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ABSTRACT 

A numerical state-space approach is proposed to examine the natural frequencies and 

critical buckling limits of marine risers. A large axial tension in the riser model causes numerical 

limitations. These limitations are overcome by using the modified Gram-Schmidt 

orthonormalization process as an intermediate step during the numerical integration process with 

the fourth-order Runge-Kutta scheme. The obtained results are validated against those obtained 

with other numerical methods, such as the finite-element, Galerkin, and power-series methods, 

and are found to be in good agreement. The state-space approach is shown to be computationally 

more efficient than the other methods. Also, we investigate the effect of a high applied tension, a 

high apparent weight, and higher-order modes on the accuracy of the numerical scheme. We 



demonstrate that, by applying the orthonormalization process, the stability and convergence of 

the approach are significantly improved. 

INTRODUCTION 

The study of the linear dynamics of marine risers is a major topic in fluid-structure 

interactions. The main objective of the linear analysis is to understand how the eigenvalues 

(frequencies) of the riser depend on its parameters, such as the applied tension and apparent 

weight. The linear analysis is the first step in studying the nonlinear dynamics of risers, such as 

vortex-induced vibrations (VIV) [1-3], and its dependence on the geometric features of the risers 

[4-6]. The outcome of such studies provides an understanding of how a marine riser behaves and 

hence prevents its failure from fatigue [7].  

The interest in riser dynamics began when Huang and Dareing [8] employed a power-

series (Forbenius) method to find the buckling limits and natural frequencies of marine drilling 

risers with linearly varying axial tension. In a subsequent work [9], the results from the power-

series were compared with those  of a beam with a constant axial tension equal to the average 

tension of the riser. Paidoussis [10] found that 50 terms in the power series are required to 

determine the buckling limits to three significant digits. Kirk et al. [11] used the Rayleigh-Ritz 

method utilizing the mode shapes of a straight beam. They achieved good agreement with the 

results of Huang and Dareing [8] when the applied tension is greater than the apparent weight.  

Paidoussis [12] and Holmes [13] used, respectively, the Galerkin-Ritz method and Galerkin 

averaging to investigate the buckling aspects of a riser pipe due to an internal flow. Convergence 

of the numerical results in these studies required a minimum of five to six beam mode shapes. 



An alternative approach for studying the linear dynamics of risers is perturbation 

methods. Kim [12] used the Wentzel–Kramers–Brillouin (WKB) method to obtain an integral 

equation governing the mode shapes and natural frequencies. The results of the WKB are in good 

agreement with the power-series results. The agreement improves for higher-order modes of 

tension dominated risers. However, in general, the WKB overestimates the natural frequencies 

for partially tensioned risers when compared to the upper bounds of Laird and Fauconneau [13]. 

In addition, the WKB is valid when the coefficients in the equation are slowly varying. Several 

authors [14-16] used a straightforward perturbation method to find approximations for the 

eigenvalue problem of tension dominated risers by neglecting the effects of bending, thereby 

reducing the governing equation into a Bessel equation. However, the resulting solution is 

inaccurate because it does not satisfy all of the boundary conditions. This motivated Mazzilli et 

al. [17] to obtain a closed-from solution considering bending and tension aspects of the riser 

using perturbation methods. Lately, Clementi et al. [4] used the method of multiple scales [18] to 

determine a closed-form expression for the natural frequencies of risers taking into account  its 

nonlinear effects.. 

On the other hand, approximate techniques have been proposed to study the linear dynamics of 

risers. In the case of tension dominant risers, the bending term is neglected, thereby reducing the 

governing equation into a Bessel equation [19]. Senjanović, et al. [21], Sparks [22], and Graves 

and Dareing [23] used a segmentation method to account for bending effects. Chen et al. [20] 

used the differential quadrature method to transform the differential equation into a recursive 

equation and calculate the natural frequencies. The rate of convergence increases when the 

average tension is used. Chen et al. [21] used a variational iteration technique with the assumed 

mode shape obtained by virtue of a Lagrange multiplier. Then, the frequencies and mode shapes 



are obtained by applying the boundary conditions. The convergence rate of the variational 

iteration technique is faster than that of the differential quadrature method.  

