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Abstract. We present a boundary integral equation solver for wave scattering suited for manycore processors, which are expected to be the building blocks of energy-austere exascale systems,
and on which algorithmic and architecture-oriented optimizations are essential for achieving worthy
performance. We use the GMRES iterative method and the fast multipole method (FMM) to implement the matrix-vector product (MatVec) kernel. We implement highly optimized kernels for both
shared- and distributed-memory architectures and provide various performance models for tuning
the task-based tree traversal implementation of FMM. We develop optimal architecture-specific and
algorithm-aware partitioning, load balancing, and communication reducing mechanisms to scale up
to 6,144 compute nodes of a Cray XC40 with 196,608 hardware cores. Task-based traversal achieves
roughly 77\% and 60\% of the peak single precision floating point performance of a 56-core Skylake
Scalable processor and a 72-core Knights Landing processor, respectively. These represent approximately sevenfold speedups compared to the baseline scalar code. We report weak scalability in
accordance with the best possible O(log P ) communication complexity and the theoretical scaling
complexity of FMM. These result in up to 85\% efficiency in strong scaling while computing in excess
of 2 billion degrees of freedom (DoFs) on the full-scale Cray XC40. To demonstrate the applicability
of the proposed implementation of FMM, we use it in the solution of the acoustic scattering problem
involving soft targets. This calls for the discretization of an integral equation with an oscillatory
kernel and (weak) 1/R singularity. Applications of FMM to the problems involving hard targets,
which call for implementation of more complicated singularity extraction/cancellation schemes to
account for 1/R2 singularity, or to Burton--Miller surface integral formulation, which results in a
well-conditioned matrix system, are not considered in this work, but the efficiency and scalability
results demonstrated here are expected to be observed for these cases as well. The numerical results
are converged to within 1.0e-4 relative 2-norm residual accuracy of the analytical solution for the
sphere, and a multiple flower-shaped scatterer displays comparable algebraic convergence in a more
general setting.
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1. Introduction. The boundary element method (BEM) [49] is one of the most
efficient means to compute the numerical solution of the wave scattering problem
through relying upon dimensionality reduction. Following the surface discretization,
the resulting linear system of equations (Ax = b) features a large dense matrix. In
order to efficiently solve such a linear system of equations, one can use an iterative
method, e.g., GMRES, inside which a fast hierarchical approximation of the matrixvector product (MatVec) can be computed through utilizing the fast multipole method
(FMM) [26]. For nonuniform grids, FMM uses an octree-based hierarchical domain
\ast  Submitted to the journal's Software and High-Performance Computing section March 2, 2018;
accepted for publication (in revised form) April 10, 2019; published electronically June 20, 2019.
http://www.siam.org/journals/sisc/41-3/M117359.html
\dagger  Extreme Computing Research Center (ECRC), King Abdullah University of Science
and Technology, Thuwal, 23955-6900, Saudi Arabia (Mustafa.Abduljabbar@kaust.edu.sa, mohammed.farhan@kaust.edu.sa, noha.harthi@kaust.edu.sa, rui.chen@kaust.edu.sa, hakan.bagci@
kaust.edu.sa, david.keyes@kaust.edu.sa).
\ddagger  Global Scientific Information and Computing Center (GSIC), Tokyo Institute of Technology,
Tokyo, 152-8550, Japan (rioyokota@gsic.titech.ac.jp).

C245

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 10/08/19 to 109.171.137.210. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

C246

ABDULJABBAR ET AL.

decomposition, by which it exhibits near-optimal scalability [23]. In addition, the
multilevel fast multipole algorithm (MLFMA) [38] employs FMM as a low frequency
accelerator for the MatVec kernel, which computes integral equations of electromagnetic or acoustic wave scattering [27]. Furthermore, Takahashi, Coulier, and Darve
[47] utilize the inverse FMM (IFMM) [17, 4] to precondition the 3D Helmholtz equation and adopt the low-frequency FMM (LFFMM) [18].
In this paper, we present an extreme scale implementation of an FMM-accelerated
linear solver for wave scattering for the complex 3D Helmholtz boundary integral equation (BIE). FMM is a highly compute-intensive algorithm [3] that is portable and
adaptable to different levels of parallelism [1] and exhibits a scalable communication
[2, 53]. It is thus natural to rely upon such an algorithm to accelerate the MatVec kernel to scale the application performance to a large number of tightly coupled compute
nodes. In addition, a broad spectrum of literature has explored optimizing, tuning,
and scaling the nonoscillatory FMM on a wide range of computing architectures, considering both shared- and distributed-memory settings [50, 35, 34, 15, 41]. On the
other hand, the underlying 3D Helmholtz kernel that is described in [36] does not possess a self-contained near- or self-singularity treatment, through which the accuracy
of the solution, irrespective of the convergence rate, is improved [19]. Therefore, the
presented solver transparently handles adjacent and self-singularity, while efficiently
contending with a wide range of extreme scale performance challenges. A direct application of this solver is the acoustic wave scattering that is driven by arbitrary
scattering objects embedded in a 3D medium [46, 8, 42].
The key contributions of the paper are summarized as follows:
\bullet  Develop an extreme scale FMM-accelerated BIE linear solver for oscillatory kernels
that tackles a problem similar to that addressed by Bruno and Kunyansky [9] but
exploits the O(N log N ) complexity when high-frequency computations dominate.
\bullet  The 3D complex Helmholtz kernels are revisited in light of shared- and distributedmemory performance to reach the hardware modeled performance. These enhancements result in a fast time-to-solution that compensates for the ill-conditioning due
to subwavelength breakdown as described by Darve and Hav\'e [18].
\bullet  Our solver can compute in excess of 2 billion degrees of freedom (DoFs) and can
run to the full scale of the Cray XC40 supercomputer with 85\% strong scaling's
parallel efficiency.
\bullet  The weak scalability is achieved in accordance with the O(log P ) communication
complexity and the theoretical scaling complexity of FMM.
The rest of the paper is organized as follows. In section 2, we provide background on the underlying mathematics of the application code. Section 3 describes
the kernel implementation of the solver and its workflow. Section 4 presents the
shared-memory optimization means implemented to speed up the single node performance. In section 5, we describe the extreme scale implementation aspects, which
include partitioning, load balancing, and communication reducing. Section 6 presents
our performance evaluation results. Finally, we conclude in section 7 with a brief
outline of our ongoing work.
The supplementary material is available for download with the manuscript. It
contains (1) additional shared-memory optimization techniques, (2) for experimental reproducibility, the workload characterizations, underlying hardware and software
stack, and methodologies of designing the performance analysis, and (3) the convergence characteristics with respect to mesh refinement. The source code along with the
supplementary material document are downloadable from the BEMFMM webpage:
https://ecrc.github.io/BEMFMM/.
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2. Background. This section outlines the mathematical aspects of our FMM
Helmholtz solver, including the formulation of the incident wave scattering, and a
concise description of the underlying FMM kernels.
2.1. BIE formulation. Let S represent the surface of a closed scatterer residing
in a homogeneous medium. In general, fields of propagation waves in such a medium
are governed by (2.1), where U (r, t) is the unknown acoustic pressure, c is the speed
of sound, and \nabla 2 is the Laplacian operator [28].

