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Abstract—This paper proposes the base station ordering localization technique (BoLT) for emergency call localization in
cellular networks. Exploiting the foreseen ultra-densification of
the next-generation (5G and beyond) cellular networks, we utilize
higher-order Voronoi tessellations to provide ubiquitous localization services that are in compliance to the public safety standards
in cellular networks. The proposed localization algorithm runs
at the base stations (BSs) and requires minimal operation from
agents (i.e., mobile users). Particularly, BoLT requires each agent
to feedback a neighbor cell list (NCL) that contains the order
of neighboring BSs based on the received signal power in the
pilots sent from these BSs. Moreover, this paper utilizes stochastic
geometry to develop a tractable mathematical model to assess the
performance of BoLT in a general network setting. The goal of
this paper is to answer the following two fundamental questions:
i) how many BSs should be ordered and reported by the agent
to achieve a desirable localization accuracy? and ii) what is
the localization error probability given that the pilot signals
are subject to shadowing? Assuming that the BSs are deployed
according to a Poisson point process (PPP), we answer these
two questions via characterizing the tradeoff between the area
of location region (ALR) and the localization error probability
in terms of the number of BSs ordered by the agent. The results
show that reporting the order of six neighboring BSs is sufficient
to localize the agent within 10% of the cell area. Increasing the
number of reported BSs to ten confines the location region to
1% of the cell area. This would translate to the range of a few
meters to decimeters in the foreseen ultra-dense 5G networks.
Index Terms—Stochastic geometry, localization, high-order
Voronoi tessellation, public safety, dense cellular networks.

I. I NTRODUCTION
A. Motivation
In public safety emergencies, delays in response time can
lead to unprecedented negative consequences and causalities.
Fast, ubiquitous, and accurate localization in emergencies
are fundamental pillars to shorten the response time and
alleviate life-threatening delays. Given the ubiquity of cellular services along with the fact that over 70% of the
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emergency calls are placed from mobile phones [1], [2],
integrated localization services within the cellular networks
are important to public safety systems. In fact, public safety
authorities enforce cellular operators to localize emergency
calls within a desirable accuracy, and such accuracy may
vary according to the underlying application and technological
maturity. For instance, the enhanced 911 (E-911) standard,
released by the US Federal Communications Commission
(FCC), requires cellular operators to localize 911 callers with
an accuracy of 50 meters [3]. Achieving such localization
accuracy may also be useful for localized multicasting, which
can be used to inform citizens about security threats/hazards
at a specific location without disturbing citizens elsewhere.
However, the localization accuracy of 50 meters is loose to
support some mission-critical applications (e.g., search and
rescue operations) in cellular networks. In the emerging public
safety networks, the rescuers themselves may use the cellular
(e.g., LTE) infrastructure for communication, localization, and
navigation [4], [5]. Exploiting the foreseen ultra-densification
of the next-generation (i.e., 5G and beyond) cellular networks,
we can achieve much higher localization accuracy (within
the range from a few meters to decimeters) that complies
with requirements in public safety scenarios, which will boost
the emerging convergence between cellular and public safety
networks. In addition to the public safety sector, accurate localization services within 5G networks can be further utilized
by several applications within the foreseen Internet-of-Things
(IoT), such as autonomous driving, health-monitoring, and
automated delivery [6]–[8].
Accurate localization services within cellular networks cannot rely on a stand-alone Global Positioning System (GPS),
which is either unreliable or unavailable in indoor and urban
high-rise/canyon environments with non-line-of-sight (NLOS)
satellite communication [9]. Instead, the ubiquitous cellular
and Wi-Fi base stations (BSs) can be utilized to complement GPS for providing localization services. One appealing
solution is to implement the range-based localization techniques in terrestrial wireless networks. Particularly, the BSs
serve as anchors, i.e., nodes with known positions, whereas
mobile terminals serve as agents, i.e., nodes with unknown
positions.1 Agents can estimate distances through extracting distance-dependent features from the wireless signals
exchanged with the anchors, such as radio signal strength
(RSS) [10], [11], time-of-arrival (TOA) [12]–[15], time1 Hereafter, the terms BSs and anchors as well as the terms mobile terminals
and agents will be used interchangeably.
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difference-of-arrival (TDOA) [16], [17], and angle-of-arrival
(AOA) [18], [19]. Based on the estimated distance information,
each agent can run an algorithm (e.g., triangularization) to
localize itself with respect to (w.r.t.) the anchors. However,
range-based localization techniques may require specific hardware and/or impose computational burden on devices, which
might not be fulfilled in many scenarios. For instance, some
cellular devices (e.g., old-generations) may not support accurate ranging techniques. In the context of IoT, some devices
may be constrained by energy and computational capabilities
to localize themselves. Consequently, range-based localization
techniques at the terrestrial BSs may not fulfill the localization
ubiquity required by public safety and IoT, which necessitates
offloading the localization process to the network side and
impose little burden on agents.
B. Contribution
This paper proposes a network-based localization technique,
which we denote as BS ordering Localization Technique
(BoLT). The proposed BoLT utilizes the intrinsic features of
Voronoi tessellations to localize agents, requiring the order of
the BSs w.r.t. the agent along with the knowledge of the BS
locations at a central network controller. Different from the
range-based techniques, the proposed BoLT does not require
distance estimation between an agent and its neighboring
BSs. Instead, it only requires the distance order from BSs to
the agent, which can be obtained by comparing the received
energy from the pilot signals that are periodically transmitted
by BSs. This makes the performance of the proposed BoLT
robust to signal power fluctuations and shadowing effect as
long as the order of the received power is maintained to match
the ordered distances to the BSs. It is worth noting that the
BSs order is intrinsically reported within the neighbor cell list
(NCL) that is periodically sent by mobile terminals to their
serving BSs [20, Chapter 13], which is required to assist association and handover processes [21], [22]. Consequently, BoLT
offers ubiquitous and unified localization service irrespective
of devices types or capabilities, which fulfills network-wide
localization objectives in applications such as public safety
and E-911. Any additional ranging features implemented at the
agents and/or network sides can only enhance the performance
of network-based localization.
The proposed BoLT provides a location region (LR) in
which the agent lies with a high confidence level, and such
a LR is computed by the intersections of the higher order
Voronoi cells2 that corresponds to the reported BS order (cf.
Fig. 1). Consequently, the performance of BoLT is assessed via
the following two metrics. The first is the area of the reported
LR that likely contains the agent location, denoted as area of
location region (ALR). The smaller the ALR, the better the
localization accuracy of BoLT. The second is the localization
error probability, which is the probability of the agent not
being in the reported LR. Localization errors may occur due
to shadowing that is strong enough to alter the received
pilot power order from the corresponding true BSs distance
2 Formal definition of the higher order Voronoi tessellation and details about
BoLT operation are given in Section III.

