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Abstract

We propose a class of subspace ascent methods for computing optimal

approximate designs that covers existing algorithms as well as new and

more efficient ones. Within this class of methods, we construct a simple,

randomized exchange algorithm (REX). Numerical comparisons suggest

that the performance of REX is comparable or superior to that of state-

of-the-art methods across a broad range of problem structures and sizes.

We focus on the most commonly used criterion of D-optimality, which

1

Acc
ep

ted
 M

an
us

cri
pt

http://crossmark.crossref.org/dialog/?doi=10.1080/01621459.2018.1546588&domain=pdf


also has applications beyond experimental design, such as the construction

of the minimum-volume ellipsoid containing a given set of data points.

For D-optimality, we prove that the proposed algorithm converges to the

optimum. We also provide formulas for the optimal exchange of weights in

the case of the criterion of A-optimality, which enable one to use REX and

some other algorithms for computing A-optimal and I-optimal designs.

Keywords: optimal approximate designs of experiments, D-optimality, A-

optimality, I-optimality, convex optimization, minimum-volume enclosing ellip-

soid

1 Introduction

The topic of this paper is the computation of optimal approximate designs for

regression models with uncorrelated errors (e.g., Fedorov (1972), Pázman (1986),

Pukelsheim (2006), Atkinson et al. (2007)). As a special case, we also discuss

the computation of the minimum-volume enclosing ellipsoid (MVEE) for a set of

multivariate data (e.g., Todd (2016)).

In scientific experiments, optimal (or near-optimal) designs play a crucial role,

as they make it possible to perform trials (observations or measurements) that

convey the maximum amount of information about the unknown parameters of

the underlying statistical model. However, for most models used in practice, the

analytical form of the optimal design is unavailable. Thus, much attention has

been paid to computing the optimal designs numerically; for an overview, see

Chapter 9 of Pronzato and Pázman (2013) and the survey article by Mandal et

al. (2015).

In this paper, we present a simple, nonhybrid algorithm for computing optimal

designs that is efficient across a wide spectrum of problems. In particular, the

proposed algorithm exhibits good performance for problems with both a large
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number of design points and a large number of parameters of the statistical model.

From the point of view of the MVEE problem, the proposed algorithm makes

it possible to efficiently handle cases with a large number of data points in a

many-dimensional space. In the era of complex, multifactor experiments and big

datasets, it is becoming important to be able to solve large instances of optimal

design and MVEE problems.

Suppose that we intend to perform an experiment consisting of a set of trials.

Assume that the observed response in each trial depends on a design point x

chosen from a finite set X. For simplicity, but without loss of generality, we will

assume that X = {1, . . . , n}. Note that in experimental design problems, n can

be a large number, often many thousands.

For x ∈ X, the real-valued observation Y (x) is assumed to satisfy the linear

regression model Y (x) = f ′(x)β + ε(x), where f(x) ∈ Rm, m ≥ 2, is the known

regressor associated with x, the vector β ∈ Rm consists of the unknown param-

eters of the model, and ε(x) ∼ N(0, σ2), with σ2 > 0, is an unknown variance.

For different trials, the errors are assumed to be uncorrelated. Note that for sim-

plicity, we assume homoscedasticity and the normality of the errors; however, our

methods can be applied to all models with uncorrelated ε(x), x ∈ X, with finite

variances, after a simple transformation of the problem (Atkinson et al. (2007),

Chapter 23).

Let the model be nonsingular in the sense that {f(x) : x ∈ X} spans Rm,

i.e., there exists an m-tuple of independent regressors. We also assume that

f(x) 6= 0m for all x ∈ X. Note that in practice, the number m of parameters

tends to be relatively small, a few tens at most. It is also straightforward to

apply the algorithms proposed in this paper for the computation of locally optimal

designs for nonlinear regression models. In this sense, we gain clarity and lose no

generality if we formulate our method for linear regression (see Atkinson et al.
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(2007), Chapter 17).

We formalize an (approximate experimental) design on X as an n-dimensional

vector w with non-negative real components summing to one. Often, a design

is formalized as a probability measure on X, but for a finite design space, rep-

resentation by a probability measure is equivalent to representation by a vector

of probabilities. To an experimenter, the component wx of w represents the pro-

portion of the trials to be performed at the design point x ∈ X. The set of all

designs on X, denoted by Ξ, is the probability simplex in Rn, which is compact

and convex.

The information matrix associated with a design w is defined as

M(w) :=
∑
x∈X

wxf(x)f ′(x).

Under our model’s assumptions, the information matrix is proportional to the

Fisher information matrix corresponding to β. Therefore, the general aim is to

choose w such that M(w) is “as large as possible”, which we will now precisely

define.

Let Sm+ be the set of m×m symmetric non-negative definite matrices, and let

Φ : Sm+ → R ∪ {−∞} be a criterion of optimality, that is, a function measuring

the “size” of an information matrix. A design w∗ is said to be a Φ-optimal design

if it maximizes Φ(M(w)) in the class Ξ of all designs:

w∗ ∈ argmax{Φ(M(w)) : w ∈ Ξ}. (1)

The matrix M(w∗) is referred to as the Φ-optimal information matrix.

Due to their natural statistical interpretations, the two most common opti-

mality criteria are D-optimality and A-optimality. In this paper, we use these

criteria in the forms (e.g., Pukelsheim (2006)) ΦD(M) = (det(M))1/m and
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ΦA(M) = (tr(M−1))−1, respectively, for any positive definite matrix M. For

a singular non-negative definite matrix M, the values of both criteria are defined

to be 0. The functions ΦD and ΦA are positively homogeneous, continuous, and

concave on Sm+ . Hence, for both D- and A-optimality, an optimal design always

exists, and the optimal information matrix is nonsingular.

The support of a design w is supp(w) = {x ∈ X : wx > 0}. Note that

there are theoretical reasons, corroborated by extensive numerical evidence, that

optimal designs tend to be sparse in the sense that the support of such a design is

much smaller than n. More precisely, there always exists an optimal design that

is supported on a set of a size that does not exceed 1+m(m+1)/2, which follows

from the Carathéodory theorem (e.g., Proposition III.8 in Pázman (1986)).

Let ΞR denote the set of regular designs, i.e.,

ΞR = {w ∈ Ξ : M(w) is nonsingular}.

For this paragraph, let w ∈ ΞR be fixed. The variance vector of w is the n-

dimensional vector d(w) with components

dx(w) = f ′(x)M−1(w)f(x), x ∈ X.

Therefore, d(·) maps regular designs to Rn. Note that the function that maps

design points x to dx(w) is often called the variance function. From the statistical

point of view, dx(w) is proportional to the variance of the best linear unbiased

estimator (BLUE) of f ′(x)β, provided that the approximate design w can actually

be implemented (hence the term). We also note that

dx(w) = lim
α→0+

ΨD[(1− α)M(w) + αM(ex)]−ΨD(M(w))

α
+m, (2)

where ΨD(M) = log det(M) is a version of the D-optimality criterion and ex is the

singular design in x (formally, the x-th standardized unit vector, i.e., the vertex
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of Ξ). This explains why d is often used in iterative algorithms for computing D-

optimal designs to select “the most promising direction” of change of the current

design.

For A-optimality, because the directional derivative of ΨA(M) = −tr(M−1)

in M(w) in the direction of M(ex) is f ′(x)M−2(w)f(x) − tr(M−1(w)), we can

define an n-dimensional vector a(w) with components

ax(w) = f ′(x)M−2(w)f(x), x ∈ X

as a quantity analogous to the variance vector in the case of D-optimality.

