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ABSTRACT

Perturbed Strong-Stability-Preserving Time-Stepping Methods For

Hyperbolic PDEs

Yiannis Hadjimichael

A plethora of physical phenomena are modelled by hyperbolic partial differential

equations, for which the exact solution is usually not known. Numerical methods

are employed to approximate the solution to hyperbolic problems; however, in many

cases it is difficult to satisfy certain physical properties while maintaining high or-

der of accuracy. In this thesis, we develop high-order time-stepping methods that

are capable of maintaining stability constraints of the solution, when coupled with

suitable spatial discretizations. Such methods are called strong stability preserving

(SSP) time integrators, and we mainly focus on perturbed methods that use both

upwind- and downwind-biased spatial discretizations.

Firstly, we introduce a new family of third-order implicit Runge–Kuttas methods

with arbitrarily large SSP coefficient. We investigate the stability and accuracy of

these methods and we show that they perform well on hyperbolic problems with large

CFL numbers. Moreover, we extend the analysis of SSP linear multistep methods to

semi-discretized problems for which different terms on the right-hand side of the

initial value problem satisfy different forward Euler (or circle) conditions. Optimal

perturbed and additive monotonicity-preserving linear multistep methods are stud-

ied in the context of such problems. Optimal perturbed methods attain augmented

monotonicity-preserving step sizes when the different forward Euler conditions are

taken into account. On the other hand, we show that optimal SSP additive methods
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achieve a monotonicity-preserving step-size restriction no better than that of the cor-

responding non-additive SSP linear multistep methods. Furthermore, we develop the

first SSP linear multistep methods of order two and three with variable step size, and

study their optimality. We describe an optimal step-size strategy and demonstrate

the effectiveness of these methods on various one- and multi-dimensional problems.

Finally, we establish necessary conditions to preserve the total variation of the so-

lution obtained when perturbed methods are applied to boundary value problems.

We implement a stable treatment of nonreflecting boundary conditions for hyperbolic

problems that allows high order of accuracy and controls spurious wave reflections.

Numerical examples with high-order perturbed Runge–Kutta methods reveal that this

technique provides a significant improvement in accuracy compared with zero-order

extrapolation.
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Chapter 1

Introduction

One of the fundamental and enduring problems in numerical analysis and the numer-

ical solution of hyperbolic partial differential equations (PDEs) is the development of

high order schemes that avoid spurious oscillations and maintain numerical stability,

especially in the presence of shocks. During the last three decades, a lot of effort

has been put into constructing numerical methods that preserve certain nonlinear

stability properties. Such methods are suitable for the solution of hyperbolic conser-

vation laws, for which the true solution may exhibit discontinuities. Perhaps the most

commonly used approach in developing these methods is the method of lines (MOL),

where a spatial discretization is first performed reducing an evolutionary PDE to a

system of ordinary differential equations (ODEs). In many cases, it is desired that

the spatial discretization is carefully chosen, so that the solution of the semi-discrete

problem satisfies a monotonicity condition with respect to some convex functional

(e.g., norm, semi-norm, etc). This monotonicity property is essential in preserving

the total variation of the numerical solution. Moreover is closely related to positivity

and contractivity preservation, conditions which may be also satisfied by the true

solution.

As soon as a suitable spatial discretization is selected, the resulting initial value

problem (IVP) is integrated in time with a numerical ODE solver. Typical ODE

time-integrators include Runge–Kutta (RK) methods and linear multistep methods

(LMMs). Usually nonlinear high order spatial discretizations are preferred; however,

when coupled with high order time-stepping methods result in fully discrete algebraic
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systems that are hard to analyze and it is not clear how to maintain stability proper-

ties. In order to simplify the analysis and establish useful results, we assume that the

semi-discrete operator of the IVP satisfies a monotonicity condition when combined

with the first-order forward Euler method. However, this results to first-order of ac-

curacy even though a higher order spatial discretization is used. To achieve high order

accuracy in time, strong stability preserving (SSP) methods (also known as total vari-

ation diminishing (TVD) time discretization methods) have been developed. These

methods preserve the same monotonicity property as the forward Euler method, but

under a different and usually more relaxed step-size restriction.

The aim of this thesis is the construction of new SSP RK methods and LMMs,

the analysis of their properties and their application on hyperbolic problems. In

particular, the primary focus of the present work is the development of novel methods

that use both upwind- and downwind-biased semi-discretizations and their efficient

implementation.

