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This paper is devoted to clarifying the implications of hyperfine (HF) interaction in the formation of adiabatic
(i.e., “laser-dressed”) states and their expression in the Autler-Townes (AT) spectra. We first use the Morris-Shore
model [J. R. Morris and B. W. Shore, Phys. Rev. A 27, 906 (1983)] to illustrate how bright and dark states are
formed in a simple reference system where closely spaced energy levels are coupled to a single state with a strong
laser field with the respective Rabi frequency S . We then expand the simulations to realistic hyperfine level
systems in Na atoms for a more general case when non-negligible HF interaction can be treated as a perturbation in
the total system Hamiltonian. A numerical analysis of the adiabatic states that are formed by coupling of the 3p3/2
and 4d5/2 states by the strong laser field and probed by a weak laser field on the 3s1/2 − 3p3/2 transition yielded
two important conclusions. Firstly, the perturbation introduced by the HF interaction leads to the observation of
what we term “chameleon” states—states that change their appearance in the AT spectrum, behaving as bright
states at small to moderate S , and fading from the spectrum similarly to dark states when S is much larger
than the HF splitting of the 3p3/2 state. Secondly, excitation by the probe field from two different HF levels of
the ground state allows one to address orthogonal sets of adiabatic states; this enables, with appropriate choice
of S and the involved quantum states, a selective excitation of otherwise unresolved hyperfine levels in excited
electronic states.
DOI: 10.1103/PhysRevA.96.043421
I. INTRODUCTION

Since the first study of microwave–radio frequency double
resonance excitation of carbonyl sulfide (OCS) molecules by
Autler and Townes more than half a century ago that gave
rise to the term Autler-Townes (AT) effect [1], it has made
a profound impact on the discovery and correct theoretical
description of a large number of important quantum optics
phenomena throughout the following decades. Yet, after
careful examination of the existing scientific literature, we
came to a realization that a clear understanding of the role and
expression of hyperfine (HF) interaction in the AT effect is
still missing, in particular in the case in which the coupling
strength of atoms or molecules with the laser field becomes
comparable to or exceeds the HF separations of energy levels.
Intuitively, it may be compelling to presume that a decoupling analogous to the Paschen-Back effect upon interaction
of HF level systems with strong magnetic fields [2,3] would
take place when the Rabi frequency of light-atom interaction
exceeds the HF interaction energy. However, after careful
thought one can quickly realize that the dynamics of the
adiabatic state formation complicates the matter and such
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analogy is at best superficial. The aim of this study is to
clarify how exactly the HF interaction affects the formation
of adiabatic states in the AT effect and how those states
are expressed in the laser excitation spectra. In the weak
excitation limit, the effects of partially resolved HF structure
on light-induced polarization of atoms have been studied in
detail in [4]. Here, we are concerned with the effects of
strong coupling on the formation of dark and bright states
upon interaction of a hyperfine level system with coherent
light fields. As will be shown below, the presence of the HF
interaction introduces a third kind of states that, being neither
strictly “dark” nor strictly “bright,” exhibit a blend of features
characteristic of bright and dark states that changes with the
strength of the coupling field. For this latter property we term
them the “chameleon” states.
Dark states play a crucial role in various schemes of
quantum state manipulation by coherent radiation fields.
The first interference experiment showing cancellation of
absorption was performed by Fano [5] and it subsequently led
to the idea of coherent population trapping and “dark” state
formation [6]. When one of the laser fields is much weaker
than the other, the “dark” state coincides with a stable level in
the ground state, where population is trapped, and the system
exhibits electromagnetically induced transparency (EIT) [7].
The EIT and the related to it optical response of the absorbing
medium have found numerous applications in controlling the
group velocity of light [8,9], quantum information storage
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FIG. 1. (a) The considered excitation scheme in atomic sodium.
The weak probe laser field P is scanned across the transition between
the ground state g 3s1/2 (F  = 2 or F  = 1) and the intermediate state
i 3p3/2 , whereas the strong field S couples the intermediate state i to
the final state f 4d5/2 . (b) The same level scheme after Morris-Shore
transformation in the HF basis with semibroken HF coupling (see in
Sec. V). The set of bright |f 1,2 , chameleon |f0...χ , and dark |d1...k 
states in the f space f depends on the magnetic quantum number M
[see Figs. 6(a)–6(c)]. The index η that is used with states |g,i,f η is
defined in Sec. V as a double index η = F  ,M. In the current example
it indicates only the quantum number F  . For example, for Zeeman
sublevels with M = 1 there is one chameleon (χ = 0) and one dark
(k = 1) state, while |g,i,f 1 ≡ |g,i,f 1,1 , |g,i,f 2 ≡ |g,i,f 2,1 .

[10,11], quantum computing [12], magnetometers [13], and
atomic clocks [14]. When two or more strong laser fields are
used to guide the evolution of the dark state, one can realize the
so-called stimulated Raman adiabatic passage technique [15]
that enables a complete population transfer between quantum
states and is now finding applications well beyond the realm
of gas phase atomic physics, an account of which is given in
the recent review [16].
Even though the usual theoretical approach to treat the
formation of dressed states is based on two-level and threelevel [17] excitation schemes, almost all realistic systems
exhibit either a Zeeman sublevel structure or a HF structure, or
both (Fig. 1). An experiment on the AT effect in Li2 molecules
[18] has shown that under certain conditions Zeeman sublevels
may be resolved and appear in the AT spectra as groups of peak
pairs corresponding to coupling of different sets of Zeeman
sublevels.
The formation of dark states in excitation schemes consisting of more than three levels was first considered by Morris
and Shore [19]. They applied the so-called Morris-Shore (MS)
transformation [19,20] to show that an excitation scheme with
NA degenerate (for instance, Zeeman) levels in the ground
state and NB degenerate levels in the excited state gives rise
to min{NA ,NB } pairs of bright MS states and |NA − NB | dark
MS states (see also Sec. III A).
In this paper we are concerned with the formation and
spectral manifestation of adiabatic states formed via strong
laser coupling of multiple HF levels. One of the key questions
is whether one can upfront disregard the HF interaction when
the light-atom interaction Rabi frequency exceeds HF-level
separations, or are there more subtle effects in the formation

of bright and dark states that are notably affected by parameters
such as the HF quantum number F and the respective magnetic
quantum number M ≡ MF . In either case, we expect to be able
to identify the effects of the HF interaction in the AT spectra.
The analysis and interpretation of the latter are nontrivial due
to the complexity added by introducing the HF structure to the
atomic energy levels. We shall therefore proceed successively,
starting with simplified model systems and advancing to an
analysis of a real-life example of a three-level ladder excitation
scheme 3s1/2 -3p3/2 -4d5/2 in Na atoms [see Fig. 1(a)] that
is conveniently accessible for excitation and spectroscopic
observation in the visible spectral range. In this scheme,
a strong laser field couples the 3p and 4d states, creating
adiabatic (dressed) states [21] that are then probed by a weak
laser field on the 3s-3p transition.
In what follows we shall rely on the rotating wave
approximation (RWA) [22], in which the adiabatic states |α
are obtained as eigenfunctions of the Hamiltonian
Ĥ = Ĥ a + Ĥ s ;

Ĥ s = Ĥ h + V̂ .

