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We theoretically study magnon-driven motion of a tranverse domain wall in the presence of interfacial
Dzyaloshinskii-Moriya interaction (DMI). Contrary to previous studies, the domain wall moves along the same
direction regardless of the magnon-flow direction. Our symmetry analysis reveals that the odd order DMI
contributions to the domain wall velocity are independent of the magnon-flow direction. Corresponding DMI-
induced asymmetric transitions from a spin-wave state to another give rise to a large momentum transfer to the
domain wall without nonreciprocity and much reflection. This counterintuitive unidirectional motion occurs not
only for a spin wave with a single wavevector but also for thermal magnons with distributed wavevectors.

Introduction— Magnons, quanta of spin waves, are essen-
tial to understand low-energy excitations in magnetic systems
and describe temperature dependence ofmagnetization in ther-
mal equilibrium [1]. In addition to their equilibrium prop-
erties, a nonequilibrium magnon flow (magnonic current) is
currently an actively investigated subject because of its practi-
cal and fundamental importance. A magnonic current carries
information in the form of spin-wave amplitude or phase with-
out involving moving charges, which may find use in Joule-
heating-free and low-power computing [2–11]. Moreover, spin
superfluid associated with spontaneous breaking of the U(1)
spin-rotational symmetry is able to deliver the spin informa-
tion for a much longer distance than conventional magnonic
current [12–15], thereby enhancing the potential for practical
use. From the viewpoint of fundamental physics, an important
feature of magnonic current is that it carries spin angular mo-
mentum as well as linear momentum. A manifestation of this
feature is a magnonic torque on a magnetic soliton by trans-
ferring momenta, resulting in a soliton dynamics. A widely
studied soliton dynamics in this respect is the magnon-driven
domain wall (DW) motion [16–26]. A DW moves in the op-
posite direction with the magnon propagation direction when
the angular momentum transfer dominates [20, 21], whereas
it moves in the same direction when the linear momentum
transfer dominates [17–19, 22, 24, 26].

In these previous studies, the direction of DW motion re-
verses with respect to the reversal of the magnonic current
direction (thus bidirectional), just as for the electric current-
driven DW motion. Such a bidirectional motion is general in
systems where the symmetry is preserved. On the other hand,
in asymmetric systems, symmetry breaking allows for a unidi-
rectional motion. Known examples are unidirectional brown-
ian motion of particles [27, 28] and ratchet motion of DW [29]
by introducing a periodic asymmetric potential. Strictly speak-

ing, however, these examples are also bidirectional because an
instantaneousmoving direction follows the direction of driving
source and the only eventual displacement is directional.
In this paper, we report that not only eventual but also instan-

taneous unidirectional DW motion is realized by a magnonic
current in the presence of interfacial Dzyaloshinskii-Moriya
interaction (DMI). The DMI is the antisymmetric component
of the exchange interaction, which originates from spin-orbit
coupling and broken inversion symmetry [30–32]. The interfa-
cial DMI naturally emerges at ferromagnet/heavy metal inter-
faces where inversion symmetry is broken [33, 34]. It provides
a fast DWmotion [35–37] and rich spin-wave physics [38–44].
We first make a general symmetry argument that odd or-

der DMI contributions to the magnon-driven DW velocity
are even functions of the magnon momentum k (unidirec-
tional), whereas even order contributions are odd functions of
k (bidirectional). We then numerically demonstrate that for an
in-plane transverse DW, the unidirectional contribution domi-
nates the net DW velocity over wide ranges of parameters in a
realistic regime, thus theDWmotion is unidirectional. We also
demonstrate that thermal magnons with distributed k induce
the unidirectional DW motion. Finally, we analytically show
that transitions from k state to k + ∆k state result in a linear
momentum transfer to the DW proportional to ∆k. Although
the linear momentum transfer is canceled out when consider-
ing all possible ∆k in non-DMI systems, the DMI makes the
transition rates asymmetric in ∆k so that the linear momen-
tum transfer becomes finite. This gives rise to a nonnegligible
DMI contribution to the DW velocity, which dominates the
non-DMI contribution originating from the angular momen-
tum transfer [22].
Symmetry argument— We consider a one-dimensional in-