In the following, let g(w) be either d(w) or a(w), depending on the criterion

under consideration. In addition to indicating the degree of importance of design

points, another reason for utilizing the vector g(w) is that maxx gx(w) can be

used to compute a natural stopping rule for algorithms based on the notion of

statistical efficiency, as follows.

The D- and A-efficiencies of a design w relative to w̄ ∈ ΞR are (see Pukelsheim

(2006))

effD(w | w̄) :=
ΦD(M(w))

ΦD(M(w̄))
, effA(w | w̄) :=

ΦA(M(w))

ΦA(M(w̄))
.

Because ΦD and ΦA are positively homogeneous, the notion of efficiency as defined

above can be interpreted in terms of the relative numbers of trials needed to

achieve a given criterion value. For instance, effD(w|w̄) = 0.99 means that,

asymptotically, to achieve the same amount of information as measured by the

criterion of D-optimality, we would need only 99% of the trials when using the

design w̄ compared with the number of trials that would be needed if we were

to use the design w. Let w ∈ ΞR. If wD is a D-optimal design and wA is an

A-optimal design, then (see Pukelsheim (2006), Chapter 6)

effD(w | wD) ≥ m

maxx∈X dx(w)
, effA(w | wA) ≥ tr(M−1(w))

maxx∈X ax(w)
. (3)
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If w is the current design and its efficiency relative to the optimal design is almost

equal to 1, there is no practical reason to continue the computation.

The optimal design problem is closely related to the minimum-volume enclos-

ing ellipsoid (MVEE) problem. Consider a set {z1, . . . , zn} of vectors spanning

Rm, m ≥ 2, and let Sm++ be the set of all positive definite matrices. Then, the

task of finding the MVEE which is centered at 0m and contains z1, . . . , zn, can

be cast as

minH∈Sm++
− log det H

subject to z′iHzi ≤ 1, i = 1, . . . , n.
(4)

The dual problem of (4) is

maxw≥0 log det
∑n

i=1wiziz
′
i

subject to
∑n

i=1 wi = 1.

This is exactly the problem of D-optimal approximate design for the LRM

with regressors f(i) = zi, i = 1, . . . , n.

Importantly, the algorithms for computing D-optimal approximate designs

can also be used to compute an MVEE without a fixed center, as shown in

Titterington (1975): Let {z1, . . . , zn} ⊂ Rm−1, 2 ≤ m ≤ n, be vectors which

do not lie on a common hyperplane. The minimum-volume ellipsoid enclosing

{z1, . . . , zn} is then

E(H̄, z̄) := {z ∈ Rm−1 : (z− z̄)′H̄(z− z̄) ≤ 1},

where z̄ =
∑n

i=1 w
∗
i zi, H̄ = 1

m
[
∑n

i=1w
∗
i (zi − z̄)(zi − z̄)′]

−1
, and w∗ is the D-

optimal design for the LRM with m-dimensional regressors f(i) = (1, z′i)
′, i =

1, . . . , n.

Titterington (1978) suggested the use of the MVEE as a trimming device and

as a means of estimating correlation coefficients for mid-truncated multivariate

data. Algorithms for computing the MVEE can also be used for the construction
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of the “minimum-volume ellipsoid estimator”, which is a robust estimator of mul-

tivariate location and scatter (see the review paper by Van Aelst and Rousseeuw

(2009) and citations within). Similarly, the MVEE can be used for affinely

equivariant outlier/anomaly detection. Moreover, the MVEE has recently been

employed in kernel classification methods (Teeyapan et al. (2017)). Because

of the breadth of its possible applications, considerable attention has also been

paid to developing fast algorithms for the MVEE problem in the mathematical

programming and optimization literature. For the latest developments, see Todd

and Yildirim (2007), Ahipasaoglu (2015b), and Todd (2016).

1.1 Methods for computing optimal designs of experi-

ments

In this paper, we are concerned with the numerical computation of (approximate)

Φ-optimal designs as defined by (1), with a special focus on D- and A-optimality.

Within the field of optimal experimental design, the first contributions to solving

this problem were made by V. V. Fedorov and H. Wynn (see, e.g., Fedorov

(1972) and Wynn (1970); cf. also Chapter 3 in Fedorov and Hackl (2012)),

who developed the so-called vertex direction methods (VDMs), which are closely

related to the Frank-Wolfe algorithm. In each iteration, a VDM moves the current

design w in the direction of ex for some design point x while decreasing all

remaining components of w by the same proportion. Here, x can be chosen to

maximize gx(w). Although these methods converge, some of them monotonically,

they tend to be inconveniently slow.

More efficient variants also allow the decrease of a single weight of the designs

encountered during the computation; see Atwood (1973), Böhning (1986) and

Molchanov and Zuyev (2002). The crucial advantage of this category of algo-

rithms is that they are capable of maintaining a small support size throughout the

entire computation process. In particular, the vertex exchange method (VEM)
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for D-optimality of Böhning (1986) is one of the simplest special cases of the

class of algorithms presented in this paper; see Algorithm 1 for the corresponding

pseudocode. In each iteration, given the current design w, the VEM selects a

pair of points k, l ∈ X defined by

k ∈ argmin{du(w) : u ∈ supp(w)}, l ∈ argmax{dv(w) : v ∈ X}.

We call such a pair (k, l) a Böhning’s pair of design points. Then, the VEM

computes an α∗ ∈ [−wl, wk] such that ΦD in M(w + αel − αek) is maximized.

Such an α∗, which we call the Böhning’s step, can be analytically computed.

After each exchange, the variance vector d is recomputed.

input : Regressors f(1), . . . , f(n) of the model, required efficiency eff ,

maximum time t.max

output: Approximate design w

1 Generate a regular m-point design w

2 while eff .act(w) < eff and time < t.max do

3 Let k belong to argmin{du(w) : u ∈ supp(w)}

4 Let l belong to argmax{dv(w) : v ∈ X}

5 Let α∗ belong to argmax{ΦD(M(w + αel − αek)) : α ∈ [−wl, wk]}

6 wk ← wk − α∗; wl ← wl + α∗

7 end

Algorithm 1: A variant of Böhning’s vertex exchange method (VEM). The

value of eff .act(w) is calculated as a lower bound on the efficiency of the

current design w based on a standard formula (see (3)). The variable time

measures the time elapsed from the start of the computation.

A substantially different strategy for solving problem (1), involving simulta-

neously updating all components of w, is implemented in the multiplicative algo-

rithm (MUL). The MUL and its variants are attributed to Silvey et al. (1978);
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extensions can be found in Dette et al. (2008), Torsney and Mart´n-Mart´n

(2009), Yu (2010), Harman (2014) and many other publications.

More recently, the VDM, VEM and MUL methods were combined by Yu

(2011) in the “cocktail” algorithm for D-optimality. This approach often increases

the speed of the search while preserving its convergence.

Another efficient method has recently been presented by Yang et al. (2013).

It is a simplicial decomposition algorithm in which the master nonlinear problem

is solved via the second-order Newton method, and it can be used for various

twice-differentiable concave criteria, including both D- and A-optimality. See

Uciǹski and Patan (2007) for an earlier application of simplicial decomposition

in the optimal design of experiments, and see Pronzato and Zhigljavsky (2014)

for a related approach.

The problem of searching for an optimal design can be also solved by means

of specific mathematical programming methods. In particular, Vandenberghe et

al. (1998) showed that the problem of A-optimality can be cast as a semidefinite

programming problem, while D-optimality can be reduced to maxdet program-

ming. The more recent work of Sagnol (2011) enables one to solve both A-

and D-optimal design problems (for the approximate design case without ad-

ditional constraints) via the second-order cone programming approach. For an

improved approach that also enables exact design problems and approximate de-

sign problems with nonstandard constraints to be solved using second-order cone

programming, see Sagnol and Harman (2015). Interesting recent advances also

include the use of mathematical programming methods in the space of informa-

tion matrices, see Castro et al. (2018), and Gaffke and Schwabe (2019).