\nabla 2 U (r, t)  - 

(2.1)

1 \partial 
U (r, t) = 0.
c2 \partial t2

Given the time-harmonic wave (i.e., e - jwt ), U (r, t) has the form of (2.2).
U (r, t) = Re[U0 (r)e - jwt ].

(2.2)

Inserting (2.2) into (2.1), one obtains the Helmholtz equation (2.3), where k is
the wave number.
\nabla 2 U0 (r) + k 2 U0 (r) = 0.

(2.3)

Equation (2.4) is the surface integral result of plugging the second form of the
Green's theorem [33] into (2.3), where p(r\prime  ) is the pressure field at the source point
\prime 
)
r\prime  , q(r\prime  ) = \partial p(r
is the velocity, pinc (r) represents the incident plane wave at the
\partial n\prime 
observation point r, and G(r, r\prime  ) is the scalar Green's function.

(2.4)

pinc (r) +

\int  \biggl[ 
S

\biggr] 
1
\partial G(r, r\prime  ) \prime 
\prime 
\prime 
p(r
)
 - 
G(r,
r
)q(r
)
dS \prime  = p(r),
\prime 
\partial n
2

r \in  S.

The scalar Green's function is represented in (2.5), where R = | \bfitR |  = | r  -  r\prime  |  is
the distance between source and observation points.

G(r, r\prime  ) =

(2.5)

ejkR
.
4\pi R

Equation (2.6) considers the soft boundary condition [12] with p = 0 in (2.4).
\int 
(2.6)

G(r, r\prime  )q(r\prime  ) = pinc (r).

S

(Note: The integral equation formulation used herein is subject to internal resonance problem, which is a well-known issue that has been addressed using different
approaches, e.g., the combined Helmholtz integral equation formulation (CHIEF) [44]
or the Burton--Miller formulation [10, 13]. However, a reasonably accurate numerical
convergence result can be achieved, even with an internal resonance problem, if the
excitation frequency does not coincide exactly with the cavity resonance frequencies
[11]. In section 6, this important phenomenon of interest is explored and verified.)
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2.2. Discretization via the Nystr\"
om method. To discretize the scatterer's
surface, we first divide it into curvilinear triangular patches for higher-order geometry
modeling. Then, a high-order Nystr\"om method [32, 20] is used to expand the unknown
surface velocity. Each curvilinear patch has Ni interpolation points defined on the
patch. The unknown velocity is expanded as an interpolation based on its values at
those points given by (2.7), where \vargamma  - 1 (r\prime  ) is the Jacobian at r\prime  , L(i,n) (\zeta , \eta ) is the
Lagrange interpolater at r\prime  calculated in a right triangle system u, v [32], and \{ I\} (i,n)
is the set of unknown expansion coefficients at the ith interpolation point on the nth
patch.
(2.7)

q(r\prime  ) =

Np Ni
\sum 
\sum 

\vargamma  - 1 (r\prime  )L(i,n) (\zeta , \eta )\{ I\} (i,n).

n=1 i=1

Substituting (2.7) into (2.6) and applying the point-matching testing [32] at
the interpolation points leads to a final discretized matrix (2.8), where [V inc ]j,m =
pinc (r(j,m) ).
ZI = V inc .

(2.8)

The entries of Z are given by (2.9). r(j,m) is the jth interpolation point on the
mth patch: j = 1, . . . , Np and m = 1, . . . , Ni .
\int 
(2.9)
[Z](j,m)(i,n) =
G(r(j,m) , r\prime  )\vargamma  - 1 (r\prime  )L(i,n) (\zeta , \eta )dr\prime  .
\Delta n

Numerical solution of the BIE with the Nystr\"
om method requires an evaluation of
the singular integrals either numerically or analytically. Several singularity treatment
techniques have been proposed (e.g., polar coordinate transformation [45], singularity
subtraction technique [31], and Duffy transformation [19]). In this work, we use the
Duffy transformation, since it works well with the weak 1/R singularity from (2.5)
[39]. This method is briefly summarized in the supplementary material.
2.3. FMM as an accelerator for the BIE. From an algebraic perspective,
FMM works as a matrix-free accelerator for the matrix-vector multiplication of certain
matrices arising from the elliptic PDEs [25] that satisfy Green's formula (see (2.5))
[30]. The solution of the linear system involving G(r, r\prime  ) can produce the target vector
field (i.e., q(r\prime  ) of (2.4)) iteratively. As mentioned, the BEM discretization matrix
is dense, and thus, the BIE evolves into a summation (2.7) that is very costly to
calculate. Equation (2.10) is an explanatory example that uses FMM to approximate
the scattered field or the impulse response due to a monopole source placed inside a
closed sphere. p(r) is the field due to all sources, which represents the reflection of
the source within closed domain. G(r, r\prime  ) is already defined in (2.5), whereas q(r\prime  ) is
the strength of the jth source:
(2.10)

p(r) =

Ns
\sum 

G(r, r\prime  )q(r\prime  ).

j

Calculating the effect at many target points (e.g., Nt ) results in quadratic complexity, which can be reduced to O(Ns + Nt ) by expanding (2.10) into a series of
spherical harmonics [16], as in (2.11). The nonsingular part of the solution can be
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(2.11)

p(r) = ik

\infty  \sum 
n
\sum 

Sn - m (rj )Rnm (r),

r \leq  rq ,

n=0 m= - n

(2.12)

p(r) = ik

\infty  \sum 
n
\sum 

Cnm Rnm (r),

n=0 m= - n

\sum 

Cnm =

(2.13)

Qq Sn - m (rq ).

rq <Rmax

In FMM, the coefficients (also known as the multipoles) Cnm are computed for
each point, and the corresponding series is truncated at P \ll  N , which is the order
of expansion, and thus, the complexity is cut down to P 2 for a single target.
The FMM implementation used herein is a synergistic combination of \ttE \ttx \tta \ttF \ttM \ttM 
[52] and \ttF \ttM \ttM \ttL \ttI \ttB \ttthree \ttD  [14, 24]. The 3D Helmholtz \ttF \tto \ttr \ttt \ttr \tta \ttn  kernels from \ttF \ttM \ttM \ttL \ttI \ttB \ttthree \ttD  have
been reformulated and recoded in \ttC ++ to augment hardware-specific performance enhancements. We have incorporated several state-of-the-practice software performance
engineering methodologies to squeeze the performance to the hardware limit by focusing on consolidating various architecture-specific and algorithm-aware optimization
means. Figure 1 summarizes the underlying FMM's tree passes integrated herein.
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formulated as in (2.12).