(1)

Here, the atomic Hamiltonian Ĥ a (including the fine-structure
interaction) and the HF operator Ĥ h determine the energy
structure of the diabatic (bare) states of an isolated atom, while
V̂ = −d̂E describes the coupling of the atomic dipole moment
d̂ with the laser field E. For the sake of simplicity we shall
restrict this study to considering only the coupling of atoms
with linearly polarized laser fields, which allows us to treat
each subset of mutually coupled HF levels with the same M
as an independent multilevel system.
In Sec. II we analyze the formation of bright and dark
states in a simplified system where one of the strongly
coupled states contains nondegenerate HF sublevels, and we
discuss the manifestation of three types of states in the AT
spectrum. In Sec. III, we review the MS transformation to
establish a nomenclature that shall be used in this paper.
Strictly speaking, finite HF sublevel separations prevent direct
application of the MS transformation for describing the
adiabatic state formation. However, at strong coupling, i.e.,
when the Rabi frequency S of coupling of atoms with the
S laser field exceeds the HF sublevel energy separations, the
MS basis [19], which consists of bright and dark states, can
be utilized as a zero-order approximation for constructing
the MS adiabatic states (Sec. III A). The HF Hamiltonian
Ĥ h can then be treated as a perturbation that can lead to
variations in dark-state energies (Sec. III B and Appendix A);
in addition, when coupling with the S laser field is not too
strong, a selectively excited MS adiabatic state can share its
population with other states. We will show that besides the
usual dark states there exist also chameleon states (Sec. III C)
that combine the traits of both dark and bright states. The
details of expression of those states in the AT spectra and some
interesting features related to excitation of complementary
sets of adiabatic states from different HF sublevels of the
ground state by a weak probe field are discussed in Sec. IV,
followed by the discussion and conclusions in Secs. V
and VI, respectively. Some mathematical details related to the
described results are provided in Appendices A–C. Atomic
units are used throughout this paper unless stated otherwise.

043421-2

HYPERFINE INTERACTION IN THE AUTLER-TOWNES . . .

PHYSICAL REVIEW A 96, 043421 (2017)

II. TWO TYPES OF SUPPRESSED PEAKS IN THE
AUTLER-TOWNES SPECTRA

(a)

(b)

Before turning to an analysis of realistic excitation schemes,
it is instructive to consider two simple reference model
systems. Insights obtained from such analysis will be helpful for interpretation of the AT spectra in the following
sections.
A. Fading peaks of dark states

Consider a final state f consisting of six closely spaced
equidistant HF sublevels |γ  that are separated by  =
1.0 MHz due to the HF interaction [Fig. 2(a)]. Both ground
and intermediate levels consist of a single quantum state |g
and |i, respectively. A strong laser field S of amplitude ES is
coupled with the transition |i → |f , and its detuning from
the transition resonance is chosen such that in RWA the diabatic
level |i is located exactly in the middle of the state f sublevels
[see Fig. 2(b)]. The RWA energy of state |i is chosen to be
zero. The RWA energy of state |g is equal to the detuning
P = ωP − ωig of the weak P (probe) laser field from the
|g → |i transition frequency ωig .
Initially, only the ground state is populated, such that
Cg (t = 0) = 1 and Cα=g (t = 0) = 0 for the probability amplitudes Cα (α = g,i,γ , γ = 1,2, . . . ,6). Scanning the P laser
frequency across the |g → |i resonance results in excitation
of the adiabatic states. To damp Rabi oscillations in the
system we introduce weak decay rates α = 2π × 0.2 MHz
for all excited levels α = g. The value of the P -laser Rabi
frequency P = 10 kHz is chosen small such that optical
pumping is negligible within the characteristic observation
time τ ∼ 1/ α [23], which implies Cg (t)  1. The Rabi
frequencies γ = i|ES d̂|fγ  of all transitions between the
intermediate |i and the final states |fγ  due to coupling with
the S laser field are assumed to be equal to S .
We solve the Schrödinger equation in RWA for an open
level system and P laser field that is too weak to cause
any notable population loss due to optical pumping to
other states:

d
Cα = −i(α − i α /2)Cα − i
Vαβ Cβ ,
(2)
dt
β
which determines the dynamics of the probability amplitudes Cα . Given the above assumptions, the only nonzero
elements of the Hermitian coupling matrix V are Vgi =
Vig∗ = P /2, Viγ = Vγ∗i = S /2. The intensity If of the
fluorescence emitted from the state f is proportional to its
total population, which
 in turn is expressed via the probability
amplitudes nf = γ |Cγ |2 . For the sake of convenience of
calculations, we assume the following form of switching of
the P -field Rabi frequency:
P (t) = 0 [1 − exp(−t/τs )],

(3)

where 0 = 10 kHz and the switching time τs = 1/ α . The
solutions Cα (t) of (2) reach their quasistationary values at time
t ∼ τs .
The values of nf at t = 10τs as a function of the probe
field detuning P , which are proportional to the AT spectrum
If (P ), are plotted in Figs. 2(c)–2(f) for four different values

(c)

(d)

(e)

(f)

(g)

FIG. 2. (a) A model system where the ground |g and intermediate |i levels are coupled by a weak probe field P of frequency ωP ,
while the intermediate level |i is coupled by a strong laser field S to
the final state f which consists of six closely spaced sublevels |γ .
(b) Linkage diagram of the diabatic states in RWA. The energy of
state |i is chosen to be zero (dashed line). (c)–(f) Population nf (for
convenience of presentation of the y axis, units of 6 × 10−7 are used)
of the state f as a function of P -field detuning P at four values of
the strong field Rabi frequency S . (g) Variation of adiabatic state
energies with S . The upper (1+ ) and lower (1− ) curves result from
coupling between the intermediate state |i and the bright state |Br
(see Fig. 5). The remaining five curves A–E correspond to dark states.
The dashed vertical lines indicate the S values corresponding to the
AT spectra presented in frames (c)–(f).

of the S-field Rabi frequency S . Increasing S to values
larger than the HF separation between the adjacent states |γ 
leads to a gradual decrease of intensity [Figs. 2(c)–2(e)] and
eventually elimination [Fig. 2(f)] of all the AT peaks except
the two outermost components. The latter two are associated
with the excitation of adiabatic states 1± [see Fig. 2(g)], while
the frequencies of the fading peaks are determined by the
energies of curves A–E. An important feature of the suppressed
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(“dark”) AT components is their almost unchanged frequencies
(equivalent to almost constant energies of curves A–E); this
is the typical signature of the formation of dark states that
become inaccessible for excitation by the P laser field at S
exceeding . In contrast, the surviving pair of (“bright”) peaks
1± increases its frequency separation with increasing S , and
it is always available for excitation by the P laser field (see
details in Sec. III B).