order. As will be shown later, there is a tradeoff between
the ALR and the localization error probability in terms of
the number of reported BSs. Incorporating the order of more
BSs involves more intersections of the higher order Voronoi
cells, which reduces the ALR and improves BoLT accuracy.
However, the localization error probability increases with the
number of reported BSs due to the increased vulnerability to
shadowing-induced false ordering. Characterizing this tradeoff
in a general network setting is one of the main objectives of
this paper. To attain this goal, we utilize stochastic geometry
to obtain the spatially averaged ALR and localization error
probability. Particularly, assuming that the BSs are scattered
according to a Poisson point process (PPP),3 we obtain an
upper bound for the average ALR of the proposed BoLT. We
also obtain a closed-form approximation for the localization
error probability for log-normal shadowing. It is shown that
the ALR is approximately inverse-linear to the BS intensity. In
contrast, the percentage reduction in the ALR via increasing
the number of reported anchors is independent from the BS
intensity.4 It is also shown that the localization error probability is irrelevant to the BS intensity. Instead, the localization
error depends on the propagation environment and shadowing
variance. Our results show that the foreseen ultra-densification
for 5G cellular networks can enable a localization accuracy of
a few meters with six BSs, or even sub-meter with 10 BSs,
which is sufficient to localize emergency calls, complies with
the E-911 requirements, and can save lives in search and rescue
operations.
C. Notation and Organization
1) Notation: Along the paper we use the serif font for
random variables, e.g., v, and the roman font for their instantiation, e.g., v. Vectors are bolded, e.g., v and v; and
sets are uppercase, e.g., Ω and Ω. The instantiation of a
random quantity (variable, vector, or set) is denoted by a
.
dotted equal sign (=). The functions fv (·), Fv (·), Ev {·}, and
Vv {·} denote, respectively, the probability density function
(PDF), cumulative distribution function (CDF), expectation,
and variance of the random variable v. The overline · is used
to denote the complement operator and [·]+ is used to denote
max{·, 0}. The Lebeguse measure of a set Ω is denoted as
L (Ω). The notations k·k and |·| are used, respectively, to
denote Euclidean norm and absolute value.
2) Organization: Section II overviews the different approaches used in the literature to assess the performance
of localization techniques. The system model, the proposed
BoLT, and the methodology of analysis are all presented in
Section III. The performance analysis of BoLT in terms of the
localization accuracy is presented in Sections IV and V. The
localization error probability due to shadowing is studied in
Section VI. Section VII validates the proposed mathematical
model and discusses numerical results. Section VIII provides
final remarks and concludes the paper.
3 The PPP is widely-accepted to model the locations of BSs in large-scale
networks, including cellular and Wi-Fi networks in urban environments [23]–
[27].
4 The number of reported BSs is an adjustable parameter in cellular network
via manipulating the NCL size [21], [28].
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II. A SSESSMENT OF L OCALIZATION P ERFORMANCE
Wireless localization has a wide diversity of applications
that vary in their required accuracy and error tolerance [9],
[19], [29]–[32]. Hence, characterizing the performance of
localization techniques is of vital importance. The CramérRao bound (CRB) is one of the most utilized metrics for
determining the fundamental accuracy limits in RF-based
localization. The CRB is obtained through the inverse of the
Fisher information matrix, and characterizes the lower bound
for the mean square error (MSE) according to the information
inequality [33]. To alleviate the computational complexity of
inverting the high dimensional Fisher information matrices
required to obtain the CRB, recent studies have developed
the technique of equivalent Fisher information analysis [34]–
[36]. The equivalent Fisher information is utilized to obtain the
squared position error bounds (SPEBs), which are similar to
CRBs, but much less computational complexity. The SPEB
is derived from the received RF waveforms and therefore
contains all the necessary location information regardless
of the signal processing procedures. Hence, the SPEB also
characterizes the fundamental accuracy limits in RF-based
localization. Both the SPEB and the CRB have served as
important performance metrics for the design and operation
in localization networks [37]–[40]. However, the SPEB and
the CRB are asymptotically achievable only in high-signal-tonoise-ratio regimes (over 10∼15 dB) [41]. In low-signal-tonoise regimes, the performance bounds obtained through the
information inequality (including the SPEB and the CRB) are
less meaningful for localization networks as the achievability
conditions of them are violated.
Different from the scenario-specific SPEBs and CRBs, an
average localization accuracy guarantee that applies for all
network scenarios is more preferable for applications in public
safety sectors. However, large-scale networks may entail a
myriad of scenarios in terms of the relative positions between
anchors and agents, and hence, localization performance analysis within large-scale networks is a non-trivial task. As a consequence, simulation models are extensively utilized to quantify the localization performance [42], [43]. Recently, there
have been some initiatives to develop tractable mathematical
models to evaluate localization techniques in large-scale networks using stochastic geometry. These models can provide
valuable insights into the design of localization networks as
the localization performance is characterized by network parameters, such as fading, propagation model, anchors intensity.
It is worth noting that stochastic geometry has been extensively used to characterize the performance of communication
systems in terms of bit/symbol error probabilities [44]–[47],
transmission rates [48]–[50], outage probabilities [51]–[53],
delay [54], [55], and transmission secrecy [56]–[61]. Interested
readers may refer to [25]–[27], [62], [63] for comprehensive
surveys and tutorials on that matter. However, there are only
few studies that apply stochastic geometry analysis to characterize the localization performance in large-scale networks. For
instance, the probability of successful ranging with m anchors
is obtained in [64] with the assumption that a cellular network
is deployed according to a PPP. However, the required number