L2P

Leaf

Leaf

P2P

Leaf

Fig. 1. FMM workflow [14].

In brief, the wideband spectrum of interactions is divided into low and high
frequency regimes where the underlying expansion (i.e., H, J, and Exponential) is
invoked accordingly [14]. After hierarchically decomposing the domain into a quad/oct
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(a) Original domain before partitioning.

(b) Quad-tree partitioning on 4 processes.

Fig. 2. Particles in a spherical shell 2D domain.

tree as shown in Figure 2, an upward sweep applies P2M and M2M operators to
propagate leaf sources into multipoles relying upon the H-expansion. Next, a traverse
stage (horizontal pass) is performed using the M2L operator that uses either the
high-frequency diagonal translation or the exponential expansion, such that the wellseparated cells interact as multipoles or, otherwise, as particles. Finally, a downward
pass stage is employed to translate local expansions to the corresponding target cells,
known as the L2P operator. The adjacent neighbors, on the other hand, interact in a
subquadratic manner using (2.5) inside the P2P kernel.
3. BEMFMM system architecture. Having explained the fundamental formulation of the underlying FMM, the acoustics problem, and the 3D complex Helmholtz
equation, this section describes the implementation attributes of the presented solver,
namely \ttB \ttE \ttM \ttF \ttM \ttM . A high-level representation of \ttB \ttE \ttM \ttF \ttM \ttM  is depicted in Figure 3, and
the following describes its key routines.
FMMLIB3D

PETSc

GMSH

⍺

Normalization

BEMFMM

𝑢, ⍵

Trilinos

GMRES

ViennaCL

ExaFMM

FMM Wrapper

β

FMM

𝒚𝑚

Iteration
Fig. 3. BEMFMM's system overview.

Mesh normalizer. One of the severe obstacles that we encounter in large-scale
experiments is reading large input meshes from persistent file systems, e.g., \ttL \ttU \ttS \ttT \ttR \ttE .
We thereby implement a parallel, system-dependent mesh file handler routine that
parses a variety of formatted mesh ASCII files (e.g., \ttG \ttM \ttS \ttH  and \ttI -\ttD \ttE \ttA \ttS ), along which an
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FMM-specific partitioning scheme is developed. Our in-house domain decomposition
is designed to interface a third-party partitioning tool, e.g., \ttP \tta \ttr \ttM \ttE \ttT \ttI \ttS , to carry out
the fine- and coarse-grained domain decomposition locally. The partitioning scheme
implemented herein possesses a dual-stage routine, as follows:
\bullet  A hierarchical, multilevel division approach that partitions the mesh file on the
master node (i.e., message passing interface (MPI) rank 0) and then splits and
broadcasts the files across the available MPI ranks. This approach, however, is
limited by a small number of compute nodes, in which it perfectly works up to 64
nodes; each accesses at most 128 GB of memory and about 2 TB of disk storage.
\bullet  To overcome the scalability hurdles imposed by the network and memory constraints
of the first stage, we develop a preprocessing phase to handle the file distribution
beyond 64 MPI ranks. It is an external \ttC ++ ``call-back"" routine that constructs an
intermediate binary big-endian mesh file of the original file. The generated intermediate file is supplemented with extra headers outlining the underlying characteristics
of the mesh file distribution. In other words, we abstract out the format-specific
data and translate it into coordinates corresponding to the elements. Each MPI
process, thereafter, calculates its offset and reads a block of the data in a collisionfree manner prior to the FMM-specific partitioning. Consequently, we conserve a
great deal of computational time that is consumed to parse TeraBytes of ASCII
numbers. Furthermore, this approach does not require synchronization of file reads
or even using MPI I/O. This, in turn, simultaneously load balances the network
reads in terms of bandwidth and throughput.
BEMFMM. It is the main module that contains the source field discretizer and
the interfaces to the underlying numerical iterative solver. (Note: At the current
implementation, we link to either our in-house implementation of GMRES or an
interface to \ttP \ttE \ttT \ttS \ttc  framework [5, 6, 7], and we plan to include various interfaces to
different existing numerical libraries targeting different hardware architectures, e.g.,
ViennaCL [43] or Trilinos [29].) Table 1 shows the parameters that control the entire
cycle of the solver.
FMM wrapper. It is an abstraction on top of the \ttE \ttx \tta \ttF \ttM \ttM  library [52]. The enhancements described in sections 4 and 5 are both integrated into \ttE \ttx \tta \ttF \ttM \ttM . In addition, the
\ttE \ttx \tta \ttF \ttM \ttM  implementation utilized herein is built on top of our \ttC ++ version of \ttF \ttM \ttM \ttL \ttI \ttB \ttthree \ttD .
4. Thread-level parallelism. The well-known linear complexity of FMM is accomplished by mapping positions of tree cells into Morton/Hilbert keys (see Figure 4)
and probing each cell for its interaction list by interpolation of bits during traversal
[48]. Figure 4(b) depicts the geometric tree partitioning of cells, which maps positions to binary keys. The line segments represent the original levelwise Hilbert orders.
However, maximizing thread-level parallelism has been proven more successful using
the dual tree traversal (DTT) approach [51], which is known for its adaptability to
multi- and many-core emerging architectures. For example, to find the scattered field
at target positions encoded by \ttzero \ttzero \ttzero \ttzero  Hilbert order in Figure 4(b), DTT simultaneously
traverses source and target trees and recursively uncovers the cell-cell interaction list
(see Figure 4(a)).
One of the disadvantages of DTT is its sensitivity to granularity (i.e., the minimum number of cells required to spawn a task (s)), and size of tasks (i.e., the maximum
number of bodies per leaf cell (c)). Hence, we consider them as tuning parameters in
our implementation, and we use them to develop a performance model to comprehend
the behaviors of the execution time. (Note: The performance model is visualized by
a heatmap in Figures 10 and 11 of section 6.2.) We believe that it is crucial to con-
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Table 1
BEMFMM control parameters.

Parameter

Values

\theta  and \phi 
\mu 
\beta 
f req

0\circ   -  180\circ 
2-6
2-4
Hertz

\epsilon 
maxiter
ngprcs
thiter

ex
>0
\leq  42
>0

threads
ncrit
nspawn
P
accuracy
partition

< Threadmax
>8
>8
>5
ex
[0-2]

Meaning
Application specific
Spherical coordinates of source/observation points
Order of underlying triangular mesh
Order of interpolation basis function
Resolution frequency
Solver specific
Iterative residual norm's tolerance
Max number of iterations
Gauss quadrature points for RCS field
Threshold to move from direct to iterative solver
FMM specific
Max number of OMP and TBB threads
Max number cells per leaf
Min number of cells to spawn a task
Max number of expansion terms per cell
Desired FMM accuracy
Geometric,ORB+Hilbert,\ttP \tta \ttr \ttM \ttE \ttT \ttI \ttS 

0000
0010

0001
001100 001101

01

001110 001111
110000 110001

10
(a) Dual-tree traversal.