(a)

B. Peaks associated with the chameleon states

(b)

(c)

The second reference atomic configuration consists of five
levels presented in Fig. 3(a) which mimics a realistic situation
akin to the ladder scheme of Fig. 1(b) with M = 1 (see
Sec. V for detail). The upper sublevels |f 2 ,|f0  [equivalent
to the |f 2 and |fχ=0  sublevels of state f in Fig. 1(b)]
have only a negligible HF interaction which is disregarded.
The intermediate sublevels |i2 ,|i0  [equivalent to |i2 and
|iχ=0  states in Fig. 1(b)] have the energy splitting ε20 of
30 MHz and are mixed by the HF interaction with frequency
I = 50 MHz (see Appendix C). The strong S laser field
couples the states i and f as shown in Fig. 3(b) with slightly
√
different Rabi frequencies S2 = S and S0 = S / 1.5
[see Appendix B after Eq. (B3)]. The RWA energies of
sublevels |f 2 ,|f0  are chosen to be zero. The detuning of
the S-field frequency is such that the RWA energies of the
intermediate sublevels are i2 = 50 MHz and i0 = 20 MHz.
The RWA energy of state |g is given by the P -field detuning
P from the two-photon resonance [see Fig. 3(a)].
The weak P field probes the resulting adiabatic states
from the ground state |g via a single allowed optical
transition |g → |i2 . The observed fluorescence signal is
proportional to the total steady-state population nf of state
f . This population can be found via asymptotic solution of
the Schrödinger equation (2) upon adiabatic switching (3) of
the P -field Rabi frequency. At t = 0 the entire population
is in state g. The chosen amplitude 0 = 0.1 MHz is too
small to cause any notable depletion of state g due to optical
pumping [23–25]. The relaxation rates α = 1/τα for the
upper and intermediate levels are calculated using the values
τf = 52.4 ns and τi = 16.3 ns that correspond to the radiative
lifetimes of the 4d5/2 and 3p3/2 states of Na, respectively
[26,27].
The dependence of the population nf (t = 10τs ) on the
probe field detuning P is shown in Figs. 3(c)–3(f). The usual
“dark” AT peaks are no longer seen; instead, one observes
two pairs of diverging peaks. Two of them, 2± , evidently
form a “bright” pair with more or less similar amplitudes
for all considered values of S . The other pair, 0± , reveals a
disguising behavior: on one hand the separation between the
two components increases with increasing S , which is a trait
typical of bright states; on the other hand, the two peaks lose
their intensity and eventually vanish at very large S similarly
to the dark states in the example of Sec. II A. For this disguising
nature we term the corresponding states the “chameleon”
states, meaning states that combine the properties of both
bright and dark states and change the way those properties are
exhibited in the excitation spectrum depending on the coupling
field strength. The occurrence of dark and chameleon states
will be analyzed in more detail in the following sections.

(d)

(e)

(f)

(g)

FIG. 3. (a) Ladderlike excitation scheme where the ground state
|g and component |i2 of the intermediate state i are coupled by a
weak probe field P , while state i is in turn coupled by a strong laser
field S to the final two-component degenerate state f . (b) Linkage
diagram for RWA states. The energies of levels |f 2 ,|f0  are chosen
to be zero (dashed line). (c)–(f) Population nf (for convenience of
presentation of the y axis, units of 5 × 10−9 are used) of state f as
a function of P -field detuning P at four different values of S .
(g) Energies of adiabatic states as a function of S . The diverging
pairs of states 2± ,0± result from coupling of levels |f 2 ,|i2 and
|f0 ,|i0  by the S laser field as depicted in frame (b). The dashed
vertical lines correspond to the values of S used to obtain frames
(c)–(f).
III. ADIABATIC STATES’ APPROACH

Manipulation of quantum states by coherent laser fields
is usually associated with large interaction Rabi frequencies.
Under such conditions it is often possible to treat the HF
interaction operator Ĥ h (1) as a perturbation of the laser-atom
interaction V̂ , such that in first approximation the adiabatic
states can be represented by eigenvectors of the simplistic
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Among the NA + NB possible spectral lines in the AT spectrum one can therefore identify NA − NB peaks corresponding
to dark states, provided that the relatively weak HF interaction
that enables their excitation by the probe laser field has been
taken into account (see Sec. III B). Note that some values of
ef
χ in Eq. (6) may happen to be zero, in which case the number
of states appearing as “dark” peaks exceeds the expected value
of NA − NB .

(a)

(b)

d

d

FIG. 4. (a) RWA linkage pattern for laser coupling of degenerate
systems A and B (general case); (b) the same after performing the
Morris-Shore transformation [19].

operator Hˆ a + V̂ . The operator V̂ couples two states, A
and B, each consisting of NA and NB degenerate sublevels,
respectively [see Fig. 4(a)]. In RWA, the energy separation
S between states A and B is given by the detuning of the
strong-coupling field. We assume that NA  NB . In the case
of the excitation scheme shown in Fig. 2(a) NA = 6 (state f )
and NB = 1 (state i), while in the scheme of Fig. 3(a) NA = 2
(state f ) and NB = 2 (state i).
A. MS transformation

The problem of diagonalizing the operator Hˆ a + V̂ for a
degenerate two-level system was first solved by Morris and
Shore [19]. We shall briefly reproduce their results here in
order to introduce the notations used in the following sections.
It is convenient to operate with subspaces A and B of
diabatic (bare) state vectors |aγ  and |bχ  of states A and B [see
Fig. 4(a)]. The operator for coupling with the S-laser field, V̂ ,
projects the subspace B onto the subspace A and vice versa:
V̂ B → A ;

V̂ † A → B .

(4)

B. Properties of the dark states and the effect of HF interaction

The MS formalism enables finding the full set of adiabatic
states for the linkage diagram depicted in Fig. 2(b) in the limit
of large Rabi frequencies γ > γ . To clarify the properties
of dark states, we shall consider the general case of Fig. 5(a)
where state i has a single level |i that is coupled to NA HF
levels |γ  of state f . The coupling strengths between level |i
from subspace B and levels |γ  from subspace A are given
by the respective Rabi frequencies γ ,
γ = 2 i|V̂ |γ ;

V̂ =

1
γ |γ  i| + H.c.
2 γ

(7)

In what follows we shall consider the space  = A ⊕ B
that contains a complete set of NA + 1 diabatic vectors {|ξ }
(ξ = i,1, . . . ,NA ). In the basis of |ξ  the HF operator Ĥ h (1) is
a NA + 1-dimensional diagonal matrix that contains the RWA
energies ξ of states |ξ . With the RWA energy of level |i
chosen as zero reference (dashed line in Fig. 5), one can write

Ĥ h =
γ |γ  γ |; γ = ωγ i − ωS .
(8)
γ

Here, ωγ i are frequencies of the atomic transitions |i → |γ 
and ωS is the S laser frequency.

The idea of the MS transformation lies in the reduction of
the general excitation linkage pattern in the basis {|bχ ,|aγ }
[Fig. 4(a)] to a new scheme in MS basis consisting of coupled
pairs of states (|βχ  in B and |αχ  in A ) and uncoupled
single states, as shown in Fig. 4(b).
An important feature of the MS basis is the conservation
of orthogonality [see also Fig. 4(b)]: images of any pair of
mutually orthogonal states |β,|β   from B in A ,|α =
V̂ |β and |α   = V̂ |β  , preserve the mutual orthogonality:
α  |α = β  |V̂ † V̂ |β = 0.

(5)

This is only possible if all states |βχ  are eigenvectors of
the positive Hermitian operator V̂ † V̂ acting in the subspace
B [19]:
 
 2


V̂ † V̂ |βχ  = 14 ef
|αχ  = 2/ef
χ |βχ ;
χ · V̂ |βχ .
(6)
The normalized states |αχ  that are coupled with states |βχ 
ef
with MS effective Rabi frequencies χ (χ = 1,2 . . . ,NB ) are
found as their images according to Eq. (6) and represent a set of
NB bright states [19]. The remaining κ = NA − NB state vectors |d1 , . . . ,|dκ  in the subspace A , which are chosen to be
orthogonal to all the bright states |αχ , are dark states because
they are decoupled from the interaction with the laser field.

