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ABSTRACT

Tunable topological phases in photonic and phononic crystals
Ze-Guo Chen
Topological photonics/phononics, inspired by the discovery of topological insulators, is a prosperous field of research, in which remarkable one-way propagation edge
states are robust against impurities or defect without backscattering. This dissertation discusses the implementation of multiple topological phases in specific designed
photonic and phononic crystals.
First, it reports a tunable quantum Hall phase in acoustic ring-waveguide system. A new three-band model focused on the topological transitions at the Γ point
is studied, which gives the functionality that nontrivial topology can be tuned by
changing the strengths of the couplings and/or the broken time-reversal symmetry.
The resulted tunable topological edge states are also numerically verified.
Second, based on our previous studied acoustic ring-waveguide system, we introduce anisotropy by tuning the couplings along different directions. We find that the
bandgap topology is related to the frequency and directions. We report our proposal
on a frequency filter designed from such an anisotropic topological phononic crystal.
Third, motivated by the recent progress on quantum spin Hall phases, we propose
a design of time-reversal symmetry broken quantum spin Hall insulators in photonics,
in which a new quantum anomalous Hall phase emerges. It supports a chiral edge
state with certain spin orientations, which is robust against the magnetic impurities.
We also report the realization of the quantum anomalous Hall phase in phononics.
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Chapter 1
Introduction

Materials can generally be classified into two groups: crystals and non-crystals. A
crystal is a periodic arrangement of atoms or molecules, and the pattern with which
the atoms are repeated is called crystal lattice. An old problem that puzzled people
was the conducting properties of crystals: some crystals act as conductors while some
behave as insulators. This puzzle was solved in the early 1930s with the development
of energy band theory [1], in which the contribution of the lattice structure was
explicitly modeled. People found periodically distributed potential gives rise to the
so-called band structure of electron wave functions. Inside an electron band gap,
electron propagation is forbidden and the crystal is an insulator.
The energy band theory essentially describes the behavior of electrons in a crystal.
In general, the wave function of electrons ψ(r) satisfies the Schrodinger equation as
follows:

−~2 2
∇ + V (r) Ψ(r),
EΨ(r) =
2m


(1.1)

where E is the energy and V (r) denotes potential. For a crystal lattice, the potential
is periodically distributed, i.e., V (r) = V (r + L). Mathematically, the solution of
the periodic linear differential equation satisfies Floquet’s theorem [2], and forms the
so-called band structure. The electron band gap is indeed attributed to the periodic
potential.
The eigenvalue problem of the energy band can be solved in a reciprocal space
(Fourier space) with a solution Ψn,k (r) = eik·r un (r), where un (r) is a periodic function
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of lattice constant, i.e, u(r) = u(r + L). For a specific wave vector k there are
infinite number of eigenvalues E. We use En (k) to denote the nth eigenvalue. Its
corresponding eigenfunction is Ψn,k (r); for each n, En (k) as a function of k forms a
branch of the band structure.
The picture of the energy band helps to understand the phase transition from
metal to insulator, though only single electron state (no interaction between electrons)
is considered. Moreover, the physics in the energy band theory is much richer than
people realized previously. One of the most exciting achievements in condensed matter
physics in the last thirty years is the discovery of new phases of matter based on the
reconsideration of the ”old” energy band theory, which will be discussed in the later
sections.

1.1

Introduction to topology in crystals

A central question in condensed matter physics is how many phases of matter can
be found in nature. Symmetry turns out to be a guiding principle to answer this
question, along with a remarkable theory developed in the last century, Landau’s
symmetry breaking theory [3]. Conventionally, people believe that one can classify
the stable phases of matter according to the symmetries they break. For instance,
the gases follow a continuous translation symmetry and the crystals follow a discrete
translation symmetry; the phase transition between gases and crystals essentially
breaks symmetry. Specifically, in Landau’s theory, a stable phase of matter is characterized by a local order parameter, which vanishes in the disordered phases and is
nonzero in the ordered phase. The phase with nonzero order parameters can be further classified by the way they transform under symmetry operation, i.e. by studying
the representation of the symmetry group that the system Hamiltonian belongs to.
Landau’s symmetry breaking theory was accepted for a long time as people believed that the theory can describe all possible phases of matters as well as the possible
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continuous phase transitions. The belief remained unchallenged until the discovery of
the Berezinskii-Kosterlitz-Thouless (BKT) transition, which is a phase transition in
the two-dimensional (2D) XY model that cannot be explained by symmetry breaking
[4, 5]. A more well-known example is the discovery of the integer Quantum Hall effect [6]. The QH effect is observed in 2D electron systems with low temperatures and
strong magnetic fields, in which the Hall conductance is quantized with σ = N e2 /h.
In QH effect, the bulk state is a featureless insulator state which only breaks the
time-reversal (TR) symmetry and cannot be characterized by a local order parameter. Moreover, there exists a robust edge state in the boundary even if the sample is
disordered. The fact intuitively contradicts our naive expectation that the edge state
would be strongly affected by impurities due to the Anderson localization [7]. Thus,
the existence of the quantized Hall conductance and robust edge state shows that
the QH states are truly distinct phases of matter. Since the bulk order parameter
description is insufficient to describe the new phase, the bulk is characterized by a
topological invariant.
In mathematics, topology is concerned with the global properties of space that are
preserved under continuous deformations, such as stretching, crumpling and bending,
but not tearing or gluing [8]. A typical example is: a mug is topologically identical
to a dough-nut but not a ball because both mug and dough-nut have one hole while
a ball has no hole. Here, the continuous deformation (a type of homeomorphism)
does not generate new hole, thus the hole can be viewed as a topological invariant
which is a mathematical concept describing conserved properties under continuous
deformations. More concretely, we can define a topological invariant as an integral
of the local curvature of the surface where the surface refers to a branch structure
of a 2D periodic system and the geometric patterns are determined by the eigenvalues En (k). The corresponding eigenfunctions Ψn,k (r) are not uniquely determined,
because adding an arbitrary phase eiθ would satisfy the same eigenvalue problem.
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However, there exists a global invariant of the eigenfunction, which is a single valued
real number that exhibits physical correspondence[9, 10, 11, 12]. The quantized hall
conductance emerged in the quantum Hall (QH) effect is an invariant which does not
change with the arbitrary phase appearing in the eigenfunctions.
This fact is explained by Thouless, Kohmoto, Nightingale, and den Nijs (TKNN)
who noted that the N (the TKNN invariant) is a topological invariant of the global
band [13], which is also denoted as the Chern number and can be expressed as:
Z
i X
C=
∇k × (hΨn (k)|∇k |Ψn (k)i)d2 k,
2π n BZ

(1.2)

where C only take integer values and the integration is carried out over the entire
Brillouin zone for each isolated band below the band gap. N is the summation of
the integrals for all of the branches below a particular band gap, which describes
the topological properties of that band gap. If the band gap possesses a non-zero
Chern number, it is called a topologically non-trivial band gap, and if the band gap
has a zero Chern number, it is a topologically trivial band gap [13]. A gap with a
topological invariant cannot be ”smoothly transformed” into another gap associated
with a different topological invariant. The topological difference of the band gap
distinguishes the QH insulators from conventional insulator (CI) and gives rise to
the bulk-edge correspondence [14]. The integer N presents the number of the chiral
edge states, which conduct electricity on their surface without dissipation or backscattering, even in the presence of large impurities. Schematics of chiral edge state
and the corresponding band structure are shown in Fig.1.1.
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Figure 1.1: (a) The chiral edge state in the interface between a quantum Hall insulator
and conventional insulator. (b) The band structure of the corresponding structures.
A single edge state connects the valence band to the conduction band[11].

In 1988 Haldane proposed a lattice system of spinless electrons that can be viewed
as an integer QH effect [15]: the conductance originates from the band structure of
electrons in the lattice. The Haldane model introduces periodic magnetic flux which
vanishes per unit cell, and the TR symmetry breaking is contributed by complex
next nearest coupling. This effect is the first version of the quantum anomalous
Hall (QAH) effect without an external field, which can be expressed in terms of the
same topological invariant as QH effect, i.e., integral of the Berry curvature over the
momentum space or the sum of Chern number for fully filled bands. Many topological
phases were classified into the QAH phase, though they may not be reduced to the
Haldane model. Later, it was found that the role of periodic magnetic flux can be
replaced by a ferromagnetic insulator with strong spin-orbit coupling (SOC) [16]. The
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Haldane model inspires extensive investigations on the QAH effect [17, 18, 19] and
was experimentally verified recently [20, 21].
Compared to numerous ”symmetry broken” phases, the quantity of other topological states is relatively much less. Especially, we note that the nonzero Chern
number as well as the corresponding QH state result from the broken TR symmetry. This fact leads to the natural question of whether breaking the TR symmetry
is necessary to obtain the topological state, or are there any other topological states
that preserve the TR symmetry? The answer was provided by Kane and Mele [22]
and Bernevig and Zhang [23] through their independent theoretic prediction where a
new state of matter called the 2D TR invariant topological insulator or quantum spin
Hall (QSH), was discovered. This new state exhibits robust edge state but does not
require TR symmetry broken. The 2D QSH effect can be regarded as two copies of
QH effect: two states with opposite spin polarization counterpropagating at a given
edge. The spin is correlated to the direction of motion shown in Fig.1.2. Although
the electrons are allowed to propagate both forward and backward on the same edge,
the nonmagnetic impurity leads to a destructive interference of backscattering, which
contributes to a perfect transmission of the edge state. When TR symmetry is broken,
the backscattering is no longer destructive, and then we can demonstrate that the
robustness of the edge state is protected by the TR symmetry. Since the TR symmetry is preserved, the Chern number is zero and the total Hall conductance vanishes
due to opposite spins that counter-propagate and contribute to opposite quantized
Hall conductivities. But the feature of the gapless edge state shows that the QSH
state is a topological state of matter. To distinguish the topological difference, a new
topological invariant named Z2 invariant [22, 24, 25] or spin Chern number [26] are
proposed independently. The Z2 invariant can be valued as 1 or 0, where 1 stands
for QSH states and 0 corresponds to a trivial insulator. Physically, the Z2 invariant
counts for the number of gapless edge states in module 2.
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Figure 1.2: (a) The helical edge states in the interface between a quantum spin Hall
insulator and conventional insulator. (b) The band structure of the corresponding
structures.Pairs of helical edge state connects the valence band to the conduction
band[11].

The TR invariant topological nontrivial bandgap can be realized by introducing
the SOC, as mentioned previously. Kane and Mele proposed that graphene is a potential candidate for the QSH states [27]. This proposal turned out to be hard to
achieve because the SOC induced gap is extremely small. A more realistic proposal
is to search the inverted band structure in semiconductors. Such QSH states were
confirmed in HgTe quantum wells in 2007, which led to the discovery of new topological states over the last ten years [28]. It is worth mentioning here that if the TR
symmetry is broken in a QSH insulator, a new phase of matter appears, also called
the QAH insulator, discussed before [15]. The QAH effect can be defined as a QH
effect realized in a system without an external magnetic field. Differing from Haldane
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model, however, here the TR symmetry broken results from the magnetization of
the material. In a QAH insulator, the originally degenerated spin current separates.
Then a single helical edge state with only one spin is expected. In fact, a QSH insulator can evolve into a QAH insulator once a TR symmetry broken perturbation
is introduced. Breaking the TR symmetry of a suitable topological insulator (TI) by
introducing ferromagnetism can naturally lead to the QAH effect [29].
The Hamiltonian model for the QSH states can be generalized to a three-dimensional
(3D) system naturally. A 3D topological insulator was also proposed in 2009 [30],
and the topologically protected surface state consisting of a single 2D massless Dirac
fermion was experimentally observed [31]. In 2011, Fu proposed a new type of topological insulator in 3D, the topological crystalline insulator [32]. The TCI does not
require the SOC, and the topological property is protected by the lattice symmetry,
e.g. inversion symmetry instead of TR symmetry which was also experimentally verified [33, 34]. At the same time, researchers noted that the energy band can be defined
in any periodically driven system which also exhibits topological nontrivial bandgap.
Lindner [35] proposed a Floquet topological insulator in 2011 which was also experimentally verified in 2013 [36]. In addition, topological states in quasi-crystals [37, 38]
and amorphous systems [39] were also reported very recently.
There has been remarkable ongoing progress on topological insulators in recent
years due to the potential applications on quantum computation [40]. The previously
introduced topological states are only the tip of the iceberg; we have no plans to cover
all of them, as even the classification is a challenge. In fact, what we discussed above
is only confined in a free fermionic system where the topology is classified with a
periodic table discovered by Kitaev [41] and Schnyder [42]. For a strongly interacting
bosonic system, the group cohomology method was developed by Wen [43, 44]. For an
interacting fermionic system, topological field theory [45] and group supercohomology
theory [46] are generally valid in the presence of interactions, but the classification is
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still understudy.
This thesis only focuses on an analogy of a free fermionic system in phononic
and photonic systems. Such an analogy is achieved in a crystal background where
the photons and phonons follow a similar equation as fermions. The details will be
discussed later, but the analogy is successful.

1.2

Introduction to topology in artificial structural bandgap
materials

1.2.1

Photonic and phononic crystal

The electronic energy band results from the periodic scattering of electrons, and such
periodic scattering can be applied to electromagnetic waves. This fact was first realized independently by Yablonovitch [47] and John [48] in 1987, as both proposed the
concept of photonic crystals,in which a similar eigenvalue problem EΨ(r) = ĤΨ(r)
is well-defined. Here Ĥ is an operator which is determined by the wave equation. In
1993, Kushwaha generalized the idea to elastics where the wave equation is not confined to the transverse wave, and the concept of phononic crystal was also proposed
[49].
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Figure 1.3: Typical band structures computed for three different multiple layer films
in one dimensional periodic structure [50]. In all three cases, each layer has a film
0.5a. Left: The medium is uniform with the same dielectric constant 12. Center:
Layers alternate between  of 12 and 13. Right: Layers alternate between  of 12 and
1. The yellow area indicates a band gap.