plane transverse DWwith interfacial DMI induced by an inter-
face normal to ẑ [Fig. 1(a)]. We define the magnon-induced
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FIG. 1. (a) One-dimensional magnetic system including an in-plane
transverse DW at the center and two antennas with a distance dant.
The DMI is induced by inversion symmetry breaking along z. The
antennas #1 and #2 generate spin waves of momentum +k and −k
toward the DW. (b) Definition of the DW velocity vdw(D, k) for ±
signs of D and k. The rotation of whole sample by π around the y
axis (denoted by Rπy ) requires vdw(D, k) = −vdw(−D,−k). The
gray scale indicates a small tilting of the equilibrium DW structure
by DMI, which also flips the sign whenD changes its sign.

DW velocity vdw(D, k) as depicted in Fig. 1(b), where k is the
incident spin-wave momentum and D is the strength of inter-
facial DMI. When a spin wave is incident from the left (right)
side of DW, we define k to be positive (negative). Depending
on the signs ofD and k, there are four possible DW velocities;
vdw(±D,±k) and vdw(±D,∓k). These four velocities are
related by a symmetry operation. When one rotates the whole
system around the y-axis by π (denoted byRπy ), not only do the
signs of k and vdw change, but also that of D changes due to
the reversal of the structural inversion asymmetry [Fig. 1(b)].
This leads to the following constraint.

vdw(D, k) = −vdw(−D,−k). (1a)

Note that Eq. (1a) is general regardless of a particular choice
of the DW structure, once the boundary condition is invariant
under the rotation Rπy . However, it does not work for a DMI
originating from bulk inversion asymmetry [24], because its
sign is not reversed under the rotation.

We now assume that vdw(D, k) can be expanded perturba-
tively in D (the validity is discussed below): vdw(D, k) =
v0(k) +Dv1(k) +D2v2(k) + · · · . Applying Eq. (1a) for each
order of D gives

vn(k) = (−1)n+1vn(−k). (1b)

Equation (1b) implies that the odd (even) order DMI contri-
butions are unidirectional (bidirectional). If the higher order
contributions are negligible, vdw(D, k) and vdw(D,−k) have
the same sign once |Dv1| > |v0| is satisfied, resulting in a
unidirectional DW motion.

There are two remarks. First, although Eq. (1a) is gen-
eral, the application of Eq. (1b) makes the choice of in-plane
transverse wall crucial. For example, a perpendicular Néel
DW [45] motion is not guaranteed to be unidirectional, since
the DW structure changes significantly underRπy (i.e., the cen-
ter magnetization direction is flipped by π), going beyond the
perturbative regime. Second, for a thick film with thickness
& 10 nm, the spin-wave nonreciprocity due to dipolar inter-
actions can affect our symmetry analysis [46–48]. However, it
goes beyond themain scope of this work for which we consider
thin films with thickness. a few nanometers to have a relevant
interfacial DMI strength.
Micromagnetic simulations— To explicitly demonstrate the

unidirectionality of magnon-driven DW motion over wide
ranges of parameters, we perform micromagnetic simula-
tions. We solve the Landau-Lifshitz-Gilbert equation, ∂tm =
−γm×Heff +αm×∂tmwherem is the unit vector along the
magnetization, γ is the gyromagnetic ratio, andα is the Gilbert
damping constant. The effective field is given by Heff =
2M−1

s (A∂2
xm−Kzmz ẑ+Kxmxx̂−Dŷ×∂xm) whereMs

is the saturation magnetization, A is the exchange stiffness,
Kz = 2πM2

s is the hard-axis anisotropy, and Kx is the easy-
axis anisotropy. Modeling parameters are: the total length of
nanowire L = 8 µm, dant = 600 nm, Ms = 800 emu/cm3,
A = 1.3×10−6 erg/cm,Kx = 4.7×105 erg/cm3, α = 0.01,
andD varies from 0.0 erg/cm2 to 1.0 erg/cm2 (see Supplemen-
tary Information [49] for details of simulation).
Figure 2 shows simulation results for the DW velocity in-

