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Abstract
The modeling of multiphase fluid flow in porous medium is of interest in the field of reservoir simulation. The promising numerical methods in the literature are mostly based on
the explicit or semi-implicit approach, which both have certain stability restrictions on the
time step size. In this work, we introduce and study a scalable fully implicit solver for the
simulation of two-phase flow in a porous medium with capillarity, gravity and compressibility, which is free from the limitations of the conventional methods. In the fully implicit
framework, a mixed finite element method is applied to discretize the model equations for
the spatial terms, and the implicit Backward Euler scheme with adaptive time stepping is
used for the temporal integration. The resultant nonlinear system arising at each time step
is solved in a monolithic way by using a Newton–Krylov type method. The corresponding
linear system from the Newton iteration is large sparse, nonsymmetric and ill-conditioned,
consequently posing a significant challenge to the fully implicit solver. To address this issue, the family of additive Schwarz preconditioners is taken into account to accelerate the
convergence of the linear system, and thereby improves the robustness of the outer Newton
method. Several test cases in one, two and three dimensions are used to validate the correctness of the scheme and examine the performance of the newly developed algorithm on
parallel computers.
Keywords: Reservoir simulation, Fully implicit method, Schwarz preconditioner, Parallel
computing

1. Introduction
Reservoir simulation models are used extensively by oil and gas industries to efficiently
manage existing petroleum fields and to develop new oil and gas reservoirs [1, 9]. Although
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reactive transport modeling in porous media is more realistic which have been discussed
in[36, 37, 38], most reservoir simulations more focus on advection [32, 19], as well as diffusion [15]. In order to represent complex geological heterogeneity and to capture highly
spatially varying solutions for Darcy velocity, saturation, and concentration, it is common to
use millions (or even billions) of grid blocks or cells in large-scale geological models for fieldscale flow and transport simulation. Additional computational challenges come from the
complexity of the geological media, the flowing fluid, and their interaction, which demands
robust and efficient computation of subsurface flow and transport. To address these challenges, parallel reservoir simulators equipped with robust, scalable and efficient algorithms
are essential to improve simulation runs and simulators capability.
The modeling equations of multiphase flow in geological formation typically include conservation laws for each phase (for fully immiscible multiphase flow) or conservation laws for
each component (for partially miscible multiphase flow). In addition, extended Darcy’s law
is usually assumed for multi-phase flow in the media. This phenomenological law together
with conservation laws and fluid properties are often used to model the fluid flow behaviors
in the subsurface system. Numerical solution procedure involves approximation using spatial and temporal discretization. Finite difference, finite volume, or finite element methods
can be used for spatial discretization. The local conservation property of the discretization
scheme is often important. Popular conservative methods include the block-centered finite
difference method and the Raviart-Thomas mixed finite element method.
Various decoupled splitting schemes and time integration schemes have been used to
discretize the equation system in time and to tackle the coupled equations. The simplest
and most straightforward approach is to treat all terms explicitly, e.g. as in the forward
Euler method. These fully explicit methods are easy to implement and computationally
cheap for a single time step; however, governing equations for multiphase flow often come
with strong nonlinearity and stiffness, leading to the severe Courant-Friedrichs-Lewy (CFL)
condition [11]. As a result, the explicit methods become prohibitively expensive due to the
tiny time steps imposed by the CFL condition. Semi-implicit methods have been widely used
in practice because of its improved stability over the fully explicit methods. One popular
semi-implicit scheme people use in practice is the IMPES (implicit in pressure and explicit in
saturation) scheme [8, 11, 12, 20, 48]. The motivation of IMPES comes from the observation
that the pressure and Darcy’s velcoity changes less rapidly with time as compared with the
phase saturation or species concentration. In the iterative IMPES scheme [27, 29, 30],
a number of iterations are performed in a single pressure-saturation time step interval to
increase its accuracy and/or stability. It can be considered as an improved version of IMPES
or as an iterative solution procedure of a fully implicit scheme. In spite of the popularity of
semi-implicit methods, it is believed in computational community that the most promising
scheme for subsurface multi-phase flow is the fully implicit method [1, 10, 14, 31, 39, 41,
49], mainly because of its unconditionally stability. In the fully implicit approach, all the
coupled nonlinear equations are solved simultaneously and implicitly, thereby the whole
system approach has the potential to allow more physics to be added easily to the system
without changing much of the algorithmic and software framework.
Even though being stable for arbitrary large time steps, the computational efficiency of
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a fully implicit method still relies on sophisticated nonlinear and linear solvers, especially
when the size of problems becomes large. It remains challenging and important to obtain
efficient nonlinear and linear solvers of the algebraic systems arising from the fully implicit
treatment of reservoir simulation. In this study, we propose a highly parallel solver based on
the framework of Newton–Krylov–Schwarz (NKS) algorithms [4, 6, 22, 25, 43] to guarantee
the nonlinear consistency. In the proposed NKS method, the resultant nonlinear system is
solved by a generalized Newton method, i.e., active-set reduced-space method [3, 23, 47], and
then the linear Jacobian systems are solved with a preconditioned Krylov subspace method.
The success of the overall approach depends heavily on the preconditioner, owing to the fact
that it can substantially reduce the condition number of the linear system. Hence, we use the
overlapping additive Schwarz type domain decomposition methods [17, 35, 40] to build the
preconditioner. A great advantage of domain decomposition methods is that communication
only occurs between neighboring subdomains during the restriction and extension processes,
and meanwhile does not require any splitting of the nonlinear system. Therefore the additive
Schwarz preconditioner is naturally suitable to massively parallel computing and provides the
scalability. In particular, with the appearance of the restricted version of Schwarz methods
proposed by Cai and Sarkis in [7], it can lead to substantial reduction of the total computing
time, which greatly expands the scope of application of the domain decomposition algorithm.
An important implementation detail in designing the additive Schwarz preconditioner is
to balance the quality of the iterations and the computing time spent on the simulation.
Hence, several performance-related parameters in the preconditioner, including the type of
the Schwarz preconditioner and the size of the overlap, are carefully discussed and tested to
achieve the optimal performance. By using these strategies, our experiments show that the
proposed fully implicit solver based on the Newton–Krylov–Schwarz algorithm is efficient,
robust and scalable on a supercomputer.
The remainder of the paper is organized as follows. In Section 2, we introduce the
mathematical model for the two-phase slightly compressible flow, following which a fully
implicit scheme is provided for the temporal and spatial discretization. In Section 3, we
briefly review the Newton–Krylov type method with additive Schwarz preconditioners for
solving the resultant nonlinear system. Several sets of numerical experiments with parallel
performance results are reported in Section 4 and the paper is concluded in Section 5.
2. Mathematical model and discretization
Consider a time interval [0, T ] and a spatial domain Ω ⊂ Rd , d = 1, 2 or 3, with boundary ∂Ω. The model of the two-phase slightly compressible flow through a porous medium is
described by the continuity equation and the Darcy law of the wetting and the non-wetting
fluid phases. Let the subscripts o and w denote the non-wetting and wetting phases, respectively. The continuity equation of the phase α = o, w is given by
∂
(φρα Sα ) + ∇ · (ρα uα ) = qα ,
(1)
∂t
where φ is the porosity of the medium, Sα is the saturation, ρα is the density, qα is the
external mass flow rate, and uα denotes the volumetric velocity of phase α. The velocity uα
3

