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Robust Fractional-Order Proportional-Integral
Observer for Synchronization of Chaotic
Fractional-Order Systems
Ibrahima N’Doye, Member, IEEE, Khaled Nabil Salama, Senior Member, IEEE, and
Taous-Meriem Laleg-Kirati, Senior Member, IEEE

Abstract—In this paper, we propose a robust fractional-order
proportional-integral (FOPI) observer for the synchronization of
nonlinear fractional-order chaotic systems. The convergence of
the observer is proved, and sufficient conditions are derived in
terms of linear matrix inequalities (LMIs) approach by using
an indirect Lyapunov method. The proposed (FOPI) observer is
robust against Lipschitz additive nonlinear uncertainty. It is also
compared to the fractional-order proportional (FOP) observer
and its performance is illustrated through simulations done on
the fractional-order chaotic Lorenz system.
Index Terms—Chaos synchronization, robust proportionalintegral observer design, fractional-order chaotic systems, indirect Lyapunov approach, Linear Matrix Inequality (LMI).

I. I NTRODUCTION

F

RACTIONAL calculus has gained significant attention
in various application fields in engineering and science.
Thanks to their non-local properties, fractional-order derivatives provide a more appropriate tool for modeling complex
phenomena.
The study of the synchronization problem for nonlinear
systems has been very important from nonlinear sciences point
of view, in particular the applications to secure data transmission, biology, cryptography and so on [1]. Synchronization
of chaos occurs in a process wherein two chaotic systems
either equivalent or non equivalent have a common behavior
due to coupling or forcing of some properties of their motion
[1]. The chaos synchronization problem can be regarded as
an observer design procedure, where the coupling signal is
viewed as output and the response system as an observer
[2]−[5]. Fractional differentiation order has a direct effect on
the chaotic behavior of nonlinear dynamical systems and on
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the synchronization process. Indeed the synchronization error
decreases as the differentiation order increases [6]. In the same
context, a recent study has shown that the control and synchronization are easier with low order fractional systems [1], [7].
A similar result is reported in [8], which indicates that smaller
the fractional-order is, better is the synchronization. Different
synchronization methods exist for both integer-order systems
and fractional order systems (see for example [9] and [10]).
Among these methods proposed for integer-order systems are
the observers, used usually for state estimation and which
have been proposed as an efficient tool for synchronization
for example in [3], [11], [12]. Various control schemes for
fractional-order chaotic systems have been intensively studied,
unfortunately research on the control and synchronization of
fractional-order chaotic systems using proportional-integral
(PI) observer have not been yet investigated. A PI observer
is an observer with an integrating effect which takes care
of the asymptotic time behavior [13]. PI observers have
several attractive features compared to proportional action and
combined with fractional-order they allow more flexibilities
via selection of the order. In general, a PI observer allows
good time recovery at low frequencies whereas the usual
proportional (P) observer allows good recovery only in the
limit at low frequencies [13].
The main advantage of describing system in fractional-order
than normal one in term of observer design is its additional
degree of freedom that helps in improving the synchronization
errors performance. It is interesting to find that the fractionalorder derivatives and the PI observer gains can be well
chosen appropriately to adjust the synchronization effect. The
proposed fractional-order PI observer can be applied to a wide
class of chaotic fractional systems and it may also enhance
security in communication and chaotic encryption schemes
due to its complexity.
We propose to extend the idea of observer-based synchronization to fractional chaotic systems. In this context, we
propose a robust fractional-order proportional integral (FOPI)
observer for a class of nonlinear fractional-order chaotic systems which provides very interesting flexibility and robustness
properties with respect to perturbations. The proposed observer
uses both proportional and integral corrections allowing for
better robustness properties. The design of the observer and its
proof of convergence rely on a frequency distributed fractional
integrator equivalent model which allows the use of Lyapunov
method [14]. This approach has been successfully used in
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several cases including the adaptive parameter estimation
problems for some classes of linear fractional-order processes
[15] and the observer design for fractional-order nonlinear systems [16]−[18]. However, few studies have addressed robust
observer design for fractional-order systems. The convergence
of the proposed observer is studied using linear matrix inequalities based on Lyapunov approach. We show that the
FOPI observer allows the attenuation of modeling uncertainties
and noisy measurements. A comparison of the proposed FOPI
observer to the fractional-order proportional (FOP) observer is
also studied via simulation examples.
This paper is organized as follows. In section II, some
preliminary results are presented. In section III, the problem
is formulated. In section IV, the main results are derived, and
then sufficient conditions for the asymptotic stability of the
fractional-order observer error dynamics are derived in terms
of linear matrix inequalities (LMIs). The robustness analysis
against nonlinear uncertainty in which an explicit tolerable
bound is derived, is performed in section V. In section VI, an
example is presented to illustrate the proposed results. Finally,
some conclusions are drawn in section VII.
Notations. M T is the transpose of M and Dα represents
initialized αth order differintegration. In symmetric block matrices, the operator · represents a term induced by symmetry.
II. P RELIMINARIES
In this section, we present some basic definitions and
properties of the fractional integration and differentiation.
Fractional-order integration and differentiation are the generalization of their integer-order counterparts. Traditional integerorder definitions have been extended to the fractional cases
leading to different definitions [19], [20]. One of the primary
functions of fractional calculus is Euler’s Gamma function
defined by the integral
Z ∞
Γ(z) =
e−t tz−1 dt,
(1)
0

