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ABSTRACT

Estimation Methods for Infinite-Dimensional Systems Applied to the

Hemodynamic Response in the Brain

Zehor Belkhatir

Infinite-Dimensional Systems (IDSs) which have been made possible by recent advances

in mathematical and computational tools can be used to model complex real phenomena.

However, due to physical, economic, or stringent non-invasive constraints on real systems,

the underlying characteristics for mathematical models in general (and IDSs in particu-

lar) are often missing or subject to uncertainty. Therefore, developing efficient estimation

techniques to extract missing pieces of information from available measurements is es-

sential. The human brain is an example of IDSs with severe constraints on information

collection from controlled experiments and invasive sensors. Investigating the intriguing

modeling potential of the brain is, in fact, the main motivation for this work. Here, we will

characterize the hemodynamic behavior of the brain using functional magnetic resonance

imaging data. In this regard, we propose efficient estimation methods for two classes of

IDSs, namely Partial Differential Equations (PDEs) and Fractional Differential Equations

(FDEs).

This work is divided into two parts. The first part addresses the joint estimation prob-

lem of the state, parameters, and input for a coupled second-order hyperbolic PDE and an

infinite-dimensional ordinary differential equation using sampled-in-space measurements.

Two estimation techniques are proposed: a Kalman-based algorithm that relies on a re-

duced finite-dimensional model of the IDS, and an infinite-dimensional adaptive estimator

whose convergence proof is based on the Lyapunov approach. We study and discuss the

identifiability of the unknown variables for both cases.
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The second part contributes to the development of estimation methods for FDEs where

major challenges arise in estimating fractional differentiation orders and non-smooth point-

wise inputs. First, we propose a fractional high-order sliding mode observer to jointly

estimate the pseudo-state and input of commensurate FDEs. Second, we propose a mod-

ulating function-based algorithm for the joint estimation of the parameters and fractional

differentiation orders of non-commensurate FDEs. Sufficient conditions ensuring the local

convergence of the proposed algorithm are provided. Subsequently, we extend the latter

technique to estimate smooth and non-smooth pointwise inputs.

The performance of the proposed estimation techniques is illustrated on a neurovascular-

hemodynamic response model. However, the formulations are efficiently generic to be

applied to a wide set of additional applications.
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Chapter 1

Introduction

“In theory, theory and practice are the same. In practice, they are not.”

[Albert Einstein]

Mathematical modeling is defined in Guidelines for Assessment and Instruction in Math-

ematical Modeling Education (GAIMME) report [4], as “a process that uses mathemat-

ics to represent, analyze, make predictions or otherwise provide insight into real-world

phenomena.” Such a concept, resulting in mathematical models, is extensively used to

describe real-life problems illuminating different disciplines of science and engineering.

Those developed models help to shed light on the behavior of the studied system and allow

to extract its most essential and anomalous features. They can be described, as the case

might be, by either finite or infinite-dimensional differential equations. Roughly speaking,

systems modeled by infinite-dimensional equations, called Infinite-Dimensional Systems

(IDSs), can incorporate effects that their finite-dimensional counterpart cannot capture [5],

e.g., delays, spatial distributions, fractal behavior and so forth. Thanks to the advances in

mathematical tools and the development of computational methods, IDSs have emerged as

potentially invaluable candidates to accurately model complex real phenomena. A series of

applications described as IDSs could be borrowed, for instance, from chemistry, biology or

physics [6], [7].

For many applications, mathematical models are not entirely known, since it may of-

ten happen that information about some features of the model, for example, parameters,

source term, initial or boundary conditions, are missing or subject to uncertainty. This

can be due to either physical, economical or stringent non-invasiveness constraints on the



22

real system. It is, therefore, essential to develop efficient estimation methods to extract the

missing pieces of information from the available measurements. Solving such an estima-

tion problem, which often referred to “inverse problem”, is paramount since it provides a

complete picture of the system, and hence a better understanding of the real process. From

the control standpoint, it allows achieving the desired control objectives. Figure 1.1 depicts

a schematic diagram of the inverse problem with respect to its forward counterpart.

Mathematical	
Model
ℳ(Θ)

Data	Set
𝒴

Forward Problem

Inverse Problem

World	of	
Mathematics

World	of	Real-life	
Applications

Figure 1.1: Forward problem vs. inverse problem.

1.1 Motivation and Background

An example exhibiting severe constraints on both controlled experiments and sensor

invasiveness is the brain. In fact, there is no doubt that, the brain is the most vital and

complex organ in the human body. The scientific community has been interested in an-

swering different brain-related compelling questions, such as: How does the human brain

work? What are the different mechanisms underlying the brain’s functions and supervising

its activity? Several decade-long brain initiatives have been launched in different countries

across the world; e.g., United States, Europe, Korea, Japan, etc.; in an attempt to answer

those queries, and hence, develop a deep understanding of the neural activity. While wait-

ing for what information these huge initiatives will reveal, the brain remains by far a big

mystery.

Advances in the neuroimaging field helped in the emergence of high-resolution brain
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imaging modalities which have allowed deeper insights on brain functionalities and struc-

ture to a degree of precision reaching the neuron level and the millisecond scale. Also,

those modalities have made the diagnosis and the treatment of several neurological and

psychiatric diseases possible, e.g., brain tumor, strokes and degenerative diseases such as

Alzheimer’s [8]. Among these modalities, functional Magnetic Resonance Imaging (fMRI)

has been considered, since its advent in 1990, as a powerful noninvasive radiation-free

imaging technique. It provides three-dimensional images per unit of time which help in

the localization of the activated regions of the brain with good spatial and temporal reso-

lutions. It detects the decrease in deoxyhemoglobin concentration induced by the neuronal

activity, yielding the so-called Blood Oxygenation Level Dependent (BOLD) signal [9],

[10]. The BOLD signal provides only an indirect measure of the neural activity which is

generally difficult to measure non-invasively. Despite the efforts that have been made to

understand the physiological relationship between the BOLD signal and the neural activ-

ity, it is not fully understood yet. A lot remains to be done to thoroughly understand the

different mechanisms (metabolic, vascular and hemodynamic) that underlie activations in

the different areas of the brain using the measured BOLD signal. To that end, quantifying

the indirect pathway from brain activity to BOLD signal, which defines an inverse problem

(see Figure 1.2), is of great importance in improving the current understanding and imple-

mentation of fMRI in neuroscience. The key enablers to approach towards the solution of

this challenging inverse problem are:

• The development of reliable mathematical models to describe the indirect chain from

neural activity to BOLD signal.

• The design of efficient model-based algorithms to accurately estimate the unknown

physiological quantities including, e.g., the neural activity, the cerebral blood flow

(CBF), and the model’s parameters from available BOLD measurements.

Research in the area of modeling the BOLD response has been conducted from the per-
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Figure 1.2: Forward problem vs. inverse problem in fMRI study.

spective of studying and describing either its temporal properties or spatiotemporal prop-

erties. The number of contributions on temporal models; which we refer to as “finite-

dimensional models”; is impressive. They range from simple models to more sophisticated

ones. The growth in complexity was possible thanks to the enhanced understanding of ex-

perts which was drawn from newly available experiments (see [11] for a thorough review

of these models). The measured BOLD time series used to validate this class of models

is analyzed in a localized spatial volume called voxel or averaged over a specific region of

interest. This approach, however, does not account for spatial interactions between voxels

or between brain’s regions, and thus could potentially mislead the inferred brain functions.

The need for understanding the connections between neighboring brain voxels and re-

gions prompts the cerebral spatiotemporal hemodynamic response (stHR) modeling to be-

come increasingly important. This can be made possible thanks to the recent progress in

the neuroimaging hardware and software, and the advances in the mathematical modeling

and computational tools. The fMRI’s spatial resolution limit is now less than the millime-

ter scale. Despite the importance of the stHR, spatiotemporal models; which we refer to

as “infinite-dimensional models”; are not abundant compared to temporal models. Further-

more, most of the existing studies characterize the spatiotemporal features of the BOLD

signal to be time-space separable. The spatial aspect is usually described by a point spread

function and the temporal aspect modeled using a temporal hemodynamic model. This

hypothesis of independence between the temporal and the spatial features of the BOLD
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signal has not been justified. There is also growing evidence that such an assumption may

not be valid [12]. In light of the limitations of the time-space separable models, a recent

physiological-based spatiotemporal model for the BOLD response has been developed and

validated in [13], [3], [14]. The important finding of this model was that the spatiotemporal

hemodynamics exhibit a non-separable traveling waves characterized by two key parame-

ters: propagation velocity and damping rate. An enhanced version of this model will be the

primary focus of this thesis.

The calibration of such temporal and spatiotemporal models raises the question of es-

timating the physiological parameters, the hidden states, and ultimately the neural activity

from available BOLD measurements. Several techniques have been proposed to address

this problem, especially for temporal physiological models, one can refer to [15], [16] and

references therein. However, to the best of our knowledge, the calibration of spatiotem-

poral models has not been considered except in the work [17], where the deconvolution

procedure which is used to infer the neuronal activity has shown interesting results. How-

ever, this work did not consider the estimation of the key spatial parameters (damping rate

and speed of propagation) as well as the unknown hemodynamic variables simultaneously.

This has paved the way for this thesis which attempts at proposing alternative methods for

the joint estimation of the neuronal activity, the hidden hemodynamic variables; such as the

CBF and the mass contributed by blood; and the key physiological parameters.

Therefore, for the ultimate purpose of probing fundamental interactions across brain re-

gions from fMRI experiments, this thesis aims at developing model-based estimation tech-

niques to quantify the indirect relationship between the spatiotemporal neural activity and

BOLD response using a physiological-analog poroelastic model. The investigated model

is described by a cascaded coupling of Fractional Order System (FOS), hyperbolic Par-

tial Differential Equation (PDE) and infinite-dimensional Ordinary Differential Equation

(ODE). This work is more general and could be readily classified within the framework of

state, parameters, and input estimation for specific classes of IDSs. More specifically, the
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estimation of input and parameters for coupled hyperbolic PDE and infinite-dimensional

ODE systems using sampled-in-space measurements, and the estimation of parameters, in-

put and/or fractional differentiation orders for fractional order systems (FOSs) are the two

main estimation problems addressed in this thesis.

At this point, one may ask what is a FOS? Well, it is a system described by derivative

and integral operators of non-integer order. Even though the concept of fractional calculus

is 300 years old, it was not very trendy among science and engineering communities until

the last few decades. One reason could be that, applications in the science and engineering

applied fields were lacking until recently. The birth of this branch of mathematics origins

back in 1695 from a discussion between l’Hopital and Leibniz about the possibility of gen-

eralizing the order of the conventional derivative to half. In the nineteenth century, most

contributions were of mathematical nature. Afterwards, in the twentieth century, differ-

ential equations involving fractional operators succeeded in capturing features of different

real-world phenomena from several fields such as physics, economics or biology, [18],

[19], [20], [21]. In the context of estimation methods for FOSs, a variety of techniques

have been proposed in the literature. One can classify them into: observer-based methods,

algebraic techniques, optimization-based methods or hybrid approaches combining two of

these methods [22], [23], [24], [25], [26]. A detailed background on existing estimation

methods for FOSs will be presented in Chapter 5.

In general, solving estimation problems related to distributed parameter systems (DPSs)

described by PDEs is a challenging task. A way to solve such estimation problems is to

discretize the distributed system into a system of ODEs and then to apply an adequate esti-

mation strategy to the resulted lumped parameter system. This is called the “early lumping

approach”. Another way is to design the estimation algorithm directly on the continuous

distributed model. This is called the “late lumping approach”. A literature review on the

available estimation methods, which are related to the problem under investigation, for

PDEs and ODEs will be presented in Chapters 3 and 4.
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1.2 Challenges and Contributions

The work conducted in this thesis contributes to the state-of-the-art on estimation meth-

ods for FOSs and DPSs described by coupled hyperbolic PDE and infinite ODE.

On the one hand, in addition to the difficulty of designing estimation algorithms which

can be unified for all types of PDEs, an important challenging aspect that has to be dealt

with in estimation problems for PDEs is the finite number of measurements. Because the

system is of a distributed nature, the availability of only sampled data in time and/or space

render the mathematical analysis of the estimation problem more difficult compared to the

case of distributed sensing, which is however unrealistic. This challenge becomes even

more important in the case of systems of coupled PDEs and ODEs. On top of that, to

the best of our knowledge, the literature on parameter and input estimation for coupled

PDE/ODE systems using sampled measurement is still lacking. The first part of this thesis

addresses the state, parameters, and input estimation problem for coupled PDE and infinite

ODE using sampled-in-space sensing.

On the other hand, estimation problems arising in FOSs have been extensively investi-

gated in the literature. However, one of the fundamental challenges is the estimation of the

fractional differentiation orders and the pointwise sources. The literature review for these

two estimation problems appears scarce and the work conducted in the second part of this

thesis fills this void.

The main contributions of this Ph.D. thesis are short-listed in the following:

• Designed a finite-dimensional Kalman-based algorithm to identify the parameters

and the source term for coupled hyperbolic PDE-infinite ODE systems using sampled-

in-space measurements.

• Developed an infinite-dimensional adaptive observer to estimate parameters, un-

known input and distributed states of a coupled hyperbolic PDE-infinite ODE system

using sampled-in-space measurements. The corresponding convergence proof is es-
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tablished.

• Assessed sufficient conditions for the structural identifiability of both continuous and

reduced estimation problems for the coupled PDE-infinite ODE system.

• Generalized the integer high-order sliding mode observer (HOSMO) to commensu-

rate FOSs with unknown input.

• Synthesized a two-stage method, based on modulating functions, to estimate the pa-

rameters jointly with the fractional differentiation orders of non-commensurate FOSs

with initialized fractional derivatives. Sufficient conditions ensuring the local con-

vergence of the proposed technique are provided as well.

• Extended the modulating function-based algorithm to deal with smooth and non-

smooth pointwise input estimation problems.

• The author of this thesis contributes to the modeling of the neurovascular coupling in

the brain. The content of this work will be highlighted in Chapter 2. For more details

regarding the proposed model and its analysis, we refer the reader to [27], [28].

1.3 Organization of the Dissertation

The structure of this thesis is briefly outlined in the following,

• Chapter 2 introduces preliminary concepts on the hemodynamic response in the

brain. It also develops the proposed cerebral spatiotemporal hemodynamic model

and its well-posedness. Moreover, it formulates the fMRI inverse problem and the

proposed strategy to solve it.

• Part I is concerned with state, parameters, and input estimation for coupled hyper-

bolic PDE and infinite-dimensional ODE using sampled-in-space measurements. It

contains two chapters.
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? Chapter 3 proposes an early lumping approach to solve the estimation problem.

In this chapter, we synthesize a constrained Extended Kalman Filter with Un-

known Input (CEKF-UI). Sufficient conditions for the identifiability of both the

discretized input and the parameters are derived as well. Last, the performance

of the proposed algorithm is assessed using both synthetic and real data.

? Chapter 4 develops a late lumping approach, which is based on adaptive ob-

server design, to solve the investigated estimation problem. Conditions for the

uniqueness of the continuous identification problem are also given, and some

numerical simulations are presented.

• Part II is concerned with different estimation problems for commensurate and non-

commensurate FOSs. It contains two chapters.

? Chapter 5 considers the problem of joint pseudo-state and input estimation for

commensurate FOSs for which a fractional-HOSMO is proposed. Numerical

results in the noise-free and noisy cases are performed to illustrate the perfor-

mance of the proposed fractional observer.

? Chapter 6 develops an algorithm based on modulating functions to solve three

main estimation problems that may arise for non-commensurate FOSs. These

estimation problems are joint parameters and fractional differentiation orders

estimation, smooth input estimation and non-smooth pointwise input estima-

tion. The convergence of the algorithm is ensured given some sufficient condi-

tions on the modulating functions. The algorithm is also analyzed in the case

where the measured output is discrete and noisy. This chapter is concluded with

a discussion on the performance of the proposed algorithm.

• Chapter 7 summarizes the work of this thesis. It presents for each class of systems a

comparative study between the proposed estimation methodologies. In addition, the

short and long term extensions of this work are outlined as future directions.
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Chapter 2

Cerebral Hemodynamic Response: Direct Problem Versus Inverse

Problem

Neuroimaging techniques allow the investigation of how and where particular percep-

tual and cognitive processes occur in the brain. Although fMRI modality has attracted

widespread interest in clinical research and patient care, the mechanisms underlying changes

in the signal provided by fMRI scans, the so-called BOLD signal, are not entirely under-

stood. Modeling the phenomena that occur between the neural activity and the BOLD

signal in the forward and backward directions, could help in understanding the brain func-

tionalities. In this respect, the primary focus of this work is to study and propose solution

methodologies to the characterization of the spatiotemporal hemodynamic response in the

brain using model-based estimation techniques.

In this chapter, we introduce the following,

1. Background concepts on the hemodynamic response (HR) in the brain with the focus

on fMRI technique.

2. A literature review of the existing mathematical models for the cerebral HR.

3. A description of the proposed forward spatiotemporal HR (stHR) model, and its well-

posedness.

4. A formulation of the spatiotemporal fMRI inverse problem, and the proposed solu-

tion concept.
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2.1 Functional Magnetic Resonance Imaging (fMRI) Modality

Neuroimaging modalities are approved and used either in research centers, for aca-

demic purposes, or in hospitals for clinical investigations. Examples of brain imaging

modalities include: Computed Tomography (CT), Positron Emission Tomography (PET),

ElectroEncephaloGraphy (EEG), MagnetoEncephaloGraphy (MEG), Near-Infrared Spec-

troscopy (NIRS), Magnetic Resonance Imaging (MRI) and functional MRI (fMRI). These

techniques have different characteristics and rely upon very modern and diverse sciences

and technologies. Each of the modalities mentioned previously has advantages and limita-

tions, and allow access to a part of the desired information in the brain.

Usually neuroimaging techniques are classified according to:

1. Their category: structural or functional. Structural imaging techniques give details

about the structure of the nervous system (e.g., CT, MRI), however, functional tech-

niques quantify some metrics of the brain activity (e.g., EEG, fMRI).

2. Their properties (or characteristics): for example; spatial resolution, temporal reso-

lution and invasiveness.

Figure 2.1 classifies the most important neuroimaging techniques based on their spatial

resolution, temporal resolution and invasiveness.

Among the different neuroimaging techniques, fMRI modality has been extensively

used, since its advent, to map brain functions with relatively good spatial and temporal

resolutions [10]. It has emerged in the late 1980’s when Fox and Raichle have observed

that changes in the neural activity trigger changes in the amount of oxygen in the tissue

[29]. Then, in 1990, Ogawa et al. [9] showed that the change of the amount of oxygen in

blood hemoglobin alters the magnetic field which can be detected by MRI. This is called

the BOLD contrast mechanism. As a result, the fMRI provides an indirect measure of the

neural activity which is not easy to access and measure non-invasively. Some modalities
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Figure 2.1: Spatial and temporal resolution of the important neuroimaging modalities. The
colour reflects the invasiveness “from non-invasive: white, to highly invasive: dark gray”
[1]

to acquire the neural activity are: local field potential (LFP) and multi-unit activity (MUA)

[30].

Figure 2.2: Left: fMRI scanner. Right: fMRI image.

The pathway from the neural activity to the BOLD signal involves complex mechanisms

of different nature (neuronal, metabolic and hemodynamic) as depicted in Figure 2.3.

Basically, the physiological processes underlying the BOLD signal include different

cells of the brain mainly the neurons, the astrocytes 1 and the brain vasculature. More

details about these processes can be found in Chapter 2 of [1] and references therein.

1Astrocytes (Astro from Greek astron = star and cyte from Greek “kyttaron” = cell), also known collec-
tively as astroglia, are characteristic star-shaped glial cells in the brain and spinal cord (from WIKIPEDIA).



33

Figure 2.3: The different mechanisms underlying the BOLD response.

2.1.1 fMRI Paradigms

We distinguish two basic types of fMRI paradigm, as illustrated in Figure 2.4, “block

design” and “event-related design”.

Figure 2.4: Types of fMRI paradigms.

? The block design has emerged as the first fMRI experimental design, where the

paradigm is a succession of alternating periods of activation and rest that last for

a long period. Despite its benefits, the block design paradigm cannot distinguish

between trial types within a block and does not take into consideration the transient

responses at the beginning, and at the end of task blocks [31].

? The event-related design; takes advantage from the good temporal resolution of fMRI

and allows tasks to last for a short period of time compared to block design. The
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timing and order of these stimuli are randomized. Each event is separated in time by

an inter-stimulus interval that can be short or large [31].

In practice, multiple types of stimuli can be found in one experimental design.

2.1.2 Blood Oxygenation Level Dependent (BOLD) Contrast

Tremendous research work is conducted in the field of neuroimaging to understand the

relation between the BOLD signal and the neural activity. However, due to the complexity

of the involved phenomena, this pathway is still not fully characterized. The BOLD signal

relies mainly on the magnetic properties of the oxygenated (which is diamagnetic) and

the deoxygenated (which is paramagnetic) hemoglobin molecules in the blood. Different

studies have confirmed that the BOLD signal can be characterized by the following features

as illustrated in Figure 2.5:

? Initial dip which may reflect the rapid increase in Cerebral Metabolism Rate of Oxy-

gen (CMRO2) before the CBF increases [32]. The initial dip is not always seen in

experiments and its physiological origin is still an open question [11].

? Overshoot (peak) which is the maximum value in MR signal that is reached after a

period of time from the activation.

? Post-Stimulus Undershoot (PSU) which appears after the neural activation has dis-

appeared. The interpretation of this phenomena is also still under debate, for more

details we refer the reader to the review paper [33].

2.1.3 BOLD Signal Analysis

In this section, we briefly introduce the answer to the following question: How are

fMRI scans processed to reveal specific information about brain activation? The analysis

of fMRI scans follows mainly two techniques [34]: “univariate voxel-wise analysis” and
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Figure 2.5: Features of a typical BOLD signal as function of time [2].

“multi-voxel analysis”; usually known as MVPA for multi-voxel pattern analysis. While

the univariate technique examines each voxel separately and is primarily used to identify

regions with different activities between conditions and groups; the multivariate technique

analyzes BOLD data of individual voxels jointly. The MVPA technique is increasingly

receiving attention because it has provided new insights into how fMRI data are analyzed

and interpreted. In this work, we will focus on the univariate voxel-wise type of BOLD

measurements. The MVPA type of analysis is an interesting future direction that is worth

investigating.

2.2 State-of-the-Art for BOLD Modeling

Modeling the BOLD signal, usually, browses two paths. The first path, called the

neurovascular coupling, relates the neural activity to the CBF and the second path, usu-

ally called the metabolic coupling, relates the CBF to the BOLD signal. In this sec-

tion, we present a non-exhaustive literature review for both finite-dimensional and infinite-

dimensional models proposed to describe the indirect pathway from neural activity to

BOLD signal.
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2.2.1 Finite-Dimensional Models

The finite-dimensional models reported in the literature fall into two main categories:

general linear models (GLM) and nonlinear biophysical models, see [11] for a thorough

review of these models. The first class of models assumes a linear mapping between the

neural activity and the BOLD signal via a convolution between a known external stimulus

and a predefined hemodynamic response function (HRF). Different types of functions have

been proposed to represent the HRF (e.g., Gamma functions [35], inverse Logit functions

[36],...etc.). This first class of models lacks from the physiological aspect underlying the

BOLD signal. Thus, the second class of nonlinear physiological models has been proposed.

This category assumes a nonlinear dynamical model mapping the neural activity to the

BOLD signal and taking into account the physiological aspects of the BOLD contrast.

The balloon and Windkessel models are among the physiological models that have been

proposed to help understand the general physiological relationship between the BOLD sig-

nal and the hemodynamic variable (CBF, CMRO2, Cerebral Blood Volume (CBV) and

deoxyhemoglobin) [37], [38], [39], [40], [41]. Other studies propose more detailed mod-

els that incorporate information about, e.g., membrane ionic currents, energy metabolism,

blood-brain barrier, and glial compartment [42], [43]. A review of these models has been

reported in [44]. Those models are useful for understanding the relationship between the

neurological, metabolic and vascular phenomena. However, their experimental validation

has proven to be very difficult with the existing neuroimaging techniques due to the high

order of the models and their relative complexity.

Choosing either GLM or nonlinear models to represent the BOLD signal is not system-

atic. GLM which encompasses a fewer number of parameters should be used to address

simple cognitive questions such that: localizing activation in a sensory or motor evoked ex-

periment. But when it comes to more complicated questions on the temporal aspect of the

BOLD signal, such as the presence or absence of neural habituation, nonlinear dynamical

models become crucial [1].
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2.2.2 Infinite-Dimensional Models

Unlike temporal hemodynamic models, to the best of our knowledge, only a few at-

tempts have been proposed to model the stHR mathematically. Such models allow a better

understanding of the spatial features of the HR and their links to the underlying neural ac-

tivity. Besides, with the advances in neuroimaging technologies, the voxels are becoming

smaller, and the interactions between the hemodynamics of neighboring voxels are becom-

ing more important. This effect is not included in purely temporal hemodynamic models.

Most of the existing models assume that the stHR is simply the product of a temporal

HR and a spatial point spread function which is usually modeled by a Gaussian function

[45], [46]. The independence between the temporal and the spatial features of the BOLD

signal has not been justified, and, besides, there is growing evidence that such an assump-

tion may not be valid [12]. In 2010, a spatiotemporal model was developed based on the

theory of porous media [13]. This model does not assume that the stHR is a space-time

separable function, but rather it is a distributed physiological model. The model has been

validated in [3] using visual stimulus, and it has been refined in [14] by taking into account

the depth of the cortex as the third spatial dimension.

2.3 Proposed Spatiotemporal Hemodynamic Response (stHR) Model

Hereafter, we introduce a variant of the linear stHR model proposed in the supplemen-

tary document (Text S1) of [3].

2.3.1 Model’s Description

a. Neurovascular coupling:

Investigating the neurovascular coupling in humans is now possible thanks to the de-

velopment of various neuroimaging techniques. Researchers have developed quanti-

tative models to describe the different mechanisms linking the transient neural activ-
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ity to the changes in CBF. Those models can be arranged in a broad spectrum ranging

from simple models (with fewer details and fewer parameters) to more complicated

models involving many biophysical parameters and complex relationships. For more

details, we refer to the review paper [47]. An example of such models includes

Friston’s second-order oscillator model [41]. The objective of developing Friston’s

model was to fill in the neurovascular compartment to the well-known Balloon model

to predict BOLD responses given neural activity.

This thesis contributes to the neurovascular modeling with the following fractional

oscillator (2.1), which is an extension of Friston’s model.

 Dα1
t f (t)+ k f Dα2

t f (t)+ ks f (t) = u(t); t ∈ R∗+,

f (t)≡ 0; t ∈ R−,
(2.1)

where f (t) and u(t) are real valued functions describing the temporal CBF and neural

activity, respectively. The parameter k f is the signal decay rate and ks is the feedback

gain. The fractional differentiation orders (α1,α2) ∈ R2
+ are such that 1 ≤ α1 ≤

2,0 ≤ α2 ≤ 1. Note that when α1 = 2 and α2 = 1, the model recovers the integer-

order model which is proposed by Friston et al. [41].

The fractional behavior of the CBF was justified through the analysis of the frequency

responses of different sets of real neural activity-CBF data2 [28]. The input-output

data that has been used was acquired using electrophysiology and laser Doppler

flowmetry recordings, respectively. We demonstrated, through simulations, that the

proposed fractional model can yield better fit of the BOLD signal [27]. Furthermore,

we investigated and characterized the behavior of the fractional neurovascular model

through a detailed sensitivity analysis [28]. We concluded that the fractional model

might be a potential candidate to fit a wider range of well-shaped CBF response

2Data provided by Prof. Ying Zheng from the University of Reading, UK.
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behaviors while maintaining a low model complexity.

b. Hemodynamic response:

Regarding the hemodynamic path, we study the model (2.2) which is the linearized

version of a nonlinear model derived using the analogy between physiological and

poroelastic systems. It considers the brain as an elastic porous medium where the in-

terconnected pores describe the vasculature. In [3], this model has been investigated

and validated in the human visual cortex. A general overview of the physiological

phenomena leading to the derivation of this model is shown in Figure 2.6. When an

external excitation occurs, the neuronal activity increases mainly in the region related

to that stimulus. As a consequence, the vessels’ volume increase, the blood flows to

areas of lower pressure and the pressure gets redistributed through the medium. By

applying the mass and momentum conservation laws, this gradient of pressure be-

tween the activated and the surrounding regions induces local variations of the blood

velocity and the blood propagates outwards. However, the amplitudes decay until

reaching their steady-state values due to the blood viscosity properties. For more

details on the approach that is used to formulate this spatiotemporal model, one can

refer to [13], [3].



ξtt(t,x)+2Γξt(t,x)−υ2
β

ξxx(t,x) = ρ f F(t,x); (t,x) ∈ ΩT ,

ξ (t,0) = ξ (t, l)≡ 0; t ∈ R∗+,

ξ (0,x) = ξt(0,x)≡ 0; x ∈Ω,

Qt(t,x) = Q0ξt(t,x)+
[
ψ η− Q0(β−1)

ξ0 τ

]
ξ (t,x)−

(
η + 1

τ

)
Q; (t,x) ∈ ΩT ,

Q(0,x)≡ 0; x ∈Ω,

(2.2)

where ΩT =R∗+×Ω, with Ω = (0, l) is the 1-D spatial domain (length of the consid-

ered brain tissue). The variables {F(t,x), ξ (t,x), Q(t,x)} represent the variations of

the distributed CBF, the mass density contributed by blood and the deoxyhemoglobin
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concentration, respectively. These variables represent variations around rest values,

i.e., in the absence of external stimulus. The parameters that appear in the model are

defined in Table 2.1.

Figure 2.6: General overview of the stHR model [3].

c. BOLD response:

The authors in [48] concluded that the measured BOLD response is well predicted

by a nonlinear semi-empirical relation that combines between tissue blood volume

content
[

ξ (t,x)
ρ f

]
and deoxyhemoglobin content [Q(t,x)]. Under the assumption of

small neural drive, the nonlinear BOLD signal is approximated by the following

linearized equation [14],

z(t,x) =V0

[
k2− k3

ξ0
ξ (t,x)− k1 + k2

Q0
Q(t,x)

]
; (t,x) ∈ ΩT , (2.3)

where the constants ki ∈ R+ > 0, for i = 1,2,3, depend on the properties of the

scanner.
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2.3.2 Mathematical Formulation

Throughout this thesis, we study a distributed model that describes the link between

the neural activity and the BOLD signal. The considered model combines the three

responses (neurovascular, hemodynamic and BOLD) described in the previous sub-

section. Therefore, the full cascaded stHR model, depicted in Figure 2.7, is given by

the system of equations (2.4a)-(2.4h).