110010 110011

1110

1101
1111

(b) Warren and Salmon original FMM.

Fig. 4. Geometric FMM tree partitioning.

sider maximizing locality of references, by which we can obtain many advantages of
high concurrency and throughput in latency-bound compute kernels. Equation (4.1)
models the optimal parameters (i.e., (s, c)) to fill the L2/L3 caches and to maximize concurrency, throughput, and cache locality. The multiplier ``2"" is inclusive of
source and target, c is the number of bodies per leaf cell (i.e., size of tasks), k is the
task size in bytes (i.e., \tts \tti \ttz \tte \tto \ttf (\ttc )), T is the number of hardware threads per core,
CSZ/BSZ is the cell/body structure size in bytes (i.e., \tts \tti \ttz \tte \tto \ttf (\tts \ttt \ttr \ttu \ttc \ttt  \ttc \tte \ttl \ttl  \ttt ) and
\tts \tti \ttz \tte \tto \ttf (\tts \ttt \ttr \ttu \ttc \ttt  \ttp \tta \ttr \ttt \tti \ttc \ttl \tte  \ttt ), respectively), s is the task spawning parameter (i.e.,
granularity), log sc is the depth of the recursive branch, and L2/L3 is the last level
cache (LLC) size in bytes.

min f (s, c) = (M 2Lsize + P 2Psize )  -  L2/L3 Cache
(4.1)

s,c

s
= (2 \times  c \times  k \times  T \times  [(CSZ \times  log ) + BSZ])  -  L2/L3 Cache.
c
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5. Distributed-memory optimizations. Having explained the key sharedmemory optimization techniques to improve the application's single node performance, we elaborate on the main distributed-memory and MPI-based implementation
aspects yielding robust mechanisms for extreme scale partitioning, load balancing, and
communication reducing.
5.1. Partitioning and load balancing. Despite the fact that FMM is asymptotically linear in terms of the theoretical time complexity, a naive distributed-memory
workload partitioning can take away the advantages of using an optimal algorithm. In
general, For N -body codes, the domain has to be decomposed in order to maximize
local computations (near-field) while minimizing the volume of global communications. Additionally, the computation and communication ratios are balanced in such
a way that large amounts of computation can be carried out between communication
events.
Partitioning stage. The core building block of our partitioning implementation
for large scale is the modified orthogonal recursive bisection (ORB) by [2]. Since the
growth of interaction lists is governed by distribution randomness, workload size, and
communication volume cost, obtaining an optimal partitioning is extremely challenging. For example, cells have different sizes of interaction lists, and therefore, equidistributing the results of the ORB might lead to a suboptimal balance of the workload.
Hence, we further improve the efficiency of our partitioning strategy through weighting by workload. In other words, we use the workload size of the previous time step
to weight the particles, so that we promote a cost-effective and adaptive load balance
across the MPI ranks. Originally, this technique is implemented in the original hashed
oct-tree (HOT) [48], but we reshape it and fine-tune it to be applicable and coherent
to our application code. One drawback of the weighting scheme is that it only balances
the workload---not the communication volume. Therefore, there have been significant
efforts to employ a graph partitioning tool to use the workload as node-weights and
communication as edge-weights. This aims to create partitions that maintain both
an optimal balance of the workload as well as the communication. Furthermore, this
method has only been compared with Morton key splitting without weights. Hence,
we balance the workload and communication simultaneously by calculating the weight
for the ith particle as wi = li + \alpha  \ast  ri , where li is the local interaction size, ri is the
remote interaction list size, and \alpha  is a constant that is optimized over the time steps
to minimize the total runtime. li + ri is the total interaction list size and represents
the workload, while ri reflects the amount of communication. By adjusting the coefficient \alpha , one can amplify/damp the importance of communication balance. Making
this an optimization problem to minimize the total runtime is what we prefer over
minimizing the load imbalance since the latter is not our final objective. In addition,
the variables li and ri and the total runtime are already measured in the present
code, so the information is available with negligible cost. Figure 5 manifests the
granularity spectrum for the partitioning phase. We restrict the partitioning phase
to the granularity of a configurable steps (GMRES restart) because it is a too costly
process for a stationary system. Also, we have a limited need for partitioning at fine
granularity. We instantiate an artificial FMM partitioning and traverse call before
invoking the GMRES solver in order to apply weighting based on workload as well as
communication.
5.2. Communication reduction. Once we determine the multipole expansions
for every local cell, we pass the multipoles to the necessary processes in a ``senderinitiated"" fashion. This reduces the latency, since we communicate only once rather
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Defer
partitioning
for a few steps

Weighted
Morton/Hilbert
partitioning
every time step

Migration
within a time step
(Node failure)

Coarse

Fine
Fig. 5. Granularity of partitioning.

than sending a request to remote processes and then receiving the data. Such ``senderinitiated"" communication schemes are common in cosmological N -body codes, since
they tend to use only monopoles.
Figure 6 presents the local essential tree (LET) that is formed from the information sent from the remote processes by simply grafting the root nodes of the remote
trees. In a conventional parallel FMM code, a global octree is formed and partitioned using either HOT or ORB. Therefore, the tree structure is severed in many
places, which complicates the merging of the LET. The merging LET code consumes
a large bulk of the total execution time of FMM and thus incorporates additional
features (e.g., periodic boundary conditions, mutual interaction, more efficient translation stencils, and dual tree traversals) that would affect the runtime. However, we
geometrically separate the global tree structure from the local tree structure to merge
the tree in a single time step as shown in Figure 6 and are able to incorporate extended
features.
local essential tree

local root nodes process
tree
local
tree

rank 0

my rank

rank 2

Fig. 6. How LET is grafted.

While the remote information for the LET is being transferred, the local tree
can be traversed. Conventional fast N -body methods overlap the entire LET communication with the entire local tree traversal. The LET communication becomes a
bulk-synchronous \ttM \ttP \ttI  \tta \ttl \ttl \ttt \tto \tta \ttl \ttl \ttv  type communication. To achieve scalability to all of
Shaheen, we embrace the neighborhood-based communication protocol of [2], namely
Hierarchical Sparse Data eXchange (\scrH \scrS \scrD \scrX  ) (see Figure 7). The algorithm unfolds
into 3 stages, as follows:
1. The MPI communication graph maps the ranks to adjacent nodes by calling
\ttM \ttP \ttI  \ttC \ttr \tte \tta \ttt \tte  \ttd \tti \tts \ttt  \ttg \ttr \tta \ttp \tth  \tta \ttd \ttj \tta \ttc \tte \ttn \ttt . This mapping uses their logical near counterparts from the global tree of Figure 6, and each color indicates a single communication route for the LET (e.g., rank 13 in Figure 7).
2. Perform communication of the neighboring trees/ranks.
3. Communicate the neighbors of neighbors' data multiple times, since they are already available at adjacent nodes from previous communication steps.
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Fig. 7. \scrH \scrS \scrD \scrX  : A neighborhood-based communication protocol.