The rest of the chapter concerns with the motivation for the numerical methods

developed and also provides an outline of the remainder of the thesis.

1.1 Motivation

Optimal SSP time integration methods are those which maintain a nonlinear stability

property under the largest possible step-size restriction for a fixed number of stages or

steps, and for a given order of accuracy. If we consider IVP problems that satisfy only

the forward Euler condition, then methods with negative coefficients cannot maintain

the stability property in question under a nontrivial step size. Therefore, we need to

consider methods with only non-negative coefficients, excluding many RK methods

and LMMs. Known results state that irreducible explicit RK methods cannot be

more than fourth-order accurate and implicit RK methods no more than sixth [27].

Also, step sizes for monotonicity preservation are bounded by a factor proportional to



15

the number of stages for both explicit and implicit RK methods. In addition, LMMs

have even more severe monotonicity restrictions [59].

In an attempt to find methods with larger SSP coefficient and higher order of

accuracy, one can consider integration backwards in time and then methods with

negative coefficients could be considered. This was first mentioned when SSP methods

were introduced in [104, 105] but only recently this concept is being studied in detail.

Since the analysis of monotonicity properties for methods with negative coefficients

involves a backward in time integration, a downwind-biased spatial discretization is

needed for the method to satisfy a Courant–Friedrichs–Lewy (CFL)-like condition.

For example, consider the scalar hyperbolic conservation law Ut + f(U)x = 0, with

f ′(U) ≥ 0. The flux derivative −f(U)x can be discretized using an upwind-biased

finite difference approximation

−f(U(xi, t))x ≈ −
f
(
ui(t)

)
− f

(
ui−1(t)

)
∆x

= F (u(t))i,

where ui(t) is an approximation to U(xi, t). Let ∆tFE be the maximum step size

for which F satisfies a monotonicity condition when coupled with the forward Euler

method. Then, it can be shown that the forward Euler method

un = un−1 + ∆tF (un−1)

results in a monotone in time solution for any 0 ≤ ∆t ≤ ∆tFE. We can also consider

solving Ut + f(U)x = 0 backwards in time, however the same choice of spatial dis-

cretization results in an unstable scheme. Instead, we can discretize −f(U)x using a

downwind approximation

−f(U(xi, t))x ≈ −
f
(
ui+1(t)

)
− f

(
ui(t)

)
∆x

= F̃ (u(t))i.



16

and a stable downwind-biased method will then read

un = un−1 −∆tF̃ (un−1).

Now if −F̃ satisfies a monotonicity condition with forward Euler method, then mono-

tonicity is guaranteed. In other words, we use the forward Euler method to solve the

original problem u′(t) = F (u(t)) and the auxiliary problem u′(t) = −F̃ (u(t)). Note

that both F and F̃ approximate the same spatial operator with the same order of

accuracy and basically F̃ is the reverse-wind version of F . As we will see later in

Chapter 5, in the context of additive LMMs the discrete operators F and F̃ do not

need to approximate the same derivatives and in general, may correspond to the stiff

and non-stiff part of an IVP.

The separation of the negative and positive coefficients results in representations

with larger step size restrictions for monotonicity, and hence, the usefulness of using

both upwind and downwind operators becomes evident. Even in the case that a given

method is not SSP, a suitable perturbation can yield a representation that satisfies

the monotonicity conditions under a nonzero step-size restriction. Also, in most cases,

the operator of a semi-discretized IVP does not satisfy a monotonicity condition with

explicit Euler method both forward and backward in time. Hence, a downwind-biased

operator is required in order to obtain a larger step size for monotonicity.

We are mainly interested to further develop the SSP theory introduced for time-

stepping methods with upwind and downwind-biased operators in the case of implicit

RK methods and LMMs. Such methods are usually referred to as downwind or per-

turbed methods. The class of implicit downwind RK methods is perhaps the most

interesting class of downwind methods and in this thesis we propose a new three-

stage, third-order implicit RK method that satisfies a monotonicity condition under

arbitrary step-size restrictions. Implicit methods can be advantageous for hyperbolic
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problems in several cases. First, there is the case of stiff problems which contain

various time scales and the wave speeds vary significantly, for example magnetohy-

drodynamics problems. Implicit methods are preferred since the allowed step size is

dictated by accuracy rather than stability constraints and have the ability to tame the

stiffness induced by the fast waves. Secondly, there are problems in which only the

steady-state solution is of interest; however, one may choose to march towards the

steady-state solution by solving a time-dependent problem. Therefore, the desired

solution can be obtained with much larger step sizes if implicit methods are chosen.

