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ABSTRACT

Towards Reliable, Scalable, and Energy-Efficient

Cognitive Radio Systems

Lokman Sboui

The cognitive radio (CR) concept is expected to be adopted along with many

technologies to meet the requirements of the next generation of wireless and mobile

systems, the 5G. Consequently, it is important to determine the performance of the

CR systems with respect to these requirements. In this thesis, after briefly describing

the 5G requirements, we present three main directions in which we aim to enhance

the CR performance.

The first direction is the reliability. We study the achievable rate of a multiple-

input multiple-output (MIMO) relay-assisted CR under two scenarios; an unmanned

aerial vehicle (UAV) one-way relaying (OWR) and a fixed two-way relaying (TWR).

We propose special linear precoding schemes that enable the secondary user (SU) to

take advantage of the primary-free channel eigenmodes. We study the SU rate sensi-

tivity to the relay power, the relay gain, the UAV altitude, the number of antennas

and the line of sight availability.

The second direction is the scalability. We first study a multiple access channel

(MAC) with multiple SUs scenario. We propose a particular linear precoding and SUs

selection scheme maximizing their sum-rate. We show that the proposed scheme pro-

vides a significant sum-rate improvement as the number of SUs increases. Secondly,

we expand our scalability study to cognitive cellular networks. We propose a low-

complexity algorithm for base station activation/deactivation and dynamic spectrum

management maximizing the profits of primary and secondary networks subject to
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green constraints. We show that our proposed algorithms achieve performance close

to those obtained with the exhaustive search method.

The third direction is the energy efficiency (EE). We present a novel power allo-

cation scheme based on maximizing the EE of both single-input and single-output

(SISO) and MIMO systems. We solve a non-convex problem and derive explicit ex-

pressions of the corresponding optimal power. When the instantaneous channel is not

available, we present a simple sub-optimal power that achieves a near-optimal EE.

The simulations show that the sub-optimal solution is very close to the optimal one.

In the MIMO case, we show that adopting more antennas is more energy efficient.
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Chapter 1

Introduction

1.1 Background and Motivation

The current global data traffic is increasing exponentially. For instance, the global mo-

bile data traffic is expected to increase by a factor of seven between 2016 and 2021 [1].

In addition, due to the emergence of the concept of the Internet of Things (IoT), early

expectations state that 50 billion devices will be connected in 2020 [2]. Recent pre-

dictions indicate a lower number of 20-30 billion instead [3]. In both predictions, the

number of devices is huge and given the exponential data traffic growth, an urgent

improvement of the current technologies and infrastructures is needed. As a response,

new standards are being set in order to cope with this continuous data traffic and

devices growth in the future. This huge number urges the standardization organiza-

tions as well as the telecommunication industries to define a suitable framework to

handle the expected huge data exchange in the future.

In wireless communications, the vision that involves these standards is the fifth

generation of wireless mobile systems or 5G. The 5G networks are expected to rad-

ically exceed the performance of the current deployed fourth generation (4G) by

offering higher bit rate and reliability for a huge number of devices with a low energy

consumption [4, 5]. One of the concepts that will help in reaching this stage is the

cognitive radio (CR) concept [6–8] in which unlicensed users are introduced in ex-

isting networks and are expected to share the spectrum with licensed users without

harming their Quality of Service (QoS).
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Figure 1.1: Summary of the 5G key requirements [9].

In this chapter, we present both the 5G requirements and the CR concept. Then,

we present how the CR is adapted to certain 5G requirements such as reliability,

scalability and energy efficiency by describing the main contributions of this thesis.

1.1.1 5G Requirements

The main objective of 5G networks is to remarkably enhance the network capacity,

reliability, and energy efficiency. The 5G wireless networks are expected to accommo-

date billions of devices with high data rates and very low latency. Currently, 5G is

still under standardization with the cooperation of academia, industry, and standard-

ization organizations. Furthermore, 5G is expected to combine both new radio access

technologies and the legacy of existing wireless technologies (LTE, HSPA, GSM, and

WiFi). The deployment of 5G networks is expected to start in 2020.

In Fig. 1.1 the performance requirements of 5G as visioned by Nokia [9] is high-

lighted. These requirements are summarized as follows.

� Higher rates (rates between 1 Gbps and 10 Gbps) [4];
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� Higher scalability (massive number of devices);

� Higher reliability (99.999%);

� Lower energy consumption (battery life ∼ 10 years) [5];

� Lower latency (< 1ms) [4].

The first requirement, related to the rates, requires important progress in many com-

munications parameters such as available bands, the number of antennas, modulation,

and coding. In terms of providing more bands, some of the solutions are suggested

to solve this issue such as

� Freeing up and liberating spectrum bands used by old technologies;

� Exploiting new spectrum (millimeter-wave, Terahertz, free space optics);

� Adopting cognitive radio techniques.

In order to reach these performance requirements, multiple key enabling technologies

are proposed, including networks densification, advanced multiple-input multiple-

output (MIMO) communication, spectrum sharing using cognitive radio (CR) tech-

niques, and unmanned aerial vehicles (UAVs).

In this thesis, we focus on the implementation and performance analysis of the

CR concept as part of providing more bandwidth. In the next section, we introduce

the CR concept along with the enabling technologies studied in this thesis.

1.1.2 The Cognitive Radio Concept

Cognitive Radio (CR) is one of the promising concepts that can satisfy some of the

5G requirements. In fact, new wireless technologies require high bandwidth that

is either unavailable as the spectrum is overloaded or extremely expensive. In a

licensed band, the licensed user has an exclusive right to utilize the spectrum. This
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Figure 1.2: Example of UAV-relayed communications.

allocation policy is causing spectrum scarcity. Hence, the spectrum becomes a scarce

resource [8]. The CR concept was presented to overcome the spectrum inefficient

allocation [10]. In this concept, cognitive/secondary users (SUs) share the spectrum

of licensed/primary users (PUs), as shown in Fig. 1.2, without affecting the primary

communication QoS [6, 11].

The CR concept has mainly three modes [7]:

� Underlay: In which the SU causes minimal interference that is tolerated

by the PU.

� Overlay: In which the SU receives and enhances the PU communication.

� Interweave: In which the SU opportunistically exploits spectral holes (fre-
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quency, time, space) in order to perform its communication.

1.1.3 Enabling Technologies

Underlay Spectrum Sharing

In this thesis, the underlay CR spectrum sharing is analyzed. In this CR mode, the

spectrum sharing is performed when the unlicensed SU shares the same spectrum

while the licensed PU is active. In order to maintain an acceptable QoS of PU’s com-

munication, the SU must respect certain constraints reflecting tolerated interference

level by the PU. This constraint is called interference constraint, and it means that

the secondary transmitted signal should not exceed a certain interference threshold

defined in advance by the PU.

Relaying

One of the common ways to enhance reliability is to use a relay between the transmit-

ter and the receiver. In some cases, due to geographical obstacles, e.g., mountains,

there is no direct link between the source and the destination [12, 13]. Relaying is

also very efficient in cell edge cases in which the source transmission requires high

power that may lead to high interference thus detrimentally affecting the cell through-

put. Hence, a relay is necessary to guarantee reliable communications. The relaying

concept involves multiple techniques:

1. the amplify-and-forward (AF), [14], in which the relay amplifies the received

signal before broadcasting it to the destination,

2. decode-and-forward (DF), [15], where the relay decodes the message and then

re-encodes it before retransmission,

3. compress-and-forward (CF), [16], in which the relay compresses the received

signal and forwards its estimate.
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Figure 1.3: Example of UAV-relayed communications.

Early studies on cooperative relays were presented in [17, 18]. The relaying concept

consists of deploying additional nodes in the network that are responsible in retrans-

mitting the received signal to the destination to enhance reliability and reduce the

communication cost in terms of power [16, 19–22].

Unmanned Aerial Vehicles

As 5G applications go beyond classical cellular networks, UAVs are a key component

that will enable the next generation of wireless networks with various new applications

such as products delivery, police patrolling, infrastructure inspections, and agriculture

monitoring [23,24]. The UAVs can act as wireless relays, as shown in Fig. 1.3, due to

their rapid deployment, and their reduced size compared to the installation of ground

relays or new base stations. In many cases, relays need to be deployed in a rapid and

timely fashion, for instance, in natural disasters or crowded events [25, 26]. In fact,

UAVs are considered an efficient and fast way to deploy or extend wireless networks.

Currently, deploying UAV-assisted wireless networks presents multiple advantages

such as extending coverage, enhancing reliability, and easy deployment especially

in emergency situations [27]. Moreover, using UAVs offers a high level of dynamic

coverage which improves the QoS. In addition, one of the main advantages of using
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UAV compared to classical ground relays is the possibility of having a direct line of

sight (LoS) with the other ground terminals. This fact offers better channel gain, lower

power consumption, and longer battery life. The concept of using UAVs for wireless

communications is widely accepted technology that has been tested and deployed in

real LTE settings [28].

Consequently, studying the corresponding performance in terms of spectral effi-

ciency is important in order to evaluate their impact once adopted as a part of wireless

networks. Multiple works have studied the placement of the UAVs to maximize their

performance [29, 30].

MIMO Communications

MIMO communications [31] have been widely adopted in order to enhance system

throughput compared to single-input and single-output (SISO) communications for

the same power budget and frequency bandwidth. From another side, MIMO com-

munications rely on multiple antennas at the receiver and the transmitter in order

to increase the throughput/reliability of wireless communications by exploiting the

spatial multiplexing/diversity [31–33]. The fact of spreading the power over multiple

antennas enhances remarkably the spectral efficiency even with only two antennas [34].

In summary, the objective of this thesis is to study the performance of the CR

spectrum sharing systems under various settings that aim to satisfy some of the 5G

requirements. The studied requirements are the reliability, the scalability and the

energy efficiency of CR systems. In the rest of this section, we describe how the

CR concept has been utilized in wireless systems in this thesis given three different

directions.
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1.2 Thesis Contributions

The multiple scenarios studied in this thesis are summarized in Fig 1.4 and the cor-

responding contributions are described in the rest of this section.

Figure 1.4: Cognitive Radio communications landscape.

1.2.1 CR Reliability

Studied Scenarios

We focus on the amplify-and-forward relaying where we aim to maximize both the

primary and the secondary rates. We study two scenarios; the first is an UAV-assisted

one-way relaying (OWR), the second is two way relaying (TWR).

Main Contributions

The main contribution lies in proposing a special precoding and decoding scheme

based on space alignment for optimal power allocation. Our proposed scheme allows

the SU to transmit without causing interference to the PU and to achieve a non-zero

throughput. In the UAV OWR, we also perform a study of the robustness of our



24

scheme with respect to the successive interference cancellation (SIC) procedure. In

addition, we propose to enhance both PU and SU rate by optimizing the relay matrix.

The corresponding work has been published in [35–37].

In the TWR, we derive a closed-form expression of the optimal power allocation

per antenna for each secondary terminal. In addition, we present three possible

structures of the relay matrix depending on their complexity-efficiency tradeoff. The

corresponding work has been published in [38, 39].

1.2.2 CR Scalability

Studied Scenarios

Based on the exponentially increasing numbers of wireless devices, one important

factor to consider is the scalability of wireless networks with respect to users and

cells. In fact, as mentioned earlier, large-scale networks are expected to dominate

the future of communication. For this reason, we perform in this thesis a study of

local and global CR scalability in order to investigate the corresponding performance.

In the local scalability, we focus on the performance of the CR when multiple SUs

are contending to share the spectrum with a primary user. In the global scalability,

we focus on the cooperation between primary and secondary cells in a cooperative

cellular network.

Main Contributions

As far as the local scalability, we determine the optimal power allocation for multiple

SUs in a space alignment cognitive multiple-input and multiple-output (MIMO) mul-

tiple access channel (MAC) context. In addition, we present a low-complexity SUs

selection scheme that, due to the high number of SUs, aims to select the set of SUs

that can share the spectrum and achieve the highest rate. The corresponding work

has been published in [40].
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Regarding the global scalability, we focus on maximizing the profit of primary

and secondary cellular networks with or without cooperation. We propose multiple

low-complexity algorithms for BS activation/deactivation and spectrum management

for both networks and user cooperation cases. The corresponding work has been

published in [41, 42].

1.2.3 CR Energy Efficiency

Studied Scenarios

One of the key requirements of next-generation wireless networks is energy efficiency.

This requirement has been recently highlighted due to i) the energy cost and CO2

emissions [43], ii) the limited power supply in the wireless terminals such as mobile

phones, and wireless sensors [44, 45]. Consequently, there are major efforts from in-

dustry and academia to develop energy-efficient wireless communications also termed

as “Green Communications” [46]. Spectral efficiency (SE) has been the dominant per-

formance metric employed in the design of wireless systems. It describes the efficiency

of transmitting data over a given frequency bandwidth. This metric, however, does

not highlight the energy usage. Hence, the energy efficiency (EE) has been introduced

to describe the efficiency of transmitting data over a given frequency bandwidth and

a particular energy budget.

We focus in this part on a point-to-point CR system where the SU is maximizing

its EE in two cases: SISO and MIMO. The SU is subject to both power budget and

interference constraints.

Main Contributions

We propose a novel power allocation scheme based on maximizing the EE. We pro-

vide explicit expressions of the transmit power for both SISO and MIMO cases.

In the SISO case, we apply the proposed power scheme on power-constrained and
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interference-constrained problems. We also study the impact of the channel state in-

formation (CSI) knowledge on the EE by computing the optimal power with statistical

CSI, thus evaluating the performance gain provided by full CSI. The corresponding

work has been published in [47,48]. We also extend our scheme to the MIMO case in

which the MIMO EE defined as the average EE per parallel channel. We also present

a sub-optimal solution for power constrained MIMO EE setting that performs close

to the optimal solution. The corresponding work has been published in [49].

1.3 Thesis Outline

The contributions of this thesis are presented in the next six chapters as follows

1.3.1 Towards CR Reliability with UAV One-Way Relaying

In Chapter 2, we study the UAV OWR; we present the PU and SU power allocation

and decoding scheme, respectively. We also present the relay matrix optimization

and compare it with the non-optimized matrix.

1.3.2 Towards CR Reliability with Two-Way Relaying

In Chapter 3, we present the cognitive precoding and decoding that avoid any interfer-

ence to the PU in the two-time slots of the TWR. We also present the corresponding

CR user power allocation and analyze the relay parameters effect on both users.

1.3.3 Towards CR Scalability with Multi-Secondary Users

In Chapter 4, we present the optimal power allocation for multiple SUs in a space

alignment cognitive MIMO-MAC context. In addition, we present a low-complexity

SUs selection scheme and present the corresponding performance.
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1.3.4 Towards CR Scalability in Green Cellular Networks

In Chapter 5, we present the proposed algorithms to maximize the PN and SN profits

in a decentralized manner. In addition, we present the algorithm maximizing the sum

weighted PN-SN profits in a centralized manner.

1.3.5 Towards CR Energy-Efficiency with SISO Power Allo-

cation

In Chapter 6, we develop a new framework that considers the EE criterion over fading

channels. We present explicit expressions of the optimal power under either a peak or

an average power constraint. We then study the case where the CSI is not available,

and we present a sub-optimal, but less complex, power allocation that only depends

on channel statistics.

1.3.6 Towards CR Energy-Efficiency with MIMO Power Al-

location

In Chapter 7, we extend the energy-efficient CR SISO study to the MIMO systems.

We propose a new power allocation scheme based on EE per parallel channel. Our

scheme is based on power explicit expressions with no numerical algorithms.

1.4 Chapter Summary

In this chapter, we presented the general framework of the thesis. We described the

motivation behind our research by highlighting the 5G requirements and presented

the CR concept as a way to satisfy these requirements. Then, we presented the

main studied topics in this thesis related to CR reliability, scalability, and energy

efficiency. Finally, we presented the thesis outline by briefly describing the content of

each chapter.
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Chapter 2

Towards CR Reliability with UAV One-Way Relaying

2.1 Introduction and Related Works

In this chapter, we investigate the combination of both UAV relaying and MIMO

techniques for CR network operations. Our objective is to maximize the achievable

rate of both primary and cognitive users based on the power control. We also study

the effect of relay parameters on both primary and cognitive rates in the partially

and fully-cooperative modes of the UAV relay.

In the AF mode, which is adopted in this chapter, a relay, in addition to its power

budget, is characterized by its amplification gain. This gain is either fixed in the

case of partially-cooperative relaying, or optimized in the case of fully-cooperative

relaying. The partially-cooperative relaying represents a scenario where the amplifi-

cation gain is fixed due to, for instance, the unavailability of the CSI or computational

“intelligence” at the relay node. On the other hand, the fully-cooperation relaying

represents a situation where the gain at the “intelligent” relay is adaptive with the

CSI to enhance the achievable rate.

Multiple previous works studied relay-assisted MIMO systems [19, 22]. In the

fully-cooperative MIMO relaying, the relay matrix amplification gain, or simply the

relay matrix, needs to be optimized in order to achieve higher performance than the

case of a fixed relay matrix [50–53].

In the CR framework, in [54–56], the authors have studied MIMO CR power al-

location. In addition, relay-assisted CR systems were analyzed in [57, 58]. In [57],
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the authors studied a classical relay-assisted interweave CR system and established

a trade-off between the rate and the successful communication probability. In [59],

UAV-based communications were proposed as a potential solution to cope with spec-

trum congestion. Recent works [29,60,61] in the literature have been studying optimal

ways to implement UAVs. However, to the best of our knowledge, MIMO CR relaying

systems with space alignment (SA) have not been studied before.

In this chapter, we present a power allocation scheme for UAV-relayed MIMO

CR systems based on the SA. This framework is mainly motivated by cooperative

communications between primary and cognitive networks. We focus on the case where

both PU and SU are far from base stations and an UAV relay is employed to allow

both users to communicate to the closest primary BS and then routing the information

using the UAV as described in [62]. The SU aims to maximize its rate, by optimally

allocating transmission power to each antennas depending on the communication

environment while satisfying the primary communication QoS. On the other hand,

the PU optimizes its transmission power without considering the existence of SUs. At

the BS, the received secondary message is then transferred to the secondary network

via a cooperative backhaul connection linking both core networks.

We also present an algorithm optimizing the relay amplification matrix in order

to further maximize both PU and SU rates. In addition, we adopt a SIC decoder [63]

in order to decode the PU and SU signals. We also study the accuracy of the SIC

decoder for the cognitive power allocation. We also present an iterative algorithm,

which determines the optimal transmit power and relay matrix in the case of fully-

cooperative relaying [64].

The main contributions in this chapter are as follows

� Deriving closed-form expressions of the optimal PU and SU transmit power

levels for SA relay-assisted scenario;

� Analyzing the accuracy of SIC by presenting the optimal CR transmit power in
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Figure 2.1: An uplink spectrum sharing communication in presence of an UAV relay.

the extreme cases: perfect and imperfect SIC;

� Determining the optimal transmit power level and relay matrix amplification

gain using an alternating search algorithm for the fully-cooperative relaying

case.

� Investigating the performance of the UAV relay and identifying its advantages

compared to the traditional ground relay.

The work related to this chapter has been published in the three papers [35–37].

2.2 System Model

We consider an uplink multi-access communication scenario as depicted in Fig.2.1,

where the PU and SU are interested in transmitting their signals simultaneously to

the closest primary BS called primary destination and denoted by D. The multi-

access CR with a common receiver for the PU and SU was studied in [65–68]. This

setting describes a primary base station that receives opportunistic SU transmissions

which can be adopted by cellular operators to meet the need for two categories of

users: (i) licensed users that benefit from reliable QoS; and (ii) unlicensed users that
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share the spectrum to reach the closest BS and pay a certain cost for this service.

Another implementation of spectrum sharing with a common receiver is the recent

unlicensed long-term evolution (LTE-U), where users can share unlicensed spectrum

through a common access point or base station [69].

The secondary message is first transferred to the primary core network and then to

the secondary core network by using a cooperative connection between the primary

and secondary core networks. This type of cooperative connection is expected to

be performed thanks to the emergence of network function visualization (NFV) and

software-defined networks (SDN) concepts [70]. This service is a part of cooperation

between both networks were the SUs pay a roaming fee to be served by the primary

network. Such scenario can be applied to different practical situations. For instance,

in the context of public safety communication, where both PU and SU are located in a

remote or damaged infrastructure area, an UAV comes to support the PU transmission

but also allow the transfer of the secondary data whenever the primary communication

QoS allows.

We assume that the users are out of the range of D meaning that there is no direct

link between the transmitters and the common receiver. The UAV relay, denoted

by R, is implemented by the primary network to ensure the communication between

the terminals by amplifying the received signal and forwarding it to the destination D.

The PU, as a licensed node, freely exploits the channel while the SU, as an unlicensed

node, is allowed to opportunistically share the spectrum and to access the channel

under certain constraints that maintain certain QoS of primary communications. Note

that by having a lower priority with respect to the PU, the SU opts for a “best effort”

communication, meaning that the SU does not have constraints related to the minimal

rate or the service outage.
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2.2.1 Channel Model

Each node is equipped with N antennas, and the channel gain matrices representing

the links between the PU and R (PU-R), SU and R (SU-R), and R and D (R-D)

are denoted by Hpr, Hsr, and Hrd, respectively. In the case where the number of

antennas at the receivers, denoted by Nr, and the transmitters, denoted by Nt, is

different, we take N = min{Nr, Nt}. For the UAV relay located at a relatively high

altitude, all channel gains with the other nodes Q (Q ∈ {PU, SU,D}) correspond to

air-to-ground (A2G) channels including path loss and fast fading effects [71] which

are expressed in the form of

H =
H̃√
PL

, (2.1)

where H̃ is the normalized channel gain and PL is the path loss effect between R and

Q separated by a distance dQ = ||XR−XQ|| = ((xR − x)2 + (yR − y)2 + (zR − z)2)
1
2

where XR and XQ are the geographical coordinates of nodes R and Q, respectively,

and ||.|| is the 2-norm distance.

In the A2G channel, the LoS links between the UAV and ground nodes are assumed

to be available with a certain probability denoted by pLoS. The average A2G free space

path loss, PL, is given as follows [29]:

PL = pLoSPLLoS + (1− pLoS)PLNLoS, (2.2)

with

pLoS =
1

1 + ψ1 exp(−ψ2[θ − φ])
, (2.3)

where θ is the elevation angle between nodes R and Q in the degree which depends

on the distance d between R and Q, and ψ1 and ψ2 are constant values that depend

on the environment. In (2.2), PLLoS and PLNLoS denote the LoS and NLoS free space
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path losses, given in dB by

PLLoS = 10ν log10

(
4πfd

C

)

+ LLoS, (2.4)

PLNLoS = 10ν log10

(
4πfd

C

)

+ LNLoS, (2.5)

where ν is the path loss exponent, f is the carrier frequency, C is the speed of light,

and LLoS and LNLoS are the average additional losses by free-space propagation over

the LoS and NLoS links, which depend on environment.

The fast-fading channel gain, H̃ is modeled as a Rician fading channel charac-

terized by two components: a deterministic LoS component assumed to be constant

and a Rayleigh fading component representing the multipath reflection, expressed as

follows [25]:

H̃ =

√

K

K + 1
eiφH̃

LoS
+

√

1

K + 1
H̃

NLoS
, (2.6)

whereK is the Rician factor, φ is the phase shift of the signal between the transmitting

and receiving antennas, H̃
LoS

is constant and corresponds to the LoS component, and

H̃
NLoS

corresponds to the NLoS fading component. The Rician factor K is selected

by pLoS = K
K+1

.

2.2.2 Signal Model

The transmission between the transmitters and the common receiver takes place dur-

ing two time slots. In the first time slot, the PU and the SU terminals transmit

simultaneously their signals to the relay where the complex received vector is given by

yR = HprΦpsp +HsrΦsss + zR, (2.7)

where Hpr andHsr are assumed to be independent, Φp and Φs are the linear precod-

ing matrices applied at the PU and SU, and sp and ss are independent and identically
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distributed (i.i.d.) complex Gaussian signals transmitted by PU and SU, respectively.

For i ∈ {p, s}, we consider Pi = IE[sisi
H ] to be the covariance matrix of the vector

si, where IE[·] is the expectation over all channel realizations and .H designates the

transpose conjugate operator. This covariance matrix is subject to a power constraint

tr (ΦiPiΦi
H) ≤ Ptot where tr (A) =

∑

j A(j, j) is the trace of the matrix A, and Ptot

is the total power budget considered, without loss of generality, to be the same for

both users. Finally, zR indicates a zero mean additive white Gaussian noise (AWGN)

vector at the relay with a covariance matrix, N0IN where IN is the identity matrix

with size N and N0 is the noise variance expressed as N0 = kBTB where kB is the

Boltzmann’s constant, T is the temperature in Kelvin, and B is the total bandwidth.

During the second time slot, the relay amplifies the signal yR through an amplifi-

cation gain matrix denoted by W . Then, it retransmits the signal to the common

destination D. The received signal yD at the receiver D, is expressed as follows

yD = HpdΦpsp +HsdΦsss + z, (2.8)

where Hpd = HrdWHpr, Hsd = HrdWHsr and z = HrdWzR + zD, where zD is

an AWGN vector at the destination D with a covariance matrix, N0IN . Note that

the covariance matrix of the equivalent noise z, Qz, is written as follows:

Qz = N0

(
IN +HrdWWHHrd

H
)
. (2.9)

Our objective is to characterize the upper limits of the UAV-relayed CR perfor-

mance. This upper limits of the performance cannot be obtained unless the CSI is

perfect as we assumed. Hence, we assume that full CSI of the PU-R and R-D links

is available at the primary receiver and transmitter and that full CSI of the SU-R

and R-D links is available at the secondary transmitter. We also assume that the

destination provides a feedback about the CSI to the transmitters via relaying as a
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part of the cooperation between both networks. In other words, the feedback about

the CSI of the destination-UAV is performed first. Then, the CSI of the UAV-PU and

UAV-SU links is performed. Afterwards, the UAV provides the transmitters with the

resulting CSI of the destination-PU and destination-SU links, respectively.

Since the receiver at the destination is common to both transmitters, PU and SU

signals are subject to mutual interference that may cause a significant deterioration

to both primary and secondary performance. Therefore, in order to protect the li-

censed PU, we adopt an interference constraint [8] imposed by the PU to force the SU

transmission to be below a certain interference threshold per receive antenna denoted

by Ith. In fact, the interference threshold is a parameter that the primary network

provides to the potential secondary users to share the spectrum, eventually for a cer-

tain financial reward paid by the secondary network. For this reason, communicating

this parameter is performed either from the primary transmitter using broadcasting

or from the UAV relay that belongs to the primary network and is aware of the in-

terference threshold. In our case, this is more realistic since both users have common

relay and receiver [72, Chapter 2].

2.3 Precoding with Fixed Relay Matrix

This section introduces the proposed linear precoding and decoding matrices, when

the UAV relay has a fixed matrix gain, to maximize the SU rate while satisfying

QoS of the PU. The proposed scheme is also employed to exploit a space alignment

technique, presented in [73], allowing the SU to transmit through the unused primary

eigenmodes. Note that both users aim to maximize their achievable rates, and it is

more convenient to maximize the sum-rate subject to the PU and SU constraints.

By having the perfect CSI of the PU-R and R-D links at the PU transmitter in

addition to the knowledge of the fixed relay amplification matrix gain W , the PU can

optimally allocate the transmit power in order to maximize its achievable rate. Note
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that the knowledge of W at the transmitters is provided by the relay along with the

CSI. By applying the singular value decomposition (SVD) to Hpd, the PU transmits

through parallel channels characterized by their associated eigenmodes. Note that

the SVD does not entail any capacity loss since the precoding at the transmitter

and decoding at the receiver are both invertible as shown in [31]. The SVD of the

matrix is denoted by Hpd = UΛV H where U and V are two unitary matrices and

Λ is a diagonal matrix that contains the ordered singular values of Hpd denoted by

λ1 ≥ λ2 ≥ · · · ≥ λN .