For example, Fig.1.3 illustrates a typical band structure of 1D periodic layered
structures compared with that of a bulk material. The number n denotes the nth
branch and the yellow area indicates a band gap.
Compared to the electron systems, in which the potential is determined by the
atoms and can hardly be tuned, it is feasible to manipulate the distribution of ”potential” in photonic or phononic systems. Especially, the development of nanotechnology
renders richer possibilities in sophisticated control of ”periodic potential” [51]. As a
result, the band structure patterns are significantly enriched because of a diversified
”periodic potential”, which paves the way for artificial structural bandgap materials
[50, 52, 53, 54]. Based on the band structure modulation, many fascinating phenomena, like negative refraction [55, 56], slow light effect [57], superlens [58, 59, 60],
hyperlens [61], zero-index refraction [62, 63], cloaking [64], and topological insulators
[65], emerge.
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1.2.2

Topology in 2D photonic and phononic systems

As we mentioned before, people find many new topological phases in electronic systems theoretically, but experimental verifications are difficult due to the inevitable
impurities in real crystals and interactions in electrons. For instance, the QAH effect
was not observed until 2013, 25 years after Haldane predicted it in 1988. Thus, people consider the feasibility in photonic or phononic systems. Though electrons are
fermions while photons and phonons are bosons, the consideration is still reasonable
because i) the quantization is associated with the topological properties of the band,
and ii) the band structure is determined by symmetry, and the difference between
fermions and bosons is not essential here. Thus, the topology in classical wave system is well defined, and has gradually attracted much attention over the past five
years. We can review the topic from different perspectives, like mechanism, dimension, application etc. Lack of space forbids further treatment of the topic here, so we
select the dimension as the perspective. A 1D system is the simplest one to achieve a
topological state, but the interface state is localized and cannot propagate. Because
the 2D system exhibits richer symmetries than 1D and is more easily fabricated than
3D, people pay more attention to a 2D system. In this section, we introduce several
topological phases in 2D photonic and phononic systems, including QH phase, QSH
phase, QAH phase and Floquet topological insulator phase.
The first is the QH phase. In 2008, Haldane and Raghu proposed the possible
realization of topological edge states in photonic crystals with broken TR symmetry
[66]. In the same year, Wang proposed that the TR symmetry can be broken in
a gyromagnetic photonic crystal [67], and the corresponding robust edge state was
experimentally observed in 2009 as shown in Fig.1.4a [68]. It should be noted that
introduced broken TR symmetry breaks the state degeneracy in the high symmetry
point, where the number of the degeneracies it breaks is associated with number of the
edge states. This gives rise to the idea of large Chern numbers [69] based on the gy-
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romagnetic photonic crystal and the multiple robust edge states were experimentally
observed in 2014 [70].

Figure 1.4: Time reversal symmetry breaking in photonics and phononics. (a):
Schematic of the waveguide composed of an interface between a gyromagnetic photoniccrystal slab (blue rods) and a metal wall (yellow) [68]. (b) A circulator as a
three-port generalization of an isolator by using a Zeeman acoustic meta-atom coupled via small holes to three acoustic waveguides [71].

Compared with photonics, observation of the QH phases in acoustics is relatively
later. The acoustic wave has no interaction with the magnetic field, thus it was
thought to be difficult to break TR symmetry in acoustics until Alu et al. proposed a
new approach to tackle this problem by introducing a rotation flow in the background
field shown in Fig.1.4b [71]. This airflow-induced TR-breaking term can be viewed
as the magnetic vector field in the QH effect, which inspired the exploration of topological acoustic QH states. In 2015, Yang [72], Khanikaev [73] and Ni [74] proposed
the design of acoustic Chern insulators independently based on the airflow induced
circular-waveguide lattice model. At the same time, it was found that the gyroscopic
inertial effects [75] and Coriolis force [76] resulting from a constantly rotating coordinate system also introduce TR symmetry breaking, which leads to the QH effect in
phononics.
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（a）

（b）

（c）
Figure 1.5: pseudospins in photonics. (a) Transverse Electric (TE) + Transverse
Magnetic (TM)/TE-TM states construct the pseudospin [77]. (b) The left circular
polarization /right circular polarization construct the pseudospin [78]. (c) The clockwise/ counterclockwise helical energy flow states in C6 lattice construct the pseudospin
[79].

Along with the discovery of QH state in photonics and phononics, researchers
also investigated the possibility of achieving the QSH state. The characterized effect of the QSH state is TR symmetry protected helical edge states, which requires
the Kramers degeneracy. The electrons are fermions and Kramers degeneracy is ensured by the TR symmetry, while photons and phonons are bosons which behave
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differently under time-reversal operation. Despite this difference, many groups have
observed that Kramers degeneracy and the associated QSH effect can also be achieved
for pseudospin-1/2 states in systems where pseudo-TR symmetry is constructed from
particular spatial symmetries. In 2013, Khanikaev first proposed photonic QSH states
theoretically based on bi-anisotropic material [77], which was experimentally verified by Dong in 2014 [80]. As shown in Fig.1.5a, they constructed two pseudospin
states in a hexagonal lattice by the combination of hybrid Transverse Electric (TE) +
Transverse Magnetic (TM)/TE-TM states. They demonstrated the robustness of the
observed edge states, while the system satisfies both real TR symmetry and pseudoTR symmetry which ensures the degeneracy of the pseudospin. Thus, what protects
the robustness of the helical edge states remained unknown until He proposed a new
model based on piezoelectric and piezomagnetic superlattice constituents [78]. They
constructed pseudospin by left circular polarization /right circular polarization as
shown in Fig.1.5b. This model breaks real TR symmetry while preserving pseudoTR symmetry. They found that it is the pseudo-TR symmetry which contributes to
the robustness propagation. In 2015, Hu proposed a topological photonic insulator
based on the C6 v lattice symmetry shown in Fig.1.5c [79]. Different from previous
topological photonic devices based on gyromagnetic [67] or bianisotropic material
[77, 81, 82]that require a material frequency response around GHz, in Ref [79], the
pseudospin is a result of the lattice symmetry and the mechanism can be generalized
to dielectric material, and is also suited for acoustics.
In 2016, He [83]and Mei [84] achieved acoustic QSH effect based on band inversion
of p band and d band in the C6 lattice by changing the radii of cylinders [85]. It is
worth mentioning that in acoustics, it is difficult to get an acoustic source with pseudospin. The proposed acoustic topological insulators can naturally induce acoustic
wave with particular pseudospin orientation and have wide applications.
TR symmetry plays a subtle role in the robustness of the QSH effect. For Fermi
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particles, such as electrons, preserved TR symmetry guarantees Kramers degeneracy and associates two oppositely moving edge states with opposite spins. Elastic
backscattering is thus forbidden under any nonmagnetic scatterer that preserves TR
symmetry. Slightly breaking the TR symmetry in a QSH sample leads to a TR-broken
QSH phase, in which the states associated with different spins are separated without
changing their propagating directions. Further breaking the TR symmetry results in
a QAH phase [29], in which only one helical edge state locked by a particular moving
direction (or spin orientation) survives on the boundary. Due to the well-known difficulties in realizing the sophisticated Hamiltonian, the experimental demonstration
of TR-broken QSH effect in electronic system is very limited.
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（a）

（c）

（b）

（d）

Figure 1.6: (a) Effective magnetic field for photons under dynamically modulated
photonic resonator [86]. (b) Effective magnetic field under z direction modulation
[36]. (c) Schematic model of coupled optical resonators [87]. (d) The topological edge
states in the coupled optical resonators [87].

The previously mentioned airflow in acoustics is an ”effective field” that behaves
as a magnetic field to electrons [71]. A similar idea was applied to photonics earlier. In
2012, Fan realized that when the refractive index of a photonic system is harmonically
modulated, the phase of the modulation introduces an effective gauge potential for
photons[86]. They further considered a resonator lattice in which the coupling con-
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stants between the resonators are harmonically modulated in time, then an effective
magnetic field for photons can be created as shown in Fig.1.6a [88, 89]. This effective
magnetic field leads to the emergence of topologically protected one-way photon edge
states. Because the system is periodic in time instead of space, it satisfies a generalized Floquet theorem and was classified as topological Floquet insulators. In reality,
the harmonic modulation is not feasible in experiments. Rechtsman proposed a new
model with z dimensional modulation instead of t dimensional modulation in 2013
and first observed the topological Floquet photonic crystal experimentally (Fig.1.6b)
[36]. Strictly speaking, this model is a 3D system, but the successful analogue between t and z inspires more analogues in a 2D system. In 2011, Hafezi proposed a
coupled optical resonator system (Fig.1.6c) with topological edge states, which are
neither QH states nor QSH states [90]. A later study revealed that this model can
also be mapped to the Floquet photonic crystal, where the phase modulation between
neighbor resonators is an analogue of previous t modulation [87], and the system also
exhibits robust edge states similar to the QH effect (Fig.1.6d).
The concept of topological Floquet insulators was also applied to phonons. In
2015, Swinteck first proposed a time-dependent elastic superlattice by changing the
stiffness of an elastic material and observed the unidirectional backscattering-immune
topological states [91]. Later in 2016, Alu also proposed an acoustic topological
Floquet insulator based on modulating the capacitance of a cavity [92]. At the same
year, He [93] and Zhu [94] also introduced a coupled resonator system to acoustics and
achieved an acoustic topological Floquet insulator by tuning the coupling strength of
the coupled resonators.
Further, the quantum valley Hall effect was also proposed in a graphene system
[95]. The concept of the valley degree of freedom results from a rising field of valleytronics where the angular rotation of the electron wavefunction in the K or K 0
valleys of the band structure generates an intrinsic magnetic moment analogous to
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that produced by the electron spin. Though the system preserves the TR symmetry
and has zero Berry curvature in the global band, the local Berry curvature near the
K or K 0 valleys does not vanish, which contributes to the nontrivial edge states. Such
similarities enable the quantum-valley Hall effect analogous to the QSH effect in any
system with C6 symmetry, including in photonic [96] and phononic crystals [97, 98].

1.3

Motivation and outline of the dissertation

My Ph.D career is a period in which the study of topological states in classical wave
system has flourished. Although much efforts has been expended, there still exist
interesting problems that were worth studying:
• Current model of phononic Chern insulators are not tunable.
Most of the progress exhibiting the QH effect in photonic and phononic systems
was made with lattices with C6v symmetry, in which there exists a Dirac cone, protected by the TRS, at the Brillouin zone corner. The existence of the Dirac cone is
attributed to the symmetry of the lattice; it is not affected by changing the geometric
parameters of the inclusions in the crystal [99]. Because of the linear dispersion of
the Dirac cone, breaking the TRS would open a nontrivial band gap and introduce
edge states. This process can be described by a two-band model [15]. The topological
transition is sufficiently guaranteed by the broken TRS.
Very recently, another kind of linear dispersion, namely a Dirac-like cone, was
found at the center of the Brillouin zone of lattices with either C4v or C6v symmetries
[63]. Different from Dirac cones, Dirac-like cones arise from the accidental degeneracy
of a single mode and a doubly degenerated mode, and are sensitive to the geometric
size of the inclusion. Simply changing the size of the inclusion or the lattice symmetry
would destroy the Dirac-like cone. Therefore, the Dirac-like cones are protected by
both the lattice symmetry and the particular geometric parameters of the crystal. We
wondered what the consequences would be, in particular how the three bands associ-
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ated with the Dirac-like cone evolve and what the topological invariant is, if breaking
the TRS and altering the geometric size of the crystal occurred simultaneously. Because a Dirac-like cone involves three bands, the previously adopted two band model
is no longer appropriate. A new model that can characterize the interplay among the
three bands is required. A comprehensive understanding of the degrees of freedom
needed to modulate the topological invariant in such systems would benefit the mathematical modeling of the system, and provide a physical picture of the mechanism of
the band gap opening at the Brillouin zone center, further expanding our ability to
tailor waves.
• QAH insulators in photonic and phononic crystals are absent.
Theoretically, it was expected that breaking the TRS of a QSH insulator may lead
to a QAH insulator for the electronic system. Currently, there is no realistic proposal
to achieve QAH insulators in photonic crystals. In 2015, a scheme for producing
photonic QSH insulators by using conventional dielectric material was proposed [79].
The authors deformed a honeycomb lattice of cylinders into a triangular lattice of
cylinder clusters. The structure exhibits deterministic degenerate double Dirac cones
with particular geometric parameters under TR symmetry. Such a dispersion behavior is independent of the material parameters. A pseudo-TR symmetry operator Tp
can be defined to provide the Kramers degeneracy. Then the Kramers degeneracy
is reconstructed by the lattice symmetry and the helical edge states are characterized by the Poynting vectors. It is known that a QSH insulator does not require a
broken TRS and it is interesting to find the pseudo-TR symmetry is constructed in
the classical QSH insulator. A natural question is what would be the consequences if
we break the real TRS instead of the pseudo-TRS in this photonic crystal? Several
topological phases emerge by introducing the broken TRS, but the topological invariant to describe the broken TRS QSH insulators and the wave propagation properties
under these different topological phases remain controversial [25, 100]. The answer
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to this question should provide more profound understanding of the band topology
in both classical and quantum systems, because these two types of systems share a
similar mathematical foundation. The seemingly difficult problems in quantum systems may be resolved in classical systems, as more degrees of freedom are offered in
the engineering of the band topology.
• The role of anisotropy in topological phononics is unclear.
Most of the previous research focuses on the topological properties of isotropic
systems with global (or complete) bandgaps. Limited efforts have been devoted
to anisotropic systems with directional (or partial) bandgaps. However, anisotropy
grants more degrees of freedom in manipulating wave propagation and adds more
complexity in the corresponding mathematical modeling. It would be interesting to
investigate the consequences of breaking certain symmetries in an anisotropic system.
For example, the topology evolution of a directional bandgap when the TR symmetry
is broken and the subsequent wave propagation behaviors may bring rich physics and
render more applications.
These three questions guide my work. We proposed several models to address
these problems. The dissertation is structured as follows.
Chapter 2 starts from the Dirac equation. We introduce the edge state solution
from the Dirac equation and a modified Dirac equation. We also discuss several methods to compute the band structure, the topological invariant computations. Several
basic Hamiltonian models that exhibit nontrivial topology are also introduced.
In chapter 3, we present our design of a tunable phononic crystal that exhibits
topologically nontrivial band gaps by breaking the TR symmetry and modulating
the geometric parameters of the inclusion. The mechanisms that lead to band-gap
opening by breaking the TR symmetry and by varying the geometric parameters of
the inclusion as well as their interplay are studied systematically by using a tight
binding model, a rigorous symmetry analysis, and numerical simulations. We find a
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topological transition point that is related to both TR symmetry and the geometric
size of the inclusion, which suggests that the topology can be changed by tuning the
strength of the velocity field and/or the size. The transition from a localized state to
a robust one way propagated edge mode is verified by our numerical experiments.
In chapter 4, we continue our design based on the ring-waveguide system. We
propose an anisotropic topological phononic crystal which can work as a frequency
filter. It exhibits a tunable topological transition point as well as a tunable directional
bandgap. The combined topological nontrivial global bandgap and the directional
bandgap are systematically studied by using a tight-binding model and numerical
simulations. We find the wave propagation behavior at a particular boundary depends
on the frequency, and we demonstrate the functionality of a frequency filter: at certain
frequencies, the boundary allows a one-way propagation edge state, while at other
frequencies, it forbids wave propagation. The mechanism is universal and would not
be limited to acoustics.
Chapters 5-6 pertain to the realization of the QAH effect in photonic and phononic
systems. In chapter 5, we introduce a photonic crystal with multiple topological
phases. It can behave as a conventional insulator, a QSH insulator, or a QAH insulator
by simply adjusting the geometric parameters and/or the magnetic field. A fourband tight-binding model clearly captures the transitions between different phases
and reveals the subtle relation between the pseudo-TR symmetry and the real TR
symmetry. Through the theoretical model, we reveal that the topological invariant is
the spin Chern number and predict the existence of a robust chiral edge state that is
associated with the pseudospin. Potential applications, such as spin splitter devices,
are demonstrated by simulations. In chapter 6, we extend the discussion of the
QAH effect to phononic crystals. The pseudospin is built under particular crystalline
symmetry (C6v ) as we did in Chapter 5, and we introduce the TR symmetry breaking
by adding airflow in the ring waveguide system as in Chapter 3. Similar pseudospin-
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dependent wave propagation behavior is discussed.
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Chapter 2
Background and Research approach

Topological phases of matter are huge families and we have no plans to cover all of
them, but there is a large family of topological phases resulting from the solutions
of the Dirac equation. In this chapter, we focus on non-interaction fermion system,
where the Dirac equation begins. We present a bound state solution from a modified
Dirac equation under certain parameter spaces in different dimensions, where the
existence of the bound state reflects the topology of the system. Thus, we can establish
a relation between the Dirac equation and topological insulators. Furthermore, the
Dirac equation can be reproduced in the energy band theory, and that is why we start
from the Dirac equation in this chapter.

