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Abstract— There has been significant interest towards highly 

tunable resonators for on-demand frequency selection in modern 

communication systems. Here, we report highly tunable 

electrostatically actuated silicon-based nanomechanical 

resonators. In-plane doubly-clamped bridges, slightly curved as 

shallow arches due to residual stresses, are fabricated using 

standard electron beam lithography and surface nanomachining. 

The resonators are designed such that the effect of mid-plane 

stretching dominates the softening effect of the electrostatic force. 

This is achieved by controlling the gap-to-thickness ratio and by 

exploiting the initial curvature of the structure from fabrication. 

We demonstrate considerable increase in the resonance frequency 

of nanoresonators with the dc bias voltages up to 108% for 180 nm 

thick structures with a transduction gap of 1 µm separating them 

from the driving/sensing electrodes. The experimental results are 

found in good agreement with those of a nonlinear analytical 

model based on the Euler-Bernoulli beam theory. As a potential 

application, we demonstrate a tunable narrow band-pass filter 

using two electrically coupled nanomechanical arch resonators 

with varied dc bias voltages. 

 
Index Terms—Doubly-clamped bridges, electrostatic force, 

nanomechanical resonator, shallow arch, tunability.  

 

I. INTRODUCTION 

UNABLE micro/nano electro mechanical systems 

(M/NEMS) resonators are highly desirable for on-demand 

frequency selection in modern communication systems [1]. 

Such resonators have been also proposed for numerous 

applications, such as mass/gas sensors [2,3], memory elements 

[4,5], logic devices [6,7], gyroscopes [8], energy harvesters [9], 

and signal processing elements [10,11]. Generally, the 

resonance frequency of a resonator can be tuned by changing 

its stiffness through applied axial loads, which can be applied 

by electrostatic [12], electromagnetic [13], or electrothermal 

[14] actuations. Recent studies have shown tunability of 

doubly-clamped microbeam resonators by axially controlling 

their stiffness electrostatically [12] and electrothermally [14].   

The tunability of MEMS resonators using electrostatic forces 
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has been the most used technique since the early work of 

Nathanson [15]. However, it suffers a major drawback due to 

the pull-in instability. Particularly high dc voltages can lead to 

the collapse of the resonating microstructures compromising 

the device and thus limiting its tunability [16]. Typically, the 

electrostatic force induces a softening effect in the straight 

doubly-clamped beams, resulting in a reduction of their 

resonance frequency [17]. A recent study however has 

demonstrated the possibility of increasing the resonance 

frequency while increasing the dc voltage when controlling the 

gap-to-thickness ratio [18].  

At the nano scale, several studies have investigated the 

variation of the fundamental resonance frequency with the 

electrostatic voltage [19-23]. The tunability of the fundamental 

frequency has been demonstrated for slacked carbon nanotubes 

(CNTs) as varying the applied voltage [19-22]. Recently, the 

resonance frequency of a slacked single-walled CNT was 

controlled using an electrothermal actuator [24]. 

The fabrication of thin straight submicron and nanobeams is 

quite challenging due to the residual stresses and the thickness 

variation observed in the device layers. Thus, it is critical to 

understand the effects of such imperfections on the resonance 

frequency of nanobeams, and hence be able to utilize them. 

Here, we present an analytical and experimental study 

demonstrating high tunability of NEMS beams curved as 

shallow arches. The model considers variety of critical 

geometric parameters, mainly the thickness of the arch, its 

initial curvature, and the transduction gap between the beam 

and the stationary electrodes. These initially curved silicon-

based structures may not compete with carbon nanotubes in 

terms of frequency tunability. However, the fabrication process 

of these resonators is controllable and simpler compared to the 

less controlled growth process of carbon nanotubes (the ability 

to control their curvature and dimensions), hence are less 

practical for frequency tunable devices. As shown, these 

structures can be used as the basic building blocks for tunable 

band-pass filters for high frequency applications. 
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II. MATERIAL AND METHODS 

A. Problem Formulation 

The device under consideration, Fig. 1, consists of an 

initially curved doubly-clamped nanobeam, which is 

curved due to residual stresses from fabrication. This effect 

can be controlled to some extent through the choices of the 

beam length and thickness. The nanobeam is actuated by a 

dc polarization voltage Vdc and an ac harmonic voltage of 

amplitude Vac and frequency Ω, and is subjected to a 

viscous damping of coefficient c. The initial shape w0 along 

the beam length x is approximated to be of the buckled 

form [25] expressed expressed as 
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Fig. 1. Schematic of an electrostatically actuated doubly-clamped curved beam. 