of anchors m to achieve a desirable localization accuracy is
obtained via simulation. The maximum angular separation of
the anchors relative to an agent in a PPP cellular networks is
derived in [65]. However, the relationship between the derived
maximum angular separation and the geometric-dilution-ofprecision (GDOP)5 is obtained through simulation. Hence,
the models developed in [64], [65] are semi-analytical. A
tractable lower bound on the MSE of position estimators in
a PPP network is presented [66]. However, [66] assumes that
all anchors in the PPP network participate to localize each
agent, which is invalid in practice. Furthermore, the analysis
in [64]–[66] are all based on the CRB, which is asymptotically
achievable only in high-signal-to-noise-ratio regimes.
In this work, we utilize stochastic geometry to characterize
the localization accuracy of the proposed BoLT. Our performance analysis is not based on the performance bounds
derived from the information inequality, such as the CRB or
SPEB. We consider the higher-order Voronoi tessellations to
determine the location region in which the agent lies in with
high confidence level. Since the network geometry from the
agent’s perspective may change from one location to another,
we provide the performance analysis that averages over all
possible network geometries by modeling the BS locations as
a PPP. Since the proposed BoLT requires the least amount of
information (i.e., the BSs order only) to localize the agent, its
performance can be considered as an universal upper bound
for the localization error in all the ranging techniques that
may be used in cellular networks. Such a universal upper
bound can be used to ensure the public safety enforced
requirements. Despite this, we show that BoLT can achieve
decent localization accuracy within the range of few meters
or even centimeters, thanks to the foreseen ultra-densification
of the next-generation cellular networks.
III. S YSTEM AND L OCALIZATION M ODELS
This section presents the system model, introduce the concepts of the Voronoi-cell, and show the details of BoLT.
A. System Model
In this paper, we consider a single-tier cellular network with
BSs that are spatially distributed according to the PPP, Ψ ∈ R2
with intensity λ. The localization is based upon the order of the
BSs according to their pilot signal strength. The pilot signals
are periodically broadcast from all BSs via omni-directional
antennas at an unified power level of P Watts. The signal
power decays at the rate r−η with the propagation distance
r, where η is the path-loss exponent. The agents continuously
monitor the pilot signals that are periodically sent by the BSs.
Each agent orders the BSs within the NCL according to the
received power of their pilots. The order of the neighboring
BS is then reported back to the serving BS. Since the pilot
signal power is averaged over multiple measurements across
time, the effect of fast-fading is alleviated and only long-term
shadowing effects may disrupt the BSs order. In this paper,
5 The GDOP represents a lower bound on the MSE of an unbiased position
estimator.
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we adopt the widely used log-normal shadowing model, in
which the signals from the BSs to the agents are subject
to independent and identically distributed shadowing, the log
of which follows a Gaussian distribution with mean µ and
variance σ 2 . Such shadowing may lead to false order of the
BSs.
While we focus our attention to a single-tier cellular network scenario, it is worth noting that the proposed BoLT, as
well as the subsequent analysis in this paper, hold for the
case of multi-tier cellular network. Assume that each tier is
deployed according to an independent PPP with intensity λi ,
the pilots of each tier are transmitted with power Pi , and
the propagation model is equivalent across all tiers. In this
case, an arbitrary tier j is selected to be the representative
tier and the pilots from tier i 6= j are compensated with an
P
artificial bias factor of βi = Pji at the agent such that the
received pilots relative powers reflect the relative Euclidean
distances to the BSs irrespective of their tier. With this simple
compensation bias, the multi-tier network canP
be treated as a
K
single-tier network with total intensity of Λ = i=1 λi , where
K is the number of tiers.
B. BoLT
The proposed BoLT is executed at the BS and utilizes
the order of BSs within the NCL along with the Voronoi
tessellation structure to determine a LR that likely contains
the reporting agent. We first show how to obtain the LR with
the first-order Voronoi tessellation, defined as follows.
Definition 1 (First-order Voronoi-cell): Let S denote a set
of points in R2 and let x ∈ S denote a point in the set. The
first-order Voronoi-cell of x is defined as the set of points in
the plane that are closer to the point x than any other point
in S, i.e.,

Vx = y ∈ R2 | kx − yk < kz − yk , ∀z ∈ S \ x .
In the context of BoLT, the set S contains the locations of
all available BSs and x ∈ S is the location that corresponds
to the nearest BS to the agent. Once the agent reports that
x ∈ S is its nearest BS, the LR is confined within the
first-order Voronoi cell in Definition 1. To further improve
the localization accuracy, the agent can report the order of
more BSs within the NCL and BoLT can utilize higherorder Voronoi tessellations. The definition of the higher-order
Voronoi tessellations is given below.
Definition 2 (Higher-order Voronoi-cell): Let S denote a set
of points in R2 and let X ⊆ S denote a subset of S with k
elements. The kth-order Voronoi-cell of X is defined as the
set of points that are closer to the points in X than any other
points in S, i.e.,

VX = y ∈ R2 |kx − yk < kz − yk,
∀x ∈ X and ∀z ∈ S \ X .
The definition of the Voronoi tessellation gives a direct
method to localize agents. Consider an agent in the network
and let xi denote the location of the ith nearest BS w.r.t. the
agent and Xm = {x1 , x2 , . . . , xm } denote the set of ordered
locations of the m nearest BSs. Given the m nearest BSs to