duced by magnon with momentum ±k. The velocity is nor-
malized by |ρ|2 where ρ is the spin-wave amplitude. ForD = 0
[Fig. 2(a)], vdw is bidirectional and fits well with the previously
reported velocity vdw/|ρ|2 = −2kγA/Ms [20, 22], obtained
from the angularmomentum transfermechanismwithoutDMI.
This corresponds to v0(k) in Eq. (1b). On the other hand, for
D = 1.0 erg/cm2 [Fig. 2(b)], vdw(+k) and vdw(−k) have the
same sign for overall ranges of |k|, showing the unidirection-
ality of magnon-induced DW motion. As D increases from
0.0 to 1.0 erg/cm2, the unidirectionality first appears in high
k ranges and then expands to low k ranges (not shown). For
D ≥ 0.5 erg/cm2, the unidirectionality appears from a fairly
low k (≈ 13 × 105 cm−1, corresponding to the wavelength
≈ 50 nm).

To explicitly show that the odd order DMI contributions
(unidirectional) dominate the even order DMI contributions
(bidirectional), we separate those contributions in Figs. 2(c)
and 2(d). Here veven = v0(k) + D2v2(k) + · · · and vodd =
Dv1(k)+D3v3(k)+ · · · [See Eq. (1b)]. Figures 2(c) and 2(d)
show that the unidirectional contribution vodd is larger than
the bidirectional contribution veven for most of the parameters
considered.

Despite the dominating DMI contribution to vdw, the per-
turbative expansion in Eq. (1b) is still valid. To numerically
show this, we estimate the lowest even (v2) and odd (v1) order
contributions, defined as v2 ≈ [veven − veven(D = 0)]/D2

and v1 ≈ vodd/D. We observe that they are largely indepen-
dent of D [Figs. 2(e) and 2(f)], although v2 fluctuates a bit at
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FIG. 2. The magnon-driven DW velocity vdw(±k) normalized by
|ρ|2 for (a) D = 0.0 and (b) D = 1.0 erg/cm2. Separation of even
and odd order DMI contributions to vdw: (c) even order contribution,
veven = |vdw(+k) − vdw(−k)|/2, and (d) odd order contribution,
vodd = [vdw(+k) + vdw(−k)]/2 for various D. The odd order
(unidirectional) contribution dominates the even order contribution
over wide ranges of k and D. The separation gives the estimation of
v2 and v1 by computing (e) v2 ≈ [veven − veven(D = 0)]/D2 and
(f) v1 ≈ vodd/D, respectively. Their independence of D confirms
the validity of perturbative expansion for the DW velocity.

a small D because of too small DMI contribution. The small
magnitudes of v2 [Fig. 2(e)] and the linear dependence of v1

in D [Fig. 2(f)] justify developing a first order theory in D in
this paper. The reason why the first order contribution Dv1

can be larger than the zeroth order contribution v0 is that they
come from different physical origins. v0 mainly originates
from the angular momentum transfer mechanism [22] while
Dv1 mainly originates from the linear momentum transfer
mechanism described in the next section.

Because the unidirectionality of the DW motion appears in
wide ranges of k, thermal magnons consisting of spin-wave
modes with various k should also induce a unidirectional DW
motion. To verify this, we perform numerical calculations
for the DW motion driven by thermal magnons, by imposing
the thermal fluctuation field [50] corresponding to the tem-
perature T = 300 K locally at each antenna. The result
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FIG. 3. (a) The DWmotions due to thermal magnons from antennas
#1 and #2 respectively shows the unidirectionality (temperature at
antenna = 300 K). (b) Unidirectional DWmotion driven by a spatially
symmetric heating. The temperatures for each line are those of the
heated area.