(a)

(b)

(c)

FIG. 5. (a) Diabatic state coupling diagram in RWA corresponding to the excitation scheme of Fig. 2. The single level |i (state i
in B ) is coupled to a set of levels |γ  (γ = 1,2, . . . ,NA ) (state f
in A ) by the S-laser field. The energy of level |i is chosen as zero
energy reference. (b) Coupling diagram for dark and bright states
in the MS basis MS disregarding the HF splitting. The energy shift
Br of the bright state is determined by Eq. (11). (c) Energies of the
adiabatic states. The coupling (10) between level |i and the bright
state |Br leads to the formation of the adiabatic states |+,|−, the
energies of which diverge with increasing coupling strength according
to Eq. (13). The energy shifts εr of the κ = (NA − 1) dark states and
their mixing with the bright states |+,|− occur because of the HF
interaction operator H h .
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At strong coupling with the S laser field, such that V̂
becomes the dominant part of Ĥ s in Eq. (1), the adiabatic states
are obtained in the zero-order approximation as eigenstates of
V̂ , whereby Ĥ h is disregarded and the HF splitting is assumed
to be γ = 0 [see Fig. 5(b)]. The MS transformation then
yields a simple structure of bright and dark states. The operator
V̂ † V̂ (6) is one-dimensional (χ = 1) and has a single eigenstate
|βχ=1  = |i. The single bright state is an image (6) of level |i:
1 
|Br ≡ |αχ=1  = 2V̂ |i/|Br | =
γ |γ ,
(9)
|Br | γ
where we have used the representation (7) for the coupling
operator V̂ . The normalization factor Br is equal to the
ef
effective MS Rabi frequency χ=1 (7):

2Br = 4 i|V̂ † V̂ |i =
|γ |2 .
(10)
γ

The κ = NA − 1 mutually orthogonal dark states |dr 
of the subspace A can be arbitrarily assigned to the
“dark” subspace D that is orthogonal to the bright
state |Br. Together, these states define the MS basis
MS = {|i,|Br,|dr } (r = 1, . . . ,NA − 1) with linkage
pattern as depicted in Fig. 5(b). It is convenient to choose the
two coupled orthogonal states {|i,|Br} as basis vectors of
the two-dimensional subspace ± .
A quantitative study of the effect of HF interaction on the
dark states is given in Appendix A. Here, we summarize results
obtained in the case of strong coupling (Br  γ ). Treatment
of the HF operator Ĥ h (8) as a perturbation has a twofold effect:
(i) in addition to the energy shift of the bright state,
1 
Br = Br|Ĥ h |Br = 2
|γ |2 γ ,
(11)
Br γ
a splitting of energies of the dark states |dr  is also observed
[see Figs. 5(b) and 5(c)]; (ii) the action of the HF operator Ĥ h
leads to population sharing within the system of all zero-order
adiabatic states, which is caused by the off-diagonal matrix
elements of Ĥ h between the bright and dark states [15,28]. This
twofold effect is formally captured by the representation (A4)
of the aggregate Hamiltonian Ĥ s = ĤMS + Ĥ±D + ĤD± .
The operator ĤMS (A5) acts independently in the subspaces
of coupled ± and dark D states without mixing their vectors.
In the strong interaction limit Br  γ the diagonalization
of ĤMS results in the construction of two zero-order sets of
adiabatic states [see Fig. 5(c)]. The first set consists of two
adiabatic states
|+ = cos θ |i + sin θ |Br;
|− = − sin θ |i + cos θ |Br,

(12)

which are linear combinations [15] of the coupled vectors
|i,|Br. The respective adiabatic state energies ε± are



ĤMS |± = ε± |±; ε± = 12 Br ± 2Br + 2Br ,
(13)
while the mixing angle θ = arctan(−Br /Br ) provides a
measure of amplitudes sharing between the bright diabatic
vectors |i,|Br. The other set includes NA − 1 adiabatic
“dark” states |Dr  that are eigenstates of the operator ĤMS

in subspace D . Their energies εr exhibit a small offset [5]
from the initial energies γ of the diabatic (bare) states:
r < εr < r+1 ,

r = 1,2, . . . ,NA − 1.

(14)

The operators Ĥ±D ,ĤD± (A6) act between the subspaces
± and D , leading to mixing between the bright and dark
states. Strong coupling (Br  |γ |) is equivalent to a large
energy separation (∼Br ) of the adiabatic states |+,|− from
all dark states. For this reason, the probability P± to find
the MS bright vectors |i,|Br in the perturbed dark adiabatic
basis |Dr , which is associated with the energy curves A–E in
Fig. 2(g), does not exceed the ratio R ([29], Chapter VI):
P± ≤ R = max(|γ |)2 / 2Br .

(15)

This is reflected in the AT spectra shown in Figs. 2(c)–2(f):
when a weak probe laser field excites the adiabatic states,
the ratio between the intensities of “dark” and “bright” peaks
(proportional to P± ) decreases as −2
Br with increasing Br . We
emphasize here the role played by the HF interaction: despite
the dark states being entirely decoupled from interaction with
the S laser field, they can nevertheless be excited due to mixing
induced by the HF interaction with the bright states. For this
reason, at moderate S laser intensities (Br  |γ |) the dark
states should rather be considered as kind of “gray” states that
appear in the AT spectrum as almost stationary peaks [i.e.,
peaks that do not change energy upon variation of Br ; see
Figs. 2(c) and 2(d)] and disappear from the spectrum [see
Figs. 2(e) and 2(f)] at large Rabi frequencies (Br  |γ |).
C. Properties of “chameleon” states and the effect of
HF interaction

Quantitative analysis of the spectra shown in Fig. 3, and in
particular the behavior of peaks 0± associated with excitation
of the chameleon states, can be performed similarly to that
presented above for the dark states. It makes use of either the
projection operators’ technique discussed in Appendix A or
the analytical methods developed in [30]. Here, we shall only
provide a brief semiquantitative description.
In the limit of strong coupling (S  I ,i0,2 ), the
interaction associated with the HF operator [see Fig. 3(b) for
notations]
Ĥ h = (I |i2 i0 | + H.c.) + i0 |i0  i0 | + i2 |i2 i|2 (16)
can be disregarded. The two pairs of coupled vectors |i2 ,|f 2
and |i0 ,|f0  are independent. A strong interaction with
the S-laser field (mixing angle θ  π/4) gives rise√to two
pairs of adiabatic states
√ (12): |2±  = (|f 2 ± |i2 )/ 2 and
|0±  = (|f0  ± |i0 )/ 2. The energies of those states vary
with S as ε2± = ±S2 /2 and ε0± = ±S0 /2, respectively
[see Eq. (13)]. The energy separations 20+ = ε2+ − ε0+ and
02− = ε0− − ε2− between the adjacent states from√different
pairs grow as S  (S2 − S0 )/2 = S /(6 + 2 6) with
increasing S . At the same time, the mixing frequencies
± = 0± |Ĥ h |2±  = I /2 introduced by the operator (16)
remain constant, and in accordance with Eq. (15) one should
expect the intensities of the 0± peaks to decrease with S as
±2 /2S .
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We note two circumstances: (i) the off-diagonal elements
0+ |Ĥ h |2−  = I /2 that lead to state mixing can be dropped
because of the large energy separation (S ) between states
|0+ ,|2− ; and (ii) the diagonal elements of the operator Ĥ h
give rise to energy shifts δε of the adiabatic states: δε2± =
i2 /2, δε0± = i0 /2. Hence, the energies of the adiabatic
states shift linearly upon variation of S ,
√
(17)
ε2± = i2 /2 ± S /2; ε0± = i0 /2 ± S / 6,
and the separations 20+ ,02− between the adjacent states also
increase linearly with S [see Fig. 3(g)]. The role of the HF
interaction here is that of mixing |2+  into |0+ , and |2−  into
|0− . The fraction P± of this admixture is given by [29]
P+ = I2 /220+ ;

P− = I2 /202− .

