
content, each one given in the form of the reduced volume fraction
[4,8,37,49], i.e. as ϕ/ ϕc−1, where ϕ is the overall volume fraction.

3.3. RVE size determination based on electrical conductivity
Here, we determine the size of the RVE based on electrical conductivity for aspect ratios and volume fractions identical to those used
in Section 3.2. In previous work, we showed that our simulation results
on electrical conductivity agree well with those reported in the literature [30]. Our results here are thus representative of actual composites.
Results from our simulations are presented in Fig. 6. The left column of
Fig. 6 shows the electrical conductivity along the three directions for all
aspect ratios at each normalized observation window, b/ lCNT , where
each point is an average of 20 samples. The right column of Fig. 6 shows
the relative standard deviation of the electrical conductivity at each
normalized observation window. Each row of Fig. 6 corresponds to a
diﬀerent reduced volume fraction.
The left column of Fig. 6 clearly shows that the electrical conductivity is anisotropic when the observation window, CNT loading,
and aspect ratio are all small. When any of these parameters is increased, and the other two are kept constant, the anisotropy of the

Table 1
Percolation threshold, ϕc , for CNT networks with diﬀerent aspect ratios and
CNT lengths.
Aspect ratio

CNT length [μ m]

ϕc [%]

100
500
1000

1
5
10

0.6325
0.1387
0.07345
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Fig. 5. Average of eﬃciency (left column) and its relative standard deviation (right column) over 20 samples of CNTs of diﬀerent aspect ratios. The horizontal lines
on the relative standard deviation plots indicate the threshold to deﬁne the size of RVE.
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Fig. 6. Average of electrical conductivity along the three directions (left column) and relative standard deviation (right column) over 20 samples of CNTs with
diﬀerent aspect ratios. The horizontal lines on the relative standard deviation plots indicate the threshold to deﬁne the size of RVE.

86

Results in Physics 10 (2018) 81–90

A. Mora et al.

0.5

electrical conductivity is reduced. For a given content, the electrical
conductivity reaches a plateau as the observation window is increased
for all aspect ratios, and it becomes isotropic before reaching this plateau.
When comparing the eﬃciency and the electrical conductivity (left
columns of Figs. 5 and 6, respectively) at a ﬁxed reduced volume
fraction, we ﬁnd that the samples with a lower aspect ratio are more
conductive even though their eﬃciency is similar. This is due to the fact
that samples with a lower aspect ratio have a larger overall volume
content of CNTs. Therefore, the higher carbon content in samples of
CNTs with low aspect ratios makes them more conductive. We also note
that the diﬀerences in electrical conductivity remain almost the same as
the reduced volume fraction is increased.
In strain sensing applications, the strain sensitivity is increased
when the CNT loading is small [20,32,53]. In these cases, loadings close
to the percolation threshold are more useful. We consider the higher
conductivity of CNTs with low aspect ratios for similar loadings above
the percolation threshold to be more suitable for strain-sensing applications. In this way, by having a higher electrical conductivity, these
samples have a larger conductivity range in which a drop in conductivity can be detected. This result is in agreement with the work of
Rahman and Servati [36], who found that low-aspect-ratio CNTs result
in sensors with higher sensitivity.
In the right column of Fig. 6, we can see that the relative standard
deviation is reduced when the size of the observation window is increased. This corresponds to a reduction in the variability of the electrical properties of the samples along the three directions. Thus, we also
use a threshold equal to 5 % of the maximum relative standard deviation to determine the size of the RVE. This threshold is indicated with a
horizontal line in Fig. 6(b), (d), (f), and (h).
In Fig. 7, we show the size of the RVE based on eﬃciency, Leff , and
the electrical conductivity, Lσ , as a function of the reduced volume
fraction. We observe that both types of RVE can be reduced by increasing the CNT content. We also observe that Lσ > Leff for every
volume fraction, indicating that the network morphology stabilizes
faster than its physical properties. Thus, in order to make reliable simulations or meaningful measurements of the electrical conductivity,
we should consider a sample with a size of at least Lσ .
Finally, we ﬁt the sizes of the RVEs using a power law that depends
only on the reduced volume fraction as:

0.4

0.3

0.2

0.1

0
0

0.5

1

1.5

Fig. 8. Comparison of the fraction of percolated CNTs, ξ , as given by Deng and
Zheng [10] with our results on eﬃciency, feff .