is described by the Darcy law as follows:
uα = −

krα
K (∇pα + ρα g∇z)
µα

(2)

where K is the absolute permeability tensor, pα , krα and µα are pressure, relative permeability, and viscosity, respectively. Moreover, g is the gravity acceleration constant and z is
the depth. The void of porous medium is jointly filled by the two fluids, and the relation of
their saturations satisfies the following constraints
Sw + So = 1.

(3)

The relation between the wetting and non-wetting phase pressures is given by the capillary
pressure [9, 24],
pc (Sw ) = po − pw ,
(4)
which is a known function of the wetting phase saturation that relates the two phase pressures. In addition to that, the density ρα is given by
ρα = ρ̂α ecα (pα −p̂) ,

(5)

which describes the slightly compressible density of each phase with small compressibility
constants cα , the reference density ρ̂α and the reference pressure p̂. In this paper, the
primary variables to be solved in (1) are the wetting-phase pressure pw and saturation Sw .
The boundary conditions are assumed to be impervious, i.e., for the both phases o and w,
the velocity uα = 0. The injection and production wells are respectively modeled as the
inflow and the outflow boundaries [9].
In this study, we use a mixed finite element method for the spatial discretization and a
backward differentiation formula with adaptive time stepping for the temporal integration,
as introduced in the Appendix. After applying the fully implicit scheme, the equations (1)
is discretized into a nonlinear system
 (p )

F w (X)
F (X) =
= 0,
(6)
F (Sw ) (X)
where X = (pw , Sw )T for each time step.
We remark that a popular approach for describing the mathematical model is based on
the pressure equation and one of the continuity equations, see references [24, 26, 31, 44] for
more details. However, in this treatment, the mass conservation of the other phase might
not be guaranteed, since the saturation is calculated by the volume constraint instead of
solving its continuity equation. Hence, in this study, we use an alternative and different
formulation for describing the continuity of the two-phase flow in a porous medium. Two
continuity equations, which naturally satisfy the mass conservation of the two phases, are
solved simultaneously. A particular emphasis of this formulation is that the upwind scheme
can be applied to both continuity equations. Consequently, the latter approach can capture
the direction of information propagation in the flow field and thereby overcome nonphysical
oscillations in the simulation.
4

3. Parallel fully implicit solver
The implicit discretization of (1) gives rise to nonlinear systems of equations, which
are normally solved with the class of Newton methods [18, 34, 41]. However, when solving such nonlinear systems using the classical Newton methods, we often face the numerical challenges arising from physically feasible saturation fractions between Sb and Su , i.e.,
Sb ≤ Sw ≤ Su . Hence, we introduce a constrained optimization based formulation with
a box inequality constraint, which naturally satisfies the boundedness requirement. Then
we employ a generalized Newton–Krylov method with additive Schwarz preconditioners to
solve the corresponding nonlinear algebraic systems efficiently on parallel supercomputers.
3.1. Constrained optimization based formulation
For the saturation component, a constrained optimization problem is introduced when
the constraint condition Sb ≤ Sw ≤ Su is considered

min J (Sw )
(7)
s.t. Sb ≤ Sw ≤ Su ,
where J (Sw ) is continuously differentiable defined by
∇J (Sw ) =

∂J (Sw )
= F (Sw ) (X).
∂Sw

With the help of the Lagrange multipliers λSb and λSu for the restrictions, a Lagrangian
function is defined as
L(Sw , λSb , λSu ) ≡ J (Sw ) + (Sb − Sw , λSb ) + (Sw − Su , λSu ) .
Then the first-order optimally conditions are obtained by differentiating (8)
 (S )
F w (X) − λSb + λSu = 0,





Sb − Sw ≤ 0, λSb ≥ 0, (Sb − Sw , λSb ) = 0,





Sw − Su ≤ 0, λSu ≥ 0, (Sw − Su , λSu ) = 0.