Neurovascular	coupling
(𝛼#, 𝛼%, 𝑘' , 𝑘( )

Hemodynamic	response
(Γ, 𝜐,, 𝜌' ,𝑄/ , 𝜉/ ,𝜓, 𝜂, 𝜏, 𝛽)

BOLD	response
(𝑘#,𝑘%,𝑘5,𝑉/, 𝜉/,𝑄/)

𝑁(𝑡, 𝑥) 𝐹(𝑡, 𝑥) {𝜉, 𝑄}(𝑡, 𝑥) 𝑧 𝑡, 𝑥 , 𝑧 𝑡, 𝑥>

Unknown variables

known variables

Figure 2.7: Block diagram for the cascaded stHR model.

Dα1
t F(t,x)+ k f Dα2

t F(t,x)+ ks F(t,x) = N(t,x); (t,x) ∈ ΩT , (2.4a)

F(t,x)≡ 0; t ∈ R−, x ∈Ω, (2.4b)

ξtt(t,x)+2Γξt(t,x)−υ
2
β

ξxx(t,x) = ρ f F(t,x); (t,x) ∈ ΩT , (2.4c)

ξ (t,0) = ξ (t, l)≡ 0; t ∈ R∗+, (2.4d)

ξ (0,x) = ξt(0,x)≡ 0; x ∈ Ω, (2.4e)

Qt(t,x) = Q0ξt(t,x)+
[

ψ η− Q0(β −1)
ξ0 τ

]
ξ (t,x)−

(
η + 1

τ

)
Q; (t,x) ∈ ΩT , (2.4f)

Q(0,x)≡ 0; x ∈ Ω, (2.4g)

z(t,x) =V0

[
k2− k3

ξ0
ξ (t,x)− k1 + k2

Q0
Q(t,x)

]
; (t,x) ∈ ΩT , (2.4h)

where N(t,x) is the distributed neural activity.

Table 2.1 summarizes the complete set of the physiological parameters appearing in

model (2.4a)-(2.4h), their values and their units [3], [14].

We note that the set of the physiological parameters appearing in the above model can

be classified into parameters which characterize the temporal response (k f , ks,τ ,β ,η)
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Model parameters Symbol Values Units

flow signal decay rate k f 0.65 s−1

flow dependent elimination constant ks 0.41 s−2

damping constant Γ [0.2−2] s−1

propagation velocity υβ [1−20] mm s−1

mass density of blood ρ f 1062 Kgm−3

concentration of hemoglobin
ψ 1.8×10−3 mol Kg−1

per unit mass density of blood
rate of oxygenation as per unit time η 0.4 s−1

mean hemodynamic transit time τ 1 s
Elasticity exponent β 3.2 -

resting mass density contributed
ξ0 32 Kg s−3

by blood in tissue

resting deoxyhemoglobin concentration Q0 =
ΨV0 ρ f

1+(η τ)−1 1.64×10−2 mol m−3

resting blood volume fraction V0 0.03 -
scanner’s parameters k1,k2,k3 4.2,1.7,0.41 -

Table 2.1: Nominal values of the stHR model’s parameters.

and parameters related to the spatial extension of the traveling waves (Γ, υβ ). These

two parameters are important for the characterization of the spatial properties of the

cerebral HR.

Remark 2.1. The homogeneous boundary and initial conditions of the states in

model (2.4a)-(2.4h) result from the assumption that all the hemodynamic variables

represent changes around their steady state values which are temporally and spa-

tially uniform.

Remark 2.2. The homogeneous history function given in (2.4b) leads to the equiva-

lence between the Riemann-Liouville and Caputo definitions of the fractional deriva-

tive operator which are provided in Chapter 5, [49],[50].

2.3.3 Model’s Well-Posedness

The model under investigation is in a cascade form (Figure 2.7). Therefore, its well-

posedness can be assessed by studying each equation separately. That is, the regu-
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larity of the state of equation (2.4a) will be taken into account when examining the

regularity of the second equation and so on. Doing so, the well-posedness of the

stHR model (2.4a)-(2.4h) is provided in Proposition 2.1.

Proposition 2.1. If N(.) ∈ C(0,T ;L2(Ω)), then, there exists a unique regular solu-

tion, 

F(.) ∈Cα1,1(0,T ;L2(Ω)),

(ξ ,ξt)(.) ∈C1(0,T ;(H2(Ω)∩H1
0 (Ω)×H1

0 (Ω))
)
,

Q(.) ∈C2(0,T ;H1
0 (Ω)),

z(.) ∈C1(0,T ;H1
0 (Ω)),

(2.5)

to the system (2.4a)-(2.4h).

Proof.

First, using the results of [51, Chapter 3], if N(.) ∈C(0,T ;L2(Ω)), then there exists

a unique global solution F(.) ∈ Cα1,1(0,T ;L2(Ω)). We point out that the homoge-

neous history function for F(t,x), t ∈ (−∞,0] and x ∈ Ω, given in (2.4b) allows us

using the result in [51, Corollary 3.27, pp. 205] regarding the existence and unique-

ness of global solutions for simple linear fractional equations with Caputo definition.

This result can be extended to more general class of linear fractional equations as

performed in [51, Corollary 3.6, pp. 158] with Riemann-Liouville definition.

By density, F(.) ∈ H1(0,T ;L2(Ω)). Then, by taking into account the regularity of

F(t,x), we can get the following regularity for the damped wave PDE (2.4c).

ξ (.) ∈C1(0,T ;H2(Ω)×H1
0 (Ω)), ξt(.) ∈C1(0,T ;H1

0 (Ω)). (2.6)

This increased regularity can be achieved using the classical result on second-order

hyperbolic PDE given, e.g., in [52] and [53], for F(.) ∈ L2(0,T ;L2(Ω)).

For the infinite-dimensional ODE (2.4f), we use Theorem 2.4 from [54], where con-
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dition (ii) holds. That is, a regular solution

Q(.) ∈C2(0,T ;H1
0 (Ω)), (2.7)

exists and is unique.

Last, the existence and uniqueness of a regular solution to equation (2.4h) such that

z(.) ∈C1(0,T ;H1
0 (Ω)), (2.8)

can be directly deduced from equations (2.6) and (2.7).

2.4 Spatiotemporal fMRI Inverse Problem

2.4.1 Problem Formulation

We assume that the measured BOLD signal is analyzed for separate voxels, which

translates to the following output equation,

y1(t) = col{z(t,x j)}m
j=1 ∈ Rm, (2.9)

where m is the number of voxels used to extract the data.

The ultimate purpose of this thesis is to approach towards the solution of the follow-

ing fMRI inverse problem (IP),

(IP)



Characterize the stHR model (2.4a)-(2.4h) using the sampled in space BOLD

signal (2.9) by estimating the speed of propagation υβ , the damping

parameter Γ, the fractional orders (α1, α2) jointly with the CBF F(t,x),

the mass density contributed by blood ξ (t,x) and the neural activity N(t,x).
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Note that the above inverse problem is nonlinear and falls in the category of parame-

ter and input (source term) estimation of coupled hyperbolic PDE/infinite-dimensional

ODE and Fractional Differential Equations (FDEs).

2.4.2 Proposed Solution Concept

To the best of our knowledge, there is only the work in [17] where the estimation of

the spatiotemporal neural activity has been studied using a deconvolution technique.

This work did not consider the simultaneous estimation problem of the key spatial

parameters (damping rate and speed of propagation) and the unknown hemodynamic

variables, which will be the focus of this thesis.

The starting point to deal with the previous challenging fMRI inverse problem is to

understand the challenges that resort from the coupling between FDE, hyperbolic

PDE, infinite-dimensional ODE, and algebraic equation deeply. Then, based on our

understanding, we synthesize efficient estimation strategies that can handle the in-

vestigated estimation problem.

For the sake of clarity and simplification, we propose to combine the algebraic equa-

tion (2.4h) with the ODE of infinite-dimension (2.4f). Thus, the homogeneous initial

boundary value problem (IBVP) (2.4a)-(2.4h) becomes,


Dα1

t F(t,x)+ k f Dα2
t F(t,x)+ ks F(t,x) = N(t,x), (2.10a)

ξtt(t,x)−θ1 ξxx(t,x)+θ2 ξt(t,x) = ρ f F(t,x), (2.10b)

zt(t,x) =−a3z(t,x)+a4ξt(t,x)+a5ξ (t,x), (2.10c)

where (t,x) ∈ΩT ,
{

k f , ks, ρ f , θi, i = 1,2, ai, i = 3,4,5
}
> 0, and


θ1 = υ2

β
, θ2 = 2Γ,

a3 =
(
η + 1

τ

)
, a4 = a2c2 + c1, a5 = a1c2 +a3c1

(2.11)
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with 
c1 = (k2− k3)

V0
ξ0
, c2 =−(k1 + k2)

V0
Q0
,

a1 =
[
ψ η− Q0(β−1)

ξ0 τ

]
, a2 = Q0.

(2.12)

Our analysis of the homogeneous IBVP (2.10a)-(2.10c) has revealed that even though

the infinite-dimensional model consists of a coupling between three types of differ-

ential equations, their cascade form allows to consider the inverse problem as two

disjoint estimation problems (see Figure 2.8). The first estimation problem consid-

ers the reconstruction of the CBF source term F̂(t,x), the parameters (Γ̂, υ̂β ) and

the state ξ̂ (t,x) from the sampled BOLD measurements (2.9). The second estima-

tion problem, however, uses the estimated source term F̂(t,x) to infer the fractional

differentiation orders (α̂1, α̂2) and the neuronal activity N̂(t,x), where �̂ denotes the

estimate of �.

Data: 	𝑧 𝑡, 𝑥'

Real World: fMRI 
scanner

Stage 2: Estimation 
algorithms for fractional 

order systems

Stage 1: Estimation 
algorithms for coupled 
hyperbolic PDE-infinite 

ODE systems

𝜃)*, 𝜃)+, 𝜉-(𝑡, 𝑥)

𝐹)(t, x)

𝛼4*, 𝛼4+, 𝑁6(𝑡, 𝑥)

Mathematical World: 
infinite-dimensional stHR

model

Model Structure

Inputs (data, model)

Outputs (estimates)

Figure 2.8: Proposed model-based estimation strategy for the characterization of the stHR
model.

2.5 Concluding Remarks

In this chapter, the basics of the cerebral HR were briefly reviewed. Background ma-

terial on fMRI modality and state-of-the-art on the available hemodynamic models
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were presented. Moreover, the proposed stHR model was explained and its well-

posedness assessed. To fully identify the stHR model from available BOLD mea-

surements, a cascaded estimation strategy was proposed. The proposed estimation

approach suggests studying estimation problems in two broad classes of IDSs namely

coupled hyperbolic PDE/infinite-dimensional ODE and FDEs. In Part I and Part II

of this thesis, we will develop estimation techniques for these types of systems.
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Part I

Parameters and Input Estimation for Systems of Coupled

Hyperbolic PDE and Infinite-Dimensional ODE Using Sampled in

Space Sensing
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Chapter 3

Early Lumping Approach: Kalman-Based Algorithm

A natural way to deal with estimation problems for DPSs described by PDEs is

to discretize the PDE into a system of ODEs and then to exploit the rich literature

on estimation techniques for lumped parameter systems. This approach is called the

early lumping (or approximate/design) approach. This chapter investigates an early

lumping approach for the joint estimation of input and parameters of a coupled hy-

perbolic PDE and infinite-dimensional ODE system using a finite number of sampled

in space measurements.

The joint estimation problem of the state and the input for systems described by

ODEs has been considered in the literature since the seventies. In [55], the input has

been considered as an extended state with a Gaussian distribution. This approach

is not generalizable to a wide class of systems as the dynamics of the input is often

unknown. Since then, different techniques have been developed with the objective

of estimating the input or eliminating its effect when estimating the state. In [56], a

Minimum Variance Unbiased (MVU) filter has been proposed to estimate the state

independently of the unknown input. Other MVU estimators have been proposed in

[57], [58], [59], [60]. Another type of methods is based on observers. Examples of

existing studies on observer design for ODEs include, but is not limited to, sliding

mode observers, high-gain observers, adaptive observers, and LMI-based observers,

etc. For more details, we refer the reader to [61], [62], [63], [64] and the references

The chapters of this dissertation are self-contained. So, the notations, unless otherwise specified, are
chapter specific.
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therein.

While the previous techniques consider the joint input and state estimation, they are

not easily extendable to the joint state, parameters, and input estimation problem es-

pecially in the case where the parameters are coupled nonlinearly to the state. To the

best of our knowledge, techniques for the simultaneous estimation of state, input, and

parameters are not abundant. In [65], a recursive filter approach, called Kalman Filter

with Unknown Input (KF-UI), has been proposed for the joint input and state esti-

mation for linear discrete-time stochastic systems without direct feedthrough from

the unknown inputs to the output. This filter can handle parameter estimation, as the

classical KF does, using its extended version which is called the Extended KF-UI

(EKF-UI).

In this chapter, we introduce the following,

1. A formulation of the considered estimation problem in the finite-dimensional

framework.

2. Sufficient conditions guaranteeing the approximate identifiability of the param-

eters and the input.

3. A synthesis of the proposed Constrained EKF-UI (CEK-UI) algorithm.

4. A Numerical analysis for the proposed algorithm using both synthetic and real

data.

3.1 Formulation of the Estimation Problem in the Finite-Dimensional

Setting

Let us recall the homogeneous IBVP (2.10b)-(2.10c) in the following,

{
ξtt(t,x)−θ1 ξxx(t,x)+θ2 ξt(t,x) = ρ f F(t,x); (t,x) ∈ΩT , (3.1a)

zt(t,x) =−a3z(t,x)+a4ξt(t,x)+a5ξ (t,x); (t,x) ∈ΩT , (3.1b)
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where (t,x) ∈ ΩT = R∗+×Ω, with Ω = (0, l) is the 1-D spatial domain; θi > 0,

i = 1,2; ai > 0, i = 3,4,5; and F ∈ L2
(
0,T ;L2(Ω)

)
.

To reduce the homogeneous IBVP (3.1a)-(3.1b) to a lumped parameter system, we

make use of the Finite Element Method (FEM). This technique is extensively used

because of its solid mathematical background, flexibility, and efficiency in approxi-

mating the solution of different types of PDEs [66].

To apply the Galerkin-based FEM to the investigated infinite-dimensional model, we

first write the variational formulation for the distributed model (3.1a)-(3.1b), and then

we approximate the solutions of the stHR model using Galerkin formulation.

To get the variational formulation, we multiply equations (3.1a) and (3.1b) by a test

function ζ ∈ H1
0 (Ω), and we integrate over Ω,



∫ l

0
ζ (x)ξtt(t,x)dx = θ1

∫ l

0
ζ (x)ξxx(t,x)dx−θ2

∫ l

0
ζ (x)ξt(t,x)dx

+ρ f

∫ l

0
ζ (x)F(t,x)dx, (3.2a)∫ l

0
ζ (x)zt(t,x)dx =−a3

∫ l

0
ζ (x)z(t,x)dx+a4

∫ l

0
ζ (x)ξt(t,x)dx

+a5

∫ l

0
ζ (x)ξ (t,x)dx. (3.2b)

Using integration by parts for the term containing ξxx(t,x) and considering the ho-

mogeneous boundary conditions, equation (3.2a) becomes,

∫ l

0
ζ (x)ξtt(t,x)dx =−θ1

∫ l

0
ζx(x)ξx(t,x)dx−θ2

∫ l

0
ζ (x)ξt(t,x)dx

+ρ f

∫ l

0
ζ (x)F(t,x)dx,

(3.3)

The approximate solutions of the stHR model using Galerkin formulation are given

as follows,

ξ (t,x) =
np

∑
i=1

ξi(t) ψi(x), z(t,x) =
np

∑
i=1

zi(t) ψi(x), (3.4)
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where {ψi(x)}
np
i=1 are basis functions that span the Hilbert space H1

0 (Ω), and {ξi(t)}
np
i=1,

{zi(t)}
np
i=1 are weighting functions. The basis functions are chosen as the modified cu-

bic b-spline functions which satisfy the homogeneous boundary conditions. They are

computed in terms of the standard cubic b-spline basis functions, denoted {ψs
i }

np+1
i=−1,

and are given as follows

ψi(x) =



ψs
0(x)−4ψs

−1(x), if i = 0,

ψs
1(x)−ψs

−1(x), if i = 1,

ψs
np−1(x)−ψs

np+1(x), if i = np−1,

ψs
np
(x)−4ψs

np+1(x), if i = np,

ψs
i (x), otherwise.

(3.5)

The set of cubic b-spline functions [67] are widely used in many areas such as in-

terpolation, signal reconstruction, and curve fitting. Moreover, this type of basis

functions has been shown to be very accurate in approximating functions of class C2.

By substituting the approximate solutions (3.4) into the weak formulations (3.2b) and

(3.3), and with ζ = ψ j, for j = 1,2, ...,np, we get,



np

∑
i=1

ξ̈i(t)
∫ l

0
ψi(x)ψ j(x)dx =−θ2

np

∑
i=1

ξ̇i(t)
∫ l

0
ψi(x)ψ j(x)dx

−θ1

np

∑
i=1

ξi(t)
∫ l

0
(ψi)x (x)

(
ψ j
)

x (x) dx+ρ f

∫ l

0
ψ j(x)F(t,x)dx,

np

∑
i=1

(
żi(t)−a3 zi(t)−a4 ξ̇i(t)−a5 ξ (t)

)∫ l

0
ψi(x)ψ j(x)dx = 0,

(3.6)

where ξ̇i(t) and ξ̈i(t) denotes the first and second time derivatives of ξi(t), respec-

tively.
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Let us introduce the following components of the state space vector v(t),

v1(t) = col{ξi(t)}
np
i=1, v2(t) = col{ξ̇i(t)}

np
i=1, v3(t) = col{zi(t)}

np
i=1,

v(t) =
(

v1(t) v2(t) v3(t)

)tr

.

(3.7)

Then, the initial value state space representation of system (3.6) is given as follows,

 v̇(t) = A(θ)v(t)+G(t),

v(0) = 0,
(3.8)

with

A(θ) =


0np×np Inp×np 0np×np

−θ1M−1S −θ2Inp×np 0np×np

a5Inp×np a4Inp×np −a3Inp×np

 , (3.9)

and

G(t) =


0np×1

M−1 G(t)

0np×1

 , (3.10)

where 0np×np and Inp×np are the zero and identity matrices of dimension np× np.

The vector G(t) and the standard mass and stiffness matrices, M and S, are given as

follows,

G(t) = ρ f


∫ l

0
F(t,x)ψ1(x)dx

...∫ l

0
F(t,x)ψnp(x)dx

 , (3.11)
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M =


∫ l

0
ψ1(x)2 dx · · ·

∫ l

0
ψ1(x)ψnp(x)dx

... . . . ...∫ l

0
ψnp(x)ψ1(x)dx · · ·

∫ l

0
ψnp(x)

2 dx

 , (3.12)

S =


∫ l

0
ψ
′
1(x)

2 dx · · ·
∫ l

0
ψ
′
1(x)ψ

′
np
(x)dx

... . . . ...∫ l

0
ψ
′
np
(x)ψ ′1(x)dx · · ·

∫ l

0
ψ
′
np
(x)2 dx

 , (3.13)

where ψ ′i (x) denotes the spatial derivative of ψi(x).

We recall the voxel-wise BOLD measurements in the following equation,

y1(t) = col
{

z(t,x j)
}m

j=1 , col

{
np

∑
i=1

zi(t) ψi(x j)

}m

j=1

∈ Rm, (3.14)

where m is the number of voxels used to extract the data.

Equation (3.14) can be expressed as a function of the state variables as follows,

y1(t) =
(

0m×np 0m×np C1

)
v(t), (3.15)

where

C1 =


ψ1(x1) · · · ψnp(x1)

... . . . ...

ψ1(xm) · · · ψnp(xm)

 . (3.16)

Moreover, we propose to project the distributed input into a finite-dimensional basis

functions as follows,

F(t,x) =
ns

∑
i=1

fi(t) ψ
s
i (x), (3.17)

where {ψs
i }

ns
i=1 are chosen to be the standard cubic b-spline basis functions. We note
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that the type and the number of basis functions for the input and state are independent

of each other.

Substituting back the projected input (3.17) in (3.11) results in the following equa-

tion,

G(t) = Bu(t), (3.18)

where u(t) = col{ fi(t)}ns
i=1 and

B =


0np×ns

M−1 W

0np×ns

 , (3.19)

with

W = ρ f


∫ l

0
ψ1(x)ψs

1(x)dx · · ·
∫ l

0
ψ1(x)ψs

ns
(x)dx

... . . . ...∫ l

0
ψnp(x)ψ

s
1(x)dx · · ·

∫ l

0
ψnp(x)ψ

s
ns
(x)dx

 . (3.20)

Consequently, the finite-dimensional estimation problem we are interested in solving

is,

(EP)



Given the reduced hemodynamic model (3.8)-(3.13) and the sampled in space

BOLD signal (3.15)-(3.16), find estimates for the speed of propagation

υβ :=
√

θ1 and the damping parameter Γ := θ2
2 jointly with the reduced CBF

and mass density contributed by blood, i.e., u(t) and {ξi(t)}
np
i=1.

3.2 Identifiability Study

An essential prerequisite in solving any estimation problem is to check whether the

unknown variables are identifiable, meaning that whether they can be uniquely de-

termined from the knowledge of the output and the system’s model [68].
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3.2.1 Background on Identifiability for ODEs

In the literature, different terminologies are given to the identifiability with some-

times equivalent definitions associated with different names and, conversely, different

definitions associated with the same name. Four types of identifiability can be distin-

guished: structural (a priori) identifiability, sensitivity-based identifiability, practical

(a posteriori) identifiability, and probability-oriented identifiability. For more details

about the different types of identifiability, we refer the reader to the Ph.D. thesis [69]

and the references therein.

In this chapter, we investigate two types of identifiability which are: the structural

identifiability and the sensitivity-based identifiability. The latter type of identifiabil-

ity is considered to be between the a priori identifiability and the a posteriori identifi-

ability. While the structural identifiability is studied in an idealized setting; identical

structures of the system and the model and noise-free data; the practical identifiabil-

ity considers the quality of the available experimental data. The sensitivity analysis,

however, answers the question of how is the output signal sensitive to small varia-

tions in the unknown variables. The sensitivity study is similar to the a priori analysis

approach in the sense that both approaches do not require actual real data and both

approaches assume that measurements are noiseless. It is also comparable to the

practical analysis approach in the sense that both techniques require pre-specified

parameter values (either nominal or actual estimates), and both need to know the

number and the time locations of the measurements.

A well-established theory exists for the structural identifiability of systems described

by ODE models. We can cite the state isomorphism method [70], [71], the Taylor

series expansion method [72], and the algebro-differential elimination method [73],

[74]. The algebro-differential elimination method arises as one of the powerful tech-

niques that have been applied to prove the uniqueness of estimating both constant
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and time-varying parameters in different real-world problems, e.g., chemical and bi-

ological processes [75], [76]. This method seeks the input-output mapping, which

depends on the unknown parameters, using tools from differential algebra. Based on

that mapping, the uniqueness of determining the unknown quantities from available

measurements can be assessed. The sensitivity analysis is also a rich topic. The

interested reader is referred to the comprehensive references [77], [78].

3.2.2 Structural Identifiability for the Reduced stHR Model

Unlike the richness of identifiability methods for systems described by ODEs, as-

sessing the identifiability for systems described by PDEs is more challenging and

no one-size-fits-all method exists. Indeed, identifiability results for PDEs depend on

the type of the PDE under study. In this case, the concept of identifiability under-

approximation has been introduced in [79], [80]. It consists of studying the iden-

tifiability of the unknown parameters of the PDE model using its discretized finite-

dimensional version.

Let us recall the definition of the approximate identifiably of the input F(t,x) and the

parameters θ1, θ2 based on the reduced model (3.8)-(3.16) and (3.18).

Definition 3.1. Given the output vector y1(t) defined in (3.15), the set of param-

eters and input {θ1,θ2,u(t)} is said to be structurally identifiable, or equivalently

{θ1,θ2,F(t,x)} identifiable under the Galerkin-FEM approximation, if and only if,

y1(t) = y∗1(t)⇒


θ1 = θ ∗1 ,

θ2 = θ ∗2 ,

u(t) = u∗(t), ∀t ∈ [0,T ],

where y1(t) and y∗1(t) are two output vectors corresponding to the two sets of un-

knowns [θ1,θ2,u(t)] and [θ ∗1 ,θ
∗
2 ,u
∗(t)], respectively.
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Let us define the following variables,



Π1(t;y1) =
∫ t

0
e−

a5
a4
(t−τ)

[ẏ1(τ)+a3y1(τ)] dτ,

Π2(t;y1) =
1
a4
[−a5 Π1(t;y1)+ ẏ1(t)+a3y1(t)] ,

Π3(t;y1) =


C1M−1W

−C1M−1SC1
tr (C1C1

tr)−1
Π1(t;y1)

−Π2(t;y1)


tr

∈ Rm×(ns+2),

(3.21)

and introduce the following assumptions,

Assumption 3.1. The output matrix C1 defined in (3.16) is full row rank.

Assumption 3.2. The output dependent matrix Π3(t;y1) is full column rank for all

t ∈ [0,T ].

The main result about the structural identifiability of the reduced input vector and

the parameters of the stHR model is provided in Proposition 3.1. The proven result

highlights the sufficient conditions on the measurements’ location, the discretization

scheme, and the output that guarantee the approximate identifiability of the unknown

variables.

Proposition 3.1. For each {np,ns,m} ∈ N such that ns +2≤ m≤ np, if there exists

a set of projection basis functions {ψi(x)}
np
i=1 and output’s locations {xi}m

i=1 ∈Ω sat-

isfying Assumptions 3.1-3.2, then the set of unknowns {θ1,θ2,u(t)} is structurally

identifiable; or equivalently the set of unknowns {θ1,θ2,F(t,x)} is structurally iden-

tifiable under approximation.

Proof.

The first step to prove the identifiability result is to derive the input-output mapping

using algebraic differentiation. From the output vector (3.15) and the state space
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representation (3.8)-(3.13) with (3.18), the second derivative of the output vector is

given as follows,

ÿ1(t) =−
[
a3a5 C1 +a4θ1 C1 M−1 S

]
v1(t)+ [a5−a4(a3 +θ2)]C1 v2(t)+a2

3 C1 v3(t)

+a4 C1 M−1 W u(t).
(3.22)

Now, Assumption 3.1 allows us to write the following equation,

S = S̄ C1, (3.23)

which has a solution S̄ = S C+
1 , where C+

1 =Ctr
1
(
C1Ctr

1
)−1 denotes the right pseudo

inverse of C1 which exists and is well-defined thanks to Assumption 3.1.

Based on the dynamic of v3(t) given in (3.8) and the output equation (3.15), the

terms C1v1(t), C1v2(t) and C1v3(t) can be shown to be the output dependent functions

Π1(t;y1), Π2(t;y1) and y1(t), respectively.

Therefore, by substituting these quantities in (3.22) we get the subsequent input-

output mapping,

ÿ1(t) =−
[
a3a5 C1 +a4θ1 C1 M−1 S̄

]
Π1(t;y1)+a2

3 y1(t)+ [a5−a4(a3 +θ2)] Π2(t;y1)

+a4 C1 M−1 W u(t).
(3.24)

The second step is to apply Definition 3.1 on the input-output mapping (3.24), which

leads to,

C1M−1W ũ(t)−C1M−1SC1
tr (C1C1

tr)−1
Π1(t;y1) θ̃1−Π2(t;y1) θ̃2 = 0, (3.25)

where ũ(t) = u(t)−u∗(t), θ̃1 = θ1−θ ∗1 and θ̃2 = θ2−θ ∗2 stand for the errors between

the input and the parameters of two models.
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Equation (3.25) can be rearranged into the following matrix form,

Π3(t;y1)


ũ(t)

θ̃1

θ̃2

= 0m×1, (3.26)

which has a unique trivial (zero) solution if Assumption 3.2 is satisfied, which means

that the parameters {θ1,θ2,u(t)} are structurally identifiable.

3.2.3 Sensitivity-Based Identifiability for the Reduced stHR Model

The sensitivity functions represent how much small variations in the unknown pa-

rameters affect the model’s output. These functions are defined as the derivatives of

the output’s model with respect to the unknown parameters and evaluated at nominal

or estimated values.

The state sensitivity functions for our problem are computed analytically from equa-

tions (3.8) and (3.18), and given as follows,



Ṡv,θ1(t) =
d
dt

(
∂v(t)
∂θ1

)
=

∂

∂θ1

(
dv(t)

dt

)
= A(θ)Sv,θ1(t)+P1(t),

Ṡv,θ2(t) =
d
dt

(
∂v(t)
∂θ2

)
=

∂

∂θ2

(
dv(t)

dt

)
= A(θ)Sv,θ2(t)+P2(t),

Ṡv,u(t)(t) =
d
dt

(
∂v(t)
∂u(t)

)
=

∂

∂u(t)

(
dv(t)

dt

)
= A(θ)Sv,u(t)(t)+B,

(3.27)

where Sv,•(t) denotes the sensitivity function of the state v to variations in •, and

P1(t) =


0np×1

−M−1Sv1(t)

0np×1

 , P2(t) =


0np×1

−v2(t)

0np×1

 , B defined in (3.19). (3.28)

The initial conditions of the state sensitivity functions are taken to be zero.



61

Based on equation (3.15), the output sensitivity functions are given as follows



Sy1,θ1(t) =
∂y1(t)

∂θ1
=

(
0m×np 0m×np C1

)
Sv,θ1(t),

Sy1,θ2(t) =
∂y1(t)

∂θ2
=

(
0m×np 0m×np C1

)
Sv,θ2 ,

Sy1,u(t) =
∂y1(t)
∂u(t)

=

(
0m×np 0m×np C1

)
Sv,u(t)(t).

(3.29)

The numerical evaluation of the above sensitivity functions is illustrated in Subsec-

tion 3.4.2.

3.3 Constrained Extended Kalman Filter with Unknown Input (CEKF-

UI) Algorithm

In the previous sections, first we derived the finite-dimensional model of the stHR

model using the Galerkin-FEM discretization scheme, and then we assessed under

which conditions the unknown parameters and input can be uniquely determined. In

this section, we are ready to provide the details of the proposed estimation algorithm.

