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Abstract—We formulate a two-sided many-to-one ab-
stract matching problem defined by a collection of agree-
ment functions. We then propose a blind matching algo-
rithm (BLMA) to solve the problem. Our solution concept
is a modified notion of pairwise stability whereby no pair
of agents canǫ-improve their aspiration levels. We show
that the random and decentralized process of BLMA
converges toǫ-pairwise stable solutions with probability
one. Next, we consider the application of BLMA in the
resource and power allocation problem of device-to-device
(D2D) links underlaying a cellular network. Only one
resource block (RB) can be assigned to a given D2D while
D2D links may occupy many RBs at any given time.
We cast the D2D allocation problem within our many-
to-one matching problem. We then consider a specific
instance of BLMA with limited information exchange so
that agents know nothing about the value, utility, of their
mutual offers. Offers are simply declared and then either
accepted or rejected. Despite the market and information
decentralization characteristic of the BLMA, we show that
agreement of aspiration levels can still be ascertained and
that attaining ǫ-pairwise stability is feasible. Numerical
results further demonstrate the convergence properties of
the BLMA and that the total utility attained by the BLMA
is almost equal to the total utility attained by a centralized
controller.

I. I NTRODUCTION

Matching theory is a rich mathematical framework
with applications in many diverse fields such as eco-
nomics, kidney exchange programs, and communication
networks [1]. Despite the appeal of matching algorithms
to find robust pairings amongst two disjoint sets of
users, a major issue of concern is the need for a
coordinator to regulate the market and provide central-
ized matching solutions. Several works in the literature,
e.g. [2] and our recent work [3], take important steps
towards eliminating the need for a coordinator in a
matching market. The algorithms in these works are
characterized by a simple learning process and random
encounters between agents on the two sides of the
market.

In this paper, we extend the model of [3] to the
many-to-one case. The extension is not trivial since

‡The research reported in this publication was supported by funding
from King Abdullah University of Science and Technology (KAUST).

many-to-one models are known to exhibit complemen-
tarities among user preferences so that the core, the set
of solutions that cannot be improved upon by any coali-
tion of players, may be empty. However, by employing
a special case of the gross-substitutes assumption of [4],
namely the additive separability of agents’ utilities, we
are guaranteed a non-empty core. Contrary to the full-
information and centralized approach of [4], we seek a
decentralized and limited information scheme to achieve
stable solutions.

Towards this end, we formulate an abstract matching
problem defined by a collection of agreement functions
of agents’ aspiration levels or utilities. Our solution
concept is a modified notion of pairwise stability termed
ǫ-pairwise stability. While core solutions are immune to
deviations by any coalition, pairwise stable solutions are
immune to deviations by pairs of agents, andǫ-pairwise
stable solutions are immune toǫ-pairwise improvements
by pairs of agents1. We then present a simple blind
matching algorithm (BLMA) which we show achieves
ǫ-pairwise stability with probability one. The BLMA
process is simple; agents randomly meet and make
offers to each other. If they agree, they match; otherwise
they keep old matches if they had one or lower their
aspiration levels if they were single. We show that this
process repeats until stability is reached. The details of
agents’ negotiations and subsequent aspirations updates
are left to the specific context in which the agents
operate.

We then consider applying BLMA to the context
of device-to-device (D2D) communications underlaying
cellular networks. D2D communications received con-
siderable attention recently, e.g. [5], [6], because of the
potential to achieve better utilization of the spectrum
resources. In D2D communications, users transmit data
to each other directly without needing to use the base
station (BS) by using the existing resource blocks (RB)
of the cellular users (CUs). D2D communications is a
prime area for the application of matching theory since
there is a need to pair the D2Ds and CUs in a robust

1We have shown in [3] thatǫ-pairwise solutions andǫ-core solutions
coincide in the one-to-one case. This remains true in the many-to-one
case assuming the additive separability of agents’ utilities.



manner to ensure that their utilities are maximized.
Many works already exist on using matching theory to
solve the allocation and resource allocation problems for
D2D communications, e.g. [7], [8]. However, it is our
observation that most such works are either centralized
with heavy information exchange or use a two-phase
process with one phase dedicated to matching users and
another to optimizing their utilities.