2.1

Edge states from Dirac equation

In 1928, Paul A.M Dirac proposed a relativistic quantum mechanical wave function
equation to describe the motion of an electron [101]:

βmc2 + c

3
X
n=1

!!
αn p n

ψ(x, t) = i~

∂ψ(x, t)
,
∂t

(2.1)

where ψ = ψ(x, t) is the wave function for the electron of rest mass m with space and
time coordinates x, t and p is the component of the momentum, αi and β are Dirac
matrices. The Dirac matrices are known as Pauli matrices:
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 0 −i 
 1 0 
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 , σz = 
,
1 0
i 0
0 −1

(2.2)

where in 1D, the two Dirac matrices are any two of the Pauli matrices and in 2D,
we have αx = σx , αy = σy and β = σz .
A possible connection between the Dirac equation and topological nontrivial phases
is the existence of a bounded interface state between two regions of positive and negative mass. We stated from the 1D case with m(x) = −m1 for x < 0 and m2 for
x>0

H = −ic~∂x σx + m(x)c2 σz .

(2.3)

Then the eigenvalue problem has a form:










2
−ic~∂x   ϕ1 (x) 
 ϕ1 (x) 
 m(x)c

=E
.

2
ϕ2 (x)
ϕ2 (x)
−ic~∂x −m(x)c

(2.4)

We can solve the equation at x < 0 and x > 0 separately and we define that i) the
solution of the wave function is continuous at x = 0, and ii) the wave function must
vanish at x = ±∞ in order to have a bound state solution.
Briefly, Jackiw and Rebbi [102] first obtained a solution of zero energy, and the
corresponding wave function is:

r
Ψ(x) =



c m1 m2  1  −|m(x)cx|/~
.
 e
~ m1 + m2
i

(2.5)

The solution dominantly distributes near the interface at x = 0 and decays exponentially as x increases(Fig.2.1a), which can be viewed as a mathematical basis for the
existence of topological edge state. The solution is also robust for a distribution of
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mass m(x) changing from negative to positive values.
The Dirac equation is symmetric with positive and negative masses after a uniform
transformation. The sign of mass cannot help us to justify the topological difference.
We consider a new term to break the symmetry of positive mass and negative mass,
which helps us to ”define” the trivial and nontrivial topology (the exact definition
of trivial and nontrivial topology is based on the definition of topological invariant,
which will be discussed later). We introduce a quadratic correction −Bp2 to the
rest-mass term in the Dirac equation [103] and get:

H = cp · α + (mc2 − Bp2 )β

(a)

(2.6)

(b)

Figure 2.1: Schematic of solution of the Dirac equation and modified Dirac equation
[10]. (a) The original Dirac equation. (b) After introducing the quadratic correction,
the solution under the condition mB > 0.

We consider the 1D case with semi-infinite chain x > 0; the wave function vanishes
at x = 0 and x = +∞. We seek the solution of bounded state near x = 0 and we find
that such a solution only exists when mB > 0, which means the system is nontrivial
compared to the trivial case mB < 0 that does not exhibit a bounded state solution.
In the condition of mB > 0, the solution is
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√
xv
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 sgn(B)  − 2|B|~
(1+ 1−4mB ) − e− 2|B|~
(1− 1−4mB ) )
ϕn (x) = A 
(e

i

(2.7)

where n = sgn(B) and A is the normalization constant. It was shown that the wave
function distributes dominantly near the boundary and decays exponentially away
from it (Fig.2.1b).

2.2

QH model and QSH model from Dirac equation in a
lattice model

If we consider a periodic potential modulation which is a result of certain space symmetry, within these enriched symmetries, the wave equation is diverse in different
continuous limits. An interesting fact is we can reproduce the Dirac equation under the frame of band theory, which provides a platform to study the behavior of
relativistic particles [104, 105]. But the topology of the band structure is a global
property of the whole band in the Brillouin zone and should not be confined in the
continuous limit. A lattice model which is not confined in the high symmetry point
is more appreciated. Luckily, a lattice model can be mapped into a continuous one
near the critical point of topological quantum phase transition. The topology of a
lattice model remains unchanged if no band gap closes and reopens. Thus we can
start from a lattice model and push to the continuous limit to analyze the topological
transition.
A typical example is the integer QH model in a 2D lattice model with the Hamiltonian:
H = d(k) · σ
dx = A sin (kx a)

(2.8)

dy = A sin (ky a)
dz = ∆ − 4Bsin2

kx a
2



− 4Bsin2



ky a
2
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We can regard this model as an electron in an effective magnetic field. The dispersion
relations are

Ek,± = ± |d(k)| .

(2.9)

The bandgap closes and reopens with different value of ∆ and the topological phase
transition will occur at the points i) ∆ = 0, ii) ∆ = 4B, and iii) ∆ = 8B. After
searching for the edge states in a semi-infinite lattice, we find that such edge states
only exist when 0 < ∆ < 4B and 4B < ∆ < 8B, and it is topologically nontrivial.
Furthermore, we can combine two 2 × 2 modified Dirac models to generate an
effective model for the QSH effect [106]. We construct the new model that preserves
the TR symmetry. We first consider the TR counterpart of Eq.2.8 under TR operator
Θ = iσy K, where K means conjugate.

Θd(k) · σΘ−1 = −d( − k) · σ

(2.10)

We define d(k) · σ as spin-up component and −d(−k) · σ as spin-down component.
In this way, we obtain an effective Hamiltonian in a 4 × 4 matrix:




0

 d(k) · σ
HQSHE = 

0
−d( − k) · σ

(2.11)

This model is one of the QSH models where more terms can be introduced, such
as spin-orbit coupling, Rashba spin-orbit coupling, and Zeeman splitting, which will
be discussed in later chapters.

2.3

Band structure modeling and calculation

In our work, after a physical model is established, the regular process is to develop
math models to characterize the band structure, numerically calculate the band struc-
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ture, confirm the topology of the bands, then construct a sample to present the interesting properties. In the following sub-sections, we will give brief descriptions of these
steps. As mentioned in Chapter 1, a band structure essentially gives the eigenvalues
as a function of the wavenumber for a wave equation imposed with periodic boundary
conditions. Technically, there are are various ways, both numerical and analytic, to
solve for the band structure.

i) Numerical methods: COMSOL Multiphysics.
We can solve for the band structure of a periodic structure by using numerical
methods, such as the finite-difference-time-domain method[107], plane wave expansion method[108], multiple scattering method[109], and finite element method[110].
Here we use COMSOL multiphysics, a commercial software package based on finite
elements, to perform the calculation. For the Schrodinger equation, Maxwell’s equations and the acoustic wave equation in air, the eigenvalue problem is well defined
with periodic boundary conditions. COMSOL offers a module to find the eigenvalues
for these equations. For most cases, it provides accurate results and is efficient, but
from a modeling perspective, analytic methods are appreciated because one can gain
some insight into the problem.

ii) By tight-binding models.
The tight-binding model is widely used in calculating electron band structures.
It offers a simple and transparent way to get the reduced Hamiltonian by taking the
symmetry and near coupling into consideration, which covers all essential information
to predict the band structure and topology.
The general form for the tight-binding model with multi-orbitals under periodic
potential U (r) is given in the second quantization language. The expectation value
of energy can be written as H= hψ| H |ψi, where H =

p2
2m

+ V (r)[111]. We further

40
rewrite the wave function ψ in periodic potential as a combination of wave function φ
P
without periodic potential, i.e. ψ =
cm̂α φm̂α . Then the expectation value of energy
m̂α

is an operator:
H=

X

αβ
cn̂β ,
c†m̂α Hm̂n̂

m̂n̂αβ

where α and β denote different orbitals, m̂ and n̂ denote the lattice site. Each term
αβ
c†m̂α Hm̂n̂
cn̂β describes the hopping from orbital α of site m̂ to orbital β of site n̂. We

can take Fourier transform of the coefficients as follows:
1 X −ik̂·n̂ †
1 X ik̂·m̂
e ck̂α , c†n̂β = √
e
ck̂β .
cm̂α = √
N
N
k̂

k̂

Here the lattice constant is chosen as 1, the periodic condition also means the Hamilαβ
tonian has translation symmetry and Hm̂n̂
only depends on the difference between
αβ
two lattice sites m̂ and n̂: Hm̂n̂
= Hδ̂αβ with δ̂ = m − n. Then with the Fourier

transform, we can get the Hamiltonian in k space:

H(k) =

X
k̂αβ

c†k̂α Hαβ
c , Hαβ
=
k̂ k̂β
k̂

X

Hαβ
e−ik̂·δ̂ .
δ̂

(2.12)

δ̂

The Hamiltonian elements Hδαβ should be specified according to lattice symmetry and
particular interest. For many cases, we only consider the nearest hopping terms. The
eigenvalues of the reduced Hamiltonian give the band structure.

iii) By ~k · p~ method.
The tight binding model gives qualitative prediction on the band structure because
it is difficult to find the exact values of the hopping terms. In certain cases, we need
a quantitative analytic model on the band structure. It is possible to develop such a
model near a point in the Brillouin zone. The method is called the ~k ·~p method, which
can give an accurate prediction of the band structure in the vicinity of that point. In
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this method, the eigenfunctions at a particular point (k~0 ) in the Brillouin zone (here
we choose high symmetry points) can serve as a basis to expand the eigenfunctions
near that point. For example, if k~0 = 0, the eigenfunction at ~k close to k~0 is expressed
as::

~

ψn~k (~r) = un~k (~r)eik·~r =

X

~ ~
Anj (~k)ei(k−k0 )·~r ψj~k0 (~r),

(2.13)

j

where un~k (~r) is the Bloch function of the nth band at ~k and is expressed as a linear
combination of un~k0 (~r) with coefficient Anj (~k). After substituting Eq. (2.2) into the
wave equation, we can determine the Anj (~k), and therefore solve the wave equation
(eigenvalue problem) explicitly. The eigenvalues give the dispersion relations. Theoretically, if we consider all of the eigenfunctions in k~0 , we should be able to solve
the eigenvalues at ~k accurately. In practice, if we are only interested in linear terms,
just a subset of the eigenfunctions at k~0 , namely all the eigenvalues close to E0 , is
required to accurately predict the linear slope of the dispersion relation in the vicinity
of (E0 , k0 ). The details may be found in Reference [112]. Since this method is accurate, it may offer ways to derive the coupling coefficients of the tight-binding model
mentioned earlier.

2.4

Topological invariant calculation

The topological invariant for the band is a global integration of the curvature of each
branch over the entire Brillouin zone. Since the band structure may have very complicated branches, it is always difficult to calculate it numerically. Several methods,
instead of bruteforce calculation, have been developed to evaluate the topological
invariant. It should be noted that the methods discussed below are limited to two
dimensions.
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i) Topological invariant calculation for QH insulators
The topological invariant for a QH insulator is the gap Chern number, which is
rooted in the mathematical theory of fiber bundles which can be generalized to the
Berry phase associated with the Bloch wave function |un (k)i. When there are no
accidental degeneracies for |un (k)i, there exists a well defined Berry phase given by
the line integral of the Berry connection, An = i hun (k)| ∇k |un (k)i. It also can be
expressed as a surface integral of the Berry curvature which is defined as Fn = ∇×An .
The Chern number for a particular band is the total Berry curvature in the Brillouin
zone. For the gap Chern number, a general way to calculate it is to sum the band
Chern numbers, of all bands below the band gap, which are expressed by the following
equation:
Z
i X
∇k × (hun (k)|∇k |un (k)i)d2 k
C=
2π n BZ

(2.14)

The gap Chern number can be solved analytically in a two band model represented
by a 2 × 2 Hamiltonian[15]. For n bands represented by a n × n Hamiltonian, we
encounter difficulties solving it analytically, so the numerical method based on discretized Brillouin zone is preferred. Noted that un (~k) is the Bloch function of the nth
band at ~k and can be extracted from COMSOL calculations. Then the Chern number can be computed according to an additional algorithm developed for discretized
Brillouin zone by Ref [113].
The Chern number is the integration of Berry curvature and the Berry curvature
for most of the Brillouin zone is zero except for the high symmetry points. This
fact implies the Chern number is associated with the symmetry properties of the
eigenstates at high symmetry points[114]. We consider all the Cm -invariant points
below the band gap in a Cn -invariant insulator for each m dividing n exactly. The gap
Chern number modulo n is related to the eigenvalues of corresponding Cm operators
of all these points. If we consider a lattice with C4 symmetry, then the band Chern
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number can be represented as:

iC =

Y

ξj (Γ)ξj (M)ζj (Y ),

(2.15)

j

where j is the index of bands under the band gap, and ξ and ζ are the respective
eigenvalues of the Ĉ4 and Ĉ2 operators on the eigenstates at high symmetry points.
The eigenvalues can be directly computed from the eigenstates based on COMSOL
calculation.