2

1

3

Fig. 1: Localization uncertainty region (blue) is bounded by
the intersections of VX1 (confined within the purple-boundary),
VX2 (confined within the green-boundary), and VX3 (confined
within the red-boundary). The triangles represent the BSs
and the dashed lines show the first-order network Voronoi
tessellation. The nearest three BSs to the agent are highlighted
in cyan and are tagged with their order.
Tm
the agent, the LR is { i=1 VXi }, which is the output of BoLT.
Fig. 1 shows an example for the LR {VX1 ∩ VX2 ∩ VX3 } for
m = 3 anchors.
There are several approaches to implement BoLT at the
BSs. A simple way is to create and store offline lookup
tables at each BS that maps geographical regions to different
neighboring BSs orders. These lookup tables need to be
updated with every new BS deployment and/or power on/off,
which might be cumbersome for the network administration.
Another way is to compute the LR online via computational geometry algorithms that construct higher-order Voronoi
tessellation [67]–[70] for a given BSs order. However, the
following fundamental questions remain to be solved:
1) how many BSs should an agent report within the NCL
to achieve a desirable localization accuracy?
2) what is the ALR if the agent reports m BSs within the
NCL?
3) what is the localization error probability due to shadowing when m BSs are reported within the NCL?
This paper answers these questions by characterizing the
tradeoff between the ALR and the localization error probability
as functions of the number of reported BSs within the NCL.
IV. P ERFORMANCE A NALYSIS OF B O LT
This section discusses the tractability issues to exactly
characterize the localization accuracy (i.e., ALR) of BoLT.
The section then presents the concept of the hypothetical
location region (HLR) that is utilized to approximate the LR
and analytically characterizes the performance of BoLT.
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A. LR Approximation
Except for the area of the first-order Voronoi-cell, the
distribution of which can be accurately approximated via
Gamma distribution [67], there are no known tractable expressions for the distributions or moments of the area of a
higher-order Voronoi-cell [67, Chapter 5.9], [70]. Hence, it is
not mathematically tractable to quantify the ALR because it
involves intersections of Voronoi-cells of different orders. For
the sake of tractability, we resort to approximating the LR
with HLR. Let B(x, r) denote the set of points within a disc
of radius r centered at x. We next introduces the definition of
the first-order HLR.
Definition 3 (First-order HLR): Let S denote a set of points
and let o denote a given origin point. Let x1 ∈ S denote the
point closest to o. The first-order HLR is defined as Hx1 =
B(o, r1 ), where r1 = kx1 − ok.
Similarly, we can define higher-order HLR as follows.
Definition 4 (Higher-order HLR): Let S denote a set of
points and let o denote a given origin point. Let X =
{x1 , x2 , . . . , xk } ⊆ S denote a subset of S with k elements
such that kxi − ok ≤ kxj − ok , ∀i < j. The kth-order HLR
is defined as
HX = {y ∈ B(o, r1 )|kxi − yk < kxj − yk, ∀1 ≤ i < j ≤ k}.
.
We next apply the HLR to a realization Ψ = Ψ . Without
loss of generality (WLOG), we translate the network Ψ such
that the agent to be localized is at the origin of the R2 . Due
to the translation invariance property of the PPP [63], such
translation has no effect of the spatially average performance
of BoLT. We also label the points within Ψ according to
their distances from the origin (or equivalently from the agent,
denoted as o). That is, we label the points so that the following
equality hold: kxi k ≤ kxj k , ∀i < j.6 Substituting Ψ into
S in Definition 3, we obtain a first-order HLR. Similarly,
substituting Ψ into S in Definition 4, we obtain a higher-order
HLRs. In the rest of this paper, when the LR and the HLR
are referred, we assume that they are associated with Ψ and
the origin point is the agent location.
As shown in Fig. 2a, the first-order HLR is used to approximate the first-order Voronoi-cell. Apparently, it contains
the location of the agent (i.e., the origin) and only one BS
(i.e., the nearest BS). Analogous to the LR, information about
the order and locations of the neighboring BSs creates void
regions within the HLR, which reduces its area (shown in
Fig. 2). Specifically, one can observe that the void region is
the set of points that is closer to the farther BS than a nearer
BS to the origin.
Since PPP is a random process, the LR (i.e., Vx1 and VX )
and the HLR (i.e., Hx1 and HX ) are random sets. Consequently,
the area of the HLR is a random variable. We next determine
the distribution of the area of first-order HLR.
Lemma 1: Let λ BS/m2 be the intensity of Ψ. Then the
Lebesgue measure of the first-order HLR, denoted as L(Hx1 ),
has an exponential distribution with mean λ−1 m2 .
6 Since we assume that the agent is located at the origin, the following
equality kxj − ok = kxj k hold.

Proof: Apparently, L(Hx1 ) = πr12 . Hence, the distribution
of L(Hx1 ) can be obtained by the mapping rule
fL(Hx1 ) (y) = fr1 (g −1 (y))

dg −1 (y)
,
dy

p
where g −1 (y) = y/π and fr1 (r) = 2πλr exp{−πλr2 }, r >
0. This completes the proof.
In addition to being tractable, the HLR has the following
desirable characteristics:
• Similarly to Vx1 , the first-order HLR Hx1 contains the
agent’s location and the nearest BS to the agent.
• The HLR does not contain any other BS.
• The average area of the first-order HLR is equal to the average area of the typical first-order LR, i.e., E{L(Hx1 )} =
E{L(Vx1 )} = 1/λ.
• The average area of the first-order HLR is not affected by
Palm conditioning E{L(Hx1 )} = E{L(Hx1 |o = {0, 0})}.
Remark 1: It is important to emphasize that the proposed
BoLT does not utilize the HLR to localize the agent. The
concept of the HLR is introduced to analyze the performance
of BoLT, as the HLR has many similarities to the LR and the
area of the HLR is much more tractable.
B. Methodology of Analysis
We next outline the method to analyze the area of the HLR.
For an arbitrary realization Ψ , consider the second-order HLRs
H{xn ,xm } and let HX denote the void regions in Hx1 when
reporting BSs in X , i.e.,
HX = Hx1 \ HX .
Examples of different second-order (also denoted as pairwise) void regions are shown as colored segments in Fig. 3.
Combining all pairwise void regions, the overall void region
associated with (m + 1) BSs is given by
HXm =

m
[

H{xi ,xi+1 } .

(1)

i=1

The HLR is then given by
HXm = Hx1 \ HXm .

(2)

Note that HXm uses the order of m + 1 BSs to approximate
VXm where m BSs are reported. This is a tighter approximation compared to HXm−1 as VXm exploits the knowledge that
every BS outside Xm is farther-way from the agent than those
inside Xm . More details about this approximation are given in
the sequel.
Fig. 3 shows an example for the involved void region and
the HLR when reporting four anchors. Figs. 1-3 show our
methodology to approximate the LR via the HLR. The firstorder Voronoi cell is approximated via the circular first-order
HLR. The intersection Vx1 ∩ VX2 is approximated via HX2 ,
which, according to (1) and (2), is obtained by eliminating the
void regions H{x1 ,x2 } ∪ H{x2 ,x3 } from Hx1 . By construction,
Vx1 ∩ VX2 implies that the agent is within Vx1 and is closer
to the locations X2 = {x1 , x2 } than any other location within
Ψ \ X2 . The approximation HX2 implies that the agent is in
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(a) One BS.

(b) Two BSs.

(c) Three BSs.

(d) Four BSs.