which converges in the right half of the complex plane, i.e
Re(z) > 0. The definition of fractional integral of continuous
function f (t) with respect to t and the terminal value t0 is
given by [19]
Z t
1
−α
(t − τ )α−1 f (τ )dτ, α > 0,
(2)
t0 Dt f (t) =
Γ(α) t0
where Γ(.) is the well-known Gamma function which is
defined in (1).
The Riemann-Liouville derivative is defined by [19]
RL α
t0 Dt f (t)

= Dtn0 Dtα−n f (t),

n − 1 < α < n,

(3)

where n ∈ Z+ and Dn is the classical n-th order derivative.
A fractional-order system can be represented by an infinitedimensional system generally called “diffusive representations” [21]−[24]. In the following we recall briefly a continuous frequency distributed representation of a fractionalorder system. Other equivalent representations can be used as
described in [23].

Let h(t) be the impulse response of a linear system. The
diffusive representation (or frequency weighting function) of
h(t) is called µ(ω) with the following relation [14]
Z ∞
h(t) =
µ(ω)eωt dω,
(4)
0

where ω is the elementary frequency.
The fractional order integral operator
written as [14]
−α
t0 Dt f (t)

−α
t0 Dt f (t)

can be

= h(t) ∗ f (t),

where ∗ denotes the convolution operator and h(t) =
while the diffusive representation of h(t) is defined as
µ(ω) =

sin(απ) −α
ω .
π

(5)
tα−1
,
Γ(α)

(6)

In the rest of this paper, Dα is used to denote the RiemannLiouville fractional derivative of order α.
Lemma 1: The fractional-order nonlinear differential equation [14], [23]
α
(7)
t0 Dt x(t) = f (x(t)),
due to the continuous frequency distributed model of the
fractional integrator, can be written as

∂z(ω, t)


= −ωz(ω, t) + f (x(t)),
∂t Z ∞
(8)

 x(t) =
µ(ω)z(ω, t)dω,
0

where z(ω, t) is the infinite dimensional distributed state
variable and µ(ω) is defined in (6).
An approximation has been proposed to avoid the infinite
dimensional nature of the diffusive representation where the
frequency domain is truncated to be limited [23]. In the
following, we recall this approximation briefly, more details on
the convergence and the procedure of the approximation can
be found in [23]. Consider a finite network of N frequency
points : ω = [ω1 = ωmin , · · · , ωN = ωmax ] with ωmin > 0 for
i = 1, · · · , N where N is the number of approximation nodes.
An approximation of the state z(ω, t) denoted as z̄(ω, t) is
given via the interpolating functions ψi as follows:
z̄(ω, t) =

N
X

ψi (ω)z(ωi , t),

(9)

i=1

where z(ωi , t) is the real state at frequency ωi and ψi (ω) are
chosen such that z̄(ωi , t) = z(ωi , t).
The approximation of the pseudo-state x(t) is given by
Z ωmax
x̄(t) =
µ(ω)z̄(ω, t)dω.
(10)
ωmin

The accuracy of this approximation depends on the choice
of the interpolation functions and the sampling frequencies.
An appropriate choice of ψi (ω) and for an admissible input
f , z̄(ω, t) and x̄(t) converge to z(ω, t) and x(t) respectively
[23].
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III. P ROBLEM F ORMULATION
Consider the following nonlinear fractional-order system
with external disturbances
½ α
D x(t) = Ax(t) + Φ(x(t), u(t)) + F d(t),
0<α<1
y(t) = Cx(t),
(11)
where x(t) ∈ Rn is the pseudo-state vector, u(t) ∈ Rm is
the control input, y(t) ∈ Rp is the measurable output and
d(t) ∈ Rq is a bounded unknown input disturbance.
A ∈¤
£
Rn×n , C ∈ Rm×n and F ∈ Rn×q . αi = α1 , α2 , · · · , αn
are the fractional orders for 0 < α < 1. An interesting
situation is when α1 = α2 = · · · = αn and in this case
system (11) is called commensurate system, otherwise it is
non-commensurate system.
For the rest of the paper, we consider the following assumption.
Assumption 1: The nonlinear fractional-order system (11)
satisfies the following conditions.
i) The nonlinear vector function Φ(x(t), u(t)) is assumed to
be Lipschitz with respect to x, uniformly in u and Φ(0, u∗ ) = 0
for all admissible control signal u∗ , i.e
||Φ(x1 , u∗ ) − Φ(x2 , u∗ )|| 6 λ1 ||x1 − x2 ||,