6. Performance evaluation results. Refer to the supplementary material and
the \ttB \ttE \ttM \ttF \ttM \ttM  reference page: https:/ecrc.github.io/BEMFMM, for details about the experimental platforms, datasets, and scientific performance engineering methodologies
that are used to analyze and present the performance evaluation results.
Throughout the following experiments and unless otherwise clearly stated, we
consider a spherical object to scatter an incident uniform plane wave. The sphere's
radius is set to a = 1m, and the medium speed of sound is set to 343m/s. We
use second order curvilinear (curved-triangle) meshes, in which every mesh element
(triangle) has 6 quadrature points (unknowns/DoF): 3 points associated with the
triangle nodes and 3 points associated with the triangle edges (see Figure 8). The
meshes are generated via \ttG \ttM \ttS \ttH  and \ttI -\ttD \ttE \ttA \ttS .

Z
Y
X

Z
Y

(a) Spherical.

Z
Y

X

X

Y

(b) Flower-shaped (multiple scatterer).
Z

X

Fig. 8. Used curved-triangle meshes.

In the following subsections, we describe the single- as well as the multinode
performance evaluation results for the acoustics application.
6.1. Data-level parallelism results. The most floating point intensive portion of our application code is the MatVec kernel, which is accelerated by FMM. To

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

ABDULJABBAR ET AL.

this end, speeding up such a kernel increases the entire application's performance,
thus maximizing the performance at the extreme scale. Figure 9 shows the single
precision floating point performance of the Helmholtz P2P kernel on both Intel KNL
as well as Skylake across different meshes. Relying on the Intel compiler's autovectorization, the best performance we achieve on a single node of Skylake is roughly
5.7 TFLOP/s. Since the peak single precision floating point performance of our used
edition of Skylake is roughly 7.5 TFLOP/s, our optimized P2P kernel obtains 77\%
of the peak. Handwritten vectorization via AVX-512 intrinsics, on the other hand,
achieves at most 27\% (i.e., approximately 2.0 TFLOP/s). In contrast, the nonvectorized version gains a maximum of 14\% (i.e., roughly 1.0 TFLOP/s), which means that
our optimized version maintains an average 5.4x speedup relative to the scalar code.
We observe a similar behavior on KNL, where the autovectorization achieves at most
60\% (i.e., approximately 4.5 TFLOP/s) of KNL's single precision peak floating point
performance (i.e., roughly 6.9 TFLOP/s). This is 10x speedup, on average, compared
to the scalar code (roughly 0.43 TFLOP/s).
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Fig. 9. Floating point performance of the P 2P Helmholtz kernel with different vectorization
means.

In the handwritten AVX-512 intrinsics code, we explicitly reference the auxiliary
fields data structure (\ttc \tte \ttl \ttl  \ttt ) that includes the coordinates, source, and target values
using \ttm \ttm \ttfive \ttone \tttwo  \tts \tte \ttt \ttr  \ttp \tts  intrinsic. The explicit setting of the vector register values
is carried out since the (\ttc \tte \ttl \ttl  \ttt ) data structure is allocated as an Array-of-Structs
(AoS), which is a well-known harmful approach to the code vectorization. Hence, the
explicit vectorization does not improve much over the scalar code. In addition, the
compiler initially fails to autovectorize the code as a consequence of the assumed data
dependency resulting from the AoS allocation. One solution to this is to change the
\tts \ttt \ttr \ttu \ttc \ttt  allocation of the code [21]. However, this can be a daunting proposition in
which the whole ExaFMM code needs to be adjusted to be compatible. This would
also result in a significant performance reduction due to the loss of cache locality of
references, an advantage granted by using AoS in conjunction with Morton orders.
The other approach followed here, as explained earlier in the paper, is to simplify
the P2P kernel to allow the compiler to generate an efficient vector code. In this
approach, we rely on the compiler to find an efficient way to deal with the hurdles
of the AoS allocation. As a result of such a kernel rewrite, the compiler manages to
generate an efficient code that achieves roughly 77\% of Skylake's peak, and nearly
85\% of the Intel MKL SGEMM1 performance on Skylake (i.e., 6.7 TFLOP/s). To
1 SGEMM

is the Single Precision real valued GEneral Matrix-Matrix Multiplication kernel.
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verify how AoS data is loaded, we scrutinize the generated assembly vector code, and
we find out that the compiler performs multiple vector strided loads with a stride
size equal to the size of the SIMD lane. This approach efficiently deals with the AoS
allocation, but it requires very complex assembly and intrinsics coding [21, 22]. Thus,
the fact that the compiler manages to generate such code, indeed with the help of our
subtle kernel simplifications, saves time and effort. Consequently, it protects against
writing error-prone and nonportable kernel codes.
6.2. Thread-level parallelism results. Figure 10 shows the runtime performance of the traversal Helmholtz kernel on KNL and Skylake with varying the grain
(y-axis) and cell sizes (x-axis). If the grain size (x) is less than or equal to the summation of bodies enclosed within the source and target, then a task will be spawned by
the work scheduler. Essentially, this means having smaller grain sizes would fork more
threads, which implies creating a fine-grained thread pool. However, as manifested
from Figure 10, having a coarse-grained thread pool with a smaller number of tasks,
the performance improves. Similarly, having a smaller size of a task (y), which is the
number of bodies within a leaf cell, exhibits better performance. Thus, it is important
to think of processing not so much in terms of long functional threads but smaller
sized tasks that can be handed to a thread pool. In addition, a careful number of
generated tasks must be considered to avoid overfilling the scheduler thread pool.
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Fig. 10. Tuning the threading parameters' performance of the traversal Helmholtz kernel. Performance is normalized by the arithmetic mean of the runtime.

