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ABSTRACT

Charge and Spin Transport in Spin-orbit Coupled and Topological 

Systems 

Papa Birame NDIAYE

In the search for low power operation of microelectronic devices, spin-based solutions 

have attracted undeniable increasing interest due to their intrinsic magnetic non-

volatility. The ability to electrically manipulate the magnetic order using spin-orbit 

interaction, associated with the recent emergence of topological spintronics with its 

promise of highly efficient charge-to-spin conversion in solid state, offer alluring op-

portunities in terms of system design. Although the related technology is still at its 

infancy, this thesis intends to contribute to this engaging field by investigating the 

nature of the charge and spin transport in spin-orbit coupled and topological systems 

using quantum transport methods. We identified three promising building blocks for 

next-generation technology, three classes of systems that possibly enhance the spin and 

charge transport efficiency: (i)- topological insulators, (ii)- spin-orbit coupled 

magnonic systems, (iii)- topological magnetic textures (skyrmions and 3Q magnetic 

state).

Chapter 2 reviews the basics and essential concepts used throughout the thesis: 

the spin-orbit coupling, the mathematical notion of topology and its importance in 

condensed matter physics, then topological magnetism and a zest of magnonics. In 

Chapter 3, we study the spin-orbit torques at the magnetized interfaces of 3D topo-

logical insulators. We demonstrated that their peculiar form, compared to other 

spin-orbit torques, have important repercussions in terms of magnetization reversal, 

charge pumping and anisotropic damping. In Chapter 4, we showed that the inter-

play between magnon current jm and magnetization m in homogeneous ferromagnets



4

with Dzyaloshinskii-Moriya (DM) interaction, produces a field-like torque as well as

a damping-like torque. These DM torques mediated by spin wave can tilt the time-

averaged magnetization direction and are similar to Rashba torques for electronic

systems. Moreover, the DM torque is more efficient when magnons are thermally

driven. Chapters 5 and 6 carry throughout tight-binding studies on the topological

charge-spin transport in two-dimensional lattices with ferromagnetic skyrmions and

3Q magnetic structure. We use the Landauer-Büttiker formalism and evaluate the

robustness of the topological signals. For the 3Q state, a spin-polarized quantum

anomalous Hall state with chiral edge modes, unaffected by deformation and disor-

der, is reachable in zero net magnetization. We finish with concluding remarks and

perspectives.
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Chapter 1

Introduction

1.1 Spintronics

Magnetism and magnetic materials play a prominent role in Condensed Matter Physics

and Material Science. Known since antiquity, magnetic phenomena have been inten-

sively studied throughout the centuries and its mysteries unveiled progressively by a

long list of curious individuals and very renowned scientists like Faraday, Ampere,

Maxwell, Zeeman, Heisenberg, Van Vleck, Anderson etc... In the first decades of the

20th century, the birth of quantum mechanics and its early developments revealed

more information about the nature and origin of magnetism and electricity in mate-

rials. Specifically it was discovered that the electric carriers in metals - the electrons,

have outstanding intrinsic properties including an elementary charge and also an in-

trinsic angular momentum called spin (either up or down) [27]. Whereas conventional

electronics exclusively exploits the charge of the electron and already gave the world

the technological golden age of transistors and more, the spin electronics, or spintron-

ics proposes the use of the spin degree of freedom to go beyond the current CMOS

technology and to further the functionality and miniaturization of devices.

Figure 1.1: (Color online) Beyond Moore’s law [1].
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Figure 1.2: GMR effect: at left, magnetoresistance measurements [2] at room tem-
perature for the system (Fe/Cr/Fe) and at right, magnetoresistance measurements
[3] at low temperature (4.2K) for (Fe/Cr)n multilayered system.

The beginning of spintronics can be dated with the inquiries about how exter-

nal magnetic field or local magnetic moments could affect the electronic transport

in materials, or with questions like: which differences could be seen in the electric

conductivity of electrons that have their spins aligned or anti-aligned with local mag-

netization in a metallic magnet. This is the type of questioning that led to the

discovery of anisotropic magnetoresistance by Lord Kelvin in 1850 [28]: he was the

first to observe the change in the value of electrical resistance of a metal when an

external magnetic field is applied to it. Later, in 1936 Nevill Mott [29, 30] was the

first to propose the two-channel model for electrons of different spins, suggesting that

the ones with spin aligned with local magnetization have longer mean free path, so are

less scattered and thus are better conducted than the others with misaligned spins.

Modern spintronics attained new heights only after the discovery of Giant Magne-

toresistance (GMR) in 1988 by Albert Fert and Peter Grunberg, who received the

2007 Physics Nobel Prize award for this work: they demonstrated that the resistance

of magnetic multilayers (Fe/Cr/Fe trilayer in [2] and (Fe/Cr)n where n could be as

high as 60 in [3]) depends on the relative orientation of the magnetizations in the

ferromagnets, a change of 80% between the high resistance state (anti-parallel con-
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figuration) and the low resistance state (parallel configuration) (see Fig. 1.2).

This effect opened new avenues in magnetic recording and storage, which culminated

in the use of the magnetoresistive read head in hard disks allowing the production of

portable gadgets with gigabits of data storage (100 times more than the capacity of

magnetic memories used in the previous technology). Following this, a series of novel

devices were invented of implemented. These include magnetic sensors, magnetic

random access memory (MRAM) and spin transfer torque random access memory

(STT-MRAM) which are highly nonvolatile, with high data processing speed, low

power consumption and high integration densities as compared to conventional elec-

tronic devices.

In the digital world and information era, there is an increasing need for memory, of

physical storage for programs and data on a temporary or permanent basis in com-

puters, mainframes, laptops, phones and tablets. The data storage technology has

already delivered a rich range of memory storage devices, each of which having pros

and cons in their capabilities: different access times, lifetimes, non-volatility, cost, ca-

pacity etc... Currently, the architecture of most computers has a whole hierarchy of

different means to store digital data: the SRAM (Static Random Access Memory) as a

central processing unit CPU cache (∼ 10ns of access time) and/or the Dynamic RAM

(DRAM) as program memory (∼ 60ns of access time) constitute the Random Access

Memory which functions at high-speed and is volatile, as a distinction from the hard

disk which is slow to access (order of the millisecond of access time) but offers higher

memory capacity at low cost and is non-volatile. This simultaneous dependence on

several types of technologies is rather limiting in terms of performance, and makes

the search for one universal memory, the one of the next milestones in spintronics.

A universal memory would combine all the advantages of existing memories. It

needs to be able to operate very quickly with a very short access time and practically

unlimited of read/write cycles (infinite durability), while still being affordable enough
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to serve the ever increasing demands for mass storage. Moreover, it should be energy

efficient and therefore use different materials and information carriers that reduce the

Joule heating. For the purpose, a variety of solutions are being explored: spin trans-

port in materials with strong spin-orbit interaction like transition metal multilayers or

topological insulators (spin-orbitronics), propagation of spin waves in magnetic in-

sulator (insulatronics) or more widely magnonics, and the dynamics of non-trivial

magnetic textures such as, but not limited to, skyrmions (skyrmionics). Inventive

concepts like the racetrack memory or domain-wall memory [5] are already under in-

vestigation: basically, it codes the information in a magnetic nanoribbon by a series,

a train of opposite magnetic domains (↑ and ↓) separated by domain walls (DWs)

and reading or writing the information can be done by moving the train of DWs elec-

trically, exploiting the angular momentum transfer between a spin-coherent electric

current and magnetic domains via spin transfer torque.

1.1.1 The Spin Transfer Torque (STT)

With the anisotropic and giant magnetoresistance, we see how magnetization influ-

ences the electric current via the spin of the electron, giving rise to magnetoresistive

effects. The reciprocal also exists: the possibility for a spin polarized electric cur-

rent to modify the magnetization state. It was first predicted [31, 32] in 1996 by

Berger and Slonczewski. This phenomenon known as spin transfer torque (STT)

has also been observed experimentally [33, 34], with the threshold injected current

for noticeable effects like magnetization switching in spin-valve structures of order of

magnitude around 1011−1012 A/m2 . Industrial prototypes of Magnetic Random Ac-

cess Memories based on STT [35] called STT-MRAM have been already proposed [36]

and introduced into the market. The spin-transfer torque effect requires non-collinear

magnetization configurations, in a spin-valve structure for example. The spin of the

flowing electrons is effectively oriented along the total magnetization of the material
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(pinned ferromagnet acting like a spin-polarizer); a spin-polarized current is thus ob-

tained then it transfers it spin momentum to the free ferromagnetic layer.

The physics of the spin transfer torque is straightforward: incoming and outgoing

spin currents through a magnetic texture have different angular momenta, so the net

spin of itinerant electrons is not conserved. The gain or loss of angular momentum by

the flowing spin currents is transferred to the localized electrons, i.e. to the magneti-

zation, and the spin transfer torque is the rate of this change of angular momentum

with respect to time.

The spin transfer torque term can be incorporated in a general equation describing

the magnetization dynamics. The equation of motion governing a time and spatial

dependent magnetization M was first proposed by Landau and Lifshitz [37] in 1935:

∂M

∂t
= −γM×Heff (1.1)

which is conservative continuum procession equation in which the magnitude of the

magnetization is conserved, γ being the gyromagnetic ratio. Anisotropy and quantum

mechanical effects are taken into account phenomenologically through the effective

field Heff given by the functional derivative of the energy functional E:

Heff = − 1

µ0

∂E

∂M
(1.2)

However, since dissipative processes are inevitable in the dynamical process, differ-

ent approaches have been used to incorporate damping. Landau and Lifshitz [37]

introduced dissipation as a torque term that pushes the magnetization towards the

effective field’s direction while conserving the magnitude of the magnetization.

∂M

∂t
= −γM×Heff −

λ

Ms

M× (M×Heff ) (1.3)
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λ is a positive material-dependent constant and Ms, the saturation magnetization of

the material.

In 1955, Gilbert [38] introduced a viscous force term proportional to time deriva-

tives of the magnetization.

∂M

∂t
= −γM×Heff +

α

Ms

M× ∂M

∂t
(1.4)

where α is a phenomenological material-dependent constant with values ranging from

0.001 to 0.5.

In order to include the interaction between spatially varying magnetization and

spin-dependent conduction electrons, theoreticians developed a model [39, 40] in

which the spin transfer torque is introduced in the Landau-Lifshitz-Gilbert (LLG)

equation by two additional terms, the adiabatic and non adiabatic torques:

∂M

∂t
= −γM×Heff +

α

Ms

M× ∂M

∂t
+ Tad

st + Tn.ad
st (1.5)

where

Tad
st = − v

M2
s

M× (M× j · ∇M) and Tn.ad
st = − ξv

Ms

M× j · ∇M (1.6)

and j · ∇ is the derivative along j, the direction of the current and ξ, the non-

adiabaticity parameter. The current density appears only throughout the quantity v,

which has the dimension of a velocity and is defined as

v =
PjµB

eMs(1 + ξ2)
where P =

n↑ − n↓
n↑ + n↓

(1.7)

is the polarization of the spin current, j is the norm of the current density, µB is the

Bohr magneton and e = |e| is the absolute value of charge of the electron.
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Figure 1.3: Schematics of current-generated DW motion: a spin-polarized current
passes through the DW and moves it by spin transfer torque [4].

The adiabatic torque (derived under the assumption that the conduction-electron

spins are always parallel to the local magnetic moments) is most important at the

initial motion of the wall because it causes the domain wall distortion [39]. The

distorted domain wall is able to completely absorb the adiabatic spin angular mo-

mentum so that the net effect of the adiabatic torque on the domain wall velocity

becomes null, i.e., the domain wall stops. In contrast, the non-adiabatic spin-torque

component behaves as a nonuniform magnetic field ∇M that has an important role

in the domain wall dynamics because it controls the steady wall motion [39].

The racetrack memory for example uses the STT mechanism and spin currents to

directly manipulate the magnetic domain walls within magnetic nanoscopic wire. Ar-

rays of vertical, U-shaped nanowires, built on a chip offers the highest storage density

[5]. The DWs in the magnetic racetrack can be read using magnetic tunnel junction

magnetoresistive sensing devices close to or in contact with the racetrack. Writing

data is accomplished by the fringing fields or simply by using the spin-momentum

transfer effect derived from current injected into the racetrack from magnetic nano-

elements.
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Figure 1.4: Schematics of a Racetrack memory, as proposed by Stuart Parkin [5].

A difficulty for this domain wall motion technology originates from the need for

relatively high current densities to operate. For example, in ferromagnetic single of

Permalloy (Ni81Fe19) nanowires with biaxial magnetic anisotropy (in-plane magneti-

zation) and high Curie temperature, threshold current densities of 1012 A.m−2 has

been experimentally determined for a velocity of domain walls from several m.s−1

[41] to hundreds of m.s−1 [42]. Also in perpendicular magnetic anisotropy materials

like Pt/Co/AlOx wires, a similar current density pushes the DW at a slightly higher

velocity [43]. Such currents to drive the domain walls are still high, for example

∼ 1012 A.m−2 for a nanowire with a cross-section of 3.103 nm2 would require more

than 3mA. The final power draw would be expected to be higher than STT-MRAM,
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Figure 1.5: a) Schematic view of a experimental setup in which Rashba spin-orbit
torque is important. b) The resistance Rxy shows hysteresis as a function of current:
magnetization switching due to spin-orbit torque [6]

flash or solid state memory. Other ways and means are being looked at in order to

get around this bottleneck: in the mechanism side, utilizing the spin-orbit torque

arising from strongly spin-orbit coupled materials, for instance, in the material side

using magnetic materials with ultralow damping, perpendicular magnetic anisotropy

and small saturation magnetization and non-trivial magnetic textures such as such

as homochiral Néel walls or skyrmions, for instance.

1.1.2 The Spin-Orbit Torques (SOT)

In recent years, spin-orbit torques (SOT), a new type of spin torque driven by in-plane

flowing currents have emerged as a more efficient way to manipulate magnetization.

While spin transfer torque requires the presence of some degree of non-collinear mag-

netization (domain wall texture, or non-collinear spin valve setup), spin-orbit torque

stems from the direct momentum transfer between the electron’s linear momentum

and its spin angular momentum. The spin-orbit torques provides an alternative and

efficient route for the manipulation of the magnetization [44, 45], even in the absence

of inhomogeneous magnetic structures. In fact, magnetization can be switched by

spin-orbit transfer torque [6]. This mechanism is found in ultrathin magnetic systems

displaying inversion symmetry breaking like(but not limited to) bilayers composed

of noble (heavy) metals (with sizeable spin-orbit interaction) and ferromagnets. The
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current understanding of the origin of SOT in this type of heterostructures combines

the spin-Hall effect [46, 47] and spin-orbit field (Rashba) effects [48]. In the former, a

spin current is generated by the spin-Hall effect in the noble metal layer and injected

into the ferromagnet [26] to produce a torque [45, 49]. In the latter, the inversion

asymmetry across the interface between the noble metal and the ferromagnet induces

a spin splitting in the band structure, leading to a nonvanishing current-induced spin-

orbit field [50, 51, 52]. One version of this spin-orbit field effect is the Rashba torque

[50, 53] where an applied electric field E in the plane of the thin film ferromagnet

produces a nonequilibrium Rashba field BR. Essential questions arise concerning the

role played by the spin Hall effect [54] and by the spin-orbit torque coming from the

inversion symmetry breaking at the interface [55].

1.2 Objectives and contributions of this thesis

As pointed out in the introduction, the quest for a universal memory and data-

processor, a class of memory that would harmoniously combine the pros of existing

memories, is the holy grail of micro-electronics and spintronics. The technologies of

the future, fruits of today’s research, must look to reduce the energy loss, to recycle,

for instance, the heat produced during the different operating cycles. They must, in

a sense and their own way, participate to the global effort of meeting the energy and

environmental challenges the world is facing.

The objective of this thesis is to investigate the efficient charge and spin transport

in spin-orbit coupled and topological systems. To do so, we have identified three

classes of systems that are able to enhance the efficiency of the electronic transport,

systems that can constitute green building blocks for the next-generation technol-

ogy: (i) topological insulators, (ii) topological magnetic textures such as magnetic

skyrmions and 3Q magnetic state and (iii) magnonic systems.

• Torques at the two-dimensional surface of a Topological insulator [56] - Topological
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insulators (TI), with their characteristic strong spin-momentum locking, have large

spin-charge conversion efficiency, thereby offering an alternative promising route to-

wards efficient electrical control of the magnetization.

In this work, we demonstrated that the Dirac spin-orbit torque at the magnetic sur-

faces of topological insulators is of the form T = T‖(mz)mzm×E + T⊥(mz)m×(z×E),

where the in-plane and out-of-plane torques T‖,⊥(mz) exhibit a sizable anisotropy (mz

is the projection of the magnetization m to the normal z to the TI surface and E is

the applied electric field). It possesses a different symmetry compared to their Rashba

spin-orbit torques, as well as a high anisotropy as a function of the magnetization di-

rection. Via a macrospin model, we numerically demonstrate these peculiarities have

dramatic consequences in the way the Dirac torque induces magnetization switching.

We also showed that the Onsager reciprocal of the spin-orbit torque, the charge pump-

ing, creates an enhanced anisotropic damping. The understanding of these spin-orbit

torques in TIs is crucial for the optimization of future TI-based devices.

• Robustness of topological Hall effects in disordered skyrmionic systems [57] - In

future spintronics applications based on magnetic skyrmions, a key issue is their

electrical detection. A standard approach, similar to the one proposed in DW race-

track memories, exploits the magnetoresistive response induced by the passage of a

skyrmion under a magnetic tunnel junction. A more innovative detection relies on

the topological Hall effect, arising from the Berry phase acquired by electrons as they

pass through a skyrmion : this mechanism deflects electrons, leading to a measurable

Hall voltage and a purely electrical detection of skyrmions.

In this work, we carried out a throughout tight-binding study on the robustness

against disorder of the topological electronic transport in ferromagnetic skyrmions.

We evaluated the dimensionless (spin) Hall angles across the energy band structure in

the multiprobe Landauer-Büttiker formalism and their link to the effective magnetic

field emerging from the skyrmion. We discussed the results for an optimal skyrmion
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size and for various sizes of the sample and found that the adiabatic approximation

still holds for nanoskyrmions. Finally, we found that even if the Hall effect is reduced

by impurities, the scaling up of the topological signal by the skyrmion density offers

interesting perspectives (for intrinsic topological torques for e.g. [58]).

• Quantum Anomalous Hall effect and phase transition in chiral noncollinear an-

tiferromagnetic 3Q state [59] - Antiferromagnets, with their numerous outstanding

properties (robustness against magnetic perturbation, zero stray field and ultrafast

dynamics) are emerging as a credible alternative to ferromagnets. They are also pro-

viding a rich playground to study unconventional magnetic properties and transport

phenomena.

In this work, we showed by taking two-dimensional triangular lattice with 3Q spin

structure as prototype model, that spin-polarized quantum anomalous Hall current

is reachable without spin-orbit coupling in zero net magnetization material. We

demonstrated that the energy and localization of the topological chiral edge modes

are robust against disorder and unaffected by deformation. The phase diagram for the

band gaps, opening around high symmetry Dirac points has also been investigated.

Our results pave the way for new attractive applications in high speed and low power

consumption electronics based on topological 3Q state in 2D materials.

• Spin wave mediated Dzyaloshinskii-Moriya Torque in ferromagnets [60] - Magnons

can be used as information carriers in next-generation, nanosized low-loss data pro-

cessing systems.

In this project, we showed that when a spin wave current jm flows in a system

with a homogeneous magnetization m, this interaction produces an effective field-

like torque of the form TFL ∝ m × (z × jm) as well as a damping-like torque,

TDL ∝m× [(z× jm)×m], the latter only in the presence of spin-wave relaxation (z

is normal to the interface). These torques mediated by the magnon flow can reorient

the time-averaged magnetization direction and display a number of similarities with
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the torques arising from the electron flow in a magnetic two dimensional electron gas

with Rashba spin-orbit coupling. This magnon-mediated spin-orbit torque can be

efficient in the case of magnons driven by a thermal gradient.
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Chapter 2

Background

2.1 Spin-orbit coupling (SOC) in atoms and solid state

In this section, we describe the basics of the spin-orbit coupling (SOC): its physical

origin and its striking effects in atoms and in condensed matter in general. Then,

we explicitly develop the different flavors and expressions of spin-orbit interaction

encountered in the materials described in this thesis and the relevant physics behind.

The spin-orbit coupling is a fully relativistic interaction between a particle’s spin

with its motion. To understand it better, one can start with a hydrogen-like atom

with atomic element number Z. The atomic orbitals of such atom are solutions to

the Schrodinger equation in a spherically symmetric Coulomb potential given by

V = − 1

4πε0

Ze2

r
(2.1)

where ε0 is the permittivity of the vacuum, Z is the number of protons in the nucleus,

e is the elementary electronic charge, r is the distance of the electron from the nucleus.

Undergraduate quantum mechanics calculations [61, 62] give the wavefunctions ψnml

and energy eigenvalues En with n, l and m being resp. the principal, the angular

momentum and the magnetic quantum numbers. The energies are simply written as

En = −mrc
2α2Z2

2n2
(2.2)

where mr is the reduced mass of the system {nucleus+electron} (' me, the electron
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mass), c is the speed of light in vacuum, α = e2/(4πε0~c) ' 1/137 is the fine structure

constant, ~ is the reduced Planck constant. In the core shell (first 1s orbital), the

single electron is moving around the nucleus at an average distance r1 with an average

velocity v1 that are given by

r1 =
4πε0~2

Ze2me

and v1 =
Ze2

4πε0~
' Z

137
c. (2.3)

The heavier the element is (large Z), the smaller becomes the radius of the atomic

orbital, the quicker the electron circles around the nucleus and the electric field felt

by the electron is much stronger. This electric field E = −~∇V (r) is indeed generated

by the positively charged nucleus, it is proportional to Z3 and straightforwardly reads

E = − 1

4π

Ze2

r2
er. (2.4)

This makes the electron inside the atom to move quite fast, specially for heavy atoms.

For mercury (Hg, Z = 80) for instance, the velocity is more than half of the speed

of light c. Therefore, the relativistic effects like length contraction, time dilatation

can not be neglected anymore. The relativistic mass mγ = γme becomes 23% more

important due to the Lorentz factor γ = 1/
√

1− (v2/c2). These relativistic cor-

rections will bring dramatic changes in the electronic properties of atoms

and materials [63, 64].

The electron orbiting the nucleus in an atom naturally feels the nuclear electric

field described above. But relative to the electron’s rest frame, the proton orbits

the electron and produces an additional magnetic field. This effective magnetic field

comes from the Lorentz transformation in special relativity from the nuclear coordi-

nate system to the moving electron coordinate system. It can also be simply seen
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Figure 2.1: (a) In an atom, an electron orbits the nucleus; but relative to it, it is the
nucleus that is circling around. This produces an additional magnetic field coupling
with the spin of the electron and affects its orbit via spin-orbit interaction. (b) In a
solid, the electron is roaming through a group of ions. From its viewpoint, it is the
ions that move. This relative ions’ motion generates a magnetic field that couples to
the spin. Adapted from [7].

semiclassically as a magnetic field generated by a current loop, it is written

Beff =
E× v

c2
(2.5)

This additional magnetic field naturally couples to the moving electron via the spin,

resulting in the interplay between electron spin and electric field as depicted in Fig.

2.1 (a). In real solids, this coupling between the electron’s spin and its orbital motion

via spin-orbit interaction is more complex, but the essence of the interaction is the

same, see Fig. 2.1 (b). The spin magnetic moment is ~µ = −µBσ̂ where µB is the

Bohr magneton and σ̂ is the vector of Pauli matrices. Therefore, the general form of

the momentum-dependent Zeeman energy ĤSO = −~µ ·Beff induced by Beff gives

ĤSO =
e~

4m2c2
σ̂ · (~∇V (r)× p). (2.6)

This term can also be written as ĤSO ∼ σ̂ · (E × p) ∼ 1
r
dV (r)
dr

L · σ̂ where L = r × p

is the orbital angular momentum. We proceed to a few basic but important remarks

on this spin-orbit interaction Hamiltonian: a) it has no effect on electrons on the
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orbitals s where the orbital angular momentum is zero but it splits the electrons on

orbitals p (l = 1), d (l = 2) by favoring energetically the spins that are aligned with

the magnetic spin-orbit field. b) it is proportional to Z4, just like Beff . This again

emphasizes the importance of spin-orbit interaction in heavy atoms.

Among the experimental consequences of the spin-orbit interaction, there is the

well-known spin-orbit induced energy splitting seen in the fine structure of

sodium (Na) for example (sodium doublet). Another important consequence is the sp

contraction: for Hg (Z = 80) for example, the inner 1s electrons orbit very fast, the

Lorentz factor is 123% therefore the relativistic mass increases of 23% and more im-

portantly the inner shell orbital radius shrinks by length contraction [63, 64]. There-

fore, the s and p shells contract, thereby screening more effectively the nuclear charge

and their energy levels decrease as well. Because of this screening, the outer d and

f shells expand and therefore their energy levels increase. The sp contraction due

to spin-orbit coupling explains why mercury Hg is a liquid metal at room tempera-

ture (The 6s2 orbital is contracted so much that the Hg atoms can not have covalent

bonding between them to form a metallic crystal, but there is only weak van der

Waals type bonding between them), why gold (Au) has its color different from sil-

ver (Ag) and aluminum (Al) and many other phenomena. The sp contraction also

explains why CdTe is a semiconductor while HgTe is a semimetal and the quantum

well CdTe/HgTe/CdTe was the first topological insulator due to the spin-orbit

interaction relativistic effect on the band structure, in spite of Cd and Hg being in

the same column of the periodic table.