(12)

where λ1 is a Lipschitz constant.
ii) The matrix pair (C, A) is observable and the triplet
(A, F, C) is minimum phase [25], [26] i.e. ∀ σ ∈ C, i =
1, · · · , n,
·
¸
π
σIn − A F
rank
= n + rank(F ), |arg(σ)| 6 αi .
C
0
2
The following lemma proved in [27] will be used in the
next section.
Lemma 2: [27] For any matrices X and Y with appropriate
dimensions, we have for any δ > 0
T
X T Y + Y T X 6 ε1 X T X + ε−1
1 Y Y.

(13)

IV. ROBUST FOPI O BSERVER D ESIGN
In this section, sufficient conditions for the convergence
of the fractional-order proportional-integral (FOPI) observer
are derived in terms of linear matrix inequalities (LMIs)
formulation. The controller gains are determined from feasible
solutions of the LMI.
We consider the nonlinear fractional-order proportionalintegral observer in the following form
½ α
D x̂(t) = Ax̂(t)+Φ(x̂(t), u(t))+L(y(t)−C x̂(t))+Kξ(t),
Dα ξ(t) = −T ξ(t) + H(y(t) − C x̂(t)),
(14)
where 0 < α < 1, x̂(t) ∈ Rn is the estimated state vector, L
and K are the proportional and the integral observer gains, respectively. The additional state vector ξ(t) ∈ Rm is the filtered
output observer-based synchronization error and matrices T
and H are unknown matrices of appropriate dimensions, which
must be determined such that x̂(t) asymptotically converges
to x(t).
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The fractional-order observer error dynamic equation is
given by
Dα e(t) = Ãe(t)+Φ(x(t), u(t))−Φ(x̂(t), u(t))−Kξ(t)+F d(t),
(15)
where Ã = A − LC and e(t) = x(t) − x̂(t) is the state
observer-based synchronization error.
We consider system (15) and a given set of admissible
disturbance signals D. The effects of the external disturbance
on the stability error are minimized using the H∞ norm of
ē(t) and ξ(t) with respect to d(t) as
||ē(t)|| + ||ξ(t)|| 6 η||d(t)||,

(16)

where η > 0 is a positive number and ē(t) is the approximation
error of e(t).
The H∞ fractional-order proportional-integral observer design problem presented can be formulated as follows: given the
nonlinear fractional-order system (11) and a prescribed level
of noise η > 0, find a suitable fractional-order proportionalintegral observer in the form (14), such that :
i) The fractional-order observer error (15) with d(t) = 0 is
asymptotically stable.
ii) Under zero initial condition, the induced L2 norm of the
operator from d(t) to ē(t) and ξ(t) is less than η.
A. FOPI Observer Design
The following theorem gives sufficient conditions for the
fractional-order proportional-integral observer (14) to be stable
for d(t) = 0 and to satisfy the optimality condition (16) for
d(t) 6= 0.
Theorem 1: If there exist matrices P = P T > 0, W =
W T > 0, X, V and T > 0 and a positive scalar ε1 > 0 such
that


Ξ κ(C T U T − V ) κP F
P
·

−2κW + I
0
0

< 0,
(17)
2
·

·
−η I
0
−1
·
·
·
−ε1 κ I
where
Ξ = AT P − C T X + P A − X T C + ε1 κλ21 I + I,
and λ1 is defined in equation (12) and κ > 0 is a given fixed
scalar. Then, the error system satisfies the H∞ performance
with given attenuation index η.
Moreover, the proportional and the integral observer gain
matrices are given as
L = P −1 X T

and K = P −1 V,

(18)

with H = Q−1 U and Q = T −1 W .
¤
Proof 1: It follows from lemma 1 that the fractional-order
observer error dynamic system (15) can be written as

∂Z1 (ω, t)


= −ωZ1 (ω, t)+ Ãe(t) + Φ(x(t), u(t))


∂t
Z ∞ −Φ(x̂(t), u(t)) − Kξ(t) + F d(t)), (19)


 e(t) =

µ(ω)Z (ω, t)dω,
1

0
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and its finite-dimensional approximation can be written as
follows

N
X

∂ Z̄1 (ω, t)


=
−
ωi ψi (ω)Z1 (ωi , t)


∂t


i=1


N
³
´
X
+
ψ
(ω)
Ãe(t)+
Π
−
Kξ(t)
+
F
d(t)
, (20)
Φ
i




Zi=1ωmax




ē(t) =
µ(ω)Z̄1 (ω, t)dω,
ωmin

where Z̄1 (ω, t) =

N
X

ψi (ω)Z1 (ωi , t) is the approximation

i=1

of Z1 (ωi , t), ē(t) the approximation of e(t) and ΠΦ =
Φ(x(t), u(t)) − Φ(x̂(t), u(t)).
The fractional-order filtered output observer-based synchronization error is equivalent to