3.3.1 Background on KF-UI

The KF-UI has been proposed first in the Ph.D. thesis of Shuwen Pan in 2006 [65].

Then, it has been successively applied to different systems for instance: the syn-

chronous machine [81], the tokamak plasma heat transport [82] and the missile guid-

ance estimation [83]. The main characteristics of this filter are provided in the fol-

lowing, and for more details about the theoretical derivations of the filter, we refer

the reader to [65], [84].

• The KF-UI is derived by minimizing, at each time instant, the weighted least-

squares objective function with respect to an extended state vector including

the state’s components and the unknown input without any constraint. Then, the
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recursive solutions of the optimal filter are recovered. This is advantageous with

respect to some existing techniques since it avoids computing a complicated

constrained optimization techniques.

• The KF-UI is an extension of the traditional KF since it has been proved that

this filter is the unique least-squares and MVU estimator.

• In the KF-UI, the state and input gains are derived independently and simulta-

neously.

• A condition which guarantees the optimality of the KF-UI is that the number of

unknown inputs has to be less then the number of outputs.

In what follows, the steps of the KF-UI algorithm are briefly introduced based on the

generic stochastic linear discrete-time system (3.30).

 x(k+1) = A(k)x(k)+G(k)d(k)+w(k),

y(k) =C(k)x(k)+ v(k),
(3.30)

where x(k)∈Rn is the state vector, d(k)∈Rr is the unknown input vector, y(k)∈Rp

is the output vector, w(k)∈Rn is the process noise, and v(k)∈Rp is the measurement

noise. These noises are assumed to be white, zero-mean, mutually uncorrelated, and

with known covariance matrices Q(k) = E[w(k)w(k)T ] and R(k) = E[v(k)v(k)T ] .

The algorithm of the KF-UI is given in Table 3.1, where

? x̂(k|k) and d̂(k−1|k) are the estimates of x(k) and d(k−1), respectively, given

that the measurements are known until time instant k.

? x̂(k|k− 1) is the predicted estimate of x(k), given that the measurements are

known until time instant (k−1).

? P(k|k−1) is the predicted error covariance matrix of x̂(k|k−1).

? P(k−1|k−1) is the error covariance matrix of x̂(k|k).
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? U(k) is the error covariance matrix of d̂(k−1|k).

? K(k) is the gain matrix for state estimation.

Step 1: Initialization phase

x̂(0|0) = E[x(0)], d̂(−1|0) = E[d(−1)], P(0|0) = E[(x(0)− x̂(0|0))(x(0)− x̂(0|0))T ],

for k=1:end

Step 2: Prediction phase

x̂(k|k−1) = A(k−1)x̂(k−1|k−1)+G(k−1)d̂(k−1|k),

x̄(k|k−1) = A(k−1)x̂(k−1|k−1),

P(k|k−1) = A(k−1)P(k−1|k−1)AT (k−1)+Q(k−1),

Step 3: Correction phase

K(k) = P(k|k−1)CT (k)[R(k)+C(k)P(k|k−1)CT (k)]−1,

U(k) = [GT (k−1)CT (k)R−1(k)(Ip−C(k)K(k))C(k)G(k−1)]−1,

x̂(k|k) = x̂(k|k−1)+K(k)[y(k)−C(k)x̂(k|k−1)],

d̂(k−1|k) =U(k)GT (k−1)CT (k)R−1(k)[Ip−C(k)K(k)][y(k)−C(k)x̄(k|k−1)],

P(k|k) = [In−K(k)C(k)][P(k|k−1)+G(k−1)U(k)GT (k−1)(In−K(k)C(k))T ].

end

Table 3.1: Steps of the KF-UI algorithm

3.3.2 Proposed Kalman-Based Algorithm

Kalman-based optimization methods have been extensively used in many fields of

science and engineering. Motivated by the advantages that Kalman filters offer and

the extra information we have on the bounds of the unknown parameters, we propose

to use a constrained version of the EKF-UI, denoted CEKF-UI. This version of EKF-

UI allows to refine the estimates of the parameters by forcing them to lie within their
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physiological intervals. To this end, we choose to use a projection approach to deal

with the available inequality constraints [85].

• Output differentiation

Clinically the measured output is the BOLD signal defined in equation (3.15). In

the present work, the time derivative of the signal y1(t), denoted y2(t) := ẏ1(t), is

needed to ensure the convergence of the CEKF-UI algorithm, and also to check the

identifiability conditions. Based on equation (3.1b), the signal y2(t) can be expressed

as follows,

y2(t) =
(

a5C1 a4C1 −a3C1

)
v(t). (3.31)

Consequently, the output vector is given by the following equation,

y(t) =C v(t), (3.32)

where

C =

0m×np 0m×np C1

a5C1 a4C1 −a3C1

 . (3.33)

To approximate the time derivative of the measured output numerically, we propose

to use a high-order sliding mode differentiator (HOSMD) [86]. Appendix A pro-

vides more details on the structure of the HOSMD. This choice is motivated by the

robustness properties of the HOSMD [86].

• CEKF-UI algorithm

The proposed estimation algorithm relies on the discrete-stochastic version of EKF-

UI. Thus, in the following, we propose to formulate the discrete nonlinear model

that will be used in CEKF-UI. We first extend the state vector given in (3.7) with the

unknown constant parameters and then we discretize the resulted continuous model

using first-order Euler method. These steps lead to the following system of equations,
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y(k) =Ce ve(k)+n(k),
(3.34)

where

ve(k) =


v(k)

θ1(k)

θ2(k)

 , Be =


dt B

0

0

 , Ce =

(
C 02m×2

)
,

fe(ve(k)) =

dt A(ve) + I3np×3np 03np×2

02×3np I2×2

ve(k),

(3.35)

and dt is the sampling time. The extended process noise is we(k), assumed to be

white, zero-mean, is given as follows,

we(k) =

wv(k)

wθ (k)

 , (3.36)

where wv(k), wθ (k) are uncorrelated Gaussian noises with covariance matrices Qv(k)=

E[wv(k)wv(k)T ] and Qθ (k) = E[wθ (k)wθ (k)T ], n(k) is the measurement noise with

covariance matrix R(k) = E[n(k)n(k)T ]. The covariance of the extended process

noise is,

Qe(k) = E[we(k)wT
e (k)] =

Qv(k) 0np×2

02×np Qθ (k)

 . (3.37)

The Jacobian matrix of the nonlinear dynamics vector is computed and given as

follows,

Ae(k) =
∂ fe

∂ve

∣∣∣∣
ve(k)=v̂e(k|k)

=

A1
e(k) A2

e(k)

02×3np I2×2


∣∣∣∣∣∣∣
ve(k)=v̂e(k|k)

, (3.38)
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where A1
e(k) ∈ R3np×3np and A2

e(k) ∈ R3np×2 are given by the following equations,

A1
e(k) =


Inp×np dt Inp×np 0np×np

−dt M−1Sv4(k) [1−dtv5(k)]Inp×np 0np×np

Bdt Inp×np Adt Inp×np (1−dta3) Inp×np

 , (3.39)

A2
e(k) =


0np×1 0np×1

−dtM−1Sv1(k) −dtv2(k)

0np×1 0np×1

 . (3.40)

It is by now well-known in the literature that EKF will often work in practice when

the nonlinearities are mild. Moreover, its convergence has attracted the interest of

many researchers. Most of them were trying to propose different conditions that en-

sure its stability and convergence using observer’s framework [87], [88], [89]. In

fact, the matrices R(k) and Q(k), defined as the measurement and process covari-

ances, are fundamental in determining the performance of the EKF. Usually, they are

considered as degrees of freedom and conditions are imposed on them to ensure the

stability and the convergence of the filter, see [89] and references therein. Further-

more, in [90], it was shown that convergence issues might be encountered when the

EKF is used for the joint estimation of states and unknown constant parameters of

linear systems. Indeed, we encountered this issue in our numerical simulations and

to overcome the problem we used the following weighted error covariance matrix

P(k|k−1),

P(k|k−1) = Λ(k)
[
Ae(k−1)P(k−1|k−1)Ae

tr(k−1)+Qe(k−1)
]
, (3.41)

where Λ(k)∈R3np+2, the fading memory factor, is a diagonal matrix. This approach

may solve the problems that arise from unknown covariance matrices or even when

the parameters are time-varying [85], [65]. In data assimilation, it is also a widely

used approach [91].
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The main steps of the proposed CEKF-UI algorithm are illustrated in Table 3.2.

Step 1: Initialization phase

v̂e(0|0) = (E[v(0)],E[θ(0)])tr, û(−1|0) = E[u(−1)], P(0|0) = E[(ve(0)− v̂e(0|0))(ve(0)− v̂e(0|0))tr],

for k=1:end

Step 2: Prediction phase

v̂e(k|k−1) = fe(v̂e(k−1|k−1))+Be û(k−1|k),

v̄e(k|k−1) = fe(v̂e(k−1|k−1)),

P(k|k−1) = Λ(k) [Ae(k−1)P(k−1|k−1)Ae
tr(k−1)+Qe(k−1)] ,

Step 3: Correction phase

K(k) = P(k|k−1)Ce
tr [R(k)+CeP(k|k−1)Ce

tr]−1 ,

U(k) =
[
Be

trCe
trR−1(k)(I2m×(3np+2)−CeK(k))CeBe

]−1
,

v̂e(k|k) = v̂e(k|k−1)+K(k) [y(k)−Ce v̂e(k|k−1)] ,

û(k−1|k) =U(k)Be
trCe

trR−1(k) [I2m×2m−Ce K(k)][y(k)−Ce v̄e(k|k−1)] ,

P(k|k) =
(

I(3np+2)×(3np+2)−K(k)Ce

)[
P(k|k−1)+BeU(k)Be

tr
(

I(3np+2)×(3np+2)−K(k)Ce

)tr
]
,

Step 4: Projection onto the constraint surface{
v̂e(k|k) = argmin

ve

‖ve− v̂e(k|k))‖2

s.t. θ l
1 ≤ θ1 ≤ θ u

1 & θ l
2 ≤ θ2 ≤ θ u

2

,

end

Table 3.2: Steps of the CEKF-UI algorithm

The overall schematic diagram of the proposed early lumping estimation algorithm

is given in Figure 3.1.

Remark 3.1. The need for the time derivative of the BOLD signal can be noticed

through the input’s gain formula U(k) given in Table 3.2. Indeed, in the case where

only the BOLD measurement is considered, the term B tr
e C tr

e will be equal to zero,

and hence the input’s gain will blow up.
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Figure 3.1: General block diagram of the proposed early lumping approach for the calibra-
tion of stHR model.

3.4 Numerical Analysis Using Synthetic Data

In this section, the performance of the proposed early lumping estimation technique

which is depicted in Figure 3.1 is assessed. All the simulations are carried out with

Matlab. The known parameters of the physiological model are reported in Table

2.1. We normalize the equations of the model spatially so that the x variable is

dimensionless.

3.4.1 Validation of the Discretization Scheme

To consider with confidence the accuracy and the fidelity of the finite-dimensional

model, we first validate the Galerkin-FEM scheme on a constructed exact profile of

the solution to the original hyperbolic PDE-ODE system.

Let us consider the IBVP (3.1a)-(3.1b) with the following source term,

ρ f F(t,x) = 2 x (1− x) (1+θ2 t)+2 θ1 t2. (3.42)

Thus, the exact solution can be easily computed as follows,

 ξ (t,x) = t2 x (1− x),

z(t,x) = x (1− x)
[
2
(

a4− a5
a3

)
κ(t)+ a5

a3
t2
]
,

(3.43)
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where

κ(t) =
1
a2

3

(
e−a3 t +a3 t−1

)
. (3.44)

To analyze the effect of the size of the FEM meshing np, and the dimension of the

input’s projection basis functions ns on the accuracy of the approximate solutions,

we conduct numerical tests with different values of np and ns. We also quantify the

mismatch between the exact and approximate solutions using the following approxi-

mation error metric,

Err [G(t,x)] =
∥∥Gex(t,x)−Gap(t,x)

∥∥
L2(0,T ;L2(Ω))

, (3.45)

where Gap(t,x) denotes an approximate solution, which is computed using the Galerkin-

FEM scheme previously detailed, and Gex(t,x) denotes an exact analytical solution.

Figure 3.2 shows the spatiotemporal profile of the approximate and exact solutions

of the state z(t,x) as well as the error between them. This figure shows that the

numerical and analytical responses match, even with a relatively small values of np

and ns (np = 15, ns = 10). Same conclusion was observed for the states ξ (t,x) and

ξt(t,x).

Figure 3.3 illustrates the decrease of the approximation error up to np = ns = 80, in

the log scale, with respect to an increase of the mesh size. From Figure 3.4, it is

worth noting that beyond the point np = ns = 80, the relative approximation errors

of the model’s states start to increase. A possible explanation for this increase may

be due to the spurious high-frequency oscillations that are usually generated when

discretizing hyperbolic PDEs [92], [93].



70

Figure 3.2: Spatiotemporal profiles of exact and approximate solutions of the state z(t,x)
and error between them with np = 15 and ns = 10.
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Figure 3.3: Errors between exact and discretized solutions vs. mesh size.
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Figure 3.4: Relative approximation errors vs. mesh size.

3.4.2 Estimation Results and Discussions

The profile of the input, to be estimated, is given by the following equation,

F(t,x) = e
− (x−x0)

2

σ2x e
− (t−t0)

2

σ2
t , (t,x) ∈ΩT , (3.46)

where σt = 5 s and t0 = 10 s and σx = 0.5 and x0 = 0.5 are the spatial spread and the

onset location.

The FEM mesh size and the input’s projection basis functions size are set as np =

15 and ns = 10, respectively. We choose m = 15 sensors which are placed at the

locations of the finite element mesh as shown in Figure 3.5. This choice is consistent

with the case of real data.

Figure 3.5: Schematic diagram for sensors’ placement.
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Figure 3.6 depicts the exact distributed profiles of the input and states. The temporal

profiles of the output signals and their derivatives computed using the model’s dy-

namics, i.e., equation (3.31), are provided in Figure 3.7.

Figure 3.6: Spatiotemporal profiles of the input F(t,x) and the states ξ (t,x), z(t,x).
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Figure 3.7: Left panel: Output signals. Right panel: Output’s temporal derivatives com-
puted using (3.31).
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• Sensitivity analysis and output differentiation

It is well known in the literature that due to the numerical issues structural identifia-

bility does not guarantee by itself the convergence of the estimation algorithm [68],

[94, chapter 3]. Thus, a sensitivity analysis has been conducted to assess the sensi-

tivity of the output to variations in the input and parameters. Figure 3.8 shows the

sensitivity functions of the output to variations in both the parameters and the input

around their exact values, i.e., Sy1,θ1 , Sy1,θ2 and Sy1,u(t). These functions are com-

puted analytically in Subsection 3.2.3. We conclude from Figure 3.8 that the output

is less sensitive to variations in θ2 and u(t) compared to θ1.
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Figure 3.8: Sensitivity functions. Left upper: with respect to θ1. Right upper: with respect
to θ2. Lower: with respect to u(t)

Regarding the performance of the HOSMD, Figure 3.9 illustrates the error between

the output’s derivatives computed using (3.31), and the HOSMD. We observe that

the error between both derivatives is negligible, but with the presence of a chattering

phenomenon that is inherent in the sliding mode type of differentiator.
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Figure 3.9: Error between the output’s derivatives y2(t) computed using (3.31), and output’s
derivatives yd

2(t) computed using the HOSMD.

• Estimation results

The tuning coefficients of the CEKF-UI algorithm were selected through a trial and

error strategy. They are set as R = 10−5 I2m×2m, Qθ = 10−3 I2×2, Qv = 10−2 I3np×3np ,

Pv(0|0) = I3np×3np , Pθ (0|0) = diag(106,104) where diag(.) is a diagonal matrix. The

fading memory term is fixed as Λ(k) = diag(I3np×3np,0.93,0.91).

The unknown parameters to be estimated are chosen such as υβ = 10 mms−1 and

Γ = 0.9 s−1. The lower and upper bounds of these parameters, needed in step 4 of

the proposed estimation algorithm, are those given in Table 2.1.

Figures 3.10 and 3.11 demonstrate the rapid convergence of the parameters and the

source term to their real values. We also note that the estimate of υβ hits the upper

bound before converging to its real value. Moreover, it deviates slightly at t = 5 s

from its real value but with an acceptable relative error of less than 3 %. The estima-

tion of the input is achieved with a maximum relative error less than 3 % and which

occurs during the transient phase. The estimates of the reduced and distributed states

converge to their corresponding exact profiles as shown in Figures 3.12-3.13. The

oscillations that appear in the reduced state estimates may be due to the chattering

phenomena of the HOSMD. This oscillating behavior can be alleviated by filtering

the obtained estimates.
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Figure 3.11: Left: True and estimated temporal profiles of the input. Right: Relative error
of the estimated spatiotemporal input.
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Figure 3.12: Left: Estimation errors of the reduced states {ξi(t)}
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i=1. Right: Relative error

of the estimated spatiotemporal state ξ (t,x).
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Figure 3.13: Left: Estimation errors of the reduced states {zi(t)}
np
i=1. Right: Relative error

of the estimated spatiotemporal state z(t,x).

3.5 Numerical Analysis Using Real Data

3.5.1 Experimental Protocol

To test the proposed estimation algorithm experimentally, fMRI data1 previously col-

lected from the visual cortex, following the presentation of discrete spatial stimuli,

is used [3]. In that work, the visual stimulus was an image of three rings at 0.6, 1.6

with 3 eccentricity which alternated from black to white during the “on” phase that

lasted for period of 8s, and disappeared during the 12s duration of the “off” phase.

To get the 1-D data, the BOLD response was projected onto a flattened representa-

tion of the visual cortical surface. The measured hemodynamic response depends

only on time t and the perpendicular distance x from the center of the stimulus. The

measured hemodynamic response was sampled on the interval |x| ≤ 5 mm and across

the time interval 0 s ≤ t ≤ 20 s, and low-pass filtered with a third order Butterworth

filter below 0.1 Hz to obtain a smoothed version of the data. For more details, we

refer the reader to [3].

In this work, we will use a set of BOLD data from the right hemisphere of one

subject. The real distributed profile of the BOLD signal is depicted in Figure 3.14.

1Data provided by Dr. Kevin Aquino from Monash University, Australia.
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Figure 3.14: Distributed profile of the real BOLD data.

3.5.2 Estimation Results and Discussions

The process covariance matrix Qe and the initial a posteriori estimation error covari-

ance matrix P(0|0) are chosen to be the same as the ones used for synthetic data. The

output covariance matrix and the fading memory parameters, in this case, are set as:

R = I2m×2m, Λ(k) = diag(I3np×3np ,0.78,0.98).
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Figure 3.15: Estimated speed of propagation and damping parameters.

Figure 3.15 shows the estimated values of the damping parameter and the velocity of

propagation. These estimates belong to the confidence interval of these parameters

derived in [17] for this specific subject. The sampled in space estimates of the CBF

are shown in Figure 3.16 which contains a transient phase with large amplitudes.

Comparing the time to peak of the BOLD and CBF signals at different locations

shows that the BOLD signal reaches its peak value after the CBF signal does, see

Figure 3.17 for x = 0 mm. This observation is consistent with the fact that there
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Figure 3.16: Sampled in space estimates of the CBF.
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Figure 3.17: Normalized CBF and BOLD signals at x = 0 mm.

exists a delay between the BOLD signal and the neural activity. In fact, this delay

encompasses the lag between the neural activity and the CBF and the delay between

the CBF and the BOLD which is confirmed in this study. Moreover, the distributed

estimate of the CBF is localized on specific temporal and spatial location and propa-

gates in the whole spatiotemporal domain.

3.6 Concluding Remarks

This chapter proposed an early lumping methodology to solve the joint estimation

problem of the unknown parameters and input for coupled hyperbolic PDE and

infinite-dimensional ODE using sampled in space measurements. The reduced prob-
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lem has been formulated using the Galerkin-FEM and the projection of the input

on an appropriate basis functions. The structural and sensitivity-based identifiabil-

ity properties, a prerequisite of any identification problem, have been first studied.

Sufficient conditions which depend on the discretization scheme have been derived

to ensure the structural identifiability of both the parameters and source term. Then,

an algorithm based on KF-UI was synthesized to reconstruct the unknown variables.

This choice is due to the ability of the KF-UI method to provide optimal estimates

both in the least square and MVU senses. Moreover, it can consider both input and

parameters estimation using its extended version, namely EKF-UI.

The simulation results using both synthetic and real data have shown the good perfor-

mance of the proposed algorithm. However, we point out that the present study which

is performed using the finite-dimensional framework suffers from the non-uniformity

of the identifiability. It means that the identifiability does not hold independently of

the choice of the approximation scheme and the projected input. Thus, we have to

be very careful in the choice of the numerical discretization scheme. Moreover, it is

important to emphasize that the hyperbolic nature of the studied systems can tell us

much about the issues that arise for stability, control and observation problems when

discretizing the infinite-dimensional problem. We showed in Subsection 3.4.1 that

using the cubic b-spline Galerkin scheme, the error between the real and the approx-

imated states starts to increase after a given mesh size. In fact, the pioneering works

[95], [96] have shown that naive approximation schemes of the wave equation may

lead to divergent numerical controls. This observed phenomenon has been investi-

gated and explained in [97] using standard uniform meshing finite element and finite

difference schemes. For more details on the numerical issues related to hyperbolic

PDEs, we refer the reader to [92], [98], [99], [93], [100] and references therein.

The two solution strategies that one may think about to overcome these issues are

(i) to design a discretization scheme that preserves the properties of the continuous
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problem, e.g., stability, controllability, observability, and identifiability. Such a solu-

tion has been proposed, for instance, in [100] where a non-uniform finite element and

finite difference discretization schemes have been introduced to ensure the uniform

observability of the 1D wave equation, or (ii) to synthesize an infinite-dimensional

estimator that takes into account the original continuous model instead of its dis-

cretized version.

In the next chapter, we will investigate the second type of solutions, i.e., (ii), to

solve the issues that may arise when discretizing the studied distributed estimation

problem. In this regard, we propose an infinite-dimensional adaptive estimator for

the joint estimation of input and parameters for coupled hyperbolic PDE and infinite-

dimensional ODE using sampled in space measurements.
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Chapter 4

Late Lumping Approach: Adaptive Estimator

In the previous chapter, using the finite-dimensional framework, we proposed an es-

timation method that allows the reconstruction of the input and parameters of a cou-

pled hyperbolic PDE and infinite-dimensional ODE system. The designed CEKF-

UI algorithm showed good performance in estimating the unknown variables using

both synthetic and real data. However, its performance depends on the discretization

scheme which in the case of hyperbolic PDEs is not trivial to choose. Furthermore,

the approximate identifiability property of the estimation problem is not independent

of this choice. The work of the present chapter considers the estimation problem in

its infinite-dimensional setting. This strategy, called late lumping (or design/approx-

imate) approach, conserves the distributed nature of the system when designing the

estimator.

In this chapter, we introduce the following,

1. The statement of the infinite-dimensional estimation problem with the required

mathematical tools and assumptions.

2. A literature review on the available late lumping estimation methods for DPSs.

3. The proposed adaptive estimator with its convergence proof.

4. Numerical results illustrating the performance of the proposed estimator.

The chapters of this dissertation are self-contained. So, the notations, unless otherwise specified, are
chapter specific.
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4.1 Related Work

Various algorithms have been proposed for parameters and state estimation of PDEs.

Standard methods such as the output least squares approach, the maximum likelihood

method and the method of characteristics have been proposed to solve this estimation

problem in [101], [102], [103]. Alternatively, observer-based methods are widely

used in the control community where several state observers have been proposed

and adopted to different types of PDEs. For instance, the well-known Luenberger

observer has been extended to linear PDEs in [104], [105]. Backstepping-based

observers have been introduced to solve state estimation problem using boundary

measurements [106], and more recently using weighted spatial average measure-

ments [107]. Moreover, Fridman et al. [108] proposed a Luenberger observer for

a semilinear parabolic PDE using sampled in space and time measurements. Adap-

tive observers have also been extended to PDEs for the joint estimation of state and

parameters. Over the past decades, an extensive research work has been conducted to

design adaptive observers for both lumped and distributed parameter systems. This

framework is appropriate when dealing with adaptive control strategies or for fault

detection and isolation where the simultaneous estimation of the state and parame-

ters is needed. Examples of recent studies on adaptive observers for PDEs include

the work in [109], [110] which tackled an output-feedback stabilization problem for

a parabolic PDE, and the work in [111] which proposed an adaptive output-feedback

stabilization for a non-local hyperbolic PDE. Moreover, in [112] an adaptive ob-

server was designed to stabilize the wave PDE subject to harmonic disturbances.

More recently, an adaptive observer was proposed to estimate jointly the state and

the unknown parameters of a semilinear heat equation using sampled in space mea-

surements [113]. Most of the aforementioned adaptive observers have been proposed

to cope with the absence of the distributed state and the parameters for control or sta-
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bilization objectives. This means that the convergence of the parameters’ estimates

to their real values is not required. Moreover, these studies consider that the unknown

parameters are parametrized by a known or measurable function. To the best of our

knowledge, observer design for source term estimation for PDE models has not been

well-documented in the literature yet [114], [115].

Regarding coupled PDE/ODE systems, we can distinguish two types of coupling.

The first class of coupling occurs, e.g., through the boundary condition of the PDE

which is described by a finite-dimensional ODE model. The well-posedness and the

control of such class of systems has been studied in [116, Part IV], [117], [118], [119]

and references therein. From pure estimation standpoint, the authors in [120] pro-

posed an observer-based technique and an online estimator to estimate the unknown

input and the parameters of a coupled PDE-ODE model describing the CO2 con-

centration in a conference room. Moreover, a boundary observer has been designed

in [121] to estimate the distributed state of a coupled hyperbolic PDE-ODE system.

The second class, however, arises when the state of the ODE is distributed in the

spatial domain and is coupled to the distributed state of the PDE through the whole

spatial domain. We note that this second type of coupling can be described as PDEs

with memory term. Many theoretical papers, dealing, e.g., with well-posedness, con-

trollability, and observability analysis, have been devoted to such class of systems,

see [122], [123], [124] and references therein. However, as far as we know, a little

has been done regarding the design of controllers and estimators. This chapter fo-

cuses on the design of an adaptive observer to simultaneously estimate the input and

parameters of a coupled system of damped wave PDE and infinite-dimensional ODE.
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4.2 Formulation of the Estimation Problem in the Infinite-Dimensional

Setting

Let us recall the homogeneous IBVP (2.10b)-(2.10c) in the following,

{
ξtt(t,x)−θ1 ξxx(t,x)+θ2 ξt(t,x) = ρ f F(t,x); (t,x) ∈ΩT , (4.1a)

zt(t,x) =−a3z(t,x)+a4ξt(t,x)+a5ξ (t,x); (t,x) ∈ΩT . (4.1b)

where (t,x) ∈ ΩT = R∗+×Ω, with Ω = (0, l) is the 1-D spatial domain; θi > 0,

i = 1,2; ai > 0, i = 3,4,5; and F ∈ L2
(
0,T ;H1(Ω)

)
.

BOLD data is acquired using voxel-wise analysis method. The closure of the interval

Ω, Ω̄ = [0, l], is divided into m+1 sampling intervals, i.e., 0 = x0 < x1 < x2 < ... <

xm+1 = l, where m sensors delimit the interior intervals excluding the boundaries.

The space sampling interval between two sensors does not have to be uniform, but it

is upper bounded, i.e., ∆i = xi+1− xi ≤ ∆, ∀ i = 0 : m. The considered output vector

is given as follows,

yi(t) = [zi(t),zi
t(t)]

tr, (4.2)

where zi(t) = z(t,xi), zi
t(t) = zt(t,xi).

In the forthcoming analysis we will use some well-known inequalities: Young, Cauchy-

Schwartz and Wirtinger, see Appendix B.

We will also use the following relation,

z(t,x) = z(t,xi)+
∫ x

xi

zx̄(t, x̄)dx̄. (4.3)

Moreover, the input F(t,x) is assumed to be time-space separable, i.e.,

F(t,x) = g(t) f (x), (4.4)
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where g(t) is known and f (x) is to be estimated.

The main objective of this chapter is the following,


Given the homogeneous IBVP (4.1a)-(4.1b) with the input (4.4) and the output (4.2),

design an adaptive observer to estimate jointly the distributed states (ξ (t,x), z(t,x)),

the parameters (θ1, θ2), and the input f (x).

4.3 Proposed Adaptive Estimator

We define the following estimation errors,



ξ̃ (t,x) = ξ (t,x)− ξ̂ (t,x),

z̃(t,x) = z(t,x)− ẑ(t,x),

θ̃1(t) = θ1− θ̂1(t),

θ̃2(t) = θ2− θ̂2(t),

f̃ (t,x) = f (x)− f̂ (t,x).

(4.5)

Consider the following state observer,


ξ̂tt(t,x)− θ̂1ξ̂xx(t,x)+ θ̂2ξ̂t(t,x) = ḡ(t) f̂ (t,x)+

m

∑
i=0

Mi(t,x); (t,x) ∈ΩT ,

ẑt(t,x) =−a3 ẑ(t,x)+a4 ξ̂t(t,x)+a5 ξ̂ (t,x)+
m

∑
i=0

Ni(t,x); (t,x) ∈ΩT ,

(4.6)

where ḡ(t) = ρ f g(t) and


Mi(t,x) = K χ[xi,xi+1)ỹ

i(t),

Ni(t,x) = K̄ χ[xi,xi+1)ỹ
i(t),

(4.7)

with K = [K0,K1], K̄ = [K2,0] are the observer gains, χ[xi,xi+1) is the characteristic

function defined as follows,
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χ[xi,xi+1) =

 1 x ∈ [xi,xi+1),

0 otherwise,
(4.8)

and ỹi(t)= [z̃i(t), z̃i
t(t)]

tr is the output estimation error defined such that z̃i(t)= zi(t)−

ẑi(t), z̃i
t(t) = zi

t(t)− ẑi
t(t) with (•)i(t) = (•)(t,xi).