2.3.1 Primary User Achievable Rate

To transform the MIMO PU relay channel toN parallel channels, we employ the linear

precoding Φp at the PU node and the decoding Ψ at the destination, respectively, as

follows:

Φp = V and Ψ = U . (2.10)

Thus, the output received signal after decoding becomes:

r = ΨHyD = Λsp +UHHsdΦsss + z̃, (2.11)

where z̃ = UHz remains a zero mean AWGN with a covariance matrix Qz̃ given as

follows:

Qz̃ = N0

(
IN +UHHrdWWHHrd

HU
)
. (2.12)

In order to maximize its rate, the PU forces the interference caused by the vector

s = UHHsdΦsss not to exceed a fixed Ith per receive antenna, i.e., the covariance

matrix of s denoted by Qs satisfies the condition: Qs(j, j) ≤ Ith for the jth antenna,

j = 1, . . . , N . Therefore, the PU considers this eventual interference as a noise when

maximizing its achievable rate Rp. This rate is considered to be the worst case

scenario or a lower bound of the PU rate, as Ith may not be reached by the SU.
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Hence, the optimal PU power and the rate lower bound are derived by solving the

following optimization problem:

max
Pp

Rp = B
N∑

j=1

log2

(

1 +
Pp(j, j)λ

2
j

Ith +Qz̃(j, j)

)

(2.13)

subject to tr (Pp) ≤ Ptot, (2.14)

tr
(
HpPpHp

H +N0WWH
)
≤ PR, (2.15)

where Hp = WHprΦp. The constraint (2.15) indicates that the amplified signal

power at the relay has to respect the total relay’s power budget PR. This optimization

problem is convex with respect to Pp(j, j)’s as the objective function (2.13) is concave

and the constraints are linear [74]. Hence, we apply the Karush Kuhn Tucker (KKT)

conditions to solve this problem. We first obtain the Lagrangian function and then

find a solution by setting its derivative with respect to each Pp(j, j) to zero. The

optimal power is given by

P ∗
p (j, j) =

[

B

µp + ηp
∑N

i=1 |Hp(j, i)|2
− Ith +Qz̃(j, j)

λj
2

]+

, ∀j = 1, . . . , N, (2.16)

where [.]+ = max(0, .), µp and ηp are the Lagrange multipliers corresponding to the

primary total power constraint and the relay total power constraint expressed in (2.14)

and (2.15), respectively. From (2.16), when the channel gain is poor, i.e., λj’s have

small values, we note that the number of the used eigenmodes by PU can be less

than the total number of antennas N . This case occurs when the optimal power

allocated to the jth antenna is zero, i.e., P ∗
p (j, j) = 0. Consequently, the SU can

freely exploit the unused eigenmodes. We denote by n (0 ≤ n < N) the number of

unused eigenmodes.

Note that the SU is aware of the value of n by computing the primary optimal

power allocation which is possible since the primary CSI is provided by the relay.
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Then, we distinguish two sets of eigenmodes: N − n eigenmodes used by the PU

and n unused eigenmodes that can be freely exploited by the SU.

In order to remove the SU channel effect from the received signal at the destination,

i.e., in (2.11), we choose Φs as follows:

Φs = (Hsd)
−1
U . (2.17)

The choice of the precoder matrix Φs does not impact the system performance in our

context as long as we are also optimizing the secondary transmit power vector Ps.

Since these two parameters belong to the same user, fixing one and optimizing the

other or optimizing both of them simultaneously lead to the same result. Hence, Φs

is chosen such that the receiver can apply the same decoder Ψ and the mathematical

analysis is simplified.

Without loss of generality, we assume that Hsd is invertible otherwise (Hsd)
−1

can be taken as Hsd
+ where (·)+ denotes the pseudo-inverse operator defined as

A+ = (AHA)−1AH . Note that, since the SU is aware of the PU CSI, (i.e., Hpr and

Hrd), the unitary matrix U can be computed at the SU transmitter. As mentioned

earlier, we assumed that there is a feedback through the receiver capable of broad-

casting this information to the cognitive user. This is not a very benign assumption

as feedback of the CSI is adopted in most wireless communication protocols. Conse-

quently, the received signal is expressed as:

rDj
=







λjspj + ssj + z̃j , ∀j = 1, . . . , N − n,

ssj + z̃j , ∀j = N − n+ 1, . . . , N.

(2.18)

Typically, the SU signal is always constrained by the interference threshold forced by

the PU. Thus, in order to decode the SU signal, we propose to employ SIC in order

to cancel out the effect of the strongest signal, sp from the received signal. Note that
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the SU signal, transmitted over the n free eigenmodes (FE), is only constrained by

the total power constraints at the SU terminal and the relay.

2.3.2 Secondary User Achievable Rate

In this section, we investigate the achievable rate of the SU using the proposed strat-

egy described in Section 2.3.1 depending on the SIC performance. First, we derive the

SU optimal power allocation assuming perfect SIC (genie SIC). Then, we investigate

the performance gain with imperfect SIC (i.e., totally erroneous SIC). We introduce a

parameter α (0 ≤ α ≤ 1) that corresponds to the probability of detecting the PU sig-

nal sp correctly before applying the SIC. The achievable realistic scenarios obtained

through partially successful SIC are bounded by these two extreme cases: perfect and

imperfect SIC.

Perfect SIC

In this case, we assume that the PU signal is always decoded perfectly, i.e., ŝpj = spj ,

∀j = 1, . . . , N − n, where ŝpj is the estimated PU signal at the jth receive antenna.

Hence, the PU effect cancellation is performed correctly (α = 1) and, in this case, the

output received signal after the SIC decoding, r̃, is written as

r̃ = r −Λŝp = ss + z̃. (2.19)

In fact, the proposed precoding scheme described in (2.17) has normalized the sec-

ondary channel. Consequently, the maximum achievable rate Rs
(α=1) is obtained by
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solving the following optimization problem:

max
Ps

Rs
(1) = B

N∑

j=1

log2

(

1 +
Ps(j, j)

Qz̃(j, j)

)

(2.20)

subject to tr(ΦsPsΦs
H) ≤ Ptot, (2.21)

tr
(

HpP
∗
p
Hp

H +HsPsHs
H +N0WWH

)

≤ PR, (2.22)

∀j = 1, . . . , N − n; Ps(j, j) ≤ Ith, (2.23)

where P ∗
p

is the optimal PU power obtained after solving the optimization prob-

lem given in (2.13)-(2.15). This problem is also convex as the objective function

is concave and the three constraints are linear. Note that the secondary precoding

matrix in (2.17) is not unitary; thus, it should be included in the power budget con-

straint (2.21). Similar to (2.15), when allocating its power, the SU has to satisfy the

relay power constraint (2.22) while considering the PU power obtained in (2.16). By

using the invariance of the trace operator under cyclic permutations, the constraint

(2.21) can be written as tr(Φs
HΦsPs) ≤ Ptot. By defining the matrix As = Φs

HΦs,

(2.21) becomes tr(AsPs) ≤ Ptot.

Since the constraint in (2.23) is a peak constraint, we divide the problem into

two subproblems with the same objective function but with constraints in (2.21) and

(2.22) for the first subproblem and with the constraint in (2.23) in the second. Then,

we take the minimum between the two solutions [75]. For the first subproblem, we,

again, use the KKT conditions [74] to find the optimal solution. For the second

subproblem, it is clear that Ith is the optimal solution ∀j = 1, . . . , N −n. Finally, the
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resulting power profile is given as follows:

P ∗
s (j, j) =







min

{[
B

µAs(j,j)+η
∑N

i=1 |Hs(j,i)|2
−Qz̃(j, j)

]+

, Ith

}

, ∀j = 1, . . . , N − n,
[

B

µAs(j,j)+η
∑N

i=1 |Hs(j,i)|2
−Qz̃(j, j)

]+

, ∀j = N − n + 1, . . . , N,

(2.24)

where µ and η are the Lagrange multipliers associated with the secondary power

budget and the relay power constraints, respectively. Note that when the PU does

not tolerate any interference, i.e., Ith = 0, the SU is still able to transmit using the

FE and the corresponding rate is noted as the FE rate.

Imperfect SIC

In Section 2.3.2, we considered the ideal case when capacity achieving codes are

employed by the PU transmitter. Since the PU rate is smaller than the PU mutual

information, arbitrary low decoding error probability is achievable. In this subsection,

we assume that instead of using capacity achieving codes, the PU employs more

practical coding schemes and thus decoding errors are unavoidable no matter how

small the PU rate is. To capture this setting, we have introduced the parameter α.

In this case, we investigate the extreme scenario (α = 0) when the receiver decodes the

cognitive message with imperfect SIC where the interference power at each antenna

is equal to IE

[∣
∣
∣λj

(

spj − ŝpj
)∣
∣
∣

2
]

= 2P ∗
p (j, j)λj

2. Then, the SU achievable rate is
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obtained by solving the following optimization problem:

max
Ps

Rs
(0) = B

N−n∑

j=1

log2

(

1 +
Ps(j, j)

Qz̃(j, j) + 2P ∗
p (j, j)λj

2

)

+B

N∑

j=N−n+1

log2

(

1 +
Ps(j, j)

Qz̃(j, j)

)

(2.25)

subject to tr(AsPs) ≤ Ptot, (2.26)

tr
(

HpP
∗
p
Hp

H +HsPsHs
H +N0WWH

)

≤ PR, (2.27)

∀j = 1, . . . , N − n; Ps(j, j) ≤ Ith. (2.28)

This problem is also convex and the optimal power is computed similar to the perfect

SIC case by using the KKT conditions, the optimal power is given by

P ∗
s (j, j) =







min
{[

B

µAs(j,j)+η
∑N

i=1 |Hs(j,i)|2
−
(
Qz̃(j, j) + 2P ∗

p (j, j)λj
2
)]+

, Ith

}

,

∀j = 1, . . . , N − n,

[
B

µAs(j,j)+η
∑N

i=1 |Hs(j,i)|2
−Qz̃(j, j)

]+

, ∀j = N − n+ 1, . . . , N,

(2.29)

where µ and η are the Lagrange multipliers associated with constraints (2.26) and

(2.27), respectively. Note that the optimal power depends on the primary power

and eigenmodes, which means that the SU adapts its power continuously with the

variation of the primary channel state.

2.4 Precoding with Optimized Relay Matrix

In the fully cooperative setting, the UAV relay adapts its amplification gain matrix

with respect to the primary CSI in order to further enhance the PU rate. This

procedure is possible when the channel matrices Hpr and Hrd are perfectly known

then, the relay amplification matrix gain W can be optimized.
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Meanwhile, when there are available FEs, the elements ofW associated with these

FEs can be optimized to enhance the SU as well. First, we present the proposed

method to optimize W in order to maximize the PU rate. Then, we present the

updated power allocation optimization at the SU transmitter.

2.4.1 Primary User Achievable Rate

By recalling (2.8), the received signal can be written as

yD =HrdWHprΦpsp +HrdWHsrΦsss +HrdWzR + zD,

On one hand, the SVD of the matrices Hrd and Hpr are, respectively, given by

Hpr = U prΛprV
H
prand Hrd = U rdΛrdV

H
rd. (2.30)

where U pr, U rd, V pr, and V rd are unitary matrices and Λpr and Λrd are diagonal

matrices containing the singular values of Hpr and Hrd, respectively. On the other

hand, it was proven in [76] that, in order to optimize the rate, the optimal gain-matrix

has the following structure:

W = V rdΛWUH
pr (2.31)

where ΛW is a diagonal matrix to be optimized.

In the sequel, we denote λx,j for j = 1, · · · , N, as the diagonal values of the matrix

Λx for x ∈ {rd,W, pr}. Hence, the received signal can be expressed as follows

yD =U rdΛrdΛWΛprV
H
prΦpsp +U rdΛrdΛWUH

prHsrΦsss (2.32)

+U rdΛrdΛWUH
przR + zD.
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For the PU precoding and decoding, we choose the matrices Φp and Ψ as

Φp = V pr and Ψ = U rd. (2.33)

For the SU precoding, we choose the matrix Φs as

Φs = H−1
sr U pr. (2.34)

Consequently, the decoded received signal can be express as follows

rD = ΨHyD =ΛrdΛWΛprsp +ΛrdΛWss +ΛrdΛWUH
przR +UH

rdzD. (2.35)

Note that the resulting noise has a covariance matrix given by

Q = N0

(
IN +ΛrdΛWΛH

WΛH
rd

)
. (2.36)

Similar to (2.13), we formulate an optimization problem that maximizes the primary

achievable rate considering the worst scenario, i.e., when the maximum interference

reached by SU is Ith for each antenna j = 1, · · · , N . However, in this case, the decision

variables are the diagonal matrices Pp and ΛW that contain the primary transmit

power per PU antenna and the amplification gain per relay antenna, respectively.

The optimization problem is given as follows:

max
Pp,ΛW

Rp = B

N∑

j=1

log2

(

1 +
λ2rd,jλ

2
W,jλ

2
pr,jPp(j, j)

N0 + (Ith +N0)λ2rd,jλ
2
W,j

)

(2.37)

subject to
N∑

j=1

Pp(j, j) ≤ Ptot, (2.38)

N∑

j=1

λ2W,j(N0 + λ2pr,jPp(j, j)) ≤ PR. (2.39)
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Note that this optimization problem is not convex since the objective function is

not convex with respect to ΛW . However, the objective function is strictly quasi-

concave with respect to ΛW [77] and concave with respect to the Pp(j, j)’s. In order

to solve this problem, we use an alternating search algorithm that iterates between

maximizing the objective function with respect to the Pp(j, j)’s and with respect to

ΛW till reaching the convergence. This method is based on the alternating convex

search presented in [64]. Note that the results in [78] mentioned that in a strictly

quasi-concave problem, any local solution is a global solution. Hence, in our alternat-

ing convex search algorithm, in the step where we maximize the objective function

with respect to ΛW for fixed Pp(j, j)’s, we only need to find any maxima, which would

be unique and global.

In the rest of this part, we describe two maximization steps with respect to

Pp(j, j)’s and ΛW , respectively. Then, our alternating search algorithm follows. Fi-

nally, from the results in [64], performing an alternating search leads to the optimal

solution of the objective function.

Maximization with respect to the Transmit Powers

We propose a Lagrangian-based approach to find a suboptimal solution of this non-

convex optimization problem. The Lagrangian function corresponding to the problem

(2.37)-(2.39) is given by

L(P (j, j), λW,j, µp, νp) = B
N∑

j=1

log2

(

1 +
λ2rd,jλ

2
W,jλ

2
pr,jPp(j, j)

N0 + (Ith +N0)λ2rd,jλ
2
W,j

)

(2.40)

+ µp

(
N∑

j=1

Pp(j, j)− Ptot

)

+ νp

(
N∑

j=1

λ2W,j(N0 + λ2pr,jPp(j, j))− PR

)

,

where µp and νp are the Lagrange multipliers corresponding to constraints (2.38)

and (2.39), respectively. By finding the derivative of the Lagrangian with respect to



46

A =λ4rd,jN
3
0 νp + 2Ithλ

4
rd,jN

2
0 νp + I2thλ

4
rd,jN0νp + 2λ2pr,jλ

4
rd,jN

2
0 νpPp(j, j)

+ 3Ithλ
2
pr,jλ

4
rd,jN0νpPp(j, j) + I2thλ

2
pr,jλ

4
rd,jνpPp(j, j)

+ λ4pr,jλ
4
rd,jN0νpPp(j, j)

2 + Ithλ
4
pr,jλ

4
rd,jνpPp(j, j)

2,

B =2λ2rd,jN
3
0 νp + 2Ithλ

2
rd,jN

2
0 νp + 3λ2pr,jλ

2
rd,jN

2
0 νpPp(j, j)

+ 2Ithλ
2
pr,jλ

2
rd,jN0νpPp(j, j) + λ4pr,jλ

2
rd,jN0νpPp(j, j)

2,

C =Bλ2pr,jλ
2
rd,jN0Pp(j, j) +N3

0 νp + λ2pr,jN
2
0 νpPp(j, j). (2.43)

P (j, j) and equating it to zero, we find the optimal P (j, j) of the problem (2.37) for

fixed ΛW which is given by

P ∗
p (j, j) =

[

B

µp + νpλ
2
W,jλ

2
pr,j

−
N0 + (Ith +N0)λ

2
rd,jλ

2
W,j

λ2rd,jλ
2
W,jλ

2
pr,j

]+

. (2.41)

Maximization with respect to the Relay Gain Matrix

On the other hand, we can obtain the derivative of the Lagrangian with respect to

λW,j and setting it to zero to obtain the following polynomial equations:

λW,j = 0, or A× λ4W,j +B × λ2W,j + C = 0, (2.42)

where A, B, and C are non-negative constants given by (2.43). We can, then, obtain

the optimal λ∗W,j maximizing the Lagrangian with fixed Pp(j, j) and νp. The solution

is either zero or one of the roots of the bi-quadratic polynomial equation given in

(2.42), which is easy to solve. As λW,j is a non-negative real number, we eliminate all

complex and negative roots and the optimal solution of λW,j given Pp(j, j) and νp is

λ∗W,j =







√

−B+
√
∆

2A
, if −B+

√
∆

2A
> 0,

0 , otherwise

(2.44)
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where ∆ = B2 − 4AC is the discriminant of the bi-quadratic polynomial equation.

The existence of the unique solution, for the polynomial equation in (2.42), for A > 0

in the positive real space IR+, means that the solution is unique and global [78].

Alternating Search Algorithm

An inter-dependence between Pp(j, j) and λW,j is clearly shown by equations (2.41)

and (2.44). Therefore, we propose to adopt an alternating search algorithm in order

to achieve the optimal solution of the problem formulated in (2.37).

We start by initializing the values of the matrix ΛW and the Lagrange multi-

plier νp. Then, we compute the corresponding primary transmit power levels Pp(j, j),

∀j = 1, · · · , N which generate the new diagonal values of ΛW by solving the equa-

tions in (2.42) for a given νp. Note that the corresponding Lagrange multiplier µp

can be determined by the primary peak power constraint given in (2.38). Afterward,

we apply a backtracking line search in order to update the value of νp based on

the Armijo-Goldstein condition [79]. Then, we recompute the new power levels and

repeat this procedure until reaching convergence. Convergence is reached when the

achievable rate remains constant after several numbers of iterations. InAlgorithm 1,

we provide a detailed description of the alternating search algorithm applied to the

primary optimization problem.

2.4.2 Secondary User Achievable Rate

After determining the optimal Pp and W that maximize the PU rate, the SU max-

imizes its rate by optimizing its transmit power levels while considering free and

non-free eigenmodes.

Depending on the status of each primary eigenmode, the cooperative relay tries to

enhance the SU rate by adjusting the related amplification gain in case it corresponds

to the FE. Using (2.35), we derive the SU achievable rate expression for the perfect
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Algorithm 1 Alternating Search Algorithm for Primary User Rate Maximization

1: t = 0.
2: Initialize ν

(t)
p and λ

(t)
W,j, j = 1, · · · , N .

3: Compute P
(t)
p (j, j) corresponding to ν

(t)
p and λ

(t)
W,j using (2.41).

4: Find the initial primary achievable rate R
(t)
p using (2.37).

5: repeat
6: t← t+ 1.
7: Find the tth values of λ

(t)
W,j, j = 1, · · · , N with respect to P

(t−1)
p (j, j) and ν

(t−1)
p

as it is given in (2.44).

8: Compute the corresponding P
(t)
p (j, j).

9: Find R
(t)
p .

10: Update ν
(t)
p using a backtracking line search method.

11: until |R(t)
p − R(t−1)

p |2 ≤ ǫ where ǫ > 0.
12: The optimal solution of the optimization problem formulated in (2.38) is

P
(t)
p (j, j)and λ

(t)
W,j, ∀j = 1, · · · , N .

SIC scenario. The case of imperfect SIC follows a similar approach but with a different

objective function. The perfect SIC optimization problem given by

max
Ps,Λ̃W

Rs = B
N−n∑

j=1

log2

(

1 +
λ2rd,jλ

∗
W,j

2Ps(j, j)

N0

(
1 + λ2rd,j(λ

∗
W,j)

2
)

)

+B

N∑

j=N−n+1

log2

(

1 +
λ2rd,jλ

2
W,jPs(j, j)

N0

(
1 + λ2rd,jλ

2
W,j

)

)

(2.45)

subject to tr(AsPs) ≤ Ptot, (2.46)

N−n∑

j=1

λ∗W,j
2(N0 + Ps(j, j) + λ2pr,jP

∗
p (j, j))

+
N∑

j=N−n+1

λ2W,j(N0 + Ps(j, j) + λ2pr,jP
∗
p (j, j)) ≤ PR, (2.47)

∀j = 1, . . . , N − n; λ2rd,j(λ
∗
W,j)

2Ps(j, j) ≤ Ith. (2.48)

where Λ̃W = [λW,N−n+1, · · · , λW,N ] is the vector containing the n diagonal elements

λW,j associated with the n primary FEs to be optimized in order to improve the SU

achievable rate. Hence, if the PU transmits over all eigenmodes then, Λ̃W is an empty
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vector. The problem could be solved by the same approach employed to solve the

PU problem in Section 2.4.1, while only considering the amplification gain associated

with the FEs. The optimal SU power levels of (2.45) for a fixed Λ̃W is given as

follows:

P ∗
s (j, j) =







min

{[

B

µsAs(j,j)+ηsλ∗

W,j
2 −

N0(1+λ2
rd,j

λ∗

W,j
2)

λ2
rd,j

λ∗

W,j
2

]+

, Ith
λ2
rd,j

λ∗

W,j
2

}

,

∀j = 1, . . . , N − n,
[

B
µsAs(j,j)+ηsλ

2
W,j

− N0(1+λ2
rd,j

λ2
W,j)

λ2
rd,j

λ2
W,j

]+

, ∀j = N − n+ 1, . . . , N,

(2.49)

where µs and ηs are the Lagrange multipliers associated with the peak and relay

power constraints, respectively.

Hence, we presented in this section the optimal power allocation for both PU

and SU when the UAV relay matrix is optimized. Intuitively, this optimization gives

priority to the PU since it results in less free eigenmodes that the SU can exploit. In

the next section, we numerically investigate the results of the optimized relay matrix

cases versus the fixed relay.

2.5 Numerical Results

In our numerical results, we evaluate our results for terminals with 4 antennas com-

municating to the UAV relay with 200 kHz of bandwidth. The UAV amplifies and

forwards both PU and SU messages to the primary base station D. We present the

variation of the average sum rate of primary and secondary users with the different

parameters of the problem such as the power budget at the transmitters, the relay

power budget, the relay gain matrix, and the relay altitude. We also highlight the

sensitivity of our results to the imperfect CSI and the imperfect SIC. We also evaluate

the complexity using the running time needed to reach the solution. We model the

fading channel as a Rice fading channel where φ = π/4, and hence, eiφ = 1√
2
(1 + i).
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Also, we assume that HLOS is given by HLOS = IN , and the HNLOS is following a

Rayleigh fading. The simulation parameters are given in Table 2.1 and the rates are

expressed in Megabits per second (Mbps).

Table 2.1: Simulation parameters for UAV-relayed CR.

Parameter Value Parameter Value

LoS addi. path loss, LLoS (dB) 1 Path loss exponent, ν 2
NLoS addi. path loss, LNLoS (dB) 10 Bandwidth, B (kHz) 200
LoS probability parameter, ψ1 9.6 LoS probability parameter, ψ2 0.28
Number of antennas, N 4 Noise power, N0/B (dBm/Hz) -174

2.5.1 Fixed Relay Matrix Numerical Results

For simplicity, we assume that, in the fixedW case, the relay’s amplification matrix is

diagonal and is given by W = w×IN where w is a positive scalar. However, without

loss of generality, the proposed scheme can be applied to any fixed relay matrix.

In Figure 2.2.a, we plot the PU and the SU achievable rates as a function of Ptot

for PR = −5 dB and w = 104 with perfect SIC (α = 0). To measure the performance

of the proposed system, we plot the rate limits when Ith = 0 which gives the upper

bound of the PU rate: “no cognition rate” and the lower bound of the SU rate: “free

eigenmodes (FE) rate”, i.e., there is no tolerated interference from the PU. We show

that the SA technique allows the SU to achieve a rate up to 0.2 Mbps when using

only the FEs. However, this rate becomes zero when Ptot exceeds 15 dB since, in

this case, the PU is using all the eigenmodes. Then, depending on the tolerated

interference threshold, Ith, the SU rate is enhanced in the mid-range of Ptot since the

power constraint (2.21) becomes inactive. Note that the PU rate slightly decreases

with Ith which is acceptable since the PU tolerated this interference threshold. At

high values of Ptot, the PU rate saturates at a particular value that depends mainly

on the relay’s power. That is, even if the PU has high power, the relay’s power limits

the received signal at the destination.
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Figure 2.2: PU and SU rates versus Ptot.
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Figure 2.3: PU and SU rates with perfect SIC versus PR.

In Figure 2.2.b, the SU rates with perfect and imperfect SIC are presented for

PR = −5 dB to quantify the rate loss when α = 1. We notice that the rate loss

increases with Ith. However, all imperfect SIC rates ensure rates higher than the SU

FE rate. In addition, we compare Fig. 2.2.b, in, our algorithm with the classical

underlay CR framework in which the SU transmits below the interference thresholds

for each antenna that we denote by “No SA” for no space alignment. We show that

our algorithm presents 10% and 20% sum rate enhancement for Ith = −150 and

−155 dB, respectively. In addition, in the case where the PU does not allow any

interference, i.e., Ith → 0, our algorithm allow the SU to have a rate of 0.2 Mbps due

to the FEs, whereas the No SA presents zero sum rate.

Figure 2.3 shows the effect of the relay’s power, PR, on the PU and SU rates.

First, we notice that even without cognition, the PU rates stagnate at high values of
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Figure 2.4: PU and SU rates with perfect SIC versus Ipeak.

PR since the power budget Ptot is exceeded by the relay’s power level. In the case of

cognition, for fixed Ith = −150 dB and when PR is low, the cognitive rate increases

from zero to a stagnation level (around 1 Mbps for Ptot = −15 dB) whereas, the PU

rate increases at low values of PR then, after a slight decrease, it stagnates at a value

that is lower than the no cognition rate. In addition, we show that the sum rate of

the PU and the SU is higher than the no cognition rate by 0.2-0.5 Mbps. Hence, the

cognition enhances the spectrum efficiency and allows to have higher sum data rate

than when only one user is using the spectrum.

Figure 2.4 shows that as Ith increases, the PU rate is gradually decreasing from

3.8 Mbps, i.e., the no cognition rate, to 1.8 Mbps when Ith = −135 dB due to the

tolerated interference. Meanwhile, the SU rate stagnates at around 0.2 Mbps for

Ith ≤ −160 dB then increases and reach 2 Mbps for Ith = −135. We also note from
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Figure 2.5: PU and SU rates versus the altitude of the UAV relay with
Ptot = −10 dB, w = 104, PR = −5 dB and Ith = −155 dB.

Fig. 2.4, that the sum rate is higher than the no cognition rate by 0.2 − 0.3 Mbps

and that it reaches a maximum Ith = −145 then decreases again. This observation

can be explained by the fact that at low Ith, the PU rate is only limited by the relay

power constraint and as Ith increases the PU rate increases and the SU rate increases.

However, at high Ith values, the decrease of the PU rate is higher than the SU increase

which reduced the sum rate as Ith ≥ −145. Hence, the interference threshold Ith is

considered as an envelope of the SU and PU rates at low and high values, respectively.

In Figure 2.5, we highlight the effect of the UAV altitude on both PU and SU

rates for N = 2, 4 and 8. We show that when the altitude increases from the ground

level to 100−150m, the PU rate increases gradually as the LoS link is enhanced. For

instance, for N = 4 from the PU rate increases from 5.4 Mbps to 5.8 Mbps between

the ground and 125m. Beyond these altitudes, the PU rate starts to decrease, due

to the path loss effect related to the increasing distance between the UAV and the

PU. For instance for N = 8, the rate decreases from 12.3 Mbps to 4.3 Mbps between

100m and 350m whereas for N = 2, the PU rate slightly decreases from 3 Mbps to

2.9 Mbps between 150m and 350m. Hence, by observing the altitude effect on the

spatial multiplexing in MIMO, we find that for a low number of antennas, e.g., 2

antennas, the altitude increases the link quality even at high altitudes. However, for
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Figure 2.6: PU and SU rates with perfect SIC versus w with Ptot = 5 dB,
Ith = −150 dB N = 4, and altitude of 100m.