(18)

Without the HF interaction, the excitation of both adiabatic
states |0±  by the P -laser field is forbidden due to absence of
their optical coupling with the ground state |g [see Figs. 3(a)
and 3(b)]. The HF mixing introduces a notable admixture
of |i2  in the composition of |0± , consequently leading to
observation of the 0± components in the AT spectrum. As S
is further increased, the mixing coefficients P± decrease as
−2
S and the chameleon states gradually disappear from the
AT spectrum.
IV. REAL ATOMIC SYSTEMS

Having explained the effect of HF interaction on the
formation of adiabatic states and on their populations in the
case of simplified model systems shown in Figs. 2 and 3, we
shall now analyze an example of a real HF-level system in Na
atoms. We consider the three-level ladder excitation scheme
depicted in Fig. 1(a). The detunings S = ωS − ω4d,3p(F  =2)
and P = ωp − ω3p(F  =2),3s(F  ) of the coupling (S) and probe
(P ) laser fields are defined relative to the resonance frequencies
of the respective HF transitions.
A. Numerical calculations

To simulate the AT spectra, we solve numerically the optical
Bloch equations (OBEs) for the density matrix [31]:
dρ
= −i[Ĥ ρ] + R̂ρ.
dt

(19)

Here, the total Hamiltonian Ĥ of the atom-laser system
includes the atomic-structure Hamiltonian Ĥ a + Ĥ h and the
dipole operators V̂P ,S = − d̂ E P ,S defining the interaction of
atoms with the P and S laser fields. The term R̂ accounts
for the relaxation and population transfer processes due to
the spontaneous emission and for the finite laser linewidths.
Equation (19) can be decomposed into a system of OBEs for
the diagonal density matrix elements ραk αj (α = g,i,f ), also
called Zeeman coherences, and for the off-diagonal elements
ραk βj (α = β), also termed optical coherences. The indices
gk , ik , and fk run over all the HF and Zeeman sublevels of
the ground, intermediate, and final states, respectively. The
solution of this system of equations can be readily obtained
numerically by applying the split operator technique [32–34].
Each laser (of amplitude EP ,S and both linearly polarized
along the quantization axis z) stimulates a variety of transitions

among the HF and Zeeman sublevels. It is convenient to
describe the laser-induced couplings using the characteristic
Rabi frequencies P ,S that drive the transitions 3s-3p and
3p-4d [23]:
P = EP 3s  D  3p;

S = ES 4d  D  3p

(20)

Here, the transitions are considered unresolved with respect to
fine and HF structure, and nL||D||n L  is the corresponding
reduced matrix element [35]. The principal quantum numbers
and the orbital, electronic, and total angular momenta are
denoted by n, L, J , and F , respectively. Rabi frequencies
of individual fine {LJ → L J  } and HF {LJ F → L J  F  }
transitions are then defined by the tabulated line strength
values [35]. The Rabi frequencies for individual transitions
{LJ F M → L J  F  M} between Zeeman sublevels M in the
case of linearly polarized excitation are obtained using the
formulas provided in [35,36], and the respective values can be
found in [23,24].
The calculations are performed for the conditions of
the experiment described in [37]: a supersonic beam of
sodium atoms with the mean flow velocity of 1160 m/s
is crossed by two counterpropagating laser beams at right
angles. Both laser beams are linearly polarized in the same
direction that is perpendicular to the atomic beam axis,
which implies the selection rule M = 0 for the magnetic
quantum numbers. The intensity distribution in the laser
beams corresponds to Gaussian switching of Rabi frequencies
P ,S (t) = P ,S exp(−2t 2 /τP2 ,S ). The calculation yields the
total number Nf of photons emitted by a single atom in
the 4d5/2 state upon crossing the laser-atom interaction zone.
Laser beam waists are chosen such that the transit times of
atoms through the P - and S-laser beams are τP = 350 ns and
τS = 1050 ns. The laser linewidths are assumed to be 1 MHz.
B. Results for the excitation scheme of Fig. 1(a)

Figures 6(a)–6(c) show the possible couplings between the
HF sublevels upon excitation of the 3p3/2 → 4d5/2 transition
by linearly polarized light. Since only the transitions with
M = 0 are allowed, and the P laser field is weak such that it
does not induce any notable optical pumping, we consider the
manifolds with M = 0, 1, and 2 separately. Figure 7 shows
the AT spectra, calculated as the total flux of photons Nf
emitted by the 4d5/2 state for five different values of the Sfield Rabi frequency S . Simulations are performed using the
parameters P = 1 MHz and S = −30 MHz. Figure 6(d)
also shows the calculated adiabatic state energies as a function
of S ; those energies are used in Figs. 7 and 8 to indicate the
expected positions (dashed lines) of the AT peaks. Individual
adiabatic states are labeled according to the quantum numbers
F,M of the diabatic (bare) states in the limit of S = 0 [see
Fig. 6(d)]. The numbers denote the HF quantum numbers in
the 4d5/2 state, while the numbers with a prime correspond to
the HF quantum numbers in the 3p3/2 state. Zeeman quantum
numbers M in Figs. 6 and 7 are indicated by color: |M| = 0
in black, |M| = 1 in gray, and |M| = 2 in light-gray. Because
of the mirror symmetry σz of the system relative to any plane
containing the quantization axis z, the adiabatic state energies
do not depend on the sign of M [29,35].
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FIG. 6. Coupling patterns in RWA for the 3s1/2 (F  = 1,2; M) →
3p3/2 (F  ; M) → 4d5/2 (F ; M) excitation at the pump laser detuning
S = −30 MHz for Zeeman sequences with (a) M = 2; (b) M =
1; (c) M = 0. The horizontal dashed line shows the zero-energy
reference that is set equal to the energy of 3p3/2 (F  = 2). Energies of
the 4d5/2 HF levels are indistinguishable; they are drawn resolved only
to show their linkages with the 3p3/2 state HF levels. (d) Energies εa
of the adiabatic states vs pump field Rabi frequency S . The dashed
vertical lines correspond to the S values presented in Fig. 7, frames
(a)–(e). The square brackets indicate states which evolve into dark
states.

At very low S [Fig. 7(a)], the excitation spectrum exhibits
a strong peak at P = 30 MHz that corresponds to two-photon
excitation of the 4d5/2 state, and three much weaker peaks of
P = 59,0,−34 MHz that occur because of the one-photon
excitation of levels F  = 1, 2, and 3 of the 3p3/2 state by
the P -laser field. As S is increased [Figs. 7(b)–7(e)], the
creation of adiabatic states and their gradual conversion into
pairs of states with diverging energies and into dark states with
unchanging energies is observed in Fig. 6(d). An adiabatic
state can be considered a dark state (see the corresponding
discussion in Sec. III B) when its energy no longer changes
with increasing S [curves [2],[3] in Fig. 6(d)]. In contrast,
the bright pairs |αχ ,|βχ  of Morris-Shore states [see Fig. 4(b)]
would typically form adiabatic pairs |± (12), the energy
separation between which steadily increases with increasing
S [see, e.g., the peaks 1± in Fig. 2(g), or 0± and 2± in
Fig. 3(g)].

