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Summary

We assert that a classification of gas flow regimes in shales that is widely accepted in the petroleum industry, may be
inconsistent with the physics of high-pressure gas flow in capillaries. This classification follows from the 1946 work by
Brown et al. (1946) that deals with the flow of gases in large industrial metal pipes, elbows and orifices under vacuum, with
gas pressures of the order of 1 mm Hg or less. In another pioneering paper that year, Tsien (1946) analyzed the hypersonic
flight of rockets in the thermosphere (above 50 miles of altitude), and established the widely accepted Knudsen flow regimes
for the high-Reynolds, high-Mach flow of rarified gases. We show why both these papers are not quite applicable to flow
of compressed gas in the hot, high-pressure shale pores with rough surfaces. In addition, it may be inappropriate to use
the capillary tube metaphor to describe shale micropores or microcracks, simply because each is fed with gas by dozens or
hundreds of intricately connected nanopores, which themselves may be slits rather than circular cylinders, and are charged
with the dense, liquid-like gas.
In the small-scale, low-velocity flows of gases, failure of the standard Navier-Stokes description (the standard Darcy
law in petroleum engineering) can be quantified by the Knudsen number, ratio of the mean free path, λ, of gas molecules at
the reservoir pressure and temperature to the characteristic pore radius, R. We carefully enumerate the multiple restrictive
conditions that must hold for the slip-flow boundary condition to emerge. We also describe the dependence of the slip
correction factor on the gas pressure and temperature, as well as the median pore size and rock roughness. In the derivation,
we revisit the original approaches of Helmholtz and von Piotrowski (1860) and Maxwell, Niven (1890), which were somehow
lost in the multiple translations from physics to petroleum engineering.
For example, in Barnett mudrocks, naturally occurring pores are predominantly associated with organic matter and
pyrite framboids. In organic matter, the median pore length is 100 nm, Loucks et al. (2009), and the pore radii are likely to
be between 1 and 10 nm, Clarkson et al. (2013). Other thermally mature mudrocks may be similar, Ross and Bustin (2009),
or not, Clarkson et al. (2013). With R = 50 nm, the ratio of λ/R is less than 0.1 for pressures exceeding 60 bars. When we
compare the actual slip-flow correction with the accepted classification of gas flow regimes, there is an order of magnitude
discrepancy. It appears that our new classification is conservative for pores larger than 5 nm in radius. Therefore, unless
the fraction of gas molecules that are bounced off diffusively from the rough pore walls is very low, slip flow is unlikely to
dominate in shales.
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The generally accepted “Knudsen-diffusion” in shales is based on a mistranslation of the flow physics and may give
theoretically unsound predictions of the increased permeability of shales to gas flow. This increase of permeability is real,
and it comes from the micropores, fine-scale microfractures and cracks. The nanopores in shales provide gas storage by
sorption and capillary condensation of heavier gas components. In the smallest nanopores even methane molecules are
increasingly ordered and resemble more liquid than gas. These nanopores feed the macroscopic flow paths in ways that are
not captured well by the generally accepted equations.
KEYWORDS: gas transport, nanopores, micropores, microcracks, permeability enhancement
Introduction

In his pioneering experiments, Klinkenberg (1941) showed that for gas pressures below 1 bar, gas permeability can
substantially exceed that for liquid, see Fig. 1. In a subsequent comment on the Klinkenberg paper, Morris Muskat observed:
As Dr. Klinkenberg points out, the theory of slip in the flow of gases through capillaries has been available
for some 65 years1 . Yet those of us who have been working on permeability measurements for the last 10 years
must accept with embarrassment the responsibility for having overlooked the basic applications of this theory
to the flow of gases through porous media. Occasional discrepancies between permeability measurements with
gases and liquids undoubtedly have been observed by all experimenters. However, it seems that the line of least
resistance has been followed heretofore in attributing these discrepancies merely to- experimental errors. It has
remained for Dr. Klinkenberg to trace them down and to prove without question that they are an expression of a
real physical phenomenon, and to expose in addition the quantitative features of the effect in such a way that it
can be controlled and interpreted.
Perhaps the only excuse that can be given for previous failure to recognize the phenomenon of slip is that,
if the mean free paths as established by other methods were used and the effective pore radii generally accepted
as characterizing reservoir sands were introduced in the theoretical formulas for flow with slip, the correction
term would have been a priori predicted as being far too small to play any role in the measurements. Of course,
the basic reason for the apparently anomalous importance of the slip is the tremendous surface area in a sand as
compared to that in a capillary tube.
Size distribution of a single pore is a distribution of radii of the largest spheres that can be fitted at each point along this pore,
Silin and Patzek (2006). “Pore size” or “pore body radius” is the radius of maximum sphere that can be inscribed into a pore,
while “pore throat” refers to the radius of minimum inscribed sphere common to two adjacent pores. In slit-like pores, pore
throats and bodies are the same, and often pore widths are reported to account for gas sorption. For a thorough discussion of
the murky issue of pore sizes, see Silin and Patzek (2006) and several other references cited here.
Note that a common method of establishing pore size distribution through the pressure-controlled mercury injection
capillary pressure (MICP) measurements, captures pore throat radii, rather than pore sizes. Thus, MICP almost always
understates pore sizes. In compressible mudrocks, and at high mercury injection pressures, MICP also compresses the
mudrock skeleton and may be inaccurate, Clarkson et al. (2013). Far more information about pore spaces can be obtained
from volume-controlled mercury porosimetry. Yuan and Swanson (1989) and Yuan (1991) demonstrated this in landmark
experiments with their apparatus for pore examination (APEX). With APEX, it is possible to resolve the pore space of a rock
sample into two interconnected parts. One part identifies individual pore bodies, which are regions of lowered capillarity.
The other part corresponds to pore throats that interconnect with pore bodies. Subsequently, Toledo et al. (1994) developed
a mechanistic model of pore-level displacement under the quasi-static conditions of APEX. This model can be used to
1 Bolding