ii) Topological invariant calculation for QSH insulators
The QSH insulators are generally considered to be protected by TR symmetry.
The TR symmetry ensures the Chern number should be zero, while there is an additional invariant (called the Z2 index) with two possible values v = 0 or 1, in which
0 means topologically trivial and 1 means topologically non-trivial. There are several mathematical formulations to compute the Z2 invariant [24, 25, 115, 116, 117,
118, 119]. One method proposed by Fu and Kane in 2006 [25] is to define a unitary matrix wmn (k) = hum (k)| T |un (k)i from the band Bloch function un (k). Due
to the TR symmetry, there are four special high symmetry points marked as Λa in
the bulk 2D Brilliouin where k and −k coincide. The w(Λa ) is antisymmetric and
the determinant is the square of its Pfaffian. A quantity is well defined as δa =
p
Pf[w(Λa )] / Det [w(Λa ] = ±1, and the Z2 invariant is

v

(−1) =

4
Y

δa

(2.16)

a=1

If the crystal has extra symmetry, the calculation of v can be simpler. For example,
if the 2D system conserves the perpendicular spin Sz , then the up spin and down spin
have independent Chern numbers n↑ and n↓ , the difference nσ = (n↑ − n↓ )/2 also
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defines a quantized number and the Z2 invariant is[100]

v = nσ mod 2

2.5

(2.17)

Wave propagation

The characteristic behavior of a topological insulator is chiral or helical edge states.
It was shown that for QH insulators, the number of chiral edge states equals the
gap Chern numbers; for QSH insulators, the number of pairs of helical edge states
modulo 2 equal to the Z2 invariant [11]. Furthermore, the number of edge states can
be well predicted from the band structure, and the direction of the wave propagation is
identical to the direction of the group velocity from the edge state dispersion relations.
We can directly design a finite sized sample with a particular boundary between
the topologically trivial and nontrivial crystals and observe the wave propagation from
the full wave simulations in the frequency domain. The edge state can be excited by
a point source. There is no particular requirement on the source to excite a chiral
edge state, while a source with non-zero angular momentum should be used to excite
the helical edge states.
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Chapter 3
Tunable phononic QH insulators

3.1

Introduction

As we discussed in previous chapters, the idea of Chern insulators has been extended
from electronic systems to classical wave systems. A key point in achieving classical
Chern insulators is to break the TR symmetry, which lifts the degeneracy of a Dirac
point at the Brillouin zone corner. Because the existence of a Dirac point at the
Brillouin zone corner relies only on the symmetry and its linear dispersion relation is
protected by the TR symmetry, there is no transition point in such systems[72, 74].
Varying the geometric size of the unit cell or the strength of the airflow would not
change the nature of the nontrivial bandgap, rendering it not tunable.
In this chapter, we introduce airflow into a phononic crystal to break the TR symmetry and achieve Chern insulators for acoustic systems. A somewhat unexpected
result is that breaking the TR symmetry is not sufficient to give rise to a nontrivial
topological bandgap in our system, which differs significantly from the known cases.
A more exciting discovery is that there exists a topological transition point, depending on both the geometric size of the unit cell and the strength of the airflow. The
bandgap changes from nontrivial to trivial beyond the topological transition point.
Such behavior makes the design of tunable acoustic phononic crystals possible. It is
possible to obtain either localized bandgap states or one-way propagation edge/interface states by tuning the geometric size of the unit cell or by introducing airflow.
A tight-binding model is developed to capture the essential physics of the bandgap
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opening. The bandgap opens because the degeneracy of a Dirac-like point located
at the Brillouin zone center is lifted. The tight-binding model reveals that the degeneracy can be lifted by changing the coupling coefficient between the neighboring
units (altering the geometric size of the unit cell) or by changing the on-site energy
(breaking the TR symmetry).
We also perform finite-element numerical simulations to verify the topological
differences of the bandgaps. In the topologically nontrivial case, one-way propagation
edge/interface states are clearly observed, which are immune to defect and exhibit no
backscattering.

3.2
3.2.1

System and band structure calculations
Material and geometric parameters

The 2D phononic crystal (PC) considered here is composed of a square array of
acoustic waveguides. The unit cell is a hollow ring attached by four subwavelength
rectangular waveguides as illustrated in Fig.3.1. The lattice constant is a = 2m and
the inner and outer radii of the ring are r0 = 0.35m and r1 = 0.5m , respectively.
The width of the rectangular waveguide is d , which can be adjusted. Inside the ring,
the air flows counterclockwise (we assume that the flow is confined within the ring).
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Figure 3.1: Schematics of a unit cell of our phononic crystal. The ring is connected
by rectangular waveguides. The lower inset illustrates the reciprocal lattice.

3.2.2

Equations and methods for band structure calculations

The acoustic wave propagation in such a structure is protected by the TR symmetry
if there is no airflow, but it would behave according to the following equation if an
irrotational airflow were introduced[120]:

−

ρ
ρ
iω(iωφ + ~v · ∇φ) + ∇ · (ρ∇φ − 2 (iωφ + ~v · ∇φ)~v ) = 0,
2
c
c

(3.1)

where φ represents the velocity potential, ρ and c denote the mass density and the
velocity of sound in air, ω is the angular frequency of the acoustic wave, and ~v is the
velocity field of the airflow.
For the case without the introduction of airflow, the equation is an eigenvalue
problem with eigenvalue ω and the band structure calculation is performed by COMSOL Multiphysics.
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For the case with airflow employed, the equation is generally no longer an eigenvalue problem for ω, while if we introduce an additional dimension and assume the
solution with the form φ = φ(x, y)eikz z , then for a particular ω, the equation is converted to a new eigenvalue problem with eigenvalue kz to be solved. The detailed
method to compute the band structure with airflow can be found in Appendix A.

3.2.3

Bulk band structure and topological invariant

First, we discuss the case without airflow introduced. The band structure calculation
performed by COMSOL shows that there are three eigenmodes that degenerate at
the Γ point when the width of the waveguide (d) equals 0.7336m and a Dirac-like
cone appears. The corresponding pressure field distributions are shown in Fig.3.2a;
two of these distributions share a similar pattern and are marked in the figure as ϕpx
and ϕpy and the third one is marked as ϕd . Due to the C4v symmetry at the Γ point,
ϕpx and ϕpy always degenerate, regardless of the size of the waveguide. Shown in the
blue curves in Figs.3.2(c-d) are the band structures for PC with d1 = 0.04m < d0 and
d2 = 0.1m > d0 , respectively. The eigenfrequency of the doubly degenerate state is
lower (higher) than that of the single state if the width is smaller (larger) than d0 . For
a phononic crystal with narrow waveguides, there exists a complete band gap. For
example, a band gap exists in the 133.1Hz to 147.0Hz frequency range when d = d1 .
It closes at d = d0 , but no complete band gap appears when the waveguide becomes
wider, even though the accidental degeneracy is lifted and there is a directional band
gap shown in Fig.3.2d.
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Figure 3.2: Eigenstate and band structure. (a) Pressure field distributions of three
Bloch eigenstates at Γ point, marked as ϕd , ϕpx and ϕpy . Dark red and dark blue
indicate the positive and negative maxima. (b) - (d) Band structure of the phononic
crystal whose rectangular waveguide has a width of d0 = 0.07336m , d1 = 0.04m,
d2 = 0.1m without an airflow (shown in blue curves) and with a circulating airflow
at v = 10m/s (shown in red curves). When airflow is introduced, the Chern numbers
are marked on their corresponding bands under the bandgap.

Second, we study the case with airflow introduced which breaks the TR symmetry.
vx
−vy
,p
) = v~eθ
~v (x, y) = ( p
2
2
x +y
x2 + y 2
The broken TR symmetry changes the point symmetry of Γ point from C4v to
C4 . It also changes the eigenfrequencies of linear combinations of ϕpx and ϕpy , i,e.
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√
ϕ± = (ϕpy ± iϕpx ) 2, but it would not change eigenfrequency of ϕd by much for the
ϕd mode is mainly from the resonance inside the rectangular waveguide. Comparing
with TR symmetry conserved case, this fact gives rise to the different band structure
evolution with d. We introduce an airflow at v = 10m/s into the systems that have
been presented in Figs.3.2(b-d) and plot the corresponding band structures as red
curves in the their corresponding figures. As expected, the branch associated with ϕd
is mostly unaffected, and the branches associated with ϕp+ and ϕp− do not degenerate
at the Γ point. Consequently, complete band gaps open for the cases when d = d0 and
d = d2 . For the case of d = d1 , introducing the airflow only reduces the range of the
bandgap from 138.2Hz to 141.3Hz without opening a new band gap. The changes
in the band structures of all three cases after introducing the airflow suggest that
there would be a topological transition point at d = dt for a particular v. The lifted
degeneracy by introducing the air flow would (or would not) lead to a new bandgap
when d ≥ dt (or d < dt ) across which band inversion of ϕ+ and ϕd occurs. This band
inversion is a consequence of combined changes of width of the waveguide and the
intensity of the airflow.
Third, we compute the topological invariant following the Eq. 2.15. With airflow
introduced,the result indicates the various topological properties of the bandgaps.
The bandgaps with different Chern numbers are marked by numbers in Figs.3.2(b-d).
We found that the Chern number remains zero when d is smaller than dt even with
broken TR symmetry and it changes to 1 when d is larger than dt . When d becomes
even larger, a band inversion between ϕd and ϕ− states also occur, but it does not
contribute to the gap Chern number. The results of the Chern number calculation
clearly suggest the existence of a topological transition that occurs by modulating the
geometric parameters of the inclusion in a system with broken TR symmetry, which
renders additional freedom to manipulate the gap Chern number in the 2D case.
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3.3

Theoretic model and analysis

In this section, we develop a tight-binding model to describe the associated dispersion relation. We first consider the case without airflow introduced, We note that
the eigenmodes at the Γ point are calculated with the periodic boundary condition
imposed. If a unit cell is placed in the free space, modes with similar symmetries,
denoted as Φpx , Φpy and Φd also exist. By taking the symmetry of these free-space
modes into account, we write the kernel of the Hamiltonian in the basis of state Φd ,
Φpy and Φpx (denoted as |di , |pyi and|pxi) as follows:




H0 = 


Ed + 2t11
x (cos kx a + cos ky a)

−2it12
x sin ky a

2it12
x sin kx a

2it12
x sin ky a

22
Epy + 2t22
x cos ky a + 2ty cos kx a

0

−2it12
x sin kx a

0

22
Epx + 2t22
y cos ky a + 2tx cos kx a




,

(3.2)

r)| H |Φj (~r + ~rm )i
where Ed , Epx and Epy are the on-site energy of the rings and tij
m = hΦi (~
represents different types of first-neighbor coupling coefficients between the abovementioned free-space modes.Here Φi (i = 1, 2, 3) correspond to Φd , Φpy and Φpx , respectively. ~rm (m = x, y) are lattice vectors. Both the on-site energy and the coupling
coefficients are functions of the sizes of the rings and the rectangular waveguides. The
wave functions inside the waveguide contribute to the coupling coefficient, which is
therefore a function of the width of the waveguide because the waveguide is narrow
enough and it only supports the fundamental waveguide mode. We can therefore
expect that the eigenvalues of the Hamiltonian (or the eigenfrequencies of the three
modes) should depend linearly on the width of the waveguide. Such linear behavior
qualitatively agree with the numerical simulations shown in Fig.3.3a. At d = d0 ,the
eigenvalues of the Hamiltonian become identical. Both the tight-binding model and
the simulation of the real systems suggest that d0 is a transition point as there only
exists a bandgap when d < d0 . This band gap is topologically trivial as the TR
symmetry is preserved.

52

Figure 3.3: Phase diagram for the bandgap and topological invariant. (a) The eigenfrequency of the eigenstates varies as functions of d when no airflow is introduced.
The black and red curves correspond to the eigenfrequencies of and ϕd ϕpx (ϕpy )
eigenstates, respectively. Purple area indicates the system has a complete bandgap.
(b) The eigenfrequency of ϕd ,ϕp+ and ϕp− versus the velocity field of the induced
airflow. (c) The same as (a), but an airflow with v = 10m/s is introduced. Black,
blue and red curves correspond to the ϕd ,ϕp+ and ϕp− modes, respectively. The
purple and blue areas indicate the regions of with a trivial and nontrivial band gaps,
respectively. (d) Phase diagram of the topology property of the bandgap with combined modulation of the width of the waveguide and the intensity of the airflow. The
topological transition occurs across the solid line.

Second, we consider the effect of the external velocity field. According to the
superposition principle, the acoustic wave circulates inside the ring at different velocities, c+v and c − v , which leads to the splitting of the resonance frequencies as
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follows: ω± = (c ± v)/Rav , where Rav = (r0 + r1 )/2 is the average of the inner and
outer radii and ω0 = c/Rav is the eigenfrequency of the degenerated modes ϕp x and
ϕp y without the airflow. In Fig.3.3b, we plot the eigenfrequencies of the three modes
as functions of the velocity field calculated in COMSOL. This plot indeed shows the
linear behavior in the splitting of the eigenfrequencies of ϕp + and ϕp − and the almost
constant eigenfrequency of ϕd as v increases, supporting our analysis. Therefore, the
external velocity field may be viewed as an analogue to a magnetic vector field that
gives rise to Zeeman effect [71]. We incorporate the external velocity field into the
tight-binding model that we derived earlier to explore the characteristic of the system
without the TR symmetry:

H = H0 + Hz
where Hz represents the Zeeman type Hamiltonian induced by the external velocity
field on the basis of |di , |p+ i and |p− i . As being mentioned before, the external
velocity mostly couples to the Φpy and Φpx modes, while almost does not couple to
the Φd mode, and we superpose the Φpy and Φpx modes linearly to construct a new
√
basis |p± i = (|pyi ± i |pxi) 2. Under the basis of|di, |p+ i and |p− i , the Zeeman
type Hamiltonian is written as:




0
 0 0

Hz = 
0
 0 ∆z

0 0 −∆z



,



where ∆z is the coupling constant and depends on the external velocity field. We
rewrite the H0 by using basis transformation and get the total Hamiltonian:



H=


Ed (k)
√

2t12
x (sin kx a + i sin kx a)
√ 12
− 2tx (sin kx a − i sin ky a)

√

2t12
x (sin kx a − i sin ky a)

1
(Epy (k)
2

+ Epx (k)) + ∆z

1
(Epy (k)
2

− Epx (k))


√
− 2t12
x (sin kx a + i sin ky a)


1
,
(Epy (k) − Epx (k))
2

1
(E
(k)
+
E
(k))
−
∆z
py
px
2

(3.3)
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where Ed (k) ,Epy (k) and Epx (k) are diagonal terms of the original H0 under the
old basis. It is not difficult to see in Fig.3.3c that , the eigenfrequency of ϕd is
the same as that of ϕp+ at dt , across which band inversion of ϕp+ and ϕd occurs.
This band inversion is a consequence of combined changes of width of the waveguide
and the intensity of the airflow. We consider the case when Ed (0) is much closer
to (Epy (0) + Epx (0))/2 + ∆z than (Epy (0) + Epx (0))/2 − ∆z. This condition makes
it possible to project out the |p− i state by a perturbation theory and deduce the
following reduced Hamiltonian under the basis of ( |di,|p+ i ) to the linear term in k.