In solids, there are roughly two types spin-orbit couplings [65]:

• The symmetry-independent spin-orbit coupling: this type of spin-orbit cou-

pling exists in all types of crystals and it is not closely related to the symmetry of

the lattice. It stems from the spin-orbit interaction in atomic orbitals. Under its

effect, there is sp contraction in solids, p-orbital band splitting as well and sometimes
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Figure 2.2: Bulk energy bands of HgTe and CdTe around the point. Adapted from
[8].

a spin-orbit induced band inversion like in HgTe depicted in Fig. 2.2. Due to the

strong Hg-6s contraction resulting from the relativistic terms (spin-orbit interaction

and Darwin contributions to the Hamiltonian), the Hg-6s energy band is lower than

Te-5p bands.

• The symmetry-dependent spin-orbit coupling: this type of spin-orbit inter-

action only exists, as discussed below, in crystals without inversion symmetry like the

Bychkov-Rashba spin-orbit interaction referred to surface-induced asymmetry (SIA)

and the Dresselhaus spin-orbit coupling in bulk-induced asymmetry.

Symmetry and energy band splitting: The link between symmetry and band

splitting is crucial for the understanding of symmetry-dependent spin-orbit coupling

[65]. The first symmetry to be closely looked at is the time reversal symmetry (TRS):

it is the theoretical symmetry of physical laws under the transformation of time rever-

sal, T : t 7→ −t. Primarily due to the second law of thermodynamics, the observable

universe itself does not show symmetry under time reversal. However, quantum and
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classical variables individually show TRS (do not change upon reversal of time) or

are negated by time reversal. Under the reversal of time, we have for example the

spin s −→ −s, the angular momentum L −→ −L, therefore the spin-orbit s · L −→

s ·L and the momentum k −→ −k. If the physical system is time reversal symmetric

(and the spin is half-integer), therefore the Kramers theorem applies and we have

En(s,k) = En(−s,−k). (2.7)

For any band energy for a given spin s and for a given momentum k, corresponds a

degenerate band with opposite spin and opposite momentum.

The spatial inversion symmetry (SIS) is the other important symmetry to be looked

at. Under space reversal R : r 7→ −r, we have s −→ s, L −→ L, therefore the

spin-orbit coupling s · L −→ s · L and the momentum k −→ −k. If the system has

spatial inversion symmetry, we have

En(s,k) = En(s,−k). (2.8)

For any band energy for a given spin and for a given momentum k, corresponds

a degenerate band with same spin and opposite momentum. For system with both

TRS and SIS, we have

En(s,k) = En(−s,k). (2.9)

Thus, in this case for each momentum we have a double degeneracy i.e. the ↑ and

the ↓ spins have the same energy. The dispersion of two energy bands for spin-up

and spin-down overlap everywhere in the band structure as seen in Fig. 2.3. On the

other hand, for systems with TRS and broken inversion symmetry, the spin-↑ and

spin-↓ have different energies at a given momentum and for the same spin, the energy
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Figure 2.3: The link between crystal symmetry breaking and energy band splitting.

dispersion is asymmetric with respect to the momentum as seen in Fig. 2.3. i.e.

En(s,k) 6= En(−s,k). (2.10)

Dresselhaus, first showed that in zinc-blende III-V semiconductor compounds

without a centre of inversion (GaAs or InSb for example) the spin-orbit interaction

near to the Γ point has the appropriate form [66]

ĤDsoc =
γ

~
[σ̂xkx(k

2
y − k2

z) + σ̂yky(k
2
z − k2

x) + σ̂zkz(k
2
x − k2

y)] (2.11)

If stress is applied to the system, e.g. along the (001) direction, we then simply have

< k2
x >=< k2

y >6=< k2
z >, and the cubic Dresselhaus adopts a simpler form known as

the linear Dresselhaus spin-orbit coupling:

ĤDsoc =
γk2

z

~
(σ̂xkx − kyσ̂y) (2.12)
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Figure 2.4: a, Energy dispersion of a one dimensional free electron gas under Rashba
spin-orbit interaction: opposite spin momenta for the two bands. b, Energy dispersion
at the surface of a BiAg(111) alloy measured by ARPES [9], with energy shift ER

and momentum offset k0. Adapted from [10].

In quantum wells (QW) with structural inversion symmetry breaking along the growth

direction z, the quantum average electric field is nonzero E = −∇̂V and is perpen-

dicular to the two dimensional electron gas confined at the surface [65]. It has been

proposed that the interfacial spin-orbit coupling in this type of system has the form

[67, 68, 48]:

ĤRashba = (αR/~)(z× p) · σ̂ (2.13)

Via the Rashba parameter αR, an external bias voltage is able to tune the band

profile and modulate the strength of spin orbit coupling. Rashba spin-orbit coupling

acts indeed as a momentum-dependent field about which flowing spins precess. The

signature of this effect has been observed in numerous experiments such as Shubnikov-

de Haas oscillations in QW [69]. Rashba spin-orbit coupling (Dresselhaus SOC as

well) locks spin to the linear momentum and creates an energy splitting in the spin

subbands (Fig. 2.4 a). This type of band splitting has also been observed at certain

metallic surfaces (Fig. 2.4 b). Only electrons within the surface possess this so-called

spin-momentum locking because of the strong spin-orbit interaction: the momentum

and spin of electrons are constrained to remain in plane and perpendicular to each
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other.

Rashba spin-orbit coupling has interesting consequences on the transport prop-

erties of materials: early works [70, 71] have already pointed out the way to create

net homogeneous spin polarization by injecting flowing charge current through semi-

conductors with inversion symmetry breaking. The phenomenon named inverse spin

galvanic effect or Edelstein effect was experimentally demonstrated for e.g, in bulk

semiconductors [72]. There is a nonzero spin accumulation originating from the oc-

cupation of k and -k states in the presence of a charge current, which produces an

average non-zero effective magnetic field affecting the electronic spin density. In a

non-magnetic surface-induced asymmetry (SIA) system [73, 71], the total Hamilto-

nian of a two-dimensional electron gas subjected to the Rashba spin-orbit interaction

expressed in Eq. 2.13 reads

Ĥ =
~2k2

2me

+ αR(k× z) · σ̂ (2.14)

Its straightforward diagonalization gives the eigenvalues ε±,k and the eigenvectors

ψ±,k

ε±,k =
~2k2

2me

± αR|k| and ψ±,k =
eik·r√

2S

 1

∓ieiχk

 with (2.15)

k = k(cosχk, sinχk, 0) and S, the layer surface. The spin expectation value read

〈σ〉±,k = 〈ψ±,k|σ|ψ±,k〉 =


± sinχk

∓ cosχk

0

 (2.16)

The total average spin density in each band vanishes, and the spin-momentum locking

has dramatic consequences for the non-equilibrium properties of the Rashba system,

most importantly the conversion of a charge current into a net spin polarization. The
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Figure 2.5: Fermi discs and spin quantization direction of the Rashba dispersion (a)
at equilibrium and (b) in response to an applied current j = jx. Adapted from [11].

comparison of Fig. 2.5 (a) and (b) shows the displacement of the two Fermi discs

by an amount δk±, due to the external electric field E = Ex and that there is a

net, electrically driven spin density. The calculation of the current contribution of

each subband and the out-of-equilibrium spin density is straightforward. The total

non-equilibrium spin density 〈δσ〉 can be written as a function of the total injected

current density j [70, 74, 11]

〈δσ〉 = −jmeαR

e~εF

y (2.17)

A net, electrically driven spin density can be created by an electric current in a Rashba

surface-induced asymmetry system. In an adjacent magnetic layer with exchange

coupling ∆ex, the spin-orbit torque exerted by the non-equilibrium spin density 〈δσ〉

on the average magnetization m can be written

T = 2
∆ex

~
〈δσ〉 ×m (2.18)
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2.2 SOC-induced interfacial Dzyaloshinskii-Moriya interac-

tion

Inversion asymmetry in certain systems combined with strong spin-orbit interaction

gives rise to antisymmetric exchange interactions [75, 76] between atomic spins Si.

The Hamiltonian of two neighbouring localized spins S1 and S2 that are coupled via

the Dzyaloshinskii-Moriya (DM) interaction, takes the form

HDM = −d12 · (S1 × S2) (2.19)

where d12 is the Dzyaloshinskii Moriya vector, its magnitude and direction being

material and structure dependent. If S1 and S2 are initially collinear due to the

symmetric (i.e. ferromagnetic or antiferromagnetic) exchange interaction, the effect

of a strong DM interaction is to introduce a relative tilt around d12: thus this DM

interaction favors non-collinear spin textures with a given chirality (left-handed or

right-handed [77]). If the two spins S1 and S2 are linked by a radial vector r12, the

orientation of the DM vector d12 determines the chirality of the texture. The mag-

nitude of d12 determines how fast the spins rotate i.e. the angle of rotation between

neighboring spins, therefore the spatial extension of the texture. Finally the direction

of d12 with respect to r12’s direction (whether they are collinear or orthogonal) fixes

the type of the magnetic configuration ( either Néel type or Bloch type structure).

The Dzyaloshinskii-Moriya interaction was first proposed [75, 76] to account for the

properties of magnetic compounds with a non-centrosymmetric lattice, such as α-

Fe2O3. The DM interaction was theoretically understood by Moriya as an additional

term induced by spin-orbit coupling in the super-exchange interaction between spins

of magnetic insulators in the presence of inversion asymmetry. A. Fert et P. Levy

[78] later invoked the DM interaction to understand why the magnetic anisotropy is

enhanced by the addition of small concentration of impurities with large spin-orbit
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Figure 2.6: Left: Dzyaloshinskii-Moriya (DM) vector generated by indirect exchange
for two spins and an atom with a strong spin-orbit interaction. Right: Sketch of
a DM interaction at the interface between a magnetic material (grey) and a heavy
metal with a strong spin-orbit interaction (blue) [12].

interaction (like Ir, Pt) in spin glasses (like CuMn): for a pair of Mn atoms within the

neighborhood of an atom or impurity with a large spin-orbit coupling, the authors

explained that usual exchange interaction has an additional term coming from the

DM interaction term expressed as a spin-orbit coupling. This model was extended

[79] to bilayers composed of one magnetic material and one heavy metal with large

spin-orbit coupling (see Fig. 2.6). The strength of DM interaction can be approxi-

mately linked to the strength of spin-orbit interaction which, in first approximation,

is expected to scale with Z4 as discussed in the previous section. Note however that

the strength of spin-orbit coupling in the transition metals is far smaller than the Z4

relation and depends on the detailed band structures [80]. Nevertheless, a large DM

interaction is typically found in materials with heavy elements, where the strength of

SOC is enhanced.

The DM interaction can be found in many non-centrosymmetric materials, whether

they are bulk materials like MnSi [81], thin-films [14] or multilayered heterostruc-

tures, but also in magnetic metals, doped magnetic semiconductors or multiferroic

insulators such as Cu2OSe3 [82]. In what follows, we mainly focus on interfacial DM

interaction at the interface between magnetic and heavy materials with large SOC

and one type of magnetic texture that can emerge from it, the magnetic skyrmion.
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Figure 2.7: a) A Néel-type skyrmion [13], its chirality and projection onto a unit
sphere. b) Experimental observation of skyrmion crystal by using Lorentz transmis-
sion electron microscopy (TEM) [14].

Skyrmions are examples of topological solitons. In other words, they are solu-

tions of non-linear differential equations which cannot be continuously deformed to

a trivial solution. The concept of skyrmion was first introduced in physics by Tony

Skyrme to describe [83] a unified theory for high-energy particles like hadrons. It was

adapted afterwards into different branches of condensed matter physics and specially

in magnetism: Bogdanov and Yablonskii [84] predicted that topologically protected

particles can be stabilized in chiral magnets in the form of stable spin configurations

now known as magnetic skyrmions [85]. Magnetic skyrmions are swirling topolog-

ical defects in the magnetization texture as depicted in Fig. 2.7: the spins inside

a skyrmion rotate progressively with a fixed chirality from the up direction at one

edge to the down direction at the centre, and then to the up direction again at the

other edge. The topological invariant characterizing a magnetic skyrmion is called

the skyrmion number Nsk, it counts the number of times the spins wind around the

unit sphere.

Nsk =
1

4π

∫
m ·

(∂m

∂x
× ∂m

∂y

)
dxdy (2.20)
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Figure 2.8: a, Current-induced skyrmion motion and associated phenomena [15].
Electrons are deflected by skyrmionic the Lorentz force.

The non-trivial topology of the magnetic skyrmions has a significant importance in

most of their properties [15]. From a skyrmionic landscape emerges an effective

magnetic field that couples with the flowing electrons’ charge and spin, leading to

interesting emergent phenomena like the topological Hall effect (THE) [86, 87, 88, 57]

and some nonlinear topological effects as the skyrmions’ motion is induced by current

[81, 89]. The current-driven motion of skyrmions needs current densities far below to

that needed to push magnetic domain walls: this result has potential technological

significance [90]. The motion of the skyrmion is accompanied, as depicted in Fig.

2.8, by the time-dependent emergent magnetic field b, hence there is, by induction,

an emergent electric field e. Note also the velocity of the skyrmion has a transverse

component giving rise to the skyrmion Hall effect that has been directly observed

very recently [91, 92].

2.3 Matter and its topological phases

In this section, we explain the use of topological ideas in condensed matter physics.

We first start from simple daily life examples, then describe a series of experimental



44

discoveries and theoretical insights on the different topological phases of matter that

led to the 2016 Nobel prize award in Physics to D. Thouless, M. Kosterlitz and D.

Haldane ’for theoretical discoveries of topological phase transitions and topological

phases of matter’. We briefly discuss the development in topological band theory and

end with the Z2 topological insulators where spin-orbit coupling plays a crucial role.

2.3.1 Topology in maths and applied to physics

First, what is topology? Topology is a branch of mathematics that studies not only the

geometrical properties but also the spatial relations that remain unaffected through-

out continuous deformations like bending and other change of shape or size (but not

tearing). Topology classifies objects that can be smoothly deformed into one another:

these objects that can be continuously changed into one another, either by bending or

twisting but not by cutting or pasting, are topologically identical and as so, belong to

the same equivalence class identified by an integer named topological invariant. The

topological invariant distinguishes between objects belonging to different equivalence

classes [93, 94, 95]. Topologically speaking, a sphere (no hole) = a plate = a glass 6=

a torus (a single hole) = a donut = a mug and the topological invariant here is the

number of holes in the closed 2D surface, also called the genus g of the surface (Fig.

2.9).

Topological quantities are global properties whereas the geometrical quantities like

curvatures are local properties. One mathematical example illustrating this fact, with

an equivalent in condensed matter physics is the Gauss-Bonnet theorem for a closed

surface: the integral over a closed surface of the local Gaussian curvature K = 1/R2

gives the Euler characteristic of the surface which is an integer topological invariant.

1

2π

∫
dAK = χ = 2(1− g) (2.21)
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Figure 2.9: We show different equivalence classes and their topological invariants.

where dA is the elementary surface. For a sphere of radius R and elementary solid

angle d2Ω for example, we have from the application of Gauss-Bonnet theorem:

1

2π

∫
d2S

1

R2
=

1

2π

∫
d2ΩR2 1

R2
=

1

2π
4π = 2(1− 0) (2.22)

Under a smooth and continuous deformation (of the sphere for e.g), the local geometry

i.e the Gauss curvature K changes but the genus g, the number of holes and therefore

the global topology remain the same and do not change. Another interesting example

is the difference between a regular strip (i.e cylinder) and a Möbius strip. They locally

appear to be the same but are globally different: the usual strip is a trivial bundle

(no twist) while the Möbius strip is a non-trivial bundle (one twist of π).

The different phases of matter, in the exception of topological phases, can be

understood through the traditional lens of spontaneous symmetry breaking and the

notion of local order parameter (OP) as described in the Landau classification [96, 97].
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Figure 2.10: Möbius strip vs regular cylinder [16].

A well known example is the distinction between a ferromagnet and a paramagnet.

In ferromagnets, the OP (i.e. the magnetization) spontaneously breaks the rotational

symmetry and the time reversal symmetry. There are several known examples of

phases of matter that can not be characterized with a local order parameter whose

symmetry is spontaneously broken in this usual Landau scheme. Such phases can

rather be classified by a global topological invariant (an integer) that takes non-

trivial values (i.e. 6= 0). The quantum Hall effect is an example of such a topological

phase of matter.

2.3.2 Quantum Hall effect and a zest of modern band theory

Before discussing the effect, we briefly recall the ordinary Hall effect [98] in a 2D

electron gas (for e.g.) under in a perpendicular magnetic field. When a charge current

flows under such a magnetic field, a Lorentz force applies on the moving electrons

and deviate their trajectory, resulting in a transverse voltage. This is the essence

of the ordinary Hall effect. It is usual to plot the resistivity as a function of the

magnetic field (Fig. 2.11). Classically, the Hall resistivity is found to be proportional
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Figure 2.11: Hall setup, Hall and longitudinal resistances vs magnetic field. Adapted
from [17, 18].

to the magnetic field whereas the longitudinal resistivity is almost magnetic field

independent with

ρxx =
m

e2nelτ
and ρxy =

B

enel

(2.23)

where nel is the 2D electron density and τ the mean free time between collisions.

In the early eighties, with the improvement of sample preparation techniques, Von

Klitzing performed the first experiments [99] exploring the quantum regime of the

Hall effect on high mobility 2DEG and discovered the integer quantum Hall effect

(QHE) for which he received the 1985 Nobel prize . At low temperature and high

magnetic field, the Hall and longitudinal resistivities, shown in Fig. 2.12 exhibit

interesting behaviour: while the Hall resistivity

ρxy =
1

σxy

=
1

nH

h

e2
(2.24)

becomes quantized (the plateaus are characterized by an integer nH ), the longitudinal

resistivity drops to zero (ρxx → 0). ρxx spikes only when ρxy jumps to the next plateau.

The QHE is the state of matter in one the plateaus, where the Hall conductivity is

quantized σxy = nHe
2/h and the longitudinal resistance is zero. In between plateaus,
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Figure 2.12: Quantum Hall and longitudinal resistivities vs magnetic field. Adapted
from [17, 18].

the system goes from one QH state (nH) to another QH state (nH ± 1) and the

longitudinal resistance exhibits a peak during this transition. The conductivity and

resistivity tensors are matrix inverses therefore

σxx =
ρxx

ρ2
xx + ρ2

xy

and σxy =
−ρxy

ρ2
xx + ρ2

xy

(2.25)

If ρxy = 0 then one gets the familiar relation between conductivity and resistivity:

σxx = 1/ρxx. But if ρxy 6= 0, then we have the more interesting relations Eq. 2.25

above. In particular, we see ρxx = 0⇒ σxx = 0 if ρxy 6= 0.

One can get puzzled by the weirdness of the Quantum Hall state in which one would

usually expect to call it a perfect conductor because of ρxx = 0 and at the same time

a perfect insulator because σxx = 0 and ρxy ∝ nH. There is something contradic-
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tory and counter-intuitive in QH state and the standard explanation passes by the

understanding of the Landau levels [100] and the occurrence of chiral edge channels.

Quantum mechanics applied to the problem of electrons in a magnetic field show

that the electron cyclotron orbits become quantized and the energies of the system

are the well-known Landau levels (that reminds the harmonic oscillator spectrum):

En = ~(n + 1
2
)eB/m with n = 0, 1, 2, 3 ... The discrete Landau energy levels are

degenerate and the macroscopic degeneracy is given by the number of quanta of flux

(h/e) encompassed by the sample area S, Nφ = BS
h/e

. The filling factor of Landau

levels is ν = Nel/Nφ = hnel/eB ' nH . When the Fermi level is in a cyclotron gap

the bulk behaves like a band insulator, but a magnetic field induced band, not due to

the periodic potential. Taking into account the sample’s boundaries, where the flat-

in-bulk Landau levels are bent, explains the existence of chiral gapless edge channels

in QHE. Büttiker showed [101] that these edge states are perfect and robust against

disorder (no backscatterring) and indeed the conductance is indeed given by e2/h

multiplied by the number of available edge channels.

The Quantum Hall Effect is a first example of topological insulator because it

displays: - a bulk insulator behaviour when the Fermi level is in a cyclotron gap,

- robust conducting gapless chiral edge channels that only propagates clockwise or

anticlockwise depending on the direction of the applied magnetic field. - a bulk-edge

correspondence with the topological invariant nH appearing in QHE that can be seen

as a property of the bulk i.e. the number of filled Landau levels or as a property of the

edges of the system as the number of available edge channels. Most importantly, the

quantum Hall state is NOT characterized by a spontaneously broken symmetry, time

reversal symmetry is here explicitly broken by the magnetic field. The topological

invariant nH is what distinguishes between the different QH phases of matter.

The theoretical insight and the demonstration using mathematical arguments for

the nature of the QHE were given in 1982 by Thouless, Kohmoto, Nightingale and
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den Nijs in their famous paper [102]. They (TKNN) showed that, in systems with

non-interacting electrons in a periodic potential in presence of magnetic field, the

quantized Hall conductivity (see Eq. 2.28) is the topological invariant of the many-

body groundstate wavefunction × e2/h. Actually, they applied the idea of topology

and topological defects to an object which is nothing but an electronic many-body

quantum groundstate wavefunction: the difference between QH state and a usual

band insulator is that the band insulator is trivial, in the sense there is zero twist in

the electron groundstate many-body wavefunction in these band insulators (like in

the case of the cylinder seen in Fig. 2.10, the topological invariant is zero). Whereas

in the QHE case, there is at least one twist or one topological defect in the electron

groundstate many-body wavefunction (like in the Möbius strip case seen in Fig. 2.10),

the topological invariant nH can also be considered as the number of twists in this

wavefunction.

A major post-TKNN work by Niu, Thouless and Wu [103] demonstrated the relation-

ship between the quantized Hall conductivity as a topological invariant via the Berry

curvature and the Chern number in a larger context than TKNN, in real space. In

a nutshell, they showed that the Hall conductance σxy is proportional to the Chern

number, which is nothing but a global property of the system according to

σxy =
e2

h
Chern with Chern =

1

2π

∫
T 2
θ

dθxdθyΩ(θx, θy) (2.26)

where T 2
θ is a closed real space torus, θx,y are the two directions, two independent

variables to completely describe the torus and finally Ω(θx, θy) is what is called a

real space Berry curvature. The Chern number, an integer serving as the topological

invariant is the integral over the whole closed torus T 2
θ of the Berry curvature Ω. The

Berry curvature, written mathematically in this torus as

Ω(θx, θy) = i〈∂θxψ0|∂θyψ0〉 − (x↔ y) (2.27)
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is a local curvature like the Gauss curvature 1/R2 in the Gauss-Bonnet theorem

described in Eq. 2.21. The Berry curvature of the many-body wavefunction ψ0

basically quantifies the way ψ0 answers at one edge of the system when a twist of the

phase is applied at the other boundary of the system and vice versa.

TKNN in Ref. [102] did not work in real space like Niu et al. in Ref. [103] even

though the final outcome pertaining to QHE is the same, but they considered a tight-

binding model of non-interacting electrons on a square lattice with a perpendicular

magnetic field. Via the analogy with the Hofstadter butterfly problem [104], the

authors managed to transform the many-body electron problem in the QHE to an

effective single-band Hamiltonian representing a crystal electron in a uniform mag-

netic field (taken as an effective vector potential, intervening in the Hamiltonian via

the Peierls substitution) in a tight-binding model in a square lattice. In this single

particle band theory, they showed that the Quantized Hall conductivity is the sum

of the topological invariants (Chern number) of the completely filled bands:

σxy =
e2

h

∑
En<EF

Chn with Chn =
1

2π

∫
BZ

dkxdkyΩn(k) (2.28)

where the integration is over the first Brillouin zone (BZ), a torus and the Berry

curvature Ωn(k), written as a function of the cell periodic Bloch state |unk〉, is defined

as:

Ωn(k) = i〈∂kxunk|∂kyunk〉 − (x↔ y). (2.29)

The formula for the Chern number in Eq. 2.28 is now a formula for single particle

physics instead of many body physics and the one-body wavefunctions are now the

cell periodic Bloch states, solutions to Bloch Hamiltonian Ĥ(k)

Ĥ(k)|unk〉 = En(k)|unk〉. (2.30)
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Figure 2.13: Under the periodic boundary condition for the Bloch states, the two-
dimensional BZ is equivalent to a torus [19].

Elements of topological band theory

There is a hidden insight in the TKNN understanding of the integer quantum Hall

effect: in fact the QH state is not necessarily an effect of the applied magnetic field

but in reality it is an effect of band theory. The quantum Hall state is a special type of

band insulator (with twist in the many body state of filled bands). Duncan Haldane

was the first to understand this hidden insight: in his 1988 paper [105], he found a

model in which quantum Hall state can happen in absence of external magnetic field

and Landau levels, therefore being a pure band theory property. The only sine qua

none condition is to break time reversal symmetry, which he did by introducing a

zero overall inhomogeneous magnetic field within the unit cell and maintaining the

lattice periodicity. The demonstration of the QHE as a pure band theory property

has led to the development of what is now known as topological or geometrical or

modern band theory [106]. Compared to the traditional band theory, the modern

version has to consider beyond the only band energy spectrum: physical quantities

can depend also on the eigenstates and its hidden geometry. There is more to the

Bloch Hamiltonian than its eigenvalues.

The traditional band theory derives the electronic energy bands and band gaps
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by examining the allowed quantum mechanical wave functions for an electron in a

large, periodic lattice of atoms. One key ingredient is the Bloch theorem for a single

electron in a periodic potential (V (r) = V (r + R) where R is a Bravais lattice vector

and r is the position operator). The Schrödinger eigenvalue equation is written

Ĥ|ψnk〉 = En(k)|ψnk〉 (2.31)

where En are the energy bands, eigenenergies of the periodic Hamiltonian Ĥ (the

integer n is the band index and k is the wavevector in the first Brillouin zone) and

|ψnk〉 are the Bloch wavefunctions, that indeed can be expressed as a function of the

key functions, the cell-periodic Bloch states |unk(r + R)〉 = |unk(r)〉 with

|ψnk〉 = eik·r|unk〉. (2.32)

To distinguish between insulators and metals, one look at the energy bands predicted

by the band theory and fill them respecting the Pauli exclusion principle. If the Fermi

level falls into a forbidden energy zone aka a gap, then the material is insulating (or

semiconducting if the gap is small). On the other hand, if it falls in an allowed energy

band then the material is a metal and the intersection is the Fermi surface.