by TWP. Seventy six years have passed since the publication of Klinkenberg’s paper, and today we may be erring on the other side,
exaggerating the importance of slip in the flow of gases in the high-pressure, low permeability rocks, in which other transport mechanisms operate.
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characterize pore space of a rock and saturation history. When average pore size is measured in tens of nanometers, APEX
is extremely difficult to apply.
The pore size distributions from N2 and CO2 desorption are determined by modeling the progressive removal of adsorbate
from pore surfaces, Adesida et al. (2011), regardless of whether these surfaces represent pore throats or pore bodies. For
slit-like pores, pore throats and bodies are the same. In this case, adsorption and MICP analysis should yield similar results.
To add to the confusion, Loucks et al. (2012), for example, measured pore lengths using FIB/SEM, and reported them as
pore sizes.
In summary, “pore sizes,” whatever this term means to different authors, in the crushed samples of mudrocks are often
inferred from small-angle and ultra-small-angle neutron scattering, multistage desorption measurements, and molecular or
statistical physics calculations; these sizes are not directly measured.
Since a clear definition of pore sizes is needed, we adopt the following classification:

Pore size (radius) =



= 0.4 nm, size of CH4 molecule







> 0.5 nm, but ≤ 1 nm, picopore

> 1 nm, but ≤ 100 nm, nanopore




> 100 nm, but ≤ 10, 000 nm (10 µm), micropore




> 10 µm, but ≤ 106 nm (1 mm), mesopore

(1)

A decent horizontal well in the Barnett shale, Patzek et al. (2013, 2014), might produce in excess of 2 × 1025 methane
molecules per second for over 2 years, see Fig. 2. Suppose that these molecules are 0.389 nm in diameter, and are densely
packed in the representative, Ross and Bustin (2007), cylindrical pores with average radius2 R = 5 nm and length of 3R. Let
us assume that the almost perfectly ordered methane density is 80% of that in hexagonal sphere packing. Then the highest
conceivable number of methane molecules in every pore is 18,800 (16 per nm3 ), and in 1 day our well produces methane by
evacuating all molecules from 1,350 m3 of bulk rock, if the porosity is 8%, close to average for all compacted shales at depth,
Athy (1930). In three years, if the recovery factor is 0.3, the methane is produced by volumetric expansion from 5 million
m3 of bulk rock. In this example, there is no slip in the dense, almost liquid-like methane, and the 5 (or less) nm pores must
be connected over the distances of tens of meters. If formation height is 30 m and wellbore length is 1 km, width of the bulk
rock parallelepiped associated with the well is 165 m. These multiscale estimates are self-consistent. With ten two-sided
hydrofractures, one immediately calculates that the molar flux of produced gas is 0.025 mole (s m2 )−1 or 100 − 1800 times
less then the molar fluxes used by Roy et al. (2003) in their experiments and calculations. Similarly, the micro-channel
outlet gas velocity in the experiments by Roy et al. (2003) was between 0.06 and 1 m/s, compared with 2 × 10−5 m/s for the
reservoir flow at fracture face at 34 bars. In summary, the flow experiments by Roy et al. (2003) are not quite applicable to
gas flow in a mudrock reservoir and their use by Javadpour (2009) seems to be unwarranted.
The nanopores and micropores in sedimentary, compacted silicious and calcarious mudrocks (“shales”) are connected,
but have very low permeability. This low permeability results from the small cross-sections of pore throats and the scaledependent connectivity that ranges from strong at nanoscale to increasingly sparser at micro and higher scales. Patzek et al.
(2013) and Marder et al. (2015) showed that methane in shales is produced through the highways of loosely connected
micropores and multiscale cracks, man-made and natural, into which a background continuum of the tiny nanopores feeds
gas. This background continuum with the ordered, densely packed methane molecules can masquerade at times as the
BET-like, multi-layer methane adsorption, Yu et al. (2016).
Nanopore densities within grains of organic matter can be high. Grains containing hundreds of nanopores are common;
2 If

average pore radius were 1 or 2 nm, our argument would remain the same.
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in one case a single 10.8-µm-diameter grain contained more than 1,000 nanopores of various shapes and sizes, Loucks et al.
(2009), see Fig. 3.
The fractured gas-bearing mudrock formations (shales) are the essentially multiscale, Nelson (2009), and multiphysics
systems, Marder et al. (2015), and their behavior is complex. Yet, we try to replace shale complexity with a set of slim
cylindrical capillaries that flow methane with slip at the capillary walls.
The remainder of this paper describes a 180 year-long path of classical physics that has led to the models of Knudsen
diffusion of gases in capillaries, Brown et al. (1946), and the Knudsen flow regimes in the high Reynolds number flows
of rarified gases, Tsien (1946). The latter flow regimes were later transplanted by Javadpour et al. (2007) to petroleum
literature. Among the famous scientists and engineers who developed the theories of liquid flow and slip flow of gases
in capillaries and pipes, and along planes, were Poiseuille, Hagenbach, Helmholtz, Kundt, Warburg, Maxwell, Reynolds,
Knudsen, Klinkenberg, Kozeny, and Carman.
Poiseuille Flow