[2][3]

23 3 4 44 3' 3' 3'

FIG. 7. The total number of photons Nf (in units of 2 × 10−3 )
emitted by the 4d5/2 state vs P -field detuning for the 3s1/2 (F  ) →
3p3/2 → 4d5/2 excitation sequences with F  = 2. We assume a
uniform population distribution over the Zeeman components M
of the 3s1/2 state HF level F  = 2. The -type dashed lines show
the expected positions of the AT peaks: the black squares label
energies of the adiabatic states with M = 0, the gray circles label
those with |M| = 1, and the light-gray triangles, with |M| = 2. If
several expected lines partially merge and form a complex multiplet
at S = 1500 MHz, the respective label numbers are boxed in the
same rectangle. Numbers in the boxes refer to the same indices as
those used for labeling the adiabatic states in Fig. 6(d).

At large S the dependence of adiabatic state energies εa
on S is linear [see also Eq. (17)]:
εa = a S + ea ,
ef

(21)

where the slope coefficient a = χ=a / S is determined by
the effective MS Rabi frequency of a given adiabatic state in
Fig. 6 and ea is the respective energy determined by the HF
operator V̂ h . For a dark state, the coefficient D = 0, while
for any pair of |+ and |− states the relation a+ = −a−
is valid. The adiabatic states from different diverging pairs,
that have identical slope coefficients a± , may partially merge
at large S , forming complex “bright” multiplets in the
AT spectrum [see Fig. 7(d)]. It is convenient to label the
components of those multiplets by the corresponding indexes
a± . In the case of Figs. 6(d) and 7, two
√ different values
2+ ,0+ are seen with the ratio 2+ /0+ = 1.5 [see text after
Eq. (B3) in Appendix B].
Note that the energies of the two dark states in Fig. 6(d)
do not depend on S (curves [2],[3]). This is understandable
because the negligibly small HF interaction in the 4d5/2
state implies fulfillment of the classical dark state situation
as described in [19], whereby the dark states are always
decoupled from interaction with the S-laser field and, hence,
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in the ground state g (3s1/2 ) (weak P laser). One can show
by direct calculations that all sequences of mapping of state
vectors |F  M from the ground to intermediate to final state
by the operators V̂P and V̂S give rise to mutually orthogonal
excitation ladders (see Appendix C)

0
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FIG. 8. Same as in Fig. 7 but for M = 1 Zeeman sequence upon
excitation by the P laser field from (a) F  = 1 (dashed lines) and
(b) F  = 2 (solid lines). The spectra correspond to the linkage scheme
of Fig. 6(b). Each frame shows spectra for two different S-field
coupling strengths: S = 600 MHz (gray) and S = 1500 MHz
(black). The vertical dashed lines indicate the respective adiabatic
state energies.

are not observed in the AT spectra. This circumstance is also
supported by the data presented in Fig. 7.
An important feature of the AT spectra in Fig. 7 is the
gradual fading of the initially “bright” components 0+ and 0−
that happens alongside with the expected increase of separation
between those components as S is increased. The other pair
of “bright” components 2+ ,2− shows increasing frequency
shifts of both components that do not vanish with increasing
S , which is a classical trait of an AT doublet. This clearly
demonstrates the differences in spectral behavior of the bright
(2+ ,2− ) and chameleon (0+ ,0− ) states, whereby the existence
of the latter is solely due to the presence of the HF interaction.
The final interesting and, perhaps, the most practically
useful feature is shown in Fig. 8. If S is sufficiently large, and
the adiabatic states are probed from either F  = 2 [solid lines
in frame (b)] or F  = 1 [dashed curves in frame (a)] of the
ground state, the AT spectra exhibit two sets of peaks, 2± and
1± , that are complementary to each other and are associated
with different adiabatic states. This means that at high S
the excitation by the probe field from different ground-state
hyperfine components leads to population of orthogonal sets
of adiabatic states that correlate with different HF levels in
states i and f .
V. DISCUSSION

The numerical results presented in Sec. IV can be explained
by the properties of adiabatic states. As is natural to expect,
the HF level linkage diagram presented in Fig. 1(a) transforms
into a set of independent simple three-level blocks as shown in
Fig. 1(b) when HF coupling is broken down by interaction with
very strong laser fields (S  110 MHz, P  1.8 GHz)
that exceed the largest HF level separations (see Appendix B
for an explanation of the basis of broken-down HF coupling).
Interestingly, such architecture of quasi-independent blocks is
preserved even in the HF basis when the HF coupling is only
partly broken, i.e., when one can disregard the HF coupling
in the intermediate state i (3p3/2 ) (strong S laser) but not



V̂S |iF  M → |f F  M ,

(22)

where |F M is the initial diabatic state vector in state g,
while |iF  M and |f F  M are its images in the subspaces
of states i and f following the action of the laser-atom
interaction operators V̂P and V̂S , respectively. Hence, each
ladder (22) constitutes a unique and independent excitation
path predefined by the choice of F  M. It is convenient to
associate a double-index η = F  ,M with each of those paths,
with excitation steps denoted as |gη , |iη , and |f η [see
Fig. 1(b) and Table I in Appendix C].
One can now interpret how the HF coupling leads to the
raise of what we call the “chameleon” states and understand
their distinction from the usual dark and bright states. The
dark states can be easily identified via performing the MS
transformation of the HF state vectors |F M in the space f
[see Figs. 1(b) and 4(b)]; we denote the subspace of f formed
by the set of “dark” basis vectors |d1 , . . . ,|dκ  as DS
f . The
subspace of bright states BS
includes
all
those
states
that
f
can be directly excited from the ground state by the P laser
field and that are coupled with their preimage vectors |iF  M
ef
by the MS effective Rabi frequency MJ with MJ = 1/2 [see
Eq. (B3) in Appendix B].
The chameleon states are those state vectors in the f -space
f with the basis set |f0 , . . . ,|fχ  that simultaneously satisfy
two conditions: (1) they belong to a subspace CS
f that is
BS
orthogonal to both DS
and