Finally, we can obtain the following variational
pliers λSb and λSu in (9)

&
 Sw = Sb
Sw = Su
&

Sw ∈ (Sb , Su ) &

(8)

(9)

inequality by eliminating Lagrange multi-

F (Sw ) (X) ≥ 0,
F (Sw ) (X) ≤ 0,
F (Sw ) (X) = 0.

(10)

Similarly, we also build a variational inequality formulation for the pressure component

& F (pw ) (X) ≥ 0,
 pw = −∞
(11)
p = +∞
& F (pw ) (X) ≤ 0,
 w
(pw )
pw ∈ (−∞, +∞) & F
(X) = 0.
5

We would like to point out that, although there are not any restriction for the pressure
pw , i.e., −∞ < pw < +∞, the purpose of (11) is to obtain a constrained optimization based
formulation for the coupled system (6), which is defined as follows. Let S = {1, 2, · · · , N } be
an index set with each index corresponding to an unknown component Xi and a nonlinear
residual component Fi . Suppose the lower- and upper-bound vectors for the solution X are
respectively defined by

φ = (−∞, Sb , · · · , −∞, Sb , · · · , −∞, Sb ) = (φ1 , φ2 , · · · , φN ) ∈ RN ,
(12)
ψ = (+∞, Su , · · · , +∞, Su , · · · , +∞, Su ) = (ψ1 , ψ2 , · · · , ψN ) ∈ RN .
Then, by coupling the systems (10) and (11), the variational inequality for (6) is defined as
follows: find a vector X ∈ RN such that only one of the following three equations holding
at a time

& Fi (X) ≥ 0,
 Xi = φi
Xi = ψi
& Fi (X) ≤ 0,
(13)

Xi ∈ (φi , ψi ) & Fi (X) = 0.

3.2. Newton–Krylov type algorithm
We employ a family of Newton–Krylov methods with additive Schwarz preconditioners to
solve (13) efficiently on supercomputers. The proposed algorithm consists of three important
components: (1) an active-set reduced-space method for the nonlinear system; (2) a Krylov
iterative method for the linear Jacobian system at each Newton iteration; and (3) a Schwarz
preconditioner for the linear solver.
First, let us discuss some details about the active-set reduced-space method for a given
nonlinear system. Let the operator π be a projection to cut off the undershoot or overshoot
of the solution from the interval [φ, ψ]. Suppose X k is the current approximate solution,
then a new approximate solution X k+1 can be computed through the following steps:
1. Determine the active sets Iφ (X k ) and Iψ (X k ) by
 k
Xi = φi & Fi (X k ) ≥ 0, on Iφ (X k ),
Xik = ψi & Fi (X k ) ≤ 0, on Iψ (X k ),

(14)


and then define the inactive set by Iφ (X k ) = S \ Iψ (X k ) ∪ I(X k ) .

2. Set dIφ = 0 and dIψ = 0, and compute a direction dI by approximately solving the
linear system by a relative tolerance ηr ∈ [0, 1), an absolute tolerance ηa ∈ [0, 1) and
the condition



∇F (X k ) I,I dI + FI (X k ) ≤ max ηr kFI (X k )k, ηa ,
(15)


where ∇F (X k ) I,I is a submatrix of ∇F (X k ) and FI (X k ) is a subvector of F (X k ),
both based on the same index set I.
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3. Set X k+1 = π X k + λk dk , where λk ∈ (0, 1] is determined to satisfy


FΘ π X k + λk dk k ≤ (1 − αλk )kFΘ (X k ) ,

(16)

with FΘ (X) being defined as

[FΘ (X)]i =



Fi (X),
if φi < Xi < ψi ,
min{Fi (X), 0}, others.

4. We continue the nonlinear iteration until the following convergence criterion is satisfied
||FΘ (X k )|| ≤ max{εr ||FΘ (X 0 )||, εa },
where εr (εa ) is the relative (absolute) solver tolerance for the nonlinear iteration.
Remark 1 When combined with Krylov–Schwarz method, the active-set reduced-space method
degrades into the classical Newton–Krylov–Schwarz (NKS) [4, 6, 22, 25, 43] for the case that
the active sets in (14) are all through empty, i.e., Iφ (X) = Iψ (X) = ∅.
Remark 2 The parameter λk in (16) is used to assure that the reduction of the residual
function is sufficient. For the simulation of two-phase flow in porous media using the activeset reduced-space method, if λk doesn’t satisfy the descend condition in (16), then we update
the initial guess X k by solving the following nonlinear system with the NKS method:


k
X(pw ) − X(p
w)
F̃ (X) =
= 0,
(17)
F (Sw ) (X)
where X(pw ) is the subvector with respect to the variable pw . The purpose of this step is to
keep the part of X k with respect to pw , while the other part with respect to Sw is replaced by
solving F (Sw ) (X) = 0.
3.3. Additive Schwarz preconditioner
In the above method, the Newton correction vector dk is used to determine the step length
that one should go in the selected nonlinear correction direction, which is obtained by solving
a linear Jacobian system. Compared to the classical exact method, the inexact method has
some potential advantages for large-scale computing, i.e., the number of unknowns is large
(e.g., of the order of millions or larger), due to the reason that the inexact treatment of
the linear system leads to a substantial reduction of the computational cost [21]. More
importantly, the linear system is solved approximately instead of exactly can avoid the over
solving problems of Newton type methods and hence improve the efficiency. In the proposed
fully implicit solver, the linear system is solved by using a Krylov subspace method [33]. In
practice, the overlapping additive Schwarz preconditioned Generalized Minimal RESidual
(GMRES) method that restarts every 90 iterations is employed in our solver.
In large-scale parallel computing, the additive Schwarz preconditioner is the key to the
success of the linear solver, since it can help in improving the convergence and meanwhile is
7

beneficial to the scalability of the linear solver. To define this domain decomposition based
preconditioner, we assume that Ω ⊂ Rd , d = 1, 2 or 3, is covered by the non-overlapping and
overlapping partitions as shown in Figure 1. Let J be the Jacobian matrix of the nonlinear
problem and let Riδ and Ri0 be the restriction operator from Ω to its overlapping and nonoverlapping subdomains, respectively. Here, the parameter δ denotes the size of the overlap.
Then the classical additive Schwarz (AS, [17]) preconditioner is defined as
−1
Mδ,δ
=

Np
P

(Riδ )T Ji−1 Riδ .

(18)

i=1

with Ji = Riδ J (Riδ )T and Np is the number of subdomains, which is the same as the number
of processors. In addition to that, there are two modified approaches of the additive Schwarz
preconditioner that may have some potential advantages for parallel computing. The first
version is the left restricted additive Schwarz (left-RAS, [7]) method defined by
−1
M0,δ

=

Np
P

(Ri0 )T Ji−1 Riδ .

(19)

i=1

and the other modification to the original method is the right restricted additive Schwarz
(right-RAS, [5]) preconditioner as follow:
−1
Mδ,0

=

Np
P

(Riδ )T Ji−1 Ri0 .

(20)

i=1

Note that, in practice, we use a sparse LU factorization based direct method to solve the
subdomain linear system corresponding to the matrix Ji−1 in (18), (19) or (20).
A great advantage of the additive Schwarz preconditioners is that communication only occurs between neighboring subdomains during the restriction and extension processes, which
is naturally suitable to parallel computing. We would like to point out that, for the preconditioners (19) and (20), the operator Riδ is replaced by Ri0 , as a result the corresponding
part of the computation will not require any communication because the image of Ri0 does
not overlap. Therefore, compared to the classical additive Schwraz preconditioner, the communication in the two restricted versions is reduced, and this may result in less overall
convergence time and further improve the performance of the preconditioner [7]. Some
numerical results will be shown later to compare the performance of these preconditioners.
Remark 3 If an additive Schwarz preconditioner is used to solve an elliptical problem, then
the condition number κ of the preconditioned linear system satisfies the following inequality:
κ ≤ C(1 + H/δ)/H 2 ,
where H is the subdomain size and C is independent of δ, H, and the mesh size h; see
[7, 35, 40] and the references within. Theoretically, this condition number estimate can
not be applied immediately to the family of hyperbolic equations such as the two-phase flow
problem. As a result, there are very little theoretical literatures on the convergence of domain
8

y

z
x
Figure 1: A demonstrated partition of a 3D domain into 3 × 3 × 4 subdomains with δ = 1 by using the
blue dashed line. In the figure, the brown part denotes the non-overlapping subdomain, and the grey part
denotes the overlap.

decomposition methods for the hyperbolic system. Some numerical results for the Euler
equations [16, 43] and the transport problem [45, 46] suggest that the condition number
growth of the linear system preconditioned by the additive Schwarz method for the hyperbolic
system is less severe than for the elliptic case. Hence, in this study we test some numerical
experiments to provide more understanding of the Schwarz method for the two-phase flow
problem.
4. Numerical experiments
We implement the algorithms studied in this paper using the open-source Portable,
Extensible Toolkit for Scientific computation (PETSc) library ([2]) that is built on the top
of Message Passing Interface (MPI). The numerical tests are carried out on the Tianhe2 supercomputer. The computing nodes of Tianhe-2 are interconnected via a proprietary
high performance network, and there are two 12-core Intel Ivy Bridge Xeon CPUs and
24GB local memory in each node. The Intel Xeon Phi coprocessors are not utilized in our
tests. In the numerical experiments, we use all 24 CPU cores in each node and assign one
subdomain to each core. In the fully implicit solver, we set the tolerances as follows. For the
nonlinear iteration, an absolute (relative) tolerance of 10−8 (10−6 ) is utilized. For the linear
iteration, the linear systems are solved by the Schwarz preconditioned GMRES method with
absolute and relative tolerances of 10−6 and 10−4 , respectively. In our fully implicit solver,
the adaptivity parameters α and γ in (A.1) are set to 2.5 and 0.75, respectively.
In our tests, we use the following parameters if it is not specifically stated. The absolute
permeability tensor in (2) is defined as K = kI, where I is the identity matrix and k is a
positive real number. The residual saturations for the wetting and non-wetting phases are
9