Numerical techniques, such the finite difference or the finite element, present a 

computational challenge for tension dominated risers due to the large number of elements 

required to resolve the regions near the boundaries.  Huan et al. [22] used the von Neumann 

stability to demonstrate that the finite difference scheme is unconditionally stable only if the 

variable tension is replaced by a constant value. Chen et al. [23, 24] combined  the dynamic 

stiffness method and the WKB to improve the finite element scheme. The results show that the 

number of elements is reduced significantly when compared to a standard finite element method. 

Although the results obtained with this method agree well with previously published work, it 

imposes a limitation on the parameters used in the analysis.  

Due to the loss of generality of the modified problem in the aforementioned numerical 

schemes, we calculate the natural frequencies of marine risers using a numerical state-space 

approach in which the governing boundary-value problem is transformed into an initial value 

problem. Then, the four-dimensional state-space system is integrated using the fourth-order 

Runge-Kutta method and the modified Gram-Schmidt orthonormalization method is used to keep 

the obtained four solutions linearly independent. The method was introduced and detailed by 

Scott and Whats [25] and has been used previously in free vibration studies of other structures, 

such as plates [26]. However, it has never been applied to vertical marine risers. Therefore, we 

apply this method to the linear dynamics of vertical marine risers.  

 

 



PROBLEM FORMULATION 

 

Figure 1. A schematic of a vertical riser extending from the surface level to the seabed. 

We consider the marine riser in Fig 1. The differential equation governing the motion of the 

vertical riser is written as [27] 
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where   is the total mass per unit length expressed as           ,    is the mass of 

the internal fluid per unit length,    is the mass of the riser structure,    is the fluid added 

mass,    is the flexural rigidity,    is the internal fluid velocity,    is the applied tension,   is the 

length of the riser,    is the cross-section area of the riser,  eW  is the apparent weight of the riser 

per unit length, c is the structural damping  of the riser per unit length, and   is the external force 
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acting on the riser per unit length. For simplification, we introduce the following dimensionless 

variables: 
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where the superscript “^” denotes dimensional variables and the variables without “^” are 

dimensionless. Substituting Eq. (2) into Eq. (1), we obtain 
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To determine the mode shapes and natural frequencies, we linearize Eq. (3), drop the forcing and 

damping terms, and obtain 
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Next, we seek solutions of Eq. (5) in the form 

( , ) ( ) i t

dy x t x e   (6) 

Substituting Eq. (6) into Eq. (5) and keeping the real part, we obtain 
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where 2T     . The imaginary part of the velocity 2
dx

d
i 


 produces a gyroscopic 

effect which does not affect the free vibration of the riser structure [28]. Hence, the assumption 

to examine the real part of Eq. (5) is valid for the eigenvalue problem herein. In what follows, we 

consider the following three sets of boundary conditions: fixed-fixed, fixed-hinged, and hinged-

hinged boundary conditions.  

We introduce the state variables  
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and transform Eq. (7) into the following system of four first-order ordinary differential 

equations:  
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Equations (9a) can be expressed in the state-space form  

[z' ( )] [ ( )][ ( )]x A x z x  (9b) 

where 

1 2 3 4z [ ( ) ( ) ( ) )]( Tz x z x z x z x  (10a) 
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The boundary conditions are expressed using the states defined in Eq. (8) as follows: 

Fixed-Fixed: 

1 2 1 2(0) 0, (0) 0, (1) 0, (1) 0z z z z     (11a) 

Fixed-hinged: 

1 2 1 3(0) 0, (0) 0, (1) 0, (1) 0z z z z     (11b) 

Hinged-hinged: 

1 3 1 3(0) 0, (0) 0, (1) 0, (1) 0z z z z     (11c) 

The boundary conditions (11a), (11b), and (11c) can be expressed in matrix form as 