for D = 1.0 erg/cm2 [Fig. 3(a)] shows that the DW moves
towards a particular direction regardless of the direction of
thermal magnon flow. This observation suggests that thermal
magnons simultaneously generated at both sides of DW can
push the DW to a particular direction. To demonstrate this, we
heat up the outside of DW in the overall region over 400 nm
distant from the initial DW position. In spite of the spatially
symmetric heating, the DW moves towards a particular direc-
tion [Fig. 3(b)] as expected. The direction of the motion is
determined by the sign of the DMI and the DW center mag-
netization direction [51], which is controllable by an external
magnetic field. This suggests a simple experimental scheme
to observe the unidirectionality of the DW motion.
Analytic theory— To gain insight into the origin of the

unidirectional contribution, we analytically derive the DW
velocity with a first order perturbation theory in D. We
start from the energy functional without the DMI E0(m) =∫∫∫

[A|∂xm|2 + Kzm
2
z −Kxm

2
x]dxdydz, for which Heff =

−M−1
s δE0/δm (without the DMI). With the boundary con-

dition m(x = ±∞) = ∓x̂, the energy-minimizing profile
of magnetization m = (sin θ0 cosφ0, sin θ0 sinφ0, cos θ0)
forms a DW [52]. In the presence of spin waves, the mag-
netizationm = (sin θ cosφ, sin θ sinφ, cos θ) fluctuates from
the static DW: θ = θ0 + δθ and φ = φ0 + δφ. Le Maho et
al. [53] diagonalized E0(m) ≡ E0(m)/Syza in terms of the
spin-wave amplitudes as

E0(m) = E0(m0) +
1

Syza

p2

2mdw
+
∑

k

~Ωkc
∗
kck, (2)

where Syz =
∫∫

dydz is the cross-sectional area in yz plane,
a is the spacing between the magnetic sites, p is the DW
momentum, ck is the spin-wave amplitudes of k state, mdw

is the DW mass [54], ~Ωk = Kx

√
ωk(ωk + κ) is the spin-

wave energy, κ = Kz/Kx, ωk = 1 + k2λ2, and λ is the DW
width. The second term in Eq. (2) refers to the kinetic energy
of DW and the third term refers to the spin-wave contributions
[see Supplementary Information [49] for the expression of
mdw and the explicit mathematical relation between (p, ck)
and (δθ, δφ)].
To introduce DMI, we add ED(m) =

∫
Dm · (ŷ ×
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∂xm)dx/a to E0. There are linear contributions in (p, ck)
which shift the equilibrium from (p, ck) = (0, 0) to (p, ck) =
(p0, ck,0) ∝ D and these shifts correspond to the small tilting
(mz) depicted in Fig. 1(b). The total energy is then written by,
up to O(D1),

E(m) = E(m0) +
1

Syza

p̃2

2mdw
+
∑

k

~Ωk c̃
∗
k c̃k +DV, (3)

where c̃k = ck − ck,0, p̃ = p − p0, V is a quadratic form of
(p̃, c̃k), andDV is the perturbing energy. The explicit expres-
sion of V present in Supplementary Information [49] implies
that it is possible to neglect spin-wave reflection, magnon num-
ber nonconservation, and transitions from ck to p, if k is not
so small. These approximations simplifyDV to the following
form:

DV ≈ D
∑

kk′

Vkk′ c̃
∗
k′ c̃k. (4)

The physical meaning of Vkk′ is the transition amplitude from
a spin-wave state with momentum k to another state with mo-
mentum k′ = k + ∆k. An important property of Vkk′ is that
it is asymmetric in ∆k (Vk,k+∆k 6= Vk,k−∆k) due to DMI.
Therefore a finite amount of momentum transfer to the DW
arises even after considering all possible ∆k (Fig. 4). This
mechanism is different from the one of a previous report [24]
considering bulk DMI, where the linear momentum transfer
occurs due to the difference of allowed k in each domains (not
DW).