Srw and Sro , respectively. The normalized saturation Se ∈ (0, 1) is defined as
Se =

Sw − Srw
,
1 − Srw − Sro

The relative permeabilities in (2) are given by

krw = Seβ ,
krn = (1 − Se )β ,

(21)

where β is a positive integer number. The capillary pressure function in (4) is given by
Bc
pc = √ log(Se ),
k

(22)

where Bc is a positive parameter. Both wells are vertical and completed through the entire
reservoir depth. In the constrained optimization based formulation, the upper and lower
bounds in (12) are fixed to Sb = 0 and Su = 1 for all the test cases, except for Case-4 where
we set Sb = 0.2 and Su = 1.
4.1. Numerical validation
In this subsection, we validate the discretization scheme and the fully implicit solver by
running previously published test case. We first verify our numerical model with known
analytical solutions in one-dimension space. In the first test case (Case-1), the BuckleyLeverett flow in a 1D domain with constant porosity (0.2) and absolute permeability (100
md) is considered [42]. Initially, the entire domain is fully saturated with oil. Water is
uniformly injected from the left hand side of the domain and oil is produced from the
opposite right hand side. Other relevant parameters are shown in Table 1.
Table 1: Relevant data for Case-1.

Parameters
Domain dimensions
Rock properties
Fluid properties
Residual saturations
Injection rate

Case-1
L = 1m
φ = 0.2, k = 100md
µw = 1 cp, µn = 5 cp
Srw = 0, Srn = 0
10−5 m3 /s

The purpose of this test case is to show the correctness of the discretization scheme with
different inclination angles θ. Here, the inclination angle is defined by the counter-clockwise
angle between the flow direction and the horizontal direction. In this case, the gravity acts as
resistance as fluids flow. A fixed time step ∆t = 0.1 s is used and the simulation is stopped
at t = 81 second. The mesh sizes are ranged from 100, 200 to 500. Figure 2 shows the
comparison of the wetting phase saturation profiles with different inclination angles. The
shock front saturations for Figure 2 is 0.49. However, the shock front distance for the case of
10

(a) θ = 0◦

(b) θ = 60◦

Figure 2: The profile curves of the wetting phase saturation with inclination angle θ = 0◦ and θ = 60◦ for
Case-1.

θ = 60◦ is slightly less than that for the case of θ = 0◦ (0.7307 m) because the wetting phase
has to overcome the gravity effect as it flows. It is clearly seen the computed saturation
profiles converge to the analytical solution as the mesh is refined.
To further validate our numerical model, a more complex example (Case-2), proposed
by [42], is used which extends the Buckley-Leverett flow in a heterogeneous porous medium.
The 1D domain is composed of two different permeabilities (100 md and 10 md), i.e.,
(
100 md, 0 ≤ L ≤ 0.5,
k=
10 md, 0.5 < L ≤ 1.
The relative permeabilities of wetting phase and non-wetting phase in each domain have the
following forms
krw,1 = 1.831Sw4 ,


krn,1 = 0.75 (1 − 1.25Sw )2 1 − 1.652Sw2 ,
krw,2 = 0.4687Sw2 ,
krn,2 = 0.25 (1 − 1.25Sw )2 ,

where Sw is water saturation and subscript 1 and 2 represent the subdomain with 100 md
and the subdomain with 10 md, respectively. In this test, we ignore capillary pressure and
use the same well pattern as Case-1. Parameters for the extended Buckley-Leverett flow are
provided in Table 2.
The purpose of this test is to show the capability of the proposed model to simulate an
immiscible two-phase flow in a composite system. In the left of Figure 3, we reproduce the
profile curve of the wetting phase saturation in [42] to a great extent. The water saturation
at the interface of the domain [0, 0.5] is 0.5165 and the corresponding water saturation
11

Table 2: Relevant data for Case-2.

Parameters
Domain dimensions
Rock properties
Fluid properties
Residual saturations
Injection rate

Case-2
L1 = 0.5 m, L2 = 0.5 m
φ = 0.2, k = 100, 10 md
µw = 1 cp, µn = 5 cp
Srw = Srn = 0
10−5 m3 /s

at the interface of the domain [0.5, 1] is 0.4717. It is clear the proposed model captures
the saturation discontinuity at the interface of porous media (L = 0.5) very well. With
the grid refinement, the discontinuity and the shock front can be improved. We further
compare our numerical solutions with the analytical solution by changing permeability ratio
and inclination angle. In the right of Figure 3, we illustrate the profile of wetting phase
saturation in a composite porous medium where the absolute permeabilitis are 1000 md and
10 md and the inclination angle is −60 degree. We do not show the figure corresponding
to the same absolute permeabilities (1000 md and 10 md) but with zero inclination angle,
because saturation profiles of the horizontal flow are completely independent of absolute
permeabilities. Thus, the left part of Figure 3 also applies to the case of k1 /k2 = 100 and
θ = 0◦ . Under the gravity effect, the water saturation at the interface of [0, 0.5] increases to
0.5174 but the water saturation at the interface of [0.5, 1] slightly decreases to 0.4709. From
these figures, we verify the performance of the proposed model and find it is satisfying.