We demonstrate here that this need not be the
case, and that it is possible to modify our decen-
tralized BLMA to produce an approximately stable
matching without excessively exchanging information
among users and while optimizing the agents’ utilities
endogenously within the matching protocol.

The rest of this paper is organized as follows. In
Section II, we introduce our abstract matching problem
and main result. In Section, III, we consider the applica-
tion of BLMA to the D2D context. Section IV presents
some numerical results, and Section V concludes this
paper.

II. A BSTRACT MATCHING PROBLEM

We consider a two-sided matching market comprised
of K = {1, 2, ...,K} agents on one side andL =
{1, 2, ..., L} agents on the other side. We exclusively
will use k and ℓ to denote a representative element of
K andL, respectively, and sometimes usej to denote
a representative element ofK ∪ L. TheK agents can
only match with one agent on theL side of the market,
while theL agents can match with many members of
K.

Definition 1. A matching is a mapping

µ : K ∪ L 7→ 2K∪L

such that for anyk ∈ K and ℓ ∈ L:

• µk ∈ L ∪ {∅}.

• µℓ ⊂ K ∪ {∅}.

• ℓ = µk ⇔ k ∈ µℓ.

• |µk| = 1 and |µℓ| ≤ K.

In order to characterize the preferences of agents,
we introduceaspiration levelsthat abstractly represent
the potential utility to be derived from a match. Letak
be the aspiration level of agentk ∈ K and leta be the
vector of aspiration levels of theK agents. Furthermore,
let bℓ =

∑K
k=1

bkℓ be the aspiration level of agentℓ and
let bkℓ be the aspiration level of agentℓ with regards
to agentk2. Let b = [b11, b21 ...b1ℓ, b2ℓ, ...bKL] be the

2This break down of the overall aspiration level (utility) ofagent
ℓ into the individual aspirations with agentsk ∈ K is important for
core-existence in our many-to-one model. Furthermore, this additive
separability of the aspirations is a special case of the more general
gross substitutes condition introduced by Kelso and Crawford in [4]
to show the non-emptiness of the core in these types of matching
markets.

vector of aspiration levels of theL agents with respect
to all K agents and letcj be the aspiration level of
agentj ∈ K ∪ L. Now we are in a position to define
agreement functions as follows:

Definition 2. An agreement function is a mapping

A : R+ × R+ → {0, 1}

such that

1) If A(a, b) = 0, thenA(a′, b′) = 0 for all a′ ≥
a and b′ ≥ b.

2) There exists aγ > 0 such thatA(a, b) = 0 if
a ≥ γ or b ≥ γ.

We associateA(a, b) = 1 to mean that the aspiration
levels a and b are agreeable. Accordingly, condition 1
defines a monotonicity property for aspiration levels:
once aspirations are not agreeable, further increases in
aspiration levels also are not agreeable. Condition 2
defines a boundedness property for agreeable aspiration
levels.

Definition 3. A matching problem is a collection of
agreement functions,Akℓ, indexed byk ∈ K andℓ ∈ L.

Our solution concept will be a modified notion of
pairwise stability calledǫ-pairwise stability which we
further define as follows:

Definition 4. For ǫ > 0, the matchingµ and aspiration
levelsa and b form an ǫ-pairwise stable solution to a
matching problem if:

1) For all (k, ℓ) such thatℓ = µk,

Akℓ(ak, bkℓ) = 1,

2) For all (k, ℓ),

Akℓ(ak + ǫ, bkℓ + ǫ) = 0

3) For all j ∈ K ∪ L with µj = ∅, cj = 0.

A. BLMA

We now present an algorithm that leads to anǫ-
pairwise stable state. The algorithm proceeds as follows:

• Aspirations levels,a(t) and b(t), as well as
matchings characterized byµt, evolve over
stagest = 0, 1, 2, ....

• At staget, a pair of agents,(k, ℓ), are activated
at random.

• If the increased aspiration levelsak(t) + ǫ and
bkℓ(t) + ǫ are agreeable, i.e.,

Akℓ(ak(t) + ǫ, bkℓ(t) + ǫ) = 1,

then agentsk and ℓ become matched with
a positive probabilityη and break previous



matches, if any.3 The new aspiration levels
ak(t+1) andbkℓ(t+1), as well as the matching,
µt+1, are updated accordingly.