To calculate the momentum transfer to the DW, we
use the conservation of linear momentum [55]. In
our notation, the total linear momentum Ptot = p +
(MsaSyz/γ)

∑
k(k/2)c̃∗k c̃k [56] is constant in time. If the

second term (total spin-wave momentum) changes during any
scattering process, this amount should be transferred to p and
the DW velocity is then given by vdw = p̃/mdw. The mo-
mentum transfer is calculated by the scattered magnon ampli-
tude, which diagonalizes Eq. (3) by E(m) =

∑
k ~ΩkC

∗
kCk+

(constant). It is given by the standard perturbation theory
Ck = c̃k +

∑
k′ 6=kDVk′k c̃k′/(~Ωk − ~Ωk′). This shows

∑

k

k

2
c̃∗k c̃k =

∑

k

k

2
C∗kCk −

Vll
2~∂lΩl

Re
∑

kk′

C∗kCk′ , (5)

where we assume that Ck is highly localized near k ≈ l,
where l is the incident spin-wavemomentum. The second term
is the momentum to be transferred to the DW. To calculate it
explicitly, we assume aGaussianmagnon distribution centered
around k ≈ l with the full width at half maximum δk. This
setup gives the unidirectional DW velocity as

Dv1(l) ≈ γκδk|ρ|2
Ms

DπL
√
ωl(ωl + κ)

6A(2ωl + κ)
, (6)

which is an even function of l, consistent with our symmetry
argument [Eq. (1b)]. In Supplementary Information [49], we
show that this rough estimation predicts the order ofmagnitude
of the DW velocity reasonably well for high k, but slightly
overestimates it, particularly for low k. The deviation may
originate from our approximations used to obtain Eq. (4). For
low k, spin-wave reflection can reduce the total momentum
change and even modify the amount of angular momentum
transfer. In addition, the processes not conserving the magnon
number are no longer negligible for low k. However, these low
k behaviors are too complicated to be accounted for explicitly
in an analytic theory intended for gaining insight.

Discussion— We demonstrated a unidirectional DW mo-
tion driven by magnon flow in the presence of interfacial DMI.
Our result has several implications that are not limited only to
the magnon-driven DW dynamics. The counterintuitive uni-
directional DW motion is caused by two combined effects:
one is the broken symmetry by interfacial DMI at the DW
part and the other is the linear momentum transfer through
k-state transitions. The former is associated with chiral prop-
erties of magnon induced by the DMI. The chirality is not
specific to magnons but also appears for other bosons such as
phonons [57]. As phonons or elastic waves are able to move
the magnetic DW [58], we expect a similar effect may occur
for phonons as well. The latter, the linear momentum transfer
through k-state transitions, is qualitatively different from the
previous studies [17–19, 22, 24, 26] reporting the dominant
role of the magnon reflection from the DW in the linear mo-
mentum transfer. The mechanism described in our work is not
directly related with the magnon reflection. It is rather similar
to the intrinsic spin torque mechanism [59, 60] that is caused
by an electric-field-induced state change, not by an occupa-
tion change. This similarity may imply an analogue between
bosonic magnons and ferminonic electrons, which would offer
an interesting direction for future studies.
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I. DETAILS FOR SIMULATIONS

The DW is initially positioned at the center of the nanowire and spin-wave antennas [#1 and #2 in Fig.1(a) in the main text]
are located dant distant from the initial DW position. A spin wave with momentum k (−k) from the antenna #1 (antenna
#2) propagates toward the DW and gives rise to a displacement of the DW. To solve the Landau-Lifshitz-Gilbert equation, we
discretized the system along x with the unit length a = 2 nm. We employ a spin-wave-absorbing boundary condition by
increasing α smoothly near edge (both side 500 unit cells) to αmax = 1.00 for preventing spin-wave reflection [1]. To excite spin
waves with frequency f , we apply an ac magnetic field Hacsin(2ft) on two unit cells at the locations of the antennas, where
Hac = 1200 Oe.

II. HAMILTONIAN FOR SPIN WAVES

A. Without Dzyaloshinskii-Moriya interaction

We start from the energy functional without Dzyaloshinskii-Moriya interaction (DMI),

E0(m)

a3
=

∫ [
A|∂xm|2 +Kzm

2
z −Kxm

2
x

] dx
a

dy

a

dz

a
= Ntr

∫ [
A|∂xm|2 +Kzm

2
z −Kxm

2
x

] dx
a
, (S1)

where a is the spacing between each magnetic sites and Ntr = Syz/a
2 is the number of magnetic sites in yz plane. With the

boundary condition limx→±∞m = ∓x̂, the solutionm0 = (sin θ0 cosφ0, sin θ0 sinφ0, cos θ0) minimizes the energy [2] where
sinφ0 = sech ξ, cosφ0 = − tanh ξ, θ0 = π/2, ξ = (x−X)/λ, X is the domain wall (DW) position, and λ =