Starting with his Ph.D. thesis, Jean Léonard Marie Poiseuille depicted in Fig. 4 was interested in flow of human blood
in narrow tubes. In 1838, he experimentally derived, and in 1840 and 1846 formulated and published, Poiseuille’s law, now
commonly known as the Hagen-Poiseuille equation, crediting Gotthilf Heinrich Ludwig Hagen as well. This law applies to
laminar flow of liquids through tubes of uniform cross-section, such as flow of water in slim glass capillaries, or blood flow
in capillaries and veins. In fact Poiseuille never derived “his” law as it was later named by the generous Hagenbach, who
derived the actual hydrodynamic equation in 1860.
By analyzing efflux from seven of his earlier experiments, Poiseuille only showed that the rate of mass flow is
ṁ = K ′′ Pd 4 /L = K ′′′

πd 4 P
ρ
4µ L

(2)

K ′′ being a function of temperature and the type of fluid flowing. At 10o C, his data yield
K ′′ = 2495.224 (mg/s)[(mm Hg) mm3 ]−1 = 18715.72 kg(Pa s m3 )−1

(3)

for distilled water. By deduction, one could factor out from the constant K ′′ the tube area, water density, and viscosity:
′′′
o
−3 and its
K ′′ = πρ
4µ K . Assuming that the independently measured water density at 10 C and 1 atm is ρ = 999.75 kg m
viscosity is µ = 1.305 × 10−3 Pa s, the dimensionless K ′′′ = 32.13−1 is very close to the theoretical value of 32−1 . Our
application of dimensional analysis, see Barenblatt (1996), to three sets of Poiseuille’s data yields C = 32.14−1 , see Fig. 5.
The complex story of Poiseuille’s research and publications is nicely described in a review paper by Sutera and Skalk (1993),
which in turn draws on the classical memoir by Bingham (1940).
Poiseuille Law. In Appendix A, we summarize the well-known derivation of Poiseuille’s law by Bird et al. (1960). Here is
a detailed list of the customary assumptions behind this derivation with a few changes and requalifications:
1. We consider a macroscopic flow of a fluid in a very long tube of length L, L/d ≫ 1, d = 2R, R being the tube radius.
2. The flow is creeping, i.e., the Reynolds number Re = dρ hvz i /µ ≪ 1. Here hvz i is average flow velocity, ρ is the fluid
density, and µ is the viscosity.
3. From 1 and 2 it follows that end-effects can be neglected, because the entrance length of the order of Le = 0.035d Re
is very small compared with the tube length.
4. The flow is incompressible, ρ = const, and if it is not, the flow velocity is so low that the momentum convection terms
can be neglected.
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5. The flow is steady state, i.e., the flow velocity is independent of time.
6. The fluid is Newtonian, i.e., τrz = −µ(dvz /dr). Here τrz denotes the component of viscous stress tensor τ in the
direction of z-axis, and perpendicular to the radial direction r.
7. The fluid behaves as a continuum, i.e., the molecular mean free path is much much less than the tube diameter and
gas molecules are much more likely to collide with one another rather than with the tube wall. We will relax this
assumption for the flow of gases in shales.
8. Therefore, there is no slip at the wall, vz (R) = 0. We will relax this boundary condition for the flow of gases.
Paraphrasing Wikipedia, we also remind that gas is a very special state of matter:
Gas is one of the four fundamental states of matter (the others being solid, liquid, and plasma). A pure gas
may be made up of individual atoms (e.g. a noble gas like neon), elemental molecules made from one type
of atom (e.g. oxygen), or compound molecules made from a variety of atoms (e.g. methane). A gas mixture
contains a variety of pure gases much like the air or natural gas. What distinguishes a gas from liquids and solids
is the vast separation of the individual gas molecules. This separation is measured by the mean free path, λ,
of gas molecules and it usually makes a colorless gas invisible to the human observer.
Therefore the analogy of a large Knudsen number, devised originally for a very long λ and a large characteristic length of
the solid, R, but such that the ratio λ/R is large, breaks down when both λ and R are close to the size of gas molecules, but
their ratio is still large. Professor Barenblatt (1994, 1996) has taught us that all similarity theories are in fact intermediate
asymptotics, and break down near the physical limitations on the sizes of important system parts. This is, in a nutshell, the
reason for our doubts about the applicability to mudrocks of the Knudsen-like scalings developed for the rarified gases in
large tubes or the super-rarified air pierced by the missiles traveling ten times the speed of sound. The dense supercritical
fluid in shale pores is more akin to a liquid, rather than to a rarified gas.
In Appendix A, we show that the average fluid flow velocity is
hvz i =