∂Z2 (ω, t)


= −ωZ2 (ω, t) − T ξ(t) + H(y(t) − C x̂(t)),
∂t Z ∞

 ξ(t) =
µ(ω)Z2 (ω, t)dω,

+

N
X

¡

T

T

ωmin

where Z̄2 (ω, t) =

(22)
N
X

ψi (ω)Z2 (ωi , t) is the approximation of

i=1

¯ the approximation of ξ(t).
Z2 (ωi , t) and ξ(t)
Let us define the following Lyapunov function as
Z ωmax
V (t) =
µ(ω)Z̄1T (ω, t)P Z̄1 (ω, t)dω
ωmin
Z ωmax
+
µ(ω)Z̄2T (ω, t)QZ̄2 (ω, t)dω.

(23)

ωmin

Taking the derivative of equation (23) yields
Ã N
Z ωmax
X
V̇ =
µ(ω) − ωi ψi (ω)Z1T (ωi , t)
ωmin

+

N
X

i=1

!
´
³
T T
T
T
T
T T
ψi (ω) e Ã +ΠΦ − ξ K + d F
P Z̄1 (ω)dω

i=1

Z

Ã

ωmax

µ(ω)Z̄1T (ω)P

+

ωmin

+

N
X

+

i=1

³

´

ψi (ω) Ãe(t)+ ΠΦ − Kξ + F d

i=1

Z

N
X
− ωi ψi (ω)Z1 (ωi , t)

Ã

N
X
µ(ω) − ωi ψi (ω)Z2T (ωi , t)

ωmax

ωmin

i=1

!
dω

¢

!
QZ̄2 (ω)dω

N
X
µ(ω)Z̄2T (ω)Q − ωi ψi (ω)Z2T (ωi , t)

ωmin
N
X

i=1

!

ψi (ω) (−T ξ + HCe) Z̄2 (ω)dω.

(24)

i=1

Using the truncated frequency domain and substitute the
term e(t) in (24), one can obtain the following equation
Z ωmax
µ(ω)Z̄1 (ω, t)P Z̄1 (ω, t)dω
V̇ = −2ωmin
ωmin
Z ωmax
− 2ωmin
µ(ω)Z̄2 (ω, t)QZ̄2 (ω, t)dω
ωmin
£
¤
+ ēT (A − LC)T P + P (A − LC) ē
T

+ κ{ēT P [Φ(x, u) − Φ(x̂, u)]+[Φ(x, u) − Φ(x̂, u)] P ē
+ ξ T (QHC − K T P )ē + ēT (C T H T Q − P K)ξ
− 2T ξ T Qξ + ēT P F d + dT F T P ē}.

0

(21)
and its finite-dimensional approximation is given as follows

N
X

∂ Z̄2 (ω, t)


=
−
ωi ψi (ω)Z2 (ωi , t)


∂t


i=1


N
X
+
ψi (ω) (−T ξ(t) + H(y(t) − C x̂(t)) ,



i=1

Z ωmax


¯

ξ(t) =
µ(ω)Z̄2 (ω, t)dω,

T

Ã

ωmax

+
+

T

ψi (ω) −ξ T + e C H

i=1

Z

T

where κ =

N
X

max

ω∈[ωmin , ωmax ]

(25)

ψi (ω) > 0.

i=1

By using lemma 2 and equation (12), we obtain the following inequality
T

ēT P [Φ(x, u) − Φ(x̂, u)] + [Φ(x, u) − Φ(x̂, u)] P ē
T
2
6 ε−1
1 ē P P ē + ε1 ||Φ(x, u) − Φ(x̂, u)||
T
2
2
6 ε−1
1 ē P P ē + ε1 λ1 ||ē|| ,

(26)

for any positive number ε1 .
Substituting (26) into (25), we obtain the following inequality
Z ωmax
V̇ 6 −2ωmin
µ(ω)Z̄1 (ω, t)P Z̄1 (ω, t)dω
ωmin
Z ωmax
µ(ω)Z̄2 (ω, t)QZ̄2 (ω, t)dω
− 2ωmin
ωmin
£
¤
T
+ ēT (A − LC)T P +P (A − LC) ē+κε−1
1 ē (t)P P ē(t)
+ κε1 λ21 ||ē(t)||2 +κξ T (QHC − K T P )ē
+κēT (C T H T Q−P K)ξ − 2κT ξ T Qξ + κēT P F d
+ κdT F T P ē.