To further illustrate the findings of Figure 10, Figure 11 presents the percentage differences between the utilized and available LLC of a specific architecture (i.e.,
36MB aggregated L2 cache on KNL, and 38MB L3 exclusive (noninclusive) cache on
Skylake). This is solving 3,156 mesh elements with P = 10, which is not computationally challenging but exposes the highest level of concurrency due to the low task wall
time and overhead. We notice a highly accurate prediction of the optimal parameters
(s = 64, 128, 256; c = 128) according to the lowest color gradient, which is valid on
both architectures.
6.3. Distributed-memory parallelism results. There are two main goals for
this section. The first is to illustrate that the low-level, architectural-specific sharedmemory optimizations employed by this work continue to provide similar performance
benefits as we scale to a large number of compute nodes. The second goal, on the other
hand, is to demonstrate the performance of the distributed-memory optimizations that
enhance workload partitioning and communication load balancing. Also, we depict
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Fig. 11. Tuning the threading parameters' performance of the traversal Helmholtz kernel. Performance is normalized by the runtime and the size of the L1/L2/L3 caches on Skylake, and the
size of the L1/L2 caches on KNL.

the scaling properties of our application, establish the scaling limits, and further study
the benefits of data- and thread-level parallelism within a single compute node in the
context of the MPI + Threads + SIMD hybrid programming paradigm.
We observe that for certain heavy MPI collectives (i.e., \ttM \ttP \ttI  \tta \ttl \ttl \ttt \tto \tta \ttl \ttl \ttv  and
\ttM \ttP \ttI  \ttB \ttr \tto \tta \ttd \ttc \tta \tts \ttt \ttv ), Cray MPICH obscurely fails with segmentation faults whenever
the amount of data exceeds the 231 bytes limit. Such failure happens even though
the ``count"" argument of MPI routines indicates that any array of \ttM \ttP \ttI  \ttD \tta \ttt \tta  \ttT \tty \ttp \tte  up
to 231 elements is allowed. Therefore, in our implementation, we preemptively break
down the collectives routines to multiples of 2GB of absolute size to eliminate the
opportunity for such nondeterministic behaviors.
In order to wisely exploit the hierarchical interconnect mode of operation of the
dragonfly network of Shaheen, we tune the network topology parameters of the \ttS \ttl \ttu \ttr \ttm 
system. We trigger hierarchical usage of the network to reduce contention, and we
adjust the number of network switches for every job request heuristically based on
the underlying nature of every experiment.
6.3.1. Large-scale sanity check. Evaluating the performance of a parallel algorithm can be convoluted. There are many fundamental challenges pertaining to
tightly coupled complicated hardware, compatibility of the underlying software stacks,
theoretical complexity and scaling limits of certain algorithms, and the inadequacy of
available performance counters for different execution stages of certain algorithms. In
the large-scale context, performance metrics such as speedup and parallel efficiency
are natural means of evaluating the performance of certain parallel algorithms on specific hardware systems. However, these metrics are essentially related to a predefined
base case, and thereafter they do not reflect the best possible appraisal of the upperand lower-bound of the algorithmic complexity.
FMM is well known for reducing the theoretical complexity of MatVec from O(N 2 )
to O(N ) or O(N log N ), depending upon the frequency band. Therefore, we carry
out a ``sanity check"" to verify the theoretical complexity of our FMM Helmholtz
implementation at large-scale settings. Figure 12(d) shows the data scaling aspects
in practice of FMM kernels with different problem sizes on 1,024 compute nodes of
Shaheen. The error bars fall within less than 1 standard deviation away from the
arithmetic mean of the sample space size. Furthermore, within a 95\% confidence
interval, our utilized FMM Helmholtz implementation is bounded between linear and
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6.3.2. Communication reduction and load balancing results. Communication reducing and balancing using both \scrH \scrS \scrD \scrX  and repartitioning techniques
adopted from section 5.1 have a vital effect on the cumulative and absolute time of
the global tree data exchange. The experiments in Figures 12(a) and 12(b) depict the
communication time before and after optimizations for 1, 024 nodes and 575,016,960
DoFs. (Note: The characteristics of the employed meshes are documented and described in the supplementary material.) The jittery lines in Figure 12(a) represent the
imbalance that is smoothed out after repartitioning in Figure 12(b). We also observe
a roughly 1.8x speedup in time due to localizing the communication within the Aries
Network using \scrH \scrS \scrD \scrX  from Figure 7. The cumulative communication time worsens
in the case of having a smaller node count (e.g., 128 nodes), as we witness a 6-fold
improvement when rebalancing is triggered in Figure 12(c).
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logarithmic linear time complexity.
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(c) Effect of our optimizations on the cumu- (d) Data scalability results on 1,024 compute
lative communication time on 128 nodes.
nodes of Shaheen.
Fig. 12. Data scalability and communication reduction and balancing results. Performance is
normalized by the FMM time per linear iteration and the total number of GMRES iterations.

6.3.3. Strong and weak scalability studies. In Figure 13, we present weak
and strong scalability results on the Shaheen Cray XC40 supercomputer from 1 compute node with 32 hardware cores up to 6,144 compute nodes with 196,608 hardware
cores on different mesh refinements. The largest problem involves more than 2 billion
DoFs.
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The cost of our large-scale wave scattering solver is overwhelmingly dominated
by the cost of the underlying FMM Helmholtz kernels that are implicitly invoked by
every GMRES iteration to perform a fast MatVec.
Weak scalability study. In this study depicted by Figure 13(a), we report the
performance and convergence time across different mesh refinements. Table 2 shows
the weak scalability experimental settings. At every mesh refinement step, we make
sure that \lambda  = 5h, i.e., 5 edges per wavelength. Thus, we circumvent overdecomposition
when adding more compute resources.
Table 2
Weak scalability results on Shaheen from 1 to 4,096 Intel Haswell compute nodes. Tmv is the
single MatVec time. FMM is configured with 1.0e - 03 accuracy. \epsilon solution is the solution error,
whereas \epsilon f ar is the scattered field's error at \infty  when sampling 361 points at (\theta  = [0\circ  : 0.5\circ  : 180\circ  ]).
(Note: In the last two cases, we configure GMRES with max iter =860 to avoid running out of core
hours, since the solver takes great deal of time-to-solution in order to converge.)
Cores
32
128
512
2,048
8,192
32,768
131,072