Another case is that of problem in which the spatial grid contains cells of different

sizes. The local CFL number is restricted by the size of each cell and using an ex-

plicit method may result in smaller step sizes than those imposed by the accuracy

requirements of the problem. On the other hand, an implicit method overcomes such

restrictions due to the CFL condition.

Furthermore, we apply the SSP theory of downwind RK methods to LMMs in

a more general framework than those used before in the literature. This approach

results in a generalization of downwind LMMs in relation to the stiffness of the given

IVP. Additive LMMs have been studied in the context of IMEX LMMs (for example

see [55]). However, the problems considered have been mainly of the form

u′(t) = F (u(t)) +
1

ε
G(u(t)),

where G(u) is a stiff source and ε is a stiffness parameter. The implicit LMM is

constructed based on an explicit SSP LMM. An optimization procedure is carried

out over the coefficients of the implicit method, focusing on methods that have a

strong damping of the high-frequency errors and large linear stability regions. In this

thesis, we focus on methods that preserve a monotonicity condition and we consider

a more general class of additive problems. In particular, the consisting methods of
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an additive LMM scheme may be both explicit or implicit.

The development of the first SSP LMMs with variable step size and practical

aspects of their implementation are also discussed. Although this topic is not related

to downwind methods, it is directly associated with SSP methods.

Finally, methods with upwind and downwind discretizations have been applied to

problems with only periodic boundary conditions. However, challenges arise when

other boundary conditions are considered. We study effective, stable and high-

order implementation of boundary conditions for downwind methods applied to one-

dimensional systems and extensions to multidimensional problems. Our approach can

also be used with traditional (not necessarily SSP) methods. Conditions for preserva-

tion of the total variation of the solution are considered in relation to one-dimensional

scalar problems and linear systems.

1.2 Outline

The first part of the thesis, comprising Chapters 2 and 3, introduces background ma-

terial regarding the spatial and temporal discretizations and SSP methods. Special

attention is given to reviewing the basic theory of monotonicity preservation and con-

cepts about downwind methods that will assist the discussion of later chapters. The

second part, consisting of Chapters 4-7, contains novel developments on downwind

implicit RK methods and LMMs, SSP LMMs with variable step sizes and finally a

stable and accurate implementation of boundary conditions for hyperbolic problems

and analysis of TVD preservation.

Chapter 4 deals with implicit RK methods, where a new family of three-steps,

third-order of accuracy is presented. The stability of the new methods is analyzed

and its performance is tested on one-dimensional problems.

In Chapter 5 we extend the SSP theory to downwind LMM applied to IVP in which

the upwind- and downwind-biased operator satisfies different monotonicity conditions.
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We analyze such methods and the theory developed is extended to additive LMM

applied to problems that contain terms with different stiffness properties. A pair of

new IMEX LMMs is also introduced. The material of this chapter is adapted from

[36].

Chapter 6 concerns with the development of the first SSP LMMs that allow vari-

able step size. We particularly focus on the step size strategies for maintaining mono-

tonicity and illustrate the effectiveness of the new methods on variable hyperbolic

problems. The contents of this chapter are related to a joint work with Ketcheson,

Lóczi, and Németh presented in [37]. The author’s contribution involves the step

size selection strategy, the derivation of the time-stepping algorithms, and the nu-

merical application and testing of variable step size LMMs on hyperbolic problems.

The derivation and optimality of the methods, results about the upper bound and

asymptotic behavior of the allowed step size, as well as the stability and convergence

of the variable step size LMMs are credited to the coauthors of [37].

Chapter 7 deals with the development of high order boundary conditions suitable

for SSP methods applied to hyperbolic problems. The approach used is related to the

characteristic form of the problems and avoids order reduction close to the boundaries.

Necessary boundary conditions for total variation preservation are also analyzed.