Consider the following adaptation laws,



d
dt θ̂1(t) = µ0 Proj(τ1(t), θ̂1(t)), t > 0

d
dt θ̂2(t) = µ1 Proj(τ2(t), θ̂2(t)), t > 0

d
dt f̂ (t,x) =

m

∑
i=0

µ
i
2(x)χ[xi,xi+1)Proj(τ3(t), F̂i(t)), (t,x) ∈ΩT ,

(4.9)

where Proj defines the projection operator and {µi}1
i=0, {µ i

2(x)}m
i=0 are positive adap-

tation gains, and



τ1(t) =
m

∑
i=0

(z̃i
t(t)+a3z̃i(t))

∫ xi+1

xi

ξ̂xx(t,x)dx,

τ2(t) =−
m

∑
i=0

(z̃i
t(t)+a3z̃i(t))

∫ xi+1

xi

ξ̂t(t,x)dx,

τ3(t) = ḡ(t)(z̃i
t(t)+a3z̃i(t)).

(4.10)

The projection operator used in (4.9) ensures the a priori boundedness of the param-

eters’ and input’s estimates, and is given in the following definition.

Definition 4.1. The projection of a nominal update law α of a parameter β on the

interval [β l,β u], denoted as Proj[β l ,β u](α,β ), is defined as follows [125]

Proj[β l ,β u](α,β ) := Proj(α,β ) =


0, if β = β l and α < 0,

0, if β = β u and α > 0,

α, otherwise,

(4.11)

where (•)l and (•)u are the lower and upper bounds of (•), respectively.
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Other definitions of the projection operator can be also adopted [116].

4.4 State Convergence

In this section, we provide conditions on the observer’s gains and the maximum

sampling interval to ensure the convergence of the state estimates.

Let us introduce the following parameters, bi, i= 1, ...,5, ci, i= 1,2, η i
1(t), and η2(t),


b1 =

θ̃ u
2

2a4
+

(θ̃ u
1 )

2

a5θ̂ u
1
, b2 =

a2
5

2a2
4 θ̂ u

2
, b3 =

θ̂ l
2

a4 θ u
2
(a2

4−1)−a2
4 b2,

b4 =
θ̂ u

2
2a5

, b5 =
a4 θ u

1
a5

,

(4.12)


c1 = b5−b2−

K2l
2
−2a4

∆2

π2 (K1 +b1),

c2 = a5b4−b2−
K2l
2
−2a4

∆2

π2 (K1 +b1),

(4.13)


η i

1(t) =
2a4 ∆

π

[
‖ f̃‖L2([xi,xi+1])

+(θ̃1)
u‖ξx‖L2([xi,xi+1])

+(θ̃2)
u‖ξt‖L2([xi,xi+1])

]
,

η2(t) = a4‖ḡ(t) f̃x + θ̃1ξxxx− θ̃2ξtx‖L2([0,l]).
(4.14)

The result on the state convergence is stated in the following Theorem.

Theorem 4.1. Consider the system of coupled PDE-infinite ODE (4.1a)-(4.1b) with

the source term (4.4) and the sampled in space measurements (4.2). If the observer’s

gains {K0,K1,K2} and the maximum sampling interval ∆ are chosen such that,



K0 ≥ 2
b3

a4
, K1 ≤min

{
K0

a3
,K0−2

b3

a4

}
, (4.15a)

K2 ≤
a4

2
(3K1−2K0)−a2

4 b2, (4.15b)

4a4
∆2

π2 (2a2
3K1−K0)≥ K2l

[
a4(θ2)

u−a2
3
]
, (4.15c)

4a4
∆2

π2 (2K1 +b1)+K2l +b2 ≤min{b4,a5b4,b5} , (4.15d)
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where the constants bi, i = 1, ...,5 are defined in (4.12), then the state observer (4.6)-

(4.7) jointly with the adaptation laws (4.9)-(4.10) guarantee the uniform ultimate

boundedness of the L2 norms of the state estimation errors z̃(t,x), ξ̃ (t,x), z̃t(t,x) and

ξ̃t(t,x) in the set N ,

N =
{

ỹ,‖ỹtx +a3ỹx‖L2([xi,xi+1])
≤ Bi(t)

}
≡
{

ξ̃ ,
∥∥∥a4ξ̃tx +a5ξ̃x

∥∥∥
L2([xi,xi+1])

≤ Bi(t)
}
,

(4.16)

where the bound

Bi(t) = σ0
η i

1(t)+η2(t)
min{c1,c2}

, (4.17)

for any σ0 < 1 and ci, i = 1,2, η i
1(t), i = 0 : m, η2(t) are defined in (4.13), (4.14),

respectively. This bound can be made arbitrary small by appropriately choosing the

observer’s gains Ki, i = 0,1,2, and the maximum sampling interval ∆.

Remark 4.1. In the following Lyapunov-based convergence analysis, the variable

ξ (.,x) needs to be H3(Ω). Thus, to justify and prove the state convergence result of

Theorem 4.1, the regularity of the input should be F ∈ L2
(
0,T ;H1(Ω)

)
.

In fact, if F ∈ L2
(
0,T ;H1(Ω)

)
, then there exists a unique strong solution ξ to the

PDE (4.1a) such that [53],

(ξ ,ξt) ∈C1 (0,T ;
(
H3(Ω)∩H2

0 (Ω)
)
×H2

0 (Ω)
)
. (4.18)

Given that ξ satisfies (4.18), then form equation (4.1b) we can derive that,

z ∈C2 (0,T ;H2
0 (Ω)

)
. (4.19)

Proof.

Based on the system (4.1a)-(4.1b), the input equation (4.4) and state observer (4.6),

the dynamics of the state estimation errors are given as follows,
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ξ̃tt(t,x)−θ1ξ̃xx(t,x)+θ2ξ̃t(t,x) = ḡ(t) f̃ (t,x)+ θ̃1ξ̂xx(t,x)− θ̃2ξ̂t(t,x)−

m

∑
i=0

Mi(t,x),

z̃t(t,x) =−a3z̃(t,x)+a4ξ̃t(t,x)+a5ξ̃ (t,x)−
m

∑
i=0

Ni(t,x).

(4.20)

Let us define the following Lyapunov function1,

V (t) =V1(t)+V2(t)+V3(t)+V4(t), (4.21)

where

V1(t) = 1
2

∫ l

0
(sz̃+ z̃t)

2 dx,

V2(t) = 1
2

∫ l

0

[
α1 (z̃)2 +α2 (ξ̃ )

2 +α3 (ξ̃x)
2 +α4 (z̃x)

2 +α5 (ξ̃xx)
2
]

dx,

V3(t) = 1
2

∫ l

0
(sz̃x + z̃tx)

2 dx,

V4(t) =
a4

2µ0
(θ̃1)

2 +
a4

2µ1
(θ̃2)

2 +
a4

2

m

∑
i=0

∫ xi+1

xi

f̃ (t,x)2

µ i
2(x)

dx.

(4.22)

with {αi}5
i=1 are positive design constants that will be defined later on, and {µi}1

i=0,

{µ i
2(x)}m

i=0 are positive adaptation gains.

The time derivative of the Lyapunov function is given by,

V̇ (t) = V̇1(t)+V̇2(t)+V̇3(t)+V̇4(t), (4.23)

where
1In the rest of this chapter, the time and/or space dependences will be suppressed whenever needed to

alleviate the notations.
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V̇1(t) =
∫ l

0
(sz̃+ z̃t)z̃tt dx+

∫ l

0
s2z̃z̃t + s(z̃t)

2 dx, (4.24a)

V̇2(t) = α1

∫ l

0
z̃z̃t dx+α2

∫ l

0
ξ̃ ξ̃t dx+α3

∫ l

0
ξ̃xξ̃tx dx+α4

∫ l

0
z̃xz̃tx dx

+α5

∫ l

0
ξ̃xxξ̃txx dx, (4.24b)

V̇3(t) = s
∫ l

0
z̃tx (sz̃x + z̃tx) dx+

∫ l

0
z̃ttx (sz̃x + z̃tx) dx, (4.24c)

V̇4(t) =
a4

µ0
θ̃1(t) ˙̃

θ1(t)+
a4

µ1
θ̃2(t) ˙̃

θ2(t)+a4

m

∑
i=0

∫ xi+1

xi

f̃ (t,x) ˙̃f (t,x)
µ i

2(x)
dx.(4.24d)

• Computations for V̇1(t):

Let us decompose V̇1(t) such that,

V̇1(t) = I1(t)+ I2(t), (4.25)

with 
I1(t) =

∫ l

0
(sz̃+ z̃t)z̃tt dx,

I2(t) =
∫ l

0

(
s2z̃z̃t + s(z̃t)

2) dx,
(4.26)

Substituting the error dynamics of z̃tt given in (4.20) in I1(t), results in

I1(t) = I1
1 (t)+ I2

1 (t)+ I3
1 (t), (4.27)

where 

I1
1 (t) =

∫ l

0
(sz̃+ z̃t)

[
−a3z̃t +a5ξ̃t−

m

∑
i=0

Ṅi(t,x)

]
dx,

I2
1 (t) = a4

∫ l

0
(sz̃+ z̃t)

[
θ1ξ̃xx−θ2ξ̃t−

m

∑
i=0

Mi(t,x)

]
dx,

I3
1 (t) = a4

∫ l

0
(sz̃+ z̃t)

[
θ̃1ξ̂xx− θ̃2ξ̂t + ḡ(t) f̃ (t,x)

]
dx.

(4.28)
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Bounds on I1
1 (t):

We substitute the expression of Ni(t,x) given in (4.7) in I1
1 (t), and get

I1
1 (t) =−a3

∫ l

0
z̃t (sz̃+ z̃t)dx+a5

∫ l

0
ξ̃t (sz̃+ z̃t)dx−K2

m

∑
i=0

z̃i
t(t)
∫ xi+1

xi

(sz̃+ z̃t)dx.

(4.29)

For the last term of (4.29), we apply (i) Cauchy Schwartz inequality,

−K2

m

∑
i=0

z̃i
t(t)
∫ xi+1

xi

(sz̃+ z̃t)dx≤ K2

m

∑
i=0

√
∆i z̃i

t(t)
(∫ xi+1

xi

(sz̃+ z̃t)
2 dx
)1/2

, (4.30)

then (ii) Young’s inequality (with weight one)

K2

m

∑
i=0

√
∆iz̃i

t(t)
∫ xi+1

xi

(sz̃+ z̃t)dx≤ K2

2

m

∑
i=0

[
∆i(z̃i

t(t))
2 +

∫ xi+1

xi

(sz̃+ z̃t)
2 dx
]
, (4.31)

and then (iii) Wirtinger inequality (B.4),

m

∑
i=0

∆i(z̃i
t(t))

2 ≤ max
x∈(0,l)

z̃2
t (t,x)

m

∑
i=0

∆i ≤ l
∫ l

0
(z̃tx)

2 dx, (4.32)

results in,

I1
1 (t)≤−a3

∫ l

0
z̃t (sz̃+ z̃t)dx+a5

∫ l

0
ξ̃t (sz̃+ z̃t)dx+

K2l
2

∫ l

0
(z̃tx)

2 dx

+
K2

2

∫ l

0
(sz̃+ z̃t)

2 dx.
(4.33)

Bounds on I2
1 (t):

We substitute the expression of Mi(t,x) given in (4.7) into I2
1 (t), and find

I2
1 (t) = a4

∫ l

0
(sz̃+ z̃t)(θ1ξ̃xx−θ2ξ̃t)dx−a4K0

m

∑
i=0

z̃i(t)
∫ xi+1

xi

(sz̃+ z̃t)dx

−a4K1

m

∑
i=0

z̃i
t(t)
∫ xi+1

xi

(sz̃+ z̃t)dx.
(4.34)

We use integration by parts for the first term of (4.34) containing ξ̃xx, and relation
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(4.3) for the terms containing z̃i(t) and z̃i
t(t), and get

I2
1 (t) =−a4θ1

∫ l

0
(sz̃x + z̃tx)ξ̃x dx−a4θ2

∫ l

0
ξ̃t(sz̃+ z̃t)dx

−a4K0

∫ l

0
z̃(sz̃+ z̃t)dx−a4K1

∫ l

0
z̃t(sz̃+ z̃t)dx

+a4K0

m

∑
i=0

∫ xi+1

xi

(sz̃+ z̃t)(z̃− z̃i(t))dx

+a4K1

m

∑
i=0

∫ xi+1

xi

(sz̃+ z̃t)(z̃t− z̃i
t(t))dx.

(4.35)

We apply Young’s inequality (with weights w0 and w1) to the two last terms of equa-

tion (4.35), and get

I2
1 (t)≤−a4θ1

∫ l

0
(sz̃x + z̃tx)ξ̃x dx−a4θ2

∫ l

0
ξ̃t(sz̃+ z̃t)dx

−a4K0

∫ l

0
z̃(sz̃+ z̃t)dx−a4K1

∫ l

0
z̃t(sz̃+ z̃t)dx

+a4
2 (K0w0 +K1w1)

∫ l

0
(sz̃+ z̃t)

2 dx+
a4K0

2w0

m

∑
i=0

∫ xi+1

xi

(z̃− z̃i(t))2 dx

+a4K1
2w1

m

∑
i=0

∫ xi+1

xi

(z̃t− z̃i
t(t))

2 dx.

(4.36)

We apply Wirtinger’s inequality (B.3) to the last two terms of equation (4.36), and

we get the following inequality,

I2
1 (t)≤−a4θ1

∫ l

0
(sz̃x + z̃tx)ξ̃x dx−a4θ2

∫ l

0
ξ̃t(sz̃+ z̃t)dx

−a4K0

∫ l

0
z̃(sz̃+ z̃t)dx−a4K1

∫ l

0
z̃t(sz̃+ z̃t)dx

+a4
2 (K0w0 +K1w1)

∫ l

0
(sz̃+ z̃t)

2 dx

+2a4∆2

π2

[
K0
w0

∫ l

0
(z̃x)

2 dx+
K1

w1

∫ l

0
(z̃tx)

2 dx
]
.

(4.37)

Bounds on I3
1 (t):

We point out that the parameters and the input errors appearing in the function I3
1 (t),

see Eq. (4.28), are multiplied by the unknown in domain quantity “sz̃(t,x)+ z̃t(t,x)”.
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The main idea to deal with this is to decompose the latter quantity to the summa-

tion of a known function, “sz̃(t,xi)+ z̃t(t,xi)”, and an unknown function, “sz̃(t,x)+

z̃t(t,x), for x 6= xi”, using relation (4.3). Then, the known terms will be canceled us-

ing the adaptation laws of the input and parameters, and the unknown terms will be

bounded using the bounds of the unknown parameters, input and their estimates.

Let us decompose “sz̃(t,x)+ z̃t(t,x)” using (4.3), and substitute it back in I3
1 (t) de-

fined in Eq. (4.28). Thus,

I3
1 (t) = a4θ̃1

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂xx dx−a4θ̃2

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂t dx

+a4ḡ(t)
m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

f̃ (t,x) dx

+a4θ̃1

m

∑
i=0

∫ xi+1

xi

ξ̂xx
[
(sz̃+ z̃t)− (sz̃i + z̃i

t)
]

dx

−a4θ̃2

m

∑
i=0

∫ xi+1

xi

ξ̂t
[
(sz̃+ z̃t)− (sz̃i + z̃i

t)
]

dx

+a4

m

∑
i=0

∫ xi+1

xi

F̃
[
(sz̃+ z̃t)− (sz̃i + z̃i

t)
]

dx,

(4.38)

with F̃ = ḡ f̃ .

First, we replace the estimated variables •̂ = •− •̃ appearing in the third and fourth

lines of (4.38). Second, we apply Cauchy-Schwartz inequality and then Wirtinger

inequality (B.3) to the terms containing the state variables ξxx and ξt , and also to the

last term of equation (4.38). Those steps lead to,

I3
1 (t) ≤ a4θ̃1

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂xx dx−a4θ̃2

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂t dx

+ a4ḡ(t)
m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

f̃ (t,x) dx+
m

∑
i=0

η
i
1

(∫ xi+1

xi

(sz̃x + z̃tx)
2 dx
)1/2

− a4θ̃1

m

∑
i=0

∫ xi+1

xi

ξ̃xx
[
(sz̃+ z̃t)− (sz̃i + z̃i

t)
]

dx

+ a4θ̃2

m

∑
i=0

∫ xi+1

xi

ξ̃t
[
(sz̃+ z̃t)− (sz̃i + z̃i

t)
]

dx, (4.39)
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where η i
1(t) is defined in (4.14).

The last step in simplifying I3
1 (t) is to apply Young’s inequality (with weights w2,

w3), and then Wirtinger’s inequality (B.3) for the last and the penultimate terms of

(4.39). This step results in

I3
1 (t) ≤ a4θ̃1

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂xx dx−a4θ̃2

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂t dx

+ a4ḡ(t)
m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

f̃ (t,x) dx+η
i
1

m

∑
i=0

(∫ xi+1

xi

(sz̃x + z̃tx)
2 dx
)1/2

+ a4
2∆2

π2

[
(θ̃1)

uw2 +(θ̃2)
uw3
]∫ l

0
(sz̃x + z̃tx)

2 dx+a4
(θ̃1)

u

2w2

∫ l

0
(ξ̃xx)

2 dx

+ a4
(θ̃2)

u

2w3

∫ l

0
(ξ̃t)

2 dx. (4.40)

Bounds on V̇1(t):

Combining (4.33), (4.37), (4.40), and given equations (4.25)-(4.26), we can write the

following state-dependent upper bound for V̇1(t),

V̇1(t) ≤

=0 if (s=a3)︷ ︸︸ ︷
I2(t)−a3

∫ l

0
z̃t (sz̃+ z̃t)dx+a5

∫ l

0
ξ̃t (sz̃+ z̃t)dx+

K2l
2

∫ l

0
(z̃tx)

2 dx

− a4θ1

∫ l

0
(sz̃x + z̃tx)ξ̃x dx−a4θ2

∫ l

0
ξ̃t(sz̃+ z̃t)dx

− a4K0

∫ l

0
z̃(sz̃+ z̃t)dx−a4K1

∫ l

0
z̃t(sz̃+ z̃t)dx

+

[
a4

2
(K0w0 +K1w1)+

K2

2

]∫ l

0
(sz̃+ z̃t)

2 dx

+
2a4∆2

π2

[
K0

w0

∫ l

0
(z̃x)

2 dx+
K1

w1

∫ l

0
(z̃tx)

2 dx
]
+a4θ̃1

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂xx dx

− a4θ̃2

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂t dx+a4ḡ(t)
m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

f̃ (t,x) dx

+
m

∑
i=0

η
i
1

(∫ xi+1

xi

(sz̃x + z̃tx)
2 dx
)1/2

+a4
(θ̃1)

u

2w2

∫ l

0
(ξ̃xx)

2 dx

+ a4
2∆2

π2

[
(θ̃1)

uw2 +(θ̃2)
uw3
]∫ l

0
(sz̃x + z̃tx)

2 dx+a4
(θ̃2)

u

2w3

∫ l

0
(ξ̃t)

2 dx. (4.41)
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In the rest of the proof, we will set the parameter s = a3 to simplify the computations.

Thus, from (4.20), we have

(sz̃+ z̃t) = a4ξ̃t +a5ξ̃ −K2

m

∑
i=0

z̃i(t)χ[xi,xi+1). (4.42)

Next, we (i) apply Young’s inequality (with weight w5) to the third term of (4.41),

(ii) substitute (sz̃+ z̃t) appearing in the second term of the second line of (4.41) by

its expression given in (4.42), and then (iii) apply the three steps which are intro-

duced in (4.30)-(4.32) to the term that results from step (ii) and which contains z̃i(t).

Therefore, the following inequality holds,

V̇1(t) ≤
[

K2l
2

+2a4
∆2

π2
K1

w1

]∫ l

0
(z̃tx)

2 dx−a4θ1

∫ l

0
(sz̃x + z̃tx)ξ̃x dx

− a4K0

∫ l

0
z̃(sz̃+ z̃t)dx−a4K1

∫ l

0
z̃t(sz̃+ z̃t)dx−a4a5θ2

∫ l

0
ξ̃t ξ̃ dx

+

[
a4

2
(K0w0 +K1w1)+

1
2

(
K2 +

a5

w5

)]∫ l

0
(sz̃+ z̃t)

2 dx

+

[
2a4

∆2

π2
K0

w0
+a4θ2

K2l
2

]∫ l

0
(z̃x)

2 dx+a4θ̃1

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂xx dx

− a4θ̃2

m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

ξ̂t dx+a4ḡ(t)
m

∑
i=0

(sz̃i + z̃i
t)
∫ xi+1

xi

f̃ (t,x) dx

+
m

∑
i=0

η
i
1

(∫ xi+1

xi

(sz̃x + z̃tx)
2 dx
)1/2

+a4
(θ̃1)

u

2w2

∫ l

0
(ξ̃xx)

2 dx

+ a4
2∆2

π2

[
(θ̃1)

uw2 +(θ̃2)
uw3
]∫ l

0
(sz̃x + z̃tx)

2 dx

−
(

a2
4θ2−a4

(θ̃2)
u

2w3
−a5

w5

2
−a4θ2

K2

2

)∫ l

0
(ξ̃t)

2 dx, (4.43)

• Computations for V̇3(t):

The time derivative of the Lyapunov function V3(t) defined in (4.22) is given as fol-

lows,

V̇3(t) = s
∫ l

0
z̃tx (sz̃x + z̃tx) dx+

∫ l

0
z̃ttx (sz̃x + z̃tx) dx. (4.44)
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Taking into account that s = a3, and substituting the dynamics of z̃ttx that can be

derived from (4.20), we get

V̇3(t) = a5

∫ l

0
ξ̃tx (sz̃x + z̃tx) dx+a4

∫ l

0
ξ̃ttx (sz̃x + z̃tx) dx. (4.45)

Based on (4.20) and θ̃i = θi− θ̂i, the error dynamics of ξ̃ttx can be expressed as

follows,

ξ̃ttx = θ̂1ξ̃xxx− θ̂2ξ̃tx + ḡ(t) f̃x(t,x)+ θ̃1ξxxx− θ̃2ξtx. (4.46)

By substituting (4.46) into (4.45), and then applying Cauchy-Schwartz inequality to

the terms containing input and parameters errors, i.e., θ̃i and f̃x, we get

V̇3(t)≤ a5

∫ l

0
ξ̃tx (sz̃x + z̃tx) dx+a4θ̂1

∫ l

0
ξ̃xxx (sz̃x + z̃tx) dx

−a4θ̂2

∫ l

0
ξ̃tx (sz̃x + z̃tx) dx+η2

(∫ l

0
(sz̃x + z̃tx)

2 dx
)1/2

,

(4.47)

with η2(t) defined in (4.14).

From (4.20) and s = a3, we have sz̃x + z̃tx = a4ξ̃tx +a5ξ̃x. Taking this latter equality

into account in the second and third terms of (4.47), integrating by parts the sec-

ond term along with the homogeneous boundary conditions, ξ ∈ C1(0,T ;H3(Ω)∩

H2
0 (Ω)), and applying Young’s inequality for the first term (with weight w4), we can

write,

V̇3(t) ≤ −(a2
4θ̂2−

a5

2
w4)

∫ l

0
(ξ̃tx)

2dx−a5a4θ̂2

∫ l

0
ξ̃xξ̃txdx−a2

4θ̂1

∫ l

0
ξ̃xx ξtxx dx

− a4a5θ̂1

∫ l

0
(ξ̃xx)

2 dx+η2

(∫ l

0
(sz̃x + z̃tx)

2 dx
)1/2

+
a5

2w4

∫ l

0
(sz̃x + z̃tx)

2 dx, SUB2. (4.48)

• Computations for V̇ (t):

Taking into account equations (4.43), (4.48), and (4.24d), and with some straightfor-
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ward arrangements, we can write,

V̇ (t)≤W1(t)+W2(t), (4.49)

where

W1(t) = (α2−a4a5θ2)
∫ l

0
ξ̃t ξ̃ dx+(α1−a4K0−a3a4K1)

∫ l

0
z̃t z̃ dx

−
(

a2
4θ2−a4

(θ̃2)
u

2w3
−a5

w5
2 −a4θ2

K2
2

)∫ l

0
(ξ̃t)

2 dx−a4K1

∫ l

0
(z̃t)

2 dx

−sa4K0

∫ l

0
(z̃)2 dx+η3

∫ l

0
(sz̃+ z̃t)

2 dx

(4.50)

W2(t) =
[

K2l
2 +2a4

K1
w1

∆2

π2

]∫ l

0
(z̃tx)

2 dx+
[

2a4
K0

w0

∆2

π2 +a4θ2
K2l
2

]∫ l

0
(z̃x)

2 dx

−a4θ1

∫ l

0
ξ̃x(sz̃x + z̃tx) dx+a4

(θ̃1)
u

2w2

∫ l

0
(ξ̃xx)

2 dx

+a4
2∆2

π2

[
(θ̃1)

uw2 +(θ̃2)
uw3
]∫ l

0
(sz̃x + z̃tx)

2 dx

+η i
1

m

∑
i=0

(∫ xi+1

xi

(sz̃x + z̃tx)
2 dx
)1/2

+α3

∫ l

0
ξ̃xξ̃tx dx

+α4

∫ l

0
z̃xz̃tx dx+α5

∫ l

0
ξ̃xxξ̃txx dx+SUB2

(4.51)

with SUB2 defined in (4.48), and

η3 =
a5

2w5
+

K2

2
+

a4

2
(K0w0 +K1w1). (4.52)

• Simplification of W1(t):

After some straightforward simplifications, W1(t) can be expressed as follows,

W1(t) = (α1 +2sη3−a4K0−a3a4K1)
∫ l

0
z̃t z̃ dx+(α2−a4a5θ2)

∫ l

0
ξ̃t ξ̃ dx

−λ 1
1

∫ l

0
(ξ̃t)

2 dx−λ
1
2

∫ l

0
(z̃)2 dx−λ

1
3

∫ l

0
(z̃t)

2 dx,
(4.53)

with
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λ 1

1 =
(

a2
4θ2−a4

(θ̃2)
u

2w3
−a5

w5
2 −a4θ2

K2
2

)
,

λ 1
2 = s(a4K0− sη3) , λ 1

3 = (a4K1−η3) .

(4.54)

• Simplification of W2(t):

After some straightforward simplifications, W2(t) can be expressed as follows,

W2(t)≤A1

∫ l

0
(z̃tx)

2 dx+A2

∫ l

0
(z̃x)

2 dx−a4

[
a5θ̂1−

(θ̃1)
u

2w2

]∫ l

0
(ξ̃xx)

2 dx

+2a4
∆2

π2

[
(θ̃1)

uw2 +(θ̃2)
uw3
]∫ l

0
(sz̃x + z̃tx)

2 dx−a4(a4θ̂2−a5)
∫ l

0
(ξ̃tx)

2 dx

+
m

∑
i=0

(η i
1 +η2)

(∫ xi+1

xi

(sz̃x + z̃tx)
2 dx
)1/2

+
[
α3−a2

4θ1−a5a4θ̂2
]∫ l

0
ξ̃xξ̃tx dx

+α4

∫ l

0
z̃xz̃tx dx+

(
α5−a2

4θ̂1
)∫ l

0
ξ̃xxξ̃txx dx−a4a5θ1

∫ l

0
(ξ̃x)

2 dx,

(4.55)

where

A1 =
K2l
2

+2a4
K1

w1

∆2

π2 , A2 = 2a4
K0

w0

∆2

π2 +a4θ2
K2l
2

. (4.56)

The last step in simplifying W2(t) is to combine some terms appearing on the right-

hand side of (4.55), bearing in mind that sz̃x + z̃tx = a4ξ̃tx +a5ξ̃x. This step results in

the following inequality,

W2(t)≤−λ 2
1

∫ l

0
(sz̃x + z̃tx)

2 dx−λ
2
2

∫ l

0
(ξ̃xx)

2 dx+λ
2
3

∫ l

0
ξ̃xξ̃tx dx

+λ 2
4

∫ l

0
z̃xz̃tx dx+λ

2
5

∫ l

0
ξ̃xxξ̃txx dx+

m

∑
i=0

(η i
1 +η2)

(∫ xi+1

xi

(sz̃x + z̃tx)
2 dx
)1/2

,

(4.57)

where
λ 2

1 = min{A4,A5} , λ 2
2 = a4

[
a5θ̂1− (θ̃1)

u

2w2

]
, λ 2

3 =A6−2a4a5λ 2
1 ,

λ 2
4 = α4−2smax

{
A1,

A2

s2

}
, λ 2

5 =
(
α5−a2

4θ̂1
)
,

(4.58)

with A1, A2 defined in (4.56), and
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A3 = max
{
A1,

A2

s2

}
+2a4

∆2

π2

[
(θ̃1)

uw2 +(θ̃2)
uw3
]
+

a5

2w4
,

A4 =
a4

a5
θ1−A3, A5 = θ̂2−

a5

2a2
4

w4−A3,

A6 = α3−a2
4θ1−a5(a4θ̂2−2a4a5A3).

(4.59)

• Conditions ensuring the convergence of the state estimation error:

The following conditions ensure the negativeness of W1(t),
α1 = a4K0 + s(a4K1−2η3)≥ 0,

α2 = a4a5θ2 ≥ 0,

λ 1
i ≥ 0, i = 1,2,3.

(4.60)

The conditions α1 ≥ 0, λ 1
2 ≥ 0 and λ 1

3 ≥ 0 results in

0≤ η3 ≤min{B1,B2,B3}, (4.61)

and the condition λ 1
1 ≥ 0 results in

0≤ K2 ≤B5, (4.62)

with Bi defined as,


B1 =

a3

2
+ a4

2a3
(K0 +a3K1), B2 =

a4 K0

a3
, B3 = a4 K1,

B4 =
a5

2w5
+

a4

2
(K0w0 +K1w1), B5 = 2a4−

(θ̃2)
u

(θ2)uw3
− a5

a4θ2
w5.

(4.63)

and (w3, w5) satisfies

a4
(θ̃2)

u

2w3
+a5

w5

2
≤ a2

4(θ2)
u. (4.64)

Combining conditions (4.61), (4.62) and the expression of η3 (4.52) leads to the

following condition,
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K2 ≤min [min{B1,B2,B3}−B4,B5] . (4.65)

Regarding W2(t), the design parameters α3, α4 and α5 will be selected to eliminate

λ 2
3 , λ 2

4 and λ 2
5 , respectively.



α3 = a2
4θ1 +a5(a4θ̂2−2a4a5A3)+2a4a5λ 2

1 ≥ 0,

α4 = 2smax
{
A1,

A2

s2

}
≥ 0,

α5 = a2
4θ̂1 ≥ 0.