LX = a (ϕ/ ϕc−1)b + c

(3)

where LX stands for either Leff or Lσ . The ﬁtting parameters for Leff are
a = 755.3, b = −0.004 , and c = −752.5; while for Lσ they are
a = 2.294, b = −1.031, and c = 2.403. We ﬁnd that the ﬁtting reproduces the size of the RVE very well. Thus, Eq. 3 can be used to
obtain Lσ for diﬀerent CNT loadings. From that equation, we note that
as ϕ → ∞, the minimum possible RVE size, Lσmin , is 2.403 times the
length of the CNT. The value of Lσmin is shown in Fig. 7 with an horizontal line.
3.4. Comparison of eﬃciency measures
We now compare our results on eﬃciency with results from the
expression presented by Deng and Zheng [10] for percolated CNTs, ξ ,
which is given as:

ξ (ϕ) =

ϕ1/3−ϕc1/3
1−ϕc1/3

.
(4)

In Fig. 8, we present our results on eﬃciency at Lσ , shown with unconnected symbols, and compare them with those obtained with Eq. 4.
The three discontinuous lines show the values of ξ (ϕ) for diﬀerent aspect ratios. Two main diﬀerences are observed. First, our results show
that eﬃciency is independent of the aspect ratio when plotted as a
function of the reduced volume fraction. In the case of Eq. 4, as the
aspect ratio becomes larger, these diﬀerences also become larger.
Second, there are large diﬀerences between our results on eﬃciency
and those obtained using Eq. 4. Given that our results are based on the
analysis of actual CNT networks, we believe that Eq. 4 underestimates
the amount of percolated CNTs. We found a good ﬁt using a polynomial
equation on the reduced volume fraction as:

15

10

5

2
feff (ϕred ) = p1 ϕred
+ p2 ϕred + p3 ,

where ϕred = ϕ/ ϕc−1, p1 = −0.1333, p2 = 0.5, and p3 = 0.0333. This ﬁt
is shown in Fig. 8 as a solid line.
In addition, from Eq. 4 we observe that ξ (ϕc ) = 0 . This value does
not seem realistic as it means that the percolated network has no CNTs
in it. From the independent term in Eq. 5, we expect that 3.33% of CNTs
will percolate at a loading equal to ϕc .

0
0

0.5

1

(5)

1.5

Fig. 7. RVE size as a function of reduced volume fraction for diﬀerent aspect
ratios. Power law ﬁts of the form LX = a (ϕ / ϕc−1)b + c are also shown, where LX
stands for either Leff or Lσ . The ﬁtting parameters for Leff are
a = 755.3, b = −0.004 , and c = −752.5 ; while for Lσ
they are
a = 2.294, b = −1.031, and c = 2.403. The horizontal line represents
Lσmin = 2.403 , which is the minimum possible RVE size.

3.5. Network eﬃciency and electrical conductivity
In Fig. 9(a), we present the eﬃciency of CNT networks as a function
of volume fraction for diﬀerent aspect ratios. Again, we observe that,
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Fig. 9. Comparison of eﬃciency (a) and electrical conductivity (b) as a function of volume fraction for diﬀerent aspect ratios.

without proper justiﬁcation. In addition, there are only a few studies
investigating the eﬀect of junction resistance on the composite’s conductivity [9,24]. The actual junction resistance also depends on the
electrical properties of the polymer matrix [23,31]. By studying the
eﬀects of junction resistance on the composite’s conductivity, we can
therefore determine how much the electrical properties of the polymer
can be improved. Thus, we perform a sensitivity analysis of our model
on these two parameters.
In Fig. 10(a), we show the sensitivity analysis on CNT electrical
conductivity when the junction resistance is kept constant at RJ = 107
Ω. In this ﬁgure, we observe that there is no noticeable change in
electrical conductivity when σCNT is above 102 S/cm. Thus, if the CNTs
in the simulation have σCNT < 102 S/cm, their electrical conductivity
should be included as a parameter to calculate the composite’s conductivity when constructing the resistor network.
Fig. 10(b) shows the sensitivity analysis of our model on junction
resistance when the conductivity of the CNT is kept constant at
σCNT = 102 S/cm. In this ﬁgure, we observe that, for RJ ⩾ 107 , a reduction of one order of magnitude in RJ results in an increase of one order
of magnitude on the conductivity. This result highlights the importance
of reducing the eﬀects of the junction resistance, e.g., by coating the
CNTs with a conductive polymer [16,46,54]. On the other hand, for
RJ ⩽ 106 Ω, there is a small eﬀect of the junction resistance on the
conductivity of the composite. If the junction resistance is already on
the order of 106 Ω, there is no advantage to trying to reduce its value
further.