• If the increased aspiration levelsak(t) + ǫ and
bkℓ(t) + ǫ are not agreeable, i.e.,

Akℓ(ak(t) + ǫ, bkℓ(t) + ǫ) = 0,

then
◦ The matching remains unchanged, i.e.,

µt+1 = µt.
◦ If agent k is single then it reduces its

aspiration level byδ. Furthermore, since
no feasible agreement exists with agent
k, agent ℓ reduces its aspiration level
with respect to agentk by δ, i.e. bkℓ(t+
1) = bkℓ(t)− δ.

Algorithm 1 Many-to-one BLMA

Require: ǫ > δ > 0 andη ∈ (0, 1].
1: Initialize a ≥ 0, b ≥ 0, µ = 0.
2: loop
3: Activate a pair of agents uniformly at random,

(k, ℓ) ∈ K × L.
4: if Akl(ak + ǫ, bkℓ + ǫ) = 1 then
5: if RAND[0, 1] ≥ η then
6: µk = ℓ
7: µℓ′ ← µℓ′\{k}, ∀ℓ

′ 6= ℓ
8: Select arbitrarya′ ≥ ak+ ǫ andb′ ≥ bkℓ+ ǫ

such thatAkℓ(a
′, b′) = 1.

9: ak ← a′

10: bkℓ ← b′

11: µℓ = µℓ ∪ {k}
12: end if
13: else
14: bkℓ ← [bkℓ − δ]+

15: if µk = ∅, then
16: ak ← [ak − δ]+

17: end if
18: end if
19: end loop

Algorithm 1 presents pseudo code for the BLMA
where we have suppressed the dependence on the time
stages for notational convenience. We now present our
main result.

Theorem 1. Using BLMA, from any initiala ≥ 0,
b ≥ 0, and the empty matching, the matching,µ, and
aspiration levels,a and b, converge to anǫ-pairwise
stable matching with probability one.

Proof: The full proof is omitted due to space limita-
tions. However, we proceed as follows: First, we make

3As noted in [3], the negotiation process is abstracted through the
randomized outcome determined byRAND[0, 1] ≥ η. The specifics
of the negotiation process depend on the actual context of BLMA.
For assured convergence, we only need a strictly positive probability,
η, of making the match if it is feasible.

an analogy between the current many-to-one problem
and the one-to-one matching problem in [3]. Once we
establish this analogy, we proceed by summarizing the
claims that were used to establish convergence in the
one-to-one case. The full proof for the one-to-one case
can be found in [3].

The many-to-one matching problem can be cast as a
one-to-one matching problem given two assumptions: 1)
The separation of utilities across agents on theK side of
the market and 2) the fact that we do not enforce a quota
on the number ofK agents anℓ ∈ L player can match
with. We may then think of playerℓ asK players with
K aspiration levels. The aspiration level of playerkℓ
is bkℓ and its agreement function isAkℓ. So, this leads
us to a one-to-one two-sided matching problem withK
agents on one side andKL agents on the other side. It
is important to note that in this new one-to-one market,
it is not possible for agentkℓ on theKL side of the
market to have an agreement with agentj 6= k on the
K side of the market. This is facilitated by assumption
1 above. Hence in this modified market, agentkℓ being
single means it is not matched to agentk and this leads
the agent to lower its aspiration level if no feasible
agreement exists with thek agent, as per the BLMA
dynamics described above. These same dynamics then
translate to the original one-to-one BLMA algorithm.
Hence, the analogy is established.

It remains to show that the one-to-one market con-
verges but this was already established in [3]. We give
a sketch of the claims used to proof the theorem:

Claim 1. From any reachable state,z, there exists a
finite sequence of admissible transitions to a state,z′,
that is pre-stable.

In the above claim, a state is a tripletz ∈ R
K
+ ×

R
L
+×µ, which is a combination of aspiration levels and

a matching. A state,z = (a,b, µ), is calledpre-stable
if

1) For all (k, ℓ) such thatµk = ℓ,

Akℓ(ak, bkℓ) = 1.

2) For all (k, ℓ),

Akℓ(ak + ǫ, bkℓ + ǫ) = 0.