(4.66)

Also, we need to have

λ 2
i ≥ 0, i = 1,2. (4.67)

The condition on λ 2
2 ≥ 0 results in the following bound on w2,

w2 ≥
(θ̃1)

u

2a5(θ̂1)u
. (4.68)

The conditions α3 ≥ 0 and λ 2
1 ≥ 0 lead to

A3 ≤min{b4,a5b4,b5} (4.69)

with b4, b5 are given in (4.12) and the bound on w4 is given by

w4 ≤
2a2

4
a5

(θ̂2)
u. (4.70)

The conditions of Theorem 4.1 follow from (4.60)-(4.70), with the following choice

of the weights wi, i = 0, ...,5,

w0 = 1, w1 =
1
2
, w2 =

θ̃ u
1

a5θ̂ u
1
, w3 =

1
2a4

, w4 =
a2

4 θ̂ u
2

a5
, w5 =

θ̂ u
2

a5
, (4.71)
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and 
max

{
A1,

A2

s2

}
=A1,

min{B1,B2,B3}=B3.

(4.72)

By taking into account conditions (4.60), (4.66) and (4.67), W2(t) can be written as

follows,

W2(t)≤−
m

∑
i=0
‖sz̃x + z̃tx‖L2([xi,xi+1])

[
λ

2
1 ‖sz̃x + z̃tx‖L2([xi,xi+1])

−
(
η

i
1(t)+η2(t)

)]
−λ 2

2

∫ l

0
(ξ̃xx)

2 dx.

(4.73)

From inequality (4.73), we can conclude that outside the domain N defined in

(4.16), the time derivative of the Lyapunov function (4.49) is ensured to be

V̇ (t)≤−λ 1
1

∫ l

0
(ξ̃t)

2 dx−λ
1
2

∫ l

0
(z̃t)

2 dx−λ
1
3

∫ l

0
(z̃)2 dx−λ

2
2

∫ l

0
(ξ̃xx)

2 dx

−(σ0−1)
m

∑
i=0

(η i
1(t)+η2(t))‖sz̃x + z̃tx‖L2([xi,xi+1])

≤ 0.
(4.74)

Since the parameters’ estimates are guaranteed to be bounded, we can conclude that

the state estimates are uniformly ultimately bounded in the set N . This region of

convergence can be made small by adequately choosing ∆ and Ki, i = 0,1,2.

Remark 4.2. Conditions (4.15c) and (4.15d) demonstrates the inverse relationship

between the observer’s gains and the maximum sampling interval. In practice, a

compromise between observer’s gains (i.e., rate of convergence) and the maximum

sampling interval (i.e., number of sensors) should be found to reduce the region of

convergence.

Remark 4.3. In the special case where the distributed states z(t,x) and zt(t,x) are

available, the convergence of the state estimation errors (ξ ,ξt)(t,x) and (z,zt)(t,x)

is guaranteed to be pointwise asymptotic. Analogue Lyapunov analysis can be con-
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ducted to conclude this result. The analysis is, however, easier compared to the case

of sampled in space measurements. A Lyapunov candidate functional in the regular

energy space for linear second order hyperbolic PDEs, i.e., (ξ ,ξt)∈C(0,T,H1(Ω))×

C(0,T,L2(Ω)), is enough to show the asymptotic convergence result [126].

4.5 Parameters and Input Convergence

The convergence of the parameters and input is stated in the following proposition

for the case of distributed measurements.

Proposition 4.1. Consider the system of coupled PDE-infinite ODE (4.1a)-(4.1b)

with input (4.4) and distributed measurement z(t,x), for (t,x) ∈ΩT and assume that

g(t) 6≡ 0, for t ≥ 0. Then, the parameters and input estimation errors, i.e., f̃ (t,x)

θ̃i(t) and , i = 1,2, converge asymptotically to zero.

Proof.

The convergence proof for the parameters’ and input’s estimates in the case of dis-

tributed sensing follows from the asymptotic convergence result of the state, stated

in Remark 4.3, and the structural identifiability property that is defined and proved in

the following.

Definition 4.2. Given the distributed output z(t,x), the set of the unknown parameters

and input {θ1,θ2, f (x)} of system (4.1a)-(4.1b) is said to be a priori identifiable if

the following condition holds:

∀(t,x) ∈ΩT , z(t,x) = z∗(t,x)⇒


θ1 = θ ∗1 ,

θ2 = θ ∗2 ,

f (x) = f ∗(x), ∀x ∈Ω.

(4.75)
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where z(t,x) and z∗(t,x) are two solutions of (4.1a)-(4.1b) corresponding to the two

sets of unknowns [θ1,θ2, f (x)] and [θ ∗1 ,θ
∗
2 , f ∗(x)], respectively.

Proposition 4.2. Given model (4.1a)-(4.1b) with input (4.4) and distributed mea-

surement z(t,x), for (t,x) ∈ΩT and assume that g(t) 6≡ 0, for t ≥ 0. Then, the set of

unknowns {θ1,θ2, f (x)} is structurally identifiable.

The following two Lemmas are needed to conclude about the identifiability result.

Their proofs are provided in Appendix C.

Lemma 4.1. The input-output mapping of system (4.1a)-(4.1b) with input (4.4) is

given by the following homogeneous initial boundary value problem,

z̄tt + Ā1z̄t + Ā2z̄−θ1z̄xx + Ā3eA1 ∗ z̄+ Ā4eA1 ∗ z̄xx = ρ f g(t) f (x), (4.76)

where (∗) stands for the convolution operator, z̄(t,x) =
ea3t

a4
z(t,x), eA1 = e−A1th(t)

with h(t) denotes the Heaviside function, and


A1 =

a5

a4
−a3, A2 = θ2−2a3, A3 = a3(a3−θ2),

Ā1 = A2−A1, Ā2 = A3 +A1(A1−A2), Ā3 = A1(A1A2−A2
1−A3), Ā4 = θ1A1.

(4.77)

Lemma 4.2. Given that Z̄(p, .) = L{z̄(t, .)} and Ǧ(p) = ρ f L{ea3t g(t)} are the

Laplace transforms of z̄(t,x) and ḡ(t), respectively, then the solution of (4.76) in

the Laplace domain satisfies the following differential equation,


Z̄xx(p,x) = r2(p;θ1;θ2)Z̄(p,x)−β (p;θ1) f (x); x ∈Ω, Re[p]> p0,

Z̄(p,0) = Z̄(p, l)≡ 0; Re[p]> p0,

(4.78)

where
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r2(p), r2(p;θ1;θ2) =

(p−a3)(p−a3 +θ2)

θ1
,

β (p), β (p;θ1) =
p+A1

θ1 p
Ǧ(p).

(4.79)

Moreover, the explicit formula for Z̄(p,x) is given as follows,

Z̄(p,x) = Z̄x(p,0)
sinh[r(p)x]

r(p)
− β (p)

r(p)

∫ x

0
f (s)sinh[r(p)(x− s)] ds, (4.80)

where Z̄x(p,0) =
β (p)

sinh[r(p)l]

[∫ l

0
f (s)sinh[r(p)(l− s)] ds

]
, with sinh(.) denotes the

hyperbolic sine function.

Proof of Proposition 4.2.

The proof is performed in the Laplace domain. Let us introduce the following func-

tion,

S(x) =
sinh(x)

x
, (4.81)

for which we can write the following power series expansions,


S(x) = ∑

n≥0
an x2n,

1
S(x)

= ∑
n≥0

bn x2n.

(4.82)

for a given an and bn such that a0 = b0 = 1. Then, based on (4.82), we can write the

following power series for the solution (4.80),

Z̄(p,x) = β (p)

[
x
l ∑

i≥0
∑
j≥0

∑
n≥0

ai b j an
(
r2(p)

)i+ j+n
x2i l2 j

∫ l

0
f (s)(l− s)2n+1ds

− ∑
m≥0

am
(
r2(p)

)m
∫ l

0
x f (s)(x− s)2m+1ds

]
.

(4.83)

Let us introduce the change of variable n′ = i+ j+n, then
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Z̄(p,x) = β (p)

[
x
l ∑

n′≥0

n′

∑
n=0

n′−n

∑
j=0

an′−n− j b j an
(
r2(p)

)n′
x2(n′−n− j) l2 j

∫ l

0
f (s)(l− s)2n+1ds

− ∑
m≥0

am
(
r2(p)

)m
∫ x

0
f (s)(x− s)2m+1ds

]
.

(4.84)

Equation (4.84) is written in a compact form as follows,

Z̄(p,x) = β (p) ∑
n′≥0

(
r2(p)

)n′
[An′(x)−Bn′(x)] , (4.85)

with


An′(x) =

x
l

n′

∑
n=0

n′−n

∑
j=0

an′−n− j b j an x2(n′−n− j) l2 j
∫ l

0
f (s)(l− s)2n+1ds,

Bn′(x) = an′

∫ x

0
f (s)(x− s)2n′+1ds.

(4.86)

Applying the binomial expansion for the term
(
r2(p)

)n′ , we get,

Z̄(p,x) = β̄ (p) ∑
n′≥0

n′

∑
k=0

Cn′
k [An′(x)−Bn′(x)] p̄n′+k (4.87)

where β̄ (p) = θ1β (p) and Cn′
k is the binomial coefficient.

With the change of variable n̄ = n′+ k, we have,

Z̄(p,x) = β̄ (p)∑
n̄≥0

p̄n̄
n̄/2

∑
k=0

(θ2)
n̄−2k

(θ1)n̄−k+1 Cn̄−k
k [An̄−k(x)−Bn̄−k(x)] , (4.88)

with p̄ = p−a3.

Now, based on Definition 4.2, we assume that Z̄(p,x) = Z̄∗(p,x) are two solutions

satisfying (4.88) and which correspond to the two sets of parameters and input [θ1,θ2, f (x)]

and [θ ∗1 ,θ
∗
2 , f ∗(x)], respectively. Then, we have
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Z̄(p,x)− Z̄∗(p,x) = β̄ (p)∑
n̄≥0

p̄n̄Cn̄(x) = 0, ∀ p,x (4.89)

with

Cn̄(x) =
n̄/2

∑
k=0

Cn̄−k
k

{
(θ2)

n̄−2k

(θ1)n̄−k+1 [An̄−k(x)−Bn̄−k(x)]

−
(θ ∗2 )

n̄−2k

(θ ∗1 )
n̄−k+1

[
A∗n̄−k(x)−B∗n̄−k(x)

]}
.

(4.90)

If g(t) 6≡ 0 for t ≥ 0, which leads to β̄ (p) 6≡ 0, then (4.89) holds if and only if,

Cn̄(x) = 0, ∀ n̄, x. (4.91)

Investigating the cases n̄ = 0,1,2 allows to conclude about the identifiability of

[θ1,θ2, f (x)].

• n̄ = 0 : which implies k = 0, and

1
θ1

(A0(x)−B0(x))−
1

θ ∗1
(A∗0(x)−B∗0(x)) = 0, (4.92)

with


A0(x) =

x
l

∫ l

0
(l− s) f (s)ds,

B0(x) =
∫ x

0
(x− s) f (s)ds.

Thus, if we denote f(x) =
f (x)
θ1

, we get the following equality,

x
l

∫ l

0
(l− s) f̃(s)ds =

∫ x

0
(x− s) f̃(s)ds, (4.93)

where f̃(x) = f(x)−f∗(x). Differentiating equation (4.93) two times with respect

to x results in,

f̃(x) = 0, x ∈Ω. (4.94)
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• n̄ = 1 : which implies k = 0, and

C1
0

[
θ2

(θ1)2 (A1(x)−B1(x))−
θ ∗2

(θ ∗1 )
2 (A

∗
1(x)−B∗1(x))

]
= 0, (4.95)

with


A1(x) =

x
l

1

∑
n=0

1−n

∑
j=0

a1−n− j b j an x2(1−n− j) l2 j
∫ l

0
(l− s)2n+1 f (s)ds,

B1(x) = a1

∫ x

0
(x− s)3 f (s)ds.

Let θ3 =
θ2

θ1
, and taking equation (4.94) into account, we further simplify (4.95) and

get the following equation,

(θ3−θ
∗
3 )I1(x) = 0, x ∈Ω, (4.96)

where

I1(x) =
x(a1x2 +b1l2)

l

∫ l

0
(l− s)f(s)ds+a1

x
l

∫ l

0
(l− s)3f(s)ds

−a1

∫ x

0
(x− s)3f(s)ds.

(4.97)

From (4.97), we can easily see that if f (x) 6≡ 0, for x ∈Ω, then it is the case for I(x)

(i.e., I(x) 6≡ 0, for x ∈Ω). Thus, we conclude that,

θ3 = θ
∗
3 . (4.98)

• n̄ = 2 : which implies k = 0,1, and

1

∑
k=0

C2−k
k

[
(θ2)

2(1−k)

(θ1)3−k (A2−k(x)−B2−k(x))

−
(θ ∗2 )

2(1−k)

(θ ∗1 )
3−k

(
A∗2−k(x)−B∗2−k(x)

)]
= 0.

(4.99)

By taking into account equations (4.94) and (4.98), equation (4.99) becomes
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1

∑
k=0

C2−k
k (θ3)

2−k (A2−k(x)−B2−k(x))
θ1

(
1

(θ2)k −
1

(θ ∗2 )
k

)
= 0, (4.100)

and from which we can conclude that,

θ2 = θ
∗
2 . (4.101)

From (4.94) and (4.98), we can conclude about the identifiability of θ1 and f (x), i.e.,

θ1 = θ ∗1 and f (x) = f ∗(x).

4.6 Numerical Analysis

To test the performance of the developed adaptive estimator, a numerical example is

provided in this section. All the simulations presented in this section are carried out

in Matlab/Simulink.

We consider an example for which (t,x) ∈ ΩT = (0,30)× (0,1), the parameters are

set to θ1 = 1, θ2 = 1, a4 = 1, a5 = 1, a3 = 1, and the considered input is given as

follows

F(t,x) = e
− (x−x0)

2

σ2x 1(t), (t,x) ∈ΩT , (4.102)

where σx = 0.4 and x0 = 0.5 are the spatial spread and the onset location.

4.6.1 Discretization Scheme

The original system of PDE-infinite ODE (4.1a)-(4.1b) combined with the state ob-

server (4.6)-(4.7) and the adaptation laws (4.9)-(4.10) are reduced using cubic B-

spline Galerkin method into a set of ODEs for which a Runge-Kutta approach has

been applied. The discretization details for the system (4.1a)-(4.1b) were given in

Chapter 3. In the following, we will summarize the reduced model for both the sys-
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tem (4.1a)-(4.1b) and the adaptive estimator (4.6)-(4.10).

Let us write in a finite dimensional space of dimension np an approximation of the

state variables and their estimates as follows,

ξ (t,x) =
np

∑
i=1

ξi(t) ψi(x), z(t,x) =
np

∑
i=1

zi(t) ψi(x),

ξ̂ (t,x) =
np

∑
i=1

ξ̂i(t) ψi(x), ẑ(t,x) =
np

∑
i=1

ẑi(t) ψi(x),

(4.103)

Let us also write an approximation of the input estimate as follows,

F̂(t,x) =
ns

∑
i=1

F̂i(t) ψ
s
i (x). (4.104)

Note that the basis functions’ dimensions of the input, the states and their estimates

do not need to be equal. Moreover, since it is a priori known that the boundary

conditions of the states and their estimates are homogeneous then we chose ψi(x) as

the modified cubic B-spline basis functions satisfying the zero boundary conditions.

For the input, we chose ψs
i (x) as the standard cubic B-spline basis functions.

Gathering the expansion coefficients introduced in (4.103)-(4.104), and the estimated

parameters in the following state space variables,

v1(t) = col{ξi(t)}
np
i=1, v2(t) = col{ξ̇i(t)}

np
i=1, v3(t) = col{zi(t)}

np
i=1,

v4(t) = col{ξ̂i(t)}
np
i=1, v5(t) = col{ ˆ̇

ξi(t)}
np
i=1, v6(t) = col{ẑi(t)}

np
i=1,

v7(t) = θ̂1(t), v8(t) = θ̂2(t), v9(t) = col{F̂i(t)}ns
i=1,

(4.105)

and following the standard steps of Galerkin method, we end up with a set of ODEs

given in (4.106).
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v̇1(t) = v2(t),

M1v̇2(t) =−θ1 S v1(t)−θ2 M1 v2(t)+ B̄(t),

v̇3(t) = a5 v1(t)+a4 v2(t)−a3 v3(t),

v̇4(t) = v5(t),

M1 v̇5(t) =−S v7(t) v4(t)−M1 v8(t) v5(t)+M2 v9(t)+K0

m

∑
i=1

Λi (v3− v6)(t)

+K1

m

∑
i=1

Λi (v̇3− v̇6)(t),

v̇6(t) = a5 v4(t)+a4 v5(t)−a3 v6(t)+K2 M−1
1

m

∑
i=1

Λi (v3− v6)(t),

v̇7(t) =−µ0 Proj{[s(v3− v6)(t)+(v̇3− v̇6)(t)]tr
m

∑
i=1

Ψ(xi) [Ψx(xi+1)−Ψx(xi)]
tr v4(t)},

v̇8(t) =−µ1 Proj{[s(v3− v6)(t)+(v̇3− v̇6)(t)]
tr

m

∑
i=1

Ψ(xi)
∫ xi+1

xi

Ψ
tr(x)dx v5(t)},

M3 v̇9(t) = Proj{
m

∑
i=1

Ei [s(v3− v6)(t)+(v̇3− v̇6)(t)]tr Ψ(xi)},

(4.106)

where 

M1 =
∫ l

0
Ψ(x) Ψ

tr(x)dx, M2 =
∫ l

0
Ψ(x) Ψ̄

tr(x)dx,

M3 =
∫ l

0
Ψ̄(x) Ψ̄

tr(x)dx, S =
∫ l

0
Ψx(x) Ψ

tr
x (x)dx,

B̄(t) = ρ f col
{∫ l

0
F(t,x) ψi(x)dx

}np

i=1
,

Ei = col
{∫ l

0
µ

i
2(x)ψ

s
j(x)dx

}ns

j=1
,

(4.107)

and

Λi =



Ψtr(xi)

Ψtr(xi)

...

Ψtr(xi)


︸ ︷︷ ︸
∈ Rnp×np

.∗



∫ l

0
ψ1(x)dx∫ l

0
ψ2(x)dx

...∫ l

0
ψnp(x)dx


︸ ︷︷ ︸

∈ Rnp×1

∈ Rnp×np, (4.108)
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with Ψ(x) = col{ψi(x)}
np
i=1, Ψ̄(x) = col{ψs

i (x)}
ns
i=1 and (.∗) denotes elementwise

multiplication.

Figure 4.1 shows the distributed profiles of the source term F(t,x) and the state vari-

able z(t,x).

Figure 4.1: Distributed profiles of the input F (left) and the state z (right).

4.6.2 Estimation Results

In the simulation results presented below, two cases are investigated. In the first

case, we demonstrate the good performance of the proposed estimator for a given

number of sensors and observer’s gains. However, in the second case we show the

non-convergence of the estimator for another set of sensors.

• Case I:

Regarding the spatial discretization, we chose to divide Ω into 19 subintervals (i.e.,

np = 20). Then we place the sensors in the midpoints of these intervals (i.e., ∆i =

∆ = 0.0532). A schematic diagram is given in Figure 4.2 to illustrate the spatial

discretization and the sensors’ locations (x̄i, for i = 1, ...,m = 19).

We set the bounds for the parameters and input estimates as (θi)
l = (θ̂i)

l = F l = 0.2,

(θi)
u = (θ̂i)

u = Fu = 2. Then, given ∆ = 0.0532, we set the observer’s gains to be

K0 = 50, K1 = 50, K2 = 0.12 which satisfy the conditions derived in Theorem 4.1.
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Figure 4.2: Schematic diagram for sensors’ placement.

The estimated profiles of the input F̂(t,x) and the state ẑ(t,x) are provided in Figure

4.3. However, the parameters’ estimates θ̂i, i = 1,2, are given in Figure 4.4. One can

remark from these figures, compared to the true variables, that the estimation results

are satisfactory. We point out that θ̂2 converges to its true value. However, a small

static error exists in the estimate θ̂1. This error leads to a relative error, between zero

and 5%, in the steady-state regime of the estimated input, see Figure 4.5.

Figure 4.3: Estimated profiles of the input F (left) and the state z (right).
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Figure 4.4: Estimates of the parameters θ̂1, θ̂2.
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Figure 4.5: Absolute state estimation error (left) and relative input estimation error (right).

• Case II:

In this case study, We place 8 sensors in the locations corresponding to x̄1, x̄5, x̄8,

x̄10, x̄12, x̄13, x̄16, x̄18 defined in Figure 4.2. The value of the maximum sampling

interval in this configuration is ∆ = 0.2126.

Figure 4.6 shows the estimation errors of the input and the variable z. These pro-

files show the non-convergence of the state and the input. Same observation can be

concluded about the parameters’ estimates which are shown in Figure 4.7. Both pa-

rameters hit the upper and lower bounds of the parameters’ convergence sets, a priori

fixed.

Figure 4.6: Absolute state estimation error (left) and relative input estimation error (right).
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Figure 4.7: Estimates of the parameters θ̂1, θ̂2.

This case study raises an important question which is related to the minimum num-

ber of sensors and their optimal placement. This is an interesting and challenging

research problem that is suggested as a perspective of this thesis.

4.7 Summary

In this chapter, we studied the estimation problem of the state, input, and parameters

for a coupled PDE/infinite ODE system using sampled in space measurements in its

infinite-dimensional setting. We proposed an adaptive estimator to solve the con-

sidered estimation problem. The convergence of the state errors was proved using

the Lyapunov approach, and the convergence of the parameters and input errors was

proved in the particular case of distributed measurements using the identifiability ar-

gument. Moreover, to guarantee the state convergence sufficient conditions on the

observer’s gains, and the maximum sampling interval were derived. Last, we dis-

cussed the efficiency of the proposed estimator through some numerical simulations.
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Part II

Parameters, Input and/or Fractional Differentiation Orders

Estimation for Fractional Order Systems (FOSs)
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Chapter 5

Fractional-High Order Sliding Mode Observer (HOSMO) with

Unknown Input for Linear Commensurate FOSs

A wide range of methods has been proposed to estimate the pseudo-state, parame-

ters, source terms and/or fractional differentiation orders of FOSs. Each method has

its pros and cons. Moreover, the literature review summarized below illustrates the

richness of methods able to estimate the pseudo-state and parameters and, relatively,

the scarceness of techniques able to estimate the input and fractional differentiation

orders. The contribution of the present chapter is to propose a fractional-High Order

Sliding Mode Observer (HOSMO) to simultaneously estimate the pseudo-state and

the input of linear commensurate FOSs.

In this chapter, we introduce the following,

1. Background notions about fractional calculus, and state-of-the-art on estimation

methods for FOSs.

2. The problem statement as well as the required assumptions.

3. The fractional-HOSMO for pseudo-state and unknown input estimation for

commensurate FOSs along with its convergence proof. An improved version

of the proposed fractional observer that enhances the convergence in the tran-

sient phase.

The chapters of this dissertation are self-contained. So, the notations, unless otherwise specified, are
chapter specific.
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4. The performance of the proposed fractional observer in the noise-free and noisy

cases through different numerical simulations.

5.1 Preliminaries on Fractional Calculus

Fractional calculus is a generalization of the traditional integration and differentiation

operators to non-integer order. The concept of this mathematical branch stemmed in

1695 from a discussion between L’Hospital and Leibniz about the possibility of gen-

eralizing the order of the classical derivative to half. In the nineteenth century, most

contributions in this field were of mathematical nature. Afterwards, in the twentieth

century, differential equations involving fractional operators have gained consider-

able importance in modeling different real-life processes [19], [18], [127].

5.1.1 Definitions of the Fractional Derivative

Several definitions for the fractional derivative have been introduced [49], [128].

Some of these definitions consider that the fractional derivative is initialized at a

point, and others consider a time-varying initialization function. The concept of

initialization for FOSs has gained considerable interest in the last few years. The

research studies conducted in this context have revealed that proper initialization of

fractional operators requires time-varying initial functions and not just a conventional

pointwise initial condition, see [128], [129], [130] and the references they include.

Based on that, an initialization theory for FOSs has been proposed. In fact, two

classes of methods have been proposed to take into account a time-varying initial-

ization function. While the first category amended the original uninitialized defini-

tions by adding a history function that provides the memory term at the considered

initial time instant [129], [131], the second category relies on an equivalent infinite-

dimensional representation of FOSs where the initial state is of infinite dimension
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[132], [133], [134]. Hartley et al. [130] showed the equivalence between the two

approaches, namely the history-based and the infinite dimensional-based.

In our work, we will be interested in the class of initialized fractional derivatives

using a history initialization function. We introduce in the following the initialized

Riemann-Liouville (RL) and Caputo definitions.

Definition 5.1. [129] The initialized RL fractional derivative is defined as,

RLDα
t f (t) =RL dα

t f (t)+RL Ψ( f0,−p,−t0,0, t), t > 0, (5.1)

where α = n− p with n∈N∗, p∈R∗+ and α ∈R∗+. The term RLdα
t f (t) is the uninitial-

ized α th order RL derivative and RLΨ( f0,−p,−t0,0, t) is the initialization function

given as follows,


RLdα

t f (t) = 1
Γ(p)

dn

dtn

∫ t

0
(t− τ)p−1 f (τ) dτ,

RLΨ( f0,−p,−t0,0, t) = 1
Γ(p)

dn

dtn

∫ 0

−t0
(t− τ)p−1 fi(τ) dτ,

(5.2)

where Γ(.) is the Gamma function and f0(t) is the initialization function defined for

t ∈ [−t0,0], t0 ∈ R+.

Definition 5.2. [50] The initialized Caputo fractional derivative is defined as,

CDα
t f (t) =C dα

t f (t)+C Ψ( f0,−p,−t0,0, t), t > 0, (5.3)

with 
Cdα

t f (t) = 1
Γ(p)

∫ t

0
(t− τ)p−1 dn

dτn f (τ) dτ,

CΨ( f0,−p,−t0,0, t) = 1
Γ(p)

∫ 0

−t0
(t− τ)p−1 dn

dτn f0(τ) dτ,

where α = n− p with n ∈ N∗, p ∈ R∗+ and α ∈ R∗+. The term Cdα
t f (t) is the unini-

tialized α th Caputo derivative and CΨ( f0,−p,−t0,0, t) is the corresponding initial-
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ization function. Γ(.) is the Gamma function and f0(t) is the initialization history

function defined for t ∈ [−t0,0], t0 ∈ R+.

Both definitions assume that the history-function for t ∈ (−∞,−t0) is zero.

Remark 5.1. In [50], it has been shown that the above definitions are equivalent for

a constant initialization history function, i.e, f0(t) = c ∈ R, ∀t ∈ [−t0,0]. Without

loss of generality, we will consider along this thesis the definition of the initialized

RL fractional derivative with constant history function.

The following lemma provides an analytic closed form for the derivative of Dα
t f (t)

with respect to α . This lemma is needed in Chapter 6.

Lemma 5.1. If the α th initialized RL derivative of a function f (t) given in (5.1)

exists, then the derivative of Dα
t f (t) with respect to 0 < α < n is given by,

∂

∂α
[Dα

t f (t)] = ψ0(p)Dα
t f (t)− 1

Γ(p)
dn

dtn

[∫ t

0
(t− τ)p−1 ln(t− τ) f (τ)dτ

+
∫ 0

−t0
(t− τ)p−1 ln(t− τ) f0(τ)dτ

]
,

(5.4)

where p = n−α and ψ0(.) =
Γ′(.)
Γ(.) is the standard Digamma function.

Proof.

The proof is completed by differentiating (5.1) with respect to α .

5.1.2 Representations of FOSs

• Differential input/output FOSs

A fractional-order dynamic system can be defined by a fractional differential in-

put/output equation of the following form [135],

N

∑
i=0

ai Dαi
t y(t) =

M

∑
j=0

b j Dβ j
t u(t), (5.5)
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where ai, i= 1, ...,N, b j, j = 1, ...,M are constant real coefficients, and αi, i= 1, ...,N,

β j, j = 1, ...,M are the fractional differentiation orders. When all the differenti-

ation orders are integer multiples of a base fractional order, the system is called

commensurate-order system. Otherwise, it is an uncommensurate-order system.

• Linear pseudo-state FOSs

Alternatively, the FOS (5.5) can be represented by a state space-like equation usually

named “pseudo-state1 space representation” [136], [133]. A linear time-invariant

system can be represented by the following model,

 Dα
t x(t) = A x(t)+B u(t),

y(t) =C x(t),
(5.6)

where α = [α1,α2, ...,αn], 0 < αi < 1, is the differentiation order vector, u ∈ Rm is

the input vector, x∈Rn is the pseudo-state vector, y∈Rp is the output vector, and the

matrices (A,B,C) are of appropriate dimension, A ∈ Rn×n, B ∈ Rn×m and C ∈ Rp×n.

With the notation in (5.6), the fractional differentiation operator Dαi
t is applied only

to the element xi in the pseudo-state vector x. The commensurate case is then given

by αi = ᾱ , for i = 1, ...,n.

• Nonlinear pseudo-state FOSs

More generally, a nonlinear fractional system can be represented by,

Dα
t x(t) = f (x(t),u(t)), (5.7)

where f ∈ Rn is a nonlinear function field which depends on the pseudo-state vector

and the input vector.

1It is called pseudo-state since knowing the value of x(t) at t0 with the input and the system structure is
not enough to predict the future behavior of x(t).
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5.1.3 Distributed Diffusive Representation for FOSs

The concept of “diffusive representation” was introduced to transform fractional op-

erators, which are non standard convolutive causal operators, into infinite-dimensional

classical input-output dynamical systems [132], [137], [134]. In the following, we re-

call a specific continuous frequency distributed representation of FOSs. Other equiv-

alent representations can be consulted in [137].

Let h(t) be the impulse response of a linear system. The diffusive representation (or

frequency weighting function) of the impulse response h(t), noted µ(w), satisfies the

following pseudo Laplace transform definition [134],

h(t) =
∫

∞

0
µ(w)e−wt dw. (5.8)

The α th order anti-derivative D−α
t f (t) (0 < α < 1) is defined by the following for-

mula [134],

D−α
t f (t) =

1
Γ(α)

∫ t

0
(t− τ)α−1 f (τ) dτ, (5.9)

where Γ(.) is the Gamma function.

The α th order derivative Dα
t f (t), 0 < α < 1, is given as follows:

Dα
t f (t) =

d
dt

D−α
t f (t). (5.10)

Equation (5.9) can be expressed as the convolution of the function f (t) with the

impulse response h(t) =
tα−1

Γ(α)
, where the diffusive representation of h(t) is defined

as,

µ(w) =
sin(απ)

π
w−α . (5.11)

Lemma 5.2. [137] Consider the nonlinear fractional differential equation given by

equation (5.7). Based on the continuous frequency distributed model of the fractional
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integrator, the nonlinear system (5.7) can be expressed as,


∂γ(w,t)

∂ t =−wγ(w, t)+µ(w) f (x(t),u(t)),

x(t) =
∫

∞

0
γ(w, t)dw,

(5.12)

where γ(w, t) is the distributed state, and µ(w) is given in (5.11).