(27)

Clearly, if
£
¤
T
ēT (A − LC)T P +P (A − LC) ē+κε−1
1 ē (t)P P ē(t)
+ κε1 λ21 ||ē(t)||2 + κξ T (QHC − K T P )ē
+ κēT (C T H T Q − P K)ξ − 2κT ξ T Qξ
+ κēT P F d + κdT F T P ē < 0,

(28)

then V̇ (t) < 0 which implies that the dynamic system (20) is
asymptotically stable i.e the approximation error ē(t) and the
error e(t) converge to zero asymptotically.
Now, we define the H∞ cost [28] in equation (16) as follows
Z ∞
J=
(ēT ē + ξ T ξ − η 2 dT d)dt.
(29)
0
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Therefore, we have
Z ∞
J<
(ēT ē + ξ T ξ − η 2 dT d + V̇ )dt.

(30)

0

It follows that a sufficient condition for J 6 0 is that
V̇ + ēT ē + ξ T ξ − η 2 dT d 6 0.

λ1 is defined in equation (12) and κ > 0 is a given fixed
scalar.
Moreover, the proportional and the integral observer gain
matrices are given as
L = P −1 X T

(31)

Using inequalities (28) and (31), the sufficient condition can
be written as
 T
 
ē
Ξ1 κ(C T H T Q − P K) κP F ē
ξ   ·
−2κT Q + I
0 ξ < 0
(32)
d
·
·
−η 2 I d
where

5

and K = P −1 V,

(38)

with H = Q−1 U and Q = T −1 W .
Proof 2: We can see that if the LMI (17) of theorem 1 is
satisfied then by using the Schur complement we obtain LMI
(37) and we have the asymptotic stability for d(t) = 0. This
ends the proof.
B. Fractional-Order Proportional (FOP) Observer Design

T

Ξ1 = (A − LC) P +P (A −

2
LC)+κε−1
1 P P +κε1 λ1 I

+ I,

Thus, a sufficient condition for J 6 0 is that the following
inequality be negative definite


Ξ1 κ(C T H T Q − P K) κP F
 ·
−2κT Q + I
0  < 0.
(33)
·
·
−η 2 I
Then,
ēT ē + ξ T ξ − η 2 dT d 6 0 → ||ē|| + ||ξ|| 6 η||d||.

(34)

Using Schur complement, we obtain the following inequality


Ξ2 κ(C T H T Q − P K) κP F
P
 ·

−2κT Q + I
0
0

< 0, (35)
 ·

·
−η 2 I
0
·
·
·
−ε1 κ−1 I
where
Ξ2 = (A − LC)T P + P (A − LC) + ε1 κλ21 I + I.
To convert the above inequality to LMI, let X = LT P , U =
QH, V = P K and W = T Q which implies the following
LMI


Ξ κ(C T U T − V ) κP F
P
·

−2κW + I
0
0

< 0,
(36)
·

·
−η 2 I
0
−1
·
·
·
−ε1 κ I
where Ξ = AT P − C T X + P A − X T C + ε1 κλ21 I + I. This
ends the proof.
The following theorem gives sufficient conditions for the
stability of the fractional-order PI observer (14) when d(t) =
0.
Theorem 2: There exists an asymptotically convergent
fractional-order proportional-integral observer of the form (14)
for d(t) = 0, if there exist matrices P = P T > 0,
W = W T > 0, X, V and T > 0 and a positive scalar ε1 > 0
such that


Ξ κ(C T U T − V )
P
·
< 0,
−2κW + I
0
(37)
·
·
−ε1 κ−1 I
where
Ξ = AT P − C T X + P A − X T C + κε1 λ21 I + I,

If we are interested in designing the fractional-order proportional observer, then theorem 1 can be changed into the
following.
Theorem 3: If there exist matrices P = P T > 0, X and a
positive scalar ε1 > 0 such that


Ξ κP F
P
 · −η 2 I
< 0,
0
(39)
·
·
−ε1 κ−1 I
where
Ξ = AT P − C T X + P A − X T C + κε1 λ21 I + I,
λ1 is defined in equation (12) and κ > 0 is a given fixed scalar,
then the error system satisfies the H∞ performance with given
attenuation index η.
Moreover, the proportional observer gain matrix is given as
L = P −1 X T .

(40)

Proof 3: The proof is similar to the proof of theorem 1,
here we omitted it because of page limitation.
V. ROBUSTNESS AGAINST N ONLINEAR U NCERTAINTY
The maximization of the Lipschitz constant maintains the
proposed observer robust against some Lipschitz nonlinear
uncertainty. In this section, a norm-wise bound on the nonlinear uncertainty is derived. This norm-wise analysis provides
an upper bound on the Lipschitz constant of the nonlinear
uncertainty and the norm of the Jacobian matrix of the corresponding nonlinear function. The robustness against nonlinear
uncertainty presented here is similar to the results proposed in
[29]−[32]. Subsequently, we briefly mention the results without proof and refer to those references for detailed discussions
and alternative bounds.
Assume a nonlinear uncertainty as follows
Φ∆ (x(t)) = Φ(x(t)) + ∆Φ(x(t)),