(Φ0 − ΦL )R2
8µL

(4)

and the volumetric flow rate is

(Φ0 − ΦL )πR4
(5)
8µL
where Φ is the flow potential defined in Eq. (A9). The last equation is the famous Hagen-Poiseuille formula.
Now suppose that fluid is compressible. For simplicity, let’s assume that the fluid is an ideal gas and the tube is horizontal.
The flow is so slow that we can neglect the momentum convection terms in Eqs. (A3) and (A4). If these terms cannot be
neglected, there is no analytic solution. The shell in Figure A1 can be shortened along the tube axis to a segment dz long.
Then the Hagen-Poiseuille formula can be written in the differential and integrated forms as:
Q = hvz i πR2 =

ṁ = Qρ = −
ρ=

P
Rg T

πR4 dP
ρ
8µ dz
kg
m3

kg
s

πR4 1
πR4
πR4 1 dP
P
=
(P02 − PL2 ) =
ρm (P0 − PL )
ṁ = −
8µ Rg T dz
16µL Rg T
8µL
P0 + PL
ρm =
2Rg T
where Rg is the specific gas constant in kJ kg−1 K−1 and ρm is the gas density at the mean pressure.

(6)

6

SPE 187068-MS

Mean Free Paths of Gas Molecules

A simple expression for the mean free path can be derived from elementary kinetic theory, see, e.g., Maxwell (1868),
Hirschfelder et al. (1954), Reif (1998):
kB T
λ= √
2σP

(7)

where σ = πd 2 is the effective cross-sectional area for molecular collisions.
Prausnitz and Benson (1959) calculate effective collision diameters d for several gases based on the kinetic theory of
gases, Hirschfelder et al. (1954), see Table 1.
Table 1: Effective collision diameters for gases

Component
d (Å)

CO2
3.68

N2
3.77

CH4
3.89

Brown et al. (1946) and Javadpour (2009) used the following expression for the mean free path:
r
πR T µ
λ=
2M P

(8)

where R = 8314 J (kmol K)−1 is the universal gas constant, M kg kmol−1 is the molar mass of gas, T K is the gas temperature,
and µ Pa s is the gas viscosity.
Roy et al. (2003) in turn used yet another variant of the Chapman-Enskog theory, Hirschfelder et al. (1954):
r
πM µ
(9)
λ=
2R T ρ
where ρ kg m−3 is the gas density.
The gas density was calculated using tuned SRK EOS and a tuned viscosity correlation for the natural gas described in
Patzek et al. (2014).
Equations (7) - (9) are based on the same kinetic theory of gases for low and intermediate pressures, and yield practically
identical results, see Fig. 6. The last two equations have three governing variables and show effects of high gas pressure.
Note that all three curves in Fig. 6 are cut off at the diameter of a single methane molecule. The natural gas molecules at
high pressures become increasingly packed and the Poiseuille law with slip that is commonly used to explain their flow must
fail, as much as the very expressions for the λ fail.
In summary, for a typical mudrock, the initial reservoir pressure can be 250 bars or more, the temperature 100 − 200o
C, and the mean free path of methane molecules is λ ≈ 0.3 nm, less than the collision size of these molecules. We conclude
that even at the hydrofracture face pressure, the mean free paths of gas molecules are of the order of 1 nm; at the reservoir
conditions they are shorter than 1 nm, see Fig. 6. In very small pores, R ≤ 5 nm, even methane molecules become more
ordered and liquid-like, and flow without slip.
Slip Flow

In the small-scale, low-velocity flows of gases, the failure of the standard Navier-Stokes description can be quantified by
the K NUDSEN number, Knudsen (1909, 1995):
λ
Kn =
(10)
ℓ
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where λ is the molecular mean free path calculated at a pressure that characterizes the flow, and ℓ is the characteristic
hydrodynamic length scale, here the capillary tube radius R (or diameter d).
Hadjiconstantinou (2006), who followed in the footsteps of Roy et al. (2003), wrote:
For small Knudsen numbers, kinetic effects at the walls manifest themselves, at the Navier-Stokes description level, in the form of “apparent” hydrodynamic property slip/jump at the boundaries which can be captured
by slip-flow boundary conditions. For Kn. 1 a first-order asymptotic theory is sufficiently accurate, especially
for practical purposes3 . For this reason, the regime Kn . 1 is known as slip flow. It is noteworthy that for Kn
≪ 1 Knudsen layers are present irrespective of the characteristic system length scale, ℓ; however, as Kn decreases, their effect becomes less pronounced, as one would expect, to the extent that in the limit Kn ≪ 1 their
effect is, for all practical purposes, negligible and the classical no-slip boundary condition becomes an excellent
approximation4 .
As if though the imprecise notations in the literature were not bad enough, the slip boundary condition depends on λ multiplied a function of the “accommodation coefficient f ” defined by Maxwell, Niven (1890), and explained below. For most
surfaces in contact with gas this function is about one, Niven (1890), Kundt and Warburg (1875), Knudsen (1909), Wenski
et al. (1998), Hadjiconstantinou (2006), but on some surfaces it can be much more than one, Brown et al. (1946). Here we
maintain that for the rough rock walls f ≈ 1, and only λ enters the appropriate slip velocity boundary condition. In summary,
with f ≈ 1, we define the regimes of creeping gas flow in capillaries as


≤ 0.01 Poiseuille flow with no-slip condition




> 0.01 but ≤ 1 Slip flow
(11)
Kn

> 1 but < 10 Transition flow





> 10 Molecular or ballistic flow
Note that in the current classification, all flow regions are shifted upwards by a factor of 10 or 100 relative to the definitions
proposed by Javadpour et al. (2007), who based their classification on the admittedly imprecise papers by Roy et al. (2003),
Hadjiconstantinou (2006), who attempted to translate the equations of aerodynamics into very different physical situations:



≤ 0.001 Poiseuille flow with no-slip condition
Kn > 0.001 but ≤ 0.1 Slip flow
(12)



> 0.1 Molecular or ballistic flow

Based on the discussion of slip-velocity that follows, we assert that Javadpour’s classification (12) is inconsistent with the
flow physics. Unfortunately, the latter classification has been widely accepted in the petroleum industry. In his 2009 paper,
Javadpour (2009) refers only to the 1946 paper by Brown et al. (1946), which deals with the flow of gases in large industrial
metal pipes, elbows and orifices under vacuum, with gas pressures of the order of 1 mm Hg or less. The slip flow velocity
correction factor F in Brown et al. (1946), replicated as Eq. (13) in Javadpour (2009), is
r






2
λm
2
8πR T µ 4 2
(13)
F = 1+
−1 = 1+4
−1
= 1+4
− 1 Knm
M Pm R f
f
R
f
3 The

notations x . 1, x ≪ 1, and x ≪ 1 are gravely imprecise. We define the first notation as “x less or about 1,” i.e., 0.1 < x ≤ 1. The second one
is defined as “x is less than one by at least one order of magnitude,” i.e., x ≤ 0.1. The third notation is defined as “x is less than one by at least two
orders of magnitude,” i.e., x ≤ 0.01.
4 The questions we need to ask are: Do the observed effects justify keeping a simplified first-order model? Is the slip-flow correction justified?
Notice that an operational definition of “justification” depends on how closely one needs to look and how feasible it is to look even deeper.
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where R is the universal gas constant, M is the molecular weight of natural gas, µ the gas viscosity, Pm the mean gas pressure,
and f ≈ 1 for rock materials. This factor is plotted in Fig. 7 for the natural gas described in Patzek et al. (2014). We have
adjusted the leading coefficient from 4 to 8/3, as discussed below. The formation temperature is T = 100o C, the pore radii
are R = 5, 10 and 50 nm, and f = 15 . The bottom line is that for in the compressed natural gas at field conditions the
F−factor is less than two even for very small pores according to the correctly interpreted equations in Javadpour (2009).
For the R = 1 − 2 nm pores the F−factor would be more than 5, but the theory of flow we use here fails.
If the median pore radius is Rmedian = 50 nm, the ratio of λ/Rmedian is less than 0.1 for pressures exceeding 60 bars, see
Fig. 8. Let’s compare the actual slip-flow correction in Fig. 7 with our classification of flow regimes, Eq. (11). From this
comparison it appears that the classification (11) is conservative for pores larger that 10 nm in radius.
To summarize, we cannot have it both ways. If we insist on the cylindrical capillary analogy for gas flow in mudrocks,
the slip correction is either mostly irrelevant for larger pores or inappropriate for smaller pores. Since the increase of effective
permeability to gas flow in mudrocks is real, we must invoke other pore geometries and admit that many, perhaps thousands,
of really small nanopores packed with liquid-like dense gas connect to micropores.
Let us consider the following thought experiment. Assume that a cylindrical micropore has radius, Rmicro = 100 nm,
and length Lmicro = 5Rmicro . The cylindrical surface of this pore is pock-marked with nanopores of Rnano = 4 nm each
centered in each dark square on a chessboard partitioned into squares of length 3Rnano , see Fig. 3. There will be N =
πR2micro Lmicro /(3R)2nano /2 ≈ 1000 of these nanopores associated with the micropore. The macro and micropores are inside of
a parallelepiped of volume V = 4(Rmicro + 5Rnano )2 Lmicro . The specific surface area of the micropore is
av,micro =

2πRmicro Lmicro
= 0.014 nm−1
V

The specific surface area of the nanopores and the micropore is
av,all = av,micro +

2πRnano (5Rnano )
= 0.039 nm−1 ,
V

almost three times more. Note that with this nanopore arrangement the added surface area does not depend on the nanopore
radius because the product of the number of dark squares and R2nano is a geometric constant. Now please reread the last
paragraph of our quote of Dr. Muskat reflecting of Dr. Klinkenberg’s paper.
A Historical Note

Kundt and Warburg (1875) modified the Poiseuille’s equation by increasing the flow velocity of the gas at the tube wall
from zero (the no-slip condition) to a positive value, u0 , when the mean free path of gas molecules, λ, is comparable with
the tube radius. The resulting tangential drag force dF ′ per unit area of the wall was assumed to be proportional to u0 :
dF ′
= ku0
dAw

(14)

They called the proportionality constant, k Pa s m−1 , the coefficient of external friction. Therefore
−πR2 dP = ku0 (2πRdz)
k ∆P
k dP
=
u0 = −
2R dz
2R L
5 Javadpour

(2009) fitted the high flow rate data from Roy et al. (2003) with f = 0.8.