5.1.4 Lumped Diffusive Representation for FOSs

The infinite-dimensional diffusive representation can be reduced to a finite-dimensional

representation by truncating the infinite frequency domain [137]. Recently, this ap-

proach has been used to design a sliding mode controller for nonlinear FOSs [138].

In the following, we recall this approximation briefly. For more details on the conver-

gence and the procedure of the approximation scheme, we refer the reader to [137].

Let us consider a finite network of K frequency points: w = [w1 = wmin,w2, ...,wK =

wmax], and µ(wi), γ(wi, t) be the weight and the real state at frequency wi, for

i = 1,2, ...,K, respectively.

An approximate state of γ(w, t), denoted γ̆(w, t), is given using the interpolation func-

tions Λi, i = 1 : K, as follows,

γ̆(w, t) =
K

∑
i=1

Λi(w)γ(wi, t), (5.13)

where Λi(w) are chosen such that γ(wi, t) = γ̆(wi, t).

The approximate of the pseudo-state x(t) is then given as follows,

x̆(t) =
∫ wmax

wmin

γ̆(w, t) dw. (5.14)

The accuracy of this approximation depends on the choice of the interpolation func-
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tions and the sampling frequencies. It has been shown in [137] that for an input

f ∈ L2(Rn), there exists a choice of Λi(w) such that the approximated state γ̆(w, t)

and the approximated pseudo-state x̆(t) converge to the real state γ(t,w) and to the

pseudo-state x(t) in L2 topology, respectively.

5.2 Literature Review on Estimation Methods for FOSs

Several methods have been proposed in the literature for the estimation of parame-

ters, unknown input, and/or fractional differentiation orders of FOSs. Examples of

existing studies for pseudo-state estimation include a Luenberger-like observer for

linear FOSs [139], [140]. Moreover, N’Doye et al. [141] proposed a fractional or-

der observer to estimate the pseudo-state of linear FOSs with unknown inputs. They

considered the reconstruction of the pseudo-state variables in the presence of un-

known inputs without estimating these inputs. As for robust approaches, fractional

order sliding mode observer for pseudo-state estimation has been studied in [142]

and [143]. In [142], the estimation of the pseudo-state has been performed for FOSs

with known input. However, in [143] the pseudo-state has been estimated in the

presence of disturbances. Additionally, a fractional version of the extended Kalman

filter has been proposed in [22] to estimate the unknown parameters and fractional

differentiation orders of discrete FOSs. A simplified refined instrumental variable

method combined with the Gauss-Newton approach is developed in [24] to identify

the unknown parameters and the fractional differentiation orders. Moreover, an alge-

braic technique based on modulating functions has been proposed by Liu et al. [25]

for parameters’ identification. The modulating function method has been combined

with the first order Newton method to estimate both the coefficients and single dif-

ferentiation order of fractional advection-dispersion PDE [26]. Recently, in [144]

the authors proposed a technique based on block pulse functions. The main idea
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of this work is to transform a differential fractional model to an algebraic model of

linear equations by expanding the input and the output of the original model in the

orthogonal basis of piecewise block pulse functions. Based on the resulted algebraic

model, parameters and fractional differentiation orders can be identified by solving a

least-square optimization problem.

Unlike parameters’ identification techniques, to the best of our knowledge, input es-

timation for FOSs is not well documented in the literature especially for non-smooth

types of input such as pointwise inputs. An example of such studies is the fractional

version of Zak-Walcott sliding mode observer which has been introduced in [23] to

estimate smooth inputs jointly with the pseudo-state of FOSs. This type of observer

is of the first order and is known to be less robust than high-order sliding mode tech-

niques [145]. For non-smooth inputs, an approach has been proposed to reconstruct

a source term with sparse structure for fractional diffusion equations [146]. More

recently, a backward method is developed in [147] to localize pointwise source term

of fractional advection-dispersion PDE. Those methods are application-specific and

not too generic.

5.3 Problem Statement

Let us consider a single unknown input single output commensurate FOS described

by the following pseudo-state space representation.

{
Dα

t x(t) = A x(t)+B u(t)+G ξ (t), t > 0, (5.15a)

y(t) =C x(t), t > 0, (5.15b)

where x∈Rn is the pseudo-state vector, y∈R is the output, ξ ∈R is the unknown in-

put (disturbance) and u ∈Rm is the known control vector. The matrices A,B,C,G are

of appropriate dimensions and α , 0 < α < 1, is the commensurate fractional differ-
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entiation order. For the design of the fractional-HOSMO, the following assumptions

are required.

Assumption 5.1. The triplet (C,A,G) satisfies the following condition,

 CG =CAG = · · ·=CAn−2G = 0,

CAn−1G 6= 0.
(5.16)

Assumption 5.2. The unknown input ξ (t) and its fractional derivative Dα
t ξ (t) are

bounded functions.

Assumption 5.3. There exists a gain matrix L such that (A− LC) is stable, i.e.,

| arg(eig(A−LC)) |> α
π

2 where eig(A) refers to the eigenvalues of matrix A.

Assumption 5.4. The pair (C,A−LC) satisfies the following rank condition,

rank(W ) = n, (5.17)

with

W =



C

C(A−LC)

...

C(A−LC)n−1


∈ Rn×n. (5.18)

Remark 5.2. Even though the initialization function of the fractional derivative is

time varying, it is a decaying function for 0 < α < 1. Thus, the stability result given

in Assumption 5.3, which is known for uninitialized fractional derivative definitions,

is not affected by the presence of the initialization term. For more details about the

time-varying initialization and its properties, the reader can refer to [131].
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5.4 Proposed Fractional-HOSMO with Unknown Input

In this section, we introduce a fractional-HOSMO, which generalizes the integer

version proposed by Fridman et al. [148].

Proposition 5.1. Given the commensurate FOS (5.15a)-(5.15b) and under Assump-

tions 5.1-5.4, there exist {λi}n
i=1, and M such that the following unknown input

fractional-HOSMO,



Dα
t z(t) = A z(t)+B u(t)+L (y−Cz(t)), (5.19a)

x̂ = z+K v̄(t), (5.19b)

Dα
t v(t) = F(y−Cz,v), (5.19c)

ξ̂ =
1
d
[vn+1− (a1v1 +a2v2 + ...+anvn)] . (5.19d)

where z ∈Rn and x̂ ∈Rn is the estimated pseudo-state vector; K =W−1 ∈Rn×n is a

correction gain; L ∈ R is the observer gain; ai ∈ R, i = 1, ...,n, are the coefficients

of the characteristic polynomial of Ā = W (A−LC)W−1; d =C(A−LC)(n−1)G is a

constant; v̄ = (v1,v2, ...,vn)
tr and v = (v̄,vn+1)

tr is described by the following non-

linear fractional dynamics,

F(y−Cz,v)≡



Dα
t v1 , w1 = v2−λn+1M

1
n+1 | v1− y+Cz |

n
n+1 sign(v1− y+Cz),

Dα
t v2 , w2 = v3−λnM

1
n | v2−w1 |

n−1
n sign(v2−w1),

...

Dα
t vn , wn = vn+1−λ2M

1
2 | vn−wn−1 |

1
2 sign(vn−wn−1),

Dα
t vn+1 =−λ1M sign(vn+1−wn),

(5.20)

converges asymptotically, i.e., x̂→ x and ξ̂ → ξ .
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Proof.

1. Convergence of the pseudo-state estimate:

First, we start by the convergence of the pseudo-state estimate. Let us denote,

{ ẽ = x− z, (5.21a)

ẽy =C ẽ. (5.21b)

Based on equations (5.15a) and (5.19a), the pseudo state-space representation

of ẽ is given by,

 Dα
t ẽ(t) = (A−LC) ẽ(t)+G ξ (t),

ẽy =C ẽ.
(5.22)

• If ξ (t) = 0, then the error dynamic reduces to

Dα
t ẽ(t) = (A−LC) ẽ(t). (5.23)

In this case, a simple Lunberger observer, with gain L chosen in a way that

| arg(eig(A−LC)) |> α
π

2 , is sufficient to ensure the convergence of ẽ. The

works of Matignon et al. [139], Sabatier et al. [140] and Hartley et al.

[131] give more insight on the design of such an observer.

• If ξ (t) 6= 0, using Assumption 5.1 we get,

C(A−LC)n−1G = C(A−LC)n−2AG−C(A−LC)n−2L(CG)

= C(A−LC)n−2AG = ....=CAn−1G 6= 0. (5.24)

Let us apply the transformation ē =Wẽ to equation (5.22) with W given in

(5.18), we obtain the following system,
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t ē = Ā ē+ Ḡ ξ (t),

ẽy = C̄ ē,
(5.25)

where,

Ā =W (A−LC)W−1 =



0 1 0 · · · 0

0 0 1 0 · · ·
...

...
...

...
...

a1 a2 ... ... an


. (5.26)

The real constants {ai}n
i=1 define the characteristic polynomial of Ā. The

matrices Ḡ and C̄ are given by the following equations,

 Ḡ =WG = [0, ...,0,C(A−LC)n−1G]tr,

C̄ =CW−1 = [1,0, · · · ,0].
(5.27)

By the definition of ē we have ē1 = ẽy = y−Cz and given (5.25) with

the specific structure of the matrix Ā (5.26), we can write the following

equation,

ēi = D(i−1)α
t ẽy, i = 2, ...,n (5.28)

where D(i−1)α
t denotes the fractional derivative of order ᾱ = (i−1)α .

Let us denote σi = v̄i− ēi, then from equations (5.20) and (5.25) we get the

following dynamics,



Dα
t σ1 , w′1 = σ2−λn+1M

1
n+1 | σ1 |

n
n+1 sign(σ1),

Dα
t σ2 , w′2 = σ3−λnM

1
n | σ2−w′1 |

n−1
n sign(σ2−w′1),

...

Dα
t σn =−λ2M

1
2 sign(σn−w′n−1)+ vn+1−Dα ēn.

(5.29)

System (5.29) is in a cascade form. Thus, we propose a step by step like
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proof for the stability of σi, i = 1,2, ...,n. First, we transform the fractional

dynamic of σ1, using Lemma 5.2, into the following representation,


∂Z1(w,t)

∂ t =−wZ1(w, t)+µ(w)
[
σ2(t)−λn+1M

1
n+1 | σ1(t) |

n
n+1 sign(σ1(t))

]
,

σ1(t) =
∫

∞

0
Z1(w, t)dw,

(5.30)

The finite-dimensional approximation of system (5.30), introduced in Sub-

section 5.1.4, can be expressed as follows,



∂ Z̆1(w,t)
∂ t =−

K

∑
i=1

wiΛi(w)Z1(wi, t)+
K

∑
i=1

Λi(w)µ(wi)
[
σ2−

λn+1M
1

n+1 | σ1 |
n

n+1 sign(σ1)
]
,

σ̆1(t) =
∫ wmax

wmin

Z̆1(w, t)dw,

(5.31)

where: Z̆1(w, t)=
K

∑
i=1

Λi(w)Z1(wi, t) is the approximate of Z1(w, t) and σ̆1(t)

is the approximate of σ1(t).

We define the following monochromatic Lyapunov function,

P1(w, t) =
1
2

Z̆1(w, t)2; w ∈ [wmin,wmax] (5.32)

The time derivative of P1(w, t) is given by,

∂P1(w, t)
∂ t

= Z̆1(w, t)
∂ Z̆1(w, t)

∂ t
. (5.33)

Using (5.31), equation (5.33) becomes,

∂P1(w, t)
∂ t

=−Z̆1(w, t)
K

∑
i=1

wiΛi(w)Z1(wi, t)+
K

∑
i=1

Λi(w)µ(wi) Z̆1(w, t)
[
σ2(t)

−λn+1M
1

n+1 | σ1(t) |
n

n+1 sign(σ1(t))
]
.

(5.34)
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Equation (5.34) can be bounded as follows,

∂P1(w, t)
∂ t

≤ −2wminP1(w, t)+bmZ̆1(w, t)
[
σ2(t) (5.35)

− λn+1M
1

n+1 | σ1(t) |
n

n+1 sign(σ1(t))
]
,

where: bm = min
w∈[wmin,wmax]

(
K

∑
i=1

Λi(w)µ(wi)

)
≥ 0.

Now, we consider the following weighted Lyapunov function,

V1(t) =
∫ wmax

wmin

P1(w, t)dw (5.36)

Using (5.35), the time derivative of (5.36) is bounded as follows,

V̇1(t)≤−2wminV1(t)+bm
σ̆1(t)

[
σ2(t)−λn+1M

1
n+1 | σ1(t) |

n
n+1 sign(σ1(t))

]
.

(5.37)

By an appropriate choice of Λi(w) and the number of truncated frequen-

cies, σ̆1(t) converges to σ1(t) [137]. Thus, the sufficient condition (5.38)

allows V̇1(t) to be negative definite.

|λn+1| ≥
max |σ2|

M
1

n+1 max |σ1|
n

n+1
. (5.38)

Therefore, an appropriate choice of M and λn+1 guarantees the asymptotic

stability of σ̆1, and hence σ1 and Dα
t σ1.

Similarly, we can prove the asymptotic stability of σi and Dα
t σi, i= 2, ...,n,

using the same form of the Lyapunov function used to prove the conver-

gence of σ1(t).

As a consequence, in order to guarantee the asymptotic stability of σi,

i = 1, ...,n, the parameters M and {λi}n+1
i=2 should satisfy the following con-

ditions,
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|λ2|>

max |vn+1−Dα
t ēn|

M
1
2

,

|λi|>
max |σn−i+2|

M
1
i |max(σi)|

n+1−i
n+2−i

, i = 3, ...,n+1.
(5.39)

Assuming that {ēi}n
i=1 and Dα ēn are bounded and fixing the parameter

M, the convergence of σi to zero is ensured given that the parameters

{λi}n+1
i=2 are properly chosen. If we upper bound {ēi}n

i=1 and Dα
t ēn by their

maximum bound, it is sufficient to pick {λi}n+1
i=2 successively large (i.e.,

λn+1 > λn−1 > ... > λ2) in order to have convergence of σi, i= 1, ...,n. The

convergence of σi to zero results in the convergence of vi to ēi, i = 1, ...,n,

i.e., v̄ =W ẽ. Therefore,

x̂ = z+W−1v̄, (5.40)

where W−1 , K.

2. Convergence of the unknown input’s estimate:

The convergence of the unknown input’s estimate is proved using the dynamic

of vn+1. Based on equations (5.25)-(5.27), estimating Dα
t ēn is needed to esti-

mate ξ (t). In the following, we will prove that vn+1 converges to Dα
t ēn.

Let us denote σn+1 = vn+1−Dα
t ēn. The α th fractional derivative of σn+1 is

given as follows,

Dα
t σn+1 = Dα

t vn+1−Dα
t (D

α
t ēn),

= Dα
t vn+1−d Dα

t ξ −a1Dα
t ē1− ...−anDα

t ēn, (5.41)

= −λ1 M sign(σn+1)−d Dα
t ξ −a1Dα

t ē1− ...−anDα
t ēn.

At this step, the convergence of the variables {ēi}n
i=1 and their fractional deriva-

tives has already been established. Following similar reasoning as what has

been done earlier for the convergence of the pseudo-state, it is sufficient to

have,
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|λ1M|> d max |Dα
t ξ | ⇒ |λ1|> d

max |Dα
t ξ |

M
, (5.42)

to get the convergence of σn+1.

From Assumption 5.2 and taking the constant M such that the pseudo-state’s es-

timates converge, then λ1 can be appropriately chosen to estimate the unknown

input. This ends the convergence proof of the proposed observer.

5.5 Simulation Results

To illustrate the efficiency of the proposed Fractional-HOSMO, let us consider a frac-

tional oscillator, described by the system of equations (5.15a)-(5.15b). The matrices

A,B,G and C are given as follows,

A =

0 1

1 −5

 , B =

1

1

 , G =

0

1

 and C =

(
1 0

)
, (5.43)

and α = 0.8. The known input is chosen to be constant, u = 1. We consider the

sinusoidal unknown input ξ (t) = 20sin(2πt).

The fractional-HOSMO is given by the following equations,



Dα
t z = A z+B u+L (y−Cz),

Dα
t v1 = w1 = v2−λ3M

1
3 | v1− y+Cz | 23 sign(v1− y+Cz),

Dα
t v2 = w2 = v3−λ2M

1
2 | v2−w1 |

1
2 sign(v2−w1),

Dα
t v3 =−λ1 M sign(v3−w2),

x̂ = z+W−1v.

(5.44)

The gains are such that λ1 = 1.1,λ2 = 1.5,λ3 = 2. The matrix W = [C C(A−LC)]T

is computed using the A and C matrices given in (5.43).
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Thanks to the equivalence between the initialized definition of fractional derivative

and the diffusive representation [130], we choose to perform the simulations pre-

sented in this section using the initialized definition of the fractional derivative. The

numerical implementation of the initialized fractional derivative is performed in the

Grünwald basis [128], [49] given as follows,

Dα
t f (t) = lim

h→0

1
hα

[t/h]

∑
i=0

c(α)
i f (t− ih), α > 0, (5.45)

where h > 0 is the time step, and c(α)
i , i ∈ N are the binomial coefficients that can be

computed recursively using the following formula,

c(α)
0 = 1, c(α)

i =

(
1− 1+α

i

)
c(α)

i−1. (5.46)

We assume that the system is at rest for t ∈ (−∞,−3). An initialization function for

the pseudo-state is assumed for t ∈ [−3,0]. The observer is assumed uninitialized

and at rest for t ∈ (−∞,0]. For the initialization of the system, we tested constant and

time varying history-functions in order to see their effect on the estimation results.

Both noise-free and noisy measurements are used. For the noise-free case, a constant

initialization function is taken as x(t) = [1,1]T for t ∈ [−3,0], and for the noisy case

the time varying history function x(t) = [1
3t+1, 1

3t+1]T for t ∈ [−3,0] is considered.

In the noisy case, we added a zero-mean white Gaussian noise e with a relative noise

level ‖e‖2
‖ynoise− f ree‖2

×100 (%) [149, pp. 50]. Moreover, the results given in the follow-

ing represent a sample from one realization.

• Case 1: Noise-free measurements

The parameter M = 1, and the correction gain L places the eigenvalues of (A−LC)

at (−100,−120).

Figure 5.1 shows the estimation results of the pseudo-state components x1, x2 and the
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unknown input ξ . The estimated pseudo-state converges to the true one in relatively

short time. The step by step convergence of the pseudo-state and the unknown input

can be noticed.
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(a) Pseudo-state x1 and its estimate x̂1
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(b) Pseudo-state x2 and its estimate x̂2
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(c) Unknown input ξ and its estimate ξ̂

Figure 5.1: Estimates of the pseudo-state components x1, x2 and the unknown input ξ in
the noise-free case using constant history function.

• Case 2: Noisy measurements

In this case, the output is perturbed by adding 5% of Gaussian noise. The parameter

M = 35, and the correction gain L places the eigenvalues of (A−LC) at (−30,−35).

Figures (5.2.a) and (5.2.b) show the estimation results of the pseudo-state x1 and x2,

respectively. From these figures, we observe that the estimated pseudo-state con-

verges to the real pseudo-state in a successive way (x1 converges before x2 con-

verges). Figure (5.2.c) depicts the estimation result of the unknown input. After a

transient phase, the estimated unknown input converges to the real one. The estimate

of the pseudo-state x2 and the unknown input ξ , given in Figures (5.2.b) and (5.2.c),

shows a chattering phenomenon. This oscillating behavior can be alleviated, and

thus the estimates will be smoothen, by using a low-pass filter. Moreover, as shown
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in Figure 5.3, we can decrease the chattering phenomenon and the value of the peak

at the beginning by decreasing the value of M at the price of increasing the static

error between the real and the estimated variables. Therefore, a compromise has to

be found.
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(a) Pseudo-state x1 and its estimate x̂1
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(b) Pseudo-state x2 and its estimate x̂2
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Figure 5.2: Estimates of the pseudo-state variables x1, x2 and the unknown input ξ in the
noisy case using time varying history function.

Time (s)
-3 -2 0 2 4

x 2
,x̂

2

-4

-2

0

2

4

6

8

10

12
x̂2(M = 100)
x̂2(M = 10)
x̂2(M = 1)
x2

Time (s)
-2 0 2 4

ξ,
ξ̂

-100

-50

0

50

100

150
ξ̂(M = 100)

ξ̂(M = 10)

ξ̂(M = 1)

ξ

Figure 5.3: Pseudo-state x2 and its estimate x̂2 (left), unknown input ξ and its estimate ξ̂

(right), in the noisy case with different gain’s values.

From the simulation results of both cases, we observe that taking constant or time-

varying initialization function does not affect the stability of the estimates, but it
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affects only the transient phase and the convergence time. The same observation has

been noticed in the work of Lee et al. [23] where the initialization function did not

affect the closed-loop stability of the system, but it only affected the beginning of the

trajectories of the estimates.

5.6 An Enhanced Version of the Proposed Fractional-HOSMO

As described in [63], a way to improve the convergence of the observer and avoid

the peaking phenomenon is to introduce scalar functions Ei, such that at each step

we deal with only one fractional dynamic until its convergence.The previously intro-

duced fractional observer is re-written and given in the following proposition.

Proposition 5.2. Given the commensurate FOS (5.15a)-(5.15b) and under Assump-

tions 5.1-5.4, there exist λi, i = 1,n and M such that the unknown input fractional

HOSMO (5.19a-5.19d) with the following nonlinear field F(y−Cz,v),

F(y−Cz,v)≡



Dαv1 , w1 = v2−λn+1M
1

n+1 | v1− y+Cz |
n

n+1 sign(v1− y+Cz),

Dαv2 , w2 = v3−λnM
1
n E1 | v2−w1 |

n−1
n sign(v2−w1),

...

Dαvn , wn = vn+1−λ2M
1
2 En−1 | vn−wn−1 |

1
2 sign(vn−wn−1),

Dαvn+1 =−λ1MEn sign(vn+1−wn),

(5.47)

where

E1 =

 1, i f | v1− y+Cz |≤ ε,

0, elsewhere,
(5.48)

and, for i = 2,n,

Ei =

 1, i f | vi−wi−1 |≤ ε & E j = 1 f or j < i,

0, elsewhere,
(5.49)
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with ε > 0 a small parameter. The Ei are triggered step by step as the convergence

of vi is evolving from i = 1 to i = n+1.

converges asymptotically, i.e., x̂→ x and ξ̂ → ξ .

Proof.

The proof of convergence is similar to the proof shown previously. The main dif-

ference is that by adding the coefficients Ei, we ensure that in the step by step con-

vergence of σi the fractional derivative wi remains inside a stable set, by setting

Ei = 0 until its convergence. Thus, the peaking phenomenon is reduced and the re-

construction results are improved in the transient phase, as shown in figures (5.4.b)

and (5.4.c).
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Figure 5.4: Estimates of the pseudo-state components x1, x2 and the unknown input ξ in
the noisy case using the enhanced fractional-HOSMO.

Figures (5.4.a)-(5.4.c) show the estimation results of the pseudo-state and the un-

known input in the presence of the coefficients Ei. Comparing these figures to Fig-

ures (5.2.a)-(5.2.c), it is clear that including Ei improves the estimation results in the
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transient phase. Furthermore, Figures 5.2 and 5.4 show how the peak value in the

transient phase as well as the chattering phenomenon are reduced.

5.7 Concluding Remarks

In this chapter, we proposed a fractional-HOSMO for commensurate FOSs. The

proposed fractional observer, proven to have an asymptotic convergence, estimates

both the pseudo-state and the unknown input of linear FOSs with known fractional

differentiation orders. It has been shown that the fractional-HOSMO is very efficient

in recovering smooth hidden inputs in both noise-free and noisy cases. However, the

convergence analysis does not apply for non-smooth pointwise inputs. Moreover, the

convergence could not be achieved in the case of unknown fractional differentiation

orders. For those cases not handleable by the proposed fractional-HOSMO, we will

propose an algorithm based on the so-called modulating functions in the next chapter.
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Chapter 6

Modulating Function-Based Estimation Algorithm for Linear

Non-Commensurate FOSs

The fractional-HOSMO proposed in the previous chapter is limited to the estimation

of the pseudo-state and smooth input only. However, estimating a non-smooth point-

wise input and the fractional differentiation orders is often required but challenging.

Usually, optimization-based methods are used to estimate the fractional differentia-

tion orders. One reason behind this choice is the lack of a theoretical framework that

can handle such a complex nonlinear estimation problem. Moreover, point source es-

timation problem has recently attracted the research community’s attention for which

interesting applications exist. Examples of applications include (i) the localization

of groundwater point contaminant sources in fractional anomalous dispersion mod-

els [147] and (ii) the characterization of the event-related type of neural activity in a

fractional neurovascular model [27]. The modulating functions (MFs) method, intro-

duced in this chapter, has many features. It is a non-asymptotic technique, it can be

used for the joint estimation of parameters and fractional differentiation orders, and

it is suitable for the estimation of both smooth and non-smooth inputs.

In this chapter, we introduce the following,

1. A background on MFs for which some preliminary results are amended to deal

with the initialized fractional derivative operator.

The chapters of this dissertation are self-contained. So, the notations, unless otherwise specified, are
chapter specific.
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2. A two-stage MF-based technique for the joint parameters and fractional dif-

ferentiation orders estimation. Its local convergence is studied and an error

analysis in discrete case is assessed.

3. An extension of the method to the estimation problem of smooth input and

fractional differentiation orders.

4. A reformulation of the estimation problem of non-smooth pointwise inputs, and

extension of the MF method to this problem.

5. A synthesis of guidelines for the algorithm’s implementation, which result from

an extensive numerical simulations performed in both noise-free and noisy

cases for different estimation problems.

6.1 Modulating Functions

6.1.1 Background

The MFs method has been introduced in the fifties for parameters’ estimation of

integer-order systems [150], [151]. Then, it has been studied in several references

[152], [153], [154], [25], [26]. For example, Janiczek has generalized the method to

FDEs where he reduced the fractional order to an integer order in the noise-free case

[154]. Moreover, Liu et al. [25] applied the method to estimate the unknown param-

eters of linear FOSs. Recently, in [26], the method has been combined with Newton

method to estimate the spatial fractional degree along with the average velocity and

the dispersion coefficients of fractional diffusion dispersion PDE.

Definition 6.1. [155] A function φ(t) : [0,T ]→ R is called a modulating function of

order n if it satisfies the following properties,

(P1) φ ∈Cn([0,T ]),

(P2) φ (i)(0) = φ (i)(T ) = 0, i = 0,1, ...,n−1.
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The modulating function φ(t) of order n satisfies the following properties [49],

(P3) Dα
t φ(t) exists, ∀ 06 α < n

(P4) Dα
t φ(t) |t=0= 0, ∀ 06 α < n.

Remark 6.1. There exist several types of modulating functions, for instance, Hermite

functions [156], sinusoidal functions [151], spline functions [155], Hartley functions

[157], and polynomial functions [25], etc.

6.1.2 Proposed Integration by Parts-Like Formula

In the following lemma we generalize the integration by parts-like formula intro-

duced in [25] for the case of uninitialized RL fractional derivative to the case of

initialized RL fractional derivative with constant initialization function.

Lemma 6.1. Consider a function f (t) and let φ(t) be a MF of order n, with n ∈ N∗.

Assume that the α th initialized RL fractional derivative of f (t), with α ∈ R∗+, exists.

Let the initialization function be a constant f0(t) = c, defined for t ∈ [−t0,0], t0 ∈R+.

Then, the following expression holds

∫ T

0
Dα

t f (t) φ(T − t) dt =
∫ T

0
f (T − t) Dα

t φ(t) dt− cDα−1
t φ(T )

+
c

Γ(1−α)

∫ T

0
φ(T − t)(t + t0)−α dt. (6.1)

Proof.

As for the uninitialized case, the proof of equation (6.1) is conducted using the

Laplace transform approach. Based on [129], the Laplace transform of the fractional

derivative initialized from t =−t0, t0 > 0 with a constant initialization function which

equals to f0(t) = c ∈ R is given as follows [129, Eq. 44],
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L {Dα
t f (t)}= sαL { f (t)}+ csα−1

[
et0s Γ(1−α, t0s)

Γ(1−α)
−1
]
, (6.2)

where Γ(1−α, t0s) denotes the complementary incomplete Gamma function [158].

Applying the convolution theorem of the Laplace transform, we get,

L

{∫ T

0
Dα

t f (t) φ(T − t) dt
}
= L {φ(t)}L {Dα

t f (t)} . (6.3)

Substituting the Laplace transform given in equation (6.2) into (6.3), we obtain,

L

{∫ T

0
Dα

t f (t) φ(T − t) dt
}
= sαL { f (t)}L {φ(t)}− csα−1L {φ(t)}

+
c

Γ(1−α)
L {φ(t)} et0s Γ(1−α, t0s)

s1−α

(6.4)

From equation (14) of [129], the following transform applies,

L {(t + t0)v}= et0s Γ(v+1, t0s)
sv+1 , for |arg(t0)|< π, Re(s)> 0. (6.5)

Taking into account properties (P2) and (P4) of the MFs, we can write,

L

{∫ T

0
Dα

t φ(t) f (T − t) dt
}
= sαL {φ(t)}L { f (t)} . (6.6)

Thus, by applying the inverse Laplace transform to (6.4) jointly with (6.5) and (6.6),

we get

L −1 {L {φ(t)}L {Dα
t f (t)}}(T ) =

∫ T

0
Dα

t f (t) φ(T − t) dt,

=
∫ T

0
Dα

t φ(t) f (T − t) dt− cDα−1
t φ(T )

+
c

Γ(1−α)

∫ T

0
φ(T − t)(t + t0)−α dt, (6.7)

which ends the proof.
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6.2 Parameters and Fractional Differentiation Orders Estimation,

EP1

6.2.1 Problem Formulation

Let us consider the following non-commensurate FOS,

y(t)+
N

∑
i=1

ai Dαi
t y(t) = u(t), t ∈ [0,T ], (6.8)

where y(t) ∈ R is the output, u(t) ∈ R is the input, ai ∈ R∗, for i = 1,2, ...,N, are

the unknown parameters and αi ∈Pi = (ni− 1,ni), with ni ∈ N∗ and i=1,2,...,N,

are the unknown fractional differentiation orders. They are assumed to be as follow:

0 < α1 < α2 < · · ·< αN , i.e., ni < ni+1 for i = 1,2, ...,N−1.