Fig. 2: The triangles represent the BSs, the dashed lines show the first-order network Voronoi tessellation, the regions
highlighted in green and blue represent, respectively, the LRs and the HLRs. The considered BSs are highlighted in cyan and
labeled according to their order from the agent.
Hx1 and is closer to X2 than x3 only. Hence, in addition
to approximating Vx1 with Hx1 , the set HX2 ignores the
effect of the other points Ψ \ {X
3 } on the LR. Following the
Tm
same analogy, the intersection i=1 VXm is approximated via
HXm , which ignores the effect of Ψ \ {Xm+1 } on the LR,
nevertheless, it gives a decent approximation to the ALR as
shown in Fig 2.
Following the aforementioned approach, the analysis starts
in Section V-A by calculating the conditional Lebesgue
mea
sures of the pairwise void regions L H{xn ,xm } as well as
the pairwise decay ratios

L H{xn ,xm }
ζn,m =
.
L (Hx1 )
In particular, we derive the expression of ζn,m as a function
of the relative and absolute distances between anchors and
the agent. In Section V-B, we obtain the distributions of
the relative and absolute distances between anchors and the
agent. The obtained distances distributions are utilized in Sec-

tion
 V-C to find the average area of the pairwise HLRs, i.e.,
E L H{xn ,xm } , as well as the average value of ζn,m . As
shown in Fig. 3, and utilizing (1) and (2), the pairwise
HLRs


can be used to compute the total void region E L HXm
when reporting m anchors. However, the area of overlaps
between such pairwise void regions are hard to compute,
which
necessitates
an approximation for total void region



E L HXm . An approximate expression for E L HXm }
is then obtained, in Section V-C, by getting the Lebesgue
measure of the complement of the total void region. Finally,
the localization error probability due to shadowing is presented
in Section VI.

V. L OCATION ACCURACY
This section characterizes the localization accuracy through
the spatially averaged area of the HLR.
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Lemma 2 hold, then

H{x1 ,x2 }

ζn,m

H{x2 ,x3 }
H{x3 ,x4 }

x3



L H{x1 ,xn }
L H{x1 ,xn }
=
=
L (Hx1 )
πr12
(
n=1
1 2δ(1, w1,n , α) − sin (2δ(1, w1,n , α)) ,
=
2π 2δ(w1,n , wn,m , α) − sin (2δ(w1,n , wn,m , α)) , n > 1
(4)

x2

H{x4 ,x5 }

o

x1

x4
x5

S4
Fig. 3: The total void region HX5 = i=1 H{xi ,xi+1 } and
the corresponding HLR ( i.e., the unshaded region around the
origin).

A. Conditional Analysis
.
This subsection focuses on a certain realization of Hx1 =
.
Hx1 and Ψ = Ψ . Let

δ(x, y, α) = arccos

x(y 2 − 1)
p
2 1 + y 2 − 2y cos(α)

!
,

and wj,k = rk /rj , where rj and rk denote the distance
between the jth and the kth nearest BSs to the agent. The

following lemma characterizes the void region L H{xn ,xm } .
Lemma 2: The Lebesgue measure of the void region when
considering the order between xn and xm is given by

Equation (4) shows that the percentage reductions in the
HLR does not rely on the absolute distances between the
anchors and the agent, but is rather dependent on the relative
distances between the anchors and the agent as well as the
separation angle from the agent to anchors. Furthermore, (3)
and (4) show that there is a certain range of relative distances
and separation angels that will reduce the HLR. Otherwise, the
knowledge of order is of no benefit in reducing the HLR. The
fact that more percentage reduction in the HLR is achieved
when the relative distances wn,m decreases and/or the relative
angle α increases are depicted in Fig. 4. The figure shows that
the maximum reduction for reporting the order of an additional
BS is bounded within the range [0, 0.5]. This is because at most
the void region can be half of the HLR when the two anchors
are almost at the same distance from the agent and are on
the opposite sides of the agent (i.e., α = π). The percentage
reduction in the HLR reaches zero when the perpendicular
bisector between the line connecting the two anchors is outside
the B(o, r1 ).
B. Distance Distributions
The focus of this section is to calculate the joint distributions
for the absolute and relative distances from the agent to
the anchors. Such distances are required to calculate the
average Lebesgue measures and the percentage reductions in
the HLR. We start by characterizing the joint absolute distance
distribution in the following lemma.
Lemma 3: The distances between the agent and the mth
and nth BSs, where m > n, has the following joint PDF
frn ,rm (x, y) =

4(πλ)m x2n−1 y(y 2 − x2 )m−n−1 e−πλy
Γ(n)Γ(m − n)

2

(5)



L H{xn ,xm }
if 0 < x < y < ∞; otherwise, frn ,rm (x, y) = 0.
(
Proof: See Appendix II.
n=1
r12 2δ(1, w1,n , α) − sin(2δ(1, w1,n , α)),
=
Using the joint distance distribution in Lemma 1, the relative
2 2δ(w1,n , wn,m , α) − sin (2δ(w1,n , wn,m , α)) , n > 1
distance distribution is characterized in the following lemma
(3)
Lemma 4: The relative distance wn,m , where m > n has
the following PDF
provided that 1 < w1,n < 2, 1 < wn,m < 1 + w1,n , and
m−n−1
2w1−2m w2 − 1
fwn,m (w) =
!
4
2
B(n, m − n)
+ 3 − w1,n
6w1,n
arccos
≤α≤π
if 1 < w < ∞; otherwise, fwn,m (w).
8w1,n
Proof: See Appendix III.
Two special cases of interest for the relative distance distriwhere α denote the angle between the two BSs measured at
butions are given in the following corollary.
the agent. If these conditions do not hold, L(H{xn ,xn } ) = 0.
Corollary 1: For n = m−1, the PDF of the relative distance
Proof: See Appendix I.
wn,m = rrm
is
n
Recall that ζn,m denotes the percentage reduction in
fwm−1,m (w) = 2(m − 1)w1−2m
L (Hx1 ) when considering xn and xm . If the conditions in
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0.25
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πw5
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1.7