8 antennas the spatial multiplexing is reduced remarkably at high altitudes. From

another side, the SU rate slightly increase at low altitudes: till 200m, 150m, and

100m for N = 2, 4 and 8. Then the SU rates decrease and reach the same rate equal

to 0.075 Mbps at 300m. Hence, there are optimal altitudes that maximize both rates

as shown in [29] depending on the number of antennas, which are, in our simulations

around 200m, 150m, and 100m for N = 2, 4 and 8.

In Figure 2.6, we highlight the effect of the relay amplification matrix gain W

on PU and SU rates for different values of PR. Recall that, in our numerical results,

we chose W = w × IN , which is not necessarily the optimal choice but is a simple

one to quantify the effect of this matrix on the system performance. We notice that,

even with no cognition, the rate reaches its maximum for a particular value of w

before decreasing to zero as w increases. The reason behind this rate shape is that

increasing w enhances the power as the relay power constraint is not reached. When

reached, i.e., the values of w are large, the terminal power level should be small to

respect the constraint, and as w increases further, the power should be near zero. In

the CR framework, the shape of the rate is similar but lower than the no cognition

rate. The optimal w giving the maximum rate is different for PU and SU and can

favor one over the other as shown in Figure 2.6 (a), (b) and (c). However, we notice
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that the w that maximizes the SU is almost the same w = 2500 regardless of the

value of PR which is not the case for the PU rate. For instance, the optimal PU w is

15000, 22500, and 32500 for PR = −10,−5, and 0 dB, respectively.

2.5.2 Optimized Relay Matrix Numerical Results
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Figure 2.7: PU and SU rates versus Ptot with optimized W .

In Figure 2.7, the PU and SU rates are plotted as a function of Ptot with full relay

cooperation. We notice a higher PU rates versus a zero SU rate when Ptot ≤ −5 dB.

For instance, after the optimization of W , the PU rate reaches 5 Mbps instead of

2 Mbps at Ptot ≤ −30. When Ptot ≥ −5 dB, we show that the PU rate is slightly

decreasing and the SU starts to increase. For instance, for Ith = −150 dB and Ptot ≥

10 dB, the PU decreases by 0.63 Mbps which represents 6.5% of the no cognition rate,

whereas the SU rate reaches 0.63 Mbps. Consequently, the procedure of optimizing
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W for the PU allows to reach high PU rates and prevents the SU of transmitting

except when there is an interference threshold and when Ptot ≥ −5 dB.
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Figure 2.8: Comparison between the fixed and optimized W cases: the PU and SU
rates as a function of Ptot.

In Figure 2.8, we perform a comparison of the PU and the SU rates using either

optimized or fixed W (i.e., W = w × IN and w = 104). We show that, at low values

of Ptot, optimizing W leads to a remarkable enhancement of the PU rate that reaches

the non-cognition rate considered as the rate upper bound. This is essentially caused

by the fact that the procedure of optimizing W , described in Algorithm 1 involves

an optimization of the transmit power levels as well. This leads to a lower number

of FEs and a reduced influence of Ith. The PU rate is enhanced by 277%, 185%, and

127% for Ptot = −45,−35 and −25 dB, respectively.

Moreover, at low values of Ptot (≤ 5 dB), when W is optimized for the PU, the
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SU rate is lower than the fixed amplification gain case. For Ptot ≥ 5 dB, the SU

rate decreases to zero at high Ptot values whereas for the optimized W , it reaches

high values (about 0.2 Mbps in this case). This shows, again, that optimizing W

in our proposed scheme reduces remarkably the number of FEs and hence, presents

a trade-off between increasing the PU rate by optimizing W or the SU rate for a

fixed W . Note that, at high values of Ptot, the SU rate is close to zero due the fact

that the FEs are very limited. Consequently, the power expression is mostly given by

the first part of (2.49) which includes the relay matrix values λ∗W,j already optimized

to the PU.
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Figure 2.9: Comparison between fixed and optimized W : the PU and SU rates as a
function of PR.

In Figure 2.9, we compare between the optimized and fixed W rate as function

of PR when Ptot = −25 dB. As it can be seen in Fig. 2.9, the PU rate enhancement
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due to W optimization is relatively small, i.e., 0.1 to 0.5 Mbps when PR ≤ −35 dB

due to the limitation of the relay power. However, this enhancement is remarkable

when PR ≥ −35 as the PU rate goes from 2.35 Mbps to 4 Mbps and 6 Mbps for

PR ≥ −30 dB and −5 dB, respectively. This observation reflects the importance of

optimizing the relay matrix in order to achieve better performance with the available

transmit and relay power budgets. In addition, we notice that, at this low relay

power level (PR ≤ −35 dB), the SU rate using optimized W is higher than the one

with fixed W . However, as PR increases, the SU rate with optimized W decreases

till reaching zero. In fact, when W is optimized, increasing PR, with fixed Ptot, will

result in exploiting all the eigenmodes at the PU causing the SU to have very limited

data rate.
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Figure 2.10: Running time of Algorithm 1 versus the number of antennas N .

In order to analyze the complexity of Algorithm 1, we plot, Fig. 2.10, the corre-
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sponding running time in seconds for 103 realizations as a function of the number of

antennas N . We run our algorithm on workstation with 2 processors (Intel 2.67 GHz)

on Windows. We perform a curve fitting of the obtained results and we show that

Algorithm 1 has a complexity corresponding to O(N3).

2.6 Chapter Summary

In this chapter, we investigated the achievable rate an UAV-relayed cognitive radio

framework. We proposed a particular linear precoding scheme based on the space

alignment. We computed the corresponding optimal power allocation under power,

interference, and relay’s power constraints. We also analyzed a fully-cooperative

relaying scheme in which we optimized the UAV relay gain matrix and the transmit

power levels through an alternating search algorithm. In summary, UAV relaying, in

the CR context, allows the secondary user to communicate with an acceptable rate

without degrading the primary communication. In addition, the achievable secondary

rate is at its maximum when the UAV altitude is relatively at low altitude and

adopting a fixed relay matrix gain.
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Chapter 3

Towards CR Reliability with Two-Way Relaying

3.1 Introduction and Related Works

In this chapter, we study the rate of a cognitive amplify-and-forward (AF) two-way

relaying (TWR) system in the presence of a primary user (PU). In the traditional one-

way relaying (OWR), studied in the previous chapter, the relay receives the signal in

one time slot and sends it to the destination in the second time slot. Consequently, by

having two transceivers from both sides, the transmission requires four-time slots to

be accomplished. Recently, the two-way relaying [80–82] (TWR) has been proposed

as an efficient way to accomplish the transmission in two-time slots only [83, 84].

In the first time slot, the relay receives two signals from the communication termi-

nals. In the second time slot, the relay broadcasts the mixture of the two signals.

Consequently, each terminal can decode the intended message by performing a self-

interference cancellation on the total signal. In this case, the two transmissions from

both sides will only require two-time slots offering a higher spectral efficiency than

the OWR. Authors in [85–87] considered cognitive AF TWR and used beamforming

design on the SU to avoid the interference on PU. In [86], the relay is used to assist

PU communications as well. TWR CR power allocation was studied in [88, 89] and

in [82], where the authors analyzed the cognitive performance of AF TWR in a spec-

trum sensing framework. In [88], the authors determined the optimal power for the

SU, which acts as a DF two-way relay and focused on the outage performance. In

order to further enhance the capacity, few studies focused on the relay beamforming



62

in the TWR-MIMO framework [89–91]. In [92], the optimal relay matrix was com-

puted for a MIMO relay and the corresponding rate region was presented. In the

CR framework, the authors in [93] presented precoder design when the channel state

information (CSI) is not perfect with SISO PU and MIMO SU. In [87], the authors

presented many relay strategies to maximize the SU sum-rate while satisfying PU

rate requirements.

To the best of our knowledge, a SA technique in cognitive TWR MIMO was not

studied before. In this chapter, we propose an efficient solution for CR TWR networks

in which the SUs employ the SA technique in order to accomplish their bi-directional

communication without affecting the primary transmission. We design a precoding

scheme at secondary sources and relay such that the secondary communication be-

comes transparent to PUs. We study the power allocation problem of the SUs in a

TWR scenario similar to [82] but in a cognitive framework, where spectrum sensing

is not required. However, the terminals still need to perform channel sensing for the

CSI acquisition. Meanwhile, we use the SA technique to prevent interference on PUs

performing a direct two-way communication. Note that, in [82], the authors studied

a SISO system while, in our work, we study the MIMO case which is a more general

setting. The main contributions of this chapter are summarized as follows:

� We design the decoders, at the secondary terminals and at the relay, which allow

the secondary transmission to be totally transparent to the PUs on a MIMO

TWR system using the SA technique;

� We derive a closed-form expression of the optimal power allocation per antenna

for each secondary terminal;

� We propose to jointly optimize the relay matrix, together with the secondary

users’ power levels, to maximize the SU rate. We present three possible struc-

tures of the relay matrix depending on their complexity-efficiency tradeoff;
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� We quantify, in the numerical results, the effect of the relay parameters (power

and matrix gain) on the SU sum-rate. We also perform comparison between

different relay matrix complexity structures and highlight the corresponding

performance.

The work related to this chapter has been published in the two papers [38, 39].

3.2 System Model

We consider cognitive radio networks depicted by Fig. 3.1, consisting of one pair of

PU transceivers, denoted by P1 and P2, and the other pair of SU transceivers denoted

by S1 and S2. Two-way communication based on time division duplex (TDD) is

performed in the primary link while the SUs exchange their messages using an AF two-

way relaying technique. The relay R is introduced to ensure communications between

the secondary terminals by amplifying and forwarding the received secondary signals.

The PUs, as licensed users, exploit the total bandwidth while the SUs, as unlicensed

users, are allowed to opportunistically share the spectrum and access the channel

without affecting the primary communication. Each primary and secondary node is

equipped with Np and Ns antennas, respectively. We denote byHp, Hs1 , Hs2 , Hs1p2
,

Hs2p2
, Hp1R the channel gain matrices representing the links between P1 and P2, S1

and R, S2 and R, P2 and S1, P2 and S2, and P1 and R, respectively. All the channel

gains are assumed to be independent and constant during two consecutive time slots.

In our framework, where the objective is to investigate the performance of this novel

SA-based solution for CR TWR, we assume that the full channel state information

(CSI) is available at all terminals using MMSE approach [94], that is, each transmitter

sends pilots and the corresponding receivers estimate the channel and broadcast their

estimate to the whole network. Therefore, each terminal is aware of estimates of all

channels involved in the network. In this chapter, we neglect the estimation error

and assume that the estimates are very close to the actual channel gains.
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Figure 3.1: Two way relaying cognitive radio system model.
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The transmissions between primary transceivers is performed during two-time

slots. In addition, the SUs synchronize their transmissions within the primary time

slots as well. Hence, the secondary transmission is completely transparent to the

PUs. During the first time slot, S1, S2 and P1 are transmitting while R and P2 are

listening. We denote by yp2
and yR the received signals at P2 and R, respectively. In

this first time slot, the relay performs time synchronization by estimating the channel

impairments caused by the timing offset and the difference in channel gains using

maximum likelihood algorithm presented in [95].

During the second time slot, P2 transmits its signal to P1 while the relay amplifies

the received secondary signal through a gain matrix denoted by W and forwards it

to S1 and S2. We denote by yp1
, ys1 and ys2 the received signals at P1, S1, and S2,

respectively. The expressions of the received signals at the two time slots are given

as follows

Received signals at the first time slot

yp2
= HpΦp1

xp1
+Hs1p2

Φs1xs1 +Hs2p2
Φs2xs2 + np2

, (3.1)

yR = Hs1Φs1xs1 +Hs2Φs2xs2 +Hp1RΦp1
xp1

+ nR, (3.2)

Received signals at the second time slot

yp1
= HT

pΦp2
xp2

+HT
p1R

WyR + np1
, (3.3)

ys1 = HT
s1
WyR +HT

s1p2
Φp2

xp2
+ ns1 , (3.4)

ys2 = HT
s2
WyR +HT

s2p2
Φp2

xp2
+ ns2 , (3.5)

where Φi, i ∈ {p1, p2, s1, s2} are the linear precoding matrices applied to transmitter i.

The signals xi’s are independent complex Gaussian random vectors with zero mean.

We consider Pi = IE[xixi
H ] to be the covariance matrix of the vector xi, where IE[·] is
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the expectation over all channels realizations, .T and .H designates the transpose and

the Hermitian operators, respectively. The transmitter i is subject to a peak power

constraint tr(ΦiPiΦi
H) ≤ Ptot,i where tr (A) =

∑

j A(j, j) is the trace of the matrix

A, and Ptot, i is the total power budget of user i, i ∈ {p1, p2, s1, s2}. The power of the

relay R, is limited to its power budget denoted by Pr. Finally, ni and nR indicate

the zero mean additive white Gaussian noise (AWGN) vector at the node i and the

relay with an identity covariance matrix denoted by INp
for the primary system and

INs
for the secondary system.

3.3 Power Control with Fixed Relay Gain

3.3.1 Primary Achievable Rates

We compute the PU achievable rate by optimizing the power allocation over PU

antennas while ignoring the SU presence. In fact, the PUs act as if the SUs (i.e.,

secondary terminals and relay) do not exist in the network. By applying the SVD to

Hp, the PU, i.e., either P1 in the first time slot or P2 in the second time slot, transmits

through parallel channels characterized by their associated eigenmodes. The SVD of

the matrix is denoted by Hp = Up1
ΛpVp1

H where Up1
and Vp1

are two unitary

matrices and Λp is a diagonal matrix that contains the ordered singular values of Hp

denoted by λ1 ≥ λ2 ≥ · · · ≥ λN . Similarly, we have Hp
T = Up2

ΛpVp2

H where Up2

and Vp2
are two unitary matrices. Note that the singular values are the same for

Hp and Hp
T . To transform the PU MIMO relay channel to N parallel channels, we

employ the linear precoding Φp1
and Φp2

and the decoding Ψp1
and Ψp2

at the P1

node and P2 node, respectively, as follows

Φp1
= Vp1

,Φp2
= Vp2

,Ψp1
= Up1

and Ψp2
= Up2

. (3.6)
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In our CR setting, the secondary interference at PUs will be received in an orthogonal

space to the PU transmit space. Thus, the SU activity is transparent and does not

affect the PU quality of service (QoS). The output received signal at each PU node

after decoding becomes

rp1
= ΨH

p1
yp1

= Λpxp2
+UH

p1
np1

, (3.7)

rp2
= ΨH

p2
yp2

= Λpxp1
+UH

p2
np2

. (3.8)

In order to maximize their rates, the PUs proceed with optimizing their power allo-

cation over the Np parallel antennas by solving the following optimization problem

max
Pp

Rp =

Np∑

j=1

log2
(
1 + Pp(j, j)λ

2
j

)
, (3.9)

subject to tr(Pp) ≤ Ptot, p, (3.10)

where p stands for p1 or p2 depending on the considered transmitter. Note that

the achievable rates for both P1 and P2 are identical since the channel gain remains

constant in two consecutive time slots. Thus, both users have the same optimal power

profile. The optimal power is given, ∀j = 1, . . . , Np, by

P ∗
p (j, j) =

[
1

µp

− 1

λj
2

]+

, (3.11)

where [·]+ = max(0, ·) and µp is the Lagrange multiplier corresponding to the primary

total power constraint expressed in (3.10). From (3.11), when the channel gain is

poor, i.e., λj’s have small values, we note that the number of used eigenmodes by

PUs can be less than the total number of antennas Np. This case occurs when the

optimal power allocated to the jth antenna is zero (i.e., P ∗
p (j, j) = 0). Consequently,

the SUs can freely exploit the unused eigenmodes. We denote by np (0 ≤ np < Np)
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the number of unused primary eigenmodes. Note that if we have Np − np + 1 > Ns

then there is no free eigenmodes to be used by the secondary system. Then, we

distinguish two sets of eigenmodes: Np − np eigenmodes used by the PUs and np

unused eigenmodes from which n eigenmodes can be freely exploited by the SUs

where n = min{np, [Ns −Np + np]
+}.

3.3.2 Secondary Achievable Rates

This section introduces the proposed linear precoding and decoding matrices used

to maximize the SU sum-rate without affecting the PU rates. The proposed scheme

is employed to exploit the SA technique, presented in [73], which allow the SUs to

freely exploit the unused primary eigenmodes. Note that the secondary system is

able to determine the free eigenmodes by only knowing the PUs channel Hp then

determine its SVD and the PUs power allocation locally. However, in the case where

determining the free eigenmodes is not possible due to imperfect channel state infor-

mation, one can rely, e.g., on sensing the free space similar to [96]. From another

side, we mentioned earlier that the SU transmission should be transparent to the PU.

Consequently, the SUs need to limit their interference in the free PU space. That

is, the S1 and S2 transmission should be transparent in the first time slot, and the

relay’s transmission should be transparent in the second time slot. For this purpose,

we propose a precoding scheme at the SUs terminals that considers the channel gain

of their links with the PUs terminals as follows

Φs1 = (UH
p1
Hs1p2

)
+
P̄p and Φs2 = (UH

p2
Hs2p2

)
+
P̄p, (3.12)
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where P̄p is an Np × Ns matrix that models the unused primary eigenmodes and is

given by

P̄p(j, j) =







1, if P ∗
p (j, j) = 0,

0, otherwise,

(3.13)

for j = 1, . . . ,min{Np, Ns}. In the second time slot, by re-writing equations (3.4)

and (3.5), the received signals in the secondary nodes S1 and S2 can be rewritten as

follows

ys1 =HT
s1
WHs2Φs2xs2

︸ ︷︷ ︸

S2 signal

+HT
s1
WHs1Φs1xs1

︸ ︷︷ ︸

Self interference

+HT
s1
WHp1RΦp1

xp1

︸ ︷︷ ︸

Amplified P1 interference

+HT
s1p2

Φp2
xp2

︸ ︷︷ ︸

P2 interference

+ HT
s1
WnR

︸ ︷︷ ︸

Amplified noise

+ ns1
︸︷︷︸

Noise

, (3.14)

ys2 =HT
s2
WHs1Φs1xs1

︸ ︷︷ ︸

S1 signal

+HT
s2
WHs2Φs2xs2

︸ ︷︷ ︸

Self interference

+HT
s2
WHp1RΦp1

xp1

︸ ︷︷ ︸

Amplified P1 interference

+HT
s2p2

Φp2
xp2

︸ ︷︷ ︸

P2 interference

HT
s2
WnR

︸ ︷︷ ︸

Amplified noise

+ ns2
︸︷︷︸

Noise

. (3.15)

Using their CSI, the secondary terminals can remove the self interference by eliminat-

ing their own signals. In case of imperfect CSI, self-interference can still be applied,

however, it will introduce an error related to the channel estimation that can be con-

sidered as the noise. On the other hand, the received secondary signals are subject

to an amplified interference generated by P1 in addition to an interference caused by

P2 which are treated as noise. We denote by MNp;Ns;n the set of Np ×Ns matrices

whose i-th columns are non-zero where i = Np − n + 1, · · · ,min{Np, Ns}. We can

easily verify that for any Np ×Np matrix A and ∀M ∈MNp;Ns;n, we have

A×M ∈MNp;Ns;n. (3.16)
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In the relay side and by using (3.3), we perform a similar precoding on the relay

matrix as follows

W = (UH
p1
HT

p1R
)+P̄w. (3.17)

where P̄w is a matrix that belongs to MNp;Ns;n. We denote by Heqv
si

, i ∈ {1, 2} the

equivalent channel from the two SUs, i.e., Heqv
si

= HT
si
WHsī

Φsī
for i ∈ {1, 2} and

ī = 2 if i = 1 and vice versa. In our case, we note that, since P̄w ∈ MNp;Ns;n, then

for i ∈ {1, 2}, we have, from (3.12), Φsi ∈ MNp;Ns;n which means that Heqv
si
∈

MNp;Ns;n as well. Consequently, the first Np − n signals in the signal vector xsi will

be canceled out at the receivers. Hence, the SUs are only able to transmit only n

signals. Thanks to the proposed encoding schemes in (3.12) and (3.17), we ensure

that the PU transmissions are interference free. Consequently, the vectors xsi are

designed such as xsi(j) = 0 ∀j = 1, · · · , Np − n. Now in order to design the decoders

at the secondary receivers, we need to consider the form of Heqv
si

. For this, we denote

by H̃eqv
si

the matrix composed of the n non-zero columns of Heqv
si

and x̃si the n

non-zero values of xsi . We apply a decoding similar to the zero-forcing at the SU

receivers as follows

Ψsi = (H̃eqv
si

)+, i ∈ {1, 2}. (3.18)

Thus, the received signal ri = Ψsiysi
, i ∈ {1, 2} is given by:

rsi(j) = x̃sī(j) + ñsi(j), j = 1, · · · , n. (3.19)

where ñsi = ΨsiH
T
si
WHp1RΦp1

xp1
+ΨsiHsip2

Φp2
xp2

+ΨsiH
T
si
WnR+Ψsinsi is

the equivalent noise at the secondary receiver si with an n-by-n covariance matrix,
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Qñsi
= IE[ñsiñ

H
si
], i ∈ {1, 2}, given by

Qñsi
= ΨsiH

T
si
WHp1RVp1

P ∗
p

(

ΨsiH
T
si
WHp1RVp1

)H

+ΨsiHsip2
Vp1

P ∗
p
(ΨsiHsip2

Vp1
)H

+ΨsiH
T
si
W
(

ΨsiH
T
si
W
)H

+ΨsiΨ
H
si
. (3.20)

Thus, the achievable rate of each secondary terminal after employing the self cancel-

lation and the SA technique is expressed as follows

Rsi =

n∑

j=1

log2

(

1 +
Psi(j, j)

Qñsi
(j, j)

)

, i ∈ {1, 2}, (3.21)

and the objective becomes to optimally allocate the power over the secondary an-

tennas in order to maximize the total secondary sum-rate by solving the following

optimization problem:

max
Ps1 ,Ps2

Rtot = Rs1 +Rs2 (3.22)

subject to tr(Φs1Ps1Φ
H
s1
) ≤ Ptot,s1, (3.23)

tr(Φs2Ps2Φ
H
s2
) ≤ Ptot,s2, (3.24)

tr
(

WHs1Φs1Ps1(WHs1Φs1)
H

+WHs2Φs2Ps2(WHs2Φs2)
H

+WHp1RVp1
P ∗

p
(WHp1RVp1

)H

+WWH
)

≤ PR, (3.25)

where constraints (3.23) and (3.24) indicate that the sum of the allocated power over

the free eigenmodes is smaller than the total power budget of S1 and S2, respectively,

and constraint (3.25) indicates that the transmitted signal from the relay has to not

exceed its power budget. The optimization problem (3.22)-(3.25) can be simplified



72

using invariance of the trace operator under the cyclic permutation. For instance, the

constraint (3.23) can be written as tr(ΦH
s1
Φs1Ps1) ≤ Ptot,s1. By defining the matrix

As1 = ΦH
s1
Φs1 , the constraint (3.23) becomes tr(As1Ps1) ≤ Ptot,s1.

Similarly, we define

As2 = ΦH
s2
Φs2 ,

Bs1 = (WHs1Φs1)
H
WHs1Φs1 ,

Bs2 = (WHs2Φs2)
H
WHs2Φs2 ,

Cp = WHp1RVp1
Pp

∗ (WHp1RVp1
)H +WWH .

Since the constraints are linear and the objective function is concave, we use the KKT

conditions to compute the solution [74]. The Lagrangian function can be written as

L =Rs1 +Rs2 − µ1 (tr(As1Ps1)− Ptot,s1)− µ2 (tr(As2Ps2)− Ptot,s2)

− ν (tr(Bs1Ps1) + tr(Bs2Ps2) + tr(Cp)− PR) ,

(3.26)

where µ1, µ2, and ν are the positive Lagrange multipliers associated with the con-

straints (3.23), (3.24), and (3.25), respectively. By computing the derivative of L

with respect to Psi(j, j), i ∈ {1, 2}, j ∈ {1, · · · , n}, and equating it to zero, we obtain

the optimal power as follows

P ∗
si
(j, j) =

[
1

µiAsi(j, j) + νBsi(j, j)
−Qñsi

(j, j)

]+

. (3.27)

Equation (3.27) shows that the secondary transmission depends on the primary power

allocation in addition to the available free eigenmodes since P ∗
p
is included in Qñsi

and P̄p is included in the matrices Asi, Bsi , and Qñsi
, for i ∈ {1, 2}.
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3.4 Power Control with Optimized Relay Gain

In this section, we aim to further enhance the SU sum-rate by optimizing the relay

gain. In the literature, the optimization of power and relay matrix or joint optimiza-

tion was widely studied in the TWR context [89, 90]. In [91], it was shown that the

optimal structure that maximizes the rate is given by the product of a two unitary

matrices with a diagonal matrix. However, in our CR context, the structure of the

amplification matrix W needs to follow the expression given in (3.17) in order to

eliminate the effect of secondary interference in the free eigenmodes space of the PU.

Note that this structure has certain degrees of freedom since P̄w can have different

structure as long as it belongs to MNp;Ns;np
. We study three cases of the matrix

P̄w depending on complexity-efficiency tradeoff: i) has the same value for the n free

eigenmodes, ii) n values for the n free eigenmodes, iii) n full columns.

3.4.1 Case I: P̄w with Single Value Optimization

Due to the complexity of finding the optimal entries of the matrix analytically, we

assume in this case that the relay matrix is given by W = w(UH
p1
HT

p1R
)+P̄p where

the value of w needs to be optimized. In this case, the matrix Heqv
si

can be re-written

as follows:

Heqv
si

= wHT
si
(Up1

HHp1R)
+Hsī

Φsī
︸ ︷︷ ︸

H
eqv

si|w

. (3.28)

In (3.28), we denote by H
eqv

si|w
the component of Heqv

si
that is not including the

decision variable w. Thus, Ψsi can have the following expression

Ψsi =
1

w
Ψ̃si =

1

w
(H̃eqv

si|w
)+, i ∈ {1, 2}, (3.29)
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Ai = Ψ̃siHsip2
Vp1

P ∗
p

(

Ψ̃siHsip2
Vp1

)H

+ Ψ̃siΨ̃
H
si
, (3.31)

Bi =Ψ̃siHsi(U
H
p1
Hp1R)

+Hp1RVp1
P ∗

p

(

Ψ̃siHsi(U
H
p1
Hp1R)

+Hp1RVp1

)H

+ Ψ̃siHsi(U
H
p1
Hp1R)

+
(

Ψ̃siHsi(U
H
p1
Hp1R)

+
)H

,

(3.32)

C(Ps1, Ps2) =
(

(UH
p1
Hp1R)

+Hs1Φs1Ps1((U
H
p1
Hp1R)

+Hs1Φs1)
H

+ (UH
p1
Hp1R)

+Hs2Φs2Ps2((U
H
p1
Hp1R)

+Hs2Φs2)
H

+ (UH
p1
Hp1R)

+Hp1RVp1
P ∗

p

(

(UH
p1
Hp1R)

+Hp1RVp1

)H

+ (UH
p1
Hp1R)

+(UH
p1
Hp1R)

+H
)

.

(3.33)

where Ψ̃si = (H̃eqv

si|w
)+. Therefore, using (3.20), the noise covariance matrix can have

the following form:

Qñsi
=

1

w2
Ai +Bi, i ∈ {1, 2}, (3.30)

where for i ∈ {1, 2},, Ai and Bi are given in (3.31) and (3.32), respectively.

Similarly, the constraint (3.25), can be written as follows

w2tr(C(Ps1, Ps2)) ≤ PR, (3.34)

where C(Ps1, Ps2) is given in (3.33). Hence, we convert the optimization problem ex-

pressed in (3.22)-(3.25) to the following one by including the new decision variable w:

max
Ps1 ,Ps2 ,w

Rtot =
2∑

i=1

n∑

j=1

log2

(

1 +
Psi(j, j)

1
w2Ai(j, j) +Bi(j, j)

)

(3.35)

subject to (3.23), (3.24), (3.34).