√
A/Kx is the

DW width. In other words, δθE0 = δφE0 = 0 at m = m0.
In the presence of spin waves, the system deviates slightly from m0, m = (sin θ cosφ, sin θ sinφ, cos θ) where θ = θ0 + δθ

and φ = φ0 + δφ. Then, E0(m) = E0(m)/Ntra
3 is [3]

E0(m) = E0(m0) +Kzc
2
loc +

∑

k

~Ωkc
∗
kck, (S2)

where cloc is the localized spin-wave amplitude, ck is the extended spin-wave amplitude with momentum k, and the mathematical
relations between (δθ, φ) and (cloc, ck), ~Ωk and the system parameters are

δφ+ iδθ = iclocfloc +
∑

k

dkfk, floc =
1√

2Ndw
x

sech ξ, fk =
1√
ωkNx

eikλξ(tanh ξ − ikλ),

~Ωk = Kx

√
ωk(ωk + κ), ωk = 1 + k2λ2, κ = Kz/Kx, ck = u+k dk − u−k d∗−k, u±k =

√
ωk + κ/2± ~Ωk/Kx

2~Ωk/Kx
,

where Ndw
x = λ/a and Nx = L/a. Here floc and fk are corresponding wave functions of the localized mode and the extended

modes. δθ and δφ can be expanded by fk and floc.

δφ =
∑

k

φkν
φ
k fk, δθ = clocfloc +

∑

k

θkν
θ
kfk, ν

φ
k =

u+k + u−k
2

, νθk =
u+k − u−k

2
, φk = ck + c∗−k, θk =

ck − c∗−k
i

. (S3)



2

Here νθ/φk refers to ellipticity of the spin-wave mode and satisfies νθkν
φ
k = 1/4.

The bound state can be represented by the DW momentum defined by p = −S
√

2Ndw
x Ntrcloc/λ, which will be shown

below to be the canonical conjugate to the DW position. Here S is spin angular momentum of magnetic moments and satisfies
γS = −Msa

3. For the Döring mass [4] mdw = Ndw
x NtrS

2/Kzλ
2a3, the second term in Eq. (S2) is written by p2/2mdw as

stated in the main text.

B. Inclusion of DMI

Including DMI, the total energy is then E(m) = E0(m) + ED(m) where

ED(m) =

∫
Dm · (ŷ × ∂xm)

dx

a

= D

∫ [
(∂ξδθ) tanh ξ − δθ sech2 ξ

] dξ
a

+ 2D

∫
δφ sech ξ(∂ξδθ)

dξ

a
≡ E(1)D (m) + E(2)D (m). (S4)

Here E(1)/(2)D are the first and the second order contributions from the spin-wave amplitudes.

1. Change of the equilibrium configuration

ED(m)(1) modifies equilibrium configuration by δE/δm = 0 condition. By using the expansion in Eq. (S3)

ED(m)(1) = Dcloc

∫ [
(∂ξfloc) tanh ξ − floc sech2 ξ

] dξ
a

+D
∑

k

θkν
θ
k

∫ [
(∂ξfk) tanh ξ − fk sech2 ξ

] dξ
a
. (S5)

Each of the integrals after some algebra respectively gives the first and second terms of the following expression.

ED(m)(1) =
πD

2SNtr
p+D

∑

k

(ck + c∗k)νθk
k2πλ2

a
√
ωkNx

csch
kπλ

2
. (S6)

The linear contributions of p and ck shift the equilibrium condition.

E0(m) + ED(m)(1) = E0(m0) +
1

Ntra3
p̃2

2mdw
+
∑

k

~Ωk c̃
∗
k c̃k + (constant), (S7)

p̃ = p+
mdwπDa

3

2S
, c̃k = ck +

πDνθk
a~Ωk

k2λ2√
ωkNx

csch
kπλ

2
, (S8)

where we neglect O(D2) and higher order terms here and from now on. Now, equilibrium condition is changed from p = 0 and
ck = 0 to p̃ = 0 and c̃k = 0.