for each aspect ratio, increasing the loading of CNTs increases the efﬁciency. However, the eﬃciency increases faster with nanotubes with a
large aspect ratio. There is a large increase in the eﬃciency when the
aspect ratio changes from 100 to 500. However, the increase is not as
signiﬁcant when the aspect ratio changes from 500 to 1000.
In Fig. 9(b), we present the electrical conductivity of CNT networks
as a function of the volume fraction for diﬀerent aspect ratios. By
comparing the eﬃciency and conductivity plots, we observe that an
increase in the eﬃciency correlates with an increase in conductivity.
Electrical conductivity increases by increasing CNT loading, and this
increase is faster with CNTs with large aspect ratios. This behavior
correlates with the observations of eﬃciency in Fig. 9(a). We also observe that the diﬀerences in electrical conductivity are reduced by increasing volume content (when comparing the same loading). Results in
Fig. 9(b) suggest that, for loadings above 0.3% volume fraction, increasing the aspect ratio above 500 does not signiﬁcantly increase the
electrical conductivity. Similarly, for loadings above 2% volume fraction, increasing the aspect ratio above 100 results in a small improvement in electrical conductivity. It has been reported that increasing the
aspect ratio results in a lower percolation threshold and higher electrical conductivity of polymers [31,47]. However, here we show that
the advantage of increasing the aspect ratio depends on the CNT
loading. We also observe that the main advantage in increasing the
aspect ratio above 500 is to obtain a conductive polymer with a lower
CNT loading. However, these polymers are not as conductive as those
with higher loadings of CNTs that have smaller aspect ratios. In addition, agglomerations and entanglement of large aspect ratio CNTs is
common [5,29,31,34,50], which ultimately reduces the doping eﬀects
of the nanoﬁller and can result in the agglomerations acting as defect
sites [45].
Given the direct relationship between eﬃciency and electrical
conductivity, eﬃciency can be used as an indicator of how well the
network will perform from an electrical conductivity standpoint. In
addition, the use of this indicator comes at a lower computational cost
compared with calculating the electrical conductivity of the network.

4. Conclusions
We developed a computational tool that generates geometrical representations of CNT networks. We provided a deﬁnition of eﬃciency
based on the backbone of these CNT networks. This deﬁnition of eﬃciency is meaningful for evaluating, at minimal computational cost,
how well the network will perform from an electrical conductivity
standpoint. In this study, we introduced an expression that can be used
to obtain the size of the RVE for any CNT loading. This expression tells
us that the RVE size cannot be smaller than 2.4 times the length of the
CNT and that it will increase by reducing volume content. We proposed
a simpliﬁed formula to estimate the eﬃciency that shows that at least
3.33% of CNTs contribute to electrical conductivity at a loading equal to
the percolation threshold.
By studying the eﬃciency and conductivity of polymers loaded with
CNTs, we found that increasing the aspect ratio of CNTs generally results in more eﬃcient and conductive polymers. We also found that the

3.6. Sensitivity analysis of electrical parameters
The electrical conductivity of a CNT, σCNT , and the junction resistance, RJ , are two important parameters directly aﬀecting the electrical conductivity of CNT networks. CNTs are often assumed to be
perfect conductors (i.e., they have 0 Ω resistance) and are thus not
included in the resistor network used to calculate the conductivity of
the composite [7,11,40,48,51,56]. However, this assumption is made
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Fig. 10. Sensitivity analysis of (a) CNT electrical conductivity, and (b) junction resistance.

beneﬁt of increasing the aspect ratio depends on the CNT content.
Aspect ratios of 1000 result in more conductive polymers at loadings
below 0.3% volume fraction, while aspect ratios of 500 are more suitable for loadings between 0.3% and 2% volume fraction.
Finally, we performed a sensitivity analysis on the electrical conductivity of CNTs and junction resistance. We found that CNTs with
conductivities below 102 S/cm should not be ignored when calculating
the composite’s conductivity. This is contrary to the common practice of
ignoring the conductivity of the nanoﬁller. We found that a reduction in
the junction resistance by one order of magnitude could lead to an
increase in the composite’s conductivity by one order of magnitude.
This highlights the importance of reducing the junction resistance.
However, if the value of the junction resistance is already around 106 Ω,
there is no beneﬁt in further reducing it.
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