Given any statez = (a,b, µ), let SNZ(z) denote the
set of all single agents with non-zero aspiration levels,
i.e.,

SNZ(z) = {j ∈ K ∪ L | (i) µj = ∅, (ii) cj > 0} .

A pre-stable state,z, is called tight for any agent
j∗ ∈ SNZ(z) with aspiration levelcj∗ , if the new state,
z′ = (a′,b′, µ′), defined by:

µ′ = µ



c′j =

{

cj , j 6= j∗;

[cj − δ]+, j = j∗,

is not pre-stable. The implication here is that a state,z,
is pre-stable and tight if (i) there are noǫ-improvement
agreeable matches at current aspirations levels, but (ii)
there will exist anǫ-improvement agreeable match after
any agent in SNZ(z) lowers its aspiration level byδ.

Claim 2. From any pre-stable state,z, there exists a
finite sequence of admissible transitions to a state,z′,
that is either (i) pre-stable and tight or (ii)ǫ-pairwise
stable.

Claim 3. From any pre-stable and tight state,z, with
|SNZ(z)| 6= 0, there exists a finite sequence of admissi-
ble transitions to a pre-stable statez′ with |SNZ(z′)| <
|SNZ(z)|, i.e., a strict reduction in the number of single
agents with non-zero aspiration levels.

III. D2D A PPLICATION

In this section, we consider the application of the
BLMA for D2D communications. We specifically con-
sider a cellular network whereK CUs coexist withL
D2D users. Similarly to [7], we focus on the uplink
transmission in a frequency division duplexing based
cellular network. The uplink of cellular networks is
typically underused and there is room for frequency
reuse by the D2D users. Let CUk denote a particular CU
and D2Dℓ denote a specific D2D transmitter-receiver
pair. The rate that CUk gains when matched is expressed
as:

Rk =

L
∑

l=1

αkℓ log2(1 +
Pkhk

1 + Pℓkhℓk

), (1)

whereαkℓ = 1 if µk = ℓ, i.e. if CUk is matched to
D2Dℓ. Also, Pk is the transmit power of CUk andPℓk

is the transmit power of D2Dℓ on the resource block
of CUk while hk represents the channel gain between
CUk and the base station (BS) andhℓk represents the
interference channel from D2Dℓ to the BS on RBk. Note
that all channel gains are normalized by the noise power.
To facilitate tracking of D2D link access, each CU’s RB
can be reused by at most one D2D link and multiple RBs
can be assigned to a given D2D, i.e.

∑L
ℓ=1

αkℓ = 1.

We can write a similar equation for D2Dℓ’s rate from
sharing RBk:

Rℓk = log2(1 +
Pℓkh

k
ℓ

1 + Pkhkℓ

), (2)

wherehk
ℓ is the channel gain between D2Dℓ’s transmit-

ter and receiver on RBk, while hkℓ is the interference
channel gain from CUk to the D2Dℓ’s receiver. All
channel gains are normalized by the noise power. In
order to differentiate among the different D2D pairs
requesting access to its RB, CUk may charge a certain

amount of money to allow access so that the utility
gained by CUk can be written as:

ukℓ = Rk + βkφ(Rℓk), (3)

where βk is a constant with unit defined as rate per
unit monetary value andφ(.) is some function which
transforms D2Dℓ’s rate on RBk into a monetary value
for CUk. Now, D2Dℓ will have to account for the
monetary compensation it offers CUk in its own utility,
vkℓ as follows:

vkℓ = Rℓk − βℓη(Rℓk), (4)

whereη(.) is some function which transforms D2Dℓ’s
access rate into a monetary cost andβℓ is a constant
with unit defined as rate per unit monetary value. The
aggregate utility of D2Dℓ becomes

vℓ =
K
∑

k=1

αkℓvkℓ. (5)

In the above rate equations, all entities have maximum
power constraints so thatPk ≤ Pmax

k andPℓk ≤ Pmax
ℓk

for CUk and D2Dℓ, respectively. While previous work
in the literature, e.g. [7], [8] focus on centralized
approaches to allocate the RBs while obeying power
and allocation constraints, we will instead consider
a decentralized approach whereby each rational agent
focuses on maximizing their own utility. Let us cast
the D2D allocation and power optimization problem
within the matching framework outlined in the previous
section.