Finally in Chapter 8, the main contributions of the thesis are reviewed, and we

propose directions for future research.
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Chapter 2

Numerical methods for hyperbolic PDEs

Time-dependent PDEs model a broad variety of physical phenomena, such as fluid

dynamics, wave propagation, electrodynamics, elasticity, chemical and biological re-

actions, just to name a few. From a mathematical point of view, they contain an

incredibly rich structure and have been in the frontier of analysis for centuries. Many

PDE models take the form

Ut +∇·F(U) = ∇·
(
G(∇U)

)
+ R(U ),

U(x, 0) = U0(x),

where∇·F(U ) represents a hyperbolic differential operator (convection), ∇·
(
G(∇U)

)
a parabolic operator (diffusion) and R(U ) is a reaction term. In this thesis we focus

primarily on homogeneous hyperbolic equations

Ut +∇·F(U) = 0, (2.1)

where the Jacobian of the flux F(U) has a complete set of real eigenvalues. Such

equations are typically derived from physical conservation laws. In Chapter 5, we will

also consider problems that contain terms with different stiffness properties arising

from convection-diffusion or convection-reaction problems.

One of the most widely used techniques to numerically solve (2.1) is the MOL.

In this approach the spatial and temporal derivatives are approximated separately.

First, a spatial semi-discretization is performed on (2.1), reducing the original PDE
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to a system of ODEs.

u′(t) = F (u(t)), t ≥ t0,

u(t0) = u0,

(2.2)

where u : [t0,∞) → Rm is a continuous in time approximation of U(x, t) at the

spatial grid points. The discrete operator F : Rm → Rm is an approximation to

−∇·F(U) and may also depend on time t; however, we can always transform an

IVP with a time-dependent operator to the autonomous system (2.2). The IVP (2.2)

is integrated in time by using a time discretization scheme, resulting in a system of

algebraic equations that yield the numerical solution at spatial and temporal grid

points.

This work discusses time discretization methods that are applied to semi-discrete

problems. However, there are other notable discretization techniques for the nu-

merical solution of (2.1), that fall outside the MOL approach. In the context of

finite differences or finite volumes, such methods include fully discrete one-step meth-

ods that are usually based on Taylor series expansions in which time derivatives are

expressed in terms of spatial derivatives. Typical examples are the Lax-Wendroff

method [75] and its variations with the use of limiters [80]. In the framework of finite

element methods, the Lax-Wendroff approach has been combined with a discontinuous

Galerkin method [94] and also space-time discontinuous Galerkin discretizations have

been developed, see for instance [19, 86]. Recently, the arbitrary derivative Riemann

problem (ADER) methods gained popularity [4, 112, 115, 120]; these methods can

attain arbitrary order of accuracy in space and time. The ADER approach relies on

a solution to a generalized Riemann problem in order to approximate a time integral

average of the flux function and operate with both finite volumes and discontinuous

Galerkin finite elements.

There are some important reasons why the MOL may be preferred instead of a
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direct fully discrete approach:

1. The decoupled semi-discretizations allow to choose a variety of different dis-

cretizations in space and time. This results in using finite differences, finite

volumes or finite elements, or spectral collocation methods with a broad variety

of explicit, implicit or mixed time integration methods and easily performing

numerical tests on various schemes.

2. The analysis of semi-discretizations is often much easier than that of a fully

discrete scheme. Also, the knowledge of properties and behavior of analytic

solutions for IVPs can be used when analyzing the numerical solution resulting

from a time-discretization method.

3. Useful properties of the spatial semi-discretization can be inherited by the so-

lution of an IVP. In Chapter 3 we will see how certain stability properties can

be maintained by time-discretization schemes.

2.1 Finite volume spatial discretizations

Finite volume methods are among the most popular techniques for the numerical

solution of hyperbolic conservation laws. The presence of discontinuities in hyperbolic

problems render finite difference methods ineffective in regions near discontinuities

where the differential form of a conservation law is no longer valid. Instead, finite

volume methods are based on the integral form of a conservation law

d

dt

∫
Ω

U(x, t)dΩ = −
∫
∂Ω

~n ·F(U)dS, (2.3)

where Ω is an arbitrary spatial domain over which U(x, t) is assumed to be conserved

and ~n is the outward-pointing unit vector perpendicular to ∂Ω. The integral form

(2.3) arises naturally from conservation laws. The domain Ω is divided into grid
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cells and in each cell a numerical approximation of the cell average of U(x, t) is

calculated. The cell averages are advanced in time by a numerical scheme based

on the numerical approximation of the net flux difference through the edges of the

grid cells. In Chapter 7 we will examine in more detail how the solution of local

Riemann problems determines the fluxes between the computational cells and yields

flux-differencing methods or equivalently wave propagation methods. Other classes of

methods for hyperbolic conservation laws, that are not used in this thesis, include

discontinuous Galerkin methods and spectral methods.