Hence, the derivative of the Lagrangian function with respect to w given Ps1 and Ps2

is given by
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∂L
∂w

= 2w

[
2∑

i=1

n∑

j=1

Ai,jPsi(j, j)

(Ai,j + w2Bi,j)(Ai,j + w2(Psi(j, j) +Bi,j))
− νtr(C)

]

, (3.36)

where Ai,j = Ai(j, j) and Bi,j = Bi(j, j). By equating the Lagrangian to zero, we

obtain the following non-linear equation with one unknown variable:

2νtr(C(Ps1, Ps2)) =

2∑

i=1

n∑

j=1

Ai,jPsi(j, j)

(Ai,j + w2Bi,j)(Ai,j + w2(Psi(j, j) +Bi,j))
. (3.37)

We employ an iterative fixed-point algorithm in order to optimize SUs’ transmitted

powers and the amplification parameter w as given in Algorithm 2. We start by

initializing the values of w and the Lagrangian multiplier ν. Then, we determine

the corresponding achieved rate using (3.27) (Line 3). Then, the algorithm updates

the value of w using the powers obtained in Line 3. This approach is repeated

till achieving convergence, i.e., when the achieved data rate remains unchanged as

indicated in Line 11 of Algorithm 2. The value of ν is updated using a typical

backtracking line search method [79].

Note that we do not claim the convergence to the global maximum of the problem

similar to [97]. However, for numerical tests, we use multiple initial values (Line 2) to

prevent the convergence to local maxima. We found that they converge to the same

secondary sum-rate. That is the algorithm converges to a unique solution and is not

trapped in different local maxima. Hence, the reached solution can correspond to the

global maximum of the problem (see Appendix A for more details).

3.4.2 Case II: P̄w with n Values Optimization

In this case, P̄w has n values to be optimized. In fact for j = 1, . . . ,min{Np, Ns}

we have P̄w(j, j) = wj , if P
∗
p (j, j) = 0, and P̄w(j, j) = 0, otherwise. Determining the

values of wj analytically versus the power similar to (3.37) is difficult and involves
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Algorithm 2 Fixed-Point Iterative Algorithm for Secondary Sum-Rate Maximization

1: t=0.
2: Initialize w(t), ν(t).
3: Compute P

(t)
si (j, j) corresponding to w(t) and ν(t) using (3.27).

4: Find the initial secondary achievable rate R
(t)
tot using (3.21).

5: repeat
6: t← t+ 1.
7: Find the w(t) with respect to P

(t−1)
si (j, j) and ν(t−1) by solving (3.37).

8: Compute the corresponding P
(t)
si (j, j), ∀j = 1, · · · , N .

9: Find R
(t)
tot.

10: Update ν(t) using a backtracking line search method.

11: until |R(t)
tot − R(t−1)

tot |
2
≤ ǫ where ǫ > 0.

12: The solution of the optimization problem is w(t)and P
(t)
si (j, j), ∀j = 1, · · · , N .

n nonlinear equations. Therefore, in our simulation results section (Section 3.5), we

numerically investigate the performance of the diagonal matrix and compare it with

other cases. Certainly, the increase in the number of parameters in P̄w enhances the

system performance. However, this secondary sum-rate enhancement will be obtained

at the cost of higher computational complexity. Yet the choice of a diagonal matrix

remains with a lower complexity than the more general scenario where P̄w is a full

matrix considered in Case III.

3.4.3 Case III: P̄w with n Full Columns Optimization

In the most general case, P̄w is a full matrix belonging to MNp;Ns;n which means

that P̄w has n full columns. Hence, by following (3.17), the number of parameters

in W to be determined is Ns× n for entries. Theoretically, optimizing this structure

of P̄w will achieve the highest secondary performance. A comparison between the

three cases is provided in Section 3.5. Case II is considered here in order to achieve

a tradeoff between the computational complexity and the best-achieved performance

using the full matrix case. Note that the optimization of the general structure of W

is performed numerically, i.e., using the interior-point algorithm implemented in the

Matlab optimization tools. The purpose of presenting this case is to show the upper
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limit of the performance compared to case I and case II.

3.5 Numerical Results

In our numerical results, we consider a Rayleigh fading channel in which the channel

gains are complex Gaussian random variables with zero mean and unit variance.

The rates are expressed in bits per channel use (BPCU). We use the same power

budget for all the users, i.e., Ptot,s1 = Ptot,s2 = Ptot,p1 = Ptot,p2 = Ptot. The primary

and secondary systems are also equipped with the same number of antennas, i.e.,

Np = Ns = N . In the rest of the figures except Fig. 3.5, we take N = 4 antennas.
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Figure 3.2: SUs sum-rate vs. Ptot with w = 1.

In Fig. 3.2, we plot the average SUs sum-rate vs. Ptot with different values of

the relay power, PR = 0, 5, 10 dB. We compare between the case when the PU is

present, and the SU interference is limited to the free eigenmodes, and the case when

the PU is absent, i.e., “no PU”. In this latter case, the SUs and the relay still use
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the same precoding choice, even if there is no primary transmission, i.e., P̄p = IN ,

in order to have a fair comparison between the two cases. Hence, we notice that the

TWR SA offers a positive rate gain for the SUs. At low values of Ptot, the rate gain

is almost equal to the “no PU” rates due to the availability of the free eigenmodes.

In mid-range power, i.e., between −5 and 5 dB, this gain attains a maximum which

presents 33 − 85% of the SU “no PU” sum-rate depending on the relay power PR.

This remarkable gain is explained by the fact that the SU power is high and there are

still some free eigenmodes (red curve) to be exploited. However, when Ptot has large

values, the free eigenmodes (in the red curve) become very limited and with the high

interference coming from the PUs, SU sum-rate present relatively low values. Hence,

there is an optimal value of Ptot that allows the SUs to reach a maximum rate gain

without affecting the PU performance.
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Figure 3.3: TWR and OWR SUs sum-rate vs. Ptot with w = 1.
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In Fig. 3.3, we plot the TWR and OWR rates with different antennas number N .

We found that TWR provides better performance than the OWR at low power budget

values. Although OWR can avoid the self-interference, TWR performs transmission

in two time slots instead of four. Moreover, cancelling the self-interference in TWR

is not a complex process since the sources can estimate the channels and knows their

own transmitted signal. Also, it should be noted that the interference cancellation

due to the SA precoding is needed for both OWR and TWR.
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Figure 3.4: SU sum-rate vs. PR with various Ptot and w = 1.

In Fig. 3.4, the SU sum-rate is plotted vs. the relay power, PR to highlight its effect

on the cognitive performance. Recall that the average number of free eigenmodes

remains the same since it only depends on the PU power allocation. We notice that

as Ptot increases, the SU sum-rate decreases. This is mainly caused by the fact that as

Ptot increases, the PUs are able to transmit with higher power using more eigenmodes
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which results in both high primary to secondary interference and lower number of free

eigenmodes (as shown by the red curves). From another side, we show that in order

to achieve acceptable SU sum-rate, the relay power should be greater than 0 dB

otherwise the resulting rate is very low (< 0.1 BPCU). In addition, as PR increases,

the SU sum-rate in presence of PUs approaches the rate with no PUs. Meaning that

the ratio of the SU SNR over the interference from the PUs is increasing with PR

allowing to achieve rates close the no PUs case.
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Figure 3.5: SUs sum-rate vs. Ptot with various PR, Ptot = 10 dB and w = 3.

In Fig. 3.5, we plot the SU sum-rate vs. the number of antennas, N , to highlight

its effect on the TWR cognitive performance. We first show that the variation of the

number of free eigenmodes is linear with the number of antennas. In this setting,

where Ptot = 10 dB, the number of free eigenmodes is about N
6
. However, depending

on PR there is an optimal number of antennas that gives a maximum sum-rate and
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if the relay selects this same number even if N increases, the sum-rate will remain at

its maximum value. Afterwards, when N increases the SU sum-rate decreases due to

the additional PUs interference caused by the higher number of antennas.
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Figure 3.6: SUs sum-rate vs. w with various values of PR and Ptot = 5 dB.

In Fig. 3.6, the effect of the relay amplification matrix gain W on the SU sum-

rate is analyzed. This figure highlights the case where W = w × (Up1

HHp1R)
+P̄w,

which is not necessarily the optimal choice but is a simple one to quantify the effect

of this matrix on the system performance. We, first, note that, for N = 4, the

average free eigenmodes is 1, whereas the achievable sum-rate is about 75% of the

“no PU” case that can exploit all the 4 antennas freely. This means that the TWR

is three times efficient in a CR context than in single communication case with SA

precoding. Consequently, TWR is a promising technique for MIMO CR paradigm.

From another side, there is an optimal value of w that maximizes the SU sum-rate.
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This value should be adapted with PR in order to have an efficient use of the relay. We

also show that as PR increases the maximum SU sum-rate increases and the optimal

w decreases.
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In Fig. 3.7, we highlight the performance of the optimized relay matrix with case I,

i.e., W = w×(UH
p1
Hp1R)

+P̄w. We plot the resulting sum-rate and average w vs. the

relay power for different values of Ptot with averaging on different channel realizations.

We also assume that the PU power budget, in this case, is fixed and equal to 0 dB. We

show that w is a convex-decreasing function of PR and that w → 0 when PR → ∞.

This observation could be explained by the fact that when the relay power PR is small,

the transmitted signal should be further amplified in order to maximize the sum-rate.

However, when PR is high, the amplification should be reduced since it affects the

resulting SNR when the interference from the PU and the noise are amplified. We
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also show that the sum-rate is higher than the maximum rate achieved in Fig. 3.6. In

fact, for each channel realization in our proposed algorithm, the corresponding power

and w solutions are computed accordingly. However, in Fig. 3.6, the value of w is

fixed for all realizations which affect the overall sum-rate.
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Figure 3.8: Sum-rate vs. PR with various relay matrix structures with Ptot,p = 0 dB.

In Fig. 3.8, we highlight the effect of the amplification matrix structure by plotting

the sum-rate vs. PR for the three cases with different values of Ptot where the values

of the matrix W are determined numerically. We show that in general, the gain in

sum-rate between case I and case II is relatively small. For instance, for PR = 5 dB

this gain is about 8% for Ptot,s = 0 dB and 6% for Ptot,s = 10 dB. Meanwhile, the

rate gain between case I and case III is 20% for both Ptot,s = 0 and 10 dB which

means that the scalar model achieves 80% of the rate that the full matrix archives.

Hence, there is a slight trade-off between complexity and rate. In addition, we show
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that as PR increases the performance of the three cases converge to the same value.

Consequently, there is no need to model the amplification gain as a full matrix since

the scalar model, i.e., case I, achieves almost the same rate of case III mainly for

high PR.
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Figure 3.9: Running time of Algorithm 2 vs. number of antennas N .

In Fig. 3.9, we present a complexity study of Algorithm 2 with the increasing

number of antennas N . We run our algorithm on an Intel 2.67 GHz (2 processors)

workstation. We then perform a curve fitting to the obtained curve and we found

that the complexity of our algorithm is O(N3).

3.6 Chapter Summary

In this chapter, we studied a cognitive amplify-and-forward (AF) two-way relaying

(TWR) scheme with space alignment to protect the primary user (PU). We deter-
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mined the secondary precoders structures that avoid interfering with the PU. We also

compute the power allocation that maximizes the PU rate and the cognitive sum-rate.

We present a joint optimization algorithm that considers optimizing the relay gain

matrix using three models depending on the gain matrix structure complexity. In

our numerical results, we investigated the sum-rate achieved using TWR with SA

for different system parameters such as the relay power, gain matrix and the number

of antennas. We also highlight how does the relay gain affect the secondary sum-

rate. Finally we compare the performance of the different gain matrix structures and

showed that a simple structure achieves up to 80% of the optimal structure.
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Chapter 4

Towards CR Scalability: MIMO CR MAC with

Multi-Secondary Users

4.1 Introduction and Related Works

The space alignment (SA) technique was presented in the previous chapters as a

solution to mitigate the interference by exploiting the free eigenmodes of MIMO

systems [54]. This technique is based on transforming the channel gain matrix into

parallel channels. In this chapter, the SA is used with a multiple SUs in order to

analyze the effect of the scalability on the CR performance. Specifically, the CR

multiple access channel (MAC) where multiple SUs share the common receiver with

the PU is considered in this chapter.

In [98], where the optimal power allocation for only a unique SU was studied, the

SU interference is not considered in the PU rate optimization, and the correspond-

ing transmit power expression. However, we consider the SU interference in the PU

optimization, which results in more realistic communication scenario while imposing

more complexity to the problem. In addition, we study the case of multiple SUs

which introduces the concept of SU selection depending on the CSI. The SU selec-

tion process involves a combinatorial optimization that entails a high computational

complex exhaustive search (ES) method to be solved.

In [99,100], the authors employed SIC technique to decode PU and SU messages,

while in [98,101] the same scenario was investigated using the SA technique. In [102],

the authors presented a power allocation scheme for an OFDM CR based on sub-
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carrier assignment. In this chapter, a low-complexity alternative is presented, and

the key contributions are as follows:

� Developing an efficient and low-complexity SU selection algorithm, in SA cog-

nitive MIMO-MAC, in order to maximize the cognitive sum-rate with no inter-

secondary interference.

� Deriving explicit optimal power expressions for the PU and the SUs and analyz-

ing the upper and lower bounds of the CR sum-rate (perfect and imperfect SIC).

� Showing numerically that the proposed scheme achieves close results to the

optimal ES method with a huge reduction in computational complexity.

The work related to this chapter has been published in [40].

4.2 System Model and Precoding Schemes

Primary User PU

Destination D

Secondary User SU1

Secondary User SU�

Figure 4.1: Cognitive MIMO-MAC with a common receiver.

We consider a cognitive MIMO-MAC spectrum sharing setting with a common

receiver in which K SUs share the primary channel in an uplink communication
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scenario to a common destination denoted as D (see Fig. 4.1). The licensed PU can

fully exploit the channel while the K existing unlicensed SUs are allowed to transmit

their signals under certain constraints to maintain the primary communication quality

of service. Each transmitter is equipped with Nt antennas where the receiver has Nr

antennas with Nr ≥ Nt. The channel gain matrices representing the links between

the PU and D and between the kth SU and D are Nr ×Nt and are denoted by Hpd

and Hskd, respectively. We assume perfect CSI availably of each link to the receiver

and the corresponding transmitter. In addition, the SUs are assumed to know the

primary CSI via a broadcasting from D. The received signal at D is expressed as

y = HpdΦpsp +

K∑

i=1

HsKdΦsKǫkssk + z, (4.1)

where Hpd and Hskd, k = 1, . . . , K are assumed to be independent, z is a zero mean

AWGN with identity covariance matrix. Φp andΦsk are the linear precoding matrices

applied at PU and SUk, k = 1, . . . , K, respectively. sp and ssk are independent

and identically distributed (i.i.d.) complex Gaussian signals transmitted by PU and

SUk, k = 1, . . . , K, respectively. For i ∈ {p, s1, . . . , sK}, we consider Pi = IE[sisi
H ]

to be the covariance matrix of the vector si. Pi is subject to a power constraint

tr(ΦiPiΦi
H) ≤ Ptot where tr(A) =

∑

j A(j, j) is the trace of the matrix A, and Ptot

is the total power budget per user. Finally, ǫk, k = 1, . . . , K, are binary diagonal

matrices where ǫk(j, j) is either equal to 1 if SUk transmits on its jth antenna, or is

equal to 0 otherwise. To avoid co-interference between SUs, we propose that each PU

channel is only shared by one SU, i.e.,
∑K

k=1 ǫk(j, j) = 1, ∀j = 1, . . . , N . Note that

it is possible for a SU to use more than one eigenmode. In our SA scheme, the PU

transforms its channel into N = min{Nt, Nr} parallel channels by applying a SVD to

Hpd, i.e., Hpd = UΛV H where U , Nr×Nr, and V , Nt×Nt, are two unitary matrices

and Λ, Nr × Nt, is rectangular matrix whose diagonal contains the ordered singular
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values of Hpd denoted as λ1 ≥ · · · ≥ λN . The PU employs the precoding Φp = V

before transmission and the decoding Ψ = U after reception. After decoding, the

received signal is

r = ΨHy = Λsp +
K∑

k=1

UHHskdΦskǫkssk + z̃, (4.2)

where z̃ = UHz remains a zero mean AWGN with an identity covariance matrix.

We adopt an interference temperature protection imposed by the PU to force the

SU transmissions to be below a certain interference threshold per receive antenna

denoted Ith. In other words, the interference caused by s =
∑K

i=1U
HHskdΦskǫkssk

has to not exceed a fixed Ith, i.e., the covariance matrix of s noted Qs = IEss

[
ssH

]

satisfies the condition: Qs(j, j) ≤ Ith for the jth antenna. Thus, the PU tolerates

this eventual interference as noise and focuses on maximizing its rate Rp. This rate

is considered as a lower bound of the primary rate as the interference threshold, Ith,

may not be reached by the SUs. Hence, the optimal PU power and the lower bound

rate are derived by solving the following optimization problem

max
Pp

Rp =

N∑

j=1

log2

(

1 +
Pp(j, j)λ

2
j

Ith + 1

)

(4.3)

subject to tr (Pp) ≤ Ptot, (4.4)

where Ptot is the total power budget. Using the convexity of the problem, we apply

the KKT conditions to obtain the optimal power as follows

P ∗
p (j, j) =

[
1

µp

− Ith + 1

λj
2

]+

, ∀j = 1, . . . , N, (4.5)

where [.]+ = max(0, .). µp is the Lagrangian multiplier corresponding to constraint

(4.4). From (4.5), when the channel gain is poor, i.e., λj ’s have small values, then the
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number of used eigenmodes by PU can be less than N that occurs when P ∗
p (j, j) = 0.

Consequently, the SUs can freely exploit the unused eigenmodes. We denote by n,

0 ≤ n < N , the number of unused eigenmodes. Then, we distinguish two sets of

eigenmodes: N − n eigenmodes used by the PU and n unused eigenmodes that can

be freely exploited by the SUs’. In order to obtain simple received signal expression,

we choose for each SUk, Φsk as follows

Φsk = (Hskd)
+
U . (4.6)

Furthermore, since the SUs know the PU CSI, (i.e., Hpd), the unitary matrix U

can be computed at each SU transmitter. We assume here that there is a feedback

through which the receiver can broadcast this information to the cognitive users.

Consequently, the received signal is expressed as

r(j) = λjsp(j) +

K∑

k=1

ǫk(j, j)ssk(j) + z̃(j), if 1 ≤ j ≤ N − n,

r(j) =
K∑

k=1

ǫk(j, j)ssk(j) + z̃(j), if N − n+ 1 ≤ j ≤ N.

4.3 Secondary User Selection

In order to decode the SU signal transmitted over a non-free eigenmode, we propose

to employ a SIC to remove the effect of the strongest signal: sp from the received one.

Note that the SU signals transmitted over the n free eigenmodes are only constrained

by the total power constraint. Hence, the achievable rate of the kth SU depends on

the SIC performance; either perfect (fully successful) or imperfect.
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4.3.1 Perfect SIC

The PU signal is always decoded perfectly, i.e., ŝpj = spj, ∀j = 1, . . . , N − n, where

ŝpj is the estimated PU signal at thejth receive antenna. Hence, the PU cancella-

tion is performed correctly and the output received signal after the SIC decoding is

r̃ = r −Λŝp =
∑K

k=1 ǫkssk + z̃. Note that the proposed precoding scheme described

in (4.6) converts the secondary channel to a unitary channel. Consequently, the max-

imum achievable secondary sum-rate RS is obtained after solving the following opti-

mization problem (4.7)-(4.11) where constraint (4.11) is set to avoid co-interference

between SUs.

max
Psk

,ǫk
RS =

K∑

k=1

N∑

j=1

log2(1 + (ǫ∗k(j, j))
2Psk(j, j)) (4.7)

subject to ∀k = 1, . . . , K, tr(ΦskǫkPskǫ
H
k
ΦH

sk
) ≤ PT , (4.8)

∀j = 1, . . . , N − n,
K∑

k=1

(ǫ∗k(j, j))
2 Psk(j, j) ≤ Ith, (4.9)

∀k, ∀j, ǫk(j, j) ∈ {0, 1}, (4.10)

∀j = 1, . . . , N,
K∑

k=1

ǫk(j, j) = 1. (4.11)

Thus, the problem becomes a combinatorial optimization problem that includes bi-

nary vectors in its decision variables. We propose a suboptimal but less complex

scheme involving two steps. First, we associate the SU candidates to the PU eigen-

modes by optimizing and fixing ǫk, ∀k = 1, . . . , K. Second, since the problem becomes

convex as the objective function is convex and the two constraints are linear, we easily

derive the corresponding power allocation scheme for each SU. By using the invari-

ance of the trace operator under the cyclic permutation, the constraint (4.8) can

be written as tr(Φsk
HΦskǫkPskǫk

H). By defining the matrix Ask = Φsk
HΦsk , (4.8)

becomes tr(AskǫkPskǫk
H) ≤ PT , ∀k = 1, . . . , K. Note that Psk(j, j) is inversely pro-
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portional to Ask(j, j). Therefore, in order to increase the total sum-rate of the SUs,

we set ǫk(j, j) = 1 such that the corresponding Psk(j, j) is maximum, i.e., Ask(j, j)

is the lowest over all SUs. That is, from (4.6), the associated kth SU to the jth

eigenmode is the SU that has the “best” channel over the jth eigenmode. Accord-

ingly, the N eigenmodes are allocated independently and all ǫk(j, j) are expressed,

∀k = 1, · · · , N , as

ǫk(j, j) =







1, if Ask(j, j) = min
k=1,...,K

Ask(j, j),

0, otherwise.

(4.12)

We define the number of SUs allowed to transmit asKt ≤ min(N,K). In practice, the

selection decision is made by the common destination which knows all the SU CSIs.

Afterwards, each SUk focuses on maximizing its own data rate by transmitting over

the associated eigenmodes assigned by the matrix ǫk. Using the KKT conditions,

the resulting power allocation is given by (4.13) where µ is the Lagrange multiplier

associated with the peak power constraint.

P ∗
sk
(j, j) =







min

{[
1

µAsk
(j,j)
− 1
]+

, Ith

}

, if 1 ≤ j ≤ N − n,
[

1
µAsk

(j,j)
− 1
]+

, if N − n+ 1 ≤ j ≤ N.

(4.13)

4.3.2 Imperfect SIC

Since the PU rate is smaller than the PU mutual information, arbitrary low decoding

error probability is achievable. In this subsection, we assume that instead of using

capacity achieving codes, PU employs more practical coding schemes and thus de-

coding errors are inevitable even if the PU rate is small. To capture this setting,

we investigate the extreme scenario when the receiver decodes the cognitive message

after employing an imperfect SIC where the interference power at each antenna is
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equal to IE

[∣
∣
∣λj

(

spj − ŝpj
)∣
∣
∣

2
]

= 2Pp(j, j)λj
2. The SU achievable rate is solution of

the following optimization problem

max
Psk

,ǫk
RS =

K∑

k=1

N∑

j=1

log2

(

1 +
(ǫ∗k(j, j))

2 Psk(j, j)

1 + 2P ∗
p (j, j)λj

2

)

(4.14)

subject to (4.8), (4.9), (4.10), and (4.11).

In this scenario, the suboptimal power is computed similar to the perfect SIC case by

using the KKT conditions as follows

P ∗
sk
(j, j) =







min

{[
1

µAsk
(j,j)
−
(
1 + 2P ∗

p (j, j)λj
2
)]+

, Ith

}

, if 1 ≤ j ≤ N − n,
[

1
µAsk

(j,j)
− 1
]+

, if N − n+ 1 ≤ j ≤ N,

where µ is the Lagrange multiplier associated with the total power constraint. We

notice, here, that the derived power depends on the primary power and eigenmodes

which means that the secondary is adapting its power continuously with the variation

of the primary channel state.

4.4 Numerical Results

We consider a Rayleigh fading channel, i.e., the elements of the channels Hpd, and

Hskd, k = 1, . . . , K are circularly symmetric complex Gaussian random variables

with zero mean and unit variance. For purpose of a fair comparison, we force the

total secondary power to be the same and equal to the PU power budget Ptot. That

is, each SU has a power budget given by PT = Ptot

Kt
. We also assume that the number

of antennas is the same at the transmitters and the receiver, i.e., Nt = Nr = N .

Fig. 4.2 depicts the secondary sum-rate, expressed in bits per channel use (BPCU),

versus the total power budget Ptot with different values of Ith. We show that increas-

ing the number of SUs, K, enhances the cognitive sum-rate up to 20% to 40% of the



94

−10 −5 0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

P
tot

 (dB)

A
ve

ra
ge

 S
ec

on
da

ry
 S

um
 R

at
e 

(B
P

C
U

)

 

 
K=4
K=2
K=1

I
th

= 10 dB

I
th

=−10 dB

I
th

= 0 dB

I
th

 −> ∞

I
th

 −> −∞

N=4

Figure 4.2: Secondary sum-rate vs. the total power Ptot.

single SU rate. Moreover, this enhancement is higher as Ith increases due to relaxed

interference constraint (4.9) which offers more degrees of freedom. In addition, for

fixed Ith, as Ptot increases, the SU rate reaches a maximum before decreasing. This

variation is due to both the transmit power and the number of available free eigen-

modes. In fact, at low Ptot values, the PU provides more free eigenmodes but the SU

rate is limited as the power is low. At high Ptot values, less eigenmodes are available,

and the SU rate reaches a maximum in the mid-range values of Ptot before decreasing.

In Fig. 4.3.a, we investigate the variation of the secondary sum-rate as a function

of the total number of SUs K. In the case where N = 4 antennas, we show that the

sum-rate increases remarkably from 1 to 5 SUs and the increase becomes limited as

K takes high values. This change in the slope is caused by the limited number of

eigenmodes, which is 4 in this setting, hence, as K increases beyond 4 the sum-rate
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Figure 4.3: Sum-rate and served secondary users vs. K.

starts to stagnate. In Fig. 4.3.b, we highlight the effective average number of served

SUs versus K. We show that this number goes asymptotically to N as K increases

since our algorithm selects the best channels from all SUs.

In Fig. 4.4, we compare the corresponding sum-rate to an ES sum-rate and we

vary K and Ith. The ES sum-rate is obtained after selecting the ǫk’s that provide

the highest rate. The ES algorithm involves KN combinations of ǫk which reflects a

huge complexity compared to our algorithm that uses a unique sub-optimal matrix ǫk.

However, the proposed algorithm reaches at least 90% of the ES sum-rate. The gap

between the ES and our algorithm shows that the set of optimal ǫk is not necessarily

given by (4.12). We also show that at low and high values of Ptot, the proposed

algorithm matches the ES rate since the number of free eigenmodes is limited. We

also show that for low values of Ith there is also a match between the two sum-rates

for all values of Ptot and hence, the effectiveness of the proposed selection algorithm.

In Fig. 4.5, we highlight the effect of multi-antenna diversity on secondary sum-

rate. In addition, we present the upper and the lower limits on the sum-rate, i.e., the

sum-rate range, corresponding to the perfect SIC, (4.7), and imperfect SIC, (4.14),
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respectively. As can be seen in Fig. 4.5, the sum-rate is increasing in K and as N

increases the sum-rate gain increases; for example, the sum-rate gain from 1 to 16

SUs is 40% for N = 2 and 80% for N = 14. In addition, we quantify the sum-rate

range depending on the SIC accuracy, e.g., for K = 2 and N = 4, the sum-rate range

is between 3 and 6 BPCU .

4.5 Chapter Summary

In this chapter, we investigated the effect of multiple secondary users on the cognitive

MIMO-MAC sum-rate. We adopted a special space alignment algorithm that selects

the best secondary users based on their channels in order to achieve a higher sum-

rate. We obtained a closed-form solution of the sub-optimal power for each secondary

user. In our numerical results, we studied the secondary sum-rate for Rayleigh fading
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channel. We showed that our low-complexity selection scheme performs very closely

to the optimal solution obtained by an exhaustive search.
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Chapter 5

Towards CR Scalability in Green Cellular Networks

5.1 Introduction and Related Works

The energy consumption and the spectrum scarcity are considered as the main chal-

lenges facing next generation, i.e., the fifth generation (5G), cellular systems [103–

105]. As a result, dynamic spectrum management as well as energy-efficient and

environment-aware design should be jointly considered in the design of the next gen-

eration cellular networks [106]. In the literature, few studies focused on green cooper-

ation between primary and secondary networks [107,108]. In [107], the authors studies

the cooperation of cognitive users within the TV bands. In [109], the authors studied

the green cooperation between two operators in which the objective is to minimize the

fossil fuel cost. The main objective of these studies is to achieve maximum profit for

both operators. Although they aim to optimize the green cooperation between both

networks, these studies do not consider the microgrid aspects with dynamic pricing

in their models and do not focus on the CO2 emission as a fundamental metric for

green communications.