1 z 0R   at 0x   and 
2 z 0R   at 1x    

where 
1R  and 

2R  are defined as 

1

1 0 0 0

0 1 0 0
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 and 2

1 0 0 0

0 1 0 0
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 for fixed-fixed boundary conditions (12a) 
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 and 2

1 0 0 0

0 0 1 0
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 for fixed-hinged boundary conditions (12b) 

1
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0 0 1 0
R

 
  
 

 and 2

1 0 0 0

0 0 1 0
R

 
  
 

 for hinged-hinged boundary conditions (12b) 



The general solution to Eq. (9b) is written as 

0 0[ ( )] [ ( , )][ ]z x x x c  (13) 

where 
0[ ( , )]x x is the fundamental matrix obtained using a fourth-order Runge Kutta scheme and 

0x is the initial starting point of the integration scheme i.e. 0 0x  . Convergence of the 

integration scheme is based on the norm of the error estimate, which determines the number of 

integration steps required for each initial vector. The integration process is started by defining 

the following four linearly independent initial vectors: 

0 0[ ( , )] [ ]x x I   (14) 

Then, it follows from
1 z 0R   that 

(1) (2)

1 2z(0) z (0) z (0)c c   (15) 

where 1c  and 2c  are unknown constants that linearly combine the vectors. Upon integrating the 

system of equations, one finds that the rapidly growing terms dominate the slowly varying ones, 

resulting in the loss of linear independence of the computed vectors [29]. From a numerical 

precision point of view, the machine will round off the numbers such that the smaller digits are 

neglected, thereby resulting in loss of precision when computing the eigenvalues [30]. To 

overcome this problem, we use the modified Gram-Schmidt orthonormalization procedure. To 

this end, we divide the length of the riser into equal segments such that the length of each 

segment is written as 

1k kh x x   (16) 



Then, we integrate numerically the system of Eq. (9) and obtain for each segment the local 

matrix solution  
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To ensure linear independence of the output vectors, we introduce the modified Gram-Schmidt 

orthonormalization procedure at the end of each step. We use the resulting vectors as initial 

conditions for the next interval. The process is continued until two linearly independent vectors 

are found at 1x  , and hence the solution is expressed as 

(1) (2)

1 2z(1) z (1) z (1)c c   (18) 

where 1c  and 2c  are unknown constant. Substituting Eq. (18) into 
2 z 0R   yields 

2 0R Zc   (19) 

where Z is a 4x2 matrix whose columns are the vectors obtained from Eq. (19)  and c is a 

constant column vector. For a nontrivial solution, 

2det( ) 0R Z   (20) 

The determinant defined by Eq. (20) determines the natural frequencies of the riser. 

NUMERICAL RESULTS 

1. Validation of the Results 

 To validate the numerical procedure, we compare our results with the results obtained by 

Dareing and Huang [9] for the riser properties defined in Table 1. 



Table 1. Riser properties used in the calculations. 

Riser length, L 500 ft 

Riser weight per unit length,     214 lb/ft 

Interior cross-section area of the riser, Ai 2.99 ft
2
 

Exterior cross-section area of the riser, Ae 3.14 ft
2
 

Young’s Modulus, E 30 ×10
6 
lb/in

2
 

Moment of inertia, I 3136.9 in
4
 

Density of sea water, ρw 64.8 lb/ft
3
 

Density of internal fluid, ρm 85 lb/ft
3
 

Tension in the riser bottom, Tb 286 kips 

Mass of the riser per unit length, m 20.8 slugs/ft 

 

We use the following parameters:  
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Hence, the parameters in equation (7) are 50.62  and 99.71  .  To compute the roots of Eq. 

(20), we use a tolerance of 10
-8

. Validation of the results is presented in Table 2. We compare the 

results obtained with the state-space method with those obtained with the Galerkin discretization 

using six straight beam mode shapes, the finite element using the COMSOL software [31], the 

power-series method [9], and the Chebyshev tau method [32]. A detailed analysis of the 

convergence of each method is given in Appendix A.  



Table 2. Lowest five natural frequencies of the riser. 