2. Change of the magnon dispersion

ED(m)(2) modifies the magnon dispersion. By using the expansion in Eq. (S3),

ED(m)(2) = 2D
∑

k

clocφkν
φ
k

∫
fk sech ξ∂ξfloc

dξ

a
+ 2D

∑

kk′

φkν
φ
k θk′ν

θ
k′

∫
fk sech ξ∂ξfk′

dξ

a
. (S9)

From the following identities,
∫
fk sech ξ∂ξfloc

dξ

a
= −kπ

√
λωk

3
√

2L
csch

kπλ

2
,

∫
fk sech ξ∂ξfk′

dξ

a
= − iπλ

3L
√
ωkωk′

[k − 2k′ + (k3 − 2k′3)λ2] sech
(k + k′)πλ

2
,
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we obtain

DV = ED(m)(2)

= D
∑

k

p

S
(ck + c∗k)νφk

kπλ

3Ntr

√
ωk
Nx

csch
kπλ

2

+D
∑

kk′

(c−kck′ + ckc
∗
k′ + c∗kck′ + c∗−kc

∗
k′)ν

φ
k ν

θ
k′

2πλ

3L
√
ωkωk′

(kωk + 2k′ωk′) sech
(k − k′)πλ

2
, (S10)

which provides the explicit expression of DV in Eq. (3) in the main text. Since the expression is already proportional to D, we
may replace (p, ck) by (p̃, c̃k).
There are several important properties of V . First, V includes a negligible reflection contributions. According to its expression,

the coefficient mixing k (initial state) and k′ (final state) in V is proportional to sech(k−k′)πλ/2, thus transitions occur only when
|k− k′| . 2/λπ ≈ 4× 105 cm−1 for λ ≈ 16 nm for our case. For a reflection, |k− k′| = |2k| ≈ (20 to 60)× 105 cm−1 in our
case does not satisfy this condition. Second, transitions from a spin-wave state (c̃k) to and from a localized state (p̃) is proportional
to csch(kπλ/2) so is also negligible. Third, contributions to the perturbed state from terms non-conserving the magnon number
(ckck′ or c∗kc∗k′ ) are negligible. This is because perturbation theory implies the scattered amplitude ∝ 1/|Ef −Ei| for the initial
energy Ei and the final energy Ef . When a magnon with momentum k′ ≈ k is creased or annihilated, |Ef − Ei| is at least on
the order of Ek, which is much larger than number-conserving case |Ef − Ei| = |Ek′ − Ek| ≈ 0. In this approximation, we
may write

DV ≈ D
∑

kk′

Vkk′ c̃
∗
k′ c̃k, (S11)

where DVk′k is the transition rate from k to k′. Here Vkk′ = hk′k + hkk′ where hkk′ = Dνφk ν
θ
k′(2πλ/3L

√
ωkωk′)(kωk +

2k′ωk′) sech[(k − k′)π/λ]. Now it is clear to see that Vkk′ is asymmetric in k′ − k. For k = k′ = l, Vll = Dlπλ/L, which is
used in the DW velocity expressions.

When we assume negligible reflection and magnon creation/annihilation, we may mimic the standard perturbation theory to
diagonalize the total energy functional. It is possible to check that

Ck = c̃k +
∑

k′

′ DVk′k c̃k′

~Ωk − ~Ωk′
(S12)

diagonalizes E(m) and satisfies the standard bosonic relation [Ck, C
†
k′ ] = δkk′ when elevated to quantum operators.

∑′ refers
to the summation except divergent values at k = ±k′.