  

The nonlinear Euler-Bernoulli equation of motion governing 

the transverse deflection of the beam w(x,t) in space and time t 

is written as [25, 26]: 
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The nanobeam is subjected to the fixed-fixed boundary 

conditions 
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where l, b, and h are the length, depth, and thickness of the 

beam, respectively, d is the gap between the beam and the 

stationary electrodes, ρ is the material density, Is=bh3/12 is the 

moment of inertia of the cross section of area A=bh, E is 

Young’s modulus, and ε is the dielectric constant of the gap 

medium. N denotes the residual axial force originated from 

fabrication. The last term in equation (2) represents the 

electrostatic force from the sensing electrode. 

In this work, a multi-mode Galerkin procedure is adopted to 

solve for the variation of the resonance frequency of the 

nanobeam with Vdc [25]. To show more clearly the contribution 

of the various parameters on the resonance frequency, a one 

mode discretization is shown next, which provides a closed 

form approximate solution of the first resonance frequency as 

below 
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         (5)               

where ϕ1(x) denotes the first mode shape of the unactuated 

shallow arch,  ω denotes the new natural frequency of the 

nanobeam under the dc bias voltage and ws(x) is the static 

deflection of the nanobeam due to Vdc governed by 
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The first term in the right hand side of equation (4) is positive 

and represents the bending contribution that implicitly 

describes the fundamental frequency of the nanobeam at zero 

Vdc. The second term is negative and represents the effect of the 

mid-plane stretching, axial load, and initial curvature. The last 

term is positive and represents the effect of the electrostatic 

force induced by the two-side electrodes. One can note that for 

a perfectly straight beam w0=0 and wS =0 (because of the two 

equal electrostatic forces of opposite signs), and thus the second 

term cancels out. Hence, the resonance frequency is only 

affected by the softening effect of the electrostatic force. 

Equation (4) demonstrates that the eigenvalue problem, and 

hence the resonance frequency of the resonators, depends 

strongly on the thickness h, gap d, and the mid-beam initial rise 

b0 (through w0). It is possible to strengthen the stretching effect 

by minimizing h and maximizing d, and hence maximizing α1, 

which tends to increase the resonance frequency to overcome 

the softening effect of the electrostatic force. Also note that the 

presence of w0 is essential to create non-zero wS, and hence 

induces mid-plane stretching.  
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We study analytically the combined effect of the mid-beam 

initial rise and the gap-to-thickness ratio on the resonance 

frequency of silicon-based nanobeams. All the analytical results 

are obtained considering a Young’s modulus of 169 GPa and a 

Poisson’s ratio of 0.27 for nanobeams of 15 µm length, 850 nm 

depth, and 150 nm thickness. The results are obtained using five 

modes in the Galerkin procedure.  

Figs. 2a-2d show the variation of the beam midpoint 

deflection and the corresponding resonance frequency for 

various initial curvature rises for 250 nm and 850 nm 

transduction gaps between the beam and sensing/driving 

electrodes. For b0=0, Fig. 2a indicates zero static deflection 

while Fig. 2b shows a continuous decrease in the resonance 

frequency. A slight increase in b0 induces mid-plane stretching 

and curvature effects, which impact considerably the static 

deformation and hence the resonance frequency. For the cases 

of 850 nm gap, Figs. 2a and 2b, increasing the voltage always 

increases the curvature of the already curved beams resulting 

into continuous increase in the resonance frequency until finally 

reaching pull-in. Because of the relatively large gap compared 

to the thickness (gap-to-thickness ratio= 5.67) and initial rise, 

the increase in stiffness always dominates the electrostatic force 

effect, despite the fact that the beam deforms toward one of the 

electrodes as increasing Vdc. For the cases of 250 nm gap, Figs. 