Another important aspect of the band theory is the semiclassical description of the

dynamics of an electron within a band n. The equations of motion within a band

read

~k̇n = −e(E + ṙn ×B) and ṙn =
1

~
∇kEn(k). (2.33)

The first equation of 2.33 is similar to Newton’s equation with a Coulomb and a

Lorentz magnetic force whereas the second one translates the fact that the velocity

of the electron within the band n is given by the group velocity. A straightforward

consequence of Eq. 2.33 is: in the usual band theory, a completely filled band does
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not conduct electricity because the energy spectrum is periodic En(k) = En(k + G)

where G is a reciprocal lattice vector. One has

jn = −e
∫
BZ

d2k

(2π)2
ṙn = 0 (2.34)

Again, in this usual band theory picture, only one thing matters: the energy of the

bands. The knowledge of the wavefunctions and about their geometrical phases is

disregarded. The topological band theory came to correct this mistake.

With the seminal work by M. Berry in 1984, the geometrical band theory

[106, 107] identifies physical quantities that not only depend on the spectrum but

also on the hidden geometry of the wavefunctions. The Hall conductivity, the electric

polarization or the orbital magnetic susceptibility are not computed correctly if one

omits or does not take into account properly the cell-periodic Bloch wavefunctions.

In order to make it clearer, a good way is not to work with the full Hamiltonian Ĥ,

but rather to perform a unitary transformation on the single particle Hamiltonian

and obtain the so-called Bloch Hamiltonian Ĥ(k)

Ĥ(k) = e−ik·rĤeik·r. (2.35)

In Ĥ(k), k is now seen as a parameter, no longer a quantum number. Now, the eigen-

value problem is written in Eq. 2.30, Ĥ(k)|unk〉 = En(k)|unk〉 and the eigenvectors

are the cell-periodic Bloch states, not the full Bloch functions |ψnk〉. Two cell-periodic

Bloch states within the same band (same band index n) but with different parameters

k, k
′

don’t have to be orthogonal because they are respectively the eigenvectors of

two different Hamiltonians Ĥ(k) and Ĥ(k
′
). Therefore, the non-trivial relation

〈unk|unk′ 〉 6= δk,k′ (2.36)
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is the reason for the hidden quantum geometry [106]. The overlapping between neigh-

bouring cell-periodic Bloch wavefunctions is non-zero because of Eq. 2.36

〈un(k + δk)|un(k)〉 ≈ 1 + iδk · 〈unk|i∇kunk〉. (2.37)

The Berry connection Ank quantifies the phase evolution of the non-trivial overlapping

Ank = i〈unk|∇kunk〉. (2.38)

The Berry connection is closely related to the Berry curvature, the Berry phase and

the Chern number as we will see later. All of them give information about how the

phase of the overlapping non-trivial cell-periodic Bloch wavefunctions evolves.

M. Berry went on to describe the source of the quantum geometry in one of his

1989 [108], along with more recent works [107, 109]. In a nutshell, the translational

invariance of the crystals implies that the Hamiltonian can be diagonalized by block

via Bloch theorem and each block is parametrized by k. Each block size is given by

the number of sites within the unit cell: in graphene for e.g., two atoms per unit

cell gives a 2 × 2 block in the Hamiltonian, parametrized by k. Now, there are the

emergence of two different types of ”quantum” numbers that have different statuses:

• The parameter k, a type of semiclassical wavevector, which comes out because of

Bloch’s theorem.

• The parameter band index n that accounts for the dynamics within the unit cell.

The first one, in most cases, can be treated as a slow-varying adiabatic parameter

k whereas the second one is for the fast internal dynamics within the unit cell and

is related to the band index. The decoupling between these two degrees of freedom,

internal-like n and external-like k implies the hidden geometry: while describing

the motion of an electron within a single band, one has to remember that there are

other states available in other bands and the electron can make fast inter-band virtual
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transitions back and forth: that is the fundamental reason for the quantum geometry.

To summarize this part on topological or geometrical band theory of Bloch states, we

recall from Ref. [102, 105, 108, 107]

• The Berry connection defined in Eq. 2.38 is similar to a k-space vector potential

and is gauge-dependent

Ank = i〈unk|∇kunk〉

• The Berry curvature Ωn(k) looks like a k-space magnetic field, it is gauge-dependent

and has the periodicity of the reciprocal lattice.

Ωn(k) = ∇k ×Ank = i
∑
n′ 6=n

〈unk|∂kxĤ(k)un′k〉〈un′k|∂kyĤ(k)unk〉
(E0

n(k)− E0
n′

(k))2
ez + c.c (2.39)

• The Berry phase Γn(C), the integral of the Berry curvature over a closed surface,

which is similar to k-space Aharonov-Bohm phase and gauge-independent

Γn(C) =

∮
C

dk ·An(k) =

∮
d2kΩn(k) mod. 2π (2.40)

• The integral of the Berry curvature over the closed Brillouin zone torus give the

topological invariant called the Chern number here

Chn =
1

2π

∫
BZ

d2kΩn(k) ∈ Z. (2.41)

In the context of topological band theory, the modified equations of motion [107] in

semiclassical dynamics are now

~k̇n = −e(E + ṙn ×B)

ṙn =
1

~
∇k[En(k)−M(k) ·B]− k̇n × Ωn(k).

(2.42)

While the first equation in Eq. 2.42 remains unchanged, the second got two extra-
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contributions: the group velocity is shifted by a Zeeman energy-like term M(k) · B

that accounts for the orbital magnetic momentM(k) coming from the geometry of the

band structure (mostly unk) and the term k̇n×Ωn(k) that accounts for the anomalous

velocity identified long ago by Karplus and Luttinger [110]. The anomalous velocity

which is responsible for the quantum Hall effect is the dual of the magnetic Lorentz

force. In the modern band theory, both zero-field energy spectrum and cell-periodic

Bloch states intervene. With these corrections, a filled band can conduct electricity

now: in absence of magnetic field B and with an electric field E = Exx and inserting

the first equation of 2.42 into the second we have the group velocity vn

vn =
1

~
∇kEn(k) +

e

~
E× Ωn(k) (2.43)

The current carried along the y-direction, by a filled band therefore gives

jy = −e
∫
BZ

d2k

(2π)2
vy = 0 + Ex

e2

2π~

∫
BZ

d2k

2π
Ωn(k) (2.44)

Thus, the Ohm’s law and Eq.2.41 finally give

σyx =
e2

h
Chn (2.45)

The quantized Hall conductivity only depends on the topology of Bloch states and

not on the energy spectrum, or Landau levels or magnetic quantities.

2.3.3 Quantum Anomalous Hall effect

Duncan Haldane proposed his model of QHE without Landau levels [105] on a hon-

eycomb lattice. The graphene is a two-dimensional honeycomb lattice of carbon

atoms (Fig. 2.14 (a)), consisting of a triangular Bravais lattice with a basis of two
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Figure 2.14: (a) The graphene honeycomb lattice with as basis vectors a1 and a2,
adapted from [20]. (b) Its reciprocal space with primitive vectors a∗1 and a∗2.

atoms per unit cell (called A and B, identified by a sublattice index σz). The re-

ciprocal space is of the same nature and the first Brillouin zone (BZ) is hexago-

nal (a torus), as depicted in Fig. 2.14 (b). The centre of the BZ is the Γ point,

the two important inequivalent corners K and K
′

are identified by a valley index,

τz. The simplest tight-binding model for graphene is due to Wallace [111]: the

electron can hop from an A carbon atom to the three nearest neighbour B atoms

with a hopping parameter t. The Bloch Hamiltonian has indeed a 2 × 2 structure,

Ĥ(k)|uk〉 = εk|uk〉 where the cell-periodic Bloch function |uk〉 is a sublattice spinor

written |uk〉 = (uAk, uBk)T. In the sublattice (A,B) space, the Bloch Hamiltonian

writes Ĥ(k) = ((0, fk)T, (f ∗k, 0)T) = |fk|(cosφkσx + sinφkσy) where the on-site di-

agonal energies (AA and BB terms) are the zeros of energy, and the function fk is

the sum [112] of phases for hopping from one atom to its three nearest neighbours

fk = −t
∑3

j=1 e
−ik·δj = |fk|eiφk . The angle φk is the angle along the equator of the

Bloch sphere. The energy spectrum is given by the modulus of fk,

εk = ±|fk| = ±t
√

3 + 2 cos(k · a1)2 cos(k · a2) + 2 cos(k · (a1 − a2)) (2.46)

The two valence and conduction bands of the graphene band structure comes from the

two sublattices A and B. The undoped graphene is half-filled and the Fermi surface
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is made of the two inequivalent contact (Dirac) points located at the two valleys K

and K
′
. The cell-periodic Bloch wavefunction can be written |uk〉 = 1√

2
(1,±eiφk)T.

The relative phase φk between uAk and uBk (the phase of fk) describes the motion

along the equator of the Bloch sphere as a function of the wavevector k and displays

topological defects at K and K
′

in the first Brillouin zone.

The low energy physics of graphene is obtained by linearizing the dispersion relation

Eq. 2.46 in the vicinity of the contact Dirac points K and K
′

: k = ±K + q. One

obtains the 2D Dirac equation (similar to the Hamiltonian for a massless particle in

relativistic physics). Actually, there are four copies of the Dirac Hamiltonian because

of the real spin (up and down) and also two valleys K and K
′
. Each copy of the

Dirac equation is in two space dimension (A,B). It is usual to introduce several types

of pseudo-spin 1
2

when discussing graphene low energy theory. The most fundamental

is the sublattice pseudo-spin σ = (σx, σy, σz) in the A,B subspace. Then, there is

the valley isospin τ = (τx, τy, τz) in the K, K
′

subspace and finally the true spin

s = (sx, sy, sz) in the (↑, ↓) subspace. All the matrices involved are Pauli matrices in

different subspaces. When ~vF is taken to be 1, the massless Hamiltonian reads

Ĥ(q) = τzqxσx + qyσy + 0.σz ⇒ ε = ±|q| (2.47)

where τz = ±1 and where true spin plays no role here. In order to have massive Dirac

fermions and therefore gap the energy spectrum in this case, one needs to break the

inversion symmetry as in boron nitride (BN) [113].

A monolayer of hexagonal boron nitride is very similar to graphene except that the two

atoms A and B are now different: boron (B) and nitrogen (N). The on-site energies

(AA and BB) are therefore no more identical and equal to zero, diagonal terms εA and

εB 6= εA should be added. Choosing the zero of energy so that εA = −εB = ∆ > 0,
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Figure 2.15: (a) Band structure of boron nitride (BN or gaped graphene) in the
BZ. (b) Massive Dirac cone (zoom near the K point). (c) Berry curvature Ω of the
conduction band of BN over the BZ. Mountains and deeps but zero overall ΩBZ [21].

the spectrum of the tight-binding model of boron nitride is

Ĥ(q) = τzqxσx + qyσy + ∆σz ⇒ ε = ±
√

q2 + ∆2. (2.48)

In this case, the inversion symmetry A ↔ B present in graphene is lost. As a result,

a σz term is allowed and the Dirac fermions become massive as shown in Fig. 2.15.

Is this gap opened in boron nitride by inversion asymmetry a topological gap? The

answer is no: boron nitride is a trivial insulator. The Berry curvature over the entire

BZ have been computed [21] and it is not uniformly vanishing. It gives mountains

and deeps of equal magnitude at K and K
′

points, therefore its integration over

the entire BZ gives zero (see Fig. 2.15). So is the Chern number in boron nitride

(zero), confirming that the boron nitride is a trivial insulator. This is not surprising

since the system has time reversal symmetry after all. In finite geometries, zigzag

nanoribbon for instance (Fig. 2.16), we see a zero-energy edge state for graphene and

dispersionless (zero velocity of the state) whereas for boron nitride, a gap is opened

but the still dispersionless edge states (zero velocity) do not close it. Therefore, boron

nitride as a trivial insulator, does not display the chiral edge states of QHE.
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Figure 2.16: We plot here the energy dispersion spectrum of a zigzag honeycomb
nanoribbon of width W = 30: (a) in the graphene and (b) in the boron nitride (BN).

2.3.4.1 Haldane’s model of Chern insulator

The Haldane model [105] is a spinless tight-binding model on honeycomb lattice like

graphene, but with allowed hopping to second nearest neighbours. An inhomogeneous

magnetic field respecting the symmetry of Bravais lattice is applied, thus breaking

the time reversal symmetry. In details, as depicted in Fig. 2.17, we have :

• The vectors that connect the first nearest neighbors: ~δ1, ~δ2, ~δ3.

• The vectors that connect the second nearest neighbors: ~b1,~b2,~b3 but also−~b1,−~b2,−~b3.

• The first nearest neighbor (nn) hopping parameter is t1.

• The second nearest neighbor hopping parameter is t2e
±iφ where φ = 2π(2φa+φb)/φ0

is an Aharanov-Bohm phase acquired in the second nn hopping with φa and φb are

the fluxes through the regions of the unit cell marked a and b in Fig. 2.17, and φ0 the

quantum flux h/e. Haldane had the great idea to impose an inhomogeneous magnetic

field in the z direction normal to the 2D plane that has the lattice periodicity with
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Figure 2.17: The different parameters of the Haldane model: (a) A (in blue) and B
(in red) sublattices, the first (in blue) and second (in orange) nearest neighbor vectors
vs (b) The complex pattern of the net zero flux in the hexagon.

zero total flux through the unit cell. Through an hexagonal plaquette, one has

φc + 6φa + 6φb = 0 with φc = −2φ, φb = −φ
3

and φb =
2φ

3
. (2.49)

The Bloch Hamiltonian in the Haldane model can be written as a whole in the (A,

B) space and further simplified in terms of the identity matrix σ0 and Pauli matrices

σx, σy, σz. We obtain the following Hamiltonian:

Ĥ(k) = h0(k)σ0 + hx(k)σx + hy(k)σy + hz(k)σz

= 2t2 cosφ
3∑
j=1

cos(k · bj)σ0 + t1

3∑
j=1

(
cos(k · δj)σx + sin(k · δj)σy

)
+ [M − 2t2 sinφ

3∑
j=1

sin(k · bj)]σz.

(2.50)

The first term of Eq. 2.50, h0 breaks the electron-hole symmetry of the spectrum,

but does not change the topological properties. The second and third terms hx and
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Figure 2.18: Here, we plot the energy dispersion spectrum of a zigzag honeycomb
nanoribbon of width W = 30: (a) in the boron nitride (BN), compared to (b) the
one in the Haldane model system: for similar set of parameters with t2 = 0.1 and
φ = π/2, the energy spectrum is dispersive with the gapless chiral edge states .

hy are the same as in graphene. Finally hz, the most important part of Eq. 2.50, is

the σz term giving the mass for the Dirac fermions. It has M , which breaks inversion

symmetry as in boron nitride and 2t2 sinφ
∑3

j=1 sin(k · bj) which is the part that

breaks time reversal symmetry. In the vicinity of K and K
′
, we have k = ±K + q

and hx(±K) = hy(±K) = 0 whereas

hz(±K) = M − 2t2 sinφ
3∑
j=1

sin(±K · bj) = M ± 3t2
√

3 sinφ (2.51)

By tuning the parameters φ and M , Haldane managed to create a pair massive Dirac

fermions with opposite masses at the two valleys K and K
′
. We consider M = 0 for
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simplicity, the low energy spectrum Hamiltonian around K and K
′

becomes

ĤH(q) = τzqxσx + qyσy + ∆Hτzσz ⇒ ε = ±
√

q2 + ∆2
H. (2.52)

with ∆H(K,K
′
) = ±3t2

√
3 sinφ. The bulk energy spectrum is similar to the for

boron nitride but the edge states are very different, as seen in Fig. 2.18. In Haldane’s

model, on can show that the Berry curvature has the same sign at K and K
′

points

in the first BZ. Therefore, its integral does not vanish. So the Chern number Chn is

this model is a finite integer. The Haldane model attains quantum Hall effect without

Landau levels.

2.3.4 Quantum spin Hall effect and Z2 topological insulators

In 2005, Kane and Mele proposed a generalization [22, 23] of Haldane’s model that

has time reversal symmetry while including the spin via the spin-orbit coupling. This

marked the birth of time-reversal invariant topological insulators which have known

an exponential development since then [8, 114, 115, 116]. As stated above, the Dirac

points of graphene have time-reversal and space inversion symmetries, and as so are

protected in the absence of spin-orbit coupling. When spin is taken into account

and when spin-orbit coupling is included into the model, this situation drastically

changes because of the coupling between the electronic motion and the electronic

spin: an intrinsic spin-orbit interaction induced gap opens at the points K and K
′

in

presence of TRS and inversion symmetry. The result is a novel topological state of

electronic matter, the so-called Quantum Spin Hall (QSH) or Z2 topological insulator.

Kane and Mele studied in details the lattice model for electrons with their spin on the

honeycomb lattice in their seminal paper. They genuinely restored the time reversal

symmetry by the following trick: for the electron with spin down ↓ the Haldane

parameters are used whereas if the electron has a spin up ↑, a Haldane model in
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Figure 2.19: Kane-Mele model, constructed from the Haldane model.

which the inhomogeneous magnetic field within the unit cell is flipped is used (as

depicted in Fig. 2.19). In such case, two clones of Haldane model for the spin ↑

and the spin ↓ are present in the Kane-Mele model. This restores by hand the time

reversal symmetry and therefore by construction the Chern number is zero in the

Kane-Mele model. The Chern number is, loosely speaking, the Hall conductivity

which is known to be zero if TRS is not broken. Many properties of the Kane-Mele

model can obviously be deduced from what is known from the Haldane model for

spinless electrons. Let us first look at the low energy Hamiltonian. It simply reads

ĤKM(q) = τzqxσx + qyσy + ∆SOτzσzsz ⇒ ε = ±
√

q2 + ∆2
SO. (2.53)

where the important difference is in the mass term ∆SOτzσzsz. In the Kane and Mele

Hamiltonian, in addition to having a sign change in the mass upon switching the

valley (τz = ±1 for K and K
′
) it also has a sign change upon switching the spin

(sz = ±1 for ↑ and ↓ spins) . Equation 2.53 shows that due to spin-orbit interaction,

the system is gaped in the bulk like boron nitride or Haldane’s system, as displayed

in Fig. 2.20. The bulk gap can be calculated microscopically, it is equal to 2t23
√

3 for

φ = π/2. The nature of the edge states is easy to guess: having an inhomogeneous
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Figure 2.20: Kane and Mele Model: energy spectrum and helical edge states. Adapted
from [22, 23].

field for spin-↓ and inverting it for spin-↑ change the chirality of the two channels.

Two copies of chiral edge states are present at each edge: ↑-spin has a certain direction

of motion at the edges while the ↓-spin has the opposite, in what is called helical edge

states. The direction of motion is indeed coupled to the spin direction and the overall

chirality property is lost unless the system is spin-filtered. If magnetic impurities

(TRS breakers) are excluded in this type of system, backscatterring is forbidden: the

helical edge states do not talk to each other and are effectively immune to disorder.

In the Kane-Mele, the Berry curvature and the Chern number have to be zero , by

construction or restoration of TRS. The Berry curvature shows the same peaks at

K and K
′

for spin ↑, and for the spin ↓ two deeps are present at K and K
′
. The

sum on a filled band is zero by compensation, as well as the Chern number and the

Berry curvature (see Fig. 2.21). There is no quantum Hall effect but the interesting

quantum spin Hall effect with quantized spin Hall conductance σspin
xy

σcharge
xy =

e2

h
(Ch↑ + Ch↓) = 0 and σspin

xy =
e

4π
(Ch↑ − Ch↓) =

e

2π
(2.54)

The relevant topological invariant here is known as the Z2 topological invariant ν = 0

in the trivial insulator case or 1 for the QSH insulator.

The intrinsic spin-orbit coupling term of Kane and Mele, ∆SOτzσzsz conserves sz.

Nonetheless, in general spin-orbit interaction appears not only through this spin-

conserving form but also through spin-mixing terms. Kane and Mele showed that the
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Figure 2.21: Sketch of the Berry curvatures in red for: a) boron nitride (trivial
insulator), b) Haldane model (quantum anomalous Hall or Chern insulator), c) Kane
Mele Model (quantum spin Hall or Z2 insulator). The bulk spectrum (dashed line) is
the same but the nature of the edge states is different [24].

Z2 helical edge states are robust even when there is mixing between the spin-↑ and

the spin-↓ channels, as long as the system has a gap and time reversal symmetry. For

example, the Rashba spin-orbit coupling term described in Eq. 2.13, induced by a

substrate or by an out-of-plane electric field, does not conserve the z component of the

spin. Its magnitude compared with the magnitude of the intrinsic spin-orbit coupling

determines the regime: when the intrinsic Kane-Mele contribution dominates over

the Rashba term [22, 23], the bulk band gap remains finite and more importantly the

gapless helical edge states remain metallic.

We conclude this part by reviewing experiments that realized the topological

phases mentioned earlier, mostly the quantum spin Hall insulator and the quantum

anomalous insulator in which the theoretical prediction precedes the experimental

discovery. The QHE, where the phenomenon was observed first, was covered earlier

in the section.

The Quantum Spin Hall state, originally predicted in graphene, has been almost im-

possible to observe there, due to the weakness of the spin-orbit interaction [117, 118],

about tens of µeV instead of the meV estimated by Kane and Mele. Bernevig et al.

[8] via the BHZ model showed that CdTe/HgTe/CdTe quantum wells could host such
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a QSH state in the inverted band regime (see spin-orbit coupling section). The tran-

sition between the topological phase and the trivial regime is achieved by changing

the thickness of the middle HgTe layer of the quantum well. Experiments performed

in the group of L. Molenkamp [119] brought evidence supporting the theoretical work

of BHZ: using the Landauer-Büttiker formalism and the suitable setup, they demon-

strated that the transport measurements are in agreement with helical edge modes

[120]. The QSH state was also predicted to exist in InAs/GaSb quantum wells [121],

with a gate voltage as the control parameter for the trivial-nontrivial phase transition.

The topological quantum spin Hall state was later observed in this type of wells [122].

For the Chern insulating state, Liu and coworkers [123] proposed that the QSH state

with its helical edges can be turned into a quantum anomalous Hall phase with chiral

edges with the addition of magnetic atoms to break TRS in CdTe-HgTe-CdTe QWs.

The observation of this induced quabtum anomalous Hall effect from QSHE in mag-

netic topological insulators was reported in 2013, in thin films of chromium-doped

(Bi,Sb)2Te3 [124]. In absence of external field, the Hall resistance was observed to be

quantized at h
e2

, with a concurrent drop of the longitudinal resistance. The possible

existence of both helical and chiral edge modes [125] explains the non-zero longitudi-

nal resistance.

2.4 Magnon-Spintronics

In this section we briefly describe some aspects of magnon spintronics, a field that

aims to utilize the spin waves or their equivalent quasi-particle quanta (magnons) in

order to transport charge and spin information. The objective in fine is to construct

new spin wave-based devices, with pure all-magnon spin currents or their interfacing

with electrical charge components. This would allow to attain efficient data storage

and processing with lower power consumption.

The research around the control of magnon propagation in materials [126] started
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long ago, but we will just mention a few key directions relevant to our work. Magnons

in their bosonic nature can display macroscopic quantum phenomena such as Bose-

Einstein condensate, which has been observed even at room temperature [127, 128].

Superfluidity in magnons has also been studied theoretically [129], as magnon su-

percurrents are low-loss information carriers. Many other interesting properties of

magnonic transport such as their tunneling and their interference have also been in-

vestigated [126].

Magnonics received renewed attention with the development of spin-caloritronics

[130], that focuses on the interaction of spin currents (of spin waves mostly) with

heat and temperature gradients. The field of insulatronics or insulator-based spin-

tronics [131] is also developing rapidly with the manipulation of magnons in magnetic

insulators like yttrium-iron-garnet YIG [132]. Due to low-damping in these materials,

spin waves can propagate over centimetre distances [133] , instead of the micrometer

limit of spin diffusing length in the electronic case. These systems have the advan-

tage of being indeed free of Joule heat dissipation. Fig. 2.22(d) shows one example

of an experimental setup ([25]), showing information transfer mediated by the spin

waves. These authors deposited two Pt films on the YIG (Y3Fe5O12) film and applied

an electric current to the first Pt. They observed an induced electric voltage in the

second Pt film and explained it based on: the electric current applied to the first

Pt film induces a spin-wave propagation through the Y3Fe5O12 layer, because of the

spin transfer torque at the Pt/Y3Fe5O12 interface. When this spin-wave attains the

second Pt interface, it generates electric voltage in it via spin pumping and inverse

spin Hall effect, as demonstrated in Fig. 2.22 (c).

The net flow of spin angular momentum or spin current of magnon origin can nat-

urally interact with various magnetic textures. A spin angular momentum transfer

from the propagating magnons to magnetic domain walls (DW) is possible as a re-

sult: this gives rise to the so-called magnonic spin-transfer torque [134] that can
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Figure 2.22: a) Conduction-electron spin current. b) Magnonic spin current. c) The
spin-pumping and inverse spin Hall effect mechanism. d) The experimental set-up of
Ref. [25]. e), f) The voltage V as a function of injected current in the Pt film for
different magnetic field orientations. From [25].

drive a DW motion in the opposite direction to that of the spin wave, towards hotter

regions in a thermodynamic approach [135]. Micromagnetic simulations [136] have

also shown that the interplay between the dynamics of of DW and the amplitude,

frequency and coherence of the spin waves is more complex than originally thought.

Experimentally, a direct observation of thermally induced DW motion by applying

a temperature gradient to a magnetic insulator [137] have already reported, which

can be qualitatively and semi-quantitatively explained via a magnonic spin transfer

torque. Magnonic currents can also be converted into electric currents [138] via the

suitable interfaces.