(15)
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By setting vz (R) = u0 in Eq. (A14) we obtain

∆P
u0 = −
R2 +C2
4µL


2µ
∆P 2
R 1+
C2 =
4µL
kR

 
 r 2 2µ 
∆P
2
vz =
+
R 1−
4µL
R
kR


2
∆PR
4µ
hvz i =
1+
8µL
kR


4µ
π∆PR4
ρm 1 +
ṁ =
8µL
kR


(16)

James Clerk Maxwell, Fig. 9, (Niven 1890; On the Conditions to be Satisfied by a Gas at the Surface of a Solid Body,
pp. 704-712) wrote:
We might also consider a surface on which there are a great number of minute asperities of any given form,
but since in this case there is considerable difficulty in calculating the effect when the direction of rebound from
the first impact is such as to lead to a second or third impact, I have preferred to treat the surface as something
intermediate between a perfectly reflecting and a perfectly absorbing surface, and, in particular, to suppose that
of every unit of area a portion f absorbs all the incident molecules, and afterwards allows them to evaporate
with velocities corresponding to those in still gas at the temperature of the solid, while a portion 1 − f perfectly
reflects all the molecules incident upon it.
Today we refer to the fraction f of the gas molecules striking the wall as diffusely reflected, and the fraction 1 − f as
specularly reflected, see Fig. 10.
Maxwell continued:
If there is no inequality of temperature, this equation6 is reduced to
v=G

∂v
,
∂x

v = the velocity component in the y-direction

(17)

If, therefore, the gas at a finite distance from the surface is moving parallel to the surface, the gas in contact with
the surface will be sliding over it with the finite velocity v, and the motion of the gas will be very nearly the
same as if the stratum of depth G had been removed from the solid and filled with the gas, there being now no
slipping between the new surface of the solid and the gas in contact with it. The coefficient G was introduced
by Helmholtz, Fig. 11, and his student Piotrowski, Helmholtz and von Piotrowski (1860) under the name of
Gleitungs-coefficient, or coefficient of slipping. The dimensions of G are those of a line, and its ratio to λ, the
mean free path of a molecule, is given by the equation
2
G=
3




2
−1 λ
f

(18)

Kundt and Warburg found that for air in contact with glass, G = 2λ, whence we find f = 1/2, or the surface acts
as if it were half perfectly reflecting and half perfectly absorbent. If it were wholly absorbent, G = 2/3λ.
6 Of

v, the y-component of the gas velocity at the yz plane oriented by the normal in the +x-direction.
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Maxwell then proceeded to derive the Poiseuille’s law for creeping flow in a capillary tube of radius7 R and with a
slip-velocity boundary condition at the tube wall. In our notation:


4G
π∆PR4
(19)
ρm 1 +
ṁ =
8µL
R
Maxwell’s equation (19) is not the same as the one in Brown et al. (1946), propagated through the subsequent literature,
notably to Javadpour (2009).
If we set the leading coefficient in Eq. (18) to one, as in Brown et al. (1946),


µ
2
G= =
− 1 λm ,
(20)
k
f
and we recover Eq. (13). If we stay with the original derivation of the Gleitungs-coefficient in Helmholtz and von Piotrowski
(1860), admittedly for planes, we get


8 2
− 1 Knm
(21)
F = 1+
3 f
More mathematical analysis must be performed to determine the leading constant in the Gleitungs-coefficient for cylindrical
capillaries. For Kn≪ 1 the 2/3 coefficient is obviously correct because locally the cylinder appears to be flat to the impinging
molecules. For Kn≈ 1, the cylindrical surface is curved and more molecules will impinge upon it. The viscous drag k will
then increase, and G will decrease. In this case the slip correction in Eq. (21) will be smaller, making the flow regime
classifications (11) and (12) even more illusory.
Since the coefficient of external friction, k, has been found Kundt and Warburg (1875) to be proportional to gas pressure,
its value and that of λm should be evaluated at the mean gas pressure.
Inspection of Eq. (19) shows that this equation for “slip flow” is essentially Poiseuille’s equation (6) multiplied by a
correction factor which becomes more important as the ratio of mean free path to radius increases and as f becomes small
(smooth tube walls).
The mudrock pore walls are anything but smooth, therefore one would expect f → 1, and
G=

µ
≈ λm ,
k

(22)

if we can treat pores in shales as capillaries of sufficient length. For short “bubble pores,” L/d ≈ 1, and the fluid flow in
these pores may not follow the Poiseuille’s law, but perhaps flow through orifices.
If the capillaries are short, and gas pressure low, Maxwell warns:
These effects of the variation of temperature in a tube have been pointed out by Professor Osborne Reynolds
as a result of the Kinetic Theory of Gases, and have received from him the name of Thermal Transpiration: a
name in strict analogy with the use of the word Transpiration by Graham (1995). But the phenomenon actually
observed by Professor Reynolds in his experiments was the passage of gas through a porous plate, not through
a capillary tube; and the passage of gases through porous plates, as was shown by Graham, is of an entirely
different kind from the passage of gases through capillary tubes, and is more nearly analogous to the flow of a
gas through a small hole in a thin plate.
7a

in Maxwell’s notation.
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When the diameter of the hole and the thickness of the plate are both small compared with the length of the
free path of a molecule, then, as Sir William Thomson has shown, any molecule which comes up to the hole
on either side will be in very little danger of encountering another molecule before it has got fairly through to
the other side. Hence the flow of gas in either direction through the hole will take place very nearly in the same
manner as if there had been a vacuum on the other side of the hole, and this whether the gas on the other side of
the hole is of the same or of a different kind.
Discussion and Conclusions