Within the past decade, there has been growing interest in the use of meta-

heuristic algorithms for computing optimal designs of experiments (see Section

6 of Mandal et al. (2015) for a thorough review). Metaheuristics are powerful
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methods for solving hard, nonconvex problems, such as the optimization of the

position of a design’s support points within a continuous design space. However,

this paper focuses on convex approximate optimal design problems with a finite

design space; for such problems, specialized convex optimization algorithms seem

to perform better.

D-optimality is the most popularly applied criterion; thus, the literature fo-

cusing on computational issues related to A-optimality is scarcer, although in

some areas, the use of A-optimality is very natural. In particular, the compu-

tation of I-optimal designs w∗ that minimize
∑

x∈X f ′(x)M−1(w)f(x) (see, e.g.,

Cook and Nachtsheim (1982) and Goos et al. (2016)) can be converted into the

problem of A-optimality (see, e.g., Remark A.3 in the Appendix of Sagnol and

Harman (2015)). In other words, I-optimal designs on a finite design space can

also be computed using the algorithm developed in this paper. In addition to the

mathematical programming methods mentioned above, a generalized vertex di-

rection method that focuses on A-optimality, together with an analytical formula

for the optimal VDM step length, is presented in Ahipasaoglu (2015a).

1.2 Summary of contributions

In Section 2, we introduce a general class of methods for finding optimal approx-

imate designs that we call subspace ascent methods (SAMs), and we describe

some known algorithms as special cases of this class.

In Section 3, we present our key method: the randomized exchange method

(REX). REX is a simple batch-randomized exchange algorithm that is a member

of the SAM family and whose performance is comparable or superior to that of

state-of-the-art algorithms on nearly all problems we have tested. The proposed

algorithm can be viewed as an efficient extension or combination of the VEM and

the KL exchange algorithm that is used to compute exact designs (see Atkinson
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et al. (2007)). In the same section, we compare our method with known subspace

ascent/descent methods that have recently been developed in the optimization

and machine learning communities by highlighting their similarities and differ-

ences. The numerical comparison of state-of-the-art algorithms with this newly

proposed method is the subject of Section 4.

In the Appendix, we provide a proof of the convergence of the proposed algo-

rithm in the case of D-optimality. Additionally, many of the methods in the ex-

isting literature have only been tailored to D-optimality, and although their mod-

ification to A-optimality is possible, it is not trivial. Therefore, in the Appendix,

we also present formulas for the optimal exchange of weights for A-optimality,

which, to the best of our knowledge, have previously been derived only for the

D-optimality criterion.

2 Subspace ascent methods

In Section 2.1, we propose a generic algorithmic paradigm for solving problem

(1), which helps to illustrate several existing approaches and the newly proposed

method from a broader perspective. We refer to this paradigm as the “subspace

ascent method” (SAM), formalized as Algorithm 2. Subsequently, in Section 3.2,

we briefly comment on the context of the “subspace ascent” concept within the

existing optimization, linear algebra and machine learning literature.

2.1 SAM paradigm

A SAM (Algorithm 2) is an iterative procedure for finding an approximate Φ-

optimal design. We start with an arbitrary regular design w0 ∈ Ξ. In iteration k,

a subset Sk of the design points is chosen via a certain rule (e.g., a small random

subset of all design points). In this iteration, we allow only the weights wx for

x ∈ Sk to change. All other weights are frozen at their most recent values. In

12

Acc
ep

ted
 M

an
us

cri
pt



other words, we deliberately reduce our search for wk+1 to a subset of the set of

all designs Ξ at the intersection of Ξ and a particular affine subspace of Rn:

Ξk := Ξ ∩ Lk, Lk := {w : wx = wkx for all x /∈ Sk}.

Note that wk ∈ Ξk for all k, and therefore, maxw∈Ξk
Φ(M(w)) ≥ Φ(M(wk)). In

particular, there exists a wk+1 ∈ Ξk such that the ascent condition Φ(M(wk+1)) ≥

Φ(M(wk)) is satisfied.

input : Initial regular design w0 ∈ Ξ

output: Approximate design wk

1 Set k ← 0

2 while wk does not satisfy a stopping condition do

3 Select a subset Sk of the set of design points X = {1, 2, . . . , n}

4 Define the active subspace of Ξ as

Ξk := {w ∈ Ξ : wx = wkx for all x /∈ Sk}

5 Compute a wk+1 ∈ Ξk satisfying the ascent condition

Φ(M(wk+1)) ≥ Φ(M(wk))

6 Set k ← k + 1

7 end

Algorithm 2: Subspace ascent method (SAM)

If |Sk| = 1, then Ξk is a singleton and the method cannot progress. As soon as

|Sk| > 1, this problem is removed, and Ξk has a chance to contain points better

than wk.

The SAM described here is a generic method in the sense that it does not

specify how the set Sk is chosen or how the improved solution wk+1 is obtained.

Formally, any optimal design algorithm for a discrete design space (including

VDMs and the MUL) is a special case of the SAM class of algorithms if we allow
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the choice Sk = X. However, the intended philosophy of the SAM approach is to

make the sets Sk much smaller than X. This results in a low-dimensional partial

optimization problem that is potentially simple to solve, at least approximately.

In the VEM, Sk is chosen to be a two-point set, which allows the partial opti-

mization problem to be analytically solved for D-optimality (and, as we show in

the Appendix, for A-optimality). However, this method requires overly frequent

updates of the set Sk, which is a computationally nontrivial operation for large

n. Therefore, the speed of the VEM significantly declines as the design space

increases in size.

Similarly, the SAM class also includes the YBT algorithm (Yang et al.

(2013)), in which Sk is chosen to be the support of the current design enriched by

one additional support point x. Then, a partial optimization problem is solved

via a specific constrained Newton method. However, this approach is generally

inefficient for large values of m because the sets Sk tend to be large and the

efficiency of the Newton method rapidly deteriorates as the dimensionality of the

problem increases (as demonstrated in Section 4).

3 Randomized exchange algorithm

In this section, we propose a particular case of a SAM for which we coin the

term randomized exchange algorithm (REX). Then, we briefly comment on how

this method relates to the existing literature on mathematical optimization and

machine learning.

3.1 Description of REX

Let w be a regular design, and let g(w) be an n-dimensional vector with com-

ponents gx(w), as defined in the introduction. Recall that the value gx(w) is
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a w-based estimate of the plausibility that x is a support point of an optimal

design.

The general idea of the proposed batch-randomized algorithm REX is to re-

peatedly select a batch consisting of several pairs of design points (the number of

pairs is not fixed and may vary from iteration to iteration) and randomly perform

optimal exchanges of weights between these pairs. The selection of the batch de-

pends on the vector g(w), where w is the best available design. Its size can be

fine-tuned with a tuning parameter γ > 0. We will now describe REX in detail

(see Algorithm 3 for the concise pseudocode).

1. LBE step. Given the current design w, compute g(w) and subsequently

perform a “leading Böhning exchange” (LBE) as follows:

w← w + α∗k,l(w)(el − ek), (5)

where

k ∈ argmin{gu(w) : u ∈ supp(w)},

l ∈ argmax{gv(w) : v ∈ X},

α∗k,l(w) ∈ argmax{Φ(M(w + α(el − ek))) : α ∈ [−wl, wk]}

An optimal step α∗k,l(w) is called “nullifying” if it is equal to either −wl or

wk.