In this chapter, we propose a spectrum-aware and energy-aware operation scheme

for cellular networks in a CR context. The main idea is to exploit the existence of the

SNs in order to ensure additional energy savings and CO2 emission reduction [110].

We formulate an optimization problem that maximizes the profits of the PN and the

SN subject to CO2 emission and QoS constraints. The PN is allowed to switch off a

certain number of BSs to reduce the CO2 emission without being below the tolerated
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number of users in outage. Hence, some of the primary users will be roamed to

the neighbors SN BSs. In return, the latter BSs can freely exploit the spectrum

and the PN pays a roaming cost to the SN. Two cases of the profits maximization

are investigated: a disjoint approach, i.e., decentralized profit maximization, and a

joint approach, i.e., centralized profit maximization. In the decentralized approach,

lower exchange of information between both operators is considered. First, the PN

optimizes its BSs operation and transfers the output to the SN which adopts its

operation accordingly. In the centralized approach, both networks jointly optimize

their operations as a single virtual network.

Moreover, we analyze the collaboration between PN and SN in terms of spectrum

sharing and spectrum leasing [111]. A low-complexity algorithm based on profit per

CO2 emission metric is proposed to solve the combinatorial optimization problem to

determine the best active BS combinations and the corresponding fractions of band-

widths related to the PN and SN. The profit maximization is performed by considering

the renewable energy availability and the dynamic energy pricing at the microgrid

levels. Through different simulations, we investigate the system performance ver-

sus various parameters and compare the performance of the proposed algorithm to

those of the exhaustive search (ES) solutions. Most precisely, the contributions of the

chapter can be summarized as follows:

� A green overlay collaboration model for cognitive cellular networks is investi-

gated where PN is allowed to offload its users to neighbor SN BSs when its

BSs are switched off. In return, the SN uses the spectrum leased in the corre-

sponding primary cells in addition to extra profit income due to the roaming

operation. The SN can switch off some of its BSs if the CO2 constraint is not

respected.

� The objective of both networks is to maximize their profit metrics that de-

pend on several parameters such as the service revenue, energy cost, spectrum
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leasing/sharing cost, and roaming cost, subject to QoS constraint and a CO2

emission limit. Since both networks are serving a common geographical area,

the total CO2 emission are shared between both networks and two approaches

are considered:

– A disjoint, or decentralized, approach where the priority is first given to

PN to find the active BSs that maximize its profit with respect to a partial

CO2 threshold, then, SN performs a best-effort approach to maximize its

profit.

– A joint, or centralized, approach where a weighted profit maximization

metric is considered. The optimization is performed by a third party, e.g.,

a broker, that maximizes both profits in real time. This approach avoids

iterative optimization that may delay the SN in case it provides real-time

service.

� A low-complexity algorithm for BS activation/deactivation and spectrum man-

agement is proposed to be employed instead of the complex ES method. The

proposed algorithm is applied to both approaches with some minor modifica-

tions. The proposed algorithm is based on a profit per CO2 emission metric

allowing to reach a sub-optimal solution close to the ES one.

� Multiple numerical simulations are proposed to investigate the performance of

the disjoint PN/SN cooperation for various parameters such as the roaming

price, CO2 partial emission, renewable energy availability. In addition, we eval-

uate the joint approach performance with respect to the PN/SN weights.

The work related to this chapter has been published in the two papers [41, 42].
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5.2 System Model and Green Aspects

5.2.1 Cellular Network Model

We study the collaboration between two mobile operators deploying cellular networks

in the same geographical area. The first operator, the PN, is licensed to use the

frequency bandwidth denoted by W . The second operator, the SN, is allowed to

share the spectrum with the PN in change for eventual collaboration when needed.

Both PN and SN have NBS BSs that cover the same area of interest to serve a total

of Np and Ns users, respectively. The PN and SN are modeled as hexagonal cells

with a tri-sectoral transmission in which the area covered by each BS is divided into

three equal areas. The secondary BSs are deployed such as the distance between

the secondary BS and the closest primary BS is equal to the cell radius so that

the interference is minimal as shown in Fig. 5.1.(a). That is, the secondary BSs

are deployed in the intersection of three primary cells to cover the same region and

having minimal interference. In each cell, the PN and SN users are randomly placed

with coordinates (xp, yp) and (xs, ys) and benefit from one of the different services

provided by each network, denoted by Σp and Σs, respectively. We denote by N
(σ)
i,j

the number of users of network i at the BS j, where i ∈ {p, s} denotes the PN and SN,

respectively, and σ = 1, · · · ,Σi designates the type of provided service. The users of

a network i using a given service σ are placed according to a given joint probability

density function (PDF) denoted by fi,σ(xi, yi). On the other side, at the network

i, the power consumed at the j-th BS is denoted by Pi,j. This power is computed

as [112]:

Pi,j = ai

Σi∑

σ=1

N
(σ)
i,j∑

k=1

p
(k,σ)
i,j + bi, (5.1)

where p
(k,σ)
i,j is the transmit power allocated to user k using service σ in the j-th BS,

ai is a coefficient reflecting the amplifier and the feeder losses in the network i, and
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bi is a constant power consumed independently of the transmit power [113]. This

parameter includes the signal processing (analog to digital converters (ADC), filters,

mixers, amplifiers, etc.), battery backup, and cooling. Note that ai and bi might

differ from a network to another depending on the nature of equipment used by each

network.

In this study, we are considering a downlink planning problem based on average

statistics. Therefore, we compute the average power per user per service σ, denoted

by p
(σ)
i,j . Hence, equation (5.1) can be re-written as Pi,j = ai

∑Σi

σ=1N
(σ)
i,j p

(σ)
i,j + bi, where

p
(σ)
i,j denotes the average transmitted power per service of the j-th BS in order to serve

users using service σ. The average transmit power per user for a given σ is expressed

as [112]:

p
(σ)
i,j =

P
(σ)
min

K
Ei,σ[d

ν
i,j], (5.2)

where P
(σ)
min is the minimum power received by each user using service σ in order to

ensure its QoS requirement, K is a parameter representing the effects of BS antenna

settings, carrier frequency, and propagation environment, and ν is the path loss ex-

ponent. The term Ei,σ[d
ν
ī,j
] denotes an average distance function between the j-th BS

of network ī, where ī = s if i = p and ī = p if i = s depending on the users and

the serving BS, and the users of network i using service σ connected to this BS. This

average distance function is computed using the distribution of users using service σ

within cell j of network i, denoted by Ci,j, as follows:

Ei,σ[d
ν
ī,j] =

∫∫

Cī,j

(
(u− xī,j)2 + (v − yī,j)2

) ν
2 fi,σ(u, v)dudv, (5.3)

where (u, v) are the random location coordinates of a user using service σ belonging

to network i following the distribution fi,σ(u, v). Note that each BS has a certain

capacity, denoted by N i, i ∈ {p, s}, representing the maximum number of users that

can be served simultaneously. For instance, this can be due to a limited number of
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Figure 5.1: System model of cellular CR network with a microgrid at each BS.
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channel carriers. We assume that, before collaboration, PN and SN are well-planned,

i.e., Np,j ≤ Np and Ns,j ≤ N s where Ni,j denotes the total number of users of network

i connected to the j-th BS such that Ni,j =
∑Σi

σ=1N
(σ)
i,j . However, since there will be

cases of PN users roamed to the SN, the PN outage constraint as well as the maximum

capacity constraints at each secondary BS have to be respected. In order to meet the

users’ QoS in terms of data rate, the following inequality has to be satisfied:

wi,σ log2

(

1 +
P

(σ)
min

wi,σN0

)

≥ ri,σ. (5.4)

where N0 denotes the noise power per unit of bandwidth and wi,σ denotes the fraction

of bandwidth allocated to each user using service σ of network i achieving the target

rate for the average transmit power p
(σ)
i,j given by (5.2). In other words, the achieved

data rate has to be greater than or equal to the required data rate per user for the

service σ offered by network i, denoted by ri,σ. It has been shown in [109] that wi,σ

is given by

wi,σ = −
P

(σ)
min

N0

1 +
P

(σ)
min

ri,σN0
W−1

(

− ri,σN0

P
(σ)
min

e
− ri,σN0

P
(σ)
min

) , (5.5)

whereW−1(·) is the lower branch of theW-Lambert function and defined in [−1
e
, 0] [114].

We verify that
P

(σ)
min

ri,σN0
W−1

(

− ri,σN0

P
(σ)
min

e
− ri,σN0

P
(σ)
min

)

< −1 so that the fraction of bandwidth

expression in (5.5) is non-negative.

5.2.2 Green Aspects in the Cellular Networks

Although the objective of both networks is to maximize their profits, we present, in

this study, four aspects related to green communications that influence the PN-SN

collaboration:
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1) Renewable Energy Generation

We propose to introduce renewable energy as an alternative energy source (e.g., wind,

solar, etc.) to power the BSs. As illustrated in Fig. 5.1.(b), each BS is powered by

a microgrid generating energy from a green source, denoted by E (g)i,j , for the j-th BS

of network i. In the case of lack of renewable energy, the microgrid buys the extra

amount of required energy from the traditional electrical grid, assumed to be from a

fossil fuel source, such that the energy consumption of the j-th BS is satisfied. In other

words, the amount of energy procured from the grid is expressed as max(Ei,j−E (g)i,j , 0),

where Ei,j is the energy consumption of the j-th BS of network i during its operation

time T and equals to Ei,j = Pi,jT .

2) Dynamic Energy Pricing

We consider that the microgrid imposes a constant price, denoted by c(g), for each

unit of consumed green energy. However, as fossil fuel is consumed from the electrical

grid, the energy price imposed by the microgrid is modeled as an increasing function

of the fossil fuel consumption of the BS [115]. We adopt the following energy cost

function ci,j imposed to each BS j of network i:

ci,j =







c(g), if Ei,j ≤ E (g)i,j ,

c(g) + f(Ei,j), if Ei,j > E (g)i,j ,

(5.6)

where f(.) is a price function that varies with the consumption. The function f(.)

could follow linear or quadratic behavior depending on the sensitivity of the fossil fuel

cost to the real-time demand of the BS. Note that the imposed energy price on each BS

depends on its total power consumption and the renewable energy availability during

the operation time ∆t. The dynamic energy pricing forces consumers to minimize

their fossil fuel consumption and exploit the green energy instead.
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3) Limited CO2 emission

The equivalent amount of CO2 emitted by all BSs (belonging to both networks: PN

and SN) is limited by a certain emission threshold denoted by CO2. Note that the

equivalent CO2 emission are computed as a function of the fossil fuel consumption

considering the nature of the energy source [116]. For example, wood source and

a refinery gas emit 0.39 and 0.24 kg of CO2 per 1 KWh, respectively [116]. Note

that the CO2 emission can be also evaluated using a quadratic penalty function [117]

which is adopted in this chapter. The CO2 emission penalty function at a BS j of

network i, denoted by FCO2
i,j , is given as follows [117]:

FCO2
i,j =







0, if Ei,j ≤ E (g)i,j ,

φi(Ei,j − E (g)i,j )
2 + ψi

(

Ei,j − E (g)i,j

)

, if Ei,j > E (g)i,j ,

(5.7)

where φi and ψi are the pollutant coefficients related to the fossil fuel source powering

the BSs of network i. The total CO2 emission, i.e., the sum of FCO2
i,j is denoted

by FCO2
i .

Note that the green sources do not produce CO2 emission which encourage the

operators to adopt these sources when there is a CO2 threshold imposed be the

governments.

4) BSs on/off switching

We consider that mobile operators are able to switch off some of their BSs. In this

cognitive framework, we assume that users initially connected to switched off PN BSs

can be roamed to a neighbor SN BSs. Consequently, the PN will reduce the energy

consumption and the CO2 emission of the overall network. In addition, the SN is

forced to switch off some of its BSs in order to meet the CO2 emission requirement.

Note that, the SN BSs serving the PN users need to stay active. In return, SN im-
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poses a roaming price to compensate the extra energy cost caused by the PN roamed

users. The SN is allowed to switch off some BSs in some particular cases that will be

described in the sequel. In order to apply the BS on/off switching, we introduce the

binary variables ǫi,j denoting the status of the j-th BS of network i, i.e., ǫi,j = 1 if

the j-th BS is switched on, otherwise, ǫi,j = 0. If a BS j is switched off, we consider

that it does not consume energy, i.e., Ei,j = 0. We denote by ǫp and ǫs the vectors

corresponding to the PN and SN BS on/off statuses, respectively.

Given these four green aspects, the PN has to preserve a certain QoS of the

network, i.e., the total number of served users (directly served or roamed) to respect

a certain outage Pout. Otherwise, since the objective is to maximize the profit, the

PN can reach a case in which it leases the spectrum to earn money instead of serving

its users. Note that the outage constraint is not imposed to SN for two reasons. First,

the available resources (spectrum, allowed CO2 emission, etc.) are highly dependent

on the PN activity. For instance, in some cases, the SN may be forced to switch off

some of its BSs to respect the total CO2 emission constraint. Thus, we cannot force

the SN to serve its users all the time. The second reason is that the PN may roam

users that have high priority and must be served by the SN. For these reasons, the SN

may be unable to serve all its users. Nevertheless, the SN obtain a roaming reward

instead.

5.3 Problem Formulation and Constraints

The proposed collaborative framework represents a good opportunity for mobile op-

erators to enhance their profits while behaving green. This is performed by either

reducing their energy costs or sharing their licensed spectrums. The proposed sce-

nario can be interpreted as follows; we consider a single mobile operator deploying

a well-planned cellular network (i.e., QoS maintained and tolerated CO2 emission
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respected) in a given geographical area. An unlicensed secondary operator aims to

provide particular services to their users by exploiting the same frequency band. A

mutually beneficial collaborative scheme is a solution that can be adopted by both

operators to meet their objectives while respecting the same initially tolerated CO2

emission.

5.3.1 Dynamic Spectrum Management

The cooperation between the PN and SN is based on the management of the available

bandwidth W . This management includes two modes of collaboration: the spectrum

leasing and the spectrum sharing:

� Spectrum leasing: When the PN traffic is low or the j − th BS is decided to be

inactive, the PN can partially or fully lease the non-used spectrum to the SN

with a price denoted by psl. We denote by βp,j, 0 ≤ βp,j ≤ 1, the fraction of

the spectrum W that can be leased to the j-th SN BS. Hence, βp,j ×W is the

available bandwidth that the SN is free to use without caring about interference.

Note that if the j-th PN BS is off, βp,j is set equal to 1. In addition, the SN

is not forced to exploit the whole fraction βp,j ×W but cannot go beyond this

fraction. Thus, we define the variable βs,j as the bandwidth fraction needed by

the SN where 0 ≤ βs,j ≤ βp,j.

� Spectrum sharing: When the j-th BS remains active, the PN can share part of

the spectrum with the SN. This part corresponds to (1−βp,j)×W with a price

denoted by pss. In this spectrum sharing mode, the SN transmission needs to

respect an interference threshold imposed by PN denoted by Ith.

Although the prices psl and pss are different, they are assumed to be constant for all

the BSs.
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5.3.2 Primary Network Profit Expression and Constraints

The PN focuses on maximizing its profit while respecting the service outage and

the CO2 emission constraints. We denote by Πp the profit corresponding to the PN

operation which is defined as:

Πp =

NBS∑

j=1

Πp,j (5.8)

=

NBS∑

j=1

Σp∑

σ=1

p(σ)p,op

(

N
(σ)
p,j +N

(roamed,σ)
p,j

)

︸ ︷︷ ︸

Service profit

+

NBS∑

j=1

(1− ǫp,j)
(

pslβs,jW − proamN (roamed)
p,j

)

︸ ︷︷ ︸

Inactive BS profit

+

NBS∑

j=1

ǫp,j (pss(1− βs,j)W + pslβs,jW )

︸ ︷︷ ︸

Active BS profit

−
NBS∑

j=1

cp,jEp,j
︸ ︷︷ ︸

Energy cost

, (5.9)

where Πp,j is the profit gained from the j-th BS, p
(σ)
p,op is the operation price paid

by every single served PN user using service σ, N
(roamed,σ)
p,j is the number of roamed

users using service σ offloaded from the j-th PN BS to the j-th BS belonging to the

SN, proam is the roaming price paid by the PN to the SN for every single roamed

and served user, and cp,j represents the energy cost that scales with the BS energy

consumption Ep,j. The total number of roamed users N
(roamed)
p,j =

∑Σp

σ=1N
(roamed,σ)
p,j .

Note that βs,j cannot be determined by the PN since it is optimized by the SN after

having the optimized parameters of the PN problem.

One way to overcome this dependency is to adopt a certain value of βs,j that will

give approximately the same PN profit. We choose, for instance, βs,j = βp,j which

means that the PN assumes that the SN will exploit all the leased fractions. This

assumption is valid for two reasons. Firstly, the term pslβs,jW is common for the

active or inactive status of the given j-th PN BS. That is, both profits will be shifted

if the βs,j < βp,j. This eventual shift does not affect the proposed algorithm in the

next Section, since it is based on comparing these two profits for each BS. Secondly,
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the term pss(1− βs,j)W that characterizes the inactive status gives a lower bound of

the profit when βs,j = βp,j which means that even if βs,j < βp.j, the corresponding

profit is higher.

Maximizing the PN profit is subject to three constraints:

� Roamed users constraint: the number of roamed users cannot exceed the number

of users that can be served by the SN N s, called the SN service capacity, i.e.,

0 ≤ N
(roamed)
p,j ≤ N s. (5.10)

� Service outage constraint: the number of users in outage has to be less than a

certain threshold. A user is considered in outage when it is not being allocated

to any BS (i.e., primary or secondary BS). For instance, this can be caused by

a limited coverage or insufficient SN resources. Thus, the PN QoS constraint

can be written as

Np −
∑NBS

j=1

(

Np,j +N
(roamed)
p,j

)

Np

≤ Pout. (5.11)

where Pout corresponds to the ratio of the number of users allowed to be in

outage to the total number of users.

� CO2 emission penalty constraint: the total CO2 emission of PN has to be below

the threshold Cth imposed by the regulator, and is given as follows

FCO2
p =

NBS∑

j=1

FCO2
p,j ≤ Cth. (5.12)

The value of Cth scales linearly with the number of BSs NBS. In fact, it can

correspond to product of the quantity of CO2 allowed to be emitted within

the area of one cell and the number of cells. Depending on the investigated
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scenario, this constraint can be updated such that the total CO2 emission due

to the cognitive system operation (PN and SN) is below the total threshold

imposed by the regulator CO2. In the sequel, we denote by Cth the maximum

SN CO2 emission tolerated by the regulator such that Cth + Cth = CO2.

5.3.3 Secondary Network Profit Expression and Constraints

The objective of the SN is also to maximize its profit by either sharing the spectrum

or exploiting the leased spectrum. However, the SN is limited to the PN decision

variables specifically βp,j and N
(roamed)
p,j for j = 1, · · · , NBS. The profit of the SN is

given by

Πs =

NBS∑

j=1

Σs∑

σ=1

ǫs,jp
(σ)
s,opN

(σ)
s,j

︸ ︷︷ ︸

Service profit

+

NBS∑

j=1

ǫs,j(1− ǫp,j)
(

proamN
(roamed)
p,j − pslβs,jW

)

︸ ︷︷ ︸

Inactive PN BS profit

−
NBS∑

j=1

ǫs,jcs,jEs,j
︸ ︷︷ ︸

Energy cost

−
NBS∑

j=1

ǫs,jǫp,j (pss(1− βs,j)W + pslβs,jW )

︸ ︷︷ ︸

Active PN BS profit

, (5.13)

where p
(σ)
s,op is the operation price paid by served SN users using service σ. Note

here that, unlike PN, the profit corresponding to a switched off secondary BS is

zero as a switched off BS will serve any users. The optimization variables of the

secondary problem, for j = 1, · · · , NBS, are ǫs,j, βs,j, Ns,j. The SN problem involves

five constraints defined as follows:

� Transmit power budget constraint: the total transmit power of the secondary

BS, i.e.,
∑Σs

σ=1N
(σ)
s,j p

(σ)
s,j+

∑Σp

σ=1N
(roamed,σ)
p,j p

(σ)
p→s,j where p

(σ)
p→s,j is the average trans-

mit power needed to serve the roamed users of PN in cell j using service σ by

the j-th BS of SN, must be below the available power budget, denoted by P s,
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and is expressed as

Σs∑

σ=1

N
(σ)
s,j p

(σ)
s,j +

Σp∑

σ=1

N
(roamed,σ)
p,j p

(σ)
p→s,j ≤ P s. (5.14)

Although the network is well-planned, this constraint has to be considered as

the roamed PN users may cause an excess of transmit power consumption.

� Interference constraint: the interference caused by the SN transmission on the

PN BS needs to be below a certain threshold denoted by Ith. This constraint is

valid when ǫp,j = 1 in the spectrum sharing scenario. The following interference

constraint in each cell has to be satisfied:

p
(σ)
s,j

K

Ep,σ[dνs,j]
≤ Ith, ∀j = 1, · · · , NBS. (5.15)

Hence, the fraction of bandwidth ws,σ to be allocated to each secondary user

of the SN using service σ in the spectrum sharing scenario has to satisfy (5.4)

with a transmit power given by p
(σ)
s,j = min{P (σ)

min, Ith} ×
Ep,σ [dνs,j ]

K
.

� Service capacity constraint: the total number of served users including the PN

roamed users needs to be below the SN service capacity per BS. In other words,

Ns,j ≤ N s −N (roamed)
p,j , ∀j = 1, · · · , NBS. (5.16)

Note that in this constraint the variable to be optimized is Ns,j whereas in

(5.10) the variable is N
(roamed)
p,j .

� CO2 emission penalty constraint: the CO2 emission of the SN is below the

corresponding fraction allowed CO2 in the area as follows:

FCO2
s =

NBS∑

j=1

FCO2
s,j ≤ Cth. (5.17)
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� Maximum spectrum leasing constraint: the part of the leased spectrum to be

exploited by SN is below the fraction allowed by the PN after solving its prob-

lem:

0 ≤ βs,j ≤ βp,j, ∀j = 1, · · · , NBS. (5.18)

In the next sections, we investigate two approaches to solve the PN/SN collab-

oration. A disjoint approach, where the PN starts by optimizing its corresponding

variables to maximize its profit while respecting the CO2 emission and QoS con-

straints, is investigated in Section 5.4.

In the decentralized approach, the SN considers the parameters obtained from

PN and determines the fractions of bandwidth to be leased in order to maximize its

profit as well. Consequently, the PN optimization needs to be solved rapidly, i.e.,

in real-time in order to allow the SN to optimize its parameters. Hence, we need

to employ a fast and low-complex algorithm that target the maximum profit with a

relatively high accuracy.

The second approach, described in Section 5.5, jointly optimizes a utility function

based on the profits of both networks: PN and SN. In this case, more exchange of

information is required between both networks to determine the best solution for the

cognitive collaboration.

5.4 Disjoint Profit Maximization

In the distributed profit maximization scenario, the PN maximizes its profit with

respect to a PN CO2 emission constraint limited by a fraction of the total allowed CO2

emission in the geographical area. Then, PN provides its optimized parameters to the

SN that optimizes its profit given the SN. However, the SN CO2 emission constraint

defined by a fraction 1−α. In other words, Cth = α×CO2 and Cth = (1− α)× CO2.

The advantage of this disjoint approach is that the PN management is not affected
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by the SN activity but rather by α. In addition, the disjoint approach does not

require a third party, e.g., a broker, since the PN and SN management are performed

successively not simultaneously.

5.4.1 PN Profit Maximization

Problem Formulation

The PN’s optimization problem can be formulated as follows:

maximize
ǫp,j ,βp,j ,N

(roamed)
p,j

Πp, (5.19)

subject to (5.10), (5.11), (5.12),

ǫp,j ∈ {0, 1} , 0 ≤ βp,j ≤ 1.

The objective of the PN is to determine which BS should be switched off in order to

achieve the maximal profit while satisfying the constraints. The PN problem defined

in (5.19) is a combinatorial problem which is a non-deterministic polynomial-time

hard (NP-hard) problem due to the existence of the binary variables ǫp,j, j = 1, . . . , NBS

[118]. That is, the optimal solution can only be found using high-complexity ES

method and cannot be determined analytically. In this section, we propose a low-

complexity algorithm that achieves a relatively high PN profit close to the one ob-

tained by ES as it will be shown in the numerical results.

Proposed PN Algorithm

The PN is required to optimally manage the spectrum and its BSs in order to reach the

maximum profit. The spectrum management involves the spectrum leasing and/or

sharing operation during the collaboration with the SN. The BS management decides

whether to activate or deactivate the BSs depending on their loads and the total PN
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CO2 emission. Intuitively, the BS that should be deactivated is the one that pollutes

the most and presents the lowest profit when active. Hence, we define a metric called

profit per CO2 emission ($/Kg) defined as the ratio of the profit of a given active BS

over its corresponding CO2 emission.

We propose an algorithm to switch off the BSs that either have the lowest profit

per CO2 emission or infringe the CO2 emission constraint. We first compute the

profit of the two extreme cases when all the BSs are active, denoted by “All active”,

and all the BSs are inactive denoted by “All inactive”. Note that in the “All ac-

tive” or “All inactive” scenarios, the parameters βp,j, N
(roamed)
p,j can be determined, for

j = 1, . . . , NBS, as following

• if ǫp,j = 1, then βp,j = 1−
Σp∑

σ

w
(σ)
p,jN

σ
p,j

W
, and N

(roamed)
p,j = 0, (5.20)

• if ǫp,j = 0, then βp,j = 1, and N
(roamed)
p,j = min{N s, Np,j}. (5.21)

However, respecting the SN service capacity, the outage rate, and the CO2 emission

constraints is not always guaranteed for any combination of ǫp. Hence, we propose

to start by switching off all the BSs that, when they are inactive, provide a profit

higher than when they are active. The reason behind this choice is that, by switching

off these BSs, we gain profit and reduce CO2 emission, simultaneously. However, we

need to ensure that the service outage is not affected, i.e., equations (5.10) and (5.11)

are satisfied.

At this stage, i.e., after switching off all the BSs with inactive profit higher than

active profit, if the outage and roamed users constraints are not violated, the optimal

solution with respect to ǫp is already reached. Otherwise, we need to switch off

additional BSs till respecting all the constraints. However, the BS to be switched

off needs to be smartly chosen and hence, corresponds to the BS with the lowest

profit per CO2 emission. The proposed network and spectrum management scheme
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are summarized in Algorithm 3.

Algorithm 3 PN BSs Management based on minimum active profit per CO2 emission

1: Initialize ǫp = [1, · · · , 1], (i.e., all the PN BSs are active).
2: Compute the profits of each BS in the active and inactive states using (5.9).
3: Switch off all BS with inactive profit higher than active profit such as (5.10) is

respected.
4: Compute the new total PN profit, Πp using (5.9), the new service outage us-

ing (5.11), and the new PN total CO2 emission FCO2
p using (5.12).

5: while (FCO2
p ≥ Cth) do

6: Switch off the PN BS with lowest active profit per CO2 emission, and which
its elimination does not violate the QoS constraint (equation 5.11). Denote its
index by ĵ and update ǫp.

7: Set βp,ĵ = 1 and N
(roamed)

p,ĵ
= Np,ĵ.

8: Update Πp, FCO2
p , and the new service outage.

9: end while The maximum profit corresponds to the last value of Πp resulted by
ǫp.

Note that this low-complexity approach aims to achieve a sub-optimal solution

in terms of total profits by optimizing the BS statuses ǫp. The achieved solution re-

spects all considered constraints in the PN optimization problem without overloading

the SN BSs. In addition, Algorithm 3 requires at most NBS iterations whereas the

exhaustive search needs 2NBS tests to reach the optimal solution.