(41)

where Φ∆ (x(t)) is uncertain nonlinear function and ∆Φ(x(t))
is unknown nonlinear uncertainty. Suppose that
||∆Φ(x1 ) − ∆Φ(x2 )|| 6 ∆λ1 ||x1 − x2 ||,

(42)

where ∆λ1 is the Lipschitz constant.
The following theorem gives sufficient conditions for the
stability of the robust fractional-order observer error (15) with
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maximum admissible Lipschitz constant and guarantees also
the disturbance attenuation level.
Theorem 4: There exists a robust asymptotically stable
adaptive observer of the form (14) with maximum admissible
Lipschitz constant λ∗1 , if there exist matrices P = P T > 0,
W = W T > 0, X, V and T > 0 and a positive scalar ε1 > 0
such that
max (λ1 )

Ξ κ(C T U T − V )
·
−2κW + I

·
·
·
·

κP F
0
−η 2 I
·


P

0
< 0,

0
−ε1 κ−1 I

(43)

where
Ξ = AT P − C T X + P A − X T C + ε1 κλ21 I + I,
and λ1 is defined in equation (12) and κ > 0 is a given fixed
scalar. Then, the error system satisfies the H∞ performance
with given attenuation index η.
Once the problem is solved, the proportional and the integral
observer gains matrices are given as
L = P −1 X T ,

K = P −1 V,

and λ∗1 = max (λ1 ) (44)

VI. N UMERICAL S IMULATIONS
In this section, numerical results illustrate the performance
of the robust fractional-order PI observer design. We compare the performance of the fractional-order PI observer and
the fractional-order proportional observer and discuss the
simulation results for achieving robust synchronization of
non-commensurate fractional-order chaotic Lorenz systems.
Grigorenko investigated chaotic dynamics of fractional-order
Lorenz system and pointed out that fractional-order Lorenz
system displays chaotic behavior for fractional-order α >
0.9941 in [33]. Its fractional version with external disturbance
is described as follows :
 α  
  
  
−10 10
0
D 1 x1
x1
0
1
Dα2 x2  =  28 −1 0  x2  + −x1 x3  + 1 d,
Dα3 x3
x3
x1 x2
1
0
0 −8
  
  3
y1
1 0 0 x1
y2  = 0 0 0 x2  ,
(45)
y3
0 0 1 x3
where d(t) = 0.05 sin(60πt) is an external disturbance.
The Lorenz system (45) with input disturbance and with
integer orders (IO) (α1 = α2 = α3 = 1) and fractional orders
(FO) (α1 = 0.997, α2 = 0.996 and α3 = 0.998) has a chaotic
attractor as depicted
in
£
¤TFig. 1 where the initial conditions are
set to x0 = 1 1 1 .

with H = Q−1 U and Q = T −1 W .
¤
Proof 4: The proof is similar to the proof of theorem 1,
here we omitted it.
Proposition 1: Suppose that the actual Lipschitz constant
of the nonlinear function Φ system is λ1 and the maximum
admissible Lipschitz constant achieved by theorem 4 is λ∗1 .
Then, the proposed observer based on theorem 4 can tolerate
any additive Lipschitz nonlinear uncertainty with Lipschitz
constant ∆λ1 such that λ1 + ∆λ1 6 λ∗1 −→ ∆λ1 6 λ∗1 − λ1 .
Proof 5: Based on Schwartz inequality, we have
||Φ∆(x1 )−Φ∆(x2 )|| 6||Φ(x1 )−Φ( x2 )||+||∆Φ(x1 )−∆Φ(x2 )||
6 λ1 ||x1 − x2 || + ∆λ1 ||x1 − x2 ||,
According to theorem 4, Φ∆ (x(t)) can be any Lipschitz
nonlinear function with Lipschitz constant less than or equal
to λ∗1 .
||Φ∆ (x1 ) − Φ∆ (x2 )|| 6 λ∗1 ||x1 − x2 ||,
then, there must be
λ1 + ∆λ1 6 λ∗1 −→ ∆λ1 6 λ∗1 − λ1 .
In addition, we have for any continuously differentiable
function ∆Φ(x)
||∆Φ(x1 ) − ∆Φ(x2 )|| 6 ||

∂∆Φ
(x1 − x2 )||
∂x

∂∆Φ
is the Jacobian matrix. Then, ∆Φ(x) can be any
∂x
∂∆Φ
|| 6 λ∗1 − λ1 .
additive uncertainty with ||
∂x
where

Fig. 1.

Chaotic attractors Lorenz system.