2. Subspace selection. The subspace S of X in which the method will

operate is defined by the union of two sets. One is formed via a greedy

process (Sgreedy) informed by the elements of the vector g(w), and the other

is identical to the support of the current design w (Ssupport).

(a) Greedy. Set L = min(dγme, n), and choose points

Sgreedy = {l∗1, . . . , l∗L} ⊆ X,

where l∗i corresponds to the ith largest component of the vector g(w).
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(b) Support. Set

Ssupport = supp(w).

Let K be the size of supp(w): K = |supp(w)|.

(c) Active subspace. The active set of design points is defined as

S = Sgreedy ∪ Ssupport.

The weights of no other design points are modified in this iteration.

Note that if γm ≥ n or if K = n, then S = X = {1, 2, . . . , n}. However,

a typical situation is that |S| � n, in which case our method operates

in a proper subspace of the full design space X.

3. Subspace step. We now perform a specific update of the weights of the

design points in S. The elements wv such that v /∈ S are kept unchanged.

(a) Formation of pairs. Let (k1, . . . , kK) be a uniform random permuta-

tion of Ssupport, and let (l1, . . . , lL) be a uniform random permutation

of Sgreedy. Form the sequence

(k1, l1), (k2, l1), . . . , (kK , l1), . . . , (k1, lL), (k2, lL), . . . , (kK , lL) (6)

of K × L pairs of active design points.

(b) Update. If the LBE step was nullifying, sequentially perform all

nullifying Φ-optimal exchanges between the K×L pairs in (6), with the

corresponding updates of w and M(w). If the LBE was not nullifying

in the current iteration, sequentially perform all Φ-optimal exchanges

between the K × L pairs in (6), with the corresponding updates of w

and M(w).

4. Stopping rule. If a stopping rule is satisfied, stop. Otherwise, iterate by

returning to step 1.
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We remark that for the criteria ofD- and A-optimality, rapid, explicit formulas

are available for the optimal exchanges in steps 1 and 3b; see Appendix A. How-

ever, in principle, REX can also be applied to any other concave (and even nondif-

ferentiable) optimality criterion using numerical procedures for one-dimensional

convex optimization on an interval, provided that we can find a suitable analogy

to the vector g(·); see also the second paragraph of Section 5.

REX makes explicit use of the fast optimal weight exchange between two

design points, which makes it much less dependent on m than YBT is. Moreover,

REX requires less frequent recomputations of the vector g(w), which leads to

significant computational savings compared with the VEM for large n. Note that

REX is very simple. In particular, it is simpler than the hybrid cocktail algorithm

of Yu (2011). Moreover, unlike for the cocktail algorithm, REX is not influenced

by the ordering of the design points. Finally, as we demonstrate, in many cases,

it is also numerically more efficient than both of the state-of-the-art methods

proposed by Yu (2011) and Yang et al. (2013).

3.2 Relation to the existing literature on subspace descent

methods

Subspace ascent/descent methods of various types have recently been extensively

studied in the literature on optimization (Nesterov (2012); Richtárik and Takáč

(2016a); Fercoq and Richtárik (2015)), linear algebra (Leventhal and Lewis

(2010); Lee and Sidford (2010); Gower and Richtárik (2015)), machine learning

(Shalev-Shwartz and Zhang (2013); Qu et al. (2015); Konečný et al. (2016))

and image processing (Chambolle et al. (2017)). Of particular importance are

the randomized and greedy variants.

Randomized subspace descent methods operate by taking steps in random

subspaces of the domain of interest in accordance with some distribution over the

subspaces (all of which typically have relatively small and fixed dimensions) that
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input : Regressors f(1), . . . , f(n) ∈ Rm, parameter γ ≥ 1/m, threshold

efficiency eff , maximum time t.max

output: Approximate design w

1 Generate a random regular design w

2 while eff .act(w) < eff and time < t .max do

3 Perform the LBE in w as given by (5)

4 Let k be a vector corresponding to a random permutation of the K

elements of supp(w)

5 Let l be a vector corresponding to a random permutation of the indices

of the L = min(dγme, n) greatest elements of g(w)

6 for l in 1 : L do

7 for k in 1 : K do

8 Find α∗ in argmax{Φ(M(w + α(ell − ekk
))) : α ∈ [−wll , wkk

]}

9 if the LBE was not nullifying or α∗ = −wll or α∗ = wkk
then

10 wkk
← wkk

− α∗ wll ← wll + α∗

11 end

12 end

13 end

14 end

Algorithm 3: Randomized exchange algorithm (REX). The value of

eff .act(w) is a lower bound on the efficiency of the current design relative

to the optimal design. For D- or A-optimality, it is possible to use formula

(3). The variable time represents the time elapsed since the beginning of

the computation. The optimal step length α∗ can be computed with the

explicit formulas given in the Appendix (in the case of D- or A-optimality)

or through a procedure for one-dimensional convex optimization on a finite

interval.
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remains fixed throughout the iterative process. Once a subspace has been identi-

fied, a gradient, Newton or proximal point step is usually taken in the subspace.

These methods have been found to scale to extremely large dimensions (e.g., bil-

lions of unknowns) for certain applications (Richtárik and Takáč (2016a,b)) and

have become the state of the art for a variety of big data analysis tasks. Ran-

domized selection rules are, in practice, often superior to cyclic rules that pass

through the subspaces in a fixed, predefined order. Intuitively, this superiority

can be attributed to the fact that randomization helps to avoid/break out of un-

favorable orderings. It was recently shown by Sun and Ye (2016) that there is

a large theoretical gap between randomized and cyclic rules (proportional to the

square of the dimensionality of the problem), which favors randomized rules.

Greedy subspace descent methods operate by taking steps in subspaces that

are selected greedily in accordance with some potential/importance function of

interest. Again, once a subspace has been identified, typically a gradient, New-

ton or proximal point step is taken in the subspace. The ideal greedy method

employs the maximum improvement rule, which requires that in any given iter-

ation, one should choose the subspace that leads to the maximum improvement

in the objective. Since this is almost always impractical, one must resort to ap-

proximating the maximum improvement rule by some efficiently implementable

proxy rule. Whether one should use a greedy or a randomized method depends

on the problem structure, as both have applications for which they dominate.

Let us now highlight some of the key similarities and differences between REX

and the existing subspace descent methods:

1. The support plays a role. The subspace selection rule in REX has a

greedy component through the inclusion of the set Sgreedy. However, unlike

most existing subspace descent methods, it also has an “active set/support”

component through the inclusion of Ssupport.

2. Greedy subspaces. Greedy subspace rules beyond subspaces of dimen-
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sion one have not been explored in the optimization and machine learning

literature. To the best of our knowledge, the only exception is the work of

Csiba and Richtárik (2017). However, both their greedy subspace rule and

the problem that they tackle are different from ours.

3. Subspace step. While existing subspace descent methods typically rely

on traditional deterministic (as opposed to stochastic) optimization steps,

such as gradient or Newton steps, REX performs a randomized pairwise

exchange step in the subspace. For some criteria, the exchange steps can be

calculated exactly and often in closed form, which facilitates fast computa-

tions. This is similar to the sequential minimal optimization technique of

Platt (1998), which is influential in the machine learning literature. Meth-

ods with randomized steps in the subspace, such as REX, are rare in the

optimization literature. One of the earliest examples of such an approach is

the CoCoA framework of Jaggi et al. (2014), which is aimed at distributed

primal-dual optimization in machine learning. However, both the subspace

subroutine and the problem tackled are very different from ours.

4. Random reshuffling. Randomization is present in REX in the form of

a random permutation of pairs from Ssupport × Sgreedy. Methods relying on

random permutations can be regarded as hybrids between stochastic and

cyclic methods. These approaches are not well understood theoretically due

to the intrinsic difficulty of capturing their behaviors through complexity

analysis. The work of Gürbüzbalaban et al. (2015) provides one of the

first insights into this problem. However, their techniques do not apply to

our problem or algorithm.