Mode 
Galerkin 

 Expansion 

 Finite 

 Element 

Chebyshev  

tau method 

Power  

Series  

State Space 

Current 

Absolute  

relative deviation % 

1 0.81504  0.81507 0.81503 0.81498 0.81503 0.00613 

2 1.80369  1.80366 1.80369 1.80362 1.80369 0.00388 

3 3.08777  3.08785 3.08777 3.08762 3.08776 0.00453 

4 4.73754  4.73675 4.73754 4.73749 4.73754 0.00105 

5 6.78935  6.78748 6.78935 6.78901 6.78935 0.00500 

 

 The results, in general, are in good agreement and the relative percentage errors of the 

lowest five modes are O(10
-3

) when the results of the state-space method are compared to the 

power-series solution.  The modified Gram-Schmidt orthonormalization procedure was only 

introduced in the final step. Table 3 shows a comparison of the time taken to discretize the 

governing equation and compute the frequency of the first mode for the different methods. The 

time was measured on a personal computer (PC) running two processors at 2.66 GHz and 24.0 

GB RAM. Parallel algorithms were not utilized except for the finite element in COMSOL and 

the Galerkin discretization. The convergence criterion was set to 10
-10

 in order to quantify the 

time taken by each method. 

Table 3. Discretization and computation time for the different methods used in calculating the frequency 

of the first mode. 

Method 
CPU Time (s) 

Case (a)  

CPU Time (s) 

Case (b)   

Galerkin Expansion* 2.20 4.88 

Finite Element* 22 33 

State Space 2.20 2.65 

Power Series 2.51 10.55 

Chebyshev tau method 3.74 2.78 

(a) 50.62  and 99.71  ; and (b) 200  and 600   

*Parallel algorithms were employed 

 



We note from Table 3 that the state-space method takes less time than the other methods to 

compute the eigenvalue.  Even though application of the modified Gram-Schmidt 

orthonormalization adds extra time to the process for high applied tensions and weights, the 

overall time taken is less than that taken by the other methods. When the weight and tension 

increase, the other methods require more descritization; that is, more polynomials in the 

Chebyshev approximation, more terms in the power-series method, a finer mesh in the finite 

element method, and more modes in the Galerkin procedure, resulting in an increase in the 

needed time. This can be observed by comparing  Case (b) with Case (a) in Table 3. 

 

2. Parametric Investigation  

  In this section, we investigate the effects of the parameters  (tension) and   (weight) 

and the boundary conditions on the convergnece of the state-space scheme. The result obtained 

from the determinant in Eq. (20) is based on the two vectors in Eq. (18). Therefore, the 2-norm 

of the matrix consisting of the two final vectors is used as a measure to evaluate the numerical 

scheme. The tension ratio, defined as /rT   , is used to investigate the effects of the tension 

and weight on the state-space method. In the absence of orthonormalization, Fig. 2a, 2b, and 2c 

show that the increase in the tension imposes a limitation on the calculation of the first natural 

frequency for different end configuratios. We note that the numerical scheme breaks down when 

the norm reaches an order of (10
11

,10
12

). As the weight of the structure increases, the critical 

applied tension at which the numerical scheme breaks down (dashed line) decreases. Also, the 

stiffness of the numerical scheme increases when the end configuration is changed from hinged-

hinged to fixed-fixed and fixed-hinged. This decreases the critical applied trension, as observed 

from comparing Fig. 2c and 2b with Fig. 2a.  



 

 

Figure 2. Variation of the 2-norm of the vectors from equation (18) with the tension ratio for various values of the 

weight: (a) hinged-hinged configuration, (b) fixed-fixed configuration, and (c) fixed-hinged configuration for the 

first mode shape: (‘ ’) 50  , (‘ ’) 100  , (‘ ’) 150  , and  (‘ ’) 200  . The vertical 

segment of each curve represents the critical tension in the absence of orthonormalization. 

The break down of the numerical scheme is expected to occur for higher order modes. 