DoF
561,540
2,246,160
8,984,640
35,938,560
143,754,240
575,016,960
2,300,067,840

f (KHz)
3.720
7.440
14.880
29.760
59.521
119.043
238.086

Iter
851
993
1,123
1,308
1,523
853
860

Tmv (s)
43.0764
44.8185
46.7767
48.4761
47.8685
50.6201
52.4421

\epsilon solution
3e-02
1e-02
2e-02
2e-02
3e-02
1e-01
2e-01

\epsilon f ar
4e-03
2e-03
3e-03
3e-03
6e-03
1e-02*
3e-02*

Assessing an FMM-based accelerated solver requires careful consideration of the
fact that the most optimal communication scales as O(log P ) [2]. Hence, given the
communication complexity, we achieve near-optimal parallel efficiency of FMM per
linear iteration as we refine the mesh, and, respectively, increase the hardware resources and the frequency. In addition, to illustrate the effect of the global FMM tree
communication on the scalability, Table 3 presents the critical points, in which we
could experience performance degradation based on the Shaheen network. The intranode communication is expected to slow down as we move up across different network
units, with hops being the costliest. Despite the fact that the communication and
the computations are overlapped in our FMM implementation, the communication
effects cannot be completely neglected. Furthermore, the weak scalability results of
Figure 13(a) manifest a logarithmic growth in the amount of the diagonal and offdiagonal data exchanged. Nonetheless, since we employ our optimized communication
protocol, namely \scrH \scrS \scrD \scrX  , all tree data exchanges are restricted only by the neighboring compute nodes. Thus, the overhead of moving data across the dragonfly all-to-all
network groups of Shaheen does not affect parallel efficiency, which is represented by
the red numerical labels in the Figure 13.
In conclusion, we weak scale up to 4,096 compute nodes as we manage to solve
an approximately 2 billion DoF system in about 52 seconds per GMRES iteration,
which is on average 50 million DoFs per second. Numerically, the problem becomes
more ill-conditioned as the problem size is increased, even though a convergent behavior is still observed when comparing to the analytical solution at infinity (\epsilon f ar )
and on the spherical surface (\epsilon solution ). In fact, the underlying wideband FMM implementation incorporates specific expansions for low and high frequencies [14] and
therefore converges at 1e-04 (\epsilon f ar ) and 1e-02 (\epsilon solution ). In addition, our convergence
results are reasonably accurate, which evidently means that the excitation frequency
does not coincide exactly with the cavity resonance frequencies [11]. Nevertheless, the
internal resonance problem affects the number of iterations, and thus, it gets higher
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Table 3
Characteristics of Shaheen's XC 40 dragonfly network.
Level
1
2
3
4
5
6
7
8

Hardware/network unit
Socket
NUMA XC40 Node
Blade
Chassis
Cabinet
Local all-to-all Group
Global all-to-all Group 1
Global all-to-all Group 2

Nodes
1
1
4
64
192
384
2,304
6,174

Cores
16
32
128
2,048
6,144
12,288
74,728
197,568

Cores (overhead)
32
64
256
4,096
8,192
16,384
131,072
N/A

Hops
N/A
N/A
1
1
1
1
2
3

with the increasing frequency (or sphere radius in terms of wavelength). (Note: We
construct our numerical experiments so that the radius of the sphere (in terms of the
wavelength) is increased with the number of discretization elements (i.e., the sampling/resolution in space stays the same (\lambda  = 5h, i.e. 5 edges per wavelength)). In
other words, the frequency is increased with the number of discretization elements so
that the sampling rate in space stays the same. Furthermore, the iterative solver, i.e.,
GMRES, stops when it reaches a residual error of 1e-04 (except for the largest 2 experiments where we only test scalability and fix the max iterations to 850 iterations).
We also maintain the level of FMM accuracy between simulations. As expected, the
number of iterations increases significantly as frequency is increased. To clarify our
findings, we also report on the accuracy of the solution as well as the accuracy of the
far field (computed using the solution), with respect to analytical Mie-series solution,
to demonstrate that our FMM implementation is error controllable. In addition, the
complexity of FMM is proven to scale as O(N log N ) for this numerical experiment.
This is supported by our usage of \ttF \ttM \ttM \ttL \ttI \ttB \ttthree \ttD  which reports similar complexity [14]. To
this end, our FMM-accelerated wave scattering solver is among the fastest and most
scalable FMM solvers for oscillatory kernels (i.e., 3D Helmholtz kernels [40, 37]).)
Strong scalability study. We perform the study on every mesh of the weak scalability individually (see Figures 13(b) through 13(d), and the rest of the results are
in the supplementary material document). The two largest meshes are scaled up to
the full number of the available compute nodes of Shaheen (i.e., 6,144). We carry
the strong scaling far enough to show where the stagnation sets in at large scale,
which is expected as the problem size per node gets smaller and the communication
time becomes dominant. Additionally, since the data has to travel across the dragonfly network units or all-to-all hops (see Table 3), the downturn in parallel efficiency
is foreseen. In other word, as we travel past the first all-to-all group, a consistent
performance instability is experienced, especially after level 6 (i.e., 16,384 cores) in
Figures 13(b), 13(c), and 13(d). Similarly, propagation within a local all-to-all group,
up to three cabinets, may adversely affect the performance. (Note: Refer to the strong
scalability figures of the supplementary material to observe the performance beyond
256 hardware cores.) Nonetheless, the performance subtleties in such cases are almost
negligible, since the communication is mostly hidden within the local computations
at the lower compute core counts.
Figure 14 studies the proportional contribution of each FMM kernel to the execution time of a single MatVec in strong scaling settings. Although the bars should
have equal heights (Threads \times  Time[s]), the observed overhead is a consequence of
LET building and communication. In addition, it does not surpass the execution time
of M2L and P2P together, and it can be successfully overlapped with the horizontal
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Fig. 13. Weak and strong scalability results on Shaheen from 1 to 6,144 compute nodes. Performance is normalized by the FMM time per iteration and the total number of GMRES iterations.
Numbers along the graph lines indicate efficiency with respect to the ideal speedup (efficiency baseline
is the smallest core count).

pass shown in Figure 1. Figure 14(a) is the result of scaling within a single Skylake
compute node (MPI + 2 Threads). We observe a similar behavior across 4,096 nodes
of XC40, when we reproduce the experiment in Figure 13(d) using Figure 14(b).
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Fig. 14. Breakdown of computation and communication times across 2 different problem sizes
on a single SKL node and 4,096 nodes of Shaheen XC 40. \lambda  = 5h, P = 30, and \epsilon F M M = 1.0e - 03 .

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

C263

Downloaded 10/08/19 to 109.171.137.210. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

EXTREME SCALE FMM-ACCELERATED BIE SOLVER

6.4. Convergence aspects and numerical error. This experiment demonstrates the accuracy of the developed FMM kernels inside the GMRES iterative solver
for acoustic wave scattering. It is performed for the single layer kernels associated
with the Helmholtz equation. Surfaces are discretized with second order curvilinearisoparametric quadrilateral elements. The use of second order curvilinear elements is
crucial for the accurate implementation of a high order solution. In addition, applying
a second order scheme to large elements with high order basis functions is characteristically more accurate because the slope of the error curve becomes steeper as we
increase the basis order. Nevertheless, accuracy may suffer due to the geometry approximation if surfaces are not accurately modeled. We demonstrate this phenomenon
of interest in the supplementary materials.
To motivate the prospective numerical enhancements of this work highlighted in
section 7, Table 4 presents the convergence behaviors for different mesh refinements
and wavelengths on SKL. iter\beta  signifies the advantage of using p-mesh refinement for
interactions within [R < near] to reduce the number of iterations. We observe that
FMM's performance is agnostic to the distribution on a single node. To a certain
degree, this is not anticipated at a large scale due to the nondeterministic time spent
in global tree communication. Since we remark that the iteration count increases
with larger N , integrating a domain preconditioner, inside which FMM is invoked,
and treating hypersingularity is evidently the right path to robustify and fasten the
convergence of the linear solver.
Table 4
Convergence results of various problem sizes and wavelengths on a single Intel Skylake node.
iter\alpha  is the number of iterations without quadrature refinement, as opposed to \beta .
N
18,936