5. Nonseparable constraints. Virtually all modern stochastic and greedy

subspace descent methods in optimization apply either to unconstrained

problems or to problems with separable constraints, as this property is cru-
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cial to the analysis in these methods. One of the earliest works to explicitly

tackle nonseparable constraints was that of Necoara (2011). However, their

work applies only to linear constraints. Problems with convex constraints

that admit a fast (i.e., closed-form) projection are considered equally as

simple as unconstrained problems.

6. Smoothness. The vast majority of papers on stochastic and greedy sub-

space descent methods assume that the objective function has a Lipschitz

continuous gradient (this property is often called L-smoothness in the ma-

chine learning literature). However, this is not true in our case, and hence,

fundamentally different convergence analysis techniques are needed. Only a

handful of subspace descent methods do not rely on this assumption. One

of them is the stochastic Chambolle-Pock algorithm (Chambolle et al.

(2017)), which is a stochastic extension of the Chambolle-Pock method, a

famous state-of-the-art method in the area of computational imaging.

4 Numerical comparisons

In this section, we compare the performance of an R (R Core Team (2016))

implementation of REX and three state-of-the-art algorithms for computing D-

and I-optimal designs of experiments. As the first algorithm for comparison,

we selected the cocktail algorithm for D-optimality (COD), or more precisely,

its R implementation, which was made available by the author (see Yu (2011)).

There are two variants of COD. One has a prespecified neighborhood structure,

and the other computes nearest neighbors computed on the fly. For each model,

we selected the variant that performed better. Note that the cocktail algorithm

was originally developed only for D-optimality, but the formulas derived in the

Appendix (Subsection A.2) allowed us to modify it for the computation of A-

optimal and, hence, I-optimal designs; we use the abbreviation COA to refer to
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this modification of COD.

As the second algorithm, we selected the Newton-type method of Yang et al.

(2013), YBT. To ensure a fair comparison, the SAS code kindly provided by the

authors of YBT was converted into R with as high fidelity as possible.

The third algorithm chosen for comparison was the multiplicative algorithm.

For D-optimality, we used the cocktail algorithm of Yu (2011), which provides

the possibility of running only the multiplicative branch of each iteration (ab-

breviated as MUL). For computing I-optimal designs, we implemented in R the

multiplicative method of Goos et al. (2016), which was developed specifically for

I-optimality (abbreviated as GJS).

The R codes of REX and a link to a user-friendly web application for computing

optimal designs and the MVEE using REX are available at

www.iam.fmph.uniba.sk/ospm/Harman/design/

Note that it is possible to directly use these codes without any commercial

software and without technical knowledge of the algorithms.

In the following three subsections, we compare the selected algorithms for very

different, generic D- and I-optimal design problems of widely varying sizes. This

approach provides comprehensive information about the relative strengths of the

methods in a broad range of situations. However, we remark that the numerical

comparisons must be taken with a grain of salt because the specific numerical

results depend on a multitude of factors. Different implementations and different

hardware capabilities can lead to somewhat different relative results.

In all computations with REX, we used uniformly random m-point initial

designs. For D-optimality, we chose a tuning parameter of γ = 4; for I-optimality,

we chose γ = 1. Note that the performance of REX can be slightly improved

22

Acc
ep

ted
 M

an
us

cri
pt



by increasing γ for larger design spaces. Also, the best choice of γ seems to

depend on the speed of the optimal exchange computation; generally, the faster

the computation is, the larger the best value of γ. However, our fixed choices

of γ seem to provide a good compromise for a wide range of model sizes and

structures.

We used a computer with a 64-bit Windows 10 operating system running an

Intel Core i7-5500U CPU processor at 2.40 GHz with 8 GB of RAM.

4.1 Quadratic models

Consider a full quadratic regression model on the d-dimensional cube [−1, 1]d,

d ∈ N. In other words, for (t1, . . . , td)
′ ∈ [−1, 1]d, the observations are modeled

as

Y (t1, . . . , td) = β1 +
d∑
i=1

βi+1ti +
d∑
j=1

d∑
k=j

β̃j,ktjtk + ε(t1, . . . , td), (7)

where β̃1,1, β̃1,2, . . . , β̃d,d correspond to the parameters βd+2, βd+3, . . . , βm, m =

(d+1)(d+2)/2. We discretized the cube [−1, 1]d to obtain a lattice D of n points,

which are numbered with indices from X = {1, . . . , n}. Thus, the set of regres-

sors {f(1), . . . , f(n)} corresponds to {(1, t1, t2, . . . , td−1td, t
2
d)
′ : (t1, . . . , td)

′ ∈ D}.

Quadratic models on cubes are typically used in the response surface methodol-

ogy (e.g., Myers et al. (2016)), and for purposes of algorithm comparison, they

may serve as representatives of “structured” models. Each of the algorithms was

run for various combinations of values of n and d (see Figure 1).

The numerical results confirm the claim of Yang et al. (2013) that YBT is

superior to COD for a large size n of the design space and a small number m of

model parameters (see panels (b) and (f) of Figure 1). However, for a smaller

design space, particularly if the number of parameters is large, COD tends to

perform better than YBT (cf. panels (a), (c) and (e) of Figure 1). Similar
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Figure 1: Typical performances of the algorithms COD (black dotted line), YBT

(red dashed line), MUL (green dot-dashed line) and REX (blue solid line) for D-

optimality in the case of quadratic models of the form given in (7) on an n-point

discretization of [−1, 1]d. The vertical axis represents the log-efficiency− log10(1−

eff), where eff is the D-efficiency of the design. Thus, log-efficiencies of 2, 4 and

6 correspond to D-efficiencies of 0.99, 0.9999 and 0.999999, respectively. The

horizontal axis corresponds to the computation time in seconds. Each algorithm

was run 5 times to capture the degree of variability. The performance of MUL

does not vary because it is a fully deterministic algorithm initiated with uniform

design on X.
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observations can also be made for other models, such as the one presented in the

next subsection.

Importantly, for D-optimality, REX exhibits comparable or superior perfor-

mance relative to both state-of-the-art algorithms for all combinations of n and

m that we explored.

4.2 Random models

As our second example, we chose a very different problem in which the regres-

sors were chosen to be f(1) = (1, z′1)′, . . . , f(n) = (1, z′n)′, where the zi’s are

drawn independently and randomly from the (m− 1)-dimensional normal distri-

bution Nm−1(0m−1, I). Such models are motivated by the MVEE problem, where

{z1, . . . , zn} is typically a set of random multidimensional data. Nevertheless,

random models can also represent “unstructured” and unordered optimal design

situations in which the possible covariates of the model are drawn from a random

population. The results are illustrated in Figure 2.

On random models, the proposed algorithm again shows superior performance

for D-optimality. The differences in favor of REX are even more pronounced than

those in the case of quadratic models. This is partially caused by the fact that on

an unstructured set of regressors, procedures such as COD that depend on the

ordering of the design points are disadvantaged. However, REX is independent

of the ordering of the design points.

4.3 Mixture models

With the third example, we present the performance of REX in computing I-

optimal designs. Because the problem of I-optimality is solved by converting it

into a problem of A-optimality, this example also serves as a proxy for comparing

the algorithms for A-optimal design problems.
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Figure 2: Typical performances of the algorithms COD (black dotted line), YBT

(red dashed line), MUL (green dot-dashed line) and REX (blue solid line) for

D-optimality in the case of models with n random regressors of dimension m.