Fig. 3 demonstrates how the numerical scheme breaks down in the absence of 

orthonormalization when the applied tension increases for a weight value of 100  . There is a 

critical tension below which an eigenvalue can be computed. Above the critical tension the 

numerical scheme fails due to the loss of linear independence of the computed vectors. The 

critical tension decreases as the mode number increases. 



  

Figure 3. Variation of the 2-norm of the vectors from equation (18) with the tension ratio for various modes of a 

hinged-hinged configuration for 100   : (‘ ’) 1
st
 mode, (‘ ’) 2

nd
 mode, (‘ ’) 3

rd
 mode, and (‘ ’) 4

th
 

mode. The vertical segment of each curve represents the critical tension in the absence of orthonormalization. 

 

It follows from Fig. 2 and 3 that it is necessary to introduce orthonormalization during the 

integration process for high tension values, high apparent weights, and high-order modes. This is 

because adding steps at the end of the integration does not influence how the integration process 

behaves.  

Figure 4 shows the effect of introducing the orthonormalization process on computing the 

fundamental natural frequencies of the system. The vertical lines in Fig. 4 represent the critical 

tensions below which the natural frequencies can be computed using a number of 

orthonormalization steps. The zero step values are those obtained from Fig. 2a.  Then, if the 

tension increases beyond that critical value, one needs to increase the orthonormalization steps in 

order to compute that natural frequency. It is also apparent from Fig. 4 that if the weight of the 

riser increases, more orthonormalization steps are needed to compute the natural frequency for 

high-tension values.  



 

Figure 4. Variation of the number of modified Gram-Schmidt orthonormalization steps with the tension ratio for 

various values of the weight of a hinged-hinged configuration for the first mode: (‘ ’) 50  , (‘ ’) 100  , 

(‘ ’) 150  , and (‘ ’) 200  . 

 

The effect of the number of orthonormalization steps on the calculation of the frequencies 

of the higher order modes is examined in Fig. 5. The number of orthonormalization steps needed 

to compute the frequencies increases for higher tensions and higher modes. Unlike Fig. 4, we 

note from Fig. 5 that the frequency of a higher order mode has little influence on the broadness 

of the tension value. Therefore, the greatest weight or highest mode can be established as a limit 

in order to apply the next orthonormalization step for all other modes or weights and compute the 

natural frequencies. Similarly, other configurations, such as hinged-fixed and fixed-fixed, exhibit 

similar characteristics when orthonormalization steps are introduced during the integration 

process. 

We note that the state-space method can be extended to compute the buckling limits of 

risers. The buckling limit is obtained by setting 0  . Then, the aim is to find the applied axial 

force for which the steps from Eq. (14) to Eq. (20) are satisfied for a particular value of  . The 

numerical advantage in such cases is that orthonormalization is not needed except for higher 

order buckling modes. For example, the first buckling limit when 50  for a clamped-hinged 



configuration is 51.0605 and the first buckling limit when 200  is 121.6094. These values are 

in good agreement with previously published results [8]. 

 
Figure 5. Variation of the number of modified Gram-Schmidt orthonormalization steps with the tension ratio for the 

modes of a hinged-hinged configuration for 100  : (‘ ’) 1
st
 mode, (‘ ’) 2

nd
 mode, (‘ ’) 3

rd
 mode, and  

(‘ ’) 4
th

 mode. 

Next, we discuss the procedure for obtaining the mode shape.  For large values of alpha 

and sigma, most boundary- value problem solvers are difficult to implement. One can use 

shooting of the boundary conditions techniques in conjunction with re-orthonormalization [33] to 

overcome the difficulties. Because the eigenvalues were found using the state-space method, we 

apply the shooting algorithm to find the roots for the initial-value problem. This is followed by 

introducing orthonormalization while numerically integrating the system. Therefore, in this 

manner the mode shape associated with each frequency is obtained. Depicted in Fig. 6 (a) are the 

lowest three mode shapes associated with case (b) in Table 3. In addition, we plot the lowest 

mode shapes for 500  and 120   in Fig. 6 (b).  It is observed that a higher value of α shifts the 

maximum point of the mode shapes from the lower ends towards the middle. This causes the 

mode shape to behave like a near-symmetric mode shape in Fig. 6 (a), whereas the mode shapes 

in case Fig. 6 (b) exhibit more features of a Bessel mode shape depending on the values of alpha 

and sigma. 