HA = 

Ed (0)
√
− 2it12
x (ky a − ikx a)

√ 12
2itx (ky a + ikx a)
1
(Epy (0)
2

+ Epx (0)) + ∆z





(3.4)

Equation 3.4 is a typical description of quantum anomalous Hall (QAH) model [15]
and indicates an topological transition occurring at Ed (0) = (Epy (k) + Epx (k))/2 +
∆z. Since Ed (0) , Epy (0) and Epx (0) depends on the waveguide width d, and ∆z is a
function of external velocity field v , the occurrence of the topological transition should
depend on both quantities. Figure 3.3(d) illustrates a phase diagram of the topological
property of the band gap as a function of waveguide width and the strength of the
external velocity field. The line in the middle represents the topological transition. It
indicates that the topology of the band gap is tunable by modulating d and v . This
fact would benefit the design of tunable topological insulators.

3.4

Wave propagation results and applications

Insulators with nonzero gap Chern numbers are topologically nontrivial. A novel
property in such insulators is the presence of gapless edge state between gaps with
different topological invariants. The band structure of an 8×1 supercell with d = 0.1m
and v = 10m/s is calculated to confirm the existence of such gapless edge states.
This supercell is infinite along the x-direction and is terminated by rigid boundaries
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(topologically trivial) in the y-direction.

Figure 3.4: (a) Band structure of a 1 × 8 supercell ( d = d2 , v = 10m/s ). Dispersion
relations of the edge states are shown in colored curves and the bulk bands are plotted
in gray curves. Red and blue curves represent different edge modes. (b) The pressure
field distribution of edge modes for A: k = −0.1π/a and B:k = 0.1π/a.

Figure 3.4a shows the band structure of such a supercell. It exhibits one oneway edge mode, which agrees with the gap Chern numbers. The dispersion relation
highlighted in blue (red), marked as A (B), is associated only with modes having a
positive (negative) group velocity. At a given frequency, the modes corresponding to
the A and B branches are confined to the opposite edges of the supercell as shown
in Fig.3.4b. A and B branches support modes bounded on the bottom and top
edges, respectively. This property leads to one-way propagation at the edge. At some
particular frequencies, located inside the gap region of the bulk mode, there exists
only an edge mode, implying that there is no backward scattering into the bulk. The
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features exhibited in Figs.3.4a and b ensure the existence of topologically protected
one-way propagation of the edge modes.

Figure 3.5: Demonstration of novel properties resulting from non-trivial bandgaps by
tuning the geometric size of the phononic crystal. The source, indicated by a star, is
a point source at frequency 139Hz. (a) Topologically protected one-way propagation
that is immune to defects (marked by a green cycle) and without backscattering. Here,
the width of the waveguide is d = d2 and the velocity of the airflow is v = 10m/s. (b)
One-way interface state propagation on the interface between two different lattices.
The width of the waveguide is d = d1 in the upper half and d = d2 in the lower
half. The arrows in (a) and (b) indicate the direction of propagation of the edge or
interface mode.

To demonstrate the existence of acoustic one-way edge mode propagation, we
perform finite element simulations of some finite-sized samples. The first sample is
composed of 8 × 24 unit cells as shown in Fig.3.5a. The upper, bottom and right
boundaries of the sample are hard walls that can be treated as insulators with zero
Chern numbers. A plane wave radiation condition is set on the left boundary. A point
source with frequency 139Hz, a common bandgap frequency for various widths, d,
is located in the bottom boundary. Also in the bottom boundary is a defect that
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is introduced by removing the airflow inside the ring, which is marked as a green
circle in Fig.3.5a. The pressure field distribution unambiguously shows that the sound
wave propagates counterclockwise and circumvents the defect without backscattering.
Changing the topological invariant by varying the geometry also allows us to create
the interface states. Another finite-sized sample with 8 × 25 lattices is presented in
Fig.3.5b. Its upper half contains 4 × 25 lattices in which the width of the waveguide
is d1 and its lower half contains another 4 × 25 lattices in which the width of the
waveguide is changed into d2 . A point source is located at the interface between the
upper and lower halves. The frequency remains 139Hz. According to our previous
analysis, this frequency is located inside the bandgaps of both the upper and lower
lattices. The bandgap is trivial for the upper lattices and nontrivial for the lower
lattices. This means that no energy would penetrate into the upper lattices and
that there should be an interface state. The pressure field shown in Fig.3.5b indeed
demonstrates the existence of the interface state and the unidirectional behavior of
the propagation of the sound wave due to the different topology of the bandgaps of
the upper and lower lattices.
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Figure 3.6: One way propagation behavior by tuning the external velocity of airflow
(a) The simulated pressure field distribution excited by a point source in a phononic
crystal with airflow (v = 5m/s). (b) The same as (a), but the velocity field of the
airflow is v = 15m/s. In both cases, the rectangular waveguide in the phononic
crystal has a width of d = 0.065m. The source has a frequency of f = 138.4Hz and
is marked by a star. The arrow indicates the direction of propagation of the edge
mode.

On the other hand, according to the tight-binding model and symmetry analysis
presented earlier, varying the velocity field is another effective way to tune the topology of the bandgap which is more realistic to achieve. We compare the sound wave
propagation in two finite-sized samples. They share the same geometric configuration
and are excited by the same source, but they are exposed to distinct airflows. The
one with velocity field v = 5m/s (Fig.3.6a) exhibits typical trivial bandgap behavior
as the acoustic pressure field is almost localized around the source, whereas the other
one with velocity field v = 15m/s (Fig.3.6b) exhibits one-way edge states propagating
counterclockwise.
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3.5

Summary

In this chapter, we design a tunable phononic crystal that exhibits topologically
non-trivial bandgaps by breaking the TR symmetry and modulating the geometric
parameters of the inclusion. The mechanisms are studied systematically by using a
tight-binding model, a rigorous symmetry analysis, and numerical simulations. We
find a topological transition point that is related to both TR symmetry and the
geometric size of the inclusion, which suggests that the topology can be changed
by tuning the strength of the velocity field and/or the size. The transition from a
localized state to a robust one-way propagated edge mode is verified by our numerical
experiments. Our findings could inspire new designs of acoustic topological materials,
which should improve applications that require one-way propagation.

60

Chapter 4
Acoustic frequency filter based on anisotropic topological
phononic crystals

4.1

Introduction

Most of the previous research focuses on the topological property of isotropic systems
with global (or complete) bandgaps. Limited efforts have been devoted to anisotropic
systems with directional (or partial) bandgaps. However, since anisotropy grants more
degrees of freedom in manipulating wave propagation and adds more complexity in
the corresponding mathematical modeling, it would be interesting to investigate the
consequences of breaking certain symmetries in an anisotropic system [121]. For
example, the topology evolution of a directional bandgap when the TR symmetry is
broken and the subsequent wave propagation behaviors may bring rich physics and
render more applications.
The acoustic ring-waveguide studied in Chapter 3 provides an efficient platform
to study the anisotropic issue in which: i) the ”site” and ”coupling” are well defined
, ii) only the nearest coupling is considered because there is no waveguide connecting to the second nearest rings. We consider a two-dimensional (2D) anisotropic
phononic crystal, similar to the system in Chapter 3, while we change the width of
the rectangular waveguide along different directions. We find that under broken TR
symmetry, the system possesses a combined bandgap which can be divided as a topologically nontrivial global bandgap and a directional bandgap. The global bandgap is
attributed to the broken TR symmetry, while the directional bandgap is a signature
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of the anisotropy. The combined bandgap enables the frequency filter functionality of
the phononic crystal: a particular boundary either supports a topologically protected
edge state or prohibits wave propagation, depending on the working frequency. Such a
phononic crystal offers a platform to engineer the topology through multiple parameters including TR symmetry broken perturbation, geometric parameter, direction
and frequency. The TR symmetry broken perturbation is contributed by the external
applied air flow, and without which, the system exhibits various topologically trivial bandgaps, global, directional, or combined, depending on geometric parameters.
By applying the gradually increased external air flow, the system may experience
topological transitions from a conductor or a normal insulator to a Chern insulator.
We further consider the contribution of the anisotropy and find that along a certain
direction, the bandgap topology is associated with the frequency. To characterize the
phase transitions and capture the physical essence of anisotropy, we also develop an
effective Hamiltonian and classify the topological properties. Potential applications
are discussed as well.

4.2

Theoretic model and realization in phononic crystals

The two-dimensional anisotropic phononic crystal considered here is similar to the one
discussed in Chapter 3. As illustrated in Fig.4.1a, the unit cell with lattice constant
a = 2mcontains a hollow ring with inner and outer radii r0 = 0.35m and r1 = 0.5m,
respectively, connected by four rectangular waveguides. While the lengths of these
waveguides are identical, the widths of them are different, giving rise to anisotropic
coupling along different directions between neighboring units. We set the width as
dy = κdx , where dx (dy ) indicates the widths of the horizontal (vertical) waveguides
and is tunable. For simplicity but without loss of generality, the ratio of anisotropy
κ is fixed to be 2.5. Inside the ring, the air flows counterclockwise with a velocity
field distribution V = v~eθ , where ~eθ denotes the azimuthal unit vector. The acoustic
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wave propagation obeys the irrotational aero-acoustics equation.

Figure 4.1: (a) Schematic of a unit cell of the phononic crystal. Parameters r0 =
0.35m , r1 = 0.5m are fixed, dx and v are tunable. The lower inset shows the first
Brillouin Zone. (b) Band structure of the phononic crystal when dx = 0.03m

The phononic crystal exhibits three states at the Brillouin zone center. Their
field patterns are similar to those presented in Fig. 3.2a, and we again, use d , px ,
py to denote their symmetries. The eigenfrequencies of these states depend on the
size of the rectangular waveguides. Following the same strategy that was adopted in
Chapter 3, we model this band structure by the tight-binding approximation. The
corresponding onsite energy of states φd , φpx , φpy (in free space) are εd , εpx , εpy ,
respectively. When the airflow is introduced, the effective Hamiltonian, under the
√
basis of (φd , φ+ , φ− ) with φ± = (φpx ± iφpy )/ 2 , is written as




H= 


Ed
√

√ y
2tx
dpx sin (kx ) + i 2tdpy sin (ky )
√
√ y
− 2tx
dpx sin (kx ) + i 2tdpy sin (ky )

√

√ y
2tx
dpx sin (kx ) − i 2tdpy sin (ky )
−∆z + (Epx + Epy )/2
(−Epx + Epy )/2


√
√ y
− 2tx
dpx sin (kx ) − i 2tdpy sin (ky ) 


(−Epx + Epy )/2

∆z + (Epx + Epy )/2
(4.1)

where tlij (l = x, y represents the x or y directions, i, j indicates the orbital d , px ,
py) is the coupling coefficient of two states φi and φj between two neighboring rings
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and Ei = εi + 2txii cos(kx ) + 2tyii cos(ky ). ∆z represents a perturbation, induced by
the airflow, that breaks TR symmetry and is proportional to the strength of the
airflow v. At the Γ point (kx = ky = 0), the eigenvalues of the effective Hamiltonian
p
p
areEd (0),(Epx (0)+Epy (0))/2− ∆z 2 + f 2 (t)and (Epx (0)+Epy (0))/2+ ∆z 2 + f 2 (t),
respectively, where the function f (t) = (txpxpx + typypy )(1 − κ) vanishes when the system
is isotropic, i.e., κ = 1.

4.3

Band evolution of the anisotropic phononic crystal

The band structure of an anisotropic phononic crystal when dx = 0.03m is shown in
Fig.4.1b, the state px and py are not degenerate due to the anisotropy. We further
study the eigenfrequencies evolution. In the frequency region around 140Hz, only
fundamental mode is propagating in each narrow rectangular waveguide, making the
coupling coefficients and the eigenfrequencies almost proportional to the width of
the waveguides when there is no airflow, as shown in Fig.4.2a. When the airflow is
applied, which can be viewed as a Zeeman-type perturbation characterized by the
∆z term in Eq.4.1, the eigenfrequencies of ϕ+ ,ϕ− and ϕd as functions of the flow
strength are plotted in Fig.4.2b.
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Figure 4.2: (a) The eigenfrequencies of three interested eigenstates varies as functions
of dx without airflow. The black and red (blue) curves correspond to the eigenfrequency of ϕd and ϕpy (ϕpx ) eigenstates, respectively. (b) The eigenfrequency of ϕd
and ϕ+ (ϕ− ) versus the velocity field of the induced airflow at dx = 0.04m. The letter
A indicates a topological transition point.

Here, ϕ+ ,ϕ− and ϕd denote the Bloch states at the Brillouin zone center, which
are different from the free space states mentioned earlier.
The intersecting point A in Fig.4.2b indicates the band inversion between branches
associated with ϕ+ and ϕd states. Such inversion, according to the Haldane model
[15], reveals the occurrence of a topological transition. For instance, when dx =
0.04m(the case shown in Fig.4.2b), the system is a trivial insulator for v < 7.7m/s,
and a Chern insulator for larger v. Because eigenfrequencies of states ϕ+ and ϕd
depend on v, dx , and κ, the transition points at a fixed ratio of anisotropy κ form a
curve in the phase diagram displayed in Fig.4.3.
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Figure 4.3: The phase diagram shows a topological transition under combined modulations of the width of the waveguide and the intensity of the airflow.