The vertical axis represents the log-efficiency − log10(1 − eff), where eff is the

D-efficiency. The horizontal axis corresponds to the computation time. Each

algorithm except the fully deterministic MUL was run 5 times.
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Consider cubic mixture models with q ≥ 2 ingredients x = (x1, . . . , xq)
′ sum-

ming to 1. The sum constraint implies that the design points form a q-dimensional

simplex Sq = {(x1, . . . , xq)
′ : 0 ≤ xi ≤ 1 ∀i = 1, . . . , q,

∑q
i=1 xi = 1}. For mod-

eling responses in mixture models, a third-degree special mixture model can be

used (Cornell (2011), cf. Goos et al. (2016) and Coetzer and Haines (2017)):

Y (x1, . . . , xq) =

q∑
i=1

βixi+
∑
i,j:i<j

β̃i,jxixj+
∑

i,j,k:i<j<k

β̃i,j,kxixjxk+ε(x1, . . . , xq), (8)

where β̃1,2, . . . , β̃q−1,q, β̃1,2,3, . . . , β̃q−2,q−1,q correspond to the parameters βq+1, . . . , βm

with m = q(5+q2)
6

.

Similarly to the case of the quadratic models, we discretized the simplex Sq

into d levels along each component, resulting in an n =
(
q+d−2
d−1

)
-point design

space X = {1, . . . , n}. Each of the algorithms was run for various combinations

of values of q and d; see Figure 3.

The numerical results depicted in Figure 3 show that for I-optimality, the

superiority of REX is less pronounced. However, it still outperforms other state-

of-the-art algorithms in several cases, and its speed remains good across very

different model sizes. For this combination of a model and a criterion, the algo-

rithms COA and GJS prove to be powerful, particularly for small sizes n of the

design space and a large number m of parameters. As in the case of D-optimality,

YBT seems to be preferable for very large n and small m.

5 Further remarks

Nonuniqueness of optimal designs. For some models, the optimal design is

not unique; in that case, different runs of REX may produce different results.

On the one hand, this can be viewed as an advantage, because it allows us to

generate a large number of optimal designs (any convex combination of which is

also an optimal design) and to select one of them based on a secondary criterion.
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Figure 3: Typical performances of the algorithms COA (black dotted line), YBT

(red dashed line), GJS (green dot-dashed line) and REX (blue solid line) for I-

optimality in the case of third-degree special mixture models of the form given

in (8) on an n-point discretization of Sq. The vertical axis represents the log-

efficiency − log10(1 − eff), where eff is the I-efficiency of the design. Thus, log-

efficiencies of 1, 2 and 3 correspond to I-efficiencies of 0.9, 0.99 and 0.999, respec-

tively. The horizontal axis corresponds to the computation time in seconds. Pan-

els (a)-(f) respectively correspond to the following (q, d) pairs: (3, 51), (3, 201),

(4, 21), (4, 51), (5, 11), and (3, 1001). Each algorithm was run 5 times to capture

the degree of variability, except GJS, which is fully deterministic.
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On the other hand, in the case of nonuniqueness, the optimal designs produced

by REX tend to be nonsymmetric even in the case of a highly symmetric model.

Note, however, that it is possible to “symmetrize” a nonsymmetric optimal design

as follows. If M∗ is the unique optimal information matrix, then the set of all

optimal designs is a polyhedron O := {w ≥ 0n : M(w) = M∗, 1′nw = 1}, which

can be straightforwardly defined in terms of a finite number of linear inequalities.

Minimizing ‖w‖2 overO is a quadratic programming problem with a solution that

is unique, often highly symmetric, and easy to compute with standard quadratic-

programming solvers.

Φp-optimality and other criteria. REX (algorithm 3) can be applied to com-

pute optimal designs with respect to any optimality criterion for which there is a

suitable vector function g(·) for selecting candidate points for exchange, even if

there is no explicit formula for optimal exchange. The computation of the opti-

mal exchange weight in step 3 of REX is a convex one-dimensional optimization

problem, which is straightforward to solve using established numerical methods.

A natural vector function g based on the directional derivatives is available not

only for D- and A-optimality but also for many other criteria, including all differ-

entiable criteria of Φp-optimality (see Pukelsheim (2006)). We have tested REX

for general criteria of Φp-optimality with promising results. Moreover, REX has

the potential to compute designs that are efficient with respect to the criterion

of E-optimality, which is a limiting case of differentiable criteria of Φp-optimality

(cf. Yang et al. (2013), Subsection 3.1, Remark 4). However, a detailed analysis

of the performance of REX in such cases is beyond the scope of this paper.

Detecting points at the boundary of the MVEE. An important problem is

the determination of the data points at the boundary of the MVEE, as discussed in

the introduction. Nonboundary points can be easily identified by using the direct

relation between the MVEE and the D-optimal design problem and applying the

deletion formulas from Harman and Pronzato (2007). The very high efficiency
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of the D-optimal designs that can be achieved using state-of-the-art algorithms,

including REX, usually permits the removal of all nonboundary points.

A simplified version of REX. Our numerical experiments suggest that a sim-

plified version of REX in which the condition in line 9 of the pseudocode in 3 is

omitted has speed and convergence properties similar to those of the full version

of REX. However, the condition in line 9 is crucial for our theoretical proof of

convergence (see Case 1 of the proof of Theorem 1).

Disadvantages of REX. We believe it to be important to inform the reader

of the disadvantages of our method of which we are aware. First, the method

occasionally generates streaks of only slowly increasing criterion values; however,

these are usually followed by rapid improvement. Second, we have not been able

to prove its convergence to the optimum except for the case of D-optimality.

Note that the general convergence of the criterion values follows trivially from

the monotonicity of REX. However, the convergence to the value that is optimal

for the problem at hand seems difficult to prove for a general concave criterion.

Nevertheless, we tested REX for many different criteria, and the algorithm con-

verged on all test problems. Lastly, our numerical study suggests that REX may

not be the best algorithm for problems with a small number of design points and

a large number of parameters; in such a case, the multiplicative method seems to

be a better choice.

6 Conclusions

As we have numerically demonstrated, the randomized exchange algorithm (REX)

generally outperforms recent state-of-the-art methods for computing D-optimal

approximate designs of experiments, mostly in cases in which the model consists

of randomly generated or otherwise unstructured regressors. Overall, in compar-

ison with the competing methods, the performance of REX deteriorates much
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less as both the size of the design space and the number of parameters increase.

It is also worth noting that REX is concise, has relatively low memory require-

ments, and does not utilize any advanced mathematical programming solvers.

For D-optimality, we have theoretically proven the convergence of the proposed

algorithm to the correct optimum. To adapt REX (as well as the cocktail algo-

rithm) to the A-optimality criterion, we have derived appropriate vertex exchange

formulas.

REX offers many possibilities for further development. In addition to the

exploration of its convergence properties for a general concave criterion, there

is potential for improvement by implementing an optimized, perhaps adaptive

selection of the parameter γ that regulates the batch size or by selecting only part

of the support in step 4 of algorithm 3. The computation speed of REX (as well

as the speed of the other algorithms) could be significantly increased through the

application of parallel computing, specific methods of initial design construction,

and deletion rules for nonsupporting points (see Harman and Pronzato (2007) for

the case of D-optimality and Pronzato (2013) for the case of A-optimality). In

general, our experience suggest that the best overall approach to the computation

of optimal designs is an informed combination of several methods.