86,028

134,220

\lambda 
15h
10h
5h
15h
10h
5h
15h
10h
5h

iter\alpha 
25
45
94
54
94
342
51
114
179

Tmv
0.2
0.28
0.35
0.6
1.15
5.01
1.5
2.5
13.8

iter\beta 
26
46
91
53
68
294
50
113
175

Tmv (s)
0.25
0.3
0.37
2.6
2.6
5.9
5.9
6.5
14.1

PM ax
10
10
15
10
15
30
15
20
40

\epsilon solution
9.7e-03
1.5e-02
3.2e-02
1.03e-02
3.0e-02
2.2e-02
3.2e-03
8.6e-03
1.5e-02

\epsilon f ar
3.1e-04
2.1e-03
4.4e-03
2.9e-03
1.0e-03
3.1e-03
4.05e-04
2.7e-03
5.9e-02

6.4.1. Convergence of scattering by multiple objects. Table 5 shows the
convergence aspects of scattering by multiple flower-shaped objects, which entails a
slightly more challenging distribution (Figure 8(b)) with respect to our original settings. The performed study uses self-convergence while increasing the mesh resolution
to get a more accurate solution. The frequency is kept constant (f = 150Hz).
Table 5
Mutiple flower shapes' (Figure 8(b)) self-convergence results for various problem sizes and a
fixed wavelength on a single Intel Skylake node. Convergence is achieved when \| b  -  Ax\| 2 \leq  1.0e - 6 .
N
9504
58320
262728
430344
872784

iter
51
186
340
750
894

Tmv (s)
0.18
0.42
1.02
1.31
3.5

Pmax
10
10
10
10
15

\epsilon self
9.0809e-04
2.6958e-04
8.1249e-05
4.4383e-05
--
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6.4.2. Simulating the velocity solution vector. Figures 15(a), 16(a), and
), where
17(a) plot the normalized solution in Decibel (dB) scale,, i.e., 20 log10 ( qq(r)
max
qmax is the maximum value of q(r), on the surfaces of the sphere, the flower-shaped
object, and the three flower-shaped objects, respectively.
In addition,
Figures 15(b), 16(b), and 17(b) plot the scattered pressure field, i.e.,
\int 
psca (r) = s G(r, r\prime )q(r\prime )ds, on a circle with radius 1.2m for \theta  = 90\circ  and 90\circ  \leq  \theta  \leq 
360\circ  for the problems with the sphere, the flower-shaped object, and the three flowershaped objects, respectively. Figure 15(b) compares psca (r) to the analytical Mie
series solution, demonstrating the accuracy of the solver. Please note that analytical
solution is not available for the other two problems.
10 2

Near Scattered Field
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(a) Normalized solution computed by the
FMM solver on the surface of the sphere in
dB scale, i.e., 20 log10 ( qq(r)
), where qmax is
max
the maximum value of q(r).
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(b) Scattered pressure field computed on a
circle with radius 1.2m for \theta  = 90\circ  and
90\circ  \leq  \theta  \leq  360\circ  using the numerical solution (obtained by the FMM solver) and the
analytical solution.

Fig. 15. The acoustic scattering problem involving a sound-soft unit sphere. The incident plane
wave with frequency 1, 819Hz is propagating in the z direction.

7. Concluding remarks and future work. We summarize the progress of this
contribution towards migrating frequency-domain scattering to contemporary extreme
architectures on a path to exascale:
\bullet  Implementation of a scattering solver for complex 3D Helmholtz including
-- a numerical iterative linear solver based upon GMRES that uses FMM as a
fast and accurate MatVec kernel;
-- treatment for the self- and near-singularity of the sound-soft acoustics solver
based on the Duffy transformation.
\bullet  Low-level optimization and fine-tuning for the shared-memory performance that
address different emerging high-performance computing (HPC) architectures, including
-- optimal data-level parallelism through efficient vectorization;
-- specific data structure allocation and striding to enhance the compiler's optimization;
-- yardsticks for writing SIMD-friendly, low-level FMM Helmholtz kernel codes;
-- fine-tuned thread-level parallelism for the traversal kernels of FMM;
-- predictive performance models for selecting the task-based parameters to tune
the threading performance.
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(a) Normalized solution computed by
the FMM solver on the surface of the
flower-shaped object in dB scale, i.e.,
20 log10 ( qq(r)
), where qmax is the maximum
max
value of q(r).
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(b) Scattered pressure field computed on a
circle with radius 1.2m for \theta  = 90\circ  and 90\circ  \leq 
\theta  \leq  360\circ  using the solution obtained by the
FMM solver.

Fig. 16. The acoustic scattering problem involving a sound-soft flower-shaped object. The
incident plane wave with frequency 910Hz is propagating in the z direction.
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(a) Normalized solution computed by the
FMM solver on the surfaces of the three
flower-shaped objects in dB scale, i.e.,
), where qmax is the maximum
20 log10 ( qq(r)
max
value of q(r).
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(b) Scattered pressure field computed on a
circle with radius 1.2m for \theta  = 90\circ  and 90\circ  \leq 
\theta  \leq  360\circ  using the solution obtained by the
FMM solver.

Fig. 17. The acoustic scattering problem involving three sound-soft flower-shaped objects. The
incident plane wave with frequency 150Hz is propagating in the z direction.

\bullet  Efficient large-scale architecture-specific and algorithm-aware implementation for
distributed-memory parallelisms that manifests
-- adaptive nonuniform partitioning and load balancing schemes;
-- scalable communication reducing protocols;
-- a large-scale performance model based on Cray's dragonfly network topology.
\bullet  Near-optimal parallel efficiency of strong and weak scalability up to 6,144 compute
nodes of a Cray XC40 with 196,608 Intel Haswell cores.
\bullet  Data scalability study to demonstrate the theoretical complexity of FMM.
\bullet  Solution of a 2 billion DoF systems of second order curvilinear triangular patches
of a mesh to achieve a relative 2-norm residual accuracy of 1.0e-4.
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\bullet  Single precision floating point performance of Skylake and KNL of about 68.5\% of
the theoretical peak, which represents a speedup of roughly 7.0x over the out-ofthe-box compilation.
Ongoing work. For future considerations, we are currently extending this work to
address the following:
\bullet  Sound-hard acoustics at scale: Duffy transformation perfectly handles weak singularity imposed by the integral of the Green's function of (2.4). However, it does
not target the strong singularity (1/R2 ), which arises from the integral of the gradient of the Green's function. Considering sound-hard acoustics requires a special
singularity treatment. At the moment, we are extending our code to include the
computation of the double gradient formulation to handle sound-hard cases at scale.
Consequently, we will be implementing different highly nonuniform domains and
adapting to more complex geometries, e.g., wing-fuselage configuration emulated
by two intersecting ellipsoids.
\bullet  Exploring the possibilities of using an efficient and scalable preconditioning method
alongside FMM to effectively reduce the number of iterations, e.g., the block Jacobi
preconditioner.
\bullet  Addressing the performance challenges of more heterogeneous HPC architectures,
e.g., GPU and ARM.
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