0.2
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0.15
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wn,m

if 1 < w < Separation
∞; otherwise,
fwm−1,m (w) = 0. For n = Separation
1 and C.
Average
Performance of BoLT
angle (↵)
angle
(↵)
any m, the relative distance distribution reduces to
For the sake of notational connivence, we introduce the
m−2
2
fw1,m (w) = 2(m − 1)w1−2m 0.5w2 − 1
(6) function ρ(·) at the beginning of this page, and it is
1.9
0.45
defined over the integer set {2, 3,√
. . . }, where κ(w) =
if 11.8< w < ∞; otherwise, fw1,m (w) = 0.4
0.
2 1+y 2 −2y cos(α)
6w2 +3−w4
and κ(y, α) =
.
The joint distribution between w1,m 0.35
and r1 is given in the arccos
8w
(y 2 −1)
1.7
We
next
evaluate
the
average
Lebesgue
measure
of the
following
corollary
1.6
0.3
pairwise
void
regions
as
follows
Corollary
2:
The
joint
distribution
of
w
and
r
is
given
1
1.5
0.25 1,m
by1.4


0.2
ρ(m)
m−2 −πλ(rw)2
(9)
E L H{xm−1 ,xm } =
m 2m−1
20.15
1.3
4(πλ) r
w w −1
e
λ
f1.2
w1,m ,r1 (w, r) =
Γ(m0.1
− 1)
which is obtained by averaging (3) over the uniform angle dis1.1
0.05
(7) tribution in the range of [0, π] along with the joint distribution
1
0
120∞ and
60
180
if 0180
<r<
1 0< w 60< ∞;120otherwise,
fw1,m ,r1 (w, r) = 0. in (8). Utilizing the spatially average void regions, the area of
angle (↵) distribution is characterized in HLR is characterized in the following proposition.
The joint Separation
relative distance
Proposition 1: The average area of the m-order HLR is
the following lemma.
given
by
Lemma 5: The relative distances wl,n and wn,m , where l <
n < m, are independent.
1
E {L (HXm )} = (1 − T (m))
(10)
Proof: See Appendix IV.
λ
Lemma 5 implies that the joint distribution of wl,n and wn,m
is given by fwl,n ,wn,m (w, v) = fwl,n (w)fwn,m (v), which can where T (m) is the normalized Lebesgue measure of the total
void region when reporting the order of m anchors,7 which is
be obtained from Lemma 4.
The joint relative distance distribution and r1 is character- given via the following recursive equation.
ized in the following corollary.
T (m) =
Corollary 3: The relative distances w1,n , wn,m and the

0,
m=1

distance r1 , where 1 < n < m, have the following joint PDF





m 2m−1 2m−2n+1
ρ(2) + ρ(3) − λE L H{x1 ,x2 } ∩ H{x2 ,x3 } , m = 2
8(πλ) r
w
v
fw1,n ,wn,m ,r1 (w, v, r) =

T (m − 1) + ρ(m + 1)

Γ(n − 1)Γ(m − n)






2
n−2
m−n−1
−λE L HXm−1 ∩ H{xm ,xm+1 } ,
m ≥ 3.
· w2 − 1
v2 − 1
e−πλ(wvr) (8)
(11)
provided that 0 < r < ∞, 1 < v < ∞ and 1 < w < ∞;
7 As discussed in Section IV-B, m + 1 void regions are used to approximate
otherwise, fw1,n ,wn,m ,r1 (w, v, r) = 0.
Proof: See the proof of equation (21) in Appendix IV.
the LR when reporting m anchors.
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O(x, y) =

|x − y|
(min{x, y} − [x + y − 1]+ )3 /3 + (1 − (x + y))(min{x, y} − [x + y − 1]+ )2 /2
+
min{x, y}
(1 − x)(1 − y)
1 − min{x, y}

Moreover, we have the following approximation


λE L H{x1 ,x2 } ∩ H{x2 ,x3 } ≈ O(ρ(2), ρ(3))


λE L HXi−1 ∩ H{xi ,xi+1 } ≈ O(T (i − 1), ρ(i + 1))
where the expression for O(x, y) is given in (12) at the
beginning of this page.
Proof: See AppendixV.

It can be verified that E L HXm−1 ∩ H{xm ,xm+1 } ∝ λ1 ,
which shows that T (m), given in (11), does not rely on the
anchors’ density and only depends on the number of reported
anchors. Hence, the Lebesgue measure of HLR given in (10)
is approximately linear in λ1 . This leads to the following two
claims.
• Claim 1: For any number of reported BSs, the Lebesgue
measure of the ALR can be inverse-linearly decreased by
increasing λ.
• Claim 2: The normalized ALR area reduction due to
reporting more BSs is irrelevant to the BS density.
While both claims are verified in Section VII, the second claim
can also be verified by explicitly evaluating the normalized
HLR area reduction, which are given by
Z2 Zπ
E{ζ1,2 } =

2δ(1, w, α) − sin (2δ(1, w, α))
dαdw
w3 π 2

1 κ(w)

(13)
and
Z2 Zπ κ(y,α)
Z

n−3
4(n − 2)(n − 1) x2 − 1
E{ζm−1,m } =
x2m−5 y 2m−1 π 2
1 0
1
h
i
2δ(x, y, α) − sin (2δ(x, y, α)) dxdαdy.

(14)

VI. L OCALIZATION E RROR P ROBABILITY
This section evaluates the localization error probability due
to the shadowing effects.
If the pilots’ power order received at the agent does not
match the true order of the BSs, then BoLT will report an LR
that does not contain the agent location. This event can occur
if the shadowing is strong enough to attenuate the pilot power
received from a closer BS below that from a farther BS. Let
pm−1,m denote the probability that the shadowing does not
alter the received power levels from any two consecutive BSs
at the agent, which is given by
−η
−η
pm−1,m = P{hm−1 rm−1
> hm rm
}
η
= P{hm−1,m < wm−1,m }


Z ∞
η ln (w)
1−2m
=1−
(m − 1)w
erfc
dw
2σ
1
 2





4σ (m−1)2
(1−m)
exp
erfc
2σ
−
2
2
η
η
1
= −
2
2
(15)

(12)

where the third equality follows from the distribution of
n
∼
wn,m given in Lemma 4 and that fact that hn,m = hhm
LN (0, 2σ 2 ). The localization error probability, when reporting
m BSs, can be approximated as
E(m) = 1 −

m
Y

pi−1,i

i=2

=1−

m
Y



1 −
2
i=2

exp



4σ 2 (i−1)2
η2





erfc 2σ (1−i)
−
2
η

2
(16)

−η
>
where the approximation is that the events {hm−1 rm−1
−η
hm rm } are independent for different m.
As shown in (16), the approximated localization error
probability is irrelevant to the BS density λ. Instead, it is a
function of the number of reported BSs, the propagation model
(e.g., path-loss exponent), and the variance of the shadowing.