2c and 2d, for small values of b0 increasing Vdc increases the 

curvature and the resonance frequency until pull-in, similar to 

the previous cases, in which the electrostatic force is dominated 

by the mid-plane stretching and curvature effects. For larges 

values of b0, the beam is curved toward and very close to one 

of the electrostatic electrode. This maximizes the electrostatic 

force effect that dominates the curvature and stretching effects. 

This can be also noticed from the small gap-to-thickness ratio 

of 1.67.

 

 
 

                   (a)                                                                                                       (b) 
 

 
 

                        (c)                                                                                                    (d) 
 

Fig. 2. The simulated static deflection of the beam midpoint and resonance frequency for various initial rises versus the dc bias voltages for initially curved 

nanobeams of 15 µm length, 850 nm depth, 150 nm thickness, and the transduction gaps of d=850 nm (a,b) and d=250 nm (c,d). 
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Next, we investigate the effect of the gap d considering a 

similar nanobeam of Fig. 2 while fixing the curvature. Figs 3a 

and 3b show the variation of the resonance frequency with d. 

Fig. 3a shows that for d=150 nm (gap-to-thickness ratio=1) the 

softening effect due to electrostatic force is dominant over the 

mid-plane stretching; thus resulting in a decrease in the 

resonance frequency with increasing Vdc. On the other hand, for 

d=250-450 nm (gap-to-thickness ratio=1.67-3) the frequency 

increases with the voltages, showing the dominant effect of 

mid-plane stretching over the softening effect of the 

electrostatic force. However, the tunability is still limited due 

to the relatively small pull-in voltages. For beams with larger 

transduction gaps, Fig. 3b, higher tunability ranges are 

achieved. This is clearly attributed to the dominant mid-plane 

stretching effect as indicated from the larger gap-to-thickness 

ratio and the initial curvature over the softening effect of the 

electrostatic force. Figs. 3c and 3d show similar results for 

another case study of a beam with higher initial curvature of 

b0=130 nm. The results indicate similar trend to that of Figs. 3a 

and 3b however with higher tunability range. Therefore, a larger 

transduction gap compared to the thickness of the beam ensures 

dominant mid-plane stretching effect over the softening effect 

due to the electrostatic force, which results in frequency tuning 

towards higher frequency values. Also, a higher initial rise 

further adds to high frequency tunability due to the increased 

stiffness. Moreover, for large values of d, very high pull-in 

voltages are predicted, which practically eliminate the 

possibility of pull-in.

 

 
 

              (a)                                                                                                     (b) 

 

                       (c)                                                                                                    (d) 
 

Fig. 3. The simulated resonance frequency versus dc voltage for beams of 15 µm length, 850 nm depth, 150 nm thickness, (a,b) for 45 nm initial rise for various 

values of gap of (a) d=150-450 nm and (b) d=0.65-1.3 μm, and (c,d) for 130 nm initial rise for various values of gap of (c) d=250-550 nm and (d) d=0.65-1.3 μm. 

 

B. Device Fabrication 

To demonstrate the frequency tunability under the dc bias, 

doubly-clamped beams are fabricated from a <100> highly-

conductive boron doped Si device layer of silicon-on-insulator 

(SOI) wafer with gap-to-thickness ratio of more than four. The 

curved nanobeams can be fabricated either by direct patterning 

of nanobeams with a defined initial rise on the nearly stress free 

highly doped device layer of SOI wafer or by patterning straight 

nanobeams on stressed highly doped device layer of SOI wafer 
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that result in curved nanobeams upon release due to the residual 

stresses. The curvature of the nanobeams for a particular length 

is highly dependent on the residual stresses in the device layer. 

The residual stresses, and therefore the initial curvature, can be 

generated and controlled by hydrogen implantation of the 

device layer and later annealing it at high temperature, see ref 

[27]. The SOI wafer from Semiconductor Wafer Inc. (SWI) 

with residually stressed device layer is used to fabricate the 

shallow arches. Table I summarizes the dimensions of 

fabricated nanobeams. The fabrication process employs 

standard e-beam lithography and surface nanomachining 

techniques. The main fabrication steps are illustrated in Fig. 4. 