In order to model gas flow in a mudrock system at pore scale, one needs a fairly complete description of geometry and
connectivity of the flow network. To use the angular cylindrical capillary analogy for each pore body, a representative shape
factor (ratio of pore cross-sectional area to the square of perimeter), inscribed circle radius, length, and coordination number
must be known, Øren et al. (1998), Patzek (2001). The same parameters must also be known for each pore throat connecting
this pore body to other pores. It is well-known that the slit-like, angular capillaries can have hydraulic conductances that are
much smaller than those of circular cylinders, Patzek and Silin (2001). A multiscale topological description of volumetric
rock images with a hierarchy of inscribed spheres, Silin and Patzek (2006), allows one to perform direct lattice Boltzmann
calculations of fluid flow, Jin et al. (2004).
Mudrocks are essentially multiscale, see Eq. (1); have complex pore shapes, e.g., Loucks et al. (2012); and currently
their pore level description is incomplete. Even “pore size” determinations are ill-defined, inconsistent, and often incomplete.
A two-scale pore network model by Mehmani et al. (2013) is a useful attempt to capture some of the physics of gas flow
in shales. This network shows a strong dependence of gas permeability on pressure, but it does not include the dozens or
hundreds of nanopores that feed each micro- or mesopore, as in Fig. 3.
We conclude that in the smallest nanopores flowing gas would slip, if it did not behave more like a liquid. In the larger
nanopores, at high reservoir pressure, the effect of slip is limited and likely smaller than uncertainty in the determination
of absolute permeability and the permeability’s dependance on pore pressure. Therefore, amending the macroscopic Darcy
equation with an ad hoc “Knudsen diffusion” term seems to lack predictive capability and is likely unwarranted. We started
addressing this problem some time ago, Islam and Patzek (2014).
To account for permeability increase in gas flow, inclusion of gas transport through the porous walls of micro- and
mesoscale capillaries might be useful. In a subsequent paper, we will propose a model of gas transport from nano- to
micropores.
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Figure 1: Air permeability measurements in a Jena sintered glass filter and in a sandstone core plug. These pioneering experiments were conducted by a Shell Development researcher Klinkenberg (1941). He demonstrated that at low gas pressures
permeability to gas differs substantially from that to liquid because of slip flow. The slip effect increased with decreasing
permeability. At pressures of the order of 10 bars (150 psi), the slip flow effect disappeared.
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Figure 2: A decent horizontal well in the Barnett shale, Patzek et al. (2014), might produce 2 × 1025 methane molecules per
second (33 mol/s) for 2-3 years.
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Figure 3: Example of organic-matter (OM) pores within mudrocks. (A) Large OM particle with OM pores. On the basis of point
counting with 1000 points, this grain has a porosity value of 41%; 7625 ft (2324 m), vitrinite reflectance (Ro) = approximately
1.6%, Mississippian Barnett Shale, Wise County, Texas. (B) Organic-matter pores slightly aligned and showing complexity in
third dimension; 7625 ft (2324 m), approximately 1.6% Ro, Mississippian Barnett Shale, Wise County, Texas. Reproduced from
Figure 10 in Loucks et al. (2012) with permission.

Figure 4: Jean Léonard Marie Poiseuille was born on Apr 22, 1797, and died on Dec 26, 1869. He was a French physicist and
physiologist.
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Figure 5: Fit of capillary discharge data in Poiseuille’s Tables 3, 14, and 4, Bingham (1940). Using dimensional analysis we fit the
dependent variable, Π, as a linear function of the inverse of Reynolds number, uρd/µ, with zero intercept, Π = Φ(Π1 ) = C/Re.
The fit coefficient is C = 32.14. The slightly turbulent flow data from Table 14 are also included in the regression.
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Figure 6: Mean free paths of methane vs. pressure at 100o C calculated from different equations. A typical reservoir pressure is
indicated by the vertical red line and a downhole pressure by black line. There is no slip flow at reservoir conditions.
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Figure 7: The slip flow correction factor, Eq. (14) in Brown et al. (1946), plotted for methane between a typical downhole
pressure and reservoir pressure in the Barnett shale. Maxwell’s equation (21) is used to calculate F with f = 1. This correction
significantly exaggerates slip in the dense supercritical liquid-like gas with exceedingly short λs.
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Figure 8: The ratio of mean free path of methane divided by Rmedian vs. pressure at 100o Celsius. A typical reservoir pressure
is indicated by the right vertical line and a typical downhole pressure (fracture face pressure) by the left vertical line. Note that
according to the classification (11), methane is mostly in the slip-flow regime.
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Figure 9: James Clerk Maxwell was born on Jun 13, 1831, and died Nov 5, 1879. Maxwell was a Scottish mathematical physicist,
who formulated the classical theory of electromagnetic radiation bringing together for the first time electricity, magnetism, and
light as manifestations of the same phenomenon. He was one of the best physicists of all times.

incident
molecules

diffuse
reflection
specular
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Figure 10: Specular and diffuse reflections. Rough, finely textured rock surfaces generate a large diffuse reflection component,

f → 1. Figure adapted from Diffuse and Specular Reflection by Peter Katz, May 5, 2012, photorealizer.blogspot.com/2012/05/-

diffuse-and-specular-reflection.html
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Figure 11: Hermann Ludwig Ferdinand von Helmholtz was born on Aug 31, 1821, and died Sep 8, 1894. He was a German
physician and physicist who made significant contributions to diverse areas of modern science. In physics, he is known for his
theories on the conservation of energy, work in electrodynamics, chemical thermodynamics, and on a mechanical foundation
of thermodynamics. Helmoholtz was a genius polymath.