VII. N UMERICAL R ESULTS
This section evaluates the average area of the HLR that is
obtained via the analytical model presented in Proposition 1
as well as the localization error probability given by equation
(16). To verify the analysis, we conduct Monte Carlo simulation that assesses the performance of BoLT in terms of the
ALR, HLR, and localization error probability.
In each simulation run, we realize a PPP with intensity
λ = 1 in a 100 km2 area. We then order the BSs w.r.t. the
origin and compute the ALR corresponding to m BSs, where
m = 1, 2, 3, 4, . . . , 15. For the localization error probability,
we assume that all BSs transmit with the same power of P = 1
Watt and the path-loss exponent is selected to be η = 4. In
each realization of the PPP, we generate i.i.d channel gains for
the nearest m BSs according to the log-normal distribution.
The event of error is recorded if the order of the BSs power
received at the origin is different from BSs order according to
their Euclidean distance.
Fig. 5 shows the ALR and the area of the HLR as functions
of the number of reported anchors. The figure also shows
the approximated HLR obtained via Proposition 1. The figure
validates the accuracy of the proposed HLR to approximate
for the ALR. Note that the ALR is greater than the area of
the HLR at m = 1 due to the palm conditioning effect on
containing the origin [63, Example 8.8]. Since the test Voronoi
cell is conditioned to contain the agent (i.e., the origin), it is
implied that the average area of the Vorornoi is larger than
that of the unconditioned one. This concept is known in the
literature as the Crofton cell or the 0-cell [71], [72]. For all
values of m ≥ 2, the area of the HLR almost matches the
ALR. The figure also shows a desirable match between the
analytical result obtained via Proposition 1 and the area of the
HLR obtained via simulations for the range 1 ≤ m ≤ 15. Note
that the match is not exact due to the adopted approximation
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Fig. 5: Localization accuracy versus the number of reported
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Fig. 6: Localization error probability versus the number of
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Fig. 7: Localization accuracy versus the intensity of anchors.

BoLT more vulnerable to false ordering.
Jointly considering Figs. 5 and 6 manifests the tradeoff
between the localization accuracy (i.e., the ALR) and the
probability of localization error. Increasing the number of
reported BSs decreases the ALR, and hence, increases the
location accuracy. However, such increased localization accuracy comes at the expense of higher probability of localization
error.
Fig. 7 shows the ALR obtained via simulations as a function
of the intensity of anchors. The figure shows inverse-linear
relationship between the ALR and the intensity of anchors,
which validates Claim 1 given in Section V-C. The figure also
shows that the reduction in the ALR achieved by increasing
the number of reported anchors is independent of the anchors
intensity, which validates Claim 2 given in Section V-C.
Consequently, Fig. 7 validates the insights obtained from the
approximate analytical model presented in Proposition 1. In
conclusion, the localization accuracy of BoLT can be improved
through two independent operations, namely, densification
(i.e., increasing λ) and increasing the number of reported
anchors within the NCL. The densification approach is more
desirable as it does not affect the localization error portability.
VIII. C ONCLUSION

for the overlap between the void regions. The figure also shows
that, on average, using the order of six BSs leads to ALR
no greater than 10% of the BS coverage area. Increasing the
number of reported anchors to 10 leads to an ALR no greater
than 1% of the BS coverage area. Exceeding 15 BSs can lead
to ALR no greater than 0.1% of the BS coverage area.
Fig. 6 shows the localization error probability as a function
of the number of reported BSs. The matching between the
simulation and analytical model validates the tight approximation in (16). Fig. 6 shows that increasing the number of
BSs increases the vulnerability of BoLT to false ordering.
Moreover, increasing the variance of shadowing also makes

This paper proposes a localization technique, i.e., BoLT,
for cellular networks. The proposed BoLT requires the agent
to report the order of its neighboring BSs according to the
received power of the pilot signals. Based on the received
BSs order, BoLT localizes the agent within the intersection of
the corresponding higher-order Voronoi cells. Assuming that
the BSs are deployed according to a PPP and that signals are
subject to log-normal shadowing, we characterized the tradeoff
between the ALR and the localization error probability. It is
shown that increasing the number of reported BSs reduces the
ALR and improves the localization accuracy at the expense
of increasing the localization error. It is also shown that the
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in which




2
(w1,m
− 1)


β = arccos  q
2
− 2w1,m cos(α)
2 1 + w1,m
which proves (3) for n = 1. The case of n > 1 can be derived
in a similar manner but using the geometry shown in Fig 9.
A PPENDIX II
P ROOF OF L EMMA 3

xm

}

xm

H{x

localization error probability is irrelevant to the BS intensity.
Instead, the localization error depends on the propagation environment and shadowing variance. Consequently, improving the
localization accuracy via increasing the BSs intensity is more
favorable than through increasing the number of reported BSs,
where the ALR is shown to have an approximate inverse-linear
relationship with the intensity of BSs.
The results show that reporting the order of six neighboring
BSs is sufficient to confine the average ALR within 10% of
the cell area. This would be translated to a few meters in the
foreseen ultra-dense 5G networks. Finally, it is shown that the
localization accuracy improvement via increasing the number
of reported anchors is independent from the BS intensity. Since
the proposed BoLT requires the least amount of information
(i.e., the BSs order only) to localize the agent, its localization
performance can be considered as an universal upper bound
for the localization error in all the ranging techniques that may
be used in cellular networks. These results provide guidelines
for the implementation of low-cost and robust localization
algorithms in cellular networks.

θ
r1

x1

From the PPP characteristics, the number of points in
disjoint regions are independent. Hence, conditioning on rn ,
the conditional CDF for the distance to the mth neighboring
BS can be written as
.
P {rm < y|rn = x}

m−n−1
X πλ(y 2 − x2 ) k e−πλ(y2 −x2 )
=1−
.
(17)
k!
k=0

Fig. 8: The area reduction of the HLR due to order information
{x1 , xm } and a sketch of the involved distances and angels.
For the case when n = 1, the void region H{x1 ,xm } is
depicted in Fig. 8, which contains all points that are closer to
xm than x1 . The area of the void region is given by


r12

(δ − sin(δ))
2
where δ = 2 arccos (d/r1 ). From the geometry in Fig. 8, we
have
L H{x1 ,xm } =

2
rm
= (r1 sin(θ))2 + (2c − r1 cos(θ))2 .