The fabrication starts with a standard cleaning of SOI wafer by 

dipping it in a heated piranha solution at 120 ᵒC, followed by a 

deionized (DI) water rinse to remove the organic residues. The 

native oxide is removed by using 1% HF solution until the 

surface turns to hydrophobic followed by DI water rinse and 

spin drying, Fig. 4a. The thickness of the device layer is reduced 

from 2 µm to 850 nm by thermal oxidation of the entire SOI 

wafer, Fig. 4b and then removing this thermally grown oxide 

using buffered oxide etch (BOE) solution at room temperature, 

Fig. 4c. The wafer is than diced into 1.2 cm × 1.2 cm samples 

for further processing after standard cleaning as described 

earlier. A uniform layer of ∼210 nm positive tone e-beam 

lithography (EBL) resist 950 PMMA A4 is spun on the chip to 

transfer the desired pattern on the device layer, Fig. 4d. EBL is 

performed at low electron beam current of ∼500 pA to achieve 

dimensions in nanometers range. The resist is then developed 

in a solution of MIBK and IPA (1:3) for 90 s followed by a de-

ionized water rinse Fig. 4e. Reactive ion etching (RIE) recipe 

consisting of alternate cycles of C4F8 and SF6 is used to separate 

the nanobeam, anchoring pads, and the RF electrodes from the 

rest of wafer surface, Fig. 4f. This entire wafer surface will later 

serve as ground while characterizing the fabricated devices. The 

EBL resist is then dissolved using heated acetone at 55 °C to 

have a clean device surface for probing the dc, sensing/driving 

electrodes and the ground plane, Fig. 4g. Finally, the HF vapor 

etch is performed to have free standing nanobeams by removing 

the underneath ~1 µm box layer, Fig. 4h. 
 

 
Table I. Designed dimensions for the fabricated nanobeams. 

 

Fig. 5 shows an SEM image of a curved beam fabricated 

using the fabrication process flow of Fig. 4. Note that the beam 

is slightly curved due to the residual stress in the device layer. 

Therefore, thinner beams are prone to relatively higher initial 

curvature than the thicker beams after the HF vapor release. The 

observed initial rise is found between ~100 nm to ~150 nm for 

beams of thicknesses 130 nm and 180 nm. 

 
 

 

Fig. 4. Process flow for the fabrication of the nanobeams. (a) Substrate cleaning 

and native oxide removal. (b) Thermal oxidation to thin down the device layer. 

(c) BOE treatment to remove the thermally grown oxide. (d) Spinning of e-

beam resist (950 PMMA A4) to achieve ~210 nm thickness. (e) Patterning of 

950 PMMA A4. (f) RIE to fabricate the nanobeams and to separate the entire 

device structure from the ground plane. (g) E-beam resist removal in heated 

acetone. (h) HF vapor etching for free standing nanobeams. 

 

 
 

Fig. 5. An SEM image of the entire device structure (bottom) along with a 

magnified view (top) showing the nanobeam and the transduction gap 

separating it from the driving/sensing electrodes. 
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C.  Measurements 

The electrical characterization is performed in an ST-500 

JANIS probe station. Fig. 6 shows a schematic of the driving 

and sensing configuration of the beam in its two-port 

measurement configuration. The beam is biased by a dc bias 

voltage and driven at resonance by an ac excitation signal 

provided at the driving electrode from one of the ports of the 

network analyzer (Agilent E5071C). The motional current is 

capacitively sensed through the other electrode, named as 

sensing electrode, and is fed into a low-noise amplifier (LNA) 

with its output coupled to the other port of the network analyzer. 

All the experiments are performed at 5.2x10-5 mbar pressure 

and at room temperature. 

 

 
Fig. 6. Schematic of the driving and sensing configuration of the 

nanomechanical shallow arch beams. 

 

Fig. 7 shows frequency responses under various applied dc 

bias conditions for the D1 beam. This shows an increase in the 

natural frequency of the beam with an increase in the dc 

polarization voltage attributed to the dominant mid-plane 

stretching effect over softening effect of electrostatic force. 