(a) k1 /k2 = 10, θ = 0◦

(b) k1 /k2 = 100, θ = 60◦

Figure 3: The profile curves of the wetting phase saturation with different permeability ratios and inclination
angles for Case-2.

The third test case (Case-3), proposed by [24, 26], describes a 2D horizontal domain that
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is composed of layers of alternate permeabilities (1 md and 100 md), i.e.,
(
1 md
50 ≤ y ≤ 100,
k=
100 md otherwise.
In the whole domain, the void of medium is initially fully saturated with oil (non-wetting
phase), and then water (wetting phase) is uniformly injected from the injection well located
at the left hand side of the domain. The oil is across the production well in the opposite
right hand side. Other relevant parameters are shown in Table 3. We perform the mesh
convergence test to assure our numerical solutions with good quality by using the mesh sizes
ranging from 100 × 50 to 400 × 200 at 0.4 pore volume injection (PVI). In this test, we use
a fixed time step 4t = 10−3 and finish the simulation at t = 2 year. Figure 4 illustrates a
set of the plots for profile curves of the wetting-phase saturation along the vertical sections
y = 75 and y = 100 with different mesh sizes. From these figures, we find that the computed
saturation profiles are stable and converge as the mesh is refined.
Table 3: Relevant data for Case-3.

Parameters
Domain dimensions
Rock properties
Fluid properties
Relative permeabilities
Capillary pressure
Residual saturations
Injection rate
Compressibilities
Reference densities

Case-3
300 m × 150 m
φ = 0.2, k = 1, 100 md
µw = 1 cP, µo = 0.3 cP,
β = 3 in (21)
Bc = 60 Bar in (22)
Srw = 0, Srn = 0
0.2 PV/year
cw = 3 × 10−4 , co = 2 × 10−4
3
ref = 660 kg/m3
ρref
w = 1000 kg/m , ρ0

4.2. Effect of wells and capillarity on flow in heterogeneous media
The Tenth SPE Comparative Project [13] is a challenging test case due to the highly
heterogeneous permeability and porosity. The 26th layer is used here, whose permeability is
ranged from 6.65 × 10−4 md to 2 × 104 md and the value of the porosity belongs to [0, 0.5], as
shown in Figure 5. It dimensions are 1200 ft × 2200 ft. Numerical simulation of fluids flow
if any type in petroleum reservoirs must account for the presence of the wells. The purpose
of this test case (Case-4) is to show the robustness of the proposed method with different
injection and production wells. We consider two different configurations for the wells. In the
first configuration (Model-1), the injection well is located at the left hand side of the domain
and the oil is across the production well in the opposite right hand side; and in the second
configuration (Model-2), the injection and production wells are located at the coordinates
(0, 0) and (1200 ft, 2200 ft), respectively. The rock and fluid properties are provided in Table
4.
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Figure 4: The profile curves of the wetting-phase saturation on the along y = 75 and y = 100 for Case-3.
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Figure 5: Porosity and permeability for Case-4. We use the logarithmic scale for the permeability, i.e.,
log(k) where k has a unit of md.
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Table 4: Relevant data for Case-4.

Parameters
Domain dimensions
Rock properties
Fluid properties
Relative permeabilities
Capillary pressure
Residual saturations
Injection rate
Compressibilities
Reference densities

Case-4
1200 ft × 2200 ft
φ ∈ [0, 0.5], k ∈ [6.65 × 10−4 , 2 × 104 ] md
µw = 0.3 cP, µo = 3 cP,
β = 2 in (21)
Bc = 0, 20 Bar in (22)
Srw = 0.2, Srn = 0.2
0.01 PV/year
cw = 3 × 10−4 , co = 2 × 10−4
3
ref = 660 kg/m3
ρref
w = 1000 kg/m , ρ0

In the two-phase immiscible flow, the capillary pressure of heterogenous permeable media
is a significant factor on the effect of the flow path. The discontinuity of the capillary, which
arises from the discontinuity in the saturation and the contrast in the capillary pressure
function, leads to complications in numerical modelling. In this test case, we show the
importance of capillary pressure contrast in heterogeneous media. As shown in the figure,
the injected water flow is faster in the more permeable layers if the capillary pressure is
neglected, i.e., the parameter Bc = 0 in (22). In this case, the capillary pressure defined in
(4) is a continuous function because its threshold value is zero. On the other hand, when we
take the capillary pressure into account, the flow in the more permeable layers slows down
because of the cross-flow between the layers as a result of the contrast in capillary pressure
and the influence of the gravity. Table 5 and Figure 6 shows the performance of the proposed
method with respect to the different injection and production wells and capillary pressure
parameters. It is clearly seen that the simulation spends more computing time when the
capillary pressure is used, which attributes to the increase in nonlinearity of the problem
that affects the size of time step. We remark that the additional step introduced in Remark
2 is not triggered when the capillary pressure is ignored.
Table 5: A comparison of different capillary pressure parameters for Case-4. The mesh is 220 × 60, the time
step size is fixed to 4t = 0.01. The simulation is stopped at t = 6.