III. DW VELOCITY

A. Conservation of linear momentum

To write down the Lagrangian of the system, we start from the spin Berry phase (kinetic) term:

Lkin = S

∫
(1− cos θ)

dφ

dt

dx

a

dy

a

dz

a
= NtrS

∫
(1− cos θ)

∂φ

∂t

dx

a
−NtrS

dX

dt

∫
(1− cos θ)

∂φ

∂ξ

dξ

a
. (S13)

From the translational symmetry the coefficient in front of dX/dt is a conserved quantity. Therefore, we define

Ptot = −NtrS

∫
cos θ

∂φ

∂ξ

dξ

a
, (S14)

which is constant in time. After some algebra, we express it in terms of the spin-wave amplitudes:

Ptot

NtrS
=

p

NtrS
− π

4S
√
Nx

∑

k

pφkν
φ
k

√
ωk sech

kπλ

2
+
∑

kk′

φkθk′ν
φ
k ν

θ
k′
i(k2 − k′2)πλ2 csch (k+k′)πλ

2

2L
√
ωkωk′

+
∑

k

ik

4
φkθ−k,

(S15)
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is constant in time. We neglect the second and third terms which are small for λ � L. The last term is the momentum carried
by spin waves.

∑

k

ik

4
φkθ−k = −

∑

k

k

4
(ck + c∗−k)(c∗k − c−k) = −

∑

k

k

2
c∗kck. (S16)

Therefore, the following quantity is constant in time.

Ptot

NtrS
=

p

NtrS
−
∑

k

k

2
c∗kck. (S17)

B. Momentum transfer

We assume that an incident spin-wave mode with a Gaussian distribution

c̃k =

√
2π

a

ρ

(2πη2)1/4
e−(k−l)

2/4η2 , (S18)

where η is the standard deviation of the SW states. The full width at half maximum is given by δk = 2
√

2 ln 2η. Here
c̃l = cl− cl,0 where cl,0 is first order inD. The equilibrium contributions are averaged out. Then, the initial momentum is given
by

Ptot

NtrS
=

p0
NtrS

− lNx|ρ|2
2

, (S19)

where p0 is the momentum at equilibrium. Here we used
∑
k(k/2)c̃∗k c̃k = (L/2π)

∫
dk(k/2)c̃∗k c̃k and the expression in

Eq. (S18).
After scattering, the spin-wave state is described by Ck. In terms of Ck, c̃k is

c̃k = Ck −
∑

k′

′ DVk′kCk′

~Ωk − ~Ωk′
. (S20)

where
∑′ refers to the summation except divergent values at k = ±k′. Then, up to first order in D,

∑

k

k

2
c̃∗k c̃k =

∑

k

k

2
C∗kCk −

1

2
Re
∑

kk′

′DVk′k
k − k′

~Ωk − ~Ωk′
C∗kCk′ . (S21)
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FIG. S1: Comparison with Eq. (S22) (solid lines) and our numerical simulation. δk (thus η) was also extracted from the numerical simulation.
Although there are some discrepancy for low k due to the assumptions that we made, it predicts reasonable values for the high k regime.
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Now the divergences are all handled [(k − k′)V +
k′k = 0 for k = ±k′]. Thus, the two states contributions in the summation are

negligible. Thus we replace
∑′ by∑.

Assuming that Ck is highly localized near k = l, we may approximate Vk′k(k − k′)/(~Ωk − ~Ωk′) ≈ Vll/~∂lΩl.
∑

k

k

2
c̃∗k c̃k ≈

∑

k

k

2
C∗kCk −

Vll
2~∂lΩl

Re
∑

kk′

C∗kCk′ . (S22)

To calculate the summation in the last term, we assume that, Ck has the same distribution as Eq. (S18) after the scattering. Thus,
the first term gives is lNx|ρ|2/2. The second term is the momentum change. It is calculated by

∑

kk′

C∗kCk′ =

(
L

2π

)2 ∫∫
dkdk′

2π

L

|ρ|2√
2πη2

e−[(k−l)
2+(k′−l)2]/4η2 = Lη|ρ|2

√
2

π
. (S23)

This combined with Eq. (S22) gives the amount of the momentum transfer p̃/NtrS. Then, one obtains the DW velocity p̃/mdw

as presented in the main text. To obtain this, we approximate 2
√
π ln 2 ≈ 3 for simplicity of the expression. We compare this

analytic result to our numerical simulation in Fig. S1.
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