,
and
(2)
their
preimages
f
f
|i0 , . . . ,|iχ , which constitute subspace CS
i , are orthogonal
to all vectors |iF  M . This means that even if coupling between
the vectors |ir  and |fr  (r = 0, . . . ,χ ) by the S laser field does
lead to the formation of a pair of diverging adiabatic states
ef
|r± with energy separation that increases with 3/2 ∼ S ,
those states would normally not be excited by the P laser
field from the state g if not for the hyperfine interaction in
state i. Importantly, the HF interaction mixes the chameleon
adiabatic states |r± with the bright states |iF  M , enabling
their excitation from state g by the P -laser field. For each set
of states with a given M depicted in Figs. 6(a)–6(c), the number
of chameleon states is obtained as the difference between the
number of components in the subspace i (M) and the number
of components in state g (see Table I in Appendix C).
The expression of chameleon states in the AT excitation
spectra (see peaks 0± , in Figs. 3, 7, and 8) has the following
distinct signature. Firstly, the peaks associated with the
chameleon states behave essentially as those associated with
bright states in terms of increasing separation between the
peaks with increasing S . At the same time, as discussed
in Sec. III C, the population sharing between bright and
chameleon states induced by the HF interaction decreases
proportionally to −2
S , hence the peaks associated with the
chameleon states will fade out with increasing S . A simple
calculation presented in Appendix C for the case of M = 1
[see Fig. 1(b)] gauges the involved HF interaction strengths.
In particular, for the interaction between the bright state |i2
and the chameleon state |i0  one finds I = i0 |Hˆ h |i2 =
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28.5 MHz; this is the interaction that leads to visualization
of the otherwise forbidden transitions to chameleon states that
give rise to peaks 0± in Figs. 3, 7, and 8.
The above presented systematization of adiabatic states
allows one also to explain the complementarity of peaks 1± ,2±
in the AT spectra for the M = 1 sequence shown in Fig. 8
upon excitation from the F  = 1 and F  = 2 HF components
of the ground state, respectively. Coupling with the S laser
field leads to the formation of two bright states (BS), |f 1 and
|f 2 , in the subspace BS
f . Because of the specific features of
the excitation scheme of Fig. 1(b), the state |f 1 is populated
upon excitation of the 3s1/2 ,F  = 1 → 3p3/2 transition by the P
laser field, giving rise to peaks 1± in Fig. 8(a), while excitation
of the 3s1/2 ,F  = 2 → 3p3/2 transition leads to population of
|f 2 that gives rise to peaks 2± in Fig. 8(b). Note, that for this
selectivity to be valid it is not required for the spectral lines
associated with the BS |f 1 and |f 2 to be resolved. Hence, by
a proper choice of the initial HF state in level g it is possible
to selectively address different unresolved HF components in
state f if a strong laser field is coupled between levels i and f .
Care must be taken when extending the above analysis
to other excitation schemes involving different level systems
and/or laser polarizations, because those will usually produce
different sets of adiabatic states. For example, the AT spectra
presented in Figs. 7 and 8 may create the impression that only
the outermost pair of peaks with the largest energy separation
survives at very large S . However, if the 4d5/2 state in Fig. 1
was replaced by 4d3/2 , only the two innermost peaks would
survive the increase of S . The choice of laser field polarizations significantly affects the AT spectra, too. In our study, we
considered the case of linearly polarized P and S laser fields,
which results in a twofold degeneracy of adiabatic states for
|M| > 0 since in this case Rabi frequencies do not depend on
the sign of M. Application of circularly polarized laser light
lifts this degeneracy and leads to richer AT spectra.
VI. CONCLUSIONS

We have studied the formation of adiabatic states in
multilevel systems that exhibit non-negligible HF interaction.
We have shown that at strong laser coupling associated with
large Rabi frequencies S the HF interaction operator Ĥ h can
be treated as a perturbation in the basis of adiabatic states
formed by the light-atom coupling operator V̂ due to the
interaction of atoms with the strong laser field. By analyzing
the AT spectra in Na atoms obtained by scanning a weak probe
laser field across the 3s1/2 (F  = 1,2) → 3p3/2 transition that
excites the adiabatic states formed upon coupling a strong
S laser field between the 3p3/2 and 4d5/2 states, we reach the
following conclusions:
(i) A strong laser coupling produces the usual bright
(coupled) and dark (uncoupled) states, and a third kind of
states—the chameleon states that belong to the subspace CS
f
of space f that is orthogonal to both the subspace of dark
BS
states DS
f and the subspace of bright states f [see Fig. 1(b)].
In terms of energy dependence, pairs of coupled chameleon
states behave as pairs of bright states, with the energy
separations between the respective |+ and |− components of
the chameleon pair increasing proportional to S . While they
are nominally “dark” with respect to excitation by the probe
field, the perturbation introduced by the HF interaction can lift

this restriction. At moderate S , when V̂ is comparable to Ĥ h ,
the chameleon states are well observed in the AT spectrum and
they exhibit features typical of bright states. As S becomes
much larger than the energy of the HF interaction, the effect of
the latter dwindles and the chameleon states gradually vanish
from the excitation spectrum similarly to dark states in the
example of Fig. 2, albeit with energy separation between the
components of the chameleon pair continuing to increase with
S . This is reflected by the behavior of peaks 0+ ,0− in the AT
spectra presented in Fig. 7.
(ii) When the adiabatic states are probed from either the
F  = 1 or F  = 2 HF level of the ground state, one is in fact
addressing independent (orthogonal) sets of adiabatic states
representing separate three-level ladderlike sequences [see
Eq. (22)]—one set is selectively excited from F  = 1, and
a different set from F  = 2. As we demonstrate in Fig. 8 on
the example of the ladders of HF levels with |M| = 1 probed
from either F  = 1 or F  = 2, those orthogonal sets can be
composed of different excited HF sublevels. For this selectivity
to be valid, it is not required that the respective spectral lines
are resolved.
The latter conclusion is not only of purely academic interest.
Provided a suitable energy level system, it can be used to
achieve a selective excitation of unresolved excited states, such
as HF levels of Rydberg atoms. One can extend this way of
thinking to develop more general schemes for laser-induced
adiabatic state engineering that utilizes manipulation of twophoton selection rules to achieve control of quantum state
populations with high fidelity. The discussion of such schemes
goes beyond the scope of this paper and it shall be a subject of
another forthcoming publication.
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APPENDIX A: TREATMENT OF PERTURBATION BY HF
INTERACTION USING THE PROJECTION
OPERATORS’ TECHNIQUE

Consider the MS states shown in Fig. 5(b). One can
introduce in space  = B ⊕ A the projection operators P̂±
and P̂D that act in a two-dimensional subspace of two coupled
states ± = {|i,|Br} and in a κ = (NB − 1)-dimensional
subspace of dark states D = {|dr } (r = 1, . . . ,κ),
respectively:
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P̂D = Iˆ − P̂± =
r

(A1)
(A2)
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The Hamiltonian of the HF interaction can then be written as
Ĥ = (P̂± + P̂D )Ĥ (P̂± + P̂D ).
h

h

The aggregate Hamiltonian Ĥ s (1) in the
be reduced to the following form:
⎛

MS

Ĥ s = ĤMS + Ĥ±D + ĤD± ;
0

⎜
ĤMS = ⎝Br /2
0

Br /2
Br|Ĥ h |Br
0

Ĥ±D = P̂± Ĥ h P̂D ;

(A3)
basis can now

(A4)
⎞

0
⎟
0
⎠;
h
P̂D Ĥ P̂D

ĤD± = P̂D Ĥ h P̂± .

(A5)
(A6)

The eigenfunctions of the operator ĤMS correspond to adiabatic states in space  in the limit of strong coupling
Br  γ . From the above representation of Ĥ s one can infer
the following:
(i) The operator P̂± Ĥ h P̂± entering ĤMS as a “diagonal
element” in the first two lines and rows is responsible for
the energy shift Br of the bright state |Br that is illustrated
in Fig. 5(b) [see also Eq. (11)]. The diagonalization of such
two-dimensional matrix is a well known problem, the solution
of which yields in subspace ± two adiabatic states |+,|−
with energies ε± , whereby the former are linear combinations
of states |Br and |i [see Eq. (12)] [15].
(ii) The operator P̂D Ĥ h P̂D of ĤMS is a (NA − 1)dimensional matrix acting in the subspace of dark states
D . Its diagonalization results in new dark states |Dr 
with energy splittings εr between the adjacent states [see
Fig. 5(c)]. Following the methodology developed in [5], one
can show that the regular sequence of dark-state energies
{εr } (ε1 < ε2 < · · · < εNA −1 ) is slightly shifted with respect
to the diabatic state energies {γ } [see Eq. (14)].
(iii) The operators Ĥ±D ,ĤD± introduce mixing between the
subspaces ± and D . At Br  |γ | the energy separation
between the states belonging to different subspaces ± and D
is accordingly large: |ε± − εr | ∼ Br /2. This has two consequences. First, the perturbations δε± and δεr of the zero-order
adiabatic energies ε± [Eq. (13)] and εr [Eq. (14)] are deterˆ ±  2Ĥ±D ĤD± / Br
mined by the “two-photon” matrices 
ˆ D  2ĤD± Ĥ±D / Br acting within the subspaces ±
and 
and D , respectively [22]. The magnitude of these perturbations can be estimated as |δε± | < 2 max (|γ |)2 / Br , |δεr | <
2|εr | max (|γ |)/Br , i.e., they are very small in the limit
of large Br . Second, the mixing introduced by Ĥ±D ,ĤD±
leads to population sharing between the bright and dark states.
Since | ±|Ĥ±D |Dr | < max (|γ |), the relative population P±
of bright states in the dark subspace D does not exceed the
value given by Eq. (15) (see [29], Chap. VI).
APPENDIX B: THE BASIS OF BROKEN-DOWN
HF COUPLING