5.4.2 SN Profit Maximization

Problem Formulation

After solving the PN optimization problem (5.19), the SN aims to maximize its profit

given the PN outputs. The SN optimization problem is given as follows

maximize
ǫs,j ,βs,j ,Ns,j

Πs (5.22)

subject to (5.14), (5.15), (5.16), (5.17), (5.18).
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As mentioned previously, the SN does not have a service outage constraint for its

users. Hence, the case where the roamed users are equal to the SN service capacity

Ns is possible since it may provide higher profit to the SN with a roaming profit

greater than the profit of serving SN users.

Proposed SN Algorithm

Once ǫp and βp,j are determined, the SN can determine the required βs,j that max-

imizes its profit after serving the PN roamed users. The objective of the SN is to

achieve a tradeoff between the reduction of the spectrum sharing and/or leasing cost

and the increase in the number of secondary users to be served in order to increase the

service profit. At the same time, βs,j needs to be computed such that (5.4) and (5.15)

are respected.

Note here that the spectrum sharing secondary users might require a higher band-

width fraction than the spectrum leasing users due to the interference constraint.

Hence, spectrum leasing might be more beneficial to the SN if its cost is lower than

the spectrum sharing. In the case where the SN does not meet the CO2 constraint, it

is forced to switch off some BSs till meeting the CO2 transmission threshold Cth. The

SN BSs that are eligible to be switched off are those that correspond to the active

PN BSs. In fact, when a PN BS is off, the corresponding SN BS is expected to serve

the roamed users and cannot be switched off. From another side, the BSs with SN

lowest profit per CO2 emission are the first to be switched off. We repeat this proce-

dure until meeting the CO2 constraints. Algorithm 4 summarizes the switching off

procedure of the SN BSs.

5.5 Joint Profit Maximization

In this section, maximizing the PN and the SN profits is performed simultaneously

through a unique optimization problem. This is the case in which the optimization
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Algorithm 4 SN BSs Management in distributed profit maximization

1: Define B as the set of SN BSj where the PN BSj are on, i.e., ǫs,j = 1.
2: Compute the SN total CO2 emission, FCO2

s using (5.17).
3: while (FCO2

s ≥ Cth) do
4: Switch off the SN BS with lowest active profit per CO2 emission that belongs

to B and denote by ĵ its index.
5: Set βp,ĵ = 0.

6: Update Πs and FCO2
s .

7: end while
The maximum profit is given by the last value of Πs using the resulted ǫs.

problem is solved by a third party, i.e., a broker, that provides the best solutions, the

corresponding performance, and profits to both PN and SN. If a mutual agreement

is reached between the PN and SN, the obtained joint solution will be adopted.

5.5.1 Problem Formulation

In the joint profit maximization, the objective is to maximize a weighted sum of the

PN and SN profits that we define as, the sum of weighted profits (SWP) metric,

subject to constraints of both networks.

The objective function is the SWP, denoted by Πps(θ), and is given by

Πps(θ) = θ Πp + (1− θ) Πs, (5.23)

where θ is a weight coefficient (0 ≤ θ ≤ 1) of the PN and the profits Πp and Πs are

the functions defined in (5.9) and (5.13), respectively. The corresponding constraints

of this problem include the constraints of the distributed problems in the previous

Section. However, some of the constraints, such as the PN and SN CO2 emission

constraints, are combined in one constraint giving more flexibility to both networks

in their on/off switching decisions. For instance, the total CO2 emission, denoted by
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FCO2 , has to be less than the total allowed CO2 emission threshold as given below:

FCO2 = FCO2
p + FCO2

s ≤ CO2. (5.24)

In addition, the roamed users constraint in (5.10) and the service capacity constraint

in (5.16) are combined in the following constraint:

0 ≤ Ns,j +N
(roamed)
p,j ≤ N s, ∀j = 1, · · · , NBS. (5.25)

Note that, in (5.10) and (5.16), the decision variables are only N
(roamed)
p,j and Ns,j,

respectively. However, in (5.25), both of them are considered as decision variables,

but due to the existence of constraint (5.11), the service priority is given to PN users.

From another side, the fraction of the spectrum leasing for the PN and SN will be

the same, i.e., βs,j = βp,j = βps,j. We define the 2-by-NBS matrix ǫps describing the

status (on or off) of each BS. The two rows of ǫps correspond to the PN and SN BSs,

respectively. The columns correspond to the different cells. Note that at least one

BS should be active in each cell to guarantee the PN QoS. That is, the columns of

ǫps belong to the set of possible cell states, denoted by S, where

S =







S1 =






0

1




 ,S2 =






1

0




 ,S3 =






1

1












.

The parameters βps,j, N
(roamed)
p,j of the cell j are determined for each state such as

• if ǫps,j = S1, then βps,j = 1, and N
(roamed)
p,j = min{N s, Np,j}, (5.26)

• if ǫps,j = S2, then βps,j = 0, and N
(roamed)
p,j = 0, (5.27)

• if ǫps,j = S3, then βps,j = 1−
Σp∑

σ

w
(σ)
p,jN

σ
p,j

W
, and N

(roamed)
p,j = 0. (5.28)
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The joint profit maximization problem is given as follows:

maximize
ǫps,j ,βps,j,N

(roamed,σ)
p,j ,Ns,j

Πps, (5.29)

subject to: (5.11), (5.14), (5.15), (5.24), (5.25),

ǫps,j ∈ S, 0 ≤ βps,j ≤ 1. (5.30)

5.5.2 Proposed Algorithm for Joint Profit Maximization

Note that the problem (5.29)-(5.30) is a combinatorial optimization problem with up

to 4NBS possible cases. In order to solve this combinatorial problem, we define the

SWP per CO2 emission metric as SWP
FCO2

. We, then, proceed by an iterative algorithm to

solve the centralized profit maximization problem. We start by computing the partial

SWP of each cell state which is stored in a 3-by-NBS matrix. Since the objective

is to maximize the global SWP, Πps, we select the state providing the maximum

partial SWP at each cell. Note that after this choice, if the CO2 constraint, (5.24), is

respected, the solution of the problem is already found. However, this is not always

the case since the state corresponding to the higher partial SWP usually corresponds

to active PN and SN BSs which is the state with highest CO2 emission as well.

Consequently, if the constraint (5.24) is not respected, we search for the cell with

lowest SWP
FCO2

and switch it to the state with lowest CO2 emission and this cell is

excluded from next iterations. We repeat this procedure for the rest of the cells till

respecting the constraint (5.24).

The algorithm is summarized in Algorithm 5. Notice that it requires at most

NBS iterations whereas the ES requires 4NBS iterations.
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Algorithm 5 PN and SN Joint Profit Maximization

1: Compute the SWP of each state in all cells.
2: Switch to the state having the highest SWP in each cell.
3: Compute the new SWP, the new FCO2 using (5.24), and the new service outage

using (5.11).
4: while (FCO2 ≥ CO2) do
5: Find the cell with lowest SWP

FCO2
, and denote by ĵ its index.

6: Switch to the state, in the cell ĵ, having the lowest CO2 emission and which
does not violate the QoS constraint (equation 5.11).

7: Update ǫps.

8: Set βps,ĵ and N
(roamed)

p,ĵ
using (5.26)-(5.28).

9: Update Πps, FCO2, and the new service outage.
10: end while

The maximum profits are given by the last values of Πps using the resulted ǫps.

5.6 Numerical Results

In the numerical results, we consider a PN and a SN composed of 12 BSs each. We

present the different values of the parameters and prices in Table I [117]. We denote

by $ the monetary unit.

Table 5.1: CR Cellular Network parameters and prices

Parameter Value Parameter Value

Number of BSs NBS 12 Cell radius (m) 500

Total bandwidth W (MHz) 55 Allowed outage Pout 5%

Sharing price pss($/MHz) 100 Leasing price psl($/MHz) 120

Service Capacity Ci 50 Interf. threshold Ith (dB) 0

Service prices p
(σ)
op,i($) 4 Roaming price proam($) 4.25

Received power P
(σ)
min (dBm) -90 Rate per user r

(σ)
i (kbps) 250

Pollutant coefficients φp, φs 0.01 Pathloss constant K (dB) −128.5
Pollutant coefficients ψp, ψs 0.1 Pathloss exponent ν 3.76

Scaling parameter ai 7.84 BS constant power bi (W ) 71.5

CO2 emission fraction α 0.4 CO2 threshold CO2 (Kg) 5152

In Fig. 5.2, we start by investigating the decentralized approach. We plot the PN

and SN profits for the ES and the proposed algorithm as a function of the fraction of

PN CO2 emission, α. We also plot the total profit computed as the sum of the PN

and the SN profits. The aim is to highlight the effect of the CO2 emission constraint
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Figure 5.2: PN and SN profits maximization using the ES and low-complexity
algorithms for the decentralized approach vs. the fraction of CO2 emission α.

on the management of both networks. We first note that the proposed algorithm

presents about 90%− 100% of the ES profit which is considered to be high efficient.

We also show that the SN profit, corresponding to the proposed algorithm, is most

of the time higher than the ES profit which means that the profit loss in the PN is

compensated in the SN profit. This minor loss compared to the ES is mainly caused

by the fact of switching on PN BSs with lower CO2 emission which allow the SN to

emit more CO2 by serving more users. Although we are optimizing the PN profit

before the SN profit, this compensation in profits is visible in the sum profit in which

the proposed algorithm and the ES are very close. In addition, we notice that the

profit of the proposed algorithm is increasing and piece-wise constant.

To explain this fact, we plot, in Fig. 5.3, the PN energy consumption and active

BSs as a function of α. As shown in Fig. 5.3, the proposed on/off switching scheme
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Figure 5.3: PN and SN energy consumption and active BSs using the ES and
low-complexity algorithms for the decentralized approach vs. the fraction of CO2

emission α.

sort the BSs according to their profit per CO2 emission. Consequently, when α

increases the next BS in the ranking will be switched on if it respects the constraints.

In addition, we notice that there is a strong correlation between the variation of the

number of active BSs and the energy consumption for both PN and SN.

In Fig. 5.4, we plot the profits of the PN and the SN as a function of the roaming

price, proam. We notice that both profits highly depend on proam where the PN and

SN profits are decreasing and increasing functions of proam, respectively. In addition,

we notice that there is a certain value of proam, around 6.5$, that ensures equal profits

of both networks, which means that proam can be used to regulate the market when

needed.

In Fig. 5.5, we highlight the effect of the renewable energy availability on the PN
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Figure 5.4: PN and SN profits using the ES and low-complexity algorithms for the
decentralized approach vs. the roaming price proam.

and SN profits by evaluating them in addition to the number of active BSs versus a

parameter η denoting the percentage of renewable energy available at the PN BS sites.

This percentage is defined for the entire PN as η =
∑

j

E(g)
j

Ej . Fig. 5.5 shows that the

increase of η encourages the PN to switch on more BSs given the same fraction of CO2

emission, selected to be α = 0.4. This activation corresponds to a profit increase in a

quadratic slope up to η = 70% where all the BSs are on, despite α = 0.4. This increase

is mainly due to the reduction of roaming expenses and the increase in the fraction

of the leased spectrum. After 70%, the increase in the profit has a slower slope since

the profit becomes only dependent on the reduction of the energy price related to the

dynamic pricing in (5.6). Hence, the local deployment of renewable energy sources

generates higher profits in addition to being an environmentally friendly decision.

In the sequel, we focus on the performance of the collaboration scheme using the
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Figure 5.5: PN and SN profits using the ES and low-complexity algorithms for the
decentralized approach vs. the renewable energy availability parameter η.

centralized approach. In Fig. 5.6, we investigate the joint profit maximization by

plotting the corresponding PN and SN profits as well as SWP as a function of θ.

We show that Algorithm 5 based on the ratio of the SWP over the CO2 emission

gives results matching the ES at high and low values of θ. That is, Algorithm 5

gives optimal results when one network has high priority in the profit maximization

compared to the other. Nevertheless, in the range where 0.5 < θ < 0.7 the profit

of Algorithm 5 achieves at least 88% of the ES profits. Note, regardless of the

value of θ, the PN QoS is always maintained. In addition, we notice that there is a

stagnation level in which the PN and SN profits are constants as θ increases. However,

when θ exceeds 0.5, the SN profit presents a huge decrease to zero while the PN profit

increases by two folds.

In Fig. 5.7, we plot the number of active BSs and the total CO2 emission caused
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Figure 5.6: PN and SN profits using the ES and low-complexity algorithms for the
centralized approach vs. the weighting parameter θ.

by both networks as a function of θ to explain the stagnation in Fig. 5.6. We notice

that, when θ is low (i.e., the priority is to maximize the SN profit), the majority of

the PN BSs are switched off. The reason is that the roamed PN users contribute in

increasing the SN profit thanks to the imposed roaming service cost. In addition, it

provides more bandwidth to serve both SN and PN roamed users. Afterward, when

θ exceeds 0.6, the PN starts to switch on the rest of its BSs which suddenly increases

its profit and decreases the SN profit as shown in Fig. 5.6. Unlike the disjoint profits

maximization which involves opposite BSs activation behavior between the PN and

SN, the BSs activation here increases with θ for both PN and SN. Also, we notice

that in the interval in which the proposed algorithm is lower than the ES, the CO2

emission are also lower than the ES.
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Figure 5.7: PN and SN active BSs and the total CO2 emission using the ES and
low-complexity algorithms for the centralized approach vs. the weighting

parameter θ.

5.7 Chapter Summary

In this chapter, we investigated an environment-aware framework for cognitive radio

cellular networks. The primary and secondary networks (PN and SN) collaborate

together in order to maximize their own profits while meeting the PN QoS and the

total CO2 emission constraint. PN switches off some of its base stations (BSs) to

reduce its carbon footprint then offloads the corresponding users to the SN’s BSs.

In return, the SN serves these PN roamed users and freely exploit the spectrum.

Low-complexity profit maximization algorithms for decentralized and centralized op-

timization approaches have been proposed. The spectrum is dynamically managed

between the PN and SN either by sharing or leasing depending on the statuses of the

PN’s BSs which are determined based on a metric named profit per CO2 emission. In
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the numerical results, we show that for both decentralized and centralized cases, these

algorithms achieve close performance to those obtained with the high-complexity ex-

haustive search method. Moreover, we show that the renewable energy availability

and the roaming cost are important parameters affecting the networks’ profits that

can be used to regulate the market.



129

Chapter 6

Towards CR Energy-Efficiency with SISO Power Allocation

6.1 Introduction and Related Works

In this chapter, we focus on the energy efficiency in the scale of the wireless com-

munications systems. The idea is that instead of maximizing the profit given green

constraint, we maximize a metric called energy efficiency (EE). The EE is defined as

the ratio of the rate over the power [119, 120].

It has been shown that maximizing the EE, given a particular power limit, does

not lead to the maximum SE which introduces the SE-EE trade-off [120–123]. In

fact, if the transmission power is solely considered, the maximum EE is realized for

very low, almost zero power, [124–126]. These studies did not consider the circuit

power which is independent of the transmission [119, 127, 128]. Adopting the circuit

power changes the behavior of the EE from a strictly decreasing function of the SE

to a bell-shaped function where the maximum is given for a non-zero power [119].

In other studies, there was a focus on the amplifier power which was considered

separately [129, 130] and was shown to be a function of the transmission power.

In [130], it was shown that the total power consumption is proportional to the square

root of the transmission power. In [129], a more general form is presented where

the square root is generalized by an exponent between 0.5 and 0.64. However, for

simplicity, we assume that the total consumed power is the sum of a circuit power

and the transmit power. In general, the circuit power is modeled as constant [127]. In

some studies, the circuit power is modeled as a linear function of the data rate [131].
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Note that the resulting EE is neither concave nor convex. In [128], the EE power

allocation was presented after solving the non-convex optimization problem using

fractional programming resulting in no explicit power expressions. Also, the authors

in [128] assumed a perfect knowledge of the channel state information (CSI) at the

transmitters and receivers. Moreover, the authors in [132] also used the fractional

programming to find the optimal power that maximizes the EE.

In this chapter, we develop a new framework that considers the EE criterion

over fading channels. We present explicit expressions of the optimal power under

either a peak or an average power constraint. Obtaining these expressions is achieved

via solving a non-convex optimization problem, using the KKT conditions instead of

fractional programming [128,132]. We proceed by partitioning the solution space into

convex sub-spaces. We also extend our study to the CR spectrum sharing scenario,

where there is an additional interference constraint on the power. We then study the

case where the instantaneous CSI at the transmitter (CSI-T) is not available and only

the channel statistics are available, i.e., statistical CSI. We present a sub-optimal, but

less complex, power allocation that only depends on channel statistics.

Our main contributions, in this chapter, are:

� Derivation of the optimal power that maximizes the instantaneous EE. The

corresponding explicit EE and SE expressions are provided, and the SE-EE

trade-off is discussed.

� Analysis of the proposed average EE power allocation with a peak or an average

power constraint.

� Study the CR average EE power allocation with additional peak or an average

interference constraint.

� Study the impact of CSI-T knowledge on EE by computing the statistical CSI

optimal power, thus evaluating the performance gain provided by full CSI.
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Figure 6.1: (a) Single User System Model (b) Underlay Cognitive Radio System
Model.

The work related to this chapter has been published in two papers, i.e., [47, 48].

6.2 System Model

In this chapter, we consider two scenarios; (i) a preliminary scenario in which a single

user communication, as depicted in Fig. 6.1.a, is analyzed. (ii) an underlay spectrum

sharing CR scenario in which a SU shares the spectrum with a PU (Fig. 6.1.b). We

first develop an energy-efficient power allocation framework with full CSI at both the

transmitter and the receiver (CSI-TR), then study the case when the CSI-T is not

available.

In the single user communication scenario, the link is over a fading channel char-

acterized by a complex gain h. The received signal is given by r = hs + w, where r

and s are the received and transmitted signals, respectively, and w is a zero-mean
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and unit-variance circularly symmetric complex white Gaussian noise which is inde-

pendent of h. Let γ = |h|2 denote the squared modulus of the channel gain and

Ω denote the mean of γ, i.e., Ω = IEγ[γ], where IEγ[·] is the expectation operator

with respect to the random variable γ. The channel can follow any distribution, e.g.,

Rayleigh, Nakagami, Rician, etc. For illustration, we adopted the Rayleigh fading in

the numerical results. We denote by P the transmission power. This power can be

limited either by a peak constraint, i.e., P (γ) ≤ Ppeak or by an average constraint i.e.,

IEγ[P (γ)] ≤ Pavg, where Ppeak and Pavg are the peak and the average power budgets,

respectively. Our objective is to find the optimal power that maximizes the EE for a

given channel realization γ. Before defining the EE, we recall the spectral efficiency

SE which is an important performance measure for wireless communications. This

measure is obtained by maximizing the Shannon capacity per unit bandwidth [133].

EE is defined as the ratio of the SE over the consumed power which includes the

transmit power P and a circuit power Pc [119, 120]. As we argue below, the cir-

cuit power Pc is independent of the transmission and includes the consumption of

cooling and all components [131]; analog to digital converters (ADC), filters, mixers,

amplifiers, etc. The circuit power Pc has a significant role in defining the optimal

power that maximizes EE. In fact, if Pc = 0, the power that maximizes EE tends

toward zero [125] and the problem is directly solved. In the rest of this chapter, we

assume that Pc > 0, hence, the optimal power is different from zero. We first start

by computing the optimal power for instantaneous EE, then for average EE.

Moreover, we extend our analysis to a CR scenario, where the secondary trans-

mitter (ST) is communicating with the secondary receiver (SR) under a tolerated

interference threshold defined by the PU. Therefore, an interference constraint is set

on the transmit power, and we analyze either a peak or an average interference con-

straint.

In our model, when the primary transmitter (PT) communicates with the primary
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receiver (PR), the SR is affected by the interference. We denote by Pp the peak power

of the PU transmission and by hs, hsp, hp and hps the channel gains of the links ST-

SR, ST-PR, PT-PR, and PT-SR, respectively. We denote by γx the squared modulus

of the channel hx, i.e., γx = |hx|2 with x ∈ {s, sp, p, ps}. The objective is to provide

an explicit expression of the optimal cognitive power that maximizes the EE with

respect to both power and interference constraints.

6.3 Single User Energy Efficiency with Perfect CSI

6.3.1 Instantaneous Energy Efficiency

The objective of maximizing the instantaneous EE is to find the corresponding op-

timal power and then generalize this result to the long term (average) EE. For a

channel realization γ, we define the instantaneous spectral efficiency as

SE = log2 (1 + γP (γ)) (bps/Hz). (6.1)

and the instantaneous energy efficiency (EE) as

EE =
log2 (1 + γP (γ))

Pc + P (γ)
(bits/J/Hz). (6.2)

Note that EE is a positive function of P (γ) and since

lim
P (γ)→0

EE = lim
P (γ)→∞

EE = 0 (6.3)

and the function is not multimodal, the function EE has a global and unique max-

imum. Our objective is to find an explicit expression of the optimal power that

maximizes the EE. The corresponding power is presented in Theorem 1.

Theorem 1:

The optimal power that maximizes the EE as defined by (6.2) is denoted PEE and is



134

given by

P ∗ = PEE(γ) =
1

γ

(

e1+W( γPc−1
e ) − 1

)

, (6.4)

where W (·) is the main branch of Lambert W function defined on [−1
e
,∞) [114].

Furthermore, the corresponding EE and SE are given by

EE∗ =
γ

log(2) e1+W (γPc−1
e

)
and SE∗ =

1 +W (γPc−1
e

)

log(2)
. (6.5)

The proof is presented in Appendix B.

As a consequence of (6.4), and by adopting the optimal power PEE in (6.4) ∀γ,

i.e., no power limit is set, we show in Appendix C, that

EE∗ =
1

Pc

(

SE∗ − 1− 2−SE∗

log(2)

)

. (6.6)

Note that the power expression in (6.4) is based on the Lambert function which has

a lower complexity than the fractional programming method used generally to solve

the problem. In addition, having explicit an expression of the power allows to extend

the analysis and present the corresponding energy and spectral efficiencies as in (6.5).

From (6.6), it can be verified easily that the EE is an increasing function of SE.

Fig. 6.2 depicts the instantaneous EE as a function of SE with different values of γ.

The blue curves are the variation of EE and SE when the power spans all positive

values for various values of γ. The red circles represent the optimal power solution,

PEE that maximizes EE. As can be seen in Fig. 6.2, the equation (6.6) represents a

new EE-SE relation, presented by the dashed line, in which EE is a strictly increasing

function of SE. Recall that the trade-off between EE and SE [120] states that as EE

increases, SE decreases. This result is true but only when the adopted power policy is

the one that maximizes SE. That is, this trade-off is observed when the SE criterion

is considered in the power allocation scheme. However, when the power is driven by
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Figure 6.2: Instantaneous EE vs SE.

the EE criterion, increasing EE leads to increasing SE too, which means that there is

no SE-EE trade-off in this case. We also analyze the asymptotic behavior of EE with

respect to SE. From (6.6), when SE → 0 we have EE ≈ log(2)SE2

2Pc
and when SE →∞

we have EE ≈ SE
Pc

. We note that EE is proportional to the square of SE at low SE

values and becomes linear at high values. Also, the circuit power is an important

parameter that defines the asymptotes of EE at low and high SE values.

6.3.2 Average Energy Efficiency

The average EE considers the average performance over all channel realizations. In

the literature, e.g., [128], EE is defined as the ratio of the average rate and the average

power. This classical expression of the EE describes the system energy efficiency but

does not allow to tune the EE of the individual links [134]. As an alternative, another
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expression of average EE is expressed as follows

EEavg = IEγ

[
log2(1 + γP (γ))

Pc + P (γ)

]

. (6.7)

Note that the expression of average EE in (6.7) is based on averaging the instantaneous

EE of block fading channels. In addition, this expression takes into consideration the

EE of each channel realization then averages these EE’s instead of considering the

system as a whole. This model of EE is also called sum-EE defined in [134] as the

arithmetic mean of the individual EE’s [134]. Finally, we show later in this chapter

that this expression of EE corresponds to a higher SE than the classical average EE

at high power regimes. Meanwhile, once the power that maximizes EEavg is found,

the corresponding spectral efficiency is given by

SEavg = IEγ [log2(1 + γP (γ))] . (6.8)

When no power constraint is set, it is clear that the optimal power that maximizes

the average EE is the same as the one that maximizes the instantaneous EE, i.e.,

P (γ) = PEE(γ). However, when the power is either limited by a peak power constraint

or an average power constraint, PEE(γ) may not always be the solution as we show

in the next subsections.

Peak Power Constraint

In the peak power constraint, the transmit power is limited by a peak power noted

Ppeak as follows

P (γ) ≤ Ppeak, ∀γ > 0. (6.9)
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In this case, in order to find the EE, we have to solve the following optimization

problem

max
P (γ)≥0

EEavg = IEγ

[
log2(1 + γP (γ))

Pc + P (γ)

]

. (6.10)

subject to P (γ) ≤ Ppeak. (6.11)

Note that, the optimal solution of this problem without considering the constraint

(6.11) is PEE(γ). Hence, if the power is limited by Ppeak, the solution of the complete

problem (6.10)-(6.11) is given by

P ∗(γ) = min{PEE(γ), Ppeak}, (6.12)

where PEE is given in (6.4). Consequently, EEavg is given by

EEavg = IEγ

[
log2(1 + γP ∗(γ))

Pc + P ∗(γ)

]

. (6.13)

This expression can be explicitly computed once the PDF of the fading channel is

provided. In addition, at high values of Ppeak, i.e., the optimal power is given by

PEE(γ), ∀γ, we have

lim
Ppeak→∞

EEavg =
1

log(2)
IEγ

[

γ e−(1+W (γPc−1
e

))
]

. (6.14)

lim
Ppeak→∞

SEavg =
1

log(2)

(

1 + IEγ

[

W

(
γPc − 1

e

)])

. (6.15)

Furthermore, we study the convergence of the average EE with peak constraint to

the average EE with no constraint for Ppeak →∞. First, from [135], we have

W (x) ≈
x→−1

e

−1 +
√

2 (ex+ 1). (6.16)



138

Since, ex ≈
x→0

1 + x, we have

lim
γ→0

PEE(γ) = lim
γ→0

1

γ
(e

√
2γPc − 1) = lim

γ→0

√
2Pc√
γ

= +∞.

Since PEE(γ) is monotonically decreasing in γ, then for any high value of Ppeak,

denoted P∞
peak, there exists a certain γ∞ > 0 such that for any γ ∈ (0, γ∞), we

have PEE(γ) > P∞
peak and hence, the optimal power is P ∗ = P∞

peak. Thus, the condition

P ∗(γ) = PEE(γ), ∀γ (6.17)

is never satisfied when a peak constraint is set. Hence, the average EE converges

asymptotically to IEγ [EE
∗(γ)] without attaining it.

Average Power Constraint

When the average power constraint is adopted, the transmit power is limited as follows

IEγ [P (γ)] ≤ Pavg. (6.18)

The average EE is obtained by solving the following optimization problem

max
P (γ)≥0

EEavg = IEγ

[
log2(1 + γP (γ))

Pc + P (γ)

]

, (6.19)

subject to IEγ [P (γ)] ≤ Pavg. (6.20)

Similar to the previous cases, if no power constraint is set, the optimal solution is

PEE(γ), ∀γ > 0. However, due to the average power constraint, we need to distinguish

two cases in which the average power, Pavg, is either smaller or greater than the

average of PEE(γ), i.e., IEγ [PEE(γ)].

� If Pavg ≥ IEγ [PEE(γ)], the power that maximizes the instantaneous EE, i.e.,
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P ∗(γ) = PEE(γ), ∀γ > 0, is a feasible solution of the problem; hence, it is the

solution of this problem since the constraint is inactive in this case. Thus, the

corresponding EEavg does not depend on Pavg and is given by the right hand

side (RHS) of (6.14). Note that in this case, the EEavg matches the asymptote

of the peak constrained power case.

� If Pavg < IEγ [PEE(γ)], the optimal power is either equal to or smaller than

PEE(γ), ∀γ > 0. Note that for a given γ > 0, the optimal power cannot exceed

PEE(γ) since it will result, in addition to decreasing the EE, in increasing the

average power, in contradiction with the fact that Pavg < IEγ [PEE(γ)]. Thus,

P ∗(γ) ≤ PEE(γ), ∀γ > 0. We show that in this region of the power, EE is

an increasing and concave function with respect to P (γ), (see Appendix D).