The phase diagram suggests that the band topology can be tuned by changing
widths of the rectangular waveguides and/or the velocity of the airflow. When there
is no airflow, the system exhibits a global bandgap when dx is small, as shown in
Fig.4.1b. The global bandgap gradually closes as dx increases towards a critical
value ds = 0.041m, where the accidental degeneracy of state ϕd and ϕpy occurs, and
induces a semi-Dirac point. Further increasing dx opens a directional bandgap along
the ΓXdirection, highlighted in gray in Fig.4.4b.
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Figure 4.4: Band structure of the anisotropic phononic crystal. dx = 0.06m without
airflow (black line) and with airflow v = 20m/s(blue line). The blue area indicate a
global bandgap and the gray area indicates a directional bandgap

4.4

Frequency filter in anisotropic system

Such a directional bandgap means that the wave propagation is forbidden along the
ΓX direction while it is allowed along the other directions. This property is summarized schematically in Fig.4.5a. It is not clear about the changes to this directional
bandgap when the TR symmetry is broken. In the following, we consider an example
of an anisotropic phononic crystal with dx = 0.06m andv = 20m/s. Its band structure is plotted in Fig.4.4b in blue curves, which shows the induced air flow opens a
global bandgap and the original directional bandgap almost remains unchanged. A
schematic of the band diagram of this system is illustrated in Fig.4.3, where the global
bandgap with a bandwidth is marked in blue. From the Eq. 2.14, we can prove that
this global bandgap is topologically nontrivial with a nonzero Chern number C = 1.
Figure 4.5b also shows that the gap size along the ΓX direction is ∆fd , which is
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larger than ∆fg , meaning that the gap along the ΓX direction would exhibit a mixed
behavior that cannot be simply defined as trivial or nontrivial.

Figure 4.5: (a) Schematic of wave propagation behavior at dx = 0.06m without
applied airflow. A directional bandgap along ΓX direction is denoted in gray. (b)
The same as (a) but withv = 20m/s. A global topological nontrivial bandgap is
highlighted in blue. (c) and (d) Band structures for supercells with 1 × 16 units,
which are periodic along (c)ΓY direction, and (d) ΓXdirection, respectively. Gapless
edge states are clearly shown in (c) while for (d) the edge state is gapped. The gap
region corresponds to the gray area shown in (b).

To examine the topological property of this anisotropic phononic crystal, we study
the edge states. It is well known that for a system possessing a topologically nontrivial
bandgap, there exists a gapless edge state at its interface with a trivial insulator. We
calculate the band structures of two different supercells consisting of 1 × 16 unit cells.
The first one is infinite along the ΓY direction and terminated by rigid boundaries
along the ΓX direction. The gapless edge state is clearly shown in Fig.4.5c. The
second one is infinite along the ΓX direction. In this case, the edge state only exists
within the frequency region ∆fg (140.7 Hz ∼ 145.2Hz), and below the edge state
there is a bandgap covering a frequency range 136.1 Hz ∼ 140.7Hz with gap width
∆fd − ∆fg , as shown in Fig.4.5d. Therefore, for a sample with a boundary along the
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ΓX direction, it will select the type of propagating waves according to the frequency.
As illustrated schematically in Figure 4.5b, the sample supports one-way propagation
edge state along the ΓX direction at ω2 , while a bulk state propagating along the
ΓY direction is supported at ω1 .

Figure 4.6: (a) Acoustic Chern insulator behavior when excited by a source with
frequencyω2 = 144Hz. One-way edge state propagate counter-clockwise. (b) Directional wave propagation behavior when excited by a source with the frequencyω1 =
139Hz. No wave is seen on the boundary.

To verify our predictions of the frequency-dependent propagating behavior, we
perform finite-element simulations of a finite-sized sample. It contains 20 × 40 unit
cells. We impose a source, with two different frequencies ω1 andω2 , at the bottom
of the sample. At ω2 , the system behaves as a Chern insulator with a topological
protected edge state propagating at the boundary as shown in Fig.4.6a, which resembles the property in an isotropic acoustic Chern insulator. However, the strikingly
difference occurs at ω1 . In the isotropic case, ω1 corresponds to bulk state frequency,
and the wave propagation is supported everywhere including the boundary. While
in our anisotropic Chern insulator, the system possesses a directional bandgap that
forbids wave propagation along the ΓX direction at ω1 , the wave cannot propagate
along the boundary as manifested in Fig.4.6b. Thus, the boundary can be viewed as
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a frequency filter.

4.5

Summary

In this chapter, we present our design of an anisotropic topological phononic crystal
which can work as a frequency filter. It exhibits a tunable topological transition
point as well as a tunable directional bandgap. The combined topological nontrivial
global bandgap and the directional bandgap is systematically studied by using a tightbinding model and numerical simulations. We find the wave propagation behavior at a
particular boundary depends on the frequency, and we demonstrate the functionality
of a frequency filter: at certain frequencies, the boundary allows one-way propagation
edge state, while at other frequencies, it forbids wave propagation. The mechanism is
universal and would not be limited to acoustics. We believe our findings can inspire
more designs and applications based on topological insulators.
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Chapter 5
Reconfigurable Topological Photonic Crystal as a Spin
Splitter

5.1

Introduction

We have demonstrated broken TR symmetry is necessary to achieve the QH effect, as
we have presented earlier, the study of QH effect and chiral edge states was successfully extended to classical wave systems due to the analogy between the electronic
and the photonic/phononic band gaps. However, as we mentioned, there is another
kind of topological edge state that does not require broken TR symmetry, namely the
QSH effect. But the extension of QSH effect was more challenging because Fermions
and Bosons are radically different under the time-reversal operation. Despite this difficulty, many groups have observed that Kramers degeneracy and the associated QSH
effect can also be achieved for pseudospin-1/2 states in systems where pseudo-TR
symmetry is constructed from particular spatial symmetries. Pioneering examples of
constructions of pseudospin-1/2 states include the use of hybrid Transverse Electric
(TE) + Transverse Magnetic (TM)/TE-TM states, left circular polarization/ right
circular polarization states or clockwise/ counterclockwise helical energy flow states.
It has been proved that applying the pseudo-TR operator on a pseudospin-1/2 state is
mathematically equivalent to applying the real TR operator on a real spin-1/2 state.
Given these observations, we wondered what the consequence would be when real TR
symmetry is broken in a QSH sample that possesses pseudo-TR symmetry.
In this chapter, we seek an answer to the question by analyzing the topological
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properties of a simple two-dimensional (2D) photonic crystal (PC) made from a gyromagnetic material. The gyromagnetic material has a response under the magnetic
field and the corresponding magnetic field can be viewed as a TR symmetry breaking term. Here we use photonic crystal instead of phononic crystal, because as we
mentioned in chapter 3, the method to solve the eigenfrequency for phononic crystal
under airflow is a bit complicated, it is more convenient to solve the eigenvalue problem of gyromagnetic material under magnetic field. Without an external magnetic
field, such a 2D PC may behave either as a QSH insulator with pseudo-TR symmetry
or as a conventional insulator, depending on the geometry. We found that by applying
a gradually enhanced external magnetic field, the 2D PC goes through either a phase
transition from a QSH insulator to a TR-broken-QSH insulator and then to a QAH
insulator, or a transition from a conventional insulator to a QAH insulator. If the
external magnetic field is fixed, gradually increasing the distance between the neighboring cylinders in a unit cell may result in a phase transition from a conventional
insulator to a QAH insulator and then to a TR-broken-QSH insulator. Such QAH
phase is first observed in photonics. To capture the essence of these phase transitions, we developed an effective Hamiltonian and classified the topological properties
by the spin Chern number, a topological invariant that is uniquely defined in different
phases. Both our theoretical model and numerical simulations show the existence of
a tunable topological edge state locked by a particular pseudospin orientation.

5.2
5.2.1

Model and Theory
Material and geometric parameters

The 2D photonic crystal (PC) considered here is a triangular lattice of hexagonal
clusters. The lattice constant, i.e., the distance between the centers of the neighboring
clusters, is a. A hexagonal cluster (unit cell) is illustrated in Fig.5.1a, which comprises
six identical cylinders of gyromagnetic material yttrium iron garnet (YIG, ε1 = 15ε0 )
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distributed in air. The distance between the center of the cluster to the center of
each cylinder is R , which can be adjusted. The diameter of the cylinder is set
as D/a = 0.17 . We consider a static magnetic field along z direction, and the
permeability tensor of YIG takes the form




 µ iκ 0 


.
µ̂ = 
−iκ
µ
0




0
0 1

(5.1)

The parameters µ and κ are adopted according to the Drude model [122]. The
response of YIG at 14.5 GHz under tunable static magnetic field (100-4000 gauss) is
shown in Fig.5.1b.

ε1 , µˆ1

ε 0 , µ0
D
R

y

(a)

z

x

(b)

Figure 5.1: (a) Schematics of a unit cell of our photonic crystal. The parameters R
and permeability tensor µ̂ are set as tunable. (b) The response of YIG at 14.5 GHz
under tunable static magnetic field.
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5.2.2

Theory for the band topology

We start from the eigenvalue problem of out-plane wave (Ez component) governed
by Maxwell equation in photonic crystals. The photonic crystal with C6v symmetry
exhibits two double degenerate states associated with two 2D irreducible representations of C6v point group, which is E1 and E2 representation. The eigenstates take the
same symmetry as the basis functions of corresponding representations. These basis
function can be further classified according to odd or even spatial parities, marked
as px , py , dxy , dx2 −y2 , a conventional symbol widely used to describe electronic orbitals. Both px , py and dxy , dx2 −y2 are double degenerated in Γ point and there exist
a bandgap between p states and d states. Such degenerated p states and d states can
be written under a new basis
.√
.√
2, d± = (dx2 −y2 ± idxy )
2,
p± = (px ± ipy )

which are denoted as two pseudospin states protected by TRS. The spin up (down)
is characterized by the counterclockwise(clockwise) Poynting vectors. These four
states build a new basis ([p+ , d+ , p− , d− ])to develop a tight binding model and the
P † αβ
total energy is given in the language of second quantization:Ĥ0 =
cm̂α tm̂n̂ cn̂β ,
m̂n̂αβ

where m̂ and n̂ are indices of lattice sites , α and β takes the value of (1, 2, 3, 4) ,
which denote the states (px , py , d2xy , dx2 −y2 ) , tαβ
m̂n̂ describes the coupling of two states
labeled with location and state numbers. If we assume the nearest coupling and
impose periodic boundary condition, by taking the Fourier transformation, we obtain
6
P
−ik·r
the reduced Hamiltonian Ĥ0 (k) whose entries are Ĥαβ (k) =
tαβ
. Here, r
r e
r=0

represents the locations of the neighboring unit cells. r = 0 term corresponds to
the coupling with itself. By fully exploiting the C6v symmetry, we found that there
are only eight independent coupling coefficients and the resulted Hamiltonian can be
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written as [123]:
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After converting Ĥ0 into a new basis representation, i.e., ( p+ , d+ , p− , d− ) and
expanding it near the Γ point, we deduce:

H0 (k) = A(τ̂z ky σ̂x − kx σ̂y ) + E0 + Dk 2 + (M0 − Bk 2 )σ̂z .

(5.3)

Here, A, E0 , D, M0 , B are model parameters defined by the coupling coefficients
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as follows:
33
11
22
33
44
E0 = (t11
0 + t0 + 3(t1 + t1 + t1 + t1 ))/2
44
33
22
D = −3(t11
1 + t1 + t1 + t1 )/8
23
A = 3(t14
1 + t1 )/2
33
11
22
33
44
M0 = (t11
0 − t0 + 3(t1 + t1 − t1 + t1 ))/2
22
33
44
B = 3(t11
1 + t1 − t1 − t1 )/8.

The Hamiltonian shares the same structure as Bernevig-Hughes-Zhang (BHZ)
model for CdTe/ HgTe/CdTe quantum well [28]. In our model, B > 0. Two different
phases are determined by the sign of M0 . If E(p) < E(d) , M0 < 0, it behaves as a
conventional insulator, and if E(p) > E(d), it corresponds to a QSH insulator because
M0 > 0.
*

As discussed in [67], with transverse electric states (E = (0, 0, Ez ) ), the system
made from YIG follows the equation for zero-energy wave functions of a nonrelativistic
particle in a periodic vector (Ã =

µ2 −κ2
~z
2µ

× ∇ µ2−κ
) and scalar potentials. The
−κ2

effective vector potential induces Zeeman-type splitting in the pseudospin states. We
consider the splitting evolution under a conventional transparency region [124]. It
should be noted that the introduced magnetic field breaks the symmetry from C6v to
C6 , which modifies the basis function written as p+ , d+ , p− , d− . Then the Zeemantype perturbation can be expressed as Hz = (zp −zd )τ̂z σ̂z /2+z0 I +(zp +zd )σ̂z /2, where
the pseudospin splitting is 2zp for the p± states and 2zd for the d± states, z0 is the total
energy shift which can be ignored in topology calculation. It also should be noted
that zp < 0 and zd > 0 in our model. We can rewrite the perturbation term in terms
of Pauli matrices τ̂ and σ̂, and consider the approximation of zp ≈ −zd as suggested
by the simulated results (such an assumption will only alter the position where the
topological transition occurs; it does not affect the general topological properties of
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the system) . By defining g = (zp − zd )/2 , we obtain the new Hamiltonian as:
H(k) = H0 + Hz = E0 + z0 + Dk 2 + (M0 − Bk 2 )σ̂z + A(τ̂z ky σ̂x − kx σ̂y ) + g0 τ̂z σ̂z . (5.4)

The topological invariant for TR symmetry preserved QSH effect is the Z2 index or
spin Chern number. It has been argued that the spin Chern number has no symmetry
restrictions and can be viewed as a topological invariant under TRS broken QSH
effect. We start from the effective Hamiltonian for a thin film of Bi2 Se3 , which can
be described with the following Hamiltonian:

H1 (k) = E0 + Dk 2 + (M0 − Bk 2 )σ̂z + [A(ky σ̂x − kx σ̂y ) + γU ]τ̂x ,

where γU stands for a gate voltage applied between the two surfaces of the film which
breaks the TRS. The spin Chern number can be solved analytically as [125]:

C± = ±[sgn(B) + sgn(M0 )]/2,

which is independent of γU , we take the limit γU = 0 and use a unitary transformation for H(k),Hs (k) = S † H(k)S , where


1 0

0 0

S=
0 0


0 −1

0
0
1
0


0

1

.
0


0

We find an interesting mapping between the eigenvalues of the H1 (k)and Hs (k)
as well as the eigenfunctions by substituting M0 in H1 (k) to M0 ± g0 . That means
Es (M0 , g0 ) = E1 (M0 ±g0 ) and Ψs (M0 , g0 ) = Ψ1 (M0 ±g0 ). Since the calculation of spin
Chern number only relies on the eigenvalues and the corresponding eigenfunctions.
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This mapping indicates that the expression of the spin Chern number for H(k) takes
the form:
C± = ±[sgn(B) + sgn(M0 ± g0 )]/2.