The existence of topological phases in magnonic systems was also demonstrated re-

cently. For instance, studies performed in the group led by S. Murakami [139, 140, 141]

theoretically showed that, due to the Berry curvature in momentum space, the
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magnon wave packet has a cyclotron orbit in the insulating bulk while moving along-

side the boundary of the sample as chiral magnonic edge current. In two-dimensional

honeycomb lattice with nearest-neighbor interactions for e.g., these edge spin waves

were proven to be robust in contrast to the normal spin waves that are defect and

geometry sensitive and used for beam splitting [142]. The topological analysis devel-

oped for electronic systems (see above) in order to classify the different topological

phases can be re-used in the case of magnon systems: the identification of topologi-

cal invariants (here nonzero Chern numbers because TRS is broken), the bulk-edge

correspondence and the chirality and robustness of the edge currents. The study of

Dzyaloshinskii-Moriya interaction and its active role in the nontrivial properties of the

magnonic systems is a subject of investigation in Kagome lattices [143], in pyrochlore

lattices [144].

In this thesis, we report our study of the interplay between magnons and the

interfacial spin-orbit coupling induced Dzyaloshinskii - Moriya interaction, described

in the precious section [10]. The field is now blossoming with the extension of magnon

transport towards antiferromagnets [145, 146] and topological systems like Dirac and

Weyl systems [147], always in presence of the DM interaction.
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Chapter 3

Dirac Spin-Orbit Torques at Topological Insulator Surfaces

In this project, we address the nature of spin-orbit torques at the magnetic surfaces

of topological insulators using the linear response theory. We find that the so-called

Dirac torques in such systems possess a different symmetry compared to their Rashba

counterpart, as well as a high anisotropy as a function of the magnetization direction.

In particular, the damping torque vanishes when the magnetization lies in the plane

of the topological insulator surface. We also show that the Onsager reciprocal of the

spin-orbit torque, the charge pumping, induces an enhanced anisotropic damping. Via

a macrospin model, we numerically demonstrate that these features have important

consequences in terms of magnetization switching.

3.1 Introduction

Not only has spintronics yielded to the market real deal solutions for low energy,

high density non-volatile memory [148] but it has also provided a fundamental un-

derstanding of the different mechanisms by which efficient electrical control of spin

currents and magnetic configurations are possible. The spin transfer torque (STT)

mechanism [31, 32], which is central to a whole generation of memory devices, ex-

ploits the transfer of spin angular momentum between a spin current flow and the

local magnetization of a ferromagnetic (FM) layer thereby enabling magnetization

switching or precession [149, 150]. A critical hurdle for traditional STT setups is the

need for a spin-polarizer generating the spin-current: STT devices comprise a number
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of ultrathin (anti-)ferromagnetic, metallic and insulating layers (see e.g. Ref. [151]),

rendering the design of architectures rather complex.

Research to circumvent this issue and enhance the efficiency of torque generation

led to the proposal of the spin-orbit torques (SOTs) [50, 51, 152], which arise from

the transfer of angular momentum between a flowing charge current and the local

magnetization mediated by spin-orbit coupling. Systems with inversion symmetry

breaking, such as magnetic multilayers involving heavy metals (HM), are excellent

platforms for the realization of magnetization reversal induced by in-plane charge

currents [26, 44, 45]: the HM provides a large spin Hall effect (SHE) while the FM/HM

interface supports sizable Rashba spin-orbit coupling [10], both at the origin of large

SOTs [49, 153, 154, 155, 156]. Various features have been identified experimentally,

such as large angular anisotropies [55] and complex materials dependence [157, 158].

Innovative concepts such as spin wave mediated [60] or intrinsic SOTs have also been

introduced lately [159, 160].

The recent observation of SOTs in magnetic bilayers involving topological insula-

tors (TI) offers an alternative route towards efficient electrical control of the magneti-

zation [161, 162]. A three dimensional (3D) TI is topologically distinct from a conven-

tional 3D band insulator: it possesses an insulating bulk while hosting chiral metallic

channels at the edges, where electrons are described as massless Dirac fermions with

tight interlock between spin and momentum [114]. The strong spin-momentum lock-

ing results in large spin-charge conversion efficiency [163, 164, 165, 166], as well as

large SOTs enabling the control of adjacent magnetic layers [167, 168]. The main

strategies adopted so far consist in either doping the TI with magnetic impurities

[169, 170, 162] or using the proximity effect by coating it with (possibly insulating)

ferromagnets [171, 161].

Various phenomena such as the topological magnetoelectric effect [172, 173], STT

and current-driven magnetization dynamics [174, 175, 176, 177, 178, 179], the inter-
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play between spin and charge [180, 181, 182, 183, 184], as well as spin transport in

magnetic TIs [185, 186, 187, 188, 189, 190] have been studied theoretically. Despite

these important theoretical efforts, major puzzles remain to be understood such as the

emergence of gigantic damping-like torque [161, 162], the sizable angular dependence

of the SOT [162] and the significant discrepancies between the spin-charge conversion

rates reported in the SOT experiments [161, 162, 167, 168] and the spin pumping ex-

periments [163, 164, 165, 166]. It is still unclear whether the spin-charge conversion

efficiencies reported experimentally can be solely attributed to topological surfaces

states [191]. It is therefore crucial to establish a solid understanding of the physics at

stake at the magnetic surface of TIs in order to properly interpret these experimental

results. For instance, in Bi2Se3/FM bilayers (FM=NiFe or CoFeB), spin torque ferro-

magnetic resonance yield an effective spin Hall angle of θH ∼ 2− 3.5 [161, 168], while

spin pumping experiments report much smaller spin Hall angles of θH ∼ 0.01 − 0.4

[163, 164, 165]. The specific case of Cr-doped TI [(Cr0.08Bi0.54Sb0.38)2Te3] stands

out as the effective spin Hall angle exceeds all previously reported value, θH ∼ 100

[162, 167].

In this work, we explore the nature and the symmetry of nonequilibrium spin

densities, their coupling to the magnetic order at TI magnetic surfaces, and discuss

their differences with respect to other spin-orbit generated spin densities via spin

Hall effect and Rashba effect. First, we present the model and address the electri-

cally driven Dirac SOTs in magnetized topological insulators using the Kubo formula

within the linear response theory. We show that the effective Dirac SOT is of the

form T = T‖(mz)mzm×E + T⊥(mz)m×(z×E), where the in-plane and out-of-plane

torques T‖,⊥(mz) exhibit a sizable anisotropy (mz is the projection of the magnetiza-

tion m to the normal z to the TI surface and E is the applied electric field). Then,

we discuss the reciprocal effect, i.e. the charge current pumped by magnetization dy-

namics and show that it produces an enhanced anisotropic magnetic damping torque.
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Figure 3.1: (Color online) (a) Bilayer consisting of a TI substrate with a ferromag-
netic overlayer. The black arrows represent the local magnetic moment with overall
magnetization direction m. The electric field E is applied along x and generates two
spin density components, S⊥ ∼ z× E (red arrow) and S‖ ∼ mzE (green arrow). (b)
Schematics of the two dimensional band structure at the magnetic surface of the TI
when m = z. The red (blue) arrows represent the spin direction in the conduction
(valence) band and the perpendicular magnetization opens a gap 2∆.

Finally, we demonstrate numerically using the Landau-Lifshitz-Gilbert equation that

the Dirac torque can reverse the magnetization in layers with perpendicular magnetic

anisotropy, but is formally less efficient than the torque arising from spin Hall effect.

3.2 Low-energy effective Hamiltonian

Let us start by considering the top surface of a three-dimensional TI in the presence

of magnetic exchange, as depicted in Fig. 3.1. Near the Dirac point, the simplest
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low-energy effective Hamiltonian of the conducting surface states reads

Ĥ = Ĥ0 + Ĥi, (3.1)

Ĥ0 = ~vσ̂ · (k× z) + ∆σ̂ ·m− εF, (3.2)

Ĥi =
∑
i

V0δ(r− ri), (3.3)

where Ĥ0 is the translationally invariant and time-independent unperturbed Hamil-

tonian and Ĥi accounts for random short-range disorder, treated as a perturbation

in this work. In Eq. (3.2), the first term is the usual Rashba-type spin-orbit cou-

pling with v the Fermi velocity (' 6 × 105 m.s−1 in Bi2Se3 and 4.3 × 105 m.s−1 in

Bi2Te3). The electron transport is confined in the (x, y) plane and k = (kx, ky, 0) =

k(cosφk, sinφk, 0). The second term in Eq. (3.2) is the exchange coupling between

itinerant and local spins. Here, σ̂ is the vector of Pauli matrices and ∆ is the exchange

energy and the magnetization m = (mx,my,mz) = (sin θ cosφ, sin θ sinφ, cos θ) is

uniform and can point along any (general) direction. The last term is the Fermi

energy, emphasizing that we are interested in the metallic regime where the chemical

potential stands away from the charge neutrality point.

The out-of-plane magnetization component is responsible for the gap opening in

the TI spectrum via ∆mzσ̂z, thereby providing the mass of Dirac fermions. Indeed,

the unperturbed Hamiltonian Ĥ0 can be re-written as

Ĥ0 = ~v(z× σ̂) · (k + eA) + ∆mzσ̂z − εF, (3.4)

where eA = ∆
~vz ×m is identified as the effective vector potential [176]. Hence, the

mx,y components of the magnetization do not open a gap in the energy dispersion

but only shift the Dirac cone along the kx,y - direction. These in-plane magnetiza-

tion components are not expected to impact any physical observables as they can be
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straightforwardly removed by redefining the position of the Dirac node. Another par-

ticular feature of this model is that the velocity operator v̂ = ∂~kĤ0 is indeed directly

proportional to the spin operator as v̂ = v(z × σ̂), drawing an equivalence between

the electric current j at the surface of magnetic TIs and the in-plane components of

the spin density S [192, 178, 186, 187],

j = −evz× S. (3.5)

This spin-velocity identity in TIs is echoed in the expressions of the response functions

such as the conductivity tensor characterizing the electrical transport and the dynam-

ical spin susceptibility. Therefore, the coefficients of the damping-like and field-like

torques derived below correspond to the diagonal and off-diagonal Hall conductivities,

respectively, due to the spin-momentum lock. The anomalous Hall conductivity in

particular has been analyzed by others in Dirac systems [193, 194, 195, 196, 197] and

Weyl semimetals [198, 199].

The chiral basis eigenstates that diagonalize the unperturbed Dirac Hamiltonian

Ĥ0 are explicitly written as

|uk
+〉 =

eiγk cos χk
2

sin χk
2

 , |uk
−〉 =

−eiγk sin χk
2

cos χk
2

 , (3.6)

with

tan γk =
~vk cosφk −∆ sinφ sin θ

~vk sinφk + ∆ cosφ sin θ
, cosχk =

∆

|εsk|
cos θ,

and εsk = s
√
~2v2k2 + ∆2 + 2~vk∆ sin θ sin(φk − φ). The expectation value of the

spin density for state s is therefore

〈S〉s =
∆

εsk
m− ~v

εsk
z× k. (3.7)



78

The expectation value of the spin density contains two distinct contributions, a com-

ponent aligned with the magnetization ∼m and an in-plane component proportional

to ∼ z × k. Only the latter produces a non-equilibrium spin density and therefore,

one should not expect a current-driven Sz component.

3.3 Electrically driven Dirac spin-orbit torques

Let us first express the electrically-driven nonequilibrium spin density δS in the frame-

work of linear response theory. The Streda-Smrcka version [200] of the Kubo formula

yields two contributions [193]

δSI =
~

2πV
Re

∫ +∞

−∞
dε∂εf(ε)tr

[
σ̂ĜA

ε (v̂ · eE)(ĜR
ε − ĜA

ε )
]
, (3.8)

δSII =
~

2πV
Re

∫ +∞

−∞
dεf(ε)tr

[
σ̂ĜR

ε (v̂ · eE)∂εĜ
R
ε − σ̂∂εĜ

R
ε (v̂ · eE)ĜR

ε

]
. (3.9)

Ĝα
ε are the Green’s functions defined in momentum and energy space, V is the volume

of the unit cell and tr accounts for the trace on the spin space as well as the summation

over the k-space. The Fermi-surface contribution δSI ∝ ∂εf(ε) is complemented by

the Fermi-sea contribution δSII. However, in the case of any two-dimensional Dirac

model such as the TI surface considered here, this second contribution vanishes in

the metallic regime, i.e. εF > ∆ > 0 (see Appendix for details). The weak impurities

we consider here not only broaden the energy levels by introducing a finite lifetime

τ to the quasiparticle in the chiral bands, but also change the eigenstates. The

quasiparticle lifetime broadening induced by the presence of impurities is reflected in

the retarded self-energy, which is defined self-consistently as [186]

Σ̂R = niV
2

0

∫
d2k

(2π)2

[
ĜR

0 + ∂kĜ
R(Σ̂R)

]
. (3.10)
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For Dirac electrons, the calculation of the entire retarded self-energy in an environ-

ment with δ-type impurities has to be done with care as logarithmic divergences

naturally occur [201]. The first term of the self-energy is diagonal (only with σ̂0 and

σ̂z components), k-independent and readily writes as

Σ̂R
‖ = − i~

4τ
(1 + βmzσ̂z), (3.11)

where the impurity scattering rate is given by ~/τ = niV
2

0 kF/~v and β = ∆/εF is the

spin polarization. The second term is k-dependent and off-diagonal (≡ Σxσ̂x+Σyσ̂y),

and the k-integration should be done here with the impurity-range ultraviolet cutoff

[202] in order to respect gauge invariance via the Takahashi-Ward identity [203].

The detailed procedure described in Refs. [202, 186] leads to the renormalization of

the velocity of the Dirac electron as ṽ = (1 − ξ)v with ξ =
niV

2
0

4~2v2 � 1 within the

weak impurity limit and the full renormalized retarded self-energy reading now as

Σ̂R = Σ̂R
‖ + ~ξṽ[(σ̂ × k) · z]. In the self-consistent Born approximation, the retarded

Green’s function reads

ĜR
ε =

ε+ [~ṽ(z× k) + ∆m] · σ̂ + i~
4τ

(1− βmzσ̂z)

(ε− ε+
k + iΓ+)(ε− ε−k + iΓ−)

, (3.12)

where Γ± = ~
4τ

(1 ± β2m2
z). Inserting the perturbed Green’s function, Eq. (3.12),

into Eq. (3.8) is not sufficient to fully capture the impact of the impurities. As

a matter of fact, the proper calculation of δS includes a variety of crossing and

non-crossing diagrams of the same order which have to be properly accounted for

[203, 197, 204]. We adopt here the common approximation by selecting only the non-

crossing ladder diagrams through the so-called vertex correction to the spin operator

[205, 203]. Notice that it has been shown recently that a more accurate evaluation

should include a subclass of crossing diagrams in addition to the standard set of non-

crossing ones [197, 204]. However, since we assume a low impurity concentration, the
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average distance between the impurities is larger than the Fermi wavelength of the

electronic carriers and we limit ourselves to the ladder non-crossing approximation.

The spin operator σ̂ in Eq. (3.8) is then replaced by a renormalized operator Υ̂

that must satisfy Υ̂i = σ̂i + niV
2

0

∫
d2k

(2π)2
ĜRΥ̂iĜ

A [193]. By writing Υ̂i in the tensor

form (Υ̂i = Σjς
j
i σ̂j, j = 0, x, y, z), we find the two components Υ̂x = Aσx + Bσy

and Υ̂y = −Bσx + Aσy, where A = 2 1+β2m2
z

1+3β2m2
z

and B = 2~
τεF

βmz(1+β2m2
z)

(1+3β2m2
z)2

. The vertex-

corrected version of the spin density δS in Eq. (3.8) gives

δS =− τεF

2~ṽπ
1− β2m2

z

1 + 3β2m2
z

z× eE

− β

ṽπ

1 + β2m2
z

(1 + 3β2m2
z)

2
mzeE. (3.13)

First, we emphasize that the non-equilibrium electrically driven spin density is in-

plane and does not have any z-component, contrary to the Rashba model [160]. As

a matter of fact, in the Dirac model the flowing electrons only experience the out-

of-plane component of the magnetization [∼ ∆mzσ̂z in Eq. (3.4)] and therefore their

precession about the magnetization direction only mixes Sx and Sy components, but

does not yield any Sz component. The Dirac spin-orbit torque, τ = (2∆/~)m× δS,

straightforwardly yields

τ =− βτε2
F

~2ṽπ

1− β2m2
z

1 + 3β2m2
z

m× (z× eE)

− 2β2εF

~ṽπ
1 + β2m2

z

(1 + 3β2m2
z)

2
mzm× eE. (3.14)

Notice that this form is more general than the one derived in Ref. [186] which is

restricted to m = z. The effective Dirac SOT is found to be of the form τ =

τ‖mzm×eE+τ⊥m× (z×eE), a form similar to the one obtained in the limit of large

Rashba spin-orbit coupling in a magnetic Rashba gas [160]. The first term is odd upon

magnetization reversal, proportional to the current flow (∝ τ) and acts like a field-like



81

torque. In contrast, the second term, ∼ mzm×eE, is even in magnetization reversal,

independent of scattering and acts like a damping torque. While the former arises

from the traditional inverse spin galvanic effect [70], the latter is the magnetoelectric

coupling identified by Garate and Franz [173]. This damping torque is quite different

from the damping-like torque stemming from spin Hall effect, usually observed in

magnetic bilayers involving heavy metals [26, 55, 206]. Indeed, the magnetoelectric

effect at the surface of topological insulators vanishes when the magnetization lies

in the plane of the surface [173], while the SHE-induced damping torque (∼ m ×

[(z × E) ×m]) remains finite. Notice also that the sign of the SOT reported in Eq.

(3.14) is opposite to the one derived for the magnetic Rashba gas [160], which is

attributable to the spin chirality of the Dirac conduction band. Due to the identity

between the spin and the velocity operators, Eq. (3.5), the field-like and damping-

like Dirac torques coefficients correspond to the longitdudinal and transverse (Hall)

conductivities, respectively [193, 194, 186]. Finally, the SOT in Eq. (3.14) exhibits

a complex dependence as a function of the magnetization direction, associated with

the distortion of the band structure when the magnetization lies perpendicular to the

surface.

3.4 Charge pumping and anisotropic damping

While a charge current can exert a torque on the local magnetization, a precessing

magnetization can pump a charge current [207]. These two effects are related to

each other via Onsager reciprocity relation and can be treated on equal footing. The

spin-to-charge conversion process has been investigated experimentally in ferromag-

net/topological insulator heterostructures [163, 164, 165, 166] (e.g. FM/Bi2Se3), and

some of its aspects have been treated theoretically [189, 188].

The magnetization dynamics under an external magnetic field and SOT is given
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by the Landau-Lifschifz-Gilbert (LLG) equation

∂tm = (γ/Ms)m× ∂mF + κ̂ · E. (3.15)

Here, ∂mF is the functional derivative of the magnetic energy density F that governs

the dynamics of the magnetization in the absence of charge flow while E is the electric

field that drives the SOT through the tensor κ̂. γ and Ms are the absolute value of

the gyromagnetic ratio and the saturation magnetization, respectively. The charge

current density reads

Jc = δ̂ · ∂mF + ĝ · E, (3.16)

where the electric field drives the charge current through the conductivity tensor ĝ,

while the magnetization dynamics pumps a charge current through the tensor δ̂. Let

us now consider a magnetic layer of width w, thickness d, length L and section normal

to the current flow S = wd. The particle current is defined as ∂tni = SJc,i/e , and

the electric and magnetic potentials driving the charge and magnetization dynamics

respectively read f je = LeEj, f
j
m = Ω∂mjF (Ω = Lwd is the volume of the magnet).

Therefore, Eqs. (3.15) and (3.16) can be rewritten in the more convenient form ∂tni

∂tmi

 = L̂

 f je

f jm

, where the Onsager coefficients in L̂ are explicitly expressed

as  Lni,fje Lni,fjm
Lmi,fje Lmi,fjm

 =

 S
Le2
gij

1
Le
δij

1
Le
κij − γ

MsΩ
(ei × ej) ·m

 . (3.17)

When applying Onsager reciprocity principle [208]

Lni,fjm(m) = −Lmj ,f ie(−m), (3.18)

we get δij(m) = −κji(−m). In the previous section, Eq. (3.14), we showed that the
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torque density τ at the surface of the TI reads

τ = τ‖mzm× E + τ⊥m× (z× E), (3.19)

where τ‖,⊥ are the damping-like and field-like components, respectively. The total

torque exerted on the ferromagnet is then T = κ̂ ·E =
∫
dAτ (A = Lw is the surface

area), which yields

κij =
µB

Msd

(
τ‖mz[m× ej] · ei + τ⊥[m× (z× ej)] · ei

)
. (3.20)

By direct application of the Onsager reciprocity relation, we then deduce the charge

pumping coefficients in TIs

δij =
µB

Msd

(
−τ‖mz[m× ei] · ej + τ⊥[m× (z× ei)] · ej

)
. (3.21)

The charge current pumped by the magnetization dynamics simply reads

Jpump
c =

~
2d

(
τ‖mz∂tm + τ⊥z× ∂tm

)
. (3.22)

This equation establishes the correspondence between the current-driven Dirac SOT

and the charge current pumped by a time-varying magnetization. By the virtue

of Onsager reciprocity, the results and conclusions drawn above for the SOT apply

straightforwardly to the charge pumping through Eq. (3.22), in particular the second

component ∼ z × ∂tm dominates in the metallic regime since τ⊥ > τ‖. Notice that

Jpump
c is the current density flowing in the magnetic volume and is therefore inversely

proportional to the thickness d.

The charge current pumped at the surface of the TI, dJpump
c , also induces an

interfacial non-equilibrium spin density Spump = (d/ev)z × Jpump
c [see Eq. (3.5)]. In
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turn, this pumped interfacial spin density induces a torque, Tpump = (2∆/~)
∫
dAm×

Spump, that reads

Tpump =
µB

Msd

∆

ev

(
τ⊥m× [z× (∂tm× z)] + τ‖m

2
zz× (∂tm× z)

)
. (3.23)

The first term is odd upon time reversal operation (∂t → −∂t, m → −m), while the

second term is even. Accordingly, the first term contributes to the magnetic damp-

ing, while the second term renormalized the gyromagnetic ratio. In particular, the

damping torque acts only on the in-plane components of the magnetization (mx,my),

thereby creating an anisotropic damping. The total magnetic damping then reads

Tdamping = −
(
α +

µB

Msd

∆

ev
τ⊥

)
(∂tmxx + ∂tmyy) + α∂tmzz. (3.24)

This anisotropic magnetic relaxation echoes the famous D’yakonov-Perel spin relax-

ation emerging in two dimensional electron gases [209]. In recent experimental reports

[161, 162, 168], the electrical torque efficiency in TIs ranges from (µB/γMsd)τ⊥ ≈ 10−9

T·m/V [161] to≈ 10−7 T·m/V [162, 168], depending on the temperature and thickness

of the ferromagnet. Hence, adopting standard materials parameters (~v ∼ 4 eV·Å,

∆ ∼ 1 eV), we obtain a damping enhancement of (µB/Msd)(∆/ev)τ⊥ ≈ 3×10−4 to

3×10−2, which is experimentally measurable. For the sake of comparison, the en-

hanced damping observed in Bi2Se3/CoFeB bilayers lies between ∼ 0.03 and ∼ 0.12,

with wide variability from sample to sample [165].

3.5 Magnetization switching by Dirac spin-orbit torque

We conclude by analyzing the impact of the Dirac damping-like torque on the mag-

netization reversal. In particular, we are interested in comparing the ability of the

damping-like Dirac SOT (∼ mzm×E) with the damping-like SHE-induced SOT [26]

(∼ m × [(z × E) ×m]) to switch the magnetization direction of a perpendicularly
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Figure 3.2: (Color online) Calculated Switching Phase Diagram with an applied
in-plane field along x, for a current induced (a) Dirac torque and (b) spin Hall torque
(retrieve results from Ref. [26])

magnetized FM. We study the dynamics of the magnetization within the standard

macrospin approximation and numerically solve the LLG equation supplemented by

SOT,

∂tm = −γm×Heff + αm× ∂tm + Tdirac/she, (3.25)

where Heff is the effective field incorporating the demagnetizing field and/or an ex-

ternal applied magnetic field while the last term, Tdirac/she, represents the (Dirac or

SHE-induced) damping-like SOT. In the configuration we adopt, the current is driven

along x and the magnetic anisotropy is along z. The Dirac damping-like SOT is there-

fore Tdirac = γHdirmzm×x, while the SHE-induced SOT is Tshe = γHshem×(y×m),

Hdir/she being the strength of the torque. Solving the LLG equation, Eq. (3.25), when

varying both the in-plane applied magnetic field Hxx and the SOT strength, one ob-

tains the switching phase diagram of the macrospin as displayed in Fig. 3.2. Notice

that Fig. 3.2(b) has been calculated previously [26] and is only reproduced here for

comparison.

Both diagrams display the same general shape: a central diamond-like region

(green) denotes the bistable state where both +z and −z states are stable. This
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region is surrounded by four regions of monostable states (blue or red), when only +z

or −z state is stable. Besides these general features, we observe two major differences.

First the horizontal extension of the central diamond is twice larger in the case of

Dirac SOT than for SHE-induced SOT, which means that the SHE-induced SOT is

twice as efficient as the Dirac SOT. This can be understood easily as the SHE-induced

SOT has the form m× (y×m) = mzm×x−mxm×z, while the Dirac damping-like

SOT is simply ∼ mzm×x. A second interesting aspect is the shape of the transitions

between the monostable regions (red and blue). In the case of SHE-induced SOT,

when varying the in-plane field Hx, there is a continuous variation between the two

opposite stable states (from blue to red, and from red to blue). In contrast, in the

case of Dirac SOT, the transition between the blue and red regions is much more

abrupt, which is related to the vanishing of the Dirac SOT when the magnetization

lies in the plane of the surface.