Moreover, it is possible to employ REX for the computation of optimal designs

on continuous (infinite) design spaces. One approach is to choose a large number

of random points inside the continuous design space, use the speed of REX for

unstructured design spaces to construct an optimal approximate design on that

finite subsample, and then fine-tune the design by means of selected routines

for constrained continuous optimization. However, a numerical and theoretical

analysis of this methodology is beyond the scope of this paper.
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A Optimal step length and convergence

Let w ∈ Ξ and u, v ∈ X, and let Φ : Sm+ → [0,∞) be a criterion of design

optimality. The optimal step length for weight exchange between design points u

and v in the design w is any

α∗u,v(w) ∈ argmax{Φ(M[w + α(ev − eu)]) : α ∈ [−wv, wu]}. (9)

In accordance with the definition given in (9), we provide an optimal step length

formula for any design w ∈ ΞR. We also prove the convergence of REX for

D-optimality.

A.1 D-optimality: optimal step length and proof of the

convergence of REX

Let w ∈ ΞR and u, v ∈ X. If wu = wv = 0, then the optimal step length is

trivially α∗u,v(w) = 0. Therefore, we can assume that at least one of the weights

wu and wv is strictly positive. We use the notation

du,v(w) := f ′(u)M−1(w)f(v).

For D-optimality, it has been shown (see Böhning (1986) and Yu (2011)) that

an optimal choice for the step length in (9) is as follows.

If f(u) and f(v) are linearly independent (note that if f(u) and f(v) are lin-

early independent, then the Cauchy-Schwarz inequality implies du(w)dv(w) >
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d2
u,v(w)), then

α∗u,v(w) = min

{
wu,max

{
−wv,

dv(w)− du(w)

2[du(w)dv(w)− d2
u,v(w)]

}}
. (10)

If f(u) and f(v) are linearly dependent, we can set

α∗u,v(w) =


wu if du(w) < dv(w),

0 if du(w) = dv(w),

−wv if du(w) > dv(w).

(11)

(Note that for du(w) = dv(w), the choice of the optimal step is not unique.) A

D-optimal step for vertex exchange between design points u and v in w is then

TDu,v(w) := w + α∗u,v(w)(ev − eu).

The D-optimal vertex exchange step is called nullifying if α∗u,v(w) = wu or if

α∗u,v(w) = −wv, that is, if the u-th or v-th component of TDu,v(w) is equal to 0.

The pair of indices

u∗(w) ∈ argmin{du(w) : u ∈ supp(w)},

v∗(w) ∈ argmax{dv(w) : v ∈ X}

is called the D-optimal Böhning’s vertex pair, and the step length α∗u,v(w) for u =

u∗(w) and v = v∗(w) is called the D-optimal Böhning’s step. In the following, we

will use the well-known facts that (i) du∗(w)(w) ≤ m, (ii) dv∗(w)(w) ≥ m/effD(w),

and (iii) w is D-optimal if and only if dv∗(w)(w) = m (see, e.g., Atkinson et al.

(2007), 9.2). In (ii), effD(w) denotes the D-efficiency of w relative to a D-optimal

design.

Lemma 1. Let u, v ∈ X and w ∈ ΞR. Then,

det(M(w)) ≤ det(M[TDu,v(w)]), and (12){
TDu,v(w) 6= w} ⇒ {det(M(w)) < det(M[TDu,v(w)])

}
. (13)

Moreover, if w is not D-optimal and u = u∗(w), v = v∗(w) constitute the D-

optimal Böhning’s vertex pair, then det(M(w)) < det(M[TDu,v(w)]).
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Proof. Inequality (12) follows from the choice of α∗u,v(w). We will prove (13).

If TDu,v(w) 6= w, then α∗u,v(w) 6= 0. Suppose that α∗u,v(w) > 0. Then, the

rules for α∗u,v(w) imply that du(w) < dv(w) and wu > 0. Now, to show that

det(M(w)) < det(M[TDu,v(w)]), it is sufficient to verify that the directional deriva-

tive of log det(·) with respect to M(w) in the direction of M[TDu,v(w)] is strictly

positive. Noting that M−1 is the gradient of log det(·) in a nonsingular M, we

find that the directional derivative is

∂ log det(M(w),M[TDu,v(w)]) = tr(M−1(w)(M[TDu,v(w)]−M[w]))

= tr(M−1(w)[α∗u,v(w)(f(v)f ′(v)− f(u)f ′(u))])

= α∗u,v(w)(dv(w)− du(w)) > 0.

For the case of α∗u,v(w) < 0, the strict inequality in (13) can be analogously

proven.

Finally, we prove that if w is not D-optimal and u = u∗(w), v = v∗(w) consti-

tute the D-optimal Böhning’s vertex pair, then det(M(w)) < det(M[TDu,v(w)]).

If w ∈ ΞR is not optimal, then dv∗(w)(w) > m; i.e., (i) implies that du∗(w)(w) <

dv∗(w)(w). However, u∗(w) ∈ supp(w); therefore, wu∗(w) > 0, and the formulas

for the optimal step length imply that α∗u,v(w) > 0, i.e., TDu,v(w) 6= w. We close

the proof by using (13).

Recall that for w ∈ ΞR, a Böhning’s pair u = u∗(w), v = v∗(w) ∈ X is called

nullifying if α∗u,v(w) is equal to −wv or wu.

Lemma 2. For any 0 < ε < 1, there exists a Kε < ∞ such that for all w ∈

ΞR satisfying effD(w) ∈ [ε, 1) and a non-nullifying D-optimal Böhning’s pair

consisting of u = u∗(w) and v = v∗(w), we have

effD
(
TDu,v(w)

)
≥ effD(w)

[
1 +

(eff−1
D (w)− 1)2

Kε

]1/m

.

Proof. Let ũ, ṽ ∈ X, and letDũ,ṽ(w) := dũ(w)dṽ(w)−d2
ũ,ṽ(w). Clearly, 4m−2Dũ,ṽ(w)

is a continuous function of w on the compact Ξε := {w ∈ Ξ : effD(w) ∈ [ε, 1]} ⊂
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ΞR. Therefore, it is bounded from above on Ξε by some constant Kũ,ṽ,ε <∞. Set

Kε := maxũ,ṽ∈XKũ,ṽ,ε, which is clearly finite.

Suppose first that f(u) and f(v) are linearly dependent. Then, the Böhning’s

step can only be non-nullifying if du(w) = dv(w). However, this cannot be true

because du(w) ≤ m from fact (i) and because effD(w) < 1 and dv(w) > m from

fact (iii).

Therefore, f(u) and f(v) are linearly independent. Thus, since the D-optimal

Böhning’s step given by (10) is assumed to be non-nullifying, we have α∗u,v(w) =

[dv(w)−du(w)]/[2Du,v(w)]. From the matrix determinant lemma and the Sherman-

Morrison formula, it is straightforward to show that for any positive definitem×m

matrix M, any α ∈ R and x,y ∈ Rm,

det(M + α(yy′ − xx′)) =

det(M)
[
(1 + αy′M−1y)(1− αx′M−1x) + α2(y′M−1x)2

]
. (14)

Setting α = α∗u,v(w), y = f(v), x = f(u) and M = M(w) in (14) yields

det(M(TDu,v(w))) = det(M(w))

(
1 +

[dv(w)− du(w)]2

4Du,v(w)

)
.

Recalling that 4Du,v(w) < m2Kε, du(w) ≤ m and dv(w) ≥ m/effD(w), we obtain

the inequality from the lemma.

Theorem 1. The REX algorithm with the step length rule defined by (10) and

(11) converges to a D-optimal design in the sense that the sequence of D-criterion

values of designs produced by the algorithm converges to the D-optimal value Φ∗,

where the convergence is the sure convergence of random variables and the D-

optimal value Φ∗ is defined as ΦD(M∗), with M∗ being the D-optimal information

matrix.