Model
Capillary pressure
Average nonlinear iteration
Average linear iteration
Execution time (second)

Model-1
Model-2
Bc = 0 Bc = 20 Bc = 0 Bc = 20
1.12
5.84
1.06
5.78
31.85
23.97
68.51
66.07
66.84
296.08
90.49
371.93
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(a) Model-1 with Bc = 0

(b) Model-1 with Bc = 20

(c) Model-2 with Bc = 0

(d) Model-2 with Bc = 20

Figure 6: Wetting-phase saturation profiles with different Bc for Case-4. The mesh is 220 × 60, the time
step size is fixed to 4t = 0.01. The simulation is stopped at t = 6.
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4.3. Effect of adaptive time stepping
In the fifth test case (Case-5), we consider a 3D domain with a 300 m × 150 m × 150 m
dimension and a random distribution of permeability with the range [0.0013, 161.6361], which
are generated by the open source code MRST (MATLAB Reservoir Simulation Toolbox) [28].
3
ref = 600kg/m3 . In the test, the porosity of this
The densities are ρref
w = 1000kg/m and ρn
medium is 0.2; the viscosities of water and oil are 1 cP and 0.2 cP, respectively; the relative
permeability is β = 2; and the injection rate is 0.1 PV/year. The capillary pressure function
Bc is equal to 25 md. The injection and production wells are the same as in Case-3.
In the reservoir simulation, the equations (1) can enable different time scales that change
in orders of magnitudes as the evolution of the dynamical system. Hence, it is often practical
to use an adaptive time step size during the entire simulation, especially when the long-time
simulation of the two-phase flow is of interest. In this test, we compare the performance
of the fully implicit method when the adaptive stepping mechanism is applied or not. The
mesh is 100 × 50 × 50 and the simulation is stopped at t = 1.5. In the adaptive method, we
set the initial time step size to be 4t = 0.01 year and then adaptively control it by using the
mechanism (A.1); while, in the standard method, the time step size is fixed to 4t = 0.01
year. From Table 6, it is clear that the time step size of the adaptive method is far larger
than that of the standard method, and the total computing time of the adaptive method is
also much smaller than that of the standard method. In addition to that, even with large
time step sizes, the fully implicit method with adaptive time stepping has a similar accuracy
as the fully implicit method with a fixed, small time step size, as shown in Figure 7.
Table 6: A comparison of the fixed and adaptive time stepping for Case-5.

Method
Adaptive
Number of time steps
267
Average time step size (years) 5.62 × 10−3
Average nonlinear iteration
3.03
Average linear iteration
76.46
Execution time (second)
851.13

Fixed
1500
10−3
2.04
49.26
1621.92

4.4. Parallel performance
The purpose of this last example (Case-6) is to show the parallel performance of the
proposed fully implicit method. We consider a 3D domain with dimension (300 m × 150 m ×
150 m). The permeabilities are defined by
(
1 md
50 ≤ y ≤ 100 and 50 ≤ z ≤ 100,
k=
100 md otherwise.
The injection and production wells are located at the right and left sides, respectively. The
injection rate is 0.01 PV/year. The rock and fluid are the same as Case-3.
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(a) Fixed and layer=1

(b) Adaptive and layer=1

(c) Fixed and layer=30

(d) Adaptive and layer=30

(e) Fixed and layer=50

(f) Adaptive and layer=50

Figure 7: Wetting-phase saturation profiles with the fixed and adaptive time stepping for Case-5. We use
the logarithmic scale for the permeability, i.e., log(k) where k has a unit of md. In the figure, “layer” denotes
the layer of the mesh size in the z-direction.
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We first investigate the performance of the fully implicit solver when different types of the
additive Schwarz preconditioners are employed and when different overlaps are taken. Here,
we test the classical-AS (18), the left-RAS (19), and the right-RAS (20) preconditioners.
For each numerical case, the overlapping size δ in additive Schwarz methods is gradually
increased from 0 to 3. As shown in Table 7, the performance results are listed by means of
number of time steps, the numbers of iterations as well as the total compute time. In the
test, the mesh is 100×50×50, the initial time step size is used to 4t = 10−3 . The simulation
is stopped at t = 0.2. Observations can be made from the table that: (a) the number of
time steps and Newton iterations are always insensitive to the overlapping size δ in the tests,
except the classical-AS; (b) for a given type of the AS preconditioner, the number of linear
iterations decreases as δ becomes larger and the fastest compute time is obtained when
δ = 1; and (c) for a fixed δ, among the three additive Schwarz preconditioners, the rightRAS preconditioner gets a best performance while the classical preconditioner performs the
worst, in terms of both the number of linear iterations and the total compute time. We
remark that when the overlap is zero, all the Schwarz preconditioners degenerates to the
block-Jacobi preconditioner. As a result, the performance of the three AS preconditioners
is the same when δ = 0.
Table 7: Performance with respect to the overlapping factor δ for Case-6. The number of processors is
Np = 144.