3.6 Conclusion

To summarize, we have analytically derived the electrically driven SOTs and charge

pumping at the magnetic surface of a TI. While the field-like Dirac torque has the

same geometrical form as the standard field-like Rashba torque, the damping-like

Dirac torque presents a remarkable difference compared to the SHE-induced torque

and vanishes when the magnetization lies in the plane of the surface. Furthermore,

we uncover a strong angular dependence of the torque due to (i) the distortion of the

band structure associated with the gap opening when the magnetization lies out-of-

plane and (ii) with the presence of anisotropic spin relaxation.

We note that a strong but opposite angular dependence of the torque has been

experimentally reported in magnetically-doped topological insulators by Fan et al.

[162]: in this experiment the magnitude of the torque is larger when the magnetization

lies perpendicular to the plane of the surface. Another difference between Eq. (3.14)
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and the experimental observations is that in Refs. [162, 167], the SOT is dominated

by the damping-like component while in Eq. (3.14), the field-like torque dominates.

The charge pumping induced by a time-varying magnetization presents similar fea-

tures as it is the Onsager reciprocal of the SOTs. Interestingly, the pumped charge

current in turns enhances the magnetic damping of the in-plane magnetization com-

ponents. Although the magnitude of the enhanced damping calculated in the present

work is consistent with the experimental observations [165], one cannot exclude that

other effects, such as SHE of the TI bulk states [210], could also contribute to the

spin-charge conversion process in these systems.

In conclusion, while the standard theory of magnetic TI surfaces derived in the

present work can account for some of the features observed experimentally, some

major discrepancies (in particular the angular dependence and the magnitude of the

damping torque) cannot be explained. These limitations suggest that the coupling be-

tween the magnetic material and the TI surface [171, 191], as well as the contribution

of bulk states [210] should be taken into account to model the experiments.
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Chapter 4

Spin wave mediated Dzyaloshinskii-Moriya torques in

ferromagnets

In thin magnetic layers with structural inversion asymmetry and spin-orbit coupling,

the Dzyaloshinskii-Moriya interaction arises at the interface. When a spin wave cur-

rent jm flows in a system with a homogeneous magnetization m, this interaction

produces an effective field-like torque of the form TFL ∝ m × (z × jm) as well as a

damping-like torque, TDL ∝ m × [(z × jm) ×m], the latter only in the presence of

spin-wave relaxation (z is normal to the interface). These torques mediated by the

magnon flow can reorient the time-averaged magnetization direction and display a

number of similarities with the torques arising from the electron flow in a magnetic

two dimensional electron gas with Rashba spin-orbit coupling. This magnon-mediated

spin-orbit torque can be efficient in the case of magnons driven by a thermal gradient.

4.1 Introduction

Recent developments in condensed matter physics have renewed the interest of the

scientific community in the design and properties of materials with large spin-orbit

coupling. Topics such as spin Hall effect [209, 211], topological insulators [114, 115],

or skyrmions [212], all taking advantage of relativistic effects in solid state, have

profoundly challenged our understanding of spin transport lately and present tremen-

dously rich opportunities for innovative expansion of the research in condensed matter

systems. Utilizing spin-orbit coupling to enable the electrical manipulation of ferro-
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magnets and magnetic textures has attracted a considerable amount of interest in the

past few years [6, 26, 44, 213]. The key mechanism, tagged spin-orbit torque, appears

in ultrathin magnetic systems displaying inversion symmetry breaking such as (but

not limited to) bilayers composed of heavy metals (such as Pt, Ta, W) and ferro-

magnets. The recent experimental results are interpreted in terms of Rashba [48]

and spin Hall effect-induced torques [46] and the complexity of the spin transport

in such systems is currently under intense investigations [50, 51, 154, 49]. A major

progress in this field has been to recognize the importance of Dzyaloshinskii-Moriya

(DM) interaction [75, 76]. DM interaction results from spin-orbit coupling in struc-

tures with broken inversion symmetry and participates, in a number of systems, in

the emergence of skyrmions and chiral spin textures [214, 215, 77]. Interestingly, DM

interaction also arises from the interfacial spin-orbit coupling in ultrathin magnetic

bilayers [216, 206] and results in chiral magnetic domain walls [77], providing an ex-

planation to mysterious experimental behaviors such as current-induced domain wall

motion against the electron flow [216, 217, 218].

In conjunction with electrically driven spin-orbit torques, another adjacent emerg-

ing topic aims at exploiting magnon flows and propagating spin waves instead of

electrical carriers [219]. Indeed, magnons can carry spin currents [131], transmit in-

formation [25] and even control the motion of magnetic domain walls [220, 221, 134,

222, 223] and skyrmions [224]. The magnon flow may be driven by radio-frequency

(RF) magnetic fields or temperature gradients [225], the latter being an important

topic of the spin caloritronics field [130]. Recently, it has been realized that DM

interaction impacts the propagation of spin waves just like spin-orbit coupling affects

the electron flow, resulting in topological behaviors such as the magnon Hall effect

and edge currents [226, 227]. It was reported that the DM interaction effect on the

spin wave dispersion is similar to the Rashba spin-orbit coupling effect on electron

dispersion [228, 229, 230]. Therefore, one anticipates that the spin-orbit torque due
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Figure 4.1: (Color online) Schematics of the magnetized stripe studied in this work.
The magnetization is initially oriented along x and SW are generated by an ac field
applied in the center of the stripe at x = 0. Due to DM interaction, the spin wave
flow induces effective fields, BFL ∝ y and BDL ∝m×y resulting in deviations of the
background magnetization ∆my,z.

to electron flow in Rashba spin-orbit coupled systems might have its counterpart due

to magnon flow in systems displaying DM interaction.

In this work, we demonstrate that a magnon flow subjected to DM interaction in-

duces a finite tilt of time-averaged magnetization from the equilibrium magnetization

direction. A possible interpretation is the magnon flow under DM interaction gener-

ates effective fields, that in turn give torques exerted on local magnetization. Just as

an electron flow generates torques when submitted to Rashba interaction, even when

the magnetization is homogeneous [50, 154, 155, 153]. A direct consequence is the

capability to control the magnetization direction of a homogeneous ferromagnet by

applying a temperature gradient or a local RF field to generate the magnon flow. We

show that merging the spin-orbit torques with spin caloritronics is rendered possible

by the emergence of DM interaction in magnetic materials. The work is organized

as follows: first, we present the magnetic system and outline the nonlinear spin wave

formalism that we use to derive the damped spin wave solution. Then, we devote

to the analytical solutions for spin wave-driven Dzyaloshinskii-Moriya static mag-
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netization deviations and to the symmetry of the so called DM-field/damping like

torques. And, the numerical results are shown in the general case, in the vanishing

damping limit as well as the the simulations with a uniform temperature gradient by

including the thermal fluctuation fields. Finally, we comment on the physical con-

tent of the magnon equation of motion, draw an analogy with electronic transport in

magnetic 2DEG with Rashba interaction and also discuss the importance of the DM

torque driven by thermally activated magnons. We finish by briefly summarizing our

findings.

4.2 The Dzyaloshinskii-Moriya Torque’s analytical Deriva-

tion

Our objective is to analytically derive the static response of a magnetic system in

the presence of both DM interaction and spin waves. To do so, we provide a general

discussion on the response of a magnetic system submitted to a harmonic excitation,

without assuming any specific form of the magnetic energy landscape, within the

nonlinear spin wave formalism (Section 4.2.1). This formalism is then applied to the

specific case of DM torque (Section 4.2.2).

4.2.1 Nonlinear Spin Wave Analysis

4.2.1.1 General Considerations

Let us first consider the case of a magnetization m subject to a harmonic excitation

with frequency ω (such as spin-waves or a time-dependent magnetic field). The
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magnetization m may be Fourier-expanded as follows,

m = m(0) +
(
m(1)e

iωt + m∗(1)e
−iωt)

+
(
m(2)e

2iωt + m∗(2)e
−2iωt

)
+O(excitation amplitude)3, (4.1)

where m(0) = m(0)(x) ≡ 〈m〉 denotes the time-independent magnetization profile and

may slightly differ from the equilibrium profile due to the non-equilibrium correction

arising from the nonlinear effect of the harmonic excitation. This excitation-induced

correction is the central quantity that we aim to calculate. Here 〈...〉 =
∫
T
...dt/T

denotes the temporal average over an oscillation period T = 2π/ω.

The terms m(n) = m(n)(x), n ≥ 1 are the Fourier components of the magnetization

in time space, m(1) representing the linear response of the system to the excitation,

while m(n>1) amount to the non-linear response of the system. Note that all the

time-independent non-linear responses are absorbed in m(0). In the case of spin-wave

excitations, m(1)(x) describes the spatial profile of the spin wave amplitude. Then,

the linearization of the Landau-Lifshitz-Gilbert (LLG) equation fixes m(1) up to its

overall magnitude, which is nothing but the spin wave amplitude (see below). On

the other hand, m(2) = m(2)(x) and the non-equilibrium correction part of m(0) are

of the order of (spin wave amplitude)2 and describe the leading nonlinear corrections

to the spin wave profile when the spin wave amplitude is not infinitesimally small.

The 2ω and non-equilibrium 0 frequency components are of the order of (spin wave

amplitude)2 because the squares of the first order terms appear when the dynamics

equations are expanded up to the second order. Since the first order terms have

frequency ω, their squares generate 2ω and 0 frequency components, the latter being

absorbed in the definition of m(0). In Eq. (4.1), m(0) is real whereas m(1) and m(2)

are complex in general. Note that both sides of Eq. (4.1) are real.
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The micromagnetic normalization condition

m ·m = 1 (4.2)

imposes constraints on m(0), m(1), and m(2). To extract these constraints, we expand

Eq. (4.2) by using Eq. (4.1), up to the second order in spin wave amplitude only.

Analyzing the various Fourier components of the normalization condition gives the

following set of equations

m(0) ·m(0) = 1− 2m∗(1) ·m(1), (4.3)

m(1) ·m(0) = m∗(1) ·m(0) = 0, (4.4)

2m(2) ·m(0) = −m(1) ·m(1), (4.5)

2m∗(2) ·m(0) = −m∗(1) ·m∗(1). (4.6)

Equation (4.3) indicates that the magnitude of the time-independent magnetiza-

tion 〈m〉2 = m2
(0) is reduced below 1 due to the presence of spin-waves (as expected

from standard non-linear spin wave theory). Equation (4.4) states that m(1) is or-

thogonal to m(0), and Eqs. (4.5)-(4.6) show that the components of the second order

term m(2) parallel to m(0) are completely fixed by the normalization condition (4.2)

once the first order term m(1) is fixed. But the components perpendicular to m(0) are

free from Eq. (4.2) and subject only to the LLG equation.

4.2.1.2 Choice of an appropriate system of coordinates

In order to model the impact of a flow of spin-waves on the static direction of the

magnetization m(0) = 〈m〉, we need to adopt an appropriate system of coordinates

that fulfills the constraints of micromagnetics. It is conventional to describe the

magnetization direction using either the cartesian [Fig. 4.2(a)] or the spherical co-
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Figure 4.2: (Color Online) Different systems of coordinates, describing the general
direction of a unitary vector m. (a) In cartesian coordinates, m = mxex + myey +
mzez and mz =

√
1−m2

x −m2
y. (b) In spherical coordinates, m = er, where er =

cos β sinαex + sin β sinαey + cosαez. (c) In the system of coordinates we adopt
in this work, the magnetization is defined as m = srer + sθeθ + sφeφ, where sr =√

1− s2
θ − s2

φ. Here, er is the direction of the axis about which the magnetization

precesses. (d) Definition of the polar and azimuthal parts of the magnetization in (c),
in a plane normal to the rotation axis er.

ordinates system [Fig. 4.2(b)]. In the present work, we need to explicitly separate

the time-independent part from the time-dependent part of the magnetization. In

other words, we need to make an explicit distinction between the static direction of

precession and the time-dependent spin waves. To do so, we re-write the magne-

tization as m = srer + sθeθ + sφeφ, where the time-independent unit radial vector

er is defined to be parallel to m(0) and thus denotes the direction about which the

magnetization precesses as sketched in Fig. 4.2(c). Then m(0) = 〈sr〉er. Once er is

fixed, the associated polar unit vector eθ and azimuthal unit vector eφ are fixed. In

spherical coordinates, they may be expressed as

er =


sin θ cosφ

sin θ sinφ

cos θ

 , eθ =


cos θ cosφ

cos θ sinφ

− sin θ

 , eφ = er × eθ.
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Note that the angles (θ, φ) as well as (er, eθ, eφ) are time-independent by definition.

By using the normalization conditions from the non-linear spin wave theory presented

above, i.e. Eqs. (4.3)-(4.6), we deduce the following properties (up to the second order

in spin wave amplitude)

sr〈sr〉 = 1− 2m∗(1) ·m(1) −
1

2
(m(1) ·m(1)e

2iωt + m∗(1) ·m∗(1)e
−2iωt), (4.7)

sθ = m · eθ =
(
m(1),θe

iωt +m∗(1),θe
−iωt)+

(
m(2),θe

2iωt +m∗(2),θe
−2iωt

)
, (4.8)

sφ = m · eφ =
(
m(1),φe

iωt +m∗(1),φe
−iωt)+

(
m(2),φe

2iωt +m∗(2),φe
−2iωt

)
, (4.9)

where sr〈sr〉 = m ·m(0) and we defined m(i) = m(i),θeθ + m(i),φeφ. From Eq. (4.7),

one finds 〈m〉2 = 〈sr〉2 ≈ 1 − 2m∗(1) ·m(1), which implies that the magnitude of the

time-averaged magnetization is indeed smaller than 1. Equations (4.7)-(4.9) indicate

that at the first order in spin wave amplitude, sr is constant and sθ,φ ≈ e±iωt. We

will see below that as long as m(0) is determined up to the second order in the spin

wave amplitude, the e±2iωt components of the excitations become irrelevant and thus

may be ignored. Then the spin waves may be defined upon time averaging where the

e±2iωt components of the excitations disappear from the analysis. Therefore, in the

spherical description adopted here, up to the first order in excitation amplitude, the

spin waves are defined in the plane (eθ, eφ), normal to the rotation direction er [see

Fig. 4.2(d)].

Another important point concerns the degrees of freedom of our system. In carte-

sian coordinates, Fig. 4.2(a), since m2
x+m2

y+m2
z = 1 the system has only two degrees

of freedom (say mx and my). In spherical coordinates, Fig. 4.2(b), the two degrees of

freedom are the polar and azimuthal angles, α and β. In our system of coordinates,

Fig. 4.2(c), the degrees of freedom are given by sθ and sφ. Indeed, as will be explicitly

shown below, the angles of the rotation axis, θ and φ, are functions of the spin waves

sθ and sφ.
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4.2.1.3 From Landau-Lifshitz-Gilbert to Euler equations

The LLG equation describing the dynamics of the system reads ∂tm = γm× ∂mW +

αm × ∂tm, where W is given in Eq. (4.17). Our objective is to determine the

direction of the static magnetization under the influence of a flow of spin waves.

To do so, we explicitly rewrite the LLG equation in terms of the spatial derivatives

∂xθ, ∂xφ, ∂
2
xθ, ∂

2
xφ. The two independent components (along eθ and eφ) of the LLG

equation adopt the general form

∂tsθ + α(sr∂tsφ − sφ∂tsr) = T
(1)
θ + T

(2)
θ + ..., (4.10)

∂tsφ − α(sr∂tsθ − sθ∂tsr) = T
(1)
φ + T

(2)
φ + ..., (4.11)

where T
(i)
θ,φ are the i-th order components (in spin wave amplitude) of the term γm×

∂mW in the LLG equation. Since 〈T (1)
θ,φ〉 = 〈∂tsθ,φ〉 = 0, it is clear that, up to the

second order in spin wave amplitude, the time averaging over one period of oscillation

leads to

〈T (2)
θ 〉 = α〈sr∂tsφ − sφ∂tsr〉 = O(excitation amplitude)4, (4.12)

〈T (2)
φ 〉 = −α〈sr∂tsθ − sθ∂tsr〉 = O(excitation amplitude)4. (4.13)

Indeed, since only time-dependent components of sr can couple with sθ or sφ to

generate nonvanishing time-averaged values and since sr is time-dependent only at

the second order in excitation amplitude and above [see Eq. (4.7)], then the right-

hand side of Eqs. (4.13) and (4.13) is non zero only at the fourth order at least, and

can therefore be neglected. The set of equations that determines the spatial profile

of the static magnetization direction (θ, φ) is

〈T (2)
θ 〉 = 0, 〈T (2)

φ 〉 = 0. (4.14)



97

Explicit expressions of Eq. (4.14) in terms of θ, φ, sr, sθ, and sφ are given in Section

4.2.2.

As will be explicitly shown below, Eq. (4.14) allows for the determination of θ

and φ once sr, sθ, and sφ are determined only up to the linear order in spin wave

amplitude. This simplifies the calculation considerably. To the linear order in the

spin wave amplitude, sr ≈ 1 and the linear equation of motion of the spin wave is

then expressed in the form

∂tsθ + α∂tsφ = T
(1)
θ , (4.15)

∂tsφ − α∂tsθ = T
(1)
φ , (4.16)

that can be solved easily. The explicit expressions of Eqs. (4.14), (4.15), and (4.16)

being quite cumbersome in the general case, we only present below the solution when

the magnetization initially lies along the longitudinal in-plane easy axis (x-axis). The

cases when the easy axis is in-plane transverse (y-axis) or perpendicular to the plane

(z-axis) are treated in the Appendix A.

4.2.2 Magnon induced magnetization tilting

Let us consider a thin magnetic film with a magnetization m aligned along the in-

plane easy axis (x-axis) and subjected to an external ac magnetic field applied locally

to make spin waves propagate along the x-axis, as displayed in Fig. 1. In this system,

the magnetic energy reads

W = A
∑
i

(∂im)2 −Dm · [(z×∇)×m] + 2πM2
s (m · z)2 −K(m · x)2, (4.17)

where the first two terms are the symmetric exchange (A) and antisymmetric Dzyaloshinskii-

Moriya (D) exchange energies, the last two terms are the demagnetizing (2πM2
s ) and

the in-plane anisotropy (K) energies, and ∇ = (∂x, ∂y, ∂z). The form of the DM



98

interaction we adopt here is derived for a cylindrically symmetric system with an

interfacial inversion asymmetry along the normal z [216, 231]. All along the present

study, we consider that the DM interaction is smaller than a certain threshold value

Dc [=
√

2A(K + 2πM2
s )] so that the uniformly magnetized state is energetically stable

[229].

We assume that the magnetization is mostly oriented along the easy axis ±x.

Then θ → π/2− δ and φ→ φ+ (0, π) where δ, φ� 1, so that sin θ ≈ 1, cos θ ≈ δ and

sinφ ≈ ηφ, cosφ ≈ η. Here, η = ±1 when the magnetization is along ±x. Since the

linear effect of spin wave does not modify the equilibrium values of θ and φ, δ and

φ are of the second order in spin wave amplitude at best. Up to the second order in

spin wave amplitude, the time-averaged LLG equation reduces to γ〈m × ∂mW 〉 = 0

[see Eq. (4.14)]. When expanded, the vector components of this equation become

〈s2
r+s2

φ〉∂2
xφ+〈∂xs2

r+∂xs
2
φ〉∂xφ−2〈sφ∂xsθ〉∂xδ =

1

λ2
〈s2
r−s2

φ〉φ+ηD̃∗〈sφ∂xsθ〉, (4.18)

〈s2
r + s2

θ〉∂2
xδ + 〈∂xs2

r + ∂xs
2
θ〉∂xδ − 2〈sθ∂xsφ〉∂xφ =

1

λ2
d

〈s2
r − s2

θ〉δ − η
D̃∗

2
〈∂xs2

r + ∂xs
2
θ〉,

(4.19)

where λ2 = J/Hk, λ
2
d = J/(Hk + Hd) and D̃∗ = D∗/J , with J = 2A/Ms. By

considering 〈s2
r〉 = 1− 〈s2

θ + s2
φ〉, Eqs. (4.18) and (4.19) become

(1−〈s2
θ〉)∂2

xφ− 2(〈sθ∂xsθ〉∂xφ+ 〈sφ∂xsθ〉∂xδ) =
1

λ2
(1−〈s2

θ〉− 2〈s2
φ〉)φ+ ηD̃∗〈sφ∂xsθ〉,

(4.20)

(1− 〈s2
φ〉)∂2

xδ− 2(〈sφ∂xsφ〉∂xδ+ 〈sθ∂xsφ〉∂xφ) =
1

λ2
d

(1− 2〈s2
θ〉 − 〈s2

φ〉)δ+ ηD̃∗〈sφ∂xsφ〉.

(4.21)

These equations involve four types of terms: a second order derivative of the angle

(diffusion-like), a first-order derivative (wave-like), an anisotropy term and a DM in-

teraction term. We show below that this last term, proportional to the spin wave
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flow 〈sφ∂xsφ,θ〉, makes φ and δ non-vanishing, and drives the time-independent com-

ponents of the magnetization out of its rest position. In order to obtain a solvable

equation, it is useful to count the order of each term in Eqs. (4.20) and (4.21). Con-

sidering that sθ and sφ are of the first order in the spin wave amplitude, and φ and δ

are of the second order in the spin wave amplitude, one finds that only a few terms

needs to be retained for analysis up to the second order in the spin wave amplitude.

For the sake of clarity, we now switch to the cartesian coordinate system through

the relation ∆my ≡ 〈sr〉 sin θ sinφ ≈ ηφ and ∆mz ≡ 〈sr〉 cos θ ≈ δ, where ∆my,z

represent the time-averaged deviation of the magnetization induced by the flow of

spin waves along the y and z axes. Those retained terms become

∂2
x∆my −

1

λ2
∆my = D̃∗〈sφ∂xsθ〉, (4.22)

∂2
x∆mz −

1

λ2
d

∆mz = −ηD̃∗〈sφ∂xsφ〉, (4.23)

where we neglected higher orders in spin wave amplitude (s4
θ,φ � s2

θ,φ � 1) since the

source term [right hand side of Eqs. (4.22)-(4.23)] is already second order in sθ,φ. In

order to evaluate ∆my and ∆mz from these equations, it is sufficient to determine sθ

and sφ only up to the linear order in the spin wave amplitude. For the latter, one

just needs to deal with the linearized equations of motion of the spin wave [i.e. Eqs.

(4.15) and (4.16)], which explicitly read

∂tsθ + α∂tsφ = γJ∂2
xsφ − γHksφ, (4.24)

∂tsφ − α∂tsθ = −γJ∂2
xsθ + γ(Hk +Hd)sθ. (4.25)
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The solution is a spatially damped spin wave of the form

sθ = s0
θe
−|x|/2Λ cos(qx− ωt), (4.26)

sφ = s0
φe
−|x|/2Λ sin(qx− ωt), (4.27)

Λ = γJq/αω, ω = γ
√

(Jq2 +Hd +Hk)(Jq2 +Hk).

The absolute value |x| ensures that the spin wave vanishes away from the source,

taken at x = 0. Now, by inserting Eqs. (4.26) and (4.27) into Eqs. (4.22) and (4.23),

and taking the time average over a spin wave precession period (i.e. 〈sφ∂xsφ〉 =

− sign(x)
4Λ

(s0
φ)2e−|x|/Λ and 〈sφ∂xsθ〉 = − sign(x)

2
qs0

φs
0
θe
−|x|/Λ), we can track the impact of

this damped spin wave on the deviations ∆my,z. Considering that the right hand

sides of Eqs. (4.22) and (4.23) are odd functions of x, ∆my,z should vanish at x=0.

Combined with the boundary condition, ∆my,z|x→∞ = 0, one finds that

∆my = −sign(x)
Heff

DMF

Hk

Λ2

Λ2 − λ2
(1− e−|x|/λ∗), (4.28)

∆mz = ηsign(x)
Heff

DMD

Hk +Hd

Λ2

Λ2 − λ2
d

(1− e−|x|/λ∗d), (4.29)

where Heff
DMF = D∗qs0

θs
0
φe
−|x|/Λ/2 and Heff

DMD = D∗(s0
φ)2e−|x|/Λ/4Λ and λ∗−1

(d) = λ−1
(d) −

Λ−1. Note that ∆my,z are proportional to D and (spin wave amplitude)2, implying

that these static magnetization deviations are consistent with the existence of effective

magnetic fields along y and z directions, thus torques, generated by the magnon flow

and the DM interaction. Considering that m ≈ ηx, the two field directions may be

represented as y and y×m, consistently with the absence (presence) of the factor η in

Eq. (4.28) [Eq. (4.29)]. The generated DM field-like torque (FLT) ∝m× y and DM

damping-like torque (DLT) ∝m× (y×m) are in complete analogy with the Rashba

torque [50, 154]. Note also that ∆my,z are proportional to sign(x), implying that in

the two regions, x >0 and x <0, where the spin wave propagates in the opposite
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directions, the effective field signs are opposite. Thus the vectors y and y ×m for

the fields actually amount to z× jm and (z× jm)×m, respectively, where jm is the

spin wave current.

We emphasize that the torques derived above are obtained after time-averaging.

Hence, the torques result in a static reorientation of the magnetization precession axis.

Consequently, the present analysis does not preclude the emergence of any other DM

interaction-induced mechanisms that could affect the overall magnetization dynamics

(and therefore impact the motion of domain walls, for instance).

4.3 Micromagnetic Simulations

To get further insights into the impact of propagating spin waves on the otherwise

spatially homogeneous background magnetization, we now show micromagnetic sim-

ulation results for a semi-one dimensional system (i.e., the system is discretized along

the length direction with the unit cell size of 4 nm - total length of 16 µm -, but

not along the width or the thickness direction). We solve the LLG equation with the

magnetic energy functional given in Eq. (4.17). We define the gyromagnetic ratio γ

= 1.76×107 Oe−1s−1, the saturation magnetization Ms = 800 emu/cm3, the exchange

stiffness constant A = 1.3×10−6 erg/cm, and vary the easy axis anisotropy field Hk,

the demagnetization field along the thickness direction Hd, and the damping constant

α. To excite spin waves, we apply an ac field Hac cos(2πft)y to two unit cells at the

center of the model system (x = 0) where Hac= 100 Oe. This choice of the localized

ac field is consistent with the situation assumed for Eqs. (4.28) and (4.29). We con-

sider the absorbing boundary condition [232, 233] at the system edges to suppress

spin wave reflection.