Figure 12: Secondary electron (SE) images at same scale showing the difference in surface topography between A) a mechanically polished surface and B) an Ar-ion beam cut surface. Note that the relief of the mechanically polished surface (A) exceeds
the diameter of most shale pores. Blakely #1, 2,196.4 m. Reproduced from Fig. 3 in Loucks et al. (2009) with permission.
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Appendix A. Force Balance in Creeping Flow in Capillaries

Momentum IN by flow
P0

r
z

vz (r)

Cylindrical shell

g

Momentum flow
IN and OUT by
viscous transfer

PL

Momentum OUT by flow
Figure A1: Cylindrical shell of fluid over which forces acting upon fluid are balances to obtain the velocity profile and the
Hagen-Poiseuille formula for the volumetric flow rate in a long vertical tube of length L and radius R.

We select as our system a cylindrical shell of radius r, thickness ∆r and length L, and we list the various forces per unit
volume acting on the shell, see Fig. A1. The sum of these forces must be equal to zero in steady state.
The rate of momentum IN8 across the cylindrical surface at r is:
(2πrLτrz )|r

(A1)

The rate of momentum OUT across the cylindrical surface at r + ∆r is:
(2πrLτrz )|r+∆r

(A2)

Rate of momentum IN across the annular surface at z = 0:
[(2πr∆rvz )(ρvz )]|z=0

(A3)

Rate of momentum OUT across the annular surface at z = L:
[(2πr∆rvz )(ρvz )]|z=L

(A4)

(2πr∆rL)(ρg)

(A5)

Gravity force ON the fluid in the cylindrical shell
8 Because

of friction, as we move away from the tube axis, each concentric fluid shell loses its momentum to the next one.
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Pressure force ON the annular surface at z = 0:
2πr∆rP0

(A6)

−2πr∆rPL

(A7)

Rate of force ON the annular surface at z = L:
Note that IN and OUT contributions are positive in the positive direction of the axes.
We add up the contributions to the force balance:
Accumulation = 0 = IN - OUT
(2πrLτrz )|r − (2πrLτrz )|r+∆r + (2πr∆rρv2z )
+2πr∆rLρg + 2πr∆r(P0 − PL ) = 0

z=0

− (2πr∆rρv2z )

z=L

(A8)

In incompressible flow vz is independent of z for a given r, and the third and fourth terms cancel each other. We now
divide Eq. (A8) by 2π∆rL, substitute Φ(z) = P − ρgh, h = z sin(θ), where θ is angle between the direction of flow and
horizontal plane9 , and take the limit as ∆r → 0:


d
Φ0 − ΦL
(rτrz ) =
r
(A9)
dr
L
Equation (A9) can be integrated:

Φ0 − ΦL
C1
τrz =
(A10)
r+
2L
r
The constant C1 = 0 if the momentum flux is to remain finite at r = 0. Hence the radial distribution of the momentum flux is


Φ0 − ΦL
r
(A11)
τrz =
2L


Now we must invoke a constitutive relation for a Newtonian fluid, linking the shear stress with the fluid velocity:
τrz = −µ

dvz
dr

(A12)

Substitution of this relation into Eq. (A11) gives


dvz
Φ0 − ΦL
=−
r
dr
2µL

(A13)

and upon integration:


Φ0 − ΦL 2
r +C2
vz = −
4µL
Because of the no-slip condition (Assumption 7) we obtain:

 
 r 2 
Φ0 − ΦL
2
vz =
R 1−
4µL
R


Thus, the average fluid flow velocity is

hvz i =

(Φ0 − ΦL )R2
8µL

and the volumetric flow rate is
Q = hvz i πR2 =
This is the famous Hagen-Poiseuille formula.
9 For

vertical flow up, θ = π/2, and h = z.

(Φ0 − ΦL )πR4
8µL

(A14)

(A15)

(A16)

(A17)
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Figure A2: Capillary radius as a function of permeability. For example, R = 5 nm, for k = 0.12 µd.

Conversion between flow in mudrock and capillaries. One can approximate fluid flow in a rock parallelepiped of length
L and cross-sectional area A with the flow in a bundle of equivalent of capillary tubes, whose length L′ > L, because of the
tortuosity, τ, of the rock’s pore space. In flow of a Newtonian fluid, a good approximation to Blake-Kozeny’s equation, Bird
et al. (2007), requires, Christopher and Middleman (1965), that
τ=

L′ 25
=
L
12

From Eq. (A16) it then follows
hvz icapillary =

(Φ0 − ΦL )R2
8µL′

(A18)

(A19)

The interstitial fluid velocity in a pore, vpore , will be smaller that in the capillary because of the tortuosity of flow paths
vpore =

hvz icapillary
τ

(A20)

In terms of the superficial fluid velocity u and rock porosity φ, we have
u=

Q
φ(Φ0 − ΦL )R2 3φR2 (Φ0 − ΦL )
= φvpore =
=
A
8µLτ
50µL

(A21)

We identify the equivalent permeability of the bundle’s capillaries as
k=

3φR2
,
50

where k is also the rock effective permeability. Then the equivalent capillary radius is
s
50k
R=
3φ

(A22)

(A23)