(5.5)

In our system, g0 < 0, increasing the magnetic field would increase |g0 |. When
B > 0, M < 0 and |g| < M , the C± = 0, the system is in a CI phase, continuously
increase the external magnetic field would increase |g|, for |g| > M , we have C± =
(0, −1), then the system is in a QAH phase.
When B > 0, M > 0 and |g| < M the system is in a QSH phase with C± = (1, −1).
Continuously increase the external magnetic field would lead to C± = (0, −1), which
means the system is in the same QAH phase discussed above.

Figure 5.2: (a) Frequencies of eigenstates as functions of the applied external magnetic
field when a/R = 2.92. The (b) Schematics of the band evolution for our photonic
crystal with increasing external magnetic field. The geometric parameters satisfy
a/R > 3 corresponding to CI phase. (c) The same as (a) but the geometric parameters
satisfy a/R < 3 corresponding to QSH phase.
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Such topological transition is associated with band inversion of p+ and d+ (or p−
and d− ) band shown in Fig.5.2a, and then the transition point can be numerically
predicted from the evolution of the eigenfrequency at Γ point. Evolution of the
eigenstates under an increasing external magnetic field implies the band evolution
shown in Fig.5.2b and 5.2c. Gray area indicates a bandgap. There are two initial
phases: A conventional insulator when a/R > 3 and a QSH insulator when a/R < 3.
Increasing the external magnetic field lifts the degeneracies of pseudospins, resulting
in a gap closing and reopening.

Figure 5.3: Topological phase diagram and Dirac cones at the transition point. (a)
A phase diagram of the topological property with combined modulation of R andH.
The left blue (right red) line indicates the topological transition between the QSH
insulator (conventional insulator) and the QAH insulator. Note that H starts from
100 Gauss, which is strong enough for the magnetization of the YIG material to
reach the saturated state. (b) At the transition point, there is a Dirac cone with
linear dispersions

Fig.5.3a shows the topological phase diagram as a function of the geometric parameters and external magnetic field. The blue line means the topological transition
between the QSH phase and QAH phase; the red line represents the topological transition between the QAH phase and CI phase. At the transition point, there exists an
accidental degeneracy of the p+ and d+ states (red) or the p− and d− states (blue), and
such accidental degeneracy exhibits linear dispersion predicted by symmetry analysis
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which can also be verified by the finite-element simulation (Fig.5.3b) and k.p method
(details are available in Appendix B).

5.3
5.3.1

Photonic band structures
Bulk bands with common band gap

To further study the properties of photonic bands with different topology, a common
global bandgap with the same frequency is desired. In our system, the frequency
of the bandgap can be adjusted by the geometric parameters and external magnetic
field.
Fig.5.4 shows four photonic crystals with a common global bandgap. Quantitatively, the normalized bandgap width is 0.0178 at a normalized frequency 0.5541(ωa/2πc).
The parameters for insulator I is a/R = 3.75 without any external field so µ̂ = 1; for
insulator II, a/R = 3.04 strength of the external field is H = 3300 Gauss; for insulator III, a/R = 2.6,H = 200; for insulator IV, a/R = 2.95,H = 3300. As predicted
by Fig.5.3a, the insulator I is a CI with C± = 0, the insulator II and IV is a QAH
insulator with the same topology invariant C± = (0, −1), the insulator III is a QSH
insulator with C± = (1, −1) under broken TRS.
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Figure 5.4: Bulk bands of four photonic crystals with a common global bandgap.(a)
The bulk band for insulator I with the geometric parameters a/R = 3.75 corresponding to CI phase. (b) The bulk band for insulator II with the geometric parameters
a/R = 3.04 and applied magnetic field H = 3300 corresponding to QAH phase. (c)
The bulk band for insulator III with the geometric parameters a/R = 2.6 and applied
magnetic field H = 200 corresponding to QSH phase under broken TR symmetry.
(d) The same as (b) but the geometric parameters are a/R = 2.95.

5.3.2

The project band structure of the supercells

Overlapping the bandgaps of different types of insulators benefits the study of edge
states on the interfaces between insulators with different spin Chern numbers. We
construct two supercells, one from a conventional insulator (system I) sandwiched
between two identical QAH insulators (system IV), and the other a broken TR QSH
insulator (system III) in a QAH insulator (system IV). As illustrated in Figs.5.5a and
5.5b, both supercells contain 80 unit cells divided equally into different insulators.
Each supercell contains two interfaces. The calculated projected band structures are
plotted in Figs. 5.5a and 5.5b, where the red and blue lines indicate the edge states
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on the left and right interfaces, respectively. For the case shown in Fig.5.5a, systems
I and IV carry spin Chern numbers C± = 0 and C± = (0, −1), respectively. For the
pseudospin-up (+) component, the entire system is topologically equivalent, but for
the pseudospin-down (-) component, it behaves like a QH system characterized by a
gapless edge state as shown in Fig.5.5a. We find that the edge states are located at
the interface and decay exponentially into the bulk (displayed in Fig.5.5c). The edge
state exhibits clockwise rotation behavior in the Poynting vector, indicating that the
state is associated with a pseudospin-down state, which verifies our prediction.

Figure 5.5: Project band structure and edge states for the supercells (a) Dispersion
relation for ribbon-shaped 2D topological photonic crystal with 80 unitcells formed
by insulator I and IV. Red (blue) line indicates the edge state in left (right) interface.
Bottom panel: Real-space distributions of Ez field at k = 0.4π/a with clockwise
Poynting vectors.(b) The same as (a) but for insulators III and IV, Bottom panel:
Real-space distributions of Ez field at k = 0.4π/a with counterclockwise Poynting
vectors.
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A similar argument can be extended to the case shown in Fig.5.5b, in which the
spin Chern numbers are C± = (1, −1) for system III and C± = (0, −1) for system IV.
Although spin Chern numbers for the pseudospin-down component in both systems
are nonzero, they are identical. Thus, there exists no edge state associated with
the pseudospin-down component. The difference in the spin Chern numbers for the
pseudospin-up component guarantees the existence of the edge state as shown in Figs.
5.5b and 5.5c. The counterclockwise pattern of the Poynting vector shown in Fig.5.5d
coincides with the characteristic of a pseudospin-up state.

5.4

Robust single helical edge state propagation

The pseudospin-dependent feature is also manifested in our full-wave simulations of
a finite (40 × 20) lattice as shown in Fig.5.6 in which the upper half of each panel
shows system I and the lower half shows system IV. When excited by a pseudospinup source, the entire system behaves like a conventional insulator and there exists no
edge state (Fig.5.6a). On the contrary, if the source contains only a pseudospin-down
component, one-way propagation edge states emerge as displayed in Fig.5.6b. This
behavior is distinct from that in QSH insulators which are characterized by pairs of
helical edge states.
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Figure 5.6: Single helical edge states and robust one-way propagation in an interface
between insulator I and IV. The source is marked with star and S+ (S− ) means spinup (spin-down) (a) Topologically protected one-way helical states propagation excited
by spin-down source.(b) Gap behavior excited by spin-up source (c) Robust one-way
helical states with shape bends.

The robustness of the edge states is demonstrated by introducing a magnetic
impurity or geometric deformations on the edge. The magnetic impurity is caused by
replacing the cylinders in one unit cell with different permeability tensors (Fig.5.6b)
and geometric deformations are constructed by replacing a parallelogram region of
system IV with that of system I (Fig.5.6c). Both Figs. 5.6b and 5.6c clearly exhibit
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the defect-immune, one-way propagation behavior of pseudospin-down edge states.
It should be noted that the robustness of helical edge states in QSH insulators is
protected by TR symmetry. Thus, introducing a magnetic impurity would cause
backscattering in a QSH insulator. In our system, due to the lattice deformation
and the applied magnetic field, both pseudo-TR symmetry and real TR symmetry
are broken. However, the single helical edge state is protected by the topological
invariant, spin Chern number, and, therefore no backscattering occurs even with
the presence of magnetic impurities. This striking difference distinguishes our system
from conventional QSH insulators. Similar results can be obtained for the pseudospinup component along the interface between systems III and IV. We also want to
emphasize that the one-way propagation edge states here are associated with the
pseudospin states which require the C6 lattice symmetry in 2D. The mechanism does
not suit for a PC with C4 symmetry.

5.5

Application: design of a spin filter

The robust pseudospin-dependent propagation against magnetic impurities has several potential applications. Figure 5.7 shows that the waves emanating from a trivial
source (a line source with an out-of-plane Ez field) can be divided into separate
pseudospin-up and pseudospin-down components in a carefully designed sample. We
insert two QAH insulators into the interface of a conventional insulator (system I)
and a TR-broken QSH insulator (system III). The geometric parameters of these two
QAH insulators are identical to those of insulator IV but the applied magnetic field
is in opposite directions. Both theoretical analysis and numerical simulation demonstrate the robust one-way propagation behavior of particular spin orientations. The
existence of the two QAH insulators ensures that the edge states are robust against
both magnetic and nonmagnetic defects.
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Figure 5.7: Photonic pseudospin splitter by photonic crystals under magnetic field (a)
Inset: principle design by four photonic crystals. The star indicates the source excited
by out-plane Ez field. The dark arrow represents the direction of the edge states with
particular spin orientation marked by blue arrows. The structure is formed by a finite
(40 × 20) lattice surrounded by perfect matched layer. The operating frequency is
the same as in Fig.5.6. The enlarged area shows the pseudospin splitting effect.

5.6

Summary

In this chapter, we derive a reconfigurable photonic crystal with several topologically
different phases. It can behave as a conventional insulator, a QSH insulator or a QAH
insulator by simply adjusting the geometric parameters and/or the magnetic field. A
four band tight-binding model shows that the spin Chern number is the topological
invariant and predicts the existence of a single helical edge state, which is verified
by the numerical simulations. Such spin-dependent edge states are robust against
perturbations in symmetry-breaking and have potential applications to spin splitter
devices.
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Chapter 6
Multiple topological phases in a phononic crystal

6.1

Introduction

Following our discussion in Chapter 5, the key to achieving the QAH phase in a
Bosonic system is: i) building pseudospin ii) breaking particular symmetry to break
the degeneracy of the pseudospin and create the band inversion. The idea can be
applied to phononic systems through the ring-waveguide system as we introduced in
Chapter 3. We build such pseudospin states under particular crystalline symmetry
(C6v ) and then break the degeneracy of the pseudo-spin states by introducing airflow
to the ring. We study the topology evolution under the geometric parameters of the
unit cell and the strength of the applied airflow modulation. Then we also find that
the system exhibits three phases: QSH insulator, conventional insulator and a new
QAH insulator. It takes a spin Chern number C± = (1, 0) which indicates that the
edge state is pseudo-spin orientation dependent and robust against TR symmetry
broken impurities.

6.2

Phononic model with two phases

To generate the pseudospin in such ring-waveguide system, first, there should be two
double degenerate states in the high symmetry point. The eigenfunction in the high
symmetry point can be viewed as an irreducible representation of the point symmetry
group. In 2D, the crystallographic point group which has two 2D irreducible representations are C6 or C6v . Thus, the 2D phononic crystal (PC) considered here is
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also a triangular lattice of hexagonal clusters. The lattice constant, i.e., the distance
between the centers of the neighboring clusters, is a = 1m. A hexagonal cluster
(unit cell) is illustrated in Fig.6.1, which comprises six rings connected by rectangular waveguides. The distance between the center of the cluster to the center of each
cylinder is R , which can be adjusted. The inner radius and outer radius of the ring
is set as r1 = 0.0875m and r2 = 0.125m, respectively. Inside the rings, the air flows
clockwise.

Figure 6.1: Schematics of a unit cell of our phononic crystal. The ring is connected
by rectangular waveguides. We show two distinct cases with different topology.

First, we study the system without airflow. As we before, the system would take
a phase transition from R/a > 3 to R/a < 3. Compared to the system in Chapter
5, We focus on the higher band where the eigenstates in Γ point are not p states and
d states. Instead, these states are marked as E1 states and E2 states (Fig.6.2) where
E1 means the state has the same parity under σx and σy operation, while E1 means
the state has the different parity under σx and σy operation.
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Figure 6.2: The four eigenstates in our interested frequency classified by symmetries.

These four eigenstates form a basis to build a four-band model. Similar to the
steps showed in last Chapter, we can have the Hamiltonian near the Γ point:

H0 (k) = A(τ̂z ky σ̂x − kx σ̂y ) + E0 + Dk 2 + (M0 − Bk 2 )σ̂z .

(6.1)

Here, there are two phases in our model depending on the sign of M0 B. When
the frequency of E1 state is higher than E2 state, the system is a QSH insulator, if
the frequency of E1 state is lower than E2 state, it is a conventional insulator. We
show these two phases with a common band gap with the parameters a/R = 3.1 and
a/R = 2.9, as shown in Fig.6.3.
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Figure 6.3: Two phononic crystals without air flow. (a) The frequency of E1 state is
lower than E2 state when a/R = 3.1, the system is a conventional insulator. (b) The
frequency of E1 state is higher than E2 state when a/R = 2.9, the system is a QSH
insulator.

6.3

The QAH phase with introduced airflow

In this section, we break the degeneracy of the pseudospin by introducing a TR
symmetry breaking term, i.e. introducing air flow into the rings. As we expected,
the degeneracy of the E1 states (as well as E2 states) would split. The reason why
we focus on high band is to obtain relative large splitting. The frequency of eigenstates as function of the introduced airflow is shown in Fig.6.4a. The airflow breaks
the symmetry from C6v to C6 , where the two irreducible representation for C6 is
√
√
E1± =(E11 ± iE12 ) 2 and E2± =(E21 ± iE22 ) 2, consistent with the field distribution shown in Fig.6.4b where the direction of acoustic intensity in rectangular waveguide defines the pseudospin orientation.
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Figure 6.4: (a) The eigenstates evolution along with the introduced external airflow
(b) The illustration of pseudospin up component when we introduce the airflow which
breaks the symmetry from C6v to C6 . (C) Evolution of the band under an increasing
external airflow V . Gray area indicates a bandgap. There are two initial phases:
(i) a conventional insulator when a/R > 3; (ii) a QSH insulator when a/R < 3.
Increasing V splits the degeneracies of pseudospins, resulting in a gap closing and
reopening. (d) A schematic diagram to illustrate the topological phase transitions in
our system. The three distinct phases are classified by different spin Chern numbers.