It is well known that most hyperbolic problems are prone to develop shocks even if

the initial condition is smooth. During the last half century a lot of effort has been de-

voted to constructing high-resolution methods that avoid spurious oscillations around

discontinuities, and at the same time converge to an entropy-satisfying weak solution.

It turns out that monotonicity plays a crucial role in maintaining the necessary sta-

bility of the numerical solution and hence contributing to convergence. Godunov in

[26] proved that a linear numerical scheme for solving PDEs cannot be monotone,

unless the scheme is at most first-order accurate. In order to overcome Godunov’s

order barrier one has to drop linearity and develop non-linear schemes, even for lin-

ear hyperbolic problems. Below we briefly present two widely used approaches used

throughout this thesis that provide high-order accurate spatial discretizations and at

the same time (essentially) do not generate new extrema.

2.1.1 TVD schemes

In 1972 a paper by Kolgan (translated to Engish in [70]) featured a Godunov-type

scheme for the Euler equations with second-order spatial accuracy and a built-in

minmod limiter to ensure a monotonicity-preserving solution. Later in 1979, van

Leer constructed a second-order accurate scheme called monotonic upstream-centered

scheme for conservation laws (MUSCL) [116], which opened the way of Godunov-type
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high-resolution methods to computational fluid dynamics and aerospace engineering.

MUSCL differs from Godunov’s method as it uses a piecewise linear reconstruction

instead of a piecewise constant approximation of the solution at each grid cell. A

slope limiter is incorporated to avoid the creation of overshoots or undershoots at

discontinuities or large gradient transitions and maintain second order in smooth

regions. The reconstructed left and right states are obtained at each cell interface

and used as inputs to a local Riemann problem to determine the numerical fluxes at

the cell boundaries. This approach leads to a TVD scheme which achieves second

order spatial accuracy in smooth regions (measured in L1- or L2-norm).

The total variation of an arbitrary grid function u, for example the time-dependent

solution to a scalar one-dimensional IVP (2.2), is defined as

‖u‖TV =
∑
i

|ui − ui−1|. (2.4)

A one-step scheme is called TVD, if for any given data un at time tn, the values un+1

computed by the scheme satisfy

‖un+1‖TV ≤ ‖un‖TV. (2.5)

The term TVD was first introduced by Harten in [41] and since then many TVD

spatial discretizations have been proposed with various slope limiters (van Leer [117],

Chakravarthy and Osher [10], Roe [96, 97], van Albada [1], and others). An extensive

analysis of a wide range of slope/flux limiters and a graphical representation of the

region in which the solution remains TVD was carried out by Sweby in [111].

In many cases the condition (2.5) might be too restrictive, so instead we consider

the condition

‖un‖TV ≤ B, (2.6)
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where B > 0 is a constant. A scheme is called total variation bounded (TVB), if

for any initial data with bounded total variation and final time T , there exists a

uniformly fixed B > 0 such that (2.6) holds for all possible n and step sizes ∆t with

n∆t ≤ T .

2.1.2 WENO schemes

Although TVD schemes are proved to not increase the total variation of the numerical

solution for one-dimensional (linear/non-linear) scalar problems and one-dimensional

linear systems, their accuracy in smooth regions is second order. Higher order recon-

structions using cell averages are possible; for example see [73] for a third-order TVD

method. However, high-degree interpolants can cause large oscillations, especially in

areas where the solution is not smooth. Moreover, at smooth local extrema the use

of slope limiters degenerates the accuracy to first order in the L∞-norm.

In the literature, a variety of approaches have been developed to ensure that a

local high-order reconstruction at each grid cell has the least possible oscillation.

This idea has been used in the piecewise parabolic method (PPM) by Collela and

Wooward [13], essentially nonoscillatory schemes (ENO) by Harten, Engquist, Osher

and Chakravarthy [42–44] and weighted ENO schemes (WENO) schemes by Shu,

Osher, Jiang, Liu and Chan [58, 82, 104]. In particular WENO schemes, even though

they are not provably TVD, provide good resolution around discontinuities, attain

an order of accuracy higher then two in smooth regions and are favored