We denote the vectors θ ∈ RN and α ∈P =
N
∏
i=1

Pi, as follows

θ =

(
a1 a2 · · · aN

)tr

, α =

(
α1 α2 · · · αN

)tr

. (6.9)

In this section, we will be interested in solving the following estimation problem,

(EP1),

(EP1)


Given the initialized FOS (6.8), the output and input signals y(t) and u(t),

for t ∈ (0,T ), find estimates (α̂, θ̂) for the unknown vectors of fractional

differentiation orders and parameters.

We introduce, hereafter, a hybrid method which combines the MF approach and the

first-order Newton method to solve (EP1). The proposed method is iterative and

consists of two steps. While the first step solves the parameters’ estimation problem
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at each iteration using MFs, the second step solves a nonlinear system of equations

using Newton’s method to find estimates for the fractional differentiation orders.

6.2.2 Estimation Algorithm

Let the fractional derivatives of the output signal be initialized with a constant ini-

tialization function f0(t) = c, t ∈ [−t0,0], t0 > 0.

First, we multiply equation (6.8) by a set of MFs φm(T − t), for m = 1, ...,M̄. Then,

we integrate over [0,T ] to get

∫ T

0
φm(T − t)y(t) dt+

N

∑
i=1

ai

∫ T

0
φm(T − t)Dαi

t y(t) dt =
∫ T

0
φm(T − t)u(t) dt.

(6.10)

We use formula (6.1), given in Lemma 6.1, for the second integral of (6.10), which

results in the following equation

N

∑
i=1

ai Ami(α) = bm, m = 1, ...,M̄, (6.11)

where Ami(α) and bm are given as follows, for m = 1, ...,M̄ and i = 1, ...,N,



Ami(α) =

[∫ T

0
Dαi

t φm(t)y(T − t) dt− cDαi−1
t φ(T )

+
c

Γ(1−αi)

∫ T

0
φm(T − t)(t + t0)−αi dt

]
,

bm =
∫ T

0
φm(T − t) [u(t)− y(t)] dt.

(6.12)

Equation (6.11) can be written in a compact form as follows

A(α)θ = b, (6.13)

where the components of A(α) ∈ RM̄×N and b ∈ RM̄ are given in (6.12).
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To simplify the notations afterwards, we introduce the notations Ã(α) ∈ RM×N ,

Ǎ(α) ∈ RN×N , b̃ ∈ RM, and b̌ ∈ RN whose components are given as follows,


Ãm j(α) = Am j(α),

b̃m = bm,

m = 1, ...,M, j = 1, ...,N, (6.14)


Ǎm j(α) = A(M+m) j(α),

b̌m = bM+m,

m = 1, ...,N, j = 1, ...,N, (6.15)

where Am j(α) and bm are defined in (6.12).

Remark 6.2. The number of MFs depends on the number of unknowns. In this

study, the total number M̄ used to estimate both the parameters and the fractional

differentiation orders should be M̄ ≥ 2N.

It is worth to note that the nonlinear system of equations (6.13) belongs to the class

of nonlinear systems whose variables separate. To solve this nonlinear system for

both the unknown parameters and fractional differentiation orders, we propose a

bootstrap-like method that is given in the following proposition.

Proposition 6.1. Consider the FOS (6.8) initialized with a constant history function

f0(t) = c, for t ∈ [−t0,0], t0 > 0. Let {φm(t)}M+N
m=1 be a set of linearly independent

MFs. Then, for a given α̂k, an estimate θ̂(α̂k) of the parameters’ vector is computed

by solving the following linear system of equations,

Ã(α̂k) θ̂(α̂k) = b̃, (6.16)

where Ã(α̂k), b̃ are defined in (6.14).

An estimate α̂k of the vector of fractional differentiation orders is computed itera-

tively using the following Newton update law,
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α̂
k+1 = α̂

k−
[
L′(α̂k)

]−1
J(α̂k), (6.17)

where J(α̂k) ∈ RN is given by,

J(α̂k) = L(α̂k)−R = 0, (6.18)

with L(α̂k) ∈ RN , and R ∈ RN given as follows,


L j(α̂

k) =
N
∑

i=1
âi(α̂

k) Ǎ ji(α̂
k),

R j = b̌ j,

j = 1, ...,N, (6.19)

where Ǎmi(α̂
k), b̌m are defined in (6.15), and âi(α̂

k) := θ̂i(α̂
k) is given in (6.16).

The matrix L′(α̂k) ∈ RN×N is the Jacobian matrix of L(α̂k) given as follows,

L′(α̂k) =


∂L1
∂α1

(α̂k) ∂L1
∂α2

(α̂k) · · · ∂L1
∂αN

(α̂k)

...
...

...
...

∂LN
∂α1

(α̂k) ∂LN
∂α2

(α̂k) · · · ∂LN
∂αN

(α̂k)

 . (6.20)

Proof.

The system of equations (6.13) is solved in two steps using M̄ = M+N linearly inde-

pendent MFs. While in the first step we use M ≥ N MFs to estimate the parameters

and their gradients with respect to α j, in the second step we use the remaining N

MFs to estimate the fractional differentiation orders.

First step: We consider the set of MFs {φm(t)}M
m=1. Then, from (6.13) we have

Ã(α) θ = b̃, (6.21)

where the components of Ã(α) ∈ RM×N and b̃ ∈ RM are defined in (6.14).
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For any given α , we denote θ̂(α) the solution of (6.21) for the unknown vector of

parameters θ . Thus, for α = α̂k the system of equations (6.21) can be written as in

(6.16).

Second step: We consider the set of MFs {φm(t)}M+N
m=M+1. Then, from (6.13) and

Step 1 we have

L(α) := Ǎ(α) θ̂(α) = b̌, (6.22)

where Ǎ(α) ∈ RN×N and b̌ ∈ RN are introduced in (6.15).

The components of the vector L(α) are given as follows, for j = 1,2, ...,N

L j(α) =
N

∑
i=1

âi(α) Ǎ ji(α). (6.23)

We propose to use the first-order Newton method to solve (6.22), with a solution at

iteration k denoted α̂k. The Newton update law is given in (6.17). At each iteration,

equations (6.18)-(6.19) follow directly from equations (6.22)-(6.23) and α = α̂k. The

Jacobian matrix of L(α) given in (6.20) is exactly characterized in Lemma 6.2.

• Characterization of the Jacobian matrix

Thanks to the MFs, we can exactly characterize the entries of the Jacobian matrix

defined in (6.20). Such explicit characterization, which is given in the following

lemma, reduces significantly the computational burden.

Lemma 6.2. The entries of the Jacobian matrix are analytically characterized as

follows; for ı̄ = 1, ...,N, j = 1, ...,N,

L′jı̄(α) :=
∂L j

∂αı̄
(α) =

N

∑
i=1

∂ âi(α)

∂αı̄
Ǎ ji(α)+ âı̄(α)

∂ Ǎ jı̄(α)

∂αı̄
. (6.24)

The terms
∂ â j(α)

∂αı̄
are estimated by solving the following linear system of equations,
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Ã(α) θ̂
ı̄
d = b̄ı̄(α), (6.25)

where the elements of Ã(α) ∈ RM×N are given in (6.14), and

θ̂
ı̄
d(α) =



∂ â1(α)

∂αı̄
∂ â2(α)

∂αı̄
...

∂ âN(α)

∂αı̄


, b̄ı̄(α) =



bı̄
1(α)

bı̄
2(α)

...

bı̄
M(α)


, (6.26)

with

b̄ı̄
m(α) =−âı̄(α)

∂ Ãmı̄(α)

∂αı̄
, m = 1, ...,M, ı̄ = 1, ...,N (6.27)

where âi(α) is computed by solving the linear system of equations (6.16), and
∂ Ãmı̄(α)

∂αı̄
,

∂ Ǎmı̄(α)

∂αı̄
are computed using

∂Amı̄(α)

∂αı̄
=

∫ T

0

∂Dαı̄
t φm(t)
∂αı̄

y(T − t) dt− c
∂Dαı̄−1

t φm(T )
∂αı̄

+
c

Γ(1−αı̄)

[
Ψ0(1−αı̄)∫ T

0
φm(T − t) (t + t0)−αı̄ dt−αı̄

∫ T

0
φm(T − t) (t + t0)−1−αı̄ dt

]
. (6.28)

with
∂Dαı̄

t φm(t)
∂αı̄

computed using Lemma 5.1.

Proof.

The analytic closed form given in (6.24) is obtained by differentiating (6.23) with

respect to {αı̄}N
ı̄=1. We take the partial derivatives of equation (6.16) with respect to

αı̄, ı̄ = 1, ...,N, and then we rewrite the resulting equations as the system of linear

equations (6.25). The proof is completed by differentiating the elements of the matrix

A(α) given in equation (6.12) to obtain equation (6.28).

The Jacobian matrix needs to be evaluated at each iteration k. Thus, we first substitute

α by α̂k in Lemma 6.2, and then we use it in the update law (6.17).
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A schematic diagram of the proposed two-stage algorithm is given in Figure 6.1.

𝛼"

𝛼"#$	
𝑘 = 𝑘 + 1

Iterative	Method,	
e.g.,	1st Order	

Newton
||
𝐽(𝛼")
𝑅 ||/

𝐽(𝛼")
Modulating	

Functions	Method,	
𝜽𝒌

end

< 𝜖

> 𝜖

Figure 6.1: Two stages MF-based algorithm

6.2.3 Convergence Analysis

The iterative character of the above algorithm results from the Newton method which

is used to estimate α . The vector of parameters θ is estimated by solving a system

of linear equations. However, we note that this estimate depends on the fractional

differentiation orders as shown in equation (6.21).

Thus, we use a standard convergence result of Newton’s method to provide sufficient

conditions ensuring the local convergence of the proposed two-stage algorithm. Such

a result can be found in [159, Chapter 5] for example. We also make use of two re-

sults on Lipschitz functions stating that the product and quotient (denominator not

zero) of two bounded Lipschitz functions are Lipschitz [160].

The following assumptions are needed to prove the convergence result stated in The-

orem 6.1.

Assumption 6.1. The input u(t) and output y(t) are bounded functions in [0,T ].

Assumption 6.2. The modulating functions are such that Dᾱ
t φ(t) and ∂

∂ ᾱ
Dᾱ

t φ(t) are

Lipschitz continuous with respect to a fractional order ᾱ belonging to the intervals

of P .
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Assumption 6.3. A solution α∗ to the system J(α) = 0 exists.

Assumption 6.4. The Jacobian matrix L′(α∗) is nonsingular.

Theorem 6.1. Assume that assumptions 6.1-6.4 hold. Then, the proposed MF-based

method converges q-quadratically.

Proof.

Based on [159, Theorem 5.1.2, page 71], and given Assumptions 6.3 and 6.4, it

remains to prove that the Jacobian matrix is Lipschitz continuous for α ∈P in order

to conclude about the convergence of the proposed MF-based algorithm.

The entries of the Jacobian matrix are given by equation (6.24) where the terms â(α)

and ∂ â(α)
∂α j

are characterized in Proposition 6.1 and Lemma 6.2.

The norm 1 of the term L′(α1)−L′(α2) is given as follows,

∥∥L′(α1)−L′(α2)
∥∥

1 = max
1≤ j≤N

N

∑
i=1
|L′i j(α

1)−L′i j(α
2)|

=
N

∑
i=1

∣∣∣∣∣ N

∑
k=1

(
∂ âk(α

1)

∂α1
j∗

Ǎik(α
1)− ∂ âk(α

2)

∂α2
j∗

Ǎik(α
2)

)

+

(
â j∗(α

1)
∂ Ǎi j∗

∂α j∗
(α1)− â j∗(α

2)
∂ Ǎi j∗

∂α j∗
(α2)

)∣∣∣∣∣ , (6.29)

where j∗ is the column index corresponding to the maximum of the sum of the row

components. Then, using the triangle inequality, equation (6.29) can be written as

follows

∥∥L′(α1)−L′(α2)
∥∥

1 ≤
N

∑
i=1

N

∑
k=1

∣∣∣∣∣∂ âk(α
1)

∂α1
j∗

Ǎik(α
1)− ∂ âk(α

2)

∂α2
j∗

Ǎik(α
2)

∣∣∣∣∣
+

∣∣∣∣â j∗(α
1)

∂ Ǎi j∗
∂α j∗

(α1)− â j∗(α
2)

∂ Ǎi j∗
∂α j∗

(α2)

∣∣∣∣ . (6.30)

Given the right hand side of inequality (6.30) and using properties on Lipschitz func-
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tions [160], if the functions Am j(α),
∂Am j(α)

∂α j
, â j(α) and

∂ âk(α)

∂α j
are Lipschitz

continuous for a fractional order laying in the intervals of P then we can conclude

about the Lipschitz continuity of L′(α). Thanks to the properties on Lipschitz func-

tions [160] and based on the expressions of these latter functions given in (6.12),

(6.28), (6.21), and (6.25), respectively, their Lipschitz continuity follows from the

boundedness of the vector b given in (6.12) and the Lipschitz continuity of the fol-

lowing functions:



g1(ᾱ) =
∫ T

0
Dᾱ

t φ(t)y(T − t)dt, g2(ᾱ) =
∫ T

0

∂

∂ ᾱ
Dᾱ

t φ(t)y(T − t)dt,

g3(ᾱ) =
1

Γ(1− ᾱ)
, g4(ᾱ) = Ψ0(1− ᾱ),

g5(ᾱ) =
∫ T

0

∂

∂ ᾱ
Dᾱ

t φ(t)(t + t0)−ᾱdt, g6(ᾱ) = ᾱ

∫ T

0

∂

∂ ᾱ
Dᾱ

t φ(t)(t + t0)−ᾱdt.

The boundness of the vector b holds using Assumption 6.1 and the boundedness

of the MFs, which follows from the property (P1). The Lipschitz continuity of the

functions g1(ᾱ) and g2(ᾱ) follows directly using Assumptions 6.1 and 6.2. The

function g(ᾱ) = (t + t0)−ᾱ is Lipschitz continuous for t > −t0, which leads to the

Lipschitz continuity of g5(ᾱ) and g6(ᾱ) using Assumption 6.2. For the functions

g3(ᾱ) and g4(ᾱ), properties on the gamma and digamma functions along with the

reflection formulas [158] are used to conclude about their Lipschitz continuity.

Thus, we end up with the following

∥∥L′(α1)−L′(α2)
∥∥

1 ≤ γ
∥∥α

1−α
2∥∥

1 (6.31)

where the Lipschitz constant γ depends on N, the bounds of φ(t), u(t) and y(t) as

well as the Lipschitz constants of Dᾱ
t φ(t),

∂

∂ ᾱ
Dᾱ

t φ(t), gi(ᾱ), for i = 1, ...,6, gamma

function and digamma function.
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6.2.4 Error Analysis in Discrete Case

In Subsection 6.2.2, we developed the algorithm assuming that the output y(t) is

continuous and noiseless. However, in real applications, the output signal is discrete

and usually corrupted by noise. In this section, we study the error contribution of the

noise when the output is given by,

y℘(ti) = y(ti)+℘(ti), (6.32)

where ti = iTs, i = 0, ..., l are the equidistant sampling times separated with the sam-

pling time Ts =
T
l , l ∈ N∗. The signals y(ti) and y℘(ti) are the noiseless and noisy

discrete outputs. In addition, we consider a class of noises ℘(t) that obeys the fol-

lowing conditions,

(H1) ℘(t1) and ℘(t2) are independent, for any different t1 and t2 in (0,T ).

(H2) The mean value of ℘(t), denoted by E[.], is zero.

(H3) The variance of ℘(t), denoted by Var[.], is bounded; i.e. Var[℘(t)] ≤ σ .

We point out that zero-mean white Gaussian noise satisfies these conditions.

Substitute the output y(t) by the noisy output y℘(t) in (6.16), (6.24), and (6.25).

Then, the noise will affect three types of continuous integrals appearing in the matrix

A, the vectors b, b̄ j and the matrix L′, and which are given as follows,



Iy℘

1c =
∫ T

0
φm(T − t)y℘(t)dt,

Iy℘

2c =
∫ T

0
Dα

t φm(t)y℘(T − t)dt,

Iy℘

3c =
∫ T

0

∂

∂α
Dα

t φm(t)y℘(T − t)dt.

(6.33)

Since we have access to discrete measurements, these integrals are approximated by

their discrete version, i.e.,
∫ T

0
f (t)dt≈ Ts

l

∑
i=0

wi f (ti), where wi i = 1, ..., l are weights
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that depend on the numerical integration scheme. Therefore, the discrete version of

these integrals is given by,



Iy℘,m
1 = Ts

l

∑
i=0

wi φm(tl−i)y(ti)+ em
1 , (6.34a)

Iy℘,m
2 = Ts

l

∑
i=0

wi Dα
t φm(ti)y(tl−i)+ em

2 , (6.34b)

Iy℘,m
3 = Ts

l

∑
i=0

wi
∂

∂α
Dα

t φm(ti)y(tl−i)+ em
3 , (6.34c)

where 

em
1 = Ts

l

∑
i=0

wi φm(tl−i)℘(ti),

em
2 = Ts

l

∑
i=0

wi Dα
t φm(ti)℘(tl−i),

em
3 = Ts

l

∑
i=0

wi
∂

∂α
Dα

t φm(ti)℘(tl−i).

(6.35)

Thus, the proposed algorithm is corrupted by: (i) the numerical error contribution

resulting from the numerical integration scheme, and (ii) the discrete noise errors

contribution em
i , i = 1,2,3. We note that the numerical integration error can be de-

creased by decreasing the sampling time. However, for the noise error terms, we can

show the following.

Proposition 6.2. Let ℘(t) be the class of noises satisfying conditions (H1)-(H3).

Given the properties of the MFs and Lemma 5.1 along with the properties of Gamma

and Digamma functions [158]. Then,

E[em
i ] = 0, i = 1,2,3, (6.36)

and E[(em
i )

2] = Var[em
i ], i = 1,2,3, satisfy the following,
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E[(em
1 )

2]≤ Tsσ

(
Ts

l

∑
i=0

w2
i [φm(tl−i)]

2

)
−−−→
Ts→0

0,

E[(em
2 )

2]≤ Tsσ

(
Ts

l

∑
i=0

w2
i [Dα

t φm(ti)]
2

)
−−−→
Ts→0

0,

E[(em
3 )

2]≤ Tsσ

(
Ts

l

∑
i=0

w2
i

[
∂

∂α
Dα

t φm(ti)
]2
)
−−−→
Ts→0

0.

(6.37)

Proof.

The technique of the proof follows the one given in [161]. Equation (6.36) results

from applying the expected value operator to the expressions of the errors given in

(6.35) and using assumption (H2).

By applying the variance operator to (6.35) and using assumption (H3), we obtain

Var[em
1 ]≤ Ts σ wm

i

(
Ts

l

∑
i=0

wi [φm(tl−i)]
2

)
,

E[(em
2 )

2]≤ Ts σ wm
i

(
Ts

l

∑
i=0

wi [Dα
t φm(ti)]

2

)
,

E[(em
3 )

2]≤ Ts σ wm
i

(
Ts

l

∑
i=0

wi

[
∂

∂α
Dα

t φm(ti)
]2
)
,

(6.38)

where wm
i = max

0≤i≤l
wi.

Thus, if φm ∈ L2([0,T ]), Dα
t φm(t) ∈ L2([0,T ]) and ∂

∂α
Dα

t φm(t) ∈ L2([0,T ]), we get

Var[em
i ]−−−→Ts→0

0, i = 1,2,3. (6.39)

Remark 6.3. The result stated in Proposition 6.2 means that the discrete noise errors

are zero-mean and their variances can be reduced as the sampling time goes to zero.

Additionally, it is well known that the numerical error contribution can as well be

reduced with the sampling time. However, assuming that the output signal is given to

us with a particular sampling time and noise statistical properties and the integration
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scheme is fixed, we can minimize the variance of noise errors contribution by an

appropriate choice of the type of MFs.

6.3 Smooth Input and Fractional Differentiation Orders Estima-

tion, EP2

6.3.1 Problem Statement

To deal with the joint estimation of smooth input and fractional differentiation or-

ders, we will show in this section how to extend the previous algorithm to solve the

estimation problem (EP2) given as follows,

(EP2)


Given the initialized FOS (6.8), the output y(t), for t in (0,T ), and knowing

the vector θ , find estimates (α̂, û(t)) for the unknown vector of fractional

differentiation orders and the unknown input signal.

The main idea to solve (EP2) is to project the unknown input, assumed to be smooth,

in an appropriate set of basis functions. As a consequence, the initial input estimation

problem is transformed into an equivalent parameters estimation problem. Therefore,

the algorithm which has been developed in Section 6.2 to solve (EP1) can be adjusted

to solve (EP2).

6.3.2 Estimation Algorithm

Let us decompose the input signal in the space spanned by a set of basis functions

{βi(t)}Vi=1 as follows,

u(t) =
V

∑
i=1

xi βi(t), (6.40)

where {xi}Vi=1, V ∈N∗, are the unknown projection parameters that will be estimated

jointly with the vector of fractional differentiation orders α . Following this projec-
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tion, we propose to solve (EP2∗) instead of (EP2).

(EP2∗)


Given the initialized FOS (6.8), the output y(t), for t in (0,T ), and knowing

the value of the vector θ , find an estimate for the unknown vector of

fractional orders α̂ jointly with the unknown projection weights {x̂i}Vi=1.

In what follows, we show how the proposed two-step algorithm can be modified to

solve (EP2∗), and hence (EP2).

1. The system of linear equations (6.16) given in Proposition 6.1 is replaced by,

Ă x̂(α̂k) = b̆(α̂k), (6.41)

where for m = 1, ...,M, j = 1, ...,V ,


Ăm j =

∫ T

0
φm(T − t)β j(t) dt,

b̆m(α̂
k) =

∫ T

0
φm(T − t)y(t) dt+

N

∑
i=1

ai Ãmi(α̂
k),

(6.42)

where Ãmi(α) is given in (6.14).

2. Equation (6.19) becomes in this case, for j = 1, ...,N,


L̆ j(α̂

k) =
V
∑

i=1
x̂i(α̂

k)
∫ T

0
φM+ j(T − t)βi(t) dt−

N

∑
i=1

ai Ǎ ji(α̂
k),

R̆ j =
∫ T

0
φM+ j(T − t)y(t) dt,

(6.43)

where Ǎmi(α) is given in (6.15).

3. The entries of the Jacobian matrix (6.24) are amended to be, for j = 1, ...,N,

ı̄ = 1, ...,N,
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L̆′jı̄(α) :=
∂ L̆ j

∂αı̄
(α) =

V

∑
i=1

∂ x̂i(α)

∂αı̄

∫ T

0
φM+ j(T − t)βi(t) dt−aı̄

∂ Ǎ jı̄(α)

∂αı̄
, (6.44)

with
∂ Ǎ jı̄(α)

∂αı̄
:=

∂A(M+ j)ı̄(α)

∂αı̄
is given in (6.28).

4. The system of equations (6.25) given in in Lemma 6.2 is changed to

Ă x̂ j
d = b̆ j(α), (6.45)

with, for j = 1, ..,N, i = 1, ...,V, m = 1, ...,M,



Ămi given in (6.42),

b̆ j
m =−a j

∂ Ãm j(α)

∂α j
,(

x̂ j
d

)
i
= ∂ x̂i(α)

∂α j
,

(6.46)

where
∂ Ãi j(α)

∂α j
is given in (6.28) and

(
x̂ j

d

)
i

denotes the ith element of x̂ j
d .

Given the changes defined above, analogue steps of those presented in the schematic

diagram of Figure 6.1 are used to estimate {x̂i}Vi=1, and hence û(t) =
V

∑
i=1

x̂i βi(t),

jointly with the vector of fractional differentiation orders α̂ .

6.4 Non-Smooth Pointwise Input Estimation, EP3

The extension explained in the previous section for smooth input functions cannot

be performed for non-smooth input functions, e.g., Dirac-delta function. In what

follows, we will show how MFs method can be generalized to the case of pointwise

input function.
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6.4.1 Problem Statement

Let us consider the input/output fractional model (6.8) where u(t) is the unknown

input which is assumed to be pointwise and given by the following equation,

u(t) =
V

∑
i=1

κi δ (t− ti), (6.47)

where δ (t) denotes the Dirac-delta function and {ti,κi}Vi=1 represent the time loca-

tions and amplitudes of the input, respectively. It is assumed that the time locations

of the input are distinct. The parameters {ai}N
i=1 ∈R and the fractional differentiation

orders {αi}N
i=1 ∈ R∗+ in (6.8) are assumed to be known.

In this section, we are interested in solving the following estimation problem,

(EP3)


Given the initialized FOS (6.8), characterize the unknown pointwise

input (6.47), i.e., find estimates for {ti,κi}Vi=1, from the measured output

y(t) with t ∈ (0,T ).

6.4.2 Estimation Algorithm

Let us define the following polynomial modulating functions,

φm(t) = µ tM+q+1−m(T − t)q+m, (6.48)

where m = 1,2, ...,M with M is the total number of modulating functions, q is an

integer parameter and µ is a normalizing factor.

Let us also define the following change of variables,


κ̄i = µκi (T − ti)M+q+1 tq

i ,

t̄i =
ti

T − ti
,

(6.49)
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and denote

κ̄ =

(
κ̄1 κ̄2 . . . κ̄V

)tr

, t̄ =
(

t̄1 t̄2 . . . t̄V

)tr

. (6.50)

• Characterization of multiple points input

The following proposition introduces a new transformed nonlinear system of equa-

tions to solve for the unknown vector t̄.

Proposition 6.3. Consider the FOS (6.8) initialized with a constant history function

f0(t) = c, t ∈ [−t0,0], and let {φm(t)}2V
m=1 be the set of polynomial MFs defined in

(6.48). Then, the parameters {t̄i}Vi=1 solve the following nonlinear system of equa-

tions, ∀ i = 1 : V ,

Ji(t̄) =
V

∑
j=1

V

∑
k=1

(−1)k−1 σ
j

V−k b̄ j

t̄V−1+i
k

V

∏
v=1
v6= j

(t̄v− t̄ j)

− b̄L+i = 0, (6.51)

where σ
j

m denotes the m-th elementary symmetric function in the V − 1 variables, t̄i

for i = 1, ...,V and i 6= j, and which are defined in [162] as follows,

σ
j

m , σm(t̄1, ..., t̄ j−1, t̄ j+1, ....., t̄V ), (6.52)

with σm , σm(t̄1, t̄2, ..., t̄V ) = ∑
1≤ j1< j2<...< jk≤V

t̄ j1 t̄ j2....t̄ jk .

and {b̄m}Vm=1 are defined as follows,

b̄m =
∫ T

0
φm(T − t)y(t) dt+

N

∑
i=1

[
ai

∫ T

0
y(T − t)Dαi

t φm(t) dt− cDαi−1
t φm(T )

+
c

Γ(1−αi)

∫ T

0

φm(T − t)
(t + t0)αi

dt
]
. (6.53)
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Proof.

First, we multiply (6.8) by the set of modulating functions {φm(T − t)}2V
m=1 defined

in (6.48), and we integrate over the time interval [0,T ]. Then, using integration by

parts formula (6.1), we obtain

∫ T

0
φm(T − t)y(t) dt +

N

∑
i=1

[
ai

∫ T

0
y(T − t)Dαi

t φm(t) dt+
c

Γ(1−αi)

∫ T

0

φm(T − t)
(t + t0)αi

dt

−cDαi−1
t φm(T )

]
=

V

∑
i=1

κi φm(T − ti)

=
V

∑
i=1

µκi (T − ti)M+q+1−m tq+m
i . (6.54)

Let us rewrite (6.54) in a compact form as follows,

b̄m =
V

∑
i=1

κ̄i (t̄i)
m , (6.55)

where b̄m is the left hand side of (6.54) which is introduced in (6.53), and (κ̄i, t̄i) are

defined in (6.49).

Second, we consider the set of modulating functions {φm(t)}Vm=1. Thus, equation

(6.55) can be written as a linear system of equations in the unknown vector κ̄ as

follows,

A0(t̄) κ̄ = col{b̄i}Vi=1, (6.56)

where the matrix A j(t̄) ∈ RV×V is defined as follows, ∀ j ∈ N,

A j(t̄) =



(t̄1)
j+1 (t̄2)

j+1 . . . (t̄L)
j+1

(t̄1)
j+2 (t̄2)

j+2 . . . (t̄L)
j+2

...
...

...
...

(t̄1)
j+L (t̄2)

j+L . . . (t̄L)
j+L


. (6.57)
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The matrix A j(t̄) is of Vandermonde-like type. Its inverse exists since we assumed

that the time locations are distinct. This allows us to get

κ̄ = A−1
0 (t̄) col{b̄i}Vi=1. (6.58)

Third, we consider the set of modulating functions {φm(t)}2V
m=V+1. From equation

(6.55) and (6.58), we can write the following nonlinear system of equations with

respect to the unknown vector t̄,

AV (t̄) A−1
0 (t̄) col{b̄i}Vi=1 = col{b̄i}2V

i=V+1, (6.59)

where the matrix AV (t̄) ∈ RV×V is given by equation (6.57).

Using the closed form formula for the inverse of the standard Vandermonde matrix

[162] we can write explicitly the nonlinear system of equations (6.59) in terms of the

unknowns {t̄i}Vi=1 as given in (6.51).

• Estimation procedure for the input’s characteristics

The estimation of the amplitudes and locations of the pointwise input follows from

the result of Proposition 6.3. The nonlinear system of equations defined in Proposi-

tion 6.3 is given by the following equation,

J(t̄) = {Ji(t̄)}Vi=1 = 0. (6.60)

First step:

The use of global Newton method allows us to write the iterative update law (6.61)

for the solution t̄ of the nonlinear system of equations (6.60).

t̄k+1 = t̄k +λ
k pk, (6.61)

where λ k is a nonuniform step size, and
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pk =−
[
J′(t̄k)

]−1
J(t̄k), (6.62)

with J(t̄k) ∈ RV×1 and J′(t̄k) ∈ RV×V is the corresponding Jacobian matrix. The

parameter λ k can be computed using the backtracking line search method [163].

Second step:

Once the Newton method converges, we obtain the estimate of t̄, noted ˆ̄t. Then, from

equation (6.58) we get the estimate of the variable κ̄, noted ˆ̄κ, which is given as

follows,

ˆ̄κ = A−1
0 (ˆ̄t) col{b̄i}Vi=1, (6.63)

where A0(ˆ̄t) and b̄i are defined in (6.57) and (6.53), respectively.