Such airflow induced band splitting can be viewed as a perturbation to the original
Hamiltonian. The new Zeeman-Type perturbation can be expressed as Hz = (zE1 −
zE2 )τ̂z σ̂z /2 + (zE1 + zE2 )σ̂z /2, where the pseudospin splitting is 2zE1 for E1± states

91
and 2zE2 for E2± states. Both theoretic model in Chapter 3 and Simulation results in
Fig.6.4a show that zE1 = −zE2 . Define g0 = (zE1 − zE2 )/2, the sign of g0 is associated
with the orientation of introduced airflow, and in our system we have g0 > 0, enlarge
the strength of the airflow would enlarge the g0 . Then we can get the new Hamiltonian
as well:

H(k) = E0 + Dk 2 + (M0 − Bk 2 )σ̂z + A(τ̂z ky σ̂x − kx σ̂y ) + g0 τ̂z σ̂z ,

(6.2)

with the spin Chern number expressed as:

C± = ± [sgn(B) + sgn(M0 ± g0 )] /2.

(6.3)

Based on the Eq.6.3, we calculate the phase diagram schematically and show
the results in Fig.6.4d. There are three phases in our system depends on the value
of parameter M0 and g0 . The first one is CI phase, shown in Fig.6.3a, M0 < 0
g0 < |M0 |, we have C± = (0, 0). The second one is QSH phase, shown in Fig.6.3b,
M0 > 0, g0 < |M0 |, the spin Chern number is C± = (1, −1). The third one is
QAH phase, shown in Fig.6.5, we set v = 8m/s, then g0 > |M0 |. We consider two
cases of the QAH phases, M0 < 0 (Fig.6.5a) and M0 > 0 (Fig.6.5b), they share
the same topological invariant expressed as C± = (1, 0). For instance, we consider
the pseudospin up component, if C+ = 1, it is nontrivial; if C+ = 0, it is trivial. If
we build an interface between these two phononic crystals, then there would exist
spin-dependent edge states.
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Figure 6.5: Two phononic crystals with v = 8m/s (a) a/R = 3.1 (b) a/R = 2.9.
Compared with figure 2, all these phononic crystals have a global bandgap around
560Hz, the difference is that these two phononic crystals are topologically identical
to QAH insulators with C± = (1, 0).

6.4

Edge state and wave propagation

Now we consider the edge states between insulators with different topological invariant. We build two supercells: the first one is formed by a combination of conventional
insulator I (Fig.6.3a)and QAH insulator IV (Fig.6.5b). The supercell contains 20 unit
cells divided equally by different insulators. One supercell includes two interfaces.
The calculated edge states are plotted in Fig.6.6a, and the red arrow indicates the
edge state with spin up component. According to previous analysis, the insulator I
carries spin Chern number C± = 0 and the insulator IV takes spin Chern number
C± = (1, 0). In terms of spin down component, the whole system is topologically
identical, but for the spin up component, it behaviors as a QH system characterized
by a gapless edge state shown in Fig.6.6(a). We find that the edge states locate at
the interface and decay exponentially into bulk as displayed in the bottom panel of
Fig.6.6a. The edge state exhibits counterclockwise Poynting vector which also verifies
our analysis.
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Similar analysis also suits for the second supercell which is formed by a combination of insulator III (Fig.6.3b) and IV (Fig.6.5b). The insulator III carries spin Chern
number C± = (1, −1) and the insulator IV carries spin Chern number C± = (1, 0).
For spin up component, though all of them are topologically nontrivial, the whole system is topologically identical, no edge states are supported at the interface. But in
terms of the spin down component, it behaviors as a QH system. This is also verified
by the existence of edge state with clockwise Poynting vector shown in Fig.6.6b.

Figure 6.6: Projected band structures and edge states. (a) The dispersion relation
for a ribbon-shaped 2D topological PC with 20 unit cells formed by phononic crystal
I and IV. It shows the edge state with counterclockwise acoustic intensity vectors in
the right interface. The red arrows represent the pseudospins (b) The same as (a)
but for systems II and IV. It shows the edge state with clockwise acoustic intensity
vectors.

Next, we show the existence of pseudospin dependent edge state. We construct
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a sample with an interface of insulator I and IV as an example, both insulators are
composed of 10 × 20 unit cells. The boundaries are set as plane wave radiation
condition. The frequency of the point source is set as 560Hz, a common bandgap
frequency for both insulators. We can observe a right propagating edge state which
carries pseudospin up component (Fig.6.7a). Such behavior shows that the boundary
would select a particular spin because the point source contains both spin up and
spin down component. The same argument also applies to another sample composed
of insulator II and IV shown in Fig.6.7b.

Figure 6.7: Spin locked one way propagation interface state (a) We consider the
interface between phononic crystal I and IV, it is topologically distinct for pseudospin
up component and we can observe the right propagating interface state which is
pseudospin up locked. (b) We consider the interface between phononic crystal II and
IV, it is topologically distinct for pseudospin down component which gives to the
right propagating interface state with pseudospin down component.

It should be noted that the edge state we showed here is totally different from the
edge state observed in QH insulators and QSH insulators. In QH insulators, the edge
state is chiral which does not have spin degree of freedom. In QSH insulators, there
are two helical edge states which propagate clockwise or counterclockwise associated
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with the spin orientation. In our system, only one edge state exists and is locked by
certain spin.

6.5

Summary

In this chapter, we report a new topological phase in a ring-waveguide acoustic system.
In previous topological phononic crystals, there are two kinds of topological phases,
namely, QH insulator and QSH insulator. A key point in achieving QH insulator is
to break the TR symmetry, and for QSH insulator, the construction of pseudo-spin
is necessary. We build such pseudo-spin states under particular crystalline symmetry
(C6v ) and then break the degeneracy of the pseudo-spin states by introducing airflow
to the ring. We study the topology evolution under both geometric parameters and
the strength of the applied airflow modulation. Then we find that the system exhibits
three phases: QSH insulator, conventional insulator and a new QAH insulator.
Such quantum anomalous Hall phase is first observed in phononics. We developed
a tight-binding model to capture the essential physics of the topological phase transition. The analytical calculation shows that the spin Chern number is a topological
invariant to classify the bandgap. The quantum anomalous Hall insulator takes a
spin Chern number C± = (1, 0) which indicates that the edge state is pseudo-spin
orientation dependent and robust against TR symmetry broken impurities.
We also perform finite-element numerical simulations to verify the topological
differences of the bandgaps. On the interface of the conventional insulator and QAH
insulator, pseudo-spin dependent one-way propagation interface states are clearly
observed, which are strikingly different from chiral edge states resulting from QH
insulator and pairs of helical edge states resulting from QSH insulator. Moreover, our
pseudo-spin dependent edge state is robust against TR symmetry broken impurities
which has potential applications in spintronic devices.
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Chapter 7
Conclusion and Outlook

In this thesis, we have discussed and studied several advances related to topological
phases in photonic and phononic systems. In particular, we introduced sites, couplings and TR symmetry breaking into acoustic waveguide systems and proposed an
acoustic topological Chern insulator. We studied a three-band model and focused
on the topological transitions, which gives the functionality that nontrivial topology can be tuned by changing the strengths of the couplings and/or the broken TR
symmetry. Moreover, we tuned the couplings along different directions to introduce
an anisotropic topological phononic crystal and found that the bandgap topology is
related to the frequency and directions. Based on this, we proposed an acoustic frequency filter. We also introduced the TR breaking into QSH insulators and proposed
a topological photonic/phononic crystal that exhibits multiple topological phases, including a quantum anomalous Hall phase. It supports a chiral edge state with certain
spin orientations which is robust to magnetic impurities. Of course, there are many
other interesting aspects of topological phases that not been covered; for instance, the
topology properties of non-Hermitian systems, topology in a 3D system, and braiding
Majorana states in photonics. Furthermore, there are also many future directions
related to my present work. In the following, we will list a few of them:
• Build a frequency filter and topological slow-light device.
The existence of the topological edge states results from the nontrivial topology, while the detailed properties like ”gapless, robustness and monotone..” may be
boundary dependent. We study the boundary dependent behavior and propose two
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potential applications. First, based on our previous studies on anisotropic topological
phononic crystals, we have found that the bandgap topology and the wave propagation depend on both the direction and frequency. In the future, I plan to design a
frequency filter from such an anisotropic topological insulator. Second, by constructing the boundaries between two different topological photonic insulators, we can tune
the shape of the dispersion relations of the edge state. We find that at a certain
frequency, the group velocity becomes zero. Thus, a topological slow-light device can
be expected.
• Generalize the topological photonic states to visible light frequency region.
Topological photonic devices based on gyromagnetic or bianisotropic material require a material frequency response around GHz, which hinders applications in visible
light frequency. We explored new topological edge states protected by the C6v lattice symmetry. We can introduce a band inversion by simply changing the radii of
cylinders and such band inversion corresponds to a topological phase transition. The
design is non-magnetic and can be achieved by using dielectric materials. Then, the
working frequency of topological edge states can be pushed to the visible light by
using the state-of-the-art nanofabrication.
• Introduce topology to the non-Hermitian PT-symmetric system.
A PT-symmetric system breaks both parity symmetry and time-reversal symmetry
while it preserves a combined PT symmetry. Though it is non-Hermitian, it has real
eigenvalues and has attracted increasing research interests. Many analogs in photonics
and phononics are proposed by adjusting balanced gain and loss to introduce the PT
symmetry, where the system behaves as a perfect absorbers or amplifiers at the same
frequency.
A typical application of the PT symmetry in photonics is laser. In a laser system,
the loss comes from intrinsic material loss and extrinsic impurity loss. The design
of PT-symmetric lasers can balance the intrinsic material loss efficiently, while the

98
scattering from extrinsic impurity still exists. Inspired by the scattering immune
properties of the edge states in topological insulators, we expect we can construct the
edge state as a laser mode in certain non-Hermitian systems, which retain their original scattering immune characteristics in topological insulator models and contributes
to a lossless transmission.
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APPENDICES

A

The band structure computation of the phononic crystal

with airflow

In this section, we present our algorithm to compute the band structure of the
phononic crystal with airflow. The governing equation is:

−

ρ
ρ
iω(iωφ + ~v · ∇φ) + ∇ · (ρ∇φ − 2 (iωφ + ~v · ∇φ)~v ) = 0,
2
c
c

(A.1)

The Eq.A.1 cannot be mapped to an eigenvalue equation, which means given
certain periodic boundary conditions, we cannot write Eq.A.1 to Hφ=E(ω)φ. Here,
we use the method of descent, which can be used in general to find the solution of
the wave equation in 2D by using the solution in 3D. We write the solution in 3D as

φ(x, y, z) = φ(x, y)eikz z

(A.2)

Substituting A.2 to Eq.A.1, by given certain frequency, then the original Eq.A.1
can be viewed as an eigenvalue equation with the eigenvalue ikz . The frequency that
has eigenvalue kz = 0 is the eigenfrequency we search for.
An algorithm is developed to get the band structure for the original equation:
1. Build the model, set the Floquet boundary condition of the Bloch wave vector
k with a cycle discrete parameter m.
2. For the first m = m0 , estimate (2n + 1) frequencies ωt ± nδω, each frequency
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would output p eigenvalues kz (Since the output kz follows the order of absolute
value, p equals 2 is valid).
3. Choose the minimized one among all p(2n + 1) eigenvalues kz , set the corresponding frequencies as ω0 and as the new ωt for next m = m1 .
4. For each m = m1 , m2 , m3 ..., repeat the previous two steps. The output frequency ω = ω1 , ω2 , ω3 ... is the eigen frequency.
The algorithm is stable if the computed band is smooth and isolated. ”Smooth”
means the frequency difference for parameter ms and ms+1 is less than an estimated
value nδω with accuracy δω. The ”isolated” means for any parameter ms , the output
frequency is single. In chapter 3, the band structure is formed by four isolated bands.
Each band is cycled along M XΓM direction with 32 points. n equals 10 and the
accuracy for the frequency is δω = 0.1Hz.
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B

K.p method to verify the linear dispersions

In chapter 5, we mentioned that the accidental degeneracy of the p+ and d+ states or
the p− and d− states exhibits linear dispersion. In this appendix, we verify the linear
dispersion by k.p method numerically.
We start from a new proposed photonic crystal. It is a triangular lattice of YIG
rings. The lattice constant is a. The inner radii is r2 = 0.27a and the outer radii is
r2 = 0.35a. Inside the rings, we have εin = 1, µin = 1, the background material is set
as εb = 5, µin = 1. We also consider a static magnetic field along z direction, and the
permeability tensor of YIG takes the same form as we studied in Chapter 5. Under
H= 2020 Gauss, the system exhibits an accidental degeneracy of p+ and d+ states
which shows linear dispersion.
The governing equation is

h
i
~ · ∇ − µ̃εω 2 Ez = 0,
−∆ + M

(B.1)

~ = ∇ ln µ̃ − iµ̃ẑ × ∇η is a vector. Assuming that the two Bloch states (p+
where M
and d+ states ) at the Γ point is known, written as ϕ1 (~r) and ϕ1 (~r). Then we can
expand the states near Γ point as a linear combination of these two states:

~

~

ϕk (~r) = A1 (k)eik·~r ϕ1 (~r) + A2 (k)eik·~r ϕ2 (~r)

(B.2)

Substituting Eq.B.2 into Eq.B.1, and considering the orthonormal property of the
basis functions ϕk=0 (~r) we can get:
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X

Aj eikr [µ̃ε(ω02 − ωk2 )δlj − Plj ] = 0,

(B.3)

j=1,2

where Plj = −k 2

R

ϕ∗l (~r)ϕj (~r) + i~k ·

R

~ ϕj (~r)).
ϕ∗l (~r)(2∇ϕj (~r) − M

The Equation B.3 has a nontrivial solution only when the following secular equation is satisfied:
det µ̃ε(ω02 − ωk2 ) − Plj = 0

(B.4)

Then we can get a reduced Hamiltonian H = P with elements Hlj = Plj , and
the Hamiltonian is valid near the Γ point around the degenerated frequency. We
R
~ ϕj (~r)), and the
focused on the linear term of k which is −i~k · ϕ∗l (~r)(2∇ϕj (~r) + M
R
~ ϕj (~r)). Through a complicated
corresponding p~ij vector is −i · ϕ∗l (~r)(2∇ϕj (~r) + M
but straightforward numerical calculation, we can get p12 = 1.0743+1.0605i , p11 = 0
and p22 = 0. Because the Hamiltonian is Hermitian, we can get p21 from symmetry.
The effective Hamiltonian can be written as:

H = ∆k ·

0

Re(~p12 ) + Im(~p12 )

Re(~p12 ) − Im(~p12 )

0

(B.5)

Of course it is a Dirac equation and we also have Re(~p12 )2x + Im(~p12 )2x = Re(~p12 )2y +
Im(~p12 )2y , which indicates isotropic linear dispersion. Such linear dispersion is plotted
as the red line in Fig. B.1, which agrees very well with the finite element results.
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Figure B.1: Linear dispersions verified by k.p method. The red line indicates the
results through k.p method, the dark points are the results from finite element.
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