Exploiting the fact that d = c − r1 cos(θ), we have
d=

2
2
r1 (w1,m
− 1)
rm
− r12
= q
4c
2
2 1 + w1,m
− 2w1,m cos(α)

and hence
 r2

L H{x1 ,xm } = 1 2β − sin(β)
2

By differentiating (17), the conditional PDF of rm is given by
.
frm |rn (y|rn = x)

2
2 m−n−1
−πλ(y 2 −x2 ) πλ(y − x )
= 2πλye
(m − n − 1)!

m−n
2
2 m−n−1 −πλ(y 2 −x2 )
2(πλ)
y y −x
e
=
(m − n − 1)!
=

2(πλ)m−n y(y 2 − x2 )m−n−1 e−πλ(y
Γ(m − n)

2

−x2 )

(18)

provided that x < y < ∞. By multiplying (18) by the marginal
PDF of rn , which is given by
2

frn (x) =

2(πλ)n x2n−1 e−πλx
Γ(n)

we obtain the joint PDF of rn and rm in (5).
A PPENDIX III
P ROOF OF L EMMA 4
Let w = rm /rn and v = rn such that m > n. Then, rn = v,
rm = vw and the Jacobian can be obtained as
J=

∂rm
∂w
∂rn
∂w

∂rm
∂v
∂rn
∂v

=

v
0

w
= v.
1

(19)
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Substituting x = v and y = vw into (5) and multiplying with
the Jacobian in (20), we obtainthe joint PFD of w and v as
follows
m−n−1 −πλ(vw)2
4(πλ)m v 2m−1 w w2 − 1
e
fw,v (w, v) =
Γ(n)Γ(m − n)
when 0 < v < ∞ and 1 < w < ∞.
Integrating over v in the range of [0, ∞], we get the marginal
PDF of w as
m−n−1 −πλ(vw)2
Z∞
4(πλ)m v 2m−1 w w2 − 1
e
fw (w) =
dv
Γ(n)Γ(m − n)
0
m−n−1
2w1−2m w2 − 1
Γ(m)
=
Γ(n)Γ(m − n)
m−n−1
1−2m
2w
w2 − 1
=
B(n, m − n)
when 1 < w < ∞. It can be easily verified fw (w) = 0 when
w < 1. This completes the proof.

The joint PDF of r1 , rn and rm can be obtained in the
following two steps. First, the conditional ordered distribution
of r1 and rn is obtained as
fr1 ,rn |rm (x, y|z)
4xyΓ(m)
z 4 Γ(n − 1)Γ(m − n)



y2
x2
− 2
2
z
z

L(HXm ) = L(HXm−1 ) + L(H{xm−1 ,xm } )
− L(HX m−1 ∩ H{xm−1 ,xm } )
Averaging and normalizing the equation above gives (11).
To evaluate E{L(HXm−1 ∩ H{xm−1 ,xm } )}, we make the
following approximation that
1
E{L(HXm−1 ∩ H{xm−1 ,xm } )} ≈ E{t}
λ
where
t = |X ∩ Y| · 1{S(X) ≤ S(Y)}
in which X and Y are random segments lies independently and
uniformly in [ 0, 1 ] with length x and y, respectively, and
x = L(HXm−1 )/λ = T (m − 1)
y = L(H{xm ,xm+1 } )})/λ = ρ(m)

A PPENDIX IV
P ROOF OF L EMMA 5

=

A PPENDIX V
P OOF OF P ROPOSITION 1
Using (13) and (14), we can calculate the average normalized area void region created by reporting an additional anchor.
Note that

n−2 
m−n−1
y2
1− 2
.
z

S(·) denotes the left boundary point of a segment; and 1{·}
denotes an indicator function. We enforce the condition of
S(X) ≤ S(Y) to avoid overestimating the overlap by accounting to the same value of the overlap t from the left and right
sides of y.
We next derive E{t} for a general x and y. An illustrative
figure is given in Fig. 10.

x

Multiplying by the marginal distribution of rm , we have
fr1 ,rn ,rm (x, y, z)
n−2 2
m−n−1 −πλz2
8(πλ)m xyz
y 2 − x2
z − y2
e
=
.
Γ(n − 1)Γ(m − n)
Now let w = y/x, v = z/y, and r = x, then x = r,
y = wr, and z = wrv. The Jacobean can be obtained as
J=

∂x
∂w
∂y
∂w
∂z
∂w

∂x
∂v
∂y
∂v
∂z
∂v

∂x
∂r
∂y
∂r
∂z
∂r

0
= r
rv

0
0
wr

1
w = r2 w
wv

(20)

Using the Jacobean and the joint PDF of r1 , rn , and rm , the
joint PDF of w1,n , wn,m , and rm is given by
fw1,n ,wn,m ,r1 (w, v, r)
n−2
8(πλ)m r2m−1 w2m−2n+1 v
=
w2 − 1
Γ(n − 1)Γ(m − n)
m−n−1 −πλ(wrv)2
2
· v −1
e
.

(21)

Marginalizing over r1 , the Joint PDF of w1,n and wn,m can
be expressed as
fw1,n ,wn,m (w, v)
n−2 2
m−n−1
4(n − 1)w1−2n v 1−2m
=
w2 − 1
v −1
B(n, m − n)
which can be represented by the multiplication of the marginal
PDF fw1,n (w) fwn,m (v) given in Lemma 4.

tt

0

1
y

Fig. 10: Overlap between x and y.
Without loss of generality, we assume x < y and hence,
t ∈ [0, x]. One can verify that t has the following mass at x
y−x
P {t = x} =
1−x
and the following mass at 0


+
(1 − y)
x
x
P {t = 0} =
−
1−
2(1 − x) (1 − x)
2(1 − y)
Between 0 and x, the CDF of t is continuous and has the
following expression


1−y
2(x − ν)
x−ν
P {t < ν} =
−
1−
1−x
1−x
2(1 − y)
for ν ∈ (0, 1). With the CDF above, we have
min{x,y}
Z

E{t} =

(t2 + |(1 − (x + y))| t)
dt
(1 − x)(1 − y)

[x+y−1]+

+

|x − y|
min{x, y}
1 − min{x, y}
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which is equal to O(x, y) given in (12).
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