  

Figure 6. Lowest three mode shapes of the vertical riser. (‘ ’) 1
st
 mode shape, (‘ ’) 2

nd
 mode shape, and  

(‘ ’) 3
rd

 mode shape for: (a) 200  and 600  (b) 500  and 120   . 

 

It is worth to indicate that the presented state-space scheme has an advantage over the 

direct shooting scheme for the boundary condition. In the particular case of marine risers, the 

shooting technique will convert the linear eigenvalue problem into a nonlinear one, causing the 

stiffness of the system to increase and hence causing loss of stability of the shooting algorithm 

[34] . In addition, shooting requires a guess for the initial solution in the absence of the 

eigenvalue, which is computationally cumbersome.  

We note that the presented state-space method is not applicable for solving marine riser 

systems with static deflection [35, 36]. The deflection introduces a non-homogenous linear term 

from the geometric nonlinearity in which the numerical state of the end condition becomes non-

zero. In this case, one can use other methods, such as the Galerkin procedure [11, 35] and the 

finite element [37].   

CONCLUSIONS 

We used the state-space approach to compute the natural frequencies and buckling limits 

of vertical marine risers. The results are in good agreement with those obtained with other 

(a) (b) 



methods; however, the state-space approach is more numerically efficient than the other 

methods. In addition, we demonstrated the advantage of the modified Gram-Schmidt 

orthonormalization process. In the case of the frequencies of higher order modes or risers with 

large weight, orthonormalization prevents the numerical integration from diverging. In either 

case, the steps from an extreme case can be utilized to compute the natural frequencies for cases 

which pose less stringent orthonormalization requirement. Finally, the state-space method can be 

programed in packaged software for efficient computation of the linear dynamics of marine 

risers. 
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APPENDIX A 

Convegence of the methods used to compute the riser eigenvalues 

 

We present convergence of the methods used to compute the first natural frequency presented in 

Table 2. For higher order modes and higher values of tension, more steps are needed in each 

method to achieve convergence.  

1. Galerkin Method 

In the Galerkin method, we use the mode shapes of a straight beam given by the boundary-value 

problem in [38]. Then, substituting the mode shapes and applying the orthogonality condition on 



Eq. (7) reduces it to a set of n algebraic equations that need to be solved. The determinant of the 

matrix containing the coefficient of the algebraic equations gives the characteristic equation of 

the frequencies. Convergence of the frequency is shown in Fig. A.1. 

 

Figure A.1 Convergence of the first natural frequency of the riser versus the number of mode shapes:   

(‘ ’) Relative Error and (‘ ’) Convergence of
1 .  

2. Chebyshev tau method 

In this method, the governing Eq. (7) is solved using a spectral decomposition in shifted 

Chebyshev polynomials [32]. The converged results are shown in Fig. A.2. 



 

 

Figure A.2 Convergence of the first natural frequency of the riser equation versus the number of 

Chebyshev polynomials: (‘ ’) Relative Error and (‘ ’) Convergence of
1 . 

It was shown in [14] that 320 Chebyshev polynomials are required to achieve convergence for the first 

natural frequency for tension dominated structures. 

3. Finite Element 

We use lagrange interpolation with quadratic shape functions in the FE procedure. The 

mesh is divided into three domains where an adaptive mesh is applied near each end. The solver 

is a built-in parallel computing algorithm given by the PARDISO solver [39]. A relative 

tolerance of 10
-10

 is used to compute the amplitude of the mode shape before the next mesh 

refining step. Convergence of the eigenvalue is shown in Fig. A.3.  



 

Figure A.3 Convergence of the first natural frequency of the riser equation from finite element solution 

versus number of elements used in the analysis: (‘ ’) Relative Error and  (‘ ’) Convergence of 

1 . 
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