Hence, we can use the KKT conditions to solve this problem [74]. We compute

the derivative of the Lagrangian function with respect to P (γ). By using the

method of variations, we obtain the following necessary and sufficient optimality

condition

γ

log(2)(γP (γ) + 1)(P (γ) + Pc)
− log(γP (γ) + 1)

log(2)(P (γ) + Pc)2
= λ, (6.21)

where λ is the Lagrange multiplier associated with the average power constraint.

Note that if there is a certain P ∗(γ) verifying (6.21), ∀γ > 0, then P ∗(γ) is the

optimal power that maximizes EE. Note that since λ ≥ 0 and PEE(γ) is the

power that cancels out the left hand side (LHS) of (6.21), then the set of powers

such as P (γ) > PEE(γ) will result in a negative LHS of (6.21). Hence, the

condition P (γ) ≤ PEE(γ) is always satisfied for λ ≥ 0. In order to find P ∗(γ),

we define the function

Gγ,Pc
(x) =

γ

log(2)(γx+ 1)(x+ Pc)
− log(γx+ 1)

log(2)(x+ Pc)2
. (6.22)
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In fact, Gγ,Pc
(P ) = ∂EE

∂P
and

∂Gγ,Pc

∂P
= ∂2EE

∂P 2 . Since EE (P ) is concave, for P (γ) <

PEE(γ), then we have ∂2EE
∂P 2 < 0 thus

∂Gγ,Pc

∂P
< 0. We have a continuous and a

strictly decreasing function Gγ,Pc
(·), then Gγ,Pc

(·) is a bijection on [0, PEE(γ)]

and, consequently, has an inverse denoted G−1
γ,Pc

(·). Thus, for a fixed λ0 and γ,

there is a unique positive PPavg
(γ) such that

PPavg
(γ) =







G−1
γ,Pc

(λ0)if λ0 ∈ (0, γ

log(2)Pc
),

0 otherwise.

(6.23)

Thus, we have

Pavg = IEγ

[
PPavg

(γ)
]
. (6.24)

Finally, to find the optimal solution for a given Pavg , we determine the corre-

sponding Lagrangian multiplier using (6.24). Then, we compute the optimal

power by solving (6.21) for each value of γ.

In summary, the optimal power that maximizes the average EE, with an average

power constraint, is given by

P ∗(γ) =







PEE(γ)if Pavg ≥ IEγ [PEE(γ)] ,

PPavg
otherwise.

(6.25)

Note that for high values of Pavg, the power is equal to PEE(γ) ∀γ > 0. Hence, the

EE and SE asymptotes are the same as those given by (6.14) and (6.15), respectively.

However, unlike the peak power-constrained scenario, these asymptotes are reached

once Pavg is higher than IEγ [PEE(γ)].
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C-Effect of Low Circuit Power

We study the effect of low circuit power, i.e., Pc → 0, on the system performance

EE and SE independently from the adopted constraints. When Pc → 0, we have

from (6.4), PEE → 0 which means that the EE is maximal in the asymptotically

low power regime. In this case, the corresponding EEavg and SEavg tend towards

Ω
log(2)

and 0, respectively [125]. Of course, this case is not practical but it shows

that whenever Pc → 0, maximizing EE will lead to a reduced throughput if the EE

criterion is adopted for the power allocation. Note that Ω
log(2)

presents the maximum

value EEavg can reach [119] as a function of Pc for a given channel mean Ω. As

Pc increases, the maximum of EEavg decreases as can be shown after averaging the

instantaneous EE∗ in (6.5). In this Section, we presented the optimal power allocation

for instantaneous and average EE in a point-to-point scenario. In the next Section,

we generalize our results to CR systems.

6.4 Cognitive Radio Energy Efficiency with Perfect CSI

In this section, we aim to compute the optimal power allocation scheme that maxi-

mizes the EE in a spectrum sharing underlay CR context shown in Fig. 6.1.b. The

corresponding instantaneous EE at the SU is given by

EE =
log2

(

1 + γsPs

1+γpsPp

)

Pc + Ps

, (6.26)

where Ps is the allocated power at the ST and Pp is the peak power at the PT. By

adopting Pp, we analyze the worst-case secondary performance independently from

the primary power variation. Note that Ps is, in general, a function of many parame-

ters, such as γs, γsp, γps, Pp, i.e., Ps(γs, γsp, γps, Pp). In this Section, we assume that the

CSI related to the ST, i.e., γs and γsp, are estimated perfectly whereas the CSI related

to the PT, i. e. γps, is provided to the ST via a feedback link. Arguably, this feedback
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mechanism may be considered as a mean to capture a cooperative primary network

rewarded via some incentives by the secondary network. This assumption leads to an

upper bound on the cognitive achievable rate. However, due to CSI limitations, some

of these parameters cannot be available at the ST, which will be analyzed in the next

Section. For simplicity, the secondary transmit power will be denoted by Ps with

no arguments. In the underlay CR scenario, an additional interference constraint is

adopted to protect the PU communication from the eventual interference caused by

the ST. This constraint can be either a peak or an average constraint. We study the

optimal power allocation corresponding to each constraint as follows.

6.4.1 Peak Interference and Power constraints

The peak interference constraint protects the PR instantaneously and ensures that

the ST interference on the PR is below the threshold for all channel realizations [136].

The expression of the peak interference constraint is given by

γspPs ≤ Ipeak, (6.27)

where Ipeak is the tolerated interference threshold allowed by the PR. The correspond-

ing optimization problem is given by

max
Ps≥0

EEavg = IEγps,γs




log2

(

1 + γsPs

1+γpsPp

)

Pc + Ps



 (6.28)

subject to Ps ≤ Ppeak; (6.29)

γsp Ps ≤ Ipeak. (6.30)
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The optimization problem in (6.28)-(6.30) can be written as:

max
Ps≥0

EEavg = IEγ̃s

[
log2 (1 + γ̃sPs)

Pc + Ps

]

(6.31)

subject to Ps ≤ P̃peak, (6.32)

where γ̃s = γs
1+γpsPp

and P̃peak = min
{

Ppeak,
Ipeak
γsp

}

. Note that in this case, Ps is a

function of γs, γsp, γps, Pp. Hence, from (6.12), the solution of this problem is

P ∗
s = min

{

PEE(γ̃s), P̃peak

}

(6.33)

= min

{
1

γ̃s

(

e1+W( γ̃sPc−1
e ) − 1

)

, Ppeak,
Ipeak
γsp

}

. (6.34)

Note that this solution means that in case the two constraints are inactive, i.e.,

PEE(γ̃s) ≤ P̃peak, the EE reaches its highest value since the allocated power is the one

that maximizes the EE as shown in (6.4).

6.4.2 Average Interference and Power Constraints

The average interference constraint allows protecting the long term PU communica-

tion [137]. In fact, this type of interference constraint is less strict than the peak

interference constraint since the SU power can exceed the interference threshold for

some channel realizations. The average interference constraint is given by

IEγps,γs [γspPs] ≤ Iavg. (6.35)
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The corresponding optimization problem is given by

max
Ps≥0

EEavg = IEγ̃s

[
log2 (1 + γ̃sPs)

Pc + Ps

]

(6.36)

subject to IEγ̃s [Ps] ≤ Pavg; (6.37)

IEγ̃s,γsp [γspPs] ≤ Iavg . (6.38)

Note that similar to Section (6.3.2).B, PEE(γ̃s) is optimal if no constraints are set.

However, in the presence of (6.37) and (6.38), there are 4 cases which have to be

distinguished

1) IEγ̃s [PEE(γ̃s)] ≤ Pavg and IEγ̃s [γspPEE(γ̃s)] ≤ Iavg

In this region, the solution of the problem is P ∗ = PEE(γ̃s) since the constraints are

inactive.

2) IEγ̃s [PEE(γ̃s)] ≤ Pavg and IEγ̃s [γspPEE(γ̃s)] ≥ Iavg

The constraint (6.38) forces the power to be below P ∗ = PEE(γ̃s), however using

the convexity of the EE in this region, we can use the KKT conditions to solve the

problem. After computing the Lagrange function, we obtain the following necessary

and sufficient optimality condition

γ̃s
log(2)(γ̃sPs + 1)(Ps + Pc)

− log(γ̃sPs + 1)

log(2)(Ps + Pc)2
= µγsp, (6.39)

where µ is the Lagrange multiplier associated with the average interference constraint.

Similar to Section 6.3.2, by using the bijection of G−1
γ̃s,Pc

(·) defined in (6.22), for a fixed
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µ0, there is a unique positive power denoted PIavg such as

PIavg =







G−1
γ̃s,Pc

(µ0γsp), if µ0γsp ∈ (0, γ̃s
log(2)Pc

),

0, otherwise.

(6.40)

The Lagrange multiplier µ is obtained by satisfying the active constraint with equality.

That is,

Iavg = IEγ̃s

[
γspPIavg

]
. (6.41)

Finally, to find the optimal solution for a given Iavg, we determine, numerically, the

corresponding Lagrangian multiplier µ using (6.41). Then, we compute the optimal

power by solving (6.40).

3) IEγ̃s [PEE(γ̃s)] ≥ Pavg and IEγ̃s [γspPEE(γ̃s)] ≤ Iavg

In this region, the constraint (6.37) forces the power to be below P ∗ = PEE(γ̃s).

Hence, the solution has the same shape as in (6.25), by substituting γ by γ̃s, the

average power PPavg
is computed using the function G−1

γ̃s,Pc
(·) instead of G−1

γ,Pc
(·).

4) IEγ̃s [PEE(γ̃s)] ≥ Pavg and IEγ̃s [γspPEE(γ̃s)] ≥ Iavg

In this region, the power is affected by both the average power and the interference

thresholds, i.e., Pavg and Iavg, respectively. Hence, we use the KKT conditions, and

we obtain the following sufficient optimality condition

γ̃s
log(2)(γ̃sPs + 1)(Ps + Pc)

− log(γ̃sPs + 1)

log(2)(Ps + Pc)2
= λ+ µγsp, (6.42)

where λ and µ are the Lagrange multiplier associated with the average power and

average interference constraints, respectively. Consequently, from the previous results
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Regions IEγ̃s [PEE(γ̃s)] ≥ Pavg IEγ̃s [PEE(γ̃s)] ≤ Pavg

IEγ̃s [γspPEE(γ̃s)] ≥ Iavg PPavg,Iavg PIavg

IEγ̃s [γspPEE(γ̃s)] ≤ Iavg PPavg
PEE(γ̃s)

Table 6.1: SISO CR optimal power with average interference and power constraints.

and by using the function Gγ̃s,Pc
(·), the optimal power, for a fixed λ0 and µ0 is

PPavg,Iavg =
(
G−1

γ̃s,Pc
(λ0 + µ0γsp)

)+
, (6.43)

where (·)+ is max{0, .}. Using the slackness conditions, the multipliers µ0 and λ0 are

determined such that

IEγ̃s

[

γsp
(
G−1

γ̃s,Pc
(µ0γsp)

)+
]

= Iavg and IEγ

[(
G−1

γ,Pc
(λ0)

)+
]

= Pavg. (6.44)

Hence, to find the optimal power in this region, we determine the Lagrange multipliers

form (6.44), then compute the power using (6.42). Table 6.1 summarizes the solutions

of the average constraints in the different regions.

6.4.3 Peak Interference and Average Power Constraints

If we adopt an average power and peak interference constraints, the optimal power

becomes

P ∗
s =







min
{

PEE(γ̃s),
Ipeak
γsp

}

if Pavg ≥ IEγ̃s [PEE(γ̃s)] ,

min
{

PPavg
,
Ipeak
γsp

}

otherwise.

(6.45)

In order to obtain (6.45), we use similar techniques that led to (6.25) with the intro-

duction of the peak interference threshold Ipeak.
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6.4.4 Average Interference and Peak Power Constraints

Similar to the previous cases, if we adopt a peak power and average interference

constraints, the optimal power becomes

P ∗(γ) =







min {PEE(γ̃s), Ppeak} if Iavg ≥ IEγ̃s [γspPEE(γ̃s)] ,

min
{
PIavg , Ppeak

}
otherwise.

(6.46)

To establish (6.46), we use once again similar techniques as in the previous subsec-

tions. Details of the proof are skipped for brevity.

6.5 Average Energy Efficiency with Statistical CSI

6.5.1 Single User Energy Efficiency

1-No Power Constraint

In the case where the CSI is not available, the transmitter is not able to adapt

its power with respect to the instantaneous channel gain. Instead, the power will

depend on the channel gain statistics. If no power constraint is set, the optimal

power that maximizes the average EEavg = IEγ

[
log2(1+γP )

Pc+P

]

is found by solving the

following equation

IEγ

[
γ

1 + γP

]

− 1

Pc + P
IEγ [log2(1 + γP )] = 0. (6.47)

Unfortunately, the equation (6.47), does not lead to a closed-form, but can be solved

numerically to find the optimal power. Instead of solving (6.47), one may be inter-

ested in

EEavg = IEγ

[
log2(1 + γP )

Pc + P

]

≤ log2(1 + IEγ [γ]P )

Pc + P
. (6.48)
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Now, instead of maximizing the LHS of (6.48), it is more convenient to maximize

the RHS of (6.48). Therefore, the problem becomes similar to the instantaneous EE

problem in (6.2), and the corresponding solution can be explicitly computed from (6.4)

as follows

P ∗ = PEE(IEγ [γ]) = PEE(Ω). (6.49)

This solution presents a simple power allocation that, when applied to the original

function, i.e., EEavg , gives a lower bound of the secondary EE since it is not necessarily

the optimal for the EEavg . We show later, in the numerical results, that this solution

gives a good lower bound, at least for Rayleigh fading. In the rest of the chapter, this

sub-optimal solution will be adopted in the statistical CSI cases where either a peak

or an average power constraint is set.

2-Peak Power Constraint

In this scenario, the corresponding sub-optimal power is given by the minimum of the

peak power, Ppeak and the sub-optimal power in (6.49) as follows

P ∗(γ) = min{PEE(Ω), Ppeak}. (6.50)

3-Average Power Constraint

Since the power does not depend on γ, the average constraint becomes similar to a

peak constraint as follows, i.e., P ≤ Pavg. Consequently, the corresponding optimal

power under average power constraint, is given by

P ∗(γ) = min{PEE(Ω), Pavg}. (6.51)

Note that if we target the optimal power when the CSI is not provided, we just

substitute the sub-optimal solution PEE(Ω) by the solution of (6.47), computed nu-
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merically, in (6.50) and (6.51) for peak and average power constraints, respectively.

However, in the numerical results we show that the gap between the optimal and

sub-optimal EE is very small for Rayleigh fading.

6.5.2 Cognitive Energy Efficiency

In the CR context, the absence of the CSI happens when there is neither instantaneous

cooperation from the PR nor instantaneous feedback from the SR. In the case of no

cooperation, the ST does not have the instantaneous values of γsp but (by an implicit

assumption) knows its average Ωsp. Consequently, the ST transmits with the power

in (6.34), but with substituting γsp by Ωsp. Meanwhile, when there is no feedback

from the SR about γs and γsp, the ST transmits with the power that involves their

statistics, i.e., Ωs and Ωsp. When the CSI is not available in the CR setting, only

an average interference constraint can be applied since the peak constraint requires

instantaneous value of the channel gain. In this section, we analyze two settings in

which the power constraint is either peak or average.

Peak Power Constraint

When only statistical CSI is available, the corresponding problem involving peak

power and average interference constraints can be written as follows

max
Ps≥0

EEavg = IEγ̃s

[
log2 (1 + γ̃sPs)

Pc + Ps

]

(6.52)

subject to Ps ≤ Ppeak; (6.53)

IEγsp [γspPs] ≤ Iavg . (6.54)

We notice that the average interference constraint can be written as a peak constraint

since IEγsp [γspPs] = ΩspPs. Hence, (6.54) becomes ΩspPs ≤ Iavg. Consequently,
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adopting the power in (6.50), the solution of the CR problem is

P ∗
s = min

{
1

Ω̃s

(

e
1+W

(

Ω̃sPc−1
e

)

− 1

)

, Ppeak,
Ipeak
Ωsp

}

(6.55)

where Ω̃s = IEγ̃s [γ̃s] = IEγs,γsp

[
γs

1+γspPp

]

Average Power Constraint

When only statistical CSI is available, the average power constraint becomes a peak

interference since the transmit power does not depend on the instantaneous channel

gain and hence, the problem becomes

max
Ps≥0

EEavg = IEγ̃s

[
log2 (1 + γ̃sPs)

Pc + Ps

]

(6.56)

subject to IEγ̃s [Ps] = Ps ≤ Pavg; (6.57)

IEγsp [γspPs] = ΩspPs ≤ Iavg, (6.58)

which is similar to the peak constraint problem and, hence, the solution is

P ∗
s = min

{
1

Ω̃s

(

e
1+W

(

Ω̃sPc−1
e

)

− 1

)

, Pavg,
Iavg
Ωsp

}

. (6.59)

6.6 Numerical Results

We adopt a Rayleigh fading channel where the PDF of γ is given by the exponential

distribution, i.e., fγ = e−γ . We denote by XEE criterion XSE criterion the performanceX

considering the SE and the EE criteria, respectively, were X ∈ {EE, SE}. In Fig. 6.3,

EE and SE are presented as functions of the instantaneous channel realization γ. We

first highlight the impact of limiting the power when adopting the EE criterion. We

compare the unconstrained performance, i.e., P (γ) = PEE(γ), in continuous lines with

peak power-constrained performance, i.e., P (γ) = min{PEE(γ), Ppeak}, in dot-dashed
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Figure 6.3: Instantaneous EE and SE vs γ.

curves, with Ppeak = 6 dB. We notice that since lim
γ→0

PEE(γ) = +∞, limiting the power

with peak power results in clipping the power for low values of γ. Consequently, the

corresponding EE and SE are only affected in this region of γ when a peak power

is set. The maximum loss in SE is about 44% when γ = 0.04. We also highlight,

in Fig. 6.3, the difference in performance between adopting the EE criterion and

adopting the SE criterion, with average power constraint Pavg = 6 dB. In this case,

we compare the EE criterion in continuous curves with the SE criterion, in dashed

curves. Note that the chosen value of Pavg = 6 dB exceeds IEγ [PEE(γ)]. Hence,

the corresponding EE matches the EE with no power limitation. As can be seen in

Fig. 6.3, the EESE criterion reaches the EEEE criterion for a reduced interval of γ but is

always below it. In terms of SE, at low values of γ, the SEEE criterion is higher than

SESE criterion, but as γ increases, the SESE criterion becomes higher.
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Figure 6.4: Comparison of the corresponding average SE of the proposed EE and
the classical EE.

In Fig. 6.4, we perform a comparison between the proposed average EE and the

classical EE in terms of achieved SE with peak power constraint. As shown in Fig. 6.4,

the proposed average EE provides a higher SE than the one corresponding to the

classical EE, in the high power regime (Ppeak > −3 dB for Pc = 1 W and Ppeak > 1 dB

for Pc = 3 W).

In Fig. 6.5, the performance with the peak power constraint are presented for

different values of Pc. We first show that the EE increases and reaches a certain

asymptote as shown in (6.14) and for a fixed Pc, there is no better energy-efficient

transmission that can be achieved beyond this asymptote. In fact, when the EE

criterion is considered, there is no need to increase the power once the EE is close to

its asymptote. Also, as expected form (6.3.2).C, when Pc increases, the EE decreases
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Figure 6.5: Average EE and SE vs Ppeak with perfect CSI.

and the SE increases. In addition, we note that at low values of Ppeak, the performance

of the EE criterion and the SE criterion are identical since the active power is Ppeak.

However, EE at low Ppeak varies with Pc whereas SE is constant which reflects a higher

sensitivity of the EE with respect to Pc at low power.

In Fig. 6.6, we present the EE and SE when an average power constraint is adopted.

The SE criterion, in this case, is based on the water-filling power allocation. Note

that the values of IEγ [PEE(γ)] is 4.24 dB. We show that, for Pavg ≤ 4.24 dB, the

EEEE criterion is slightly above the EESE criterion but we have the inverse for the SE. As

Pavg, exceeds 4.24 dB, the EESE criterion decreases towards zero whereas EEEE criterion

remains at its highest value given by (6.14). From SE perspective, the EESE criterion

stagnates compared to the SESE criterion which is the price to pay when considering

an EE criterion. Hence, when the EE is the criteria to consider, there is no need
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Figure 6.6: Average EE and SE vs Pavg with perfect CSI.

for the power to exceed 4.24 dB, i.e., IEγ [PEE(γ)] since it will result in a waste of

power with no enhancement in both EE and SE performance. We also present the

performance when a peak power constraint is adopted, and as can be seen in Fig. 6.6,

the average constrained power performs better at low values.

In Fig. 6.7, we analyze the performance of the optimal and sub-optimal power

allocation schemes described in (6.47) and (6.49) as function of Ppeak, respectively,

when the CSI is not available. Note that since the average constraint becomes a

peak constraint when the CSI is not available as mentioned in Section V.A.3 and

V.B.2, the following performance of the peak power constraint applies to the average

constraint. The Fig. 6.7 shows that the sub-optimal and power allocation schemes

give a very close EE. Hence, it is worthwhile to adopt the sub-optimal power since it

is easy to compute and does not require finding a root of the integral equation (6.47).
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Figure 6.7: Average EE and average SE vs Ppeak with statistical CSI.

In addition, we show that the gap between perfect CSI and statistical CSI EE is very

limited, in fact the loss is about 0.01 bits/J/Hz which present 3% of the perfect CSI

EE. In terms of SE, we notice that the statistical CSI SE is better than the perfect

CSI SE between 1 and 4 dB.

This striking result is not surprising since the focus of the power control is on the

EE maximization not the SE one. Also, at high Ppeak, the optimal and sub-optimal

statistical CSI SE present a loss of 3% and 8%, respectively, compared to the perfect

CSI SE. Consequently, the CSI unavailability does not deteriorate the performance

and simple power schemes based on the channel mean can achieve acceptable per-

formance. In addition, the CSI is needed in the high power regime to achieve better

performance which is different from the SE maximization problem, where the CSI is

required at low power regime.
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Figure 6.8: Cognitive EE and SE with peak power and interference constraints.

In Fig. 6.8, we present the CR performance when both peak power and interference

constraints are adopted. We compare between 3 cases in which either the PU is absent

(Ipeak →∞) or present (Ipeak = 0 dB and 3 dB). We notice that Ipeak slightly affects

the EE in the high power regime (i.e., Ppeak ≥ 0 dB). For instance, for Ppeak = 6 dB,

the EE gain between Ipeak = 0 dB and Ipeak → ∞ is about 12% where it is 5% for

Ipeak = 3 dB. From another side, the gap between the perfect CSI and the statistical

CSI EE performance is about 1.5% which means that the absence of CSI has a limited

effect on the EE when the power is only adapted to the channels’ statistics.

In Fig. 6.9, we present the relation between the average interference threshold

Iavg, and the Lagrange multiplier associated with the interference constraint, µ pre-

sented in the equation (6.41). In fact, in order to find the solution of (6.41), for a

given Iavg, we, first, search for the corresponding µ, then find the solution, this figure
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Figure 6.9: Iavg as a function of µ.

presents a lookup table that facilitates finding the optimal power for average inter-

ference constrained problems. We show in this figure that the maximum value of Iavg

that prevents outage transmission depends on the primary power Pp and the circuit

power Pc. For example if Pp = 0 dB and Pc = 0.1W , there will be no transmission if

Iavg > 0 dB.

In Fig. 6.10, the cognitive rates when average power and interference constraints

as a function of Pavg with different values of Iavg. We notice that similar to the peak

constraints in Fig. 6.8, the differences between the EE when there is no PU and when

Iavg = −2.5 dB is 0.05 bits/J/Hz (reduction of 10% ) and when Iavg = −5 dB it is

equal to 0.1 bits/J/Hz (reduction of 21%). Whereas on the SE the reductions form

the no PU performance are higher; 30% for Iavg = −2.5 dB and 45% for Iavg = −5 dB.
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Figure 6.10: Cognitive EE and SE with average power and interference constraints.

6.7 Chapter Summary

In this chapter, we analyzed the energy efficiency of power-constrained systems and

present explicit expressions of the optimal power. We first study a point-to-point

system and find the power solution closed form that maximizes the EE despite its non-

convexity. Then, we present optimal and sub-optimal power expressions when no CSI-

T is available. We extend these results to CR systems with peak and average power

constraints. In the numerical results, we showed that the performance depends mainly

on the power circuit and that the CSI-T absence slightly affects the EE compared

to the perfect CSI-T EE. Unlike SE-maximized design where the absence of CSI-T

is detrimental in the low power regime, EE-maximized design suffers a performance

loss in the high power regime in the absence of CSI-T. In the CR setting, we showed

that the effect of the interference constraint is minimal on EE compared to SE.
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Chapter 7

Towards CR Energy-Efficiency with MIMO Power Allocation

7.1 Introduction and Related Works

In this chapter, we extend the work of the pervious chapter to the EE of MIMO

wireless systems. It is then interesting to investigate whether MIMO systems are

more energy-efficient than the SISO ones. The analysis of the EE of MIMO sys-

tems was performed in [138, 139], but in a non-cognitive setting. In the literature,

the power allocation in energy-efficient MIMO CR systems has been determined using

either fraction programming [132] or transforming EE maximization to SE maximiza-

tion [140]. The EE of a MIMO system is generally computed as the sum-rate over

the sum-power [128, 138]. However, this approach does not characterize the EE of

individual links, i.e., the parallel channels in the MIMO transmission. Different from

existing works, we adopt the arithmetic mean of the EE’s, which describes better the

individual links of the system [134].

To the best of our knowledge, the first study of EE-based spectrum sharing com-

munication systems has been reported in [47], studied in the previous chapter. In

particular, [47] focuses on single antenna systems and demonstrates that the coex-

istence of primary and secondary users in an EE-aware environment is possible at

the expense of a marginal sacrifice on SE. This motivates us to further broaden our

study in order to include the effect of multiple-antenna systems. Thus, our objective

in this chapter is to present an EE power allocation framework for CR MIMO with

or without power and interference constraints. We present an analytical expression
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of the optimal power by solving a non-convex optimization problem using the La-

grangian method instead of the more involved fractional programming [132]. The

main contributions of this chapter are as follows

� We derive the optimal power that maximizes the MIMO EE defined as the

average EE per parallel channel;

� We present a sub-optimal solution for power constrained MIMO EE setting;

� We analyze the EE CR power allocation with an additional interference con-

straint.

The work related to this chapter has been published in [49].

7.2 System Model

We consider a CR spectrum sharing communication scenario where the SU shares the

spectrum with the PU. Each terminal is equipped with multiple antennas: Nt anten-

nas at the primary transmitter (PT) and at the secondary transmitter (ST), Nr anten-

nas at the primary receiver (PR) and at the secondary receiver (SR). The channel gain

matrices of the ST-SR, ST-PR, PT-PR and PT-SR links are denoted by Hs,Hsp,Hp

and Hps, respectively. We assume that the matrices H i ∈ CNr×Nt , i ∈ {s, sp, p, ps}

are complex matrices with independent and identically distributed (i.i.d.) entries,

each having a variance equal to 1. In order to illustrate our approach, we first treat

the case where the SU does not consider the existence of the PU. We call this case

the single user case. Then, we extend our approach to the CR case. In the single user

case, the received signal at the SR, ys given by ys = Hsxs + ns, where xs ∈ CNt×1

is the complex Gaussian transmitted signal and ns ∈ CNr×1 is a circularly symmetric

white Gaussian noise with covariance IE[nsns
H ] = INr

, where IE[·] and ·H are the

expectation and Hermitian operators, respectively. We consider P = IE[xsxs
H ] to

denote the transmit signal covariance matrix. When the SU is not considering the
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existence of the PU, the transmit power is only constrained by the power budget de-

noted Ppeak, i.e., tr (P ) ≤ Ppeakwhere tr (A) =
∑

j A(j, j) is the trace of the matrix

A. We also denote by Pc the circuit power of each antenna and its corresponding

chain. In the CR case, the power is also constrained by the interference constraint

tr(HspP sH
H
sp) ≤ Ith. (7.1)

At the ST, we assume perfect channel state information (CSI) of the SU links, i.e.,

Hs and Hsp are known. We also assume that the SR knows the value of the power

budget of the PU denoted by Pp,tot. Our main objective is to provide an energy-

efficient power allocation (EEPA) scheme that maximizes the EE given both power

and interference constraints. In the next section, we start by defining the EE per

parallel and solve the single user case as a preliminarily step to solve the complete

CR case.