Figure 4.3(a) shows the spatial distribution of the transverse projection of the

magnetization direction my for different DM interaction coefficients D. For D = 0,

the spatial distribution of my is symmetric with respect to the spin wave source
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Figure 4.3: (Color online) Numerical results for magnon-mediated Dzyaloshinskii-
Moriya field-like and damping-like torques. (a) Spatial distribution of the normalized
y-component of magnetization (= my) for D=0 (blue) and D=1.5 erg/cm2 (red).
(b) Normalized magnetization tilting ∆my for various damping constants α when the
magnetization initially lies along +x for D=1.5 erg/cm2 calculated numerically (open
symbols) and using Eq. (8) (solid lines). The results with α = 10−5 are multiplied
by 1/10. (c) Normalized magnetization tilting ∆mz for various damping constants α
when the magnetization initially lies along +x, for D=1.5 erg/cm2 calculated numer-
ically (open symbols) and using Eq. (9) (solid lines). Here we assume Hd=0. When
the magnetization is switched to the −x direction, panel (b) remains unchanged while
the curves in panel (c) are mirrored with respect to the x-axis.

(x = 0) and described by my
∼= 0 + sy(x) cos(q|x| − ωt), where ”0” represents the

y-component of the background magnetization and the spin wave amplitude sy(x)
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decays with growing |x| due to damping. For D 6= 0, on the other hand, the dis-

tribution acquires an anti-symmetric component ∆my(x) with respect to x=0 and

my
∼= ∆my(x) + sy(x) cos(q|x| − ωt), according to Fig. 4.3(a). Thus the propagating

spin wave modifies the y-component of the background magnetization from 0 to a

nonzero time-averaged value ∆my(x), which is shown in Fig. 4.3(b) for a background

magnetization initially lying along +x. Reversing the direction of the background

magnetization along −x does not change the sign of ∆my (not shown). Thus the

simulation result for ∆my is qualitatively consistent with the vector expression -

z × jm obtained from Eq. (4.28). For a quantitative comparison, Fig. 4.3(b) shows

the deviation ∆my for various values of α, where symbols are numerical results and

lines are obtained from Eq. (4.28). When s0
θ and s0

φ in Heff
DMF are determined from

the numerical simulation result at x=0, the analytical expression reproduces the nu-

merical results very well for the entire range of x. The result for vanishingly small

α (=10−5) is worth emphasis. In this case, ∆my becomes flat and finite away from

x=0. Thus the DM-FLT does not require any spatial variations of the background

magnetization profile (e.g. domain walls), which differs from the spin-wave-induced

torque in the absence of the DM interaction [134, 222].

Another intriguing observation is the emergence of the DM-DLT [∝m× (y×m)]

that induces an out-of-plane deviation ∆mz. Figure 4.3(c) shows the spatial distri-

bution of ∆mz for different α when the magnetization is initially aligned along +x.

For clarity, we assume Hd = 0 to make λd and ∆mz larger. The numerical results

(open symbols) are in good agreement with Eq. (4.29) (solid lines) and ∆mz consis-

tently changes sign with the magnetization direction (not shown). As demonstrated

by Fig. 4.3(c) and Eq. (4.29), the DM-DLT is proportional to the damping constant

α (since Λ ∝ 1/α), which echoes the non-adiabatic correction to the electronic spin

torque in the presence of spin-flip relaxation, as proposed by Zhang and al in mag-

netic textures and spin-valves [234, 235]. In metallic systems, the spin relaxation



104

Figure 4.4: (Color Online) (a) Numerical results of spin-wave-induced magnetization
tilting ∆my and ∆mz with α = 0. Symbols and lines are obtained from numerical
simulation and Eqs. (4.30)-(4.31), respectively. (b) ∆my and ∆mz obtained with α
= 0.01, Hk = 5 Oe, Hac = 100 Oe, Hd = 10023 Oe, D=1.5 erg/cm2, and f = 0.8
GHz. The magnitude of the deviation is about 1%.

modifies the spin dynamics of the itinerant electrons which results in an additional

torque component of the form −βm×τ , where τ is the torque in the absence of spin

relaxation and β is proportional to the spin relaxation rate [235]. The same effect is at

the origin of the non-adiabatic torque in electron-driven and magnon-driven magnetic

excitations: the magnetic damping α not only attenuates the spin wave current, but

also relaxes the spin polarization carried by the spin waves producing the additional

damping-like torque proportional to Heff
DMD. As a result, the overall magnitude of

∆mz vanishes in the limit of zero damping.

In order to further demonstrate the distinctive role of spin wave flow and spin

wave relaxation on the two components of the DM torque, we consider the reaction of

an undamped magnetic system to the spin wave flow in the vanishing small Gilbert

damping coefficient, α → 0. In this limit, the previous expressions for ∆my,z reduce

to
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∆my = −sign(x)
D∗qs0

θs
0
φ

2Hk

(1− e−|x|/λ), (4.30)

∆mz = 0. (4.31)

We performed numerical simulations with α=0, Hk = 500 Oe, Hac = 100 Oe, Hd

= 10023 Oe, D=1.5 erg/cm2, and f = 15.9 GHz [see Fig. 4.4(a)]. Simulations with

α = 10−5 were performed to check that the zero-damping calculation is free from

unstable numerical errors (not shown). In both cases, we find that ∆my becomes

constant when |x| � λ (≈ 0.1µm here), whereas ∆mz vanishes completely. The

numerical results are in agreement with Eqs. (4.30) and (4.31), which proves that

the magnetization tilting ∆my is caused not by the spin relaxation, but by the spin

wave flow itself. In contrast, ∆mz vanishes in the vanishing damping limit, proving

that this deviation is induced by the spin wave relaxation.

Finally, to test the feasibility of detecting the tilting experimentally, we performed

numerical simulation with α = 0.01, Hk = 5 Oe, Hac = 100 Oe, Hd = 10023 Oe,

D=1.5 erg/cm2, and f = 0.8 GHz [see Fig. 4.4(b)]. We note that the vertical axis

is not scaled so that ∆my reaches about 1% of the saturation magnetization, which

corresponds to a DM field of 0.15 Oe. This tilt can be detected by either an electrical

or optical (Kerr effect) way, after averaging the magnetization direction over time.

For instance, using MOKE microscopy Fan et al. [162] measured a laser polarization

change of about 1 micro-rad, corresponding to a magnetization tilting of 0.1%. In

Fig. 1 of Ref. [162], the effective field corresponding to the damping-like torque is

about 1.1 Oe. We also note that Ref. [236] shows a MOKE sensitivity of 60 nanorad

(see Fig. 2 of Ref. [236]). These works indicate that the deviations predicted in the

present work should be detectable experimentally.
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4.4 Thermally-induced Dzyaloshinskii-Moriya Torque

4.4.1 Analogy with a two dimensional degenerate electron

Rashba system

So far we have discussed the effect of the spin wave ψm = sθ + isφ on ∆my,z. Still

further insight can be gained by considering the effect of ∆my,z on ψm. For this, we

go beyond the linearized LLG equation and introduce to Eqs. (4.24) and (4.25) the

lowest order coupling terms between ∆my,z and ψm, which are linear to both ∆my,z

and ψm. In the short wave length regime, where the exchange and DM interactions

dominate over the anisotropy, the resulting equations fall into the following form of

the effective Schrödinger equation

i~∂tψm = Ĥmψm =

(
p̂2

2m∗
+
αDM

~
p̂ · (z×m)

)
ψm, (4.32)

where p̂ = −i~∇ is the momentum operator, m∗ = ~Ms/4γA is the magnon mass

and αDM/~ = 2γD/Ms is Dzyaloshinskii-Moriya velocity for the spin waves. This

equation instructively resembles Schrödinger’s equation of an itinerant electron spin

in a homogeneous magnetic two dimensional electron gas in the presence of Rashba

spin-orbit coupling [48]

i~∂tψe =

(
p̂2

2m
+
αR

~
p̂ · (z× σ̂) + Jexm · σ̂

)
ψe, (4.33)

where αR is the Rashba spin-orbit coupling and Jex is the s-d exchange between

itinerant electron spins σ̂ and the local moments aligned along m. Equations (4.32)

and (4.33) differ by the presence of the s-d exchange term. Indeed, in contrast with

electron spins, the magnon spin is by definition aligned along the local magnetization

direction and its wavefunction ψm is not a two-component spinor. Nevertheless,

their similarity implies that properties of the Rashba system, such as current-induced



107

Rashba field (also called inverse spin galvanic effect) of the form [50, 51] HR =

αRmz × js/~Ms, (js being the flowing spin current), are at least partly enabled by

the presence of DM interaction in magnonic systems. The propagating spin wave and

background magnetization m interact through the energy term (αDM/~)〈p̂〉m ·(z×m),

where 〈...〉m denotes the quantum average on the magnon state ψm. This interaction

term yields a torque of the form

TFL = γm× ∂m〈Ĥm〉 = −m× {αDM

~
z× 〈p〉m} (4.34)

The expression within the brackets {...} is nothing but the effective field of the DM-

FLT, HDMF, and 〈p〉m amounts to the spin wave current. The DM-DLT can be

obtained qualitatively by considering the correction due to the damping on the spin

wave dynamics [see Eqs. (4.24)-(4.25)]. In a Landau-Lifshitz approach, the magnetic

damping corrects the torque by adding a contribution of the form γαm×(m×HDMF)

that produces the DM-DLT term.

4.4.2 Thermally driven Dzyaloshinskii-Moriya torque

We next discuss the DM torque arising from the flow of magnons generated by a

thermal gradient. The spin wave flow generated by RF field has two major draw-

backs: (i) the wavelength 2π/q of the spin wave is rather large (74 nm in the present

study) producing a very small effective field [Heff
DMF <0.1 Oe in Fig. 4.4(b)] and (ii)

the magnon flow (hence, the DM torque) vanishes away from the RF source over the

attenuation length Λ. Therefore, thermal magnons driven by a uniform temperature

gradient, ∇T , are interesting candidates for the proposed effect. Indeed, they pos-

sess a shorter wavelength and can be maintained over the region where the thermal

gradient is applied. Following Eq. (4.34), these magnons exert a torque of the form

Tth
FL = (αDMm

∗/~Ms)m × (z × jm) on the magnetization, where jm is the magnon
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flow and can be estimated using a phenomenological Boltzmann equation [138]

jm =
kB∂xT

2πα

[∫ Tc/T

KV/kBT

xexdx

(ex − 1)2

]
x. (4.35)

To evaluate the amount of magnonic current flowing through the system, we choose

reasonable parameters for YIG as found in the literature [237]: α = 10−4, V ≈ 1.9nm3,

K ≈ 2×105 erg/cm3, Tc = 550K, T = 300K, and ∂xT = 20K/mm. Under these condi-

tions, for a 1nm-thick magnetic slab, the flow of magnons is jm ≈ 2.29×1024s−1.cm−1,

two orders of magnitude smaller than the usual critical switching particle current in

conventional spin transfer torque configuration (≈ 1026s−1.cm−2). The effective mag-

netic field generated by this magnon flow is HFL = ~D/(2AMs)jx ≈ 1.7 Oe, which is

at least one order of magnitude larger than the effective field obtained from RF spin

waves in this work. This conservative estimation leaves plenty of room for improve-

ment such as (i) increasing the temperature gradient, (ii) reducing the magnetization

damping, (iii) decreasing the magnetic anisotropy, and (iv) increasing the DM inter-

action.

4.4.3 Simulations with a temperature gradient

We performed numerical simulations with a uniform temperature gradient by includ-

ing the thermal fluctuation fields, i.e., the Gaussian-distributed random fluctuation

fields h(t) (〈h(t)〉=0, 〈hi(t)hj(t+δt)〉 = 2αkBT/(γMSV δt)δij, where i, j are the carte-

sian coordinates, V is the unit cell volume and δt is the integration time step). We

assume α=0.1, Hk = 500 Oe, Hd = 0 Oe, the nanowire width of 100 nm, and ∂xT

= 0.025 K/nm. T is set to be zero at x = 0 and increases with x. For simplicity,

we ignored the temperature dependence of other magnetic parameters and also their

temperature-dependent renormalization. As a result, the magnitude of the effect re-

ported below should be regarded only as an order of magnitude estimation. Figures
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Figure 4.5: (Color Online) (color online) Magnetization tilting induced by uniform
temperature gradient. Spatial distribution of time-averaged (a) 〈my〉 and (b) 〈mz〉.
Corresponding histograms of (c) 〈my〉 and (d) 〈mz〉.

4.5(a) and 4.5(b) show the time-averaged my and mz components with varying D.

The averaged magnetization components fluctuate around ”0” for D = 0, whereas

they fluctuate around clearly non-zero value for non-zero D. Figures 4.5(c) and (d)

are histograms corresponding to Figs. 4.5(a) and (b), respectively, which show the

finite magnetization tiltings induced by the temperature gradient. The effective field

generated by the thermally-induced DM torque is H th
DMF ≡ Hk∆my ≈ 0.25 Oe.



110

4.5 Discussion and Conclusion

In this work, we demonstrated that Dzyaloshinskii-Moriya interaction mediated by

spin waves can generate a torque on a homogeneous magnetization that resembles

the Rashba torque, its electronic counterpart, displaying both field-like and damping-

like components. The torque is expected to be much more efficient in the case of a

magnon flow driven by a thermal gradient than for a standard RF-excited spin wave.

It is important to stress out that our results are not limited to systems displaying

interfacial DM interaction but can be also extended to materials accommodating bulk

DM interaction since the energy functional needs only to display an antisymmetric

exchange term
∑

ij Dij · Si × Sj, such as in pyrochlore crystals [226], chiral magnets

[88] and multiferroics [82].

The recent realization of a magnonic transistor based on a magnetic insulator has

confirmed the ability of spin waves for low energy consuming logic operations [238].

Since the information process does not require charge currents nor electric voltages, it

is expected to reduce the energy losses due to Joule heating. The present work builds

up a bridge between spin-orbit transport, magnonics and spin-caloritronics and ex-

tends the properties of spin waves to systems without inversion symmetry. This mech-

anism enables the magnonic control of the magnetization direction in ferromagnets

without the use of charge currents or electrical voltages and is expected to be de-

tectable in systems ranging from thin magnetic bilayers to bulk non-centrosymmetric

crystals. It therefore opens promising avenues in the development of chargeless infor-

mation technology.
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Chapter 5

Topological (spin) Hall Effects in Skyrmionic Textures with

disorder

We carry out a throughout study of the topological Hall and topological spin Hall

effects in disordered skyrmionic systems: the dimensionless (spin) Hall angles are

evaluated across the energy band structure in the multiprobe Landauer-Büttiker for-

malism and their link to the effective magnetic field emerging from the real space

topology of the spin texture is highlighted. We discuss these results for an optimal

skyrmion size and for various sizes of the sample and found that the adiabatic ap-

proximation still holds for large skyrmions as well as for nanoskyrmions. Finally, we

test the robustness of the topological signals against disorder strength and show that

topological Hall effect is highly sensitive to momentum scattering.

5.1 Introduction

Since the discovery of the ordinary Hall effect [98] (OHE) in 1879, closely related

phenomena such as anomalous Hall effect [239] (AHE) and spin Hall effect [209, 46, 72,

240, 241] (SHE) have been experimentally reported and their underlying mechanisms

theoretically investigated [242, 243]. Their occurrence in a broad range of solids and

electron gases under different conditions suggests a common denominator which is

the conjunction of time-reversal symmetry breaking by either external magnetic field

or magnetization and the onset of an effective Lorentz force either driven by external

magnetic field or spin-orbit coupling (SOC). In ferromagnetic conductors for instance,
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where magnetization and SOC are present, AHE generates a transverse charge voltage

at opposite edges of the sample [242]. In contrast, in normal metals or semiconductors

where only SOC is present, SHE induces a chargeless spin voltage [72, 240, 241].

In both AHE and SHE, SOC induces an effective Lorentz force, related either to

a disorder-driven renormalization of the velocity operator or to the band structure

Berry curvature [242, 243]. The anomalous velocity arises from the fictitious magnetic

field B(p) that emerges in momentum space.

Interestingly, this emergent magnetic field does not necessarily need to be in mo-

mentum space, but can also exist in real space [107, 244]. It is well known that

when electrons flow in a non-trivial magnetic texture, they experience an emergent

electromagnetic field [245, 246]. The emergent electric field Es
i = (s~/2e)m · (∂tm×

∂im) produces a spin motive force [247, 248], i.e. a time-dependent magnetization

(∂tm 6= 0) induces a local spin current [245, 246]. The emergent magnetic field

Bs = (−s~/2e)m · (∂xm× ∂ym)z creates an effective Lorentz force[89] on the flowing

electron that changes sign on the two opposite spins, creating a local, spin-dependent

OHE. This emergent magnetic field, formed by the solid angle subtended by the mag-

netic moments of the structure [86], is capable of inducing the transverse motion of

electrons like any real magnetic field giving rise to the so-called topological Hall effect

[87] (THE) in magnetic textures with non-trivial topology.

The role of real space topology keeps on increasing since the experimental discov-

ery of magnetic skyrmions [88, 81, 249, 181, 14, 250, 251, 252, 253], which are topolog-

ically non-trivial spin textures [15] in non-centrosymmetric ferromagnetic structures.

Skyrmions are in pole position in the racetrack memory search, thanks to prominent

features that make them the ultimate bit of information [12]: in contrast with mag-

netic domain walls, skyrmions are topological defects, localized in space, and present

a decent robustness against pinning by magnetic defects, enabling current-driven mo-

tion at low current density. Different skyrmion sizes have already been reported in
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the bulk of B20 compounds or in magnetic multilayers with broken inversion symme-

try, mostly below 70K but also at room temperature [254]. For instance, a skyrmion

diameter of 70 nm has been obtained in thin film FeGe [14], as compared to 30 nm

in ultrathin (Ir/Co/Pt)10 multilayers [255] and 18 nm for MnSi [81], down to 2 nm in

Pd/Fe/Ir(111) [256] or even 1 nm in Fe monolayer deposited on Ir(111) surface [222].

These sizes correspond to emergent magnetic fields ranging from 1T to 4000T. The

topological properties of skyrmions ensure that the total flux
∫
d2rBz(r) over a sam-

ple equals NΦ0 with N the quantized topological winding number or Chern number

and Φ0 = h/e, the quantum of flux. Recently, discretized topological Hall effect has

been observed [257] in constricted geometry and the emergence of quantum AHE in

a skyrmion crystal has been theoretically explored [258]. An intriguing topological

spin Hall effect (TSHE) has been obtained numerically in a single skyrmion [259] and

vortex [260]. This TSHE displays an atypical energy dependence that contrasts with

the one of THE.

In this work, we focus on the topological electronic transport in ferromagnetic

skyrmions, in both clean and disordered regimes. We use a tight-binding model to

study charge-spin transport quantities in a ferromagnetic conductor perforated by

a single or many skyrmions. In particular, we investigate the dimensionless charge

and spin Hall angles quantifying the strength of THE and TSHE as a function of the

carrier transport energy. We also test the magnitude of these two effects as a function

of the skyrmion radius and find that the THE and TSHE reach their saturated values

even for small skyrmions. Finally, we inspect the robustness of THE and TSHE as a

function of the disorder strength and find that the Hall effect is significantly reduced

even when the mean free path is larger than the skyrmion radius.

The work is organized as follows: first, we presents the theoretical method and

offers a general discussion about the charge - spin transport calculation in the tight-

binding system. The numerical results for an isolated and multiple skyrmions in the
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Figure 5.1: (Color online) (a) The four-terminal setup is made up of a central
skyrmion scattering region attached to ferromagnetic leads L, T, R, B at chemical
potentials µL,T,R,B. A constant voltage bias is applied between L and R while the
induced transverse charge-spin voltages are probed in T and B. (b) The magnetic
field emerging from the skyrmionic texture.

clean and disordered regimes are then presented and analyzed. Fianny, we conclude

and provide perspectives.

5.2 Model

5.2.1 Theoretical method

In this section, we present the system within a suitable framework to quantify the

topological Hall effect and the topological spin Hall effect arising from the emergent

magnetic field of the skyrmionic texture. The effective field (see Fig. 5.1b) is Bz(r) =

~
2e

m · (∂xm × ∂ym), the magnetization unit vector defining the spin structure is

m = (cos(mφxy + γ) sin θr, sin(mφxy + γ) sin θr, cos θr), with (x, y) = (r cosφ, r sinφ),

r being the distance from the origin, center of the skyrmion. φxy is the azimuthal

angle and θr is the radial polar angle, essential to define the skyrmion profile. m is the

vorticity, set to 1 for a single skyrmion with mz = 1 far from the center and −1 at the

center whereas γ is the helicity that determines the nature of the skyrmion [15, 256]:

it is hedgehog or Néel-like if γ = 0 and vortex or Bloch-like when γ = π/2. We model
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our system, a thin ferromagnetic layer pierced by a single skyrmion (N = 1) at its

center [see Fig. 5.1(a)], as a two dimensional square lattice of size L × Wa2
0 with

a0 being the lattice constant, connected to four external semi-infinite ferromagnetic

reservoirs to ensure the continuity in magnetization between the central region and

the leads. All our considerations are based on steady state conditions for which the

skyrmion is pinned and its dynamics neglected as low current densities are injected.

We calculate the transport properties of interest using the wave function formula-

tion of the scattering problem as implemented in the software package Kwant [261].

In a single-band tight-binding model, the physical quantities are expressed in the

basis of the local atomic sites wave function and the electron Hamiltonian reads

Ĥ =
∑
i

ĉ†iεiĉi − t
∑
〈i,j〉

(ĉ†i ĉj + H.c)−∆
∑
i

ĉ†imi · σ̂ĉi (5.1)

where εi is the on-site energy, t is the hopping parameter between the neighboring sites

i and j, ∆ is the strength of the exchange coupling between the background magnetic

texture mi of the scattering region and the itinerant electron with spin represented

by the vector of spin Pauli matrices σ̂. ĉi
† = (ĉ†i↑, ĉ

†
i↓) is the spinor form of the usual

fermionic creation operator at the site i (↑, ↓ refer to the spin projection along the

quantization z-axis). The magnetic moment mi on site i = (ix, iy), at a distance r of

the center of the scattering region, is determined by a single spatial parameter, the

skyrmion radius rsk. This radius rsk is defined in Fig. 5.2 as the minimal distance for

which mi(rsk) ' 1 when mi(0) = −1 at the skyrmion core.

To consistently model the skyrmion profile, several numerical approximations for

the polar angle θr have been used in the literature. Most of these models assume

an already relaxed and energetically stable skyrmion state under the competition

between different energy terms such as Dzyaloshinskii-Moriya interaction, magnetic

anisotropy, exchange, Zeeman coupling etc. [262]. A detailed treatment of the energy
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Figure 5.2: (Color online) Different radial distributions of the skyrmion polar angle
θi (i=1,2,3,4). Inset: The corresponding out-of-plane magnetization spatial profile.

minimization procedure to extract the magnetization texture of a skyrmion remains

out of the scope of the present work, and can be found in Refs. [85, 263]. For instance,

among the consistent expressions used to model skyrmion profiles, one can find

θ1|r≤rsk = π

(
1− r

rsk

)
and θ1|r>rsk = 0, (5.2)

θ2|r≤rsk = 2 cos−1

(
r2 − r2

sk

r2 + r2
sk

)
and θ2|r>rsk = 0, (5.3)

θ3(r) = 2π − 4 tan−1 exp

(
r

rsk/4

)
, (5.4)

θ4(r) = π +
∑
+,−

sin−1 tanh

(
−r ± c
rsk/4

)
. (5.5)

The linear profile θ1, Eq. (5.2), was used in Refs. [262, 244], while the Usov ansatz for

skyrmion θ2, Eq. (5.3), was used in Ref. [264]. Both profiles ensure continuous but

abrupt boundaries at the skyrmion circumference and therefore present an angular

point at rsk, as shown in Fig. 5.2. On the other hand, the profile θ3, Eq. (5.4), used

in the present work and the profile θ4, Eq. (5.5), used in Ref. [256] do not present

any abrupt boundary and are mathematically equivalent [see Fig. 5.2]. Because the
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analytical expression θ4 was successfully used to model experimental data [256], we

use in this project the equivalent numerical formulation θ3 for the spin structure of

the skyrmion, which is an excellent approximation and fully determined by only one

parameter. Notice that as far as transport properties are concerned (i.e., THE/TSHE

calculations), the numerical differences between these four profiles are negligible, as

long as minimal skyrmion-edge (or skyrmion-skyrmion in a skyrmionic crystal) dis-

tances are respected (see below). Finally, neither external magnetic field nor spin-

orbit coupling is considered in our investigation. This rules out not only ordinary

Hall effect but also the ’conventional’ anomalous and spin Hall effects. Therefore,

any Hall signal computed in this study arises solely from the topology of the mag-

netic texture. In realistic samples, where OHE, AHE and THE coexist, one needs to

carefully extract the topological Hall signal using either field-dependent [81, 249, 181]

or inclination-angle dependent [257].

For the coherent charge and spin transport calculation, we apply the Landauer-

Büttiker formalism to the four-terminal cross bar device as shown in Fig. 5.1(a),

in which a voltage bias is added between the left lead (L) and the right lead (R),

imposing a longitudinal flowing charge current. The induced transverse charge and

spin currents are probed using the top lead (T) and the bottom lead (B). Since

our objective is to investigate the topological transport emerging from the magnetic

texture, we ensure that the shape or geometry of the sample has negligible effects on

the physics by adopting large sample sizes (from 64× 64 to 128×128 sites).