The design parameter is chosen such that λ1 = 0.65
and κ = 1. From theorem 1 and using the LMI feasibility
command “YALMIP” in Matlab, the proportional and the
integral observer gains are obtained, respectively,




68.10 16.26 2.34
10.60 10.60
0
0 ,
L=129.47 16.29 8.44  , K=10.60 51.01
0.77
1.58 61.90
0
0
10.60
where ε1 = 0.36 and η = 0.045.
A. FOPI Observer Versus FPO Observer
We propose to compare the proposed fractional-order
proportional-integral observer (FOPI) to the fractional-order
proportional observer (FPO) when modeling errors and external disturbance are present in the system (45).
Figs. 2, 3 and 4 show the trajectories of the states and their
estimates, and the synchronization errors are shown in Fig. 5
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Fig. 2. States xFOPI
and xFOP
and their estimates x̂FOPI
and x̂FOP
respec1
1
1
1
tively.

Fig. 4.
tively.

States xFOPI
and xFOP
and their estimates x̂FOPI
and x̂FOP
respec3
3
3
3

Fig. 3. States xFOPI
and xFOP
and their estimates x̂FOPI
and x̂FOP
respec2
2
2
2
tively.

Fig. 5.

Synchronization errors.

for the differentiation orders (α1 = 0.997, α2 = 0.996 and
α3 = 0.998).
The ¤initial values of FOPI and FPO states are set
£
T
to x0 = 2 2 2 while the initial values of their estimates
£
¤T
are x̂0 = 1 1 1
where the simulation time is given
by T = 2.5s and the time step by h = 0.0005. From the
simulations results, the disturbance attenuating properties of
the FOPI observer can clearly be observed and the convergence
of the estimates is smoother than in the FPO observer. The zero
synchronization errors have been achieved which confirm
that the proposed observer works well. It should be noted that
the proposed FOPI observer is robust against modeling errors
and external disturbances. The Root Mean Square (RMS)
synchronization errors of FOPI and FOP observers with different differentiation orders have been given in Tables I and
II respectively. It can be clearly seen that the synchronization
errors achieve better performance with low order fractional
systems for both FOPI and FOP observers. Furthermore, the
solution for arbitrary initial conditions has been illustrated in
Table III. It can be seen that the synchronization errors achieve
better performance with low order fractional systems than the
normal one. Consequently, these results indicate that smaller
the fractional-order is, better are the synchronization errors.

B. Commensurate Fractional-order (FO) Versus IntegerOrder (IO)
We propose to show how the commensurate fractional-order
α can affect the performance of the synchronization when
external disturbance is present in the system (45). Figs. 6, 7
and 8 show the trajectories of the states and their estimates
and the synchronization errors are shown in Fig. 9 for FO
(α1 = 0.995, α2 = 0.995 and α3 = 0.995) and IO where
the simulation time is given by T = 25sec and the time
step by h = 0.0005.
values of£FO and ¤IO states
£ The initial
¤T
T
2
2
2
while
=
and
xIO
are set to xFO
0 = 2 2 2
0
£
¤T
FO
5
5
5
the initial values of their estimates are x̂0 =
£
¤T
respectively. From the simulations
and x̂IO
0 = 5 5 5
results, the zero synchronization errors have been achieved
which confirm that the proposed observer works well. The
synchronization errors show that the FOPI can be successfully
applied to the chaotic synchronization problem. The RMS
synchronization errors of the proposed fractional-order PI
observer with commensurate fractional orders have been given
in Table IV. It can be seen that the fractional-order α affects
also the behavior of the commensurate fractional chaotic
dynamical systems and the synchronization starts earlier for
smaller values of α.
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TABLE I
RMS SYNCHRONIZATION ERRORS OF FOPI OBSERVER WITH DIFFERENT DIFFERENTIATION ORDERS (T =2.5 SEC )
RMS (error 1)

RMS (error 2)

RMS (error 3)

(simulated case) α1 = 0.997, α2 = 0.996, α3 = 0.998

0.0756

0.2862

0.0744

(decreasing the orders) α1 = 0.995, α2 = 0.996, α3 = 0.995

0.0750

0.2843

0.0736

(increasing the orders) α1 = 0.999, α2 = 0.998, α3 = 0.997

0.0765

0.2894

0.0746

(integer order case) α1 = 1, α2 = 1, α3 = 1

0.0772

0.2918

0.0757

Differentiation orders

TABLE II
RMS SYNCHRONIZATION ERRORS OF FOP OBSERVER WITH DIFFERENT DIFFERENTIATION ORDERS (T =2.5 SEC )
Differentiation orders
(simulated case) α1 = 0.997, α2 = 0.996, α3 = 0.998
(decreasing the orders) α1 = 0.995, α2 = 0.996, α3 = 0.995
(increasing the orders) α1 = 0.999, α2 = 0.998, α3 = 0.997
(integer order case) α1 = 1, α2 = 1, α3 = 1