AS-type
Classical-AS

Left-RAS

Right-RAS

Overlapping size δ
Number of time steps
Average nonlinear iteration
Average linear iteration
Execution time (second)
Number of time steps
Average nonlinear iteration
Average linear iteration
Execution time (second)
Number of time steps
Average nonlinear iteration
Average linear iteration
Execution time (second)

0
28
3.07
87.2
67.9
28
3.07
87.2
67.9
28
3.07
87.2
67.9

1
28
3.14
69.9
65.6
28
3.07
48.9
56.9
28
3.07
48.3
56.0

2
28
3.11
61.5
104.3
28
3.07
36.6
86.5
28
3.07
35.2
84.6

3
28
3.07
52.8
305.5
28
3.07
30.6
140.9
28
3.07
28.5
138.2

In the following, we numerically investigate the scalability of the proposed fully implicit
solver for Case-6 in terms of the nonlinear and linear iterations, and the computing time.
The definition of the scalability is Speedup = T1 /T2 , where T1 and T2 are the execution
times obtained by running the parallel code with Np,1 and Np,2 processors (Np,1 ≤ Np,2 ),
respectively. We also report the parallel efficiency by Ef = (Np,1 × T1 )/(Np,2 × T2 ). In
the test, the simulation is stopped after ten implicit time steps with a 256 × 128 × 128
mesh. The initial time step size is used to 4t = 10−5 . The simulation is stopped after 10th
implicit time steps. Table 8 shows the number of nonlinear and linear iterations as well as
the computing time with respect to the number of processors. We can see that the number
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of nonlinear iterations per time step is independent of the number of processors, and the
number of linear iterations grows slowly with the increase of the number of processors.
Table 8: Scalability with different numbers of processors Np for Case-6.

Number of processors
Average nonlinear iteration
Average linear iteration
Execution time (second)
Speedup
Efficiency

256
512
1024
2048
3.8
3.8
3.8
3.8
89.6
106.2
118.4
154.5
1165.6
518.7
261.1
158.3
1.00
2.25
4.46
7.36
100.0% 112.3% 111.6% 92.0%

Figure 8: Scalability results with different number of processors Np for Case-6.

5. Concluding remarks
In this paper, a fully implicit scheme and a highly parallel domain decomposition based
preconditioning technique are proposed for solving the two-phase flow in a porous medium
with capillarity, gravity and compressibility. The proposed fully implicit scheme can get rid
of the restriction of the time step size, which is derived based on the mixed finite element
method and implicit Backward Euler method. Moreover, an adaptive time stepping strategy
is successfully incorporated into the proposed time integration scheme so that the time step
size is controlled based on the state of solution. The nonlinear system arising from the
discretization of the two-phase flow problem at each time step is solved by the Newton–
Krylov framework. The accuracy and applicability of the proposed method are validated by
several one, two and three dimensional test cases.
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Appendix A.
In the Appendix, we introduce a fully implicit scheme for the two-phase slightly compressible flow. In this paper, we employ a mixed finite element method (MFEM) for the
spatial discretization. We partition the domain Ω by a finite number of mesh cells. For
the pressure unknown, the finite element space we use is Qκ , which is the space of piecewise tensor-product polynomials of order κ. For the velocity unknown, we approximate
ûα := uα /(krα ρα ) using the Raviart-Thomas space RTκ . Here we solve ûα as the direct
unknown instead of the original mass flux rate uα = krα ρα ûα . We note that the RaviartThomas space RTκ of order κ is the smallest polynomial space such that the divergence
maps RTκ onto Qκ . The work can be extended to higher-order κ ≥ 1, but we consider only
the lowest-order approximation (i.e. κ = 0) in the numerical examples of this paper. We
denote the finite-dimensional velocity space (which vanishes on ΓN ) by Vh ⊂ RTκ ; and denote the finite-dimensional pressure space by Wh = Qκ . The continuous-in-time algorithm
reads: Find Sw (·, t) ∈ Wh , So (·, t) ∈ Wh , pw (·, t) ∈ Wh , po (·, t) ∈ Wh , ûw (·, t) ∈ Vh , and
ûo (·, t) ∈ Vh , such that


∂
∗ ∗
(φρα Sα ), w + hkrα
ρα ûα · n, wiΓD − (krα ρα ûα , ∇w) = (qα , w) , α = o, w, ∀w ∈ Wh ,
∂t

µα K−1 ûα , v − (pα , ∇v) + hpα , v · niΓD + (ρα g∇z, v) = 0, α = o, w, ∀v ∈ Vh ,
(So + Sw , w) = 0, ∀w ∈ Wh ,
(po − pw , w) = (pc (Sw ), w) , ∀w ∈ Wh .
∗
Here, krα
and ρ∗α represent the upwind values of krα and ρα based on the direction of the
velocity ûα . Note that we use the Raviart-Thomas space RTκ to approximate ûα instead of
u, because ûα is a smooth function while u can be a function with discontinuities or sharp
gradients.
Using the trapezoidal quadrature rule, the velocity unknowns in the system above can be
eliminated. Using the saturation summation constraint and the capillary pressure relation,
we can also eliminate So and po . This results in only two primary unknowns (Sw and pw ) for
the system. To get a fully discretized system, we adopt the implicit backward Euler scheme
with adaptive time stepping for the temporal integration. More precisely, we adaptively
control the time step size 4t(m) by using a switched evolution/relaxation strategy, to handle
physically meaningful simulations and meanwhile reduce the computational cost. In the
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approach, we start with a relatively small time step size 4t(0) and then update its value
according to
4t(m) = max {1/α, min{α, β}} 4t(m−1) , m = 1, 2, · · ·
(A.1)
where α > 1 is used to avoid excessive change of the time step size between any two
immediate time steps, and β is given by
γ
β = kr(m−1) k2 /kr(m) k2 ,
where 0 < γ < 1 is a parameter to control the adjustment of the time step size and kr(m) k2
is the Euclidean norm of the function arising from the discretization of (1).
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