5.2.2 Landauer-Büttiker formalism for charge and spin cur-

rents

In our tight-binding model, we define each ferromagnetic lead in Fig. 5.1 as consist-

ing of two leads allowing only one spin species ↑, ↓ to propagate. The tight-binding

Hamiltonian in Eq. (5.1), with the skyrmion texture, mixes the two spin chan-
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nels. Therefore, the implementation using Kwant provides directly the spin-resolved

transmission coefficients within the standard multiprobe Landauer-Büttiker formal-

ism [265, 266]. The electric currents Iem in a structure attached to many leads (labeled

by m= L, T, R, B) are calculated as

Iem =
e2

2π~
∑

n6=m,σ,σ′

(
T σ
′σ

nm Vm − T σσ
′

mn Vn

)
, (5.6)

where T σ
′σ

nm is the transmission coefficient for an electron from lead-m with spin σ to

lead-n with spin σ′. We note that the vector composed of the four terminal charge

currents is straightforwardly written as a matrix of the transmission coefficients multi-

plied by the vector of the four lead voltages. The 4×4 matrix associated with the linear

system described by Eq. (5.6) is obviously singular, because of the total charge current

conservation at steady state (T σ
′σ

mm = −
∑

n6=m T
σ′σ
mn ). Therefore, we can without loss of

generality set one of the voltage, VB = 0 and write (VL, VT, VR)T = 2π~
e2
R (IeL, I

e
T, I

e
R)T

where R is the inverse of the 3×3 transmission matrix, straightforwardly obtained

from Eq. (5.6). When we enforce a small longitudinal charge bias between lead L

and lead R i.e µR − µL = eδV , IL = −IR = I and IT = 0 for the Hall measurements,

the terminal voltages are expressed as

VL = (R11 −R13) δV/D, (5.7)

VT = (R21 −R23) δV/D, (5.8)

VR = (R31 −R33) δV/D, (5.9)

and VB = 0 with D = R11 + R33 − R13 − R31 and δV = (µL − µR) /e being the

imposed voltage bias between the left and right leads. The transverse Hall voltage
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and the topological Hall angle θTH are readily evaluated as

θTH =
EH
Ex

=
VT − VB

VR − VL

. (5.10)

In order to calculate the spin Hall angle, we first define the quantities

T in
mn = T ↑↑mn + T ↑↓mn − T ↓↓mn − T ↓↑mn, (5.11)

T out
mn = T ↑↑mn + T ↓↑mn − T ↓↓mn − T ↑↓mn, (5.12)

quantifying the spin current entering in and going out of the lead m. The different

terminal spin currents are defined as [267, 268]

Ism =
e

4π

∑
n6=m

(
T out
nmVm − T in

mnVn
)
. (5.13)

For instance, the spin current in the left lead is IsL = e
4π

([T out
TL +T out

RL +T out
BL ]VL−T in

LTVT

−T in
LRVR−T in

LBVB. From the spin and charge currents, we can calculate the topological

spin Hall angle (TSH) as

θTSH =
2e

~

(
IsT − IsB
IeL − IeR

)
. (5.14)

The topological angles θTH and θTSH give an indication about the effective percentage

of charge or spin carriers deflected by the skyrmion spin structure.

5.3 Results and Analysis

5.3.1 Preliminary results for a single skyrmion

We first benchmark our model by computing θTH and θTSH, quantifying the THE and

TSHE respectively, as a function of transport energy εtr, following Ref. [259]. The

system we consider is a typical ferromagnetic metal, described in Eq. (5.1), such that

the splitting of the energy band structure ∆ is much smaller than the tight-binding
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bandwidth 8t: the spin-resolved energy bandwidths therefore overlap in some range

of the transport energy εtr. All the energies are normalized to the hopping parameter

t. The band structure extends from εtr = −4t−∆ to εtr = 4t+ ∆, and the associated

spin polarization P is displayed in Fig. 5.3(a). Half metallic states (P=±1) are

located at the edges of the band structure, specifically for |εtr| > 4t−∆. In the range

−4t + ∆ < εtr < 4t − ∆, the polarization changes sign continuously, denoting spin

mixing. In the rest of the work, a constant charge bias µL− µR = 10−3t is applied to

the system. We take L = W unless explicitly specified and all lengths are expressed in

units of the lattice parameter a0. For different transport energy of incoming electrons

εtr, we plot in Fig. 5.3(b) and (c) the topological Hall angle θTH and topological spin

Hall angle θTSH for two different values of exchange coupling ∆ = 1
3
t and 4

3
t. Notice

that in the ferromagnetic state, θTH = θTSH = 0 for all energies and for any exchange

coupling, confirming that he origin of the (spin) Hall effects is the skyrmion itself.

Figure 5.3: (Color online) (a) The spin polarization and (b,c) topological Hall angles
for different transport energies εtr for a sample size of L = W = 96a0 and a skyrmion
radius of 10a0. The value of the exchange coupling ∆ defines the boundaries and
affects the magnitudes of θTH and θTSH.
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A global analysis of Fig. 5.3 shows three main regions, irrespective of the exchange

strength:

1. |εtr| > 4t − ∆, the material is fully spin polarized, θTH is negative and finite

whereas θTSH is zero.

2. ∆ < |εtr| < 4t−∆, the spin polarization is smaller than 1 and vanishes in most

of the region; there θTH = 0 whereas θTSH is finite and negative.

3. |εtr| < ∆, θTSH ' 0 and θTH is constant and positive.

The dependence of the topological Hall angles θT(S)H on transport energy can be

understood by considering the spin and carrier type (electron/hole) injected from the

ferromagnetic contacts as explained in Ref. [259] [see Fig. 2(d) in Ref. [259]]: for

positive bias voltage, electrons are injected from lead L into lead R and holes are

injected from lead R into lead L. Under skyrmion-driven topological Hall effect, a

spin-up electron originating from lead L scatters towards lead T, and by symmetry a

spin-down hole originating from lead R scatters towards lead B. Similarly, a spin-down

electron originating from lead L scatters towards lead B, and a spin-up hole originating

from lead R scatters towards lead T. We can now analyze the results displayed in Fig.

5.3. In region (1), |εtr| > 4t−∆, the leads are half metallic so that only spin-up are

available. Electrons are scattered towards lead T, while holes are scattered towards

lead B and as a result only THE survives while TSHE is quenched (θTSH = 0). In

region (2), both spin-up and spin-down electrons (holes) are injected from terminal

L (R). Spin-up and spin-down carriers experience a topological spin-dependent force,

F↑ = −F↓, that drags them towards opposite directions. In addition, due to the zero

current condition imposed on leads T and B, the diffusion-driven force reacting to

charge imbalance is non-topological and spin-independent. Hence, it exerts the same

force on spin-up and spin-down, i.e. −eETH = F↑ = F↓. As a consequence, these

two conditions are met only when θTH = 0. In region (3), spin-down electrons and



122

holes are injected from terminals L and R, respectively, so that two different types of

carriers with the same spin dominate the transport. TSHE is suppressed, and THE

becomes finite.

As a final note, we stress out that our calculations are performed on large samples

and therefore account for a large number of modes. When the calculation is performed

in a narrow sample displaying a small number of modes, as in Ref. [259], it results

in the manifestation of quantum interferences yielding oscillations of the T(S)HE

signal as a function of the energy. Such oscillations are unlikely to be observed in a

realistic situation due to decoherence. The large number of modes accounted for in

our study ensures that the computed T(S)HE signals are smooth, free from quantum

oscillations, and hence correspond to a more realistic experimental situation.

5.3.2 Validity of the adiabatic approximation and the geo-

metrical Hall signals

The theory of THE has been mostly derived within the adiabatic approximation, i.e.

assuming that the flowing spins remain aligned on the local magnetization [87, 15].

Nonetheless, when the magnetic texture changes abruptly (typically on a distance

equivalent to the spin precession length) the itinerant spins start misaligning away

from the local magnetization, an effect known as the spin mistracking and responsible

for domain wall resistance and non-adiabatic torque [269, 270]. In the present section,

we aim at determining whether the result obtained from the adiabatic theory is valid

in nanoskyrmions.
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Figure 5.4: (Color online) The non zero topological Hall angles θTH (blue) and θTSH

(red) as a function of the skyrmion radius for three different energies, εtr = −3.7, −2.0
and 0. Here, the sample size is 128×128 a2

0 and the exchange coupling is ∆ = 2t
3

. The
vertical lines indicate the minimal and the optimal skyrmion radius we use in the rest
of the work.

To do so, we compute THE and TSHE as a function of the skyrmion size in a

sample of width W = 128 a0. The results are plotted in Fig. 5.4 for different transport

energies: the blue curves represent the THE for εtr = 0, −3.7 and the red one the

TSHE at εtr = −2.0. The numerical ansatz for the skyrmionic profile described in the

previous section is very convenient to avoid spurious effects and unwanted magnetic

discontinuity at the edges of the sample. Since we impose the longitudinal bias voltage

µL−µR, the variation of the T(S)HE reported in Fig. 5.4 reflects the variation of the

induced transverse voltage bias VT .

The value rsk = 0 corresponds obviously to the absence of skyrmion, i.e. the homo-

geneous ferromagnetic state, and does not display any THE or TSHE as seen in Fig.

5.4. In a ferromagnet, the topological Hall angles are strictly zero for any transport

energy of the band structure; therefore neither THE nor TSHE are displayed when
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rsk = 0 as seen in Fig. 5.4. When the radius increases, the system gradually departs

from the ferromagnetic state and a single skyrmion is generated so that the topolog-

ical Hall angles increase from zero to a constant finite value. The radius rsk = a0

corresponds to a single spin down impurity in the middle of the ferromagnetic state

and therefore does not represent a true skyrmion. But above the critical radius of

rsk = 2a0, both THE and TSHE start saturating at a constant value, independent of

the skyrmion radius. As a matter of fact, a small skyrmion occupies a narrow region

but exhibits a large emergent magnetic field, due to the large magnetization gradient.

Hence, although only few electrons experience the emergent magnetic field, they are

strongly deflected. On the other hand, a large skyrmion presents a much smaller

emergent magnetic field due to its weak magnetization gradient, but occupies a much

wider region of space. Therefore, almost all electrons are (weakly) deflected. This

balance between strength of emergent field and number of deflected electrons explains

the constant value observed in Fig. 5.4. That is the reason why the theory expresses

THE and TSHE as a function of the magnetic flux and not the magnetic field. We

conclude that the adiabatic approximation assumed in the conventional theories of

THE [87, 15] is very robust, even for very small skyrmions. This makes sense since

it means that the topological contribution does not change under continuous defor-

mations of the magnetic structure. From now on, we consider a fixed skyrmion size

with rsk = r0 = 10a0.

Finally, we show that our results do not depend on the system size and are

therefore independent of the number of modes. Phenomenological reasoning suggests

that the longitudinal conductance increases with the sample size while the transverse

(topological Hall) conductance is only given by the skyrmion and remains constant as

a function of the width. Hence, by applying the appropriate scaling transformation,

the resulting T(S)HE curves should all superpose, irrespective of the width of the

sample. Fig. 5.5 displays the geometrical T(S)HE, defined
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Figure 5.5: (Color online) The normalized θgm
TH (blue) and θgm

TSH (red) as a function
of the energy εtr. The skyrmion radius is rsk = 10a0. For all widths W = L = 64a0,
96a0 and 128a0, the normalized signals are superimposed and give exactly the same
value. For reference, the exchange coupling is ∆ = 2t

3
.

θgm
T(S)H =

W

2r0

· θT(S)H (5.15)

as a function of the transport energy for various sample sizes, W = 64a0, 96a0 and

128a0. As expected, all curves superpose with each other demonstrating that our

results are free from spurious quantum interferences and that the sample boundaries

have no impact on our numerical results. Furthermore, Eq. 5.15 and Fig. 5.5 indicate

that the geometrical Hall angle remains the same for samples of different widths

and that the real Hall angle is inversely proportional to the width W of the device.

Whereas for large systems the predicted Hall and spin Hall ratios can attain in the best

case scenario the value of 4%, the small size samples display an enhanced THE/TSHE

that can reach 20% (not shown - see Ref. [259]). However, this large magnitude of

the THE is associated with quantum interferences between the few modes present in

the system, which are likely to be smeared out a finite temperature.
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Figure 5.6: (Color online) (a) Spatial variation of the magnetization in a skyrmion
crystal N = 16 for 128 × 128a2

0 sample and a skyrmion radius of 10a0. (b,c) The
dependence of the (b) THE and (c) TSHE with the number of skyrmions N , at the
transport energies εtr = −2.0 and 0.0, respectively.

5.3.3 Multiple-skyrmion system

Let us now consider the case of an ordered array of skyrmions. The measurement

of T(S)HE with the same setup is performed, the central scattering region being

now pierced by N skyrmions instead of an isolated one, like in the case of a skyrmion

crystal. Figure 5.6 (a) shows the three position-dependent magnetization components

in such a structure: 128× 128a2
0 with a skyrmion number N = 16 and rsk = 10a0. In

Fig. 5.6 (b) and (c) we plot the topological Hall angles θTH and θTSH as a function of

the number of skyrmions incorporated in the device. As expected, we obtain a linear

dependence of the topological Hall ratios with the skyrmion density.

The magnitude of the topological Hall angles is geometrically enhanced in skyrmion

crystals, as the ratio of deflected carriers can reach 50%. Therefore, packing a large

number of skyrmions in a large sample produces experimentally detectable THE/T-



127

SHE signals with the advantage of the disappearance of the oscillations observed in

small size systems. On the other hand, for a given skyrmion radius and sample size,

there is a maximum number of skyrmions that can be incorporated in the config-

uration described in Fig. 5.6 (Nmax = 36): the enhancement, though significant,

is limited physically by the attainable density of skyrmions in their crystal phase.

Minimal skyrmion-skyrmion and skyrmion-edge distances have to be respected in our

model to avoid spurious size effects, as mentioned above.

5.3.4 Robustness of topological Hall signals

So far, we have assumed ballistic transport in clean regime. It has been recently

shown that momentum scattering against defects and impurities has a dramatic im-

pact on spin transport in any realistic magnetic textures [271, 272]. As a matter

of fact, since spin transport in magnetic textures presents striking similarities with

spin transport in spin-orbit coupled band structure, momentum scattering breaking

the coherent spin precession around the local magnetic field results, for instance, in

enhanced non-adiabaticity parameter [273]. Consequently, one expects that impurity

scattering is detrimental to the skyrmion induced Hall effects studied above. The aim

of this section is to provide some insight on the robustness of T(S)HE in disordered

skyrmionic textures.

For simplicity, we will restraint the study of the sensitivity of THE/TSHE to

an isolated skyrmion system. The generalization to a multiple-skyrmion system is

straightforward. The impurities are numerically introduced in our two-dimensional

square lattice by adding a spin-independent random potential Vsi
i to the on-site energy

ε0 , such that Vsi
i ∈ [−Vimp

2
,
Vimp

2
], where Vimp defines the disorder strength. Figures

5.7(a) and (b) display the TH/TSH angles in presence (red line) and absence of impu-

rities (blue line): it is shown that weak disorder smears out the edge and boundaries

and reduces the magnitude of Hall signals.
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Figure 5.7: (Color online) Energy dependence of (a) θTH and (b) θTSH in the clean
limit and for Vimp = 0.5, ∆ = 2t

3
, and W = L = 64a0. The signal are reduced and

smeared out.

For further physical insight, we systematically vary the impurity strength over a

wide range Vimp ∈ [0, 2]t. In order to quantify the impact of disorder on T(S)HE, we

first express the impurity strength in terms of its equivalent mean free path λ. To

do so, we calculate the conductance of the two-terminal sample, keeping its width

fixed at W = 64a0 and varying its length L for different disorder strengths Vimp. The

curves of the normalized conductance are shown in Fig. 5.8(a). We then extract the

mean free path corresponding to each disorder strength following the semiclassical

formula of the conductance,

G = G0

/(
1 +

L

λ

)
, (5.16)

where G0 = (e2/h)N with N standing for the number of transport modes in the

sample. The resistance of the sample and its length follow approximately a linear

relationship, the proportionality constant allowing to extract the effective mean free
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Figure 5.8: (Color online) (a) Normalized conductance of the metallic layer as a
function of its length for different impurity strengths. (b) Extraction of the mean free
path λ for the first transport energy εtr = −3.7. Note that changing the transport
energy modifies the correspondence between Vimp and λ. (c,d) The non vanishing
θTH (blue) and θTSH (red) for a sample size of W = 64a0 and for the three different
energies, (c) as a function of impurity strength Vimp and (d) as a function of the
equivalent mean free path λ.

path of the system, as shown in Fig. 5.8(b). For Vimp vayring from 0.5t to 2t, the

equivalent mean free path varies from 25a0 to 550a0. The localization effects are

negligible here.

Figure 5.8(c,d) displays the topological Hall angles as a function of (c) the impu-

rity strength and (d) the equivalent mean free path. The dashed lines in Fig. 5.8(d)

indicate the values of the T(S)HE in the clean limit. These calculations demonstrate

clearly that THE and TSHE are very sensitive to disorder. As a matter of fact,
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although the skyrmion radius is quite small, rsk = 10a0 in this calculation, the topo-

logical Hall angles are reduced by about 50% for a mean free path about 20 times the

skyrmion radius. Notice that in a skyrmion crystal, the magnitude of the topological

Hall angle is enhanced but the sensitivity of the signal against impurity scattering is

not modified when considering a skyrmion crystal (not shown).

Although these calculations are performed at zero temperature, they suggest that

T(S)HE should be quite sensitive to temperature effects. Indeed, increasing the sam-

ple temperature promotes low-energy excitations like spin waves and lattice vibra-

tions, and therefore enhances electron-phonon and electron-magnon scattering. This

naturally leads to the reduction of the mean free path and the increase of the spin-flip

scattering rate. Nevertheless, it is remarkable that topological Hall angles of skyrmion

crystals are still detectable experimentally at finite temperature [81, 249, 181].

5.4 Conclusion

The topological properties of electronic transport in skyrmionic textures have been

investigated in the clean and disordered regimes. In particular, we showed that the

relative strength of the topological Hall and topological spin Hall effects can be dis-

criminated according to the energy of incoming electrons and exchange coupling. The

optimal size of the sample and of the skyrmion maximizes the magnitude of the Hall

angles, the scale being determined by the geometrical topological Hall angles. Finally,

the robustness of these effects with respect to spin-independent impurity scattering

is quite weak, as the topological Hall angles are quenched for a mean free path much

larger than the skyrmion size.
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Chapter 6

Quantum Anomalous Phase Transition in chiral noncollinear

antiferromagnetic 3Q state

By only tuning long-ranged interactions and in absence of spin-orbit coupling, we

propose the occurrence of the quantum anomalous Hall effect in the three dimen-

sional antiferromagnetically ordered 3Q state underpinned in two dimensional hexag-

onal lattices. We base our prediction on tight-binding modeling and Berry curvature

calculations: such noncollinear systems with no net magnetization display strongly

spin-polarized edge-localized currents, the chirality of which can be controlled by gate

voltage. We demonstrate the exotic phase diagram of the gaps and the robustness

against deformation and disorder of the edge modes. Our results indicate that the

3Q monolayer can serve as a building block in the design for attractive applications

in low power consumption reprogrammable electronics based on antiferromagnetic

topological metamaterials.

6.1 Introduction

Topological phase transitions in condensed matter have been intensively scrutinized

over decades and awarded last year’s Nobel prize in physics [274, 102, 275, 105]. One

dazzling display of these transitions is the emergence of localized states unaffected by

disorder and immune to backscattering [22, 23, 8] at the edge of systems exhibiting

distinct trivial and topological phases like quantum (spin-anomalous) Hall effects.

Quantum anomalous Hall (QAH) effect for instance is characterized by nonzero Chern
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number and frictionless chiral edge states, that lead to the quantized Hall effect even

without magnetic fields [105]. One way to fulfill this quantum state is to start with

a quantum spin Hall system, with its topological band structure displaying gapless

helical edge states that are spin-degenerate and time reversal conjugates of each other.

The next step is to break this time reversal symmetry by introducing magnetic order

and consequently turn the helical modes into chiral ones by selecting only set of states.

Experiments (e.g Ref. [124]) have confirmed the existence of QAH state in transition

metal-doped topological insulator (TI) BiSb2Te3 as well as in magnetically doped

TI quantum wells. However, an extreme environment with ultralow temperature

is required, hindering therefore practical applications. Thus, novel materials with

QAH properties working under standard conditions are in high demand for realistic

utilization.

Since the control of the antiferromagnetic order parameter by electrical means

[276, 277], antiferromagnets have been undoubtedly emerging as a credible candi-

date for the replacement of ferromagnets as the active and upgrading spin-dependent

element on which spintronic devices are based. With their numerous outstanding

properties, they provide a rich playground to study unconventional magnetic proper-

ties and transport phenomena. In particular, the interplay between transport, real-

reciprocal space topological properties and antiferromagnetic order open appealing

perspectives in the field of topological antiferromagnetic spintronics. Antiferromag-

netism breaks time-reversal symmetry locally but not globally, thus preserving the

topological nature of the gapless edge states.

In this work, we prove by taking two-dimensional triangular lattice with 3Q spin

structure as prototype model, that spin-polarized QAH current is reachable without

spin-orbit coupling (SOC) in zero net magnetization material, provided the presence

of long-ranged exchange interaction. We show that the energy and localization of the

topological chiral edge modes are robust against disorder and unaffected by lattice
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Figure 6.1: (a) 3Q structure in a 2D triangular lattice. (b) {Lead + System}: in
green, red, blue, yellow the four magnetic atoms of the motif. The bold black (green)
lines are respectively the first (second) nearest neighbor couplings.

distortion. The rich phase diagram for the band gaps, opening around high symmetry

Dirac points is also investigated. Our results pave the way for new attractive applica-

tions in high speed and low power consumption electronics based on topological 3Q

state in 2D materials.

6.2 System of study: the 3Q state

The system of study is a two-dimensional hexagonal lattice underpinning the pecu-

liar 3Q antiferromagnetic structure as depicted in Fig. 6.1 (a): its chiral 3D spin

configuration, equivalent to a superposition of three spiral spin-density waves is non-

collinear, noncoplanar and nontrivial in real space, while exhibiting no overall net

magnetization. The triangular lattice is steadily provided by (0001) oriented hcp or

(111) oriented fcc substrates. The 3Q magnetic texture describes for instance the

magnetic ground-state of a manganese monolayer deposited on copper (111) surface:

it was proven to be stable with long-range order even in absence of SOC at finite tem-

perature [278]. In details, the magnetic ordering in the 3Q state has four chemically

identical sites per surface unit cell as seen in Fig. 6.1 (a) with
∑4

i=1 mi = 0. Nev-

ertheless, the spin texture of the 3Q state gives rise to a nonvanishing spin chirality

κ = mi · (mj ×mk) 6= 0, even though the sum of these chiralities over the magnetic

cell is zero like in Haldane model [105]. For the electrons propagating through such

magnetic landscape, the nonvanishing local spin chirality not only replaces effectively
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the SOC but also combines with exchange interactions beyond the nearest neighbour

range to turn the 3Q magnetic monolayer into a platform that undergoes topological

quantum anomalous phase transition from trivial metal with no edge states to one

chiral edge mode at the boundary of the system as shown in what follows.

6.2.1 Beyond the nearest neighbour interaction

Whereas the antiferromagnetic coupling between solely nearest neighbor spins via the

Heisenberg Hamiltonian describes well the localized spin systems, it is by no mean

sufficient for a good description of the physics in itinerant magnets because of long-

ranged exchange interactions. Furthermore, the prediction of the 3Q structure itself

rests on magnetic interactions beyond the nearest neighbors, namely the four spin

interaction for the higher order coupling. Based on this consideration, we investigate

on purpose the transport supported by the chiral 3Q antiferromagnet in 2D lattice

beyond the short-range limit. In this regime, the interplay between electronic trans-

port, 3Q texture combined with long ranged interactions display rich physics that

have been so far overlooked.

On the hexagonal lattice with the primitive cell formed by a1 = (1, 0) and a2 =

(1/2,
√

3/2) and the first Brillouin zone (both shown in Fig. 6.2 (a)) with an area

of ABZ = 8π2/
√

3 with the reciprocal lattices defined as b1 = (2π,−2π/
√

3) and

b1 = (0, 4π/
√

3), the itinerant electron Hamiltonian for a tight-binding s-d model is

Ĥ =
∑
iαβγδ

ĉ†iαβγδ
(
εiαβγδ + ∆iαβγδmiαβγδ · σ̂

)
ĉjαβγδ

− t
∑
〈iα,jβ〉γδ

ĉ†iαγδ ĉjβγδ − tn
∑

〈〈iα,jγ〉〉βδ

ĉ†iαβδ ĉjγβδ (6.1)

where
∑
〈i,j〉 and

∑
〈〈i,j〉〉 mean the sum over the nearest neighbors and the second-

neighbor pairs with the hopping parameters t and tn, respectively. The indices α,

β, δ and γ represent the motif. As the system has discrete translational symme-
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Figure 6.2: (Color online) (a) The unit cell with
∑4

i=1 mi = 0 and the first BZ.
(b), (c) Band structure of the model in Eq. 6.2 with tn = 0.2t, ∆ = 3t. (d) Berry
curvature of the lowest band in (c) plotted for [−2π, 2π].

tries, the crystal momentum space is the natural parameter space and the eigenvalue

problem can be recast as Ĥk|unk(r)〉 = εnk|unk(r)〉, where Ĥk = e−ik·rĤeik·r is the

k-dependent Hamiltonian, εnk is the eigenenergy of the nth band and finally |unk(r)〉

is the periodic part of the Bloch wave function. The momentum Hamiltonian can be

simply expressed as

Ĥk =



∆m1σ̂ K L1 L2

K ∆m2σ̂ L2 L1

L1 L2 ∆m3σ̂ K

L2 L1 K ∆m4σ̂


(6.2)

with K = −2t cos 1
2
k·a1−2tn cos 1

2
k·(a1−2a2), L1 = −2t cos 1

2
k·(a1−a2)−2tn cos 1

2
k·

(a1 + a2) and L2 = −2t cos 1
2
k · a2 − 2tn cos 1

2
k · (2a1 − a2), up to a multiplicative
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constant identity matrix 12.