RMS (error 1)
0.1736
0.1712
0.1760
0.1773

RMS (error 2)
1.1275
1.1019
1.1441
1.1728

RMS (error 3)
1.0974
1.0744
1.1150
1.1394

TABLE III
RMS SYNCHRONIZATION ERRORS OF FOPI OBSERVER WITH ARBITRARY INITIAL CONDITIONS OF THE DRIVE SYSTEM (T =2.5 SEC )
Initial conditions
h
iT
x0 = 2 2 2
(simulated case)
h
x0 = 5

2

h
x0 = −1
h
x0 = 0.3
h
x0 = −0.4

7
1

iT

5

0.1

iT

0.2

0.1

iT

−0.3

iT

RMS (error 1)

Differentiation orders

RMS (error 2)

RMS (error 3)

α1 = 0.997, α2 = 0.996, α3 = 0.998

0.0756

0.2862

0.0744

α1 = 1, α2 = 1, α3 = 1

0.0772

0.2918

0.0757

α1 = 0.997, α2 = 0.996, α3 = 0.998

0.2099

0.7567

0.3358

α1 = 1, α2 = 1, α3 = 1

0.2136

0.7710

0.3400

α1 = 0.997, α2 = 0.996, α3 = 0.998

0.1090

0.2385

0.3390

α1 = 1, α2 = 1, α3 = 1

0.1109

0.2424

0.3427

α1 = 0.997, α2 = 0.996, α3 = 0.998

0.0781

0.2651

0.0627

α1 = 1, α2 = 1, α3 = 1

0.0799

0.2720

0.0634

α1 = 0.997, α2 = 0.996, α3 = 0.998

0.0958

0.2200

0.0832

α1 = 1, α2 = 1, α3 = 1

0.0977

0.2252

0.0841

TABLE IV
RMS SYNCHRONIZATION ERRORS OF FOPI OBSERVER WITH COMMENSURATE ORDERS (T =25 SEC )
Commensurate orders
α1 = 0.995, α2 = 0.995, α3 = 0.995
α1 = 0.996, α2 = 0.996, α3 = 0.996
α1 = 0.997, α2 = 0.997, α3 = 0.997
(integer order case) α1 = 1, α2 = 1, α3 = 1

RMS (error 1)
0.2049
0.2061
0.2073
0.2060

IO
FO
IO
Fig. 6. States xFO
1 and x1 and their estimates x̂1 and x̂1 respectively.

Fig. 7.

RMS (error 2)
0.3298
0.3314
0.3330
0.3025

RMS (error 3)
0.2037
0.2049
0.2062
0.2056

IO
FO
IO
States xFO
2 and x2 and their estimates x̂2 and x̂2 respectively.
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observers for chaotic synchronization and secure communication,” IEEE
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Mar. 2002.
[4] M. Boutayeb, “Synchronization and input recovery in digital nonlinear
systems,” IEEE Trans. Circ. Syst. II Express Briefs, vol. 51, no. 8, pp.
393−399, Aug. 2004.
[5] G. P. Jiang, W. X. Zheng, W. K. S. Tang, and G. R. Chen, “Integralobserver-based chaos synchronization,” IEEE Trans. Circ. Syst. II Express Briefs, vol. 53, no. 2, pp. 110−114, Feb. 2006.
[6] S. Bhalekar and V. Daftardar-Gejji, “Synchronization of different fractional order chaotic systems using active control,” Commun Nonlinear
Sci. Numer. Simulat., vol. 15, no. 11, pp. 3536−3546, Nov. 2010.
IO
FO
IO
Fig. 8. States xFO
3 and x3 and their estimates x̂3 and x̂3 respectively.

[7] Y. Tang, Z. D. Wang, and J. A. Fang, “Pinning control of fractionalorder weighted complex networks,” Chaos, vol. 19, no. 1, pp. 013112,
Apr. 2009.
[8] X. J. Wu, D. R. Lai, and H. T. Lu, “Generalized synchronization of the
fractional-order chaos in weighted complex dynamical networks with
nonidentical nodes,” Nonlinear Dyn., vol. 69, no. 1−2, pp. 667−683,
Jul. 2012.
[9] L. Pan, W. N. Zhou, J. A. Fang, and D. Q. Li, “Synchronization and
anti-synchronization of new uncertain fractional-order modified unified
chaotic systems via novel active pinning control,” Commun Nonlinear
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Fig. 9. Synchronization errors.

VII. C ONCLUSION
A robust fractional-order proportional-integral (FOPI)
observer-based synchronization has been proposed for nonlinear fractional-order chaotic systems. Sufficient conditions for
the convergence of this observer are established in terms of
linear matrix inequality (LMI) by using an indirect Lyapunov
method. The performance of the FOPI observer allows to
achieve good filtering properties in presence of modeling errors and external disturbance. The proposed fractional-order PI
observed-based synchronization method can be applicable to
a large class of fractional-order complex dynamical networks.
It is interesting to find that the fractional-order derivatives
and the PI observer gains can be well chosen appropriately
to adjust the synchronization effects.
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