A. Matching Market Formulation

Every agentk ∈ K has an indexed collection of
utility functions,

ukℓ(Pk, Pℓk) : R+ × R+ → R

that expresses how much it values powerPk of its
own power with powerPℓk from agentℓ4. Likewise,
every agentℓ ∈ L has an indexed collection of utility
functions,

vkℓ(Pk, Pℓk) : R+ × R+ → R

that expresses how much it values powerPℓk with
powerPk from agentk. Suppose agentk has aspiration
level ak and agentℓ has aspiration levelbkℓ

. Define the
set

Skℓ(ak, bkℓ) =
{

(Pk, Pℓk) | Pk ≤ Pmax
k ;Pℓk ≤ Pmax

ℓk ;

ukℓ(Pk, Pℓk) ≥ ak; vkℓ(Pk, Pℓk) ≥ bkℓ
}

.
(6)

4For clarity of presentation, we use the explicit notationukℓ(., .) to
emphasize the dependence ofukℓ onPk andPℓk. A similar statement
can be made aboutvkℓ.



In words, this set describes all possible exchanges
between agentsk andℓ such that their utilities meet the
specified aspiration levels. Then a match is agreeable if
Akℓ(ak, bkℓ) = 1, where

A(ak, bkℓ) =

{

1, Skℓ(ak, bkℓ) 6= {∅};

0, otherwise.
(7)

Since we have shown that the current problem fits
our matching formulation, we now present a modified
BLMA to produce the desired user allocations,αkℓ

and power allocationsPk and Pℓk. In the sequel,
⌊x⌋δ = max {mδ | mδ ≤ x for m ∈ Z+}. Algorithm
2 presents the pseudo code for the modified BLMA.

In words, Algorithm 2 proceeds by making random
encounters between the agents. Agents flip a fair coin.
If the outcome is more than one half, they makePk

offers to each other, the so calledPCU
k andPD2D

k by
CUk and D2Dℓ, respectively, while fixingPℓk based
on previous rounds of play. Otherwise they fixPk

and make offersPCU
ℓk and PD2D

ℓk . If the offers are
verified to at least provideǫ improvement to both agents,
then we have agreement, otherwise single agents lower
their aspirations. We note in the modified BLMA of
algorithm 2 that we limit the information exchange so
that agents know nothing about the meaning, utility, of
their offers to other agents, yet agreement of aspiration
levels is ascertained. No entity in the network has such
knowledge either. This market and information decen-
tralization is a key strength of the proposed BLMA.

IV. N UMERICAL RESULTS

In this section, we present some numerical results to
evaluate the performance of the BLMA. Our simulation
environment follows the Urban Macro Model for LTE-
advanced in [9] with a500 meters cell radius. We
assume the CUs and D2Ds are uniformly distributed
over the cell radius. We adopt a path loss model for
all channel gains with a path loss exponent of3.5. The
distance between each D2D transmitter and receiver is
set at20 meters. The maximum power constraints are
Pmax
k = 25dBm andPmax

ℓk = 20dBm. The thermal
noise level is−174dBm/Hz and the bandwidth of the
RB is 15kHz.

As for the utilities of the agents, we takeβk =
βℓ = 1 while φ(Rℓk) = η(Rℓk) = 0.1Rℓk. Unless
otherwise noted,δ = 0.01 and ǫ = 3δ. Furthermore,
we set a minimum rate requirement so thatRk = Rmin

k

for each CUk so that in maximizing their utilities, the
CUs are merely interested in maximizing their monetary
profit from allowing access to their RBs provided that
their minimum rate requirement is met. We note that
our model is general enough to accommodate different
types of users, for example, it is also possible to have
some CUs aiming to maximize their rate and profit from
allowing D2D access while other CUs merely want to

Algorithm 2 Many-to-one BLMA for D2D communi-
cation
Require: ǫ > δ > 0

1: Initialize a ≥ 0, b ≥ 0, µ = 0, (Pk, Pℓk).
2: loop
3: Activate a pair of agents uniformly at random,

(k, ℓ) ∈ K × L.
4: if RAND[0, 1] > 1

2
, then

5: Flag= 1.
6: Calculate PCU

k such that ak + ǫ =
ukl(P

CU
k , Pℓk)

7: Calculate PD2D
k such that bkℓ + ǫ =

vkl(P
D2D
k , Pℓk)

8: else
9: Flag= 0.