Note that the drive power is adjusted accordingly to have linear 

frequency response beyond 40 V. 

 

 
 

Fig. 7. The measured frequency response for varied dc voltages for beam of 15 

µm length, 850 nm depth, 130 nm thickness and a transduction gap of 850 nm. 

III. RESULTS AND DISCUSSIONS 

Fig. 8a and Fig. 8b show the variation of the resonance 

frequency of the 130 nm and 180 nm thick nanobeams of 15 µm 

length, 850 nm depth, and with the initially designed 

transduction gaps of 850 nm and 1 µm, respectively, between 

the nanobeam and the driving/sensing electrodes for various dc 

polarization voltages. The figures compare the analytical and 

experimental data. The analytical results here are obtained by 

considering the dimensions of Table II, which indicates 

thickness values different from the nominal designed ones due 

to the fabrication imperfections and tolerances. 

 

 
(a) 

 

 
(b) 

 

Fig. 8. The resonance frequency versus dc voltage for beams of  

15 µm length, 850 nm depth, and (a) 130 nm thickness with a transduction gap 

of 850 nm and 1 µm, respectively, (b) 180 nm thickness with a transduction gap 
of 850 nm and 1 µm, respectively. In (a) and (b), simulations results are 

compared with the experimental data. 

 

Table II. Dimensions used for obtaining the analytical results. 
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The results show an increase in the resonance frequency for 

the beams with the increased dc bias voltages. The beams of 

130 nm thickness with 850 nm and 1 µm transduction gap 

between the beam and the driving/sensing electrodes show 

tunability of 77.12% and 85.51% under dc biased conditions, 

respectively. Similarly, the resonance frequencies of arches of 

180 nm thickness are also found to increase with increasing the 

dc polarization voltages with tunability of 73.05% and 108.14% 

for 850 nm and 1 µm transduction gap between the beam and 

the driving/sensing electrodes, respectively. A closer look 

towards the tunability of these beams reveals that those with 1 

µm transduction gaps have higher % tunability, i.e., 66.07% and 

45.14% compared to similar beams with 850 nm transduction 

gaps, i.e., 56.29% and 34.71% for dc bias changes from 40 V to 

110 V, respectively. This is clearly attributed to the dominating 

combined effect of thickness to gap ratio and the presence of 

initial curvature of the nanobeam over the softening effect of 

the electrostatic force for large gaps. Moreover, thicker arches 

can achieve higher tunability compared to the thin arches due 

to the relatively higher pull-in voltages. However, the thinner 

beams show higher tunability per unit increase in the dc 

polarization voltage due to the combined effect of increasing 

arch stiffness and dominating effect of mid-plane stretching 

over electrostatic force for large gaps. 

Next, we demonstrate a proof of concept narrow band-pass 

filter using such tunable beams. Fig. 9a shows a schematic of 

the measurement setup for two near-identical electrically 

coupled resonators for narrow band-pass filter demonstration. 

Coupled resonators for filtering applications have been also 

demonstrated in [28-30].The two resonators are biased in such 

a way that the first dc source results in equal voltage on the 

beams. A second dc source is used to tune the resonance 

frequency of the resonators with lower resonance frequency and 

to bring it closer to the resonance frequency of other resonator. 

This slight difference in resonance frequency of the two 

resonators is due to fabrication tolerances. The input RF signal 

from port 1 of the network analyzer is fed into the input 

electrodes of the two resonators through a power splitter. The 

output is received at a common sensing electrode and directly 

fed into the LNA with its output coupled to the other port of the 

network analyzer.  Fig. 9b shows an SEM image of the 

fabricated device for band-pass filtering along with a magnified 

view of one of the arch resonators. 