Third step:

The estimates of the variables {ti}Vi=1 and {κi}Vi=1, noted t̂i and κ̂i, are derived from

the change of variables defined in (6.49) and are given as follows,


t̂i = T

ˆ̄ti
1+ ˆ̄ti

,

κ̂i =
ˆ̄κi

µ (T − t̂i)M+q+1 t̂q
i

(6.64)

The main steps of the proposed algorithm are summarized in Table 6.1.

• Special case: single-point input

Corollary 6.1. Consider the FOS (6.8) with a single pointwise input, i.e., V = 1,

initialized with a constant history function f0(t) = c, t ∈ [−t0,0], and let φm(t), m =

1,2, be the set of polynomial modulating functions defined in (6.48). Then, an exact

characterization of the location and the amplitude of the pointwise input is given as

follows, 
t1 = T

b̄2

b̄1 + b̄2
,

κ1 =
b̄1

φ1(T − t1)
,

(6.65)
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where b̄i defined as in equation (6.53).

Proof.

In this case, the nonlinear equation (6.51) of Proposition 6.3 is

J(t̄) =
b̄1

t̄1
− b̄2 = 0, (6.66)

which can be solved analytically. Then, the estimates (6.65) follow directly from

equation (6.64).

Step 1: Initialize k = 0, give an initial guess to t̄0 and λ 0 = 1;

Step 2: Compute J(t̄k);

Step 3:

• If ‖ J(t̄k) ‖2< ε , then stop and get the estimate ˆ̄t = t̄k,
• else,
(i) : compute λ k using any search line method. For the “backtracking method”
follow the following procedure,

(i.1) define the so-called merit function m(t), e.g., m(t̄) = 1
2J(t̄)trJ(t̄), and

compute its gradient mt̄(t̄k),
(i.2) compute pk defined in (6.62),
(i.3) while

[
m(t̄k +λ k pk)> m(t̄k)+ ᾱ λ k mt̄(t̄k) pk]

λ k = nλ k−1, n < 1
{ᾱ , n are the algorithm’s parameters chosen by the user},

end
(ii) : update t̄k using equation (6.61), update the number of iterations k = k+1,
and then return to step 2;
end

Step 4: From (6.63) and using ˆ̄t derived in step 3, we get the estimate ˆ̄κ;

Step 5: Derive the estimates for the time locations and the amplitudes of the
pointwise input using (6.64) along with the estimates of steps 3 and 4.

Table 6.1: Steps of the proposed algorithm for pointwise input’s estimation.

Remark 6.4. In the same spirit as the two-stage algorithm proposed in Subsection

6.2.2, the estimation technique proposed for the pointwise input can be combined
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with any iterative technique to solve the problem of estimating the pointwise input

jointly with the fractional differentiation orders. The technical derivations of the

two-stage algorithm follow the same approach that was described earlier.

6.5 Numerical Analysis

To assess the performance of the MF-based algorithm, we provide in this section dif-

ferent examples for the estimation of parameters, input and fractional differentiation

orders in both noise-free and noisy cases. We will also synthesize some analyzed

guidelines regarding the efficiency of the algorithm for the studied estimation prob-

lems.

All the simulation results presented in this section assume that the initialization func-

tion f0(t) = 0, ∀ t ∈ (−∞,0]. The analytical expression of the α th RL fractional

derivative of the polynomial MFs given in (6.48) is as follows,

Dα
t φm(t) =

q+m

∑
k=0

ck
Γ(M+q−m+ k+2)

Γ(M+q−m+ k+2−α)
tM+q+1−m+k−α , (6.67)

where ck = µ

q+m

k

(−1)k T q+m−k. The scaling parameter µ of the polynomial

MFs defined in (6.48) is set to: µ = 1 for (EP1) and (EP2), µ 6= 1 for (EP3). Its effect

will be discussed later on.

We also use the Grünwald-Letnikov definition given in equation (5.45) to implement

the fractional derivatives [49].

In noisy cases, we added a zero-mean white Gaussian noise e with a relative noise

level ‖e‖2
‖ynoise− f ree‖2

×100 (%) [149, pp. 50]. Moreover, the results given in the follow-

ing represent a sample from one realization.
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6.5.1 Simulation Results for (EP1)

We consider the following example,

y(t)+a1 Dα1
t y(t)+a2 Dα2

t y(t) = u(t), t ∈ [0,10], (6.68)

where the parameters and fractional differentiation orders are a1 = 3, a2 = 2 and

α1 = 1.5,α2 = 0.5. The input u(t) is taken as a square function activated at t = 2 and

deactivated at t = 7 as shown in Figure 6.2. The number of MFs is fixed to M = 7.
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Figure 6.2: Input (left panel) of system (6.68) and its corresponding output (right panel).

Moreover, sensitivity analysis of the proposed algorithm to the noise level in the

output and initial guess of Newton’s method is performed. Table 6.2 shows the effect

of the noise level in the output while taking the initial conditions of the fractional

differentiation orders as α̂0
1 = 1.7 and α̂0

2 = 0.7. In Table 6.3, we summarize the

results of the relative errors of the estimated unknowns when the noise in the output

is fixed to 5% and the initial guess is varying.

6.5.2 Simulation Results for (EP2)

This case corresponds to the neurovascular application where we seek to estimate

the neural activity jointly with the fractional differentiation orders. Let us recall the
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Noise levelRelative error (RE %)
∣∣∣α1−α̂1

α1

∣∣∣×100%
∣∣∣α2−α̂2

α2

∣∣∣×100%
∣∣∣a1−â1

a1

∣∣∣×100%
∣∣∣a2−â2

a2

∣∣∣×100%

noise-free 4×10−2 2×10−2 2×10−2 4.5×10−2

1 % noise 0.55 1.26 0.84 1.62
3 % noise 1.47 3.04 1.97 4.04
5 % noise 1.65 2.84 1.51 3.87

10 % noise 2.9 5.44 3.33 7.31

Table 6.2: Relative errors (%) of the estimated parameters and fractional differentiation
orders with α̂0

1 = 1.7 and α̂0
2 = 0.7.

Initial valuesRE (%)
∣∣∣α1−α̂1

α1

∣∣∣×100%
∣∣∣α2−α̂2

α2

∣∣∣×100%
∣∣∣a1−â1

a1

∣∣∣×100%
∣∣∣a2−â2

a2

∣∣∣×100%

α0
1,2 = 1.75,0.4 0.63 2.34 2.08 2.69

α0
1,2 = 1.3,0.7 4.23 7.6 4.94 10.75

α0
1,2 = 1.3,0.3 5.96 16.5 10.19 18.95

Table 6.3: Relative errors (%) of estimated parameters and fractional differentiation orders
with different initial guesses of the fractional orders and output corrupted by 5% of noise.

temporal neurovascular model given by equation (2.1) in the following,

Dα1
t f (t)+ k f Dα2

t f (t)+ ks f (t) = u(t), t ∈ [0,10], (6.69)

where 1 ≤ α1 ≤ 2, 0 ≤ α2 ≤ 1 are the fractional differentiation orders, f (t) is the

temporal CBF and u(t) is the temporal neuronal activity. The constants k f and ks are

the flow signal decay rate and the flow-dependant elimination constant, respectively.

Their values are given in [164] as: k f = 0.65, ks = 0.41. We use a synthetic data set

which have been generated from discretizing the neurovascular model (6.69) using

(5.45) and fixing α1 = 1.7,α2 = 0.6.

Before jointly estimating the input and fractional differentiation orders of the model

(6.69), an estimation of the unknown input is performed first in noise-free and noisy

cases assuming that the fractional differentiation orders are known. This step is im-

portant to show the effect of the choice of the projection basis functions depend-

ing on the smoothness of the input. Two profiles of inputs are tested, sinusoidal

u(t) = sin(π

T t) and Gaussian u(t) = exp
[
−(t−5)2].
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Figure 6.3: Estimated input for different noise levels, same number of MFs (upper left
panel). Estimated input for 5 % of noise with different values of M (upper right panel).
Relative estimation error versus number of MFs in the noise-free case (lower left panel)
and in the noisy case (lower right panel).

Figure 6.3 summarizes the reconstruction results of a sinusoidal input in absence and

in presence of noise using polynomial projection basis with basis functions {t i−1}Vi=1.

Following the obtained results, in noise-free case, it is sufficient to take the number

of MFs equal to the number of basis functions (i.e., equal the number of unknowns).

Increasing this number will not affect the performance of the algorithm significantly,

as shown from the relative errors plotted in the lower left panel of Figure 6.3. The

top left panel shows the effect of the noise level while the number of MFs is fixed

at M = V = 6. We observe from the plots of this panel that the estimation results

are affected at the edges. The top and lower right panels show the effect of M for a

specific level of noise (5%). We notice from both the estimated input profiles and the

values of the relative estimation error that M = 16 is the best value for the number of

MFs in the noisy case.
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û(t), (V = 6, M = 6)

u(t)
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Figure 6.4: Estimated input in the noise-free case using polynomial basis (left panel). Es-
timated input in the noisy case using polynomial basis (right panel). Differentiation orders
are known.
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Figure 6.5: Estimated input in the noise-free case (left panel) and in the noisy case (right
panel) using cubic b-spline basis. Differentiation orders are known.

Figures 6.4-6.5 show the results of estimating a Gaussian input using polynomial and

cubic b-splines basis functions in both noise-free and noisy cases (5% of added noise)

when the fractional differentiation orders are known. From Figure 6.4, we notice that

it is difficult to reconstruct Gaussian signal with polynomial basis functions even if

we increase the number of basis functions. However, with a cubic b-spline basis

functions we were able to reconstruct such type of input as depicted in Figure 6.5.

Figure 6.6 shows the results of estimating the input in presence and absence of noise

when the fractional differentiation orders are unknown. In the noise-free case, V = 9

and M = V . The final estimate of the fractional differentiation orders α̂1 = 1.7 and

α̂2 = 0.6 achieve a relative input estimation error of 0.49%. In the noisy case, V = 9
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Figure 6.6: Estimated input in the noise-free case (left panel) and in the noisy case (5% of
added noise) (right panel) using cubic b-splines basis. Differentiation orders are unknown.

and M = V + 4 = 13. The final values of the fractional differentiation orders α̂1 =

1.72 and α̂2 = 0.65 achieve a relative input estimation error of 6.35%.

6.5.3 Simulation Results for (EP3)

The Dirac-delta function is approximated numerically by the following Gaussian

function,

δ (t− t0)≈
1

h
√

2π
exp
[
−(t− t0)2

2h2

]
, (6.70)

which satisfies the property of unit area under the curve, i.e.,
∫ +∞

−∞

δ (t)dt = 1, for h

small. In all the numerical simulations h = 10−2 is the chosen time step.

We consider the fractional neurovascular model (6.69), for t ∈ (0,20), with localized

input. The values of the fractional differentiation orders are chosen to be: α1 = 1.8

and α2 = 0.6.

• Case 1: characterization of single point input

In this case the input is set as u1(t) = κ1 δ (t− t1), with κ1 = 3 and t1 = 8. Figure 6.7

shows the input u1(t) and its corresponding output f1(t).

Table 6.4 illustrates the good performance of the proposed methodology to character-

ize a single point input. Even with high levels of noise, the relative estimation errors
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of the input’s characteristics are very small and this is due to the analytic characteri-

zation of a single point input.
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Figure 6.7: The single point input (left panel) and its corresponding output (right panel).

Noise levelRE %
∣∣∣ t1−t̂1

t1

∣∣∣×100
∣∣∣κ1−κ̂1

κ1

∣∣∣×100

0% noise 0.011 0.036
5% noise 0.075 0.1197
10% noise 0.5395 0.0276
30% noise 0.3753 0.3811

Table 6.4: Relative errors of the estimated parameters for single point input.

• Case 2: characterization of two points input

In this case the input is set as u2(t) = κ1 δ (t− t1)+κ2 δ (t− t2), with κ1 = 3, t1 = 3,

κ2 = 0.5 and t2 = 7. The nonlinear system of equations provided in Proposition 6.3,

is derived and given as follows,

J =

 −t̄1t̄2b̄1 +(t̄1 + t̄2)b̄2− b̄3

−t̄1t̄2(t̄1 + t̄2)b̄1 +(t̄2
1 + t̄1t̄2 + t̄2

2)b̄2− b̄4

 , (6.71)

and for which the Jacobian matrix can be easily computed.

Figure 6.8 shows the input u2(t) and its corresponding output f2(t). The estimated

values for the time locations and the amplitudes are summarized in Table 6.5.

Table 6.5 shows that for the selected initial guess t̄0 = 0.5 t̄real , where t̄real is the true

value, λ k = 1 is sufficient to obtain good results. However, for further values of
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t̄0 the algorithm becomes sensitive to the initial guesses and the adaptation of λ k is

necessary. Table 6.6 shows the estimation results for an initial condition t̄0 = 5 t̄real

and for which a backtracking line search method is used to update the step size λ k. It

is clear from those reported results that the global Newton method converges to the

true values of the time locations and amplitudes even with a noisy output.
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Figure 6.8: The two points input (left) and its corresponding output (right).

Noise levelRE (%)
∣∣∣ t1−t̂1

t1

∣∣∣×100
∣∣∣κ1−κ̂1

κ1

∣∣∣×100
∣∣∣ t2−t̂2

t2

∣∣∣×100
∣∣∣κ2−κ̂2

κ2

∣∣∣×100

0% noise 0.1404 0.2688 0.237 1.2034
5% noise 0.8899 0.0741 1.224 2.667
10% noise 1.948 1.0528 2.301 4.6451
30% noise 11.9025 21.553 7.7798 20.9949

Table 6.5: Relative errors of the estimated parameters for two-point input, with λ k = 1 and
t̄0 = 0.5 t̄real .

Noise levelRE (%)
∣∣∣ t1−t̂1

t1

∣∣∣×100
∣∣∣κ1−κ̂1

κ1

∣∣∣×100
∣∣∣ t2−t̂2

t2

∣∣∣×100
∣∣∣κ2−κ̂2

κ2

∣∣∣×100

0% noise 0.1243 0.3 0.214 1.1795
5% noise 0.8792 0.0509 1.2212 2.6535
10% noise 1.9396 1.0401 2.2973 4.6282
30% noise 11.5572 20.1916 7.74988 20.7331

Table 6.6: Relative errors of the estimated parameters for two-point input using global
Newton method and t̄0 = 5 t̄real .

• Case 3: characterization of single point input jointly with the estimation of

fractional differentiation orders

The input is fixed as u3(t) = u1(t). In this case, we consider a two-stage algorithm as

detailed in Section 6.2.2. The first stage estimates the time location and the amplitude
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as in Corollary 6.1, however, the second stage solves a nonlinear system for the

fractional differentiation orders using first-order Newton method. The results of the

estimated parameters are shown in Table 6.7.

Noise levelRE (%)
∣∣∣ t1−t̂1

t1

∣∣∣×100
∣∣∣κ1−κ̂1

κ1

∣∣∣×100
∣∣∣α1−α̂1

α1

∣∣∣×100
∣∣∣α2−α̂2

α2

∣∣∣×100

0% noise 0.2203 0.8046 0.0573 1.5379
5% noise 8.36×10−2 0.6538 4.93×10−2 0.7834
10% noise 3.8×10−2 0.5746 0.1651 0.1735
30% noise 0.5896 1.28×10−2 0.5938 2.7722

Table 6.7: Relative errors of the estimated parameters for single point input and unknown
fractional differentiation orders using global Newton method and α̂0 = 0.8αreal .

6.5.4 Discussions

From the extensive numerical investigations that we conducted, the following obser-

vations are worth being emphasized,

• We encountered, in the estimation problems (EP1)-(EP3), inversion of some

matrices that depend on the MFs. The condition number of these matrices de-

pends on the type and number of MFs which may lead to some numerical is-

sues. Two strategies have been employed to alleviate such numerical issues for

the specific choice of polynomial modulating functions. The first solution that

was used in (EP1) and (EP2) is to increase the number of MFs, M, up to a cer-

tain number while the normalization factor, µ , has been set to one. On the other

hand, for (EP3), we restrict the number of MFs to be the minimum required,

and we change the normalizing factor µ of the MFs.

• The minimal number of MFs for each stage should be equal to the number of

unknowns. We observed in the estimation problems (EP1) and (EP2) that in

the noise-free case, taking this minimum number was sufficient to give good

estimates. However, in the noisy case, increasing the number of M up to a cer-
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tain number improves the estimation results. Regarding the estimation problem

(EP3), we chose the normalizing factor to be the inverse of the second or in-

finity norms of the standard (non-normalized) polynomial MFs. We note that

the effect of this normalizing parameter was more appealing in case 3 (joint

estimation of pointwise input and fractional differentiation orders) because the

Jacobian matrix, in this case, is highly dependent on the MFs and their frac-

tional derivatives.

• The MF algorithm performed better in estimating parameters compared to smooth

input. The reason is that in addition to the numerical and noise errors contribu-

tion given in Subsection 6.2.4, in the case of input estimation there is an expan-

sion error due to the use of a finite set of basis functions. In this case, the finite

expansion functions affect the performance of the proposed algorithm. So, the

choice of the type and number of projection basis functions should reflect the

knowledge we may have on the input (e.g., degree of smoothness, periodicity,

monotonicity, etc.).

• The characterization of a single input is very robust. Even with high noise

level, we were able to detect the input’s characteristics efficiently. This can be

explained by the exact analytic characterization of the single pointwise input.

• When the number of localized sources increases, for instance, the case of two-

point input, the algorithm was more sensitive to the initial guess. However,

using a backtracking search method, known to be a globalization strategy, i.e.,

it ensures the convergence of the iterative method to a solution even with far

initial conditions, allowed to overcome this problem in the case of two-point

input.

• When the two sources of the concentrated input are relatively close, the algo-

rithm fails to localize them accurately. This is due to the ill-conditioning of

the Vandermonde-like matrix. In fact, the inverse of such type of matrices is
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defined if the time locations are distinct which was assumed in our work. The

case of relatively close time locations leads to an ill-conditioned matrix, and

hence its inverse is numerically unstable.

• In the case of joint pointwise input and fractional differentiation orders estima-

tion, the algorithm is more sensitive to the initial guess. For this case, even

with the use of backtracking search method, the algorithm had difficulties in

estimating all the unknown parameters accurately.

6.6 Summary

In this chapter, we proposed an estimation method based on MFs for general non-

commensurate FOSs. The technique can handle different estimation problems such

as parameters and fractional differentiation orders estimation, smooth input estima-

tion, and non-smooth pointwise input estimation. Sufficient conditions on MFs were

derived to ensure the local convergence of the method. Also, an error analysis in

the discrete case reveals that the estimator is unbiased and its variance depends on

the type of MFs. The Extensive simulation tests that were conducted illustrated the

performance of the proposed method. Furthermore, the numerical investigation has

resulted in useful guidelines for effective implementation of the algorithm.

Further work should be conducted to refine more the tuning of the algorithm.
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Chapter 7

Conclusions and Future Work

This chapter provides a summary of the work accomplished in this thesis, establishes

a comparative analysis between the proposed algorithms, and highlights some poten-

tial future work directions.

7.1 Brief Summary

In this thesis, generic estimation techniques for two classes of IDSs, linear FOSs

and coupled hyperbolic PDE and infinite ODE system, have been proposed. The

proposed algorithms solved mainly the joint state, parameters and/or input estima-

tion problem. Our work has been motivated by the important question of charac-

terizing the spatiotemporal hemodynamic response in the brain using data collected

non-invasively from fMRI modality.

First, we demonstrated how brain-collected BOLD signal could be mathematically

described in the framework of complex systems’ modeling and identification. Then,

we divided our contributions into two parts. The first part dealt with an estimation

problem for coupled hyperbolic PDE and infinite-dimensional ODE system. To solve

the investigated estimation problem, we proposed early and late lumping approaches,

namely Kalman-based algorithm and adaptive observer. The second part dealt with

several estimation problems for general linear FOSs. To solve such estimation prob-

lems, we introduced two methods: observer-based and MF-based. The performance
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of the proposed algorithms has been illustrated through different numerical exam-

ples.

7.2 Comparative Study Between the Proposed Algorithms

This section presents a comparison between the proposed estimation methods.

7.2.1 Early Lumping Versus Late Lumping

The following points highlight the main similarities and differences between the

CEKF-UI algorithm and the adaptive estimator.

1. Assumptions on the unknown input: The late lumping approach assumes that

the input is time-space separable, with a known temporal profile. Although the

early lumping approach does not assume a priori this hypothesis, it is inherent

in the finite-dimensional aspect of the method. More precisely, since the early

lumping approach is of finite-dimension a projection of the distributed input

into a set of known spatial basis functions is required. Thus, the unknown

distributed input variable is reduced to the unknown temporal weight functions

only.

2. Regularity: The early lumping method can be applied for any source term

F(.) ∈ L2(0,T ;L2(Ω)). However, the convergence analysis of the late lumping

approach is justified for F(.) ∈ L2(0,T ;H1(Ω)).

3. Dependence on the discretization scheme: The accuracy of the early lumping

approach depends not only on the estimation algorithm itself but also on the

accuracy of the approximation scheme. Thus, the choice of the discretization

scheme should preserve the main features of the distributed model such as the

observability and the identifiability properties. In the late lumping approach, the
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distributed nature of the model is kept in the estimator design. The numerical

approximation is needed for simulation purposes at the final stage.

4. Convergence analysis: The convergence of the late lumping estimator has been

studied and proved using rigorous mathematical tools. This study revealed

some useful guidelines on the relation between the number of measurements

and the rate of convergence. However, the convergence of the early lumping al-

gorithm is known in the literature to be very sensitive to its design parameters.

7.2.2 Fractional-HOSMO Versus MF-Based Algorithm

The following points highlight the main similarities and differences between the

fractional-HOSMO and the MF-based method.

1. Class of FOSs: The fractional-HOSMO is designed to estimate the input and

the pseudo-state of commensurate FOSs. The MF-based method can be used

for both commensurate and non-commensurate FOSs.

2. Projection basis functions dependence: Both algorithms can estimate smooth

inputs. For this particular case, while the MF method depends on the type and

number of the projection basis functions, the fractional-HOSMO does not rely

on a projection procedure to estimate the input.

3. Type of estimation problems: The MF-based method can handle the estima-

tion problems of unknown parameters, unknown fractional differentiation or-

ders, smooth input and/or non-smooth pointwise input while the observer-based

approach can not. The proposed observer can deal with the joint estimation

problem of pseudo-state and input.

4. Robustness: Both techniques have been shown to be robust against Gaussian

noise. However, for the fractional-HOSMO, a chattering phenomenon, which

could be reduced by an adequate choice of the observer’s gains at the price of
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increasing the static error, is present in the noisy case. This is not the case for

the MF method.

5. Type of convergence: It was shown that the observer-based technique has an

asymptotic convergence. However, the algebraic MF-based method is known to

be non-asymptotic. When the MF method is combined with first-order Newton

method, the convergence is local quadratic.

7.3 Future Work

The work conducted in this thesis opens the door for new future research directions.

Further work should be carried out to address and capitalize on the following poten-

tial perspectives.

1. Early lumping approach: Improving the EKF-UI

The EKF-UI proposed in Chapter 3 relies on the linearization of the nonlinear

vector field of the state dynamics. To overcome the numerical challenges that

may arise following this approximation, we propose to use the unscented or cu-

bature versions of the KF-UI. Besides, to improve the estimates in the transient

phase, we propose to combine the forward Kalman filter with a backward filter,

e.g., Rauch-Tung-Striebel smoother[85].

2. Late lumping approach: Improving the proposed adaptive estimator

The proposed observer is the first attempt dealing with joint state, parameters

and input estimation for coupled hyperbolic PDE-infinite ODE using sampled

in space measurements. The first elementary idea was to prove the dilemma

between the observer’s gains and the maximum sampling interval separating

sensors’ locations using a standard Luenberger observer with constant gains

coupled with some adaptation laws. In this thesis, we confirmed the intuitive

inverse relationship between the observer’s gains and the number of sensors.
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Interestingly, the proposed observer can be improved in several ways.

• Variable observer’s gains: It has been shown in [165], [113] that intro-

ducing time-varying gains in the observer design can improve the conver-

gence properties in the case of delayed measurements and also can be ben-

eficial to enlarge the sampling intervals while preserving the stability of

the system in the case of sampled in time measurements. Based on that,

we suggest to investigate the adaptive observer design for our problem with

time and/or space varying gains.

• Minimum number and optimal location of sensors: The conditions that

ensure the asymptotic stability of the adaptive observer and which are de-

rived in Chapter 4 shows the compromise that exists between the gains of

the observer and the maximum sampling interval. Further work should be

conducted to derive the minimum number of measurements and their best

location.

3. Modulating function-based approach: Refining its tuning

In Chapter 6, we discussed the effect of the number of polynomial MFs and

the normalization factor. To systemize the method, we propose to reduce the

degrees of freedom of the MF method. One possible way is to fix the order and

the number of MFs to the minimum required, which corresponds to the number

of unknown parameters and to optimize a particular cost function with respect

to the normalization factor. One possibility for the cost function would be to

minimize the condition number of the matrices to be inverted.

Besides the polynomial modulating functions, it’s also worth investigating the

performance of the method using other types of modulating functions.

4. Experimental validation: More tests and interpretations

On top of the above recommendations for future work, the best way to validate

the proposed methodologies is to use several sets of real data while analyz-
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ing and comparing the results between the different sets. This step should be

conducted closely with experts in the neuroscience field to interpret and better

understand the obtained estimates.

5. Beyond estimation: From estimation to control

Actually, the design of adaptive controllers is one of the primary motivation

for adaptive estimation. A possible interesting direction to explore is to use

the proposed adaptive observer approach to design a model reference adaptive

control scheme.

6. Long-term perspectives

• From voxel-wise BOLD signal, i.e., sampled in space measurements,

to MVPA BOLD signal, i.e., averaged in space measurements: It would

be very interesting to investigate the estimator’s design for the case of aver-

aged in space measurements, which correspond to MVPA type of analysis

for the BOLD signal.

• Beyond the linear and 1D problem: This thesis focuses on a linearized

version of a nonlinear stHR model. The linearization of the nonlinear

model is valid under the assumption of small neural drives. As a long-

term objective, it is worth solving the estimation problem for the nonlinear

multi-dimensional stHR model which encompasses a broad range of neural

drives.
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APPENDICES

A High-order Sliding Mode Differentiator (HOSMD)

Let assume f (t) : [0,∞)→R to be a function which consists of a bounded Lebesgue-

measurable noise with unknown characteristics and an unknown base signal f0(t)

such that its nth derivative has a known Lipschitz constant L> 0. The time derivatives

f (i)0 (t), for i = 0,1, ...,k, can be estimated robustly in real-time using the following

HOSMD,



ż0 = v0,

v0 =−λkL1/(k+1) | z0− f |k/(k+1) sign(z0− f )+ z1,

żi = vi,

vi =−λk−iL1/(k−i+1) | zi− vi−1 |(k−i)/(k−i+1) sign(zi− vi−1)+ zi+1,

żk =−λ0Lsign(zk− vk−1).

(A.1)

With an adequate choice of the parameters λi > 0, for i = 0,1, ...,k, the following

equalities hold and are exact in the absence of measurement noise, after a finite tran-

sient time,

z0 = f0(t), zi = vi = f (i)0 (t), i = 1, ...,k. (A.2)

Usually, the constant L is chosen to be large enough.
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B Inequalities

1. Young Inequality:

Let f ∈ L2(a,b) and g ∈ L2(a,b), then, ∀w ∈ R,

∫ b

a
f (x)g(x)dx≤ 1

2w

∫ b

a
f (x)2dx+

w
2

∫ b

a
g(x)2dx (B.1)

2. Cauchy-Schwartz:

Let f ∈ L2(a,b) and g ∈ L2(a,b), then,

(∫ b

a
f (x)g(x)dx

)2

≤
∫ b

a
f (x)2dx

∫ b

a
g(x)2dx (B.2)

3. Wirtinger Inequality:

Let f ∈ H1(a,b) with f (a) = 0 or f (b) = 0, then,

∫ b

a
f 2(x) dx≤ 4(b−a)2

π2

∫ b

a
f 2
x (x) dx, (B.3)

max
a≤x≤b

f 2(t,x)≤
∫ b

a
f 2
x (x) dx. (B.4)

Moreover, if f (a) = f (b) = 0, then,

∫ b

a
f 2(x) dx≤ (b−a)2

π2

∫ b

a
f 2
x (x) dx. (B.5)
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C Proof of Lemmas 4.1 and 4.2

Proof of Lemma 4.1

The proof uses basic algebraic transformations on the initial system of equations

(4.1a)-(4.1b). We summarize the main steps in the following,

1. Let us introduce the change of variable κ = ea3tz and ϖ = ea3tξ . From equations

(4.1a)-(4.1b), we can easily get that,

{
κt = (a5−a3a4)ϖ +a4ϖt , (C.1a)

ϖtt−θ1ϖxx +A2ϖt +A3ϖ = ρ f g̃(t) f (x), (C.1b)

where the parameters Ai are defined in (4.77).

2. We differentiate (C.1a) with respect to time, and then substitute the dynamics

of ϖtt given in (C.1b). We get,

κtt = (a5−a4(a3 +A2))ϖt−a4A3ϖ +a4θ1ϖxx +a4g̃(t) f (x). (C.2)

3. From (C.1a), we can write the following equation,

ϖ =
1
a4

[κ−A1eA1 ∗κ] = w̄−A1eA1 ∗ w̄, (C.3)

with eA1 = e−A1t h(t) where h(t) denotes the Heaviside function and w̄ =
κ

a4
.

4. From (C.1a), we have,

w̄t = ϖt +A1ϖ , (C.4)
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5. We differentiate (C.3) once and twice with respect to time, which results in,

ϖt = w̄t−A1w̄+A2
1eA1 ∗ w̄, (C.5a)

ϖtt = w̄tt−A1w̄t +A2
1w̄−A3

1eA1 ∗ w̄. (C.5b)

6. We differentiate (C.4) once with respect to time, and then we substitute the

dynamics of ϖt and ϖtt given in (C.5a) and (C.5b), respectively. Given the

above steps and with some algebraic simplifications, the input-output map given

in (4.76) can be deduced.

Proof of Lemma 4.2

Equation (4.78) follows directly from applying the Laplace operator to the input-

output equation (4.76). Then, the explicit solution (4.80) can be easily deduced by

solving (4.78) with the homogeneous Dirichlet boundary conditions.
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