10: Calculate PCU
ℓk such that ak + ǫ =

ukl(Pk, P
CU
ℓk )

11: Calculate PD2D
ℓk such that bkℓ + ǫ =

vkl(Pk, P
D2D
ℓk )

12: end if
13: if

⌊

ukℓ(P
D2D
k , Pℓk)

⌋

δ
≥ ak + ǫ and

⌊

vkℓ(P
CU
k , Pℓk)

⌋

δ
≥ bkℓ + ǫ

or
⌊

ukℓ(Pk, P
D2D
ℓk )

⌋

δ
≥ ak + ǫ and

⌊

vkℓ(Pk, P
CU
ℓk , )

⌋

δ
≥ bkℓ + ǫ

then
14: Akℓ(ak + ǫ, bkℓ + ǫ) = 1
15: µk = ℓ
16: µℓ′ ← µℓ′\{k}, ∀ℓ

′ 6= ℓ
17: µℓ = µℓ ∪ {k}
18: if Flag= 1. then
19: ChoosePk at random as eitherPCU

k or
PD2D
k .

20: Updateak ← ⌊ukl(Pk, Pℓk)⌋δ,
21: Updatebkℓ ← ⌊vkl(Pk, Pℓk)⌋δ,
22: else
23: ChoosePℓk at random as eitherPD2D

ℓk or
PCU
ℓk .

24: Updateak ← ⌊ukl(Pk, Pℓk)⌋δ,
25: Updatebkℓ ← ⌊vkl(Pk, Pℓk)⌋δ,
26: end if
27: else
28: for j ∈ {k, ℓ} do
29: if µj = ∅, then
30: cj ← [cj − δ]+

31: end if
32: end for
33: end if
34: end loop
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Fig. 1: D2Ds sum utility vs. CUs different rate require-
ments. The number of D2D links is15 while the number
of CUs is10.

maintain minimum rate and maximize profit. Our model
also allows such heterogeneity among the D2D agents.

Figure 1 shows the resulting performance of BLMA
for different minimum rate requirements by the CUs.
Also imposed on this curve is a centralized solution
which is exhaustively attained by maximizing the sum
utility of D2Ds while ensuring the minimum rate re-
quirements of the CUs and abiding by the CU allocation
constraint, i.e.

∑L
ℓ=1

αkℓ = 1, and the maximum power
constraints. It is noted that the sum utility of D2D
links decreases with increasing the minimum rate. It
is also clear that the BLMA performance very closely
follows the centralized approach albeit with much less
information.

Next, we investigate the impact of varyingδ and
ǫ on the convergence time and the D2D sum utility.
As expected, makingδ, and subsequentlyǫ, large does
make the BLMA converge faster however this comes
at the expense of degraded performance. This suggests
that a scheme for adaptingδ as the algorithm pro-
gresses might strike a good balance between attained
performance and convergence time. This table also hints
that using the notion ofǫ-pairwise stability is essential
for polynomial time convergence versus the exponential
convergence times reported in the matching literature
[10], [11] for traditional pairwise stability notions. This
topic is currently part of our ongoing investigation.

V. CONCLUSION

We considered a two-sided many-to-one matching
problem defined by a collection of agreement functions.
We proposed BLMA to solve the problem. Despite
market decentralization and the random activation of
agents, it was shown that the BLMA converges to
our approximate notion of stability,ǫ-pairwise stability.
Next, we formulated a many-to-one matching problem

D2D Sum rate Convergence Time

δ = 0.01 192.1251 989
δ = 0.1 176.2975 789
δ = 0.2 165.9359 393

TABLE I: Impact of varyingδ andǫ on the performance
and convergence time of BLMA considering the case of
25 CUs and 15 D2Ds. In the table above,ǫ = 3δ.

for D2D communications. We proposed a simple learn-
ing dynamic to ascertain agreement of aspiration levels.
In all dealings between pairs of agents, we enforced a
limited information exchange so that agents can only
calculate their utilities but no information is available
about the utility of other agents in the network. Despite
these limitations, attaining our approximate solution of
pairwise stability is still feasible. Finally, we validated
our approach using numerical simulations and showed
some convergence properties of BLMA.
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