Proof. Let the initial design for REX be w0 ∈ ΞR, let ε := effD(w0), and let

(wi)∞i=1 be the sequence of designs that REX generates via leading D-optimal

Böhning’s exchanges in iterations 1, 2, . . .. Because all the transformations used
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by REX are nondecreasing with respect to ΦD, the sequence (ΦD(M(wi)))∞i=1 has

a limit, denoted by Φ+. Suppose that Φ+ is not equal to the D-optimal value Φ∗

for the problem, and let eff+ := Φ+/Φ∗ < 1. Now, inspired by the proof strategy

of Böhning (1986), we split the proof into two cases. In each case, we show a

contradiction, which thus implies the claim of the theorem. Note that we address

Case 1 differently than Böhning does.

Case 1: Suppose that there are only a finite number of non-nullifying lead-

ing D-optimal Böhning’s exchanges. Each nullifying exchange can only either

decrease the size of the support of the current design or leave the size of the

support constant. Since there can be only a finite number of support-reducing

nullifying exchanges, there is some index i such that all exchanges performed af-

ter the i-th iteration are nullifying and preserve a constant support size. Hence,

after the i-th iteration, the algorithm does not alter the set of all nonzero weights.

Moreover, REX is designed such that after the i-th iteration, it will perform only

nullifying exchanges (including the nonleading exchanges). Since X is finite, this

means that the sequence of generated designs must return to one of the previous

designs after a finite number of steps. This is impossible because according to

Lemma 1, each D-optimal Böhning’s step (even if it is nullifying) strictly increases

the criterion value of a sub-D-optimal design.

Case 2: Suppose that there are an infinite number of non-nullifying leading

D-optimal Böhning’s steps in iterations n1, n2, . . .. Then, Lemmas 1 and 2 imply

that

effD(wnk) ≥ ε

[
1 +

(eff−1
+ − 1)2

Kε

]k/m
(15)

for all k = 1, 2, . . . and some positive real numbers ε and Kε. This is impossible if

we assume that eff+ < 1 because the RHS of (15) converges to infinity as k →∞,

but the efficiency of any design relative to the D-optimal design is bounded from

above by 1.
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A.2 A-optimality: optimal step length

Let u, v ∈ X be a fixed pair of design points, and let w ∈ ΞR be a fixed design.

Let at least one of the weights wu and wv be strictly positive.

Let fu := f(u), fv := f(v), M := M(w) and V := M−1(w). For α in the open

interval I = (−wv, wu), the matrix M + αfvf
′
v and the information matrix

Mα := M + αfvf
′
v − αfuf

′
u

are both positive definite, and we can use the Woodbury formula and the fact

that (14) implies that 1+αf ′vVfv−αf ′uVfu−α2f ′uVfuf
′
vVfv+α2(f ′uVfv)

2 is strictly

positive for α ∈ I to obtain

M−1
α = V+

V[αfuf
′
u − αfvf

′
v − α2f ′uVfv(fuf

′
v + fvf

′
u) + α2(f ′vVfvfuf

′
u + f ′uVfufvf

′
v)]V

1 + αf ′vVfv − αf ′uVfu − α2f ′uVfuf ′vVfv + α2(f ′uVfv)2
,

−trM−1
α = −trV−α f ′uV

2fu − f ′vV
2fv − 2αf ′uVfvf

′
uV

2fv + αf ′vVfvf
′
uV

2fu + αf ′uVfuf
′
vV

2fv
1 + αf ′vVfv − αf ′uVfu − α2f ′uVfuf ′vVfv + α2(f ′uVfv)2

.

Let

dv = f ′vVfv, du = f ′uVfu, duv = f ′uVfv.

av := f ′vV
2fv, au := f ′uV

2fu, auv := f ′uV
2fv,

and

A = av − au, B = 2duvauv − duav − dvau, C = dv − du, D = dudv − d2
uv. (16)

Then,

−tr(M−1
α ) = −tr(V) +

αA+ α2B

1 + αC − α2D
=: h(α).

The function h is smooth and concave on I. Additionally, if fu 6= ±fv, then it

is also strictly concave, which follows from the smoothness and strict concavity

of −tr(M−1) on the set of all positive definite matrices M (see Pázman (1986),

Prop. IV.3).
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Note that the derivative of h(α) is

dh(α)

dα
=
A+ 2αB + α2(AD +BC)

(1 + αC − α2D)2
. (17)

We will find α∗ ∈ Ī := [−wv, wu] by maximizing the continuous extension h̄ : Ī →

R ∪ {−∞} of h.

Lemma 3. B2 − A(AD +BC) ≥ 0.

Proof. It is straightforward to verify that B2 − A(AD +BC) is equal to

[
(du + dv)

2 − 4d2
uv

] [
auav − a2

uv

]
+ [duv(au + av)− auv(du + dv)]

2 . (18)

Using the Cauchy-Schwarz inequality and the AM-GM inequality, we obtain

4d2
uv ≤ 4dudv ≤ (du + dv)

2 and a2
uv ≤ auav. Therefore, (18) is non-negative.

Proposition 1. If AD = −BC and B 6= 0, let α∗s = − A
2B

, and if AD 6= −BC,

let

α∗s = −
B +

√
B2 − A(AD +BC)

AD +BC
.

If α∗s ∈ I, then α∗s maximizes h̄ on Ī. If AD = −BC and B = 0 or if α∗s /∈ I, let

α∗n =


wu if A > 0,

0 if A = 0,

−wv if A < 0.

(19)

Then, α∗n maximizes h̄ on Ī.

Proof. In the case of fu = ±fv, the numerator of (17) is zero, i.e., any α∗s ∈ Ī is

a maximizer. Therefore, we will consider the nontrivial case of fu 6= ±fv, which

implies that h is strictly concave on I. First, note that (17) is equal to A for

α = 0.

Let AD = −BC, B 6= 0 and α∗s = −A/(2B) ∈ I. Then, based on (17), α∗s is

a stationary point of h in I. Therefore, it must maximize h̄ on Ī.
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Let AD 6= −BC and α∗s ∈ I. Considering Lemma 3, we see that the quadratic

function g(α) in the numerator of (17) has real roots in R given by

α1,2 = −
B ±

√
B2 − A(AD +BC)

AD +BC
,

where α∗s = α1. Since h is strictly concave on I, it has at most one stationary

point on I, which is the unique maximizer on I.

If AD = −BC and B = 0 or if AD = −BC, B 6= 0, and α∗s /∈ I, then (17)

has the same sign as A for any α ∈ I, which means that (19) indeed yields a

maximizer of h̄ on Ī = [−wv, wu].

Finally, let AD 6= −BC and α∗s /∈ I. It is sufficient to prove that for A 6= 0,

neither α1 nor α2 belongs to I. If so, then the sign of the derivative (17) will

be equal to the sign of A on the entire interval I, which implies (19). Since we

assume that α1 = α∗s /∈ I, it is sufficient to prove that α2 /∈ I.

Let A > 0. Consider the mutually exclusive cases a) AD < −BC and b)

AD > −BC. If a), then α2 ≤ 0; this means that α2 cannot be a stationary point

of h on I (since the derivative of h at 0 is positive and h is concave on I), and

hence, α2 /∈ I. If b), then α2 > 0, but α2 > α1 ≥ 0. Because α1 /∈ I, we have

α2 /∈ I. In the case of A < 0, we can present an analogous argument.

Thus, we can determine a maximizer α∗ of h̄ on Ī as follows:

1. Set G := AD +BC.

2. If G = 0 and B 6= 0, set r := −A/(2B). If −wv < r < wu, return α∗ = r.

3. If G 6= 0, set r := −(B +
√
B2 − AG)/G. If −wv < r < wu, return α∗ = r.

4. If A > 0, return α∗ = wu; else, if A < 0, return α∗ = −wv; else, return

α∗ = 0.
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