6.3 Band structure and the chiral edge states

The band structure of this model along the high symmetry points contour Γ→ K →

M → Γ for a set of parameters t = 1, tn = 0.2 and ∆ = 3 and its three dimensional

version over the whole Brillouin zone are shown in Fig. 6.2 (b) and Fig. 6.2 (c). Since

we have four atoms per unit cell, the electronic band structure displays four bands.

Actually, we are in presence of eight bands, doubly degenerate due to the symmetry

of the system. The system is globally time reversal invariant, thus means that the

Kramers theorem implying a double band degeneracy at every point in momentum

space still holds for the system, even though local time-reversal symmetry on its own

is broken. Besides the natural antiferromagnetic gap appearing in the middle (noted

gap 2), we see in Fig. 6.2 (b) and (c) emerging under these conditions two other gaps

(noted 1 for the lower one and 3 for the upper band) amidst which gapless QAH chiral

states are present due to a nonvanishing k-space Berry curvature (see Fig. 6.2 (d))

and integer Chern number produced by the magnetic structure and the interactions.

This property is characteristic of the 3Q state in this regime of long distance hopping

conveyed by electrons, it is absent in collinear and/or coplanar antiferromagnets like

in the case of simple collinear bipartite antiferromagnets. The exchange interaction

makes the spins of the conduction electrons aligned with the local moment texture,

inducing a magnetic flux-like Berry curvature acting on the electron wavefunction in

the k-space. The momentum space Berry curvature Ωn(k) rooting in the solid angle

between neighbouring spins manifests as a (pseudo)vector defined on the Brillouin

zone and as so opens gaps around the high symmetry Dirac points (K and M mainly).

The gauge-invariant Berry curvature defined as Ωn(k) = i〈∇kunk| × |∇kunk〉 and

foremost the topological invariant, its integral over the entire Brillouin zone aka Chern

number Cn = 1
2π

∫
BZ

Ωn(k)d2k are essential to characterize the nontrivial Bloch band
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Figure 6.3: (Color online) (a) The band structure with the gapless edge states. (b)
Zoom on the conductance.

structure of two dimensional quantum Hall systems. In systems with time reversal

symmetry Ωn(k) = −Ωn(−k) and spatial inversion symmetry Ωn(k) = Ωn(−k), a

strong constraint applies on the Berry curvature Ωn(k) ≡ 0. Ωn(k) is not well defined

at points in the Brillouin zone where degeneracy occurs, the Dirac points. Actually,

these points where two bands touch (K and M points) are the sources for Berry flux

in momentum space in a similar way as the electric or magnetic fields are ill-defined

at the points where their sources are. The non-negligible Berry curvature is mainly

focused around the Dirac point in the k space, as featured in the Haldane model

and seen in Fig. 6.2 (d) which shows, for the same set of parameters, the nonzero

momentum space Berry curvature that it is large near the Dirac point (here K).

Furthermore, when integrating this Berry curvature over the Brillouin zone we find a

finite Chern number Cn = 1, guaranteeing the existence of only one quantized chiral

edge state that denotes the nontrivial topological state.

For further insight in the nature of these edge currents, we use the KWANT

package [261] to plot the band structure of the infinite and translationally invariant
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along the x direction version of our system. For the same set of parameters and for a

system size 50 × 50, Fig. 6.3 (a) shows the three times gaped energy spectrum of the

system with the gapless edge states in the lower (1) and upper (3) band gaps. Fig.

6.3 (b) displays the zoom of conductance as a function of the operating energy (the

full conductance curve is in the Supplemental Material). We clearly see one quantum

of conductance from the left lead to the right lead at one of top or bottom edges,

depending on whether which gap (1 or 3) is considered. On the other hand, the second

gap is completely insulating as denoted in the zero conductance. To see the difference

between the single propagating mode in the gaps 1 and 3 in terms of chirality and

spin-polarization, we attach only the left lead to our system, only injecting a current

from the left without collecting it on the right side and see the fate of this edge

current. The plot for the charge current is shown in Fig. 6.4 for the lower gap: it

is a chiral edge state that allow unidirectional transport immune to backscattering,

and propagating clockwise from the top edge to the bottom one. chiral edge states

that allow unidirectional transport immune to backscattering. This demonstrate that

by only tuning at a suitable range the exchange interactions and in total absence of

SOC, we realize the quantum anomalous Hall effect in the 3D antiferromagnetic 3Q

state in 2D triangular lattice. The same QAH effect is observed in the other gap

3. However, the single propagating edge mode has opposite chirality (anti-clockwise

from the bottom edge to the top one) as predicted by TKNN for consecutive odd

band gaps in this type of system the directions of propagation are alternating (for

more details, see Supplemental Material).

6.4 The spin polarization of the edge states

Now let’s turn our attention to the magnetic state of this one propagative mode. The

magnetic unit cell depicted in Fig. 6.2 (a) has zero net magnetization and the finite

size two dimensional 3Q antiferromagnetic system as a whole is also taken with no
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Figure 6.4: (Color online) Chiral edge state in the gap 1.

net overall magnetization. However, the one dimensional edge of the system, indeed

composed of only two atoms out of four has a nonvanishing net average magnetic

moment that spin polarizes the one mode edge current. Basically, the spin currents

Jσx,y,z plotted in Fig. 6.5 show that the chiral charge current spin-polarization follows

the average magnetization of the edge line. For instance, the top edge current in this

regime is governed by the average magnetization m1 + m2 = (sin θ, 0, cos θ) with

θ = arccos
(
−1

3

)
. The spin current along x is therefore expected to follow the charge

current (in the same direction), the spin current along y is expected to be zero and

finally the spin current along z is expected to be in the opposite direction of the

charge current. Furthermore, the right line edge displays an average magnetization of

m1 + m4 = (−1
2

sin θ,−
√

3
2

sin θ, 2 cos θ), all the three components being negative.The

spin current on this lateral right edge is expected to have the opposite direction

with respect to the direction of the charge current flowing at the same edge. And the

same goes for gap3 where only the chirality of the charge current changes and the spin



140

Figure 6.5: (Color online) The spin-polarization of the unidirectional edge charge
current due to the gap 1.

current directions follow the average magnetization of the top or bottom layer. Similar

remarks between charge and spin currents based on the average line magnetization

hold for the bottom edge state as well. The numerical results confirming this analysis

are presented in Fig. 6.5.

6.5 Phase diagrams of the gaps

We furthermore explore the phase diagrams of these topological gaps and the edge

modes appearing in our two-dimensional system with 3Q state. For a fixed next-

nearest neighbour hopping t, the conditions on the exchange interaction ∆ and on

the second next-nearest neighbour tn (both in units of t) in order to get topologically

nontrival system are somehow peculiar and summarized in Fig. 6.6: (a), (b) and

(c) show the regions where there is a gap, in color the darker is is the larger the

gap is. The area for the existence of the gap 1 is wide compared to the zone for

the insulating gap 2 and for the topological gap 3. The gaps are global here, over

the whole Brillouin zone we take the difference between the lowest energy of the nth

band and the highest energy of the (n − 1)th band, even if these two energies are

not located at the same k-point. For the gap 1, a remarkable line has to be noticed

around tn = 0.5t. At this line, there is a Dirac point appearing around the K point.

To see it more clearly, we consider the local high symmetry k-point, K = (4π/3, 0)

and compute the energy difference between the energy of the second band and the
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Figure 6.6: (Color online) Phase diagrams for the global gaps 1 (a), 2 (b) and 3 (c).
∆ and tn are in units of the NN hopping parameter t. (d) The local gap 1 around
the K point as a function of tn, for different ∆. The Dirac point at K = (4π/3, 0)
appearing at tn = 0.5.

first band at this point, K. The results are shown in Fig. 6.6 (d): for different

exchange couplings ∆ = 0.5, 1, 1.5 and 2.5, the plot of the local gap in 1 at K for a

typical range of tn between −1 and 1 demonstrates the special condition tn = 0.5 on

which the two first bands touch. This confirms the special line tn = 0.5 in Fig. 6.6

(a), for Dirac points K. Around this condition, the energies at that Dirac point in

the gap 1 can simply be approximated from Eq. 6.2 as E(q) = −∆±
√

3
8
tδna|q| with

tδn = tn − 0.5 and |q| is the isotropic infinitesimal distance in momentum space with

the point K. Indeed, Fig. 6.6 (d) only gives what happens around K: for instance,

for ∆ = 0.5 and for tn between tn = −1 and 0.5 it predicts a gap that does not
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Figure 6.7: (Color online) The band structure with tn = 0.9t, ∆ = 3t and the Berry
curvature of the lowest band for the same parameters, with the Dirac point M .

exit in Fig. 6.6 (a) because at these conditions, on other points in the Brillouin zone

the bands are overlapping and crossing indirectly for different k-points and therefore

there is no global gap 1 as displayed by Fig. 6.6 (a) but a local gap at K. Another

remarkable line also starts appearing in the gap 1 at the condition tn <−→ t where the

Dirac point is located at M = (π, π/
√

3) instead of K. The Fig. 6.7 displays the plot

of the band structure along the contour Γ → K → M → Γ and the Berry curvature

of the first energy band for a set of parameters t = 1, tn = 0.9t <−→ t and ∆ = 3. The

gap closing around the Dirac point M is clearly seen.

6.6 Robustness

We conclude this work by studying the robustness of the topological QAH state gen-

erated by the 3Q structure against spin-independent disorder. In order to introduce

nonmagnetic disorder in the system we add to the Hamiltonian, Eq. (6.1), a random

onsite energy V0 uniformly distributed over the range [−Vimp, Vimp]. The calculations

are then averaged over 512 random disorder configurations. Fig. 6.8 (a) displays the

normalized conductance behavior as a function of the disorder strength, it shows a rel-

ative impurity-robustness of the edge currents: topological edge states are preserved
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Figure 6.8: (Color online) (a) The transmission coefficient vs disorder strength. (b)
The unidirectional chiral edge mode is robust against geometrical defects.

even under relatively strong disorder ∼ 2t. We further demonstrate that these QAH

states persists under smooth deformations of the lattice and are therefore robust

against local geometrical defects due, for instance, to unstable ambient conditions

like growth and temperature conditions and long term degradation. Fig. 6.8 (b)

shows that the unidirectional transport allowed by the topological chiral edge states

is immune to the backscattering due to both geometry and disorder.

6.7 Conclusion

We have showed by taking two-dimensional triangular lattice with 3Q spin structure

as prototype model, that spin-polarized quantum anomalous Hall current is reachable

without spin-orbit coupling in zero net magnetization material, provided the presence

of long-ranged exchange interaction. We have demonstrated that the topological

chiral edge modes are robust against disorder and unaffected by deformation of the

system. The phase diagram for the band gaps had been also investigated. Our results

open avenue for promising applications in high speed and low power consumption

electronics based on topological 3Q state in 2D materials.



144

Chapter 7

Concluding Remarks

The work reported in the present thesis studies the charge and spin transport in

various systems in which either spin-orbit coupling or topology play a prominent

role. We have argued that these two key ingredients enhance the efficiency of the

electronic transport, the spin-orbit torque and the topological signals making the

systems relevant for technological purposes.

We first studied the electrically driven Dirac SOTs at the magnetic surface of

a TI using Kubo formula in the linear response theory framework. We came up

to the same expressions using the Boltzmann equation. We investigated the charge

pumping as well. While the field-like Dirac torque has the same geometrical form

as the standard field-like Rashba torque, the damping-like Dirac torque presents a

remarkable difference compared to the SHE-induced torque. The strong angular

dependence of the Dirac SO torque due to (i) the distortion of the band structure

associated with the gap opening when the magnetization lies out-of-plane and (ii) with

the presence of anisotropic spin relaxation has been uncovered. Density functional

theory calculations might unravel the whole complexity of the coupling between the

magnetic material and the TI surface and the full contribution of bulk states in this

system.

Second, we have demonstrated using analytical and numerical nonlinear spin wave

formalism, that spin-orbit induced Dzyaloshinskii-Moriya interaction mediated by

spin waves can generate a torque on a homogeneous magnetization. This DM torque

is expected to be much more efficient in the case of a magnon flow driven by a ther-
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mal gradient than for a standard RF-excited spin wave. The physical content of

the magnon equation of motion draw an analogy with electronic transport in mag-

netic 2DEG with Rashba interaction. These results can be extended to materials

accommodating bulk DMI. This work builds up a bridge between spin-orbit trans-

port, magnonics and spin-caloritronics and extends the properties of spin waves to

systems without inversion symmetry.

Then, we investigated the topological properties of electronic transport in skyrmionic

textures in the clean and disordered regimes using tight-binding model and Landauer-

Büttikr formalism. In particular, we showed that the relative strength of the topo-

logical Hall and topological spin Hall effects can be discriminated according to the

energy of incoming electrons and exchange coupling. Most importantly, the scaling up

of the topological signals with a large skyrmion density is interesting for technological

applications. The extension of this work can be done in antiferromagnetic skyrmions.

Finally, by only tuning long-ranged interactions and in absence of spin-orbit cou-

pling, we showed the existence of the quantum anomalous Hall effect in the three

dimensional antiferromagnetically ordered 3Q state underpinned in two dimensional

hexagonal lattices. The chiral edge currents found in such systems are spin-polarized,

robust against disorder and deformation. Our results hint a possible use of two-

dimensional 3Q monolayers as a promising building block in the design for applications

with low power consumption spintronics device based on topological antiferromagnets.

The study of spin-orbit coupling effects and topological effects for spintronics ap-

plications is of pivotal importance and will continue to be so as long as exciting new

two-dimensional and three-dimensional materials are being discovered. The topo-

logical band theory is driving for the complete classification of all types of band

structures, not only insulators but also metals. The topological metals, described by

topological invariants are as promising as the insulating counterparts. These newly

found materials, topological or not, looked at via the lens of electronic charge or
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electro-magnonic spin transport, will continue to unravel their secrets and give rise to

fundamental questions. The given theoretical answers and their subsequent industrial

implementation can revolutionize the technological landscape.
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8 Appendix A

8.1 DM torque in different anisotropy directions

In this Appendix, we analytically derive the DM torque in the case of in-plane trans-

verse anisotropy (i.e. along the y-direction) and perpendicular anisotropy (i.e. along

the z-direction). Let’s start by generalizing our approach and consider a 1-dimensional

magnetic system described by the following energy functional

W = A
∑
i

(∂im)2 −Dm · [(z×∇)×m] +
∑
i

Ki(m · ei)2, (8.1)

where the first term is the symmetric exchange energy (A) and the second term

is the antisymmetric Dzyaloshinskii-Moriya exchange energy (D). The last term

(Ki) is a general anisotropy term that accounts for the magnetic anisotropy and

demagnetizing energy along the three cartesian directions ex,y,z. More explicitly, Fig.

8.1 provides the actual values of Ki in the case of in-plane longitudinal anisotropy,

in-plane transverse anisotropy and perpendicular anisotropy. The case of in-plane

Δm
y 

Δmz 
m 

x 

y 

z 

Δmz 
Δmx 
m 

x 

y 

z 

Δmx Δmy 

m 

x 

y 

z 

Kx Ky Kz

In-plane -K 0 2πM2
s

Transverse 0 -K 2πM2
s

Perpendicular 0 0 -K+2πM2
s

Figure 8.1: (Color Online) Three magnetic configurations investigated in this work
and their corresponding anisotropy energy constants. At rest (i.e. in the absence of
magnon flow), the magnetization is assumed to be aligned either along the easy axis,
which is x (in-plane longitudinal anisotropy), y (in-plane transverse anisotropy), or z
(perpendicular ranisotropy).

longitudinal anisotropy is treated in the main text. In this case, Kx = −K, Ky = 0

and Kz = 2πM2
s = Kd. We here treat the two remaining cases of in-plane transverse
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anisotropy and perpendicular anisotropy.

8.1.1 In-plane Transverse Anisotropy

In this case, Kx = 0, Ky = −K and Kz = 2πM2
s = Kd. We assume that the

magnetization is mostly oriented along the easy axis ±y, (θ, φ)→(π/2− δ, ηπ/2− ϕ)

where δ, ϕ � 1, so that sin θ ≈ 1, cos θ ≈ δ and sinφ ≈ η, cosφ ≈ ηϕ (η = ±1).

Again δ and ϕ are of the second order in spin wave amplitude. Following the same

procedure as above, and defining ∆mx = ηϕ, ∆mz = δ, we obtain up to the second

order in spin wave amplitude

∂2
x∆mx − D̃∗∂x∆mz −

1

λ2
∆mx = 0, (8.2)

∂2
x∆mz + D̃∗∂x∆mx −

1

λ2
d

∆mz = 0. (8.3)

Note that the source terms are absent on the right hand side of Eqs. (8.2) and (8.3)

unlike in Eqs. (4.22) and (4.23) for the in-plane longitudinal anisotropy case. The

absence of the source terms implies that the DM torque vanishes up to the second

order in spin wave amplitude. This vanishing is actually consistent with the vector

expressions of the DM torque presented in the main text; the field-like DM torque is

proportional to m×y and the damping-like DM torque is proportional to m×(y×m),

both of which vanish in the in-plane transverse anisotropy case since m is essentially

aligned along y direction.

8.1.2 Perpendicular Anisotropy

In this case, Kx = 0, Ky = 0 and Kz = −K⊥ and the perpendicular anisotropy field

is H⊥ = 2K⊥/Ms. We assume that the magnetization is mostly oriented along the

easy axis ηz, so θ � 1 and sin θ ≈ ηθ, cos θ ≈ η. Here θ is of the second order

in spin wave amplitude. In this case, the deviations are defined as ∆mx = ηθ cosφ

and ∆my = ηθ sinφ. The equations are quite lengthy, but if one assumes a circular

precession of the spin wave, i.e. s0
θ = s0

φ, the following relations are fulfilled

〈s2
θ〉 = 〈s2

φ〉, 〈sθ∂xsθ〉 = 〈sφ∂xsφ〉, 〈sθ∂xsφ〉 = −〈sφ∂xsθ〉,
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and then, it is possible to obtain the non-linear equation describing the spatial profile

of the deviations

∂2
x∆mx −

1

λ2
⊥

∆mx = −ηD̃∗〈sθ∂xsθ〉, (8.4)

∂2
x∆my −

1

λ2
⊥

∆my = −D̃∗〈sθ∂xsφ〉, (8.5)

where λ2
⊥ = J/H⊥. Note that Eqs. (A.4) and (A.5) are essentially identical to Eqs.

(4.22) and (4.23) for the in-plane longitudinal anisotropy case. Combined also with

the result for the in-plane transverse anisotropy case, one finds that for all three

types of the considered anisotropies, the DM torque can be expressed as a sum of the

field-like torque (∝m× y) and the damping-like torque [∝m× (y ×m)].



151

9 Appendix B

9.1 Integration of δSII when εF > ∆

In this appendix, we further clarify the significance of the Fermi sea contribution

to the non-equilibrium spin density, δSII, given by Eq. (3.9). Let us demonstrate

that this contribution vanishes in the metallic regime. Such a demonstration has

been carried out by Sinitsyn et al. [194] for the anomalous Hall effect and we now

explicitly extend it to the non-equilibrium spin density. We can notice straightaway

that δSII is, by construction, even in scattering time 1/τ [Eq. (3.9) only involves

terms like ∼ GR
ε G

R
ε and ∼ GA

ε G
A
ε ]. Therefore, in the limit of long relaxation time,

δSII ≈ δSII
int + O(1/τ 2), where δSII

int is the intrinsic contribution in the absence of

disorder. The higher-order contributions lie beyond the scope of our study since we

only search for terms ∼ τ and ∼ 1 + O(1/τ) [see Eq. (3.13)]. Hence, our aim is to

demonstrate that the intrinsic contribution, δSII
int, vanishes.

The strategy is to write down Eq. (3.9) in the chiral basis
{∣∣uk

+

〉
,
∣∣uk
−
〉}

given

in Eq. (3.6). In this basis, the retarded (advanced) Green’s function read Ĝ
R(A)
ε =∑

s

|uks〉〈uks |
ε−εsk±i0+

. Let us now decompose the energy integral into positive and negative

energy regions

δSII−
int =

~
2π

Re

∫ 0

−∞
dεf(ε)tr{· · · }, (9.1)

δSII+
int =

~
2π

Re

∫ +∞

0

dεf(ε)tr{· · · }. (9.2)

In the different regions, the unperturbed Green’s function reads

Ĝ
R(A)
ε<0 =

∣∣uk
+

〉 〈
uk

+

∣∣
ε− ε+

k

+

∣∣uk
−
〉 〈
uk
−
∣∣

ε− ε−k ± i0+
, (9.3)

Ĝ
R(A)
ε>0 =

∣∣uk
+

〉 〈
uk

+

∣∣
ε− ε+

k ± i0+
+

∣∣uk
−
〉 〈
uk
−
∣∣

ε− ε−k
. (9.4)
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Then, Eqs. (9.1) and (9.2) can be rewritten

δSII−
int =

~
2π

Re

∫ 0

−∞
dεf(ε)

∫
d2k

(2π)2
F+−

k

[
1

ε− ε−k + i0
∂ε

1

ε− ε+
k

− ∂ε
1

ε− ε−k + i0

1

ε− ε+
k

]
,

(9.5)

δSII+
int =

~
2π

Re

∫ +∞

0

dεf(ε)

∫
d2k

(2π)2
F+−

k

[
1

ε− ε−k
∂ε

1

ε− ε+
k + i0

− ∂ε
1

ε− ε−k
1

ε− ε+
k + i0

]
,

(9.6)

where F+−
k = 〈u+

k |σ̂|u
−
k 〉〈u

−
k |(v̂·eE)|u+

k 〉. Let us now transform Eqs. (9.5) and (9.6) so

that the δ-functions appear explicitly. The second part of Eq. (9.5), ∼ ∂ε
1

ε−ε−k +i0
can

be manipulated by performing integration by part. This way, the energy derivative

is distributed over 1/(ε− ε+
k ) and f(ε). Since f(ε) is constant in the range ]−∞, 0],

the contribution ∼ ∂εf(ε) vanishes. We perform the same integration by part on the

term ∼ ∂ε
1

ε−ε+k +i0
in Eq. (9.6), but now ∂εf(ε) does not vanish at the Fermi energy.

Overall, we obtain

δSII−
int = −~ Im

∫
d2k

(2π)2

F+−
k

(ε+
k − ε

−
k )2

(9.7)

δS
II+(a)
int = −~ Im

∫
d2k

(2π)2
f(ε+

k )
F+−

k

(ε+
k − ε

−
k )2

(9.8)

δS
II+(b)
int = −~

2
Im

∫
d2k

(2π)2
F+−

k

δ(εF − ε+
k )

εF − ε−k
. (9.9)

In Eq. (9.7), the integration over k lies in the range [0,+∞[, while in Eq. (9.8) it

runs over [0, kF], where kF is the solution of ε+
k = εF and depends on the angle φk.

Therefore, one can rewrite these expression explicitly

δSII−
int =

~v
2

∫ 2π

0

∫ +∞

0

dφkkdk

(2π)2

1

ε3
k

(∆(cos θeE− (m · eE)z) + ~v[(z× k) · eE]z)

(9.10)

δS
II+(a)
int = −δSII−

int +
~v
2

∫ 2π

0

∫ +∞

kF

dφkkdk

(2π)2

1

ε3
k

(∆(cos θeE− (m · eE)z) + ~v[(z× k) · eE]z)

(9.11)

δS
II+(b)
int =

~v
2εF

∫ 2π

0

∫ +∞

0

dφkkdk

(2π)2

(
∆(cos θeE− (m · eE)z) + ~v[(z× k) · eE]z)δ(εF − ε+

k

)
.

(9.12)
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Hence, it is sufficient to calculate δS
II+(a)
int + δSII−

int and δS
II+(b)
int . After some algebra,

we get

δS
II+(a)
int + δSII−

int =
∆

4π

1

~vεF

cos θeE, (9.13)

δS
II+(b)
int = −∆

4π

1

~vεF

cos θeE, (9.14)

and then, δSII
int = δS

II+(a)
int + δSII−

int + δS
II+(b)
int = 0. Consequently, the Fermi sea

contribution to the non-equilibrium electrically induced spin density vanishes in the

metallic limit, within the weak scattering regime.
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P. Bruno, K. Kern, and M. Grioni, “Giant spin splitting through surface

http://link.aps.org/doi/10.1103/PhysRevB.39.4828
http://link.aps.org/doi/10.1103/PhysRevLett.61.2472
http://link.aps.org/doi/10.1103/PhysRevLett.61.2472
http://www.directvacuum.com/spin.asp
http://www.directvacuum.com/spin.asp
http://www.sciencemag.org/content/320/5873/190.abstract
http://www.nature.com/nphys/journal/v5/n9/full/nphys1362.html
http://www.nature.com/nphys/journal/v5/n9/full/nphys1362.html
http://dx.doi.org/10.1126/science.1133734


155

alloying,” Phys. Rev. Lett., vol. 98, p. 186807, May 2007. [Online]. Available:

https://link.aps.org/doi/10.1103/PhysRevLett.98.186807

[10] A. Manchon, H. C. Koo, J. Nitta, S. M. Frolov, and R. Duine,

“New perspectives for Rashba spin-orbit coupling,” Nat. Mater., vol. 14,

no. 9, pp. 871–882, 2015. [Online]. Available: http://dx.doi.org/10.1038/

nmat43605Cn10.1038/nmat4360

[11] P. Gambardella and I. M. Miron, “Current-induced spin–orbit torques,”

Philosophical Transactions of the Royal Society of London A: Mathematical,

Physical and Engineering Sciences, vol. 369, no. 1948, pp. 3175–3197, 2011.

[Online]. Available: http://rsta.royalsocietypublishing.org/content/369/1948/

3175

[12] A. Fert, V. Cros, and J. Sampaio, “Skyrmions on the track,” Nat.

Nano., vol. 8, pp. 152–156, Mar 2013. [Online]. Available: http:

//dx.doi.org/10.1038/nnano.2013.29
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