Fig. 10a shows the magnitude of the S21 transmission 

parameters (response in black) for the electrically coupled 

resonators indicating resonance peaks at 5.186 MHz and  

5.147 MHz for a dc bias voltage of 40 V and input RF power of 

3.3 dBm from port 1 of the network analyzer. Resonator 2 is 

tuned by applying an additional dc voltage so that both 

resonance peaks come closer (response in gray) to realize a 

narrow band-pass filter, which has a center frequency of  

5.175 MHz and a 3 dB band-width of ~33 kHz, Fig. 10b. The 

filter’s center frequency can be tuned to 5.446 MHz with a  

3 dB band-width of ~19 kHz (response in blue) by increasing 

the dc bias voltage to 50 V and tuning the frequency of the 

second resonator using second dc source to achieve narrow 

band filter response, Fig. 10b. The insertion loss of -85 dB for 

the demonstrated bandpass filter is still quite high. This can be 

reduced by adding low noise amplifier (LNA) as conventionally 

done in resonator based band pass filtering [1]. The practical 

realization of tunable band-pass filters using electrically 

coupled nanomechanical arches with the flexibility of 

adjustable band-width can open up the possibilities for High 

Frequency (HF) filtering applications. Very Higher Frequency 

(VHF) filtering can be achieved by shrinking the device 

dimensions for similar designs using materials with higher 

Young’s modulus to density ratio compared to silicon, such as 

silicon carbide [31]. 
  

 
(a) 

 

 
(b) 

 
Fig. 9. (a) Schematic of the driving and sensing configuration for the electrically 

coupled nanomechanical arch beams under dc bias conditions for narrow band-

pass filtering. (b) An SEM image showing the layout for the electrically coupled 
beams (bottom) for filtering along with a magnified view (top) showing the 

nanobeam of 15 µm length, 850 nm depth, 180 nm thickness, and 1 µm 

transduction gap between the beam and the driving/sensing electrodes. 
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(a) 

 
(b) 

Fig. 10. (a) The magnitude of S21 transmission parameter for two electrically 

coupled nanobeams at dc bias of 40 V and 3.3 dBm RF power with quality 

factors of 370 and 382, respectively. (b) The magnitude of S21 transmission 

parameter for the electrically coupled beams demonstrating a tunable narrow 

band-pass filter in high frequency range under dc polarization voltages of 40 V1 

and 50 V1 (on arch 1) and 41.6 V2 and 52.1 V2 (on arch 2) at  3.3 dBm input RF 

power. 

 

Note here that the proposed device requires low vacuum 

environment to enable efficient excitation of the beam in 

resonance. The pressure requirements for this class of tunable 

nanoresonators for the targeted applications can be easily met 

while encapsulating them at the wafer scale using thin film 

encapsulation technique [32]. 

A final note regarding this filter is related to the power 

handling capability of the resonators, which depends on the 

linear operation range of the resonators while increasing the 

input power. To assess this, we have performed measurements, 

Fig. 11, on another similar resonator. We have experimentally 

found that these resonators undergoes nonlinear behavior for 

input power beyond 2 dBm which limits their functionality as 

filters at high power levels exceeding 2 dBm. 

 
Fig. 11. The measured frequency response at 40 V for varied input RF power 

for beam of 15 µm length, 850 nm depth, 180 nm thickness and a transduction 

gap of 1000 nm. 

IV. CONCLUSION 

An analytical and experimental study has been presented on the 

tunability of in-plane doubly-clamped nanomechanical beams 

curved as shallow arches under varied dc bias conditions. 

Through careful designs of the gap-to-thickness ratios and by 

exploiting the induced axial residual stresses to yield slightly 

curved structures, significant tuning ranges have been 

presented. Good agreement has been shown among the 

analytical and experimental data. Overall, the beams have 

shown high tunability by electrostatic actuation due to the 

dominant mid-plane stretching effect over the softening effect 

exerted by the electrostatic force. We interpret that this mid-

plane stretching effect arises due to the combined effect of the 

gap-to-thickness ratio and the initial curvature of the 

nanobeams. Experimentally, an increase of the resonance 

frequency by 108.14% for some of the nanobeams is reported. 

It is demonstrated that the curvature is essential to reach such 

tunability and to increase the pull-in voltage. It is concluded that 

the observed large tunability is a result of two combined effects 

of the proper curvature and the large gap-thickness ratio. 

Finally, a proof-of-concept tunable narrow band-pass filter is 

also demonstrated using the tunable nanobeams. The high 

tunability of such beams may open up the possibilities for 

tunable band-pass filtering in the high frequency range (3-30 

MHz). 
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