When the HF coupling is broken down due to interaction
with the S (or P ) laser field, the HF basis is no longer valid.
Under such conditions we rely on the fine-structure basis that
uses the product |LJ MJ MI  = |LJ MJ |MI  of basis vectors
of electron |LJ MJ  and nuclear spin |MI . This basis is
useful for the construction of adiabatic states at large S 

110 MHz, when coupling with the S laser field breaks down
the HF interaction in the 3p3/2 state, and it also provides some
useful insights into the properties of adiabatic states formed in
the excitation scheme presented in Fig. 1(a).
The Rabi frequencies of the transitions {LJ MJ MI →
L̃J˜M̃J M̃I }, whereby linear laser polarizations imply that
M̃J = MJ , M̃I = MI , are given by [36]
)
(LJ
(MJ ) = L̃J˜MJ MI |d̂z Eκ |LJ MJ MI 
L̃J˜


L J s
= (−1) κ ˜
(2J˜ + 1)(2J + 1)
J L̃ 1


J
1
J˜
,
(B1)
×
−MJ 0 MJ

where phase  = L̃ + s + 1 + J˜ + J − MJ (s = 1/2 is the
electron spin), the index κ stands for the P or S laser excitation,
MJ = −J, − J + 1, . . . ,J , and MI = −I, − I + 1, . . . ,I .
Equation (B1) has an important implication that both
laser fields couple only the levels with the same quantum
numbers MJ ,MI . This means that the linkage diagram shown
in Fig. 1(a) can be simplified to a set of separate noninteracting
three-level ladders
|3s1/2 MJ  → |3p3/2 MJ  → |4d5/2 MJ ,

(B2)

similar to those depicted in Fig. 1(b). Importantly, Eq. (B1)
ef
determines the effective MS frequencies χ of the operator
ef
V̂S = −d̂z ES . Since the value of χ does not depend on the
sign of MJ [35], it can take only two possible values depending
on whether |MJ | = 1/2 or 3/2:
ef

)
1/2,3/2 ≡ (lJ
(MJ = 1/2,3/2),
l˜J˜

(B3)

√
ef
ef
ef
where the ratio 1/2 / 3/2 = 1.5 [35]. The value 1/2
is associated with the excitation ladder scheme (B2) for
Mj = 1/2 and, consequently, relates to the effective MS
Rabi frequencies of bright states in Fig. 1(b). On the other
hand, the coupled levels |3p3/2 Mj = 3/2, |4d5/2 Mj = 3/2
are impossible to excite by the P laser from the
ef
|3s1/2 Mj = 1/2 state, i.e., 3/2 relates to the chameleon states
in Fig. 1(b).
APPENDIX C: HYPERFINE OPERATOR IN THE
MORRIS-SHORE BASIS

Consider the MS basis for states presented in Fig. 1(b) for
a given fixed value of M. Explicit representation of the bright
states |iη in the HF basis |F  M of the 3p3/2 state subspace
i (M),
|iη =



CF  |F  M,

(C1)

can be found by rewriting Eq. (22) in the form
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|iF  M =


F

|F  M F  M|V̂P |F  M,

(C2)

T. KIROVA et al.

PHYSICAL REVIEW A 96, 043421 (2017)

TABLE I. Coefficients CF  for representations of bright states
|iη and chameleon states |iχ  in the HF basis for manifolds with
different M.

TABLE II. Matrix elements of the HF operator in the MS basis
for M = 1, in units of MHz.
State

States
|i2
|i1
|i0 
|i1 
|i2
|i1
|i0 
|i2
|i0 

C0
0
−0.70711
0
0.70711

C1
M=0
−0.31623
0
0.94868
0
M = ±1
−0.27386
−0.79057
0.54772
M = ±2

C2

C3

0
0.70711
0
0.70711

0.94868
0
0.31623
0

−0.35355
0.61237
0.70711

0.89443
0
0.44721

−0.70711
0.70711

0.70711
0.70711

whereby matrix elements of the operator V̂P of the interaction
of atoms with the P laser field are well known [36]:
3p3/2 F  M|d̂z EP |3s1/2 F  M



= (2F  + 1)(2F  + 1)(−1)F +F −M
 


1 F
F
1/2 F  3/2
,
×
F  3/2
1
−M 0 M

|i2
|i1
|i0 

|i2

|i1

|i0 

44.650
−7.3612
28.700

−7.3612
−21.250
14.722

28.700
14.722
1.6000

(iii) for M = ±2 and F  = 2,3 there is a single bright state
(η = 2) in each of the two-dimensional subspaces i (M) with
M = +2 and M = −2. The normalized chameleon states |iχ 
are found as those state vectors that are orthogonal to all bright
states |iη in the subspace i (M).
In the HF basis |F   ≡ |F  M of Fig. 6(b), the operator
Ĥ h (measured in megahertz) has the following diagonal
representation that is determined by the HF splittings of the
3p3/2 state [see Fig. 1(a)]:
Ĥ h = 58.3|F  = 3 F  = 3| − 34.3|F  = 1. F  = 1|.
(C4)

where  is a constant the exact value of which is of no further
significance to the discussion in this section.
Table I lists the values of the coefficients CF  entering
Eq. (C1) for normalized bright and chameleon states. The
number of bright states varies for different M manifolds:
(i) for M = 0 and F  = 0,1,2,3 [see Fig. 6(b)] there are two
bright states (η = 2,1) in the four-dimensional HF subspace
i (M);
(ii) for M = ±1 and F  = 1,2,3 there are two bright states
(η = 2,1) in each of the three-dimensional subspaces i (M)
with M = +1 and M = −1;

The values of matrix elements of the HF operator Ĥ h
in the MS basis {|i2 ,|i1 ,|i0 } (M = 1) are listed in Table II.
The diagonal elements of the table give the shifts of the MS
state energies, while the off-diagonal elements are frequencies
 of mixing between the MS states induced by the HF
interaction. The strongest mixing ( = 28.7 MHz) occurs
between the bright state |i2 and the chameleon |i0 , which
has motivated our choice of the simplified model excitation
scheme shown in Fig. 3. In order to more clearly demonstrate
the effect of elimination of chameleon peaks 0± from the AT
spectra upon increasing S , the spectra presented in Fig. 3
have been obtained using the following, somewhat modified,
model parameter values: I = 50 MHz for the HF-induced
mixing frequency (instead of 28.7 MHz from Table II) and
ε20 = 30 MHz for the energy splitting between the |i2 and
|i0  states (instead of 43.1 MHz from Table II).
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