7.2.1 Energy Efficiency per parallel channel

In MIMO transmission with transmit channel side information, the SVD decomposes

the MIMO channel into independent parallel SISO channels that are equivalent to the

real channels. Consequently, this decomposition permits a decent power allocation

(PA) scheme and derivation of the achievable rate. It is important to note that each

parallel channel is characterized by a singular value that has a particular distribution

which depends on the order of these singular values and their values [31]. In order to

have a more precise EE that describes the system based on its parallel SVD-channels,

we present EE per parallel channel denoted EEppc computed based on the SVD of the

channel gain matrix Hs [134]. Note that the number of the resulting parallel channels

after the SVD is N
∆
= min{Nt, Nr}. After, determining EEppc, the resulting EE of

the complete system is the arithmetic mean of the EEppc’s, i.e., EE = 1
N

∑N
i=1EE

ppc
i .
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The EEppc is defined as the ratio of the SE of the channel, denoted SEppc, to the

consumed power per channel P ppc.The SEppc, in bits per second per Hertz (bps/Hz),

is defined as

SEppc
i = log2

(
1 + Psiλ

2
si

)
(bps/Hz), (7.2)

where Psi and λsi are the transmit power and the singular value associated with

the ith parallel channel. To determine the power per parallel channel, there are two

components to consider: circuit power and transmit powers of each parallel channel.

As an equivalent circuit power for each channel, we take the total circuit power, i.e.,

Nt × Pc and divide it by N to have the equivalent circuit power per parallel channel.

Hence, the equivalent circuit power of each parallel is

P ppc
c =

Nt

N
Pc. (7.3)

In summary, the EEppc of the ith parallel channel, in bits per Joule per Hertz (bit-

s/J/Hz), is given by

EEppc
i =

log2
(
1 + Psiλ

2
si

)

Nt

N
Pc + Psi

(bits/J/Hz). (7.4)

The EE of the system is the arithmetic mean of the EEppc’s given by

EE =
1

N

N∑

i=1

log2
(
1 + Psiλ

2
si

)

Nt

N
Pc + Psi

. (7.5)

This model of EE is also called sum-EE defined in [134] as the arithmetic mean of

the individual EEs. Recall that the classical EE is written as the ratio of the system

SE over the system power, i.e.,

EEclassical =

∑N
i=1 SE

ppc
i

NtPc +
∑N

i=1 Psi

, (7.6)

which does not offer the opportunity to determine the EE of the system using the

EEppc’s. For example, in the case where the values of the EEppc’s are available with
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no information about the corresponding SE and powers, it is more convenient to

determine the EE of the system as the arithmetic mean of EEppc’s. In such cases the

classical EE is difficult to determine.

7.2.2 Unconstrained Energy-Efficient Power Allocation

Our objective in this section is to find the optimal PA scheme that maximizes EE.

Note that the objective function in (7.5) is not convex in Psi’s. However, for a given

parallel channel, we showed in the previous chapter that the function EE(Psi) has a

global and unique maximum with respect to Psi. The single-antenna energy-efficient

power for a channel gain γ, denoted by PEE(γ), was computed in previous chapter,

as follows

PEE(γ) =
1

γ

(

e1+W(Pcγ−1
e ) − 1

)

, (7.7)

where W (·) is the main branch of Lambert-W function defined on [−1
e
,∞[ [114]. In

the MIMO framework, by considering the EEPPC the corresponding power is

P ∗
si
= PEE(λ

2
si
) =

1

λ2si



e
1+W

(

λ2si
Nt
N

Pc−1

e

)

− 1



 , ∀i. (7.8)

Note that this solution, although involving the Lambert function, is less complex than

the fractional programming method used in the literature, e.g., [128, 132].

7.2.3 Power-Constrained EE Power Allocation

When the MIMO system is power-constrained, the optimization problem is defined as

max
Psi

≥0
EE =

1

N

N∑

i=1

log2
(
1 + Psiλ

2
si

)

Nt

N
Pc + Psi

, (7.9)

subject to
N∑

i=1

Psi ≤ Ppeak. (7.10)
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In order to solve the problem, we first denote by ΣEE the sum of the EE optimal

powers over all the parallel channels,

ΣEE =
N∑

i=1

PEE(λ
2
si
). (7.11)

Then, we distinguish two cases depending on the value of Ppeak compared to ΣEE.

� If Ppeak ≥ ΣEE, in this case the solution of the unconstrained problem is a

feasible solution for the problem (7.9)-(7.10). Thus, solving the problem is

achieved by having the PEE(λ
2
si
)’s as a solution.

� If Ppeak ≤ ΣEE, in each parallel channel the power is either equal or lower than

PEE(λ
2
si
), we notice that in this region of power, the function EE(Psi) is convex

as shown in the previous chapter. Therefore, we use the Lagrangian method to

determine the optimal power allocation [74]. We compute the derivative of the

Lagrangian function with respect to Psi, and we obtain the following necessary

and sufficient optimality condition

1

log(2)

(

λ2si
(Psiλ

2
si
+ 1)(Psi +

Nt

N
Pc)
− log(Psiλ

2
si
+ 1)

(Psi +
Nt

N
Pc)2

)

= µ, (7.12)

where µ is the Lagrange multiplier associated with the power constraint. To

find Psi, we define the function

Gλsi
(x) =

λ2si
log(2)(xλ2si + 1)(x+ Nt

N
Pc)
− log(xλ2si + 1)

log(2)(x+ Nt

N
Pc)2

. (7.13)

In fact, Gλi
(Psi) = ∂EE

∂Psi

and
∂Gλi

∂Psi

= ∂2EE
∂P 2

si

. We can show that the function

Gλi
(Psi) is a continuous and strictly decreasing function with respect to Psi.

Consequently, it is a bijection and, has an inverse denoted G−1
λsi

(.). For a fixed
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µ0 > 0, there is a unique positive P 0
si
such as

P 0
si
=
(

G−1
λsi

(µ0)
)+

∀i, (7.14)

where (·)+ = max(0, ·). Thus, we have

Ppeak =

N∑

i=1

P 0
si
=

N∑

i=1

(

G−1
λsi

(µ0)
)+

. (7.15)

In order to find P 0
si
, we determine the corresponding Lagrangian multiplier

using (7.15). Then, we compute the optimal power by solving (7.14).

In summary, the optimal power that maximizes EE, with an average power constraint,

is given by

P ∗
si
=







PEE(λ
2
si
) if Ppeak ≥ ΣEE,

P 0
si

otherwise.

(7.16)

7.2.4 Sub-optimal Power EE Power Allocation

Since computing the optimal power in (7.16) may present some complexity in the

steps of inverting the function G(·) and finding the Lagrangian multiplier µ0, we

present a sub-optimal PA based on the power budget regimes. In fact, in the case

when Ppeak ≤ ΣEE we can show that there is a constant C such as Psi +
Nt

N
Pc ≤ C ∀i.

For example, we can choose C = maxi PEE(λ
2
si
)+ Nt

N
Pc. Consequently, a lower bound

of the problem is maximizing the sum of the rates divided by C as follows

max
Psi

≥0

1

N × C

N∑

i=1

log2
(
1 + Psiλ

2
si

)
, (7.17)

subject to
N∑

i=1

Psi ≤ Ppeak. (7.18)
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The solution of this problem is the well-known water-filling power allocation

(WPA) [141] given by

PWPA(λ
2
si
) =

(
1

log(2)η
− 1

λ2si

)+

∀i, (7.19)

where η is computed such as

N∑

i=1

PWPA(λ
2
si
) =

N∑

i=1

(
1

log(2)η
− 1

λ2si

)+

= Ppeak. (7.20)

Consequently, the sub-optimal EE PA is

P ∗
si
=







PEE(λ
2
si
)if Ppeak ≥ ΣEE,

PWPA(λ
2
si
) otherwise.

(7.21)

Note that computing the sub-optimal power is less complex than computing the

optimal power since it involves the Lagrange multiplier instead of the inverse of the

function Gλsi
.

7.3 Cognitive Radio MIMO Energy Efficiency

In the CR setting, the SU is communicating with the SR over the channel character-

ized by the matrix Hs while sharing the spectrum with the PU. Meanwhile, the SR,

in addition to the ST signal, receives some interference from the PT. The SR, in this

case, decodes its message considering interference as noise. Note that this decoding

scheme is based on the fact that the transmitted signal at the primary is independent

of Hps. The received signal at the SR can be written as

ỹs = U sys = Λsxs +U sHspxp +U sn. (7.22)
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Note that in the case of full knowledge of Hsp at the ST, the secondary SE can be

written as

SE = log2

(∣
∣
∣IN +HsP sH

H
s

(
HspP pH

H
sp + IN

)−1
∣
∣
∣

)

, (7.23)

where | · | is the determinant operator. However, since in our scenario the ST does not

have the knowledge of Hsp and P p, we focus on a lower bound of the SE. In [142],

eq. (59), a lower bound of the mutual information in an imperfect CSI context was

presented. Although the presented result corresponds to the channel error case, we

can show that the same result also holds when we substitute the channel error and

the corresponding signal by the interference from the primary and its signal in our

framework. Consequently, a lower bound of the cognitive SE can be given by

SE≥ log2

(∣
∣
∣IN +HsP sH

H
s

(
IE[HspP pH

H
sp] +IN

)−1
∣
∣
∣

)

. (7.24)

Recall that we assumed that the SR only knows the power budget of the PU, i.e.,

Pp,tot = tr(P p). Since Hsp has unit-variance complex i.i.d. entries, we show, in

Appendix E, that

IE[HspP pH
H
sp] = Pp,tot × IN . (7.25)

Consequently, we have

SE ≥ log2

(∣
∣
∣
∣
IN +

HsP sH
H
s

1 + Pp,tot

∣
∣
∣
∣

)

. (7.26)

After performing the SVD of the SU link, the corresponding SE per parallel channel is

SEppc
i = log2

(

1 +
Psiλ

2
si

1 + Pp,tot

)

. (7.27)
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Recall that the power per parallel channel is Nt

N
Pc + Psi. Hence, the EE of the SU is

EEppc =
1

N

N∑

i=1

log2

(

1 +
Psi

λ2
si

1+Pp,tot

)

Nt

N
Pc + Psi

. (7.28)

In the underlay spectrum sharing, the interference caused by the SU should be below

a certain threshold as shown in (7.1). By using the invariance of the trace operator

under a cyclic permutation, the constraint in (7.1) can be written as follows

tr(HH
spHspP s) =

N∑

j=1

N∑

i=1

Psihspji ≤ Ith, (7.29)

where hspji is the element on the jth row and ith column of the matrix Hsp. Hence,

the optimization problem of the MIMO CR is given by

max
Psi

≥0
EE =

1

N

N∑

i=1

log2

(

1 +
Psi

λ2
si

1+Pp,tot

)

Nt

N
Pc + Psi

, (7.30)

subject to (7.10)and (7.29). (7.31)

We denote by λ̃2si =
λ2
si

1+Pp,tot
and by IEE the sum-interference of the ST on the PR as

follows:

IEE =
N∑

j=1

N∑

i=1

Psihspji. (7.32)

In order to solve this problem, we distinguish four cases depending on the values

of Ppeak and Ith.

1) ΣEE ≤ Ppeak and IEE ≤ Ith

In this region, the constraints are inactive with respect to the optimal EE PA, i.e.,

PEE(λ̃
2
si
) ∀i are in the feasible region. Consequently, the optimal solution is P ∗

si
=

PEE(λ̃
2
si
) ∀i.
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2) ΣEE > Ppeak and IEE ≤ Ith

In this region, the interference constrain is not activated. Hence, the solution is

deducted from the problem in (7.9)-(7.10), by substituting λ2si by λ̃
2
si
.

3) ΣEE ≤ Ppeak and IEE > Ith

In this region, the power constraint is inactive, and only the interference constraint

affects the power control. In order to find the optimal power, we compute the La-

grangian of the problem and find when its derivative with respect to Psi is equal to

zero. We then obtain the following necessary and sufficient optimality condition

1

log(2)

(

λ̃2si
(Psiλ̃

2
si
+ 1)(Psi +

Nt

N
Pc)
− log(Psiλ̃

2
si
+ 1)

(Psi +
Nt

N
Pc)2

)

= ν
N∑

j=1

hspji , (7.33)

where ν is the Lagrange multiplier associated with the interference constraint. Similar

to the previous case, by using the bijection of G−1

λ̃si

(·), for a fixed ν1, there is a unique

positive power denoted P 1
si
such as

P 1
si
=

(

G−1

λ̃si

(

ν1

N∑

j=1

hspji

))+

, (7.34)

which means that

Ith =

N∑

j=1

N∑

i=1

hspjiP
1
si
=

N∑

j=1

N∑

i=1

hspji

(

G−1

λ̃si

(

ν1

N∑

j=1

hspji

))+

. (7.35)

Finally, for a given Ith, we find the optimal solution by first determining the La-

grangian multiplier ν1 using (7.35) numerically and compute the optimal power by

solving (7.34).
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4) ΣEE > Ppeak and IEE > Ith

In this region, the power is affected by both the average power and interference

constraints. We use, again, the Lagrangian method and we obtain the following

optimality condition

1

log(2)

(

λ̃2si
(Psiλ̃

2
si
+ 1)(Psi +

Nt

N
Pc)
− log(Psiλ̃

2
si
+ 1)

(Psi +
Nt

N
Pc)2

)

= µ+ ν

N∑

j=1

hspji, (7.36)

where µ and ν are the Lagrange multipliers associated with the power and interference

constraints, respectively. Consequently, from the previous results and by using the

function Gλ̃si
, the optimal power, for a fixed µ0 and ν1 is

P 10
si

=

(

G−1

λ̃si

(

µ0 + ν1

N∑

j=1

hspji

))+

, (7.37)

where µ0 and ν1 are determined such as

N∑

j=1

N∑

i=1

hspji

(

G−1

λ̃si

(

ν1

N∑

j=1

hspji

))+

= Ith; (7.38)

and

N∑

i=1

(

G−1

λ̃si

(µ0)
)+

= Ppeak. (7.39)

Hence, to find the optimal power in this region, we determine the Lagrange multipliers

form (7.38) and (7.39), then compute the power using (7.37). To conclude, Table 7.1

summarizes the solutions under both power and interference constraints, depending

on the operating regime.

7.4 Numerical Results

We adopt a Rayleigh fading channel in which the entries of channel matrices are cir-

cularly symmetric complex Gaussian random variables with zero mean and unit vari-
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Table 7.1: MIMO CR optimal power with interference and power constraints

Regions IEE ≤ Ith IEE > Ith

ΣEE ≤ Ppeak PEE P 1
si

ΣEE > Ppeak P 0
si

P 10
si

ance. We plot the average of the performance over different channel realizations. For

simplicity, we take equal number of antennas at all the terminals, i.e., Nt = Nr = N .

In Fig. 7.1, we plot the SE as a function of the power budget Ppeak, we compare

P
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Figure 7.1: SE of the proposed EE criterion compared to the classical EE criterion
for Pc = 1W.

the proposed EE and classical EE criterions, i.e., maximizing (7.5) and (7.6), respec-

tively. We note that the proposed EE outperforms the classical EE in terms of SE

at high power values. We also note that the SE metric gap between the two criteria

increases as N increases.
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Figure 7.2: Comparison between different power allocation schemes for N = 4 and
Pc = 1W.

In Fig. 7.2, we plot the EE (in left y-axis) and the SE (in right y-axis) performance

as function of Ppeak, and we compare between the different power allocation schemes;

SE criterion (WPA), numerical (use the interior-point method) and analytical EEPA

and sub-optimal EEPA. We show that our analytical results match the numerical

simulations for both EE and SE perfectly. In addition, we show that the sub-optimal

and the optimal EE performance coincide at high and low power regime. At mid-range

power, i.e., 0-10 dB the sub-optimal PA scheme achieves at least 95% of the optimal

performance. We also note that beyond 7 dB, there is stagnation of the EE and SE

performance which means that there is no need to exceed this power budget since it

will not improve any of the two performance. In fact, this power level corresponds

to the value of ΣEE defined in (7.11). From another side, for Ppeak = 7 dB, when
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we compare the WPA and the EEPA, we note a loss in SE of about 19% and a gain

in EE of about 18.7% which quantifies the loss in rate and the gain in energy of our

proposed PA scheme.
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Figure 7.3: The EE and the SE as a function of Ppeak for Pc = 1W.

In Fig. 7.3, we highlight the variation of the single user EE and the SE with respect

to the power Ppeak when N = 1, 2 and 4. We show that the average EE per paral-

lel channel increase as N increases which means that adopting MIMO transmission

enhances the EE as shown in [139]. This observation explains why massive MIMO

concept is considered as a green solution for wireless communications. Since it is

well known that MIMO enhances the SE, we can understand that the corresponding

increase in the power consumption is lower than the increase of the SE. This obser-

vation also shows that MIMO systems are more energy-efficient than SISO. We can

show that for N = 1, optimizing the power to maximize the EE leads to a saturation
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level that can be achieved by the WPA for a particular power budget. In Fig. 7.3, we

show that this value is 0.45 bits/J/Hz. However, as we increase N , i.e., N = 2, 4, we

notice a gap of about 0.1 bits/J/Hz between the maximum achieved EE by the WPA

and by the EEPA. Consequently, for N > 1, our scheme achieves EE levels that can

never be obtained with the WPA. From SE perspective, the performance stagnates at

particular power values depending on N , which is the price to pay when considering

an EE criterion in designing wireless communication systems.

7.5 Chapter Summary

In this chapter, we studied the energy efficiency of cognitive MIMO spectrum sharing

systems. We first presented the optimal power allocation scheme for the single user

communication, i.e., in the absence of interference constraint. Then, we presented

a sub-optimal power allocation scheme for a power-constrained scenario. The pro-

posed sub-optimal power was shown numerically to achieve more than 95% of the

optimal performance. In the cognitive context where the interference constraint is

considered, we presented the corresponding power allocation scheme depending on

the power budget and the interference threshold. In the numerical results, we showed

that having more antennas enhances the energy efficiency in comparison with single-

antenna systems, for the same power budget. Furthermore, we showed that the effect

of the interference constraint is minimal in the low power regime. However, at high

power regimes, the interference threshold affects drastically both energy and spectral

efficiencies.
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Chapter 8

Thesis Summary and Future Work

In this final chapter, we present a summary of the results and contributions of this

thesis. Afterward, we suggest interesting future research work to be performed.

8.1 Thesis Summary

The main aim of this thesis is to study the power allocation and the performance

of wireless cognitive radio systems given three different directions; enhancing the

reliability, the scalability, and the energy efficiency.

8.1.1 CR Reliability

We analyzed the achievable rate of a CR amplify-and-forward relay in two settings;

one-way UAV relaying and two-way relaying (TWR). In Chapter 2, related to the

one-way UAV relaying, we presented an optimal power allocation based on space

alignment. We studied two cases where the relay is either optimizing its gain matrix

or not optimizing it. We showed, in our numerical results, that non-zero cognitive

rate is achieved when our scheme is adopted. In addition, with optimized relay gain

matrix, the primary rate is enhanced whereas the secondary rate is reduced in the

low power regime.

In Chapter 3, related to the TWR, we presented customized linear precoding and

decoding scheme that allow the primary user to avoid the secondary interference in the

two-time slots. The numerical results show that the relay gain affects the secondary

sum-rate, using simple structure that achieves up to 80% of the optimal structure.
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8.1.2 CR Scalability

We studied both local scalability with multiple cognitive users and global scalability

with multiple cognitive cellular networks. In Chapter 4, related to the local scalability,

we focused on the sum-rate of multiple secondary users in a MIMO-MAC communica-

tion. We proposed a low-complexity selection scheme that maximizes the secondary

sum-rate and we obtained the corresponding closed-form of the sub-optimal power for

Rayleigh fading. In our numerical results, we showed the efficiency of our proposed

scheme compared to the optimal solution given by high-complexity exhaustive search.

In Chapter 5, related to the global scalability, we studied the cooperation between

the primary and the cognitive cellular networks. In this cooperation, both networks

maximize their profits in both a disjoint and joint manner given green constraints such

as limited CO2 emissions. In the numerical results, we illustrated that the proposed

algorithms achieve close performance to those of the exhaustive search. In addition,

we showed that the renewable energy availability and the roaming cost are important

parameters that can be tuned to regulate the market.

8.1.3 CR Energy Efficiency

In addition to the green cellular primary/cognitive cooperation, we presented a new

power allocation paradigm based on optimizing the energy efficiency instead of the

spectral efficiency. We first considered the energy-efficient power allocation for SISO

systems, and then we extended our study to the MIMO systems.

In Chapter 6, related to the SISO case, we derived optimal and sub-optimal power

expressions in the absence of channel state information (CSI). In the numerical results,

we showed that the performance are affected mainly by the circuit power and that the

effect of interference is very limited on the energy efficiency compared to the spectral

efficiency.

In Chapter 7, related to the MIMO case, we first presented a sub-optimal power
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allocation scheme for a power-constrained MIMO communication. The proposed

sub-optimal power is shown numerically to achieve more than 95% of the optimal

performance. The numerical results show that increasing the number of antennas

enhances the energy efficiency. In addition, the interference threshold affects both

energy and spectral efficiencies drastically.

8.2 Future Work

The study of the energy efficiency of wireless systems is and interesting and important

topic. Therefore, we suggest multiple extensions to the research work performed in

the CR energy efficacy.

8.2.1 Energy Efficiency of UAV communications

UAV-based communication is also facing several challenges that should be addressed

to ensure their effective application. One of these challenges is the limited energy

availability. In fact, the energy consumption of these battery-powered flying units is

usually split into an energy consumed by the communication platform and the energy

used for the drone hardware and mobility. Hence, it is important to efficiently manage

the available energy for both components to extend the UAV operation time.

To address this major problem in UAV-based communication, we can propose to

integrate an underlay CR solution with an energy-efficient power allocation scheme

(similar to the scheme presented in Chapter 6 and Chapter 7) to ensure effective and

long-time operations of UAVs. We aim to provide explicit expressions of the power

solutions to decrease the complexity of the power control procedure compared to the

numerical methods used in the literature.
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8.2.2 Energy Efficiency of OFDM Systems

Adopting energy efficient operation of cellular networks is becoming an important

necessity for cellular operators as we mentioned in Chapter 5. Therefore, we pro-

pose to focus on the radiated power of orthogonal frequency division multiple access

(OFDMA) transmission and to study the energy efficiency (EE) of OFDMA cellular

networks by maximizing the downlink EE of communications. In the literature, no

closed-form expressions of the optimal power that maximizes the EE was presented

in [9], [10] but for SISO and MIMO communications respectively. To the best of our

knowledge, the explicit power control that maximizes OFDMA EE was not presented

before. We may focus on the power control when the transmit power is limited by

power budget constraint or/and minimal rate constraints.

8.2.3 Global Energy Efficiency of MIMO Systems

In Chapter 7, we used the power allocation scheme developed in the SISO in Chapter 6

by considering the sum energy efficiency of single parallel channels of the MIMO link.

A more general case is to maximize the global energy efficiency defined as the total

rate over the total consumed power. The challenge is that when applying the KKT

conditions, the power solution of each eigenvalue depends on the power solutions of

the remaining eigenvalues. Hence, an analytical approach needs to be found to solve

this interdependence and present closed-form solutions to the global energy efficiency

problem.
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Appendix A : Analysis of the convergence of Algorithm 2

In each step, the algorithm optimizes the objective function with respect to w with

fixed powers (line 7) then with respect to the powers with fixed w (line 8) in the form

of a fixed-point algorithm.

i) From one side, when w is fixed it is clear that the objective function Rtot is

convex with respect to the powers as we showed in Sections III and IV. Hence, the

obtained powers are optimal for this given value of w.

ii) From the other side, when the powers are fixed, we have

1. Rtot ≥ 0 ∀w

2. limw→0Rtot = 0

3. limw→∞Rtot = 0. Note that 3) comes form the fact that infinite amplification

forces the transmit powers to be 0 in order to avoid infringing the relay power

constraint in (25) when amplifying the noise, i.e., the term WWH .

4. Rtot is not multimodal with respect to w since from (35) Rtot is a combination

of a logarithmic function and a quadratic function of w.

Hence, Rtot has a global maxima with respect to w and the corresponding w is optimal

for the given powers. From another side, at each iteration, we have R
(t+1)
tot ≥ R

(t)
tot since

we alternatively maximize Rtot in line 7 and line 8 meaning that Rtot is increasing in

each iteration of the algorithm.
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Appendix B : Proof of Theorem 1

To maximize EE we compute its derivative with respect to P as follows

∂EE

∂P
=

γ

log(2)(γP + 1)(P + Pc)
− log(γP + 1)

log(2)(P + Pc)2
. (9.1)

The optimal power is given when ∂EE
∂P

= 0 which means

(γP + 1) log(γP + 1)− (γP + 1) = γPc − 1 (9.2)

⇔ X(log(X)− 1) = γP − 1 (where X = γP + 1) (9.3)

⇔ elog(X)(log(X)− 1) = γP − 1 (9.4)

⇔ elog(X)−1(log(X)− 1) =
γP − 1

e
(9.5)

⇔ log(X)− 1 =W

(
γP − 1

e

)

(9.6)

⇔ X = eW(γP−1
e )+1 (9.7)

⇔ PEE =
1

γ

(

e1+W( γPc−1
e ) − 1

)

(9.8)

From (9.1), we have

EE =
γ

log(2)(γP + 1)
=

γ

log(2) e1+W( γPc−1
e )

(9.9)

and the corresponding rate is

SE = log2(X) =
W (γPc−1

e
) + 1

log(2)
. (9.10)
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Appendix C : Obtaining Eq. (6.6)

We have EE∗ = SE∗

Pc+PEE
, which gives

EE∗Pc = SE∗ −EE∗PEE. (9.11)

From (6.5), we have

EE∗ =
γ

log(2) 2SE∗
. (9.12)

Thus,

EE∗PEE =

(
2SE

∗ − 1
)

log(2) 2SE∗
. (9.13)

Eq. (9.11) gives

EE∗Pc = SE∗ −
(
2SE

∗ − 1
)

log(2) 2SE∗
, (9.14)

which implies that

EE∗ =
1

Pc

(

SE∗ − 1− 2−SE∗

log(2)

)

. (9.15)
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Appendix D : Concavity of the EE when P (γ) ≤ PEE(γ)

We first recall that PEE is the unique maxima of EE since it is the unique root

of its derivative, EE ′ as was shown in Appendix A. Consequently, the sign of EE ′

between 0 and PEE is the same and is given by any point, for example for P = 0 we

have EE ′(0) = γ

Pc
> 0. Then, for P (γ) ≤ PEE(γ) we have EE ′(P ) > 0. Now we

compute the second derivative of EE with respect to P and we can show that it can

be expressed as a function of the first derivative as follows:

EE ′′(P ) = − 1

Pc + P

(
γ2

(1 + γP )2 log(2)
+ 2EE ′(P )

)

. (9.16)

Since EE ′(P ) ≥ 0 for P (γ) ≤ PEE(γ) then from (9.16), we have EE ′′(P ) < 0 which

means that EE is a concave function for P (γ) ≤ PEE(γ).
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Appendix E : Obtaining Equation (7.25)

Let Q be defined as Q = IE[HspP pH
H
sp]. Hence, for 0 ≤ i, j ≤ N , we have

Q(i, j) = IE

[
N∑

k=1

hsp(i, k)h
∗
sp(j, k)Pp(k, k)

]

⇒ Q(i, j) =

N∑

k=1

Pp(k, k)IE
[
hsp(i, k)h

∗
sp(j, k)

]
.

Since, the entries hsp are i.i.d. with unit-variance, we have

IE
[
hsp(i, k)h

∗
sp(j, k)

]
=







1, if i = j;

0, otherwise.

Consequently,

Q(i, j) =







∑N
k=1 Pp(k, k), if i = j;

0, otherwise.

Finally, we obtain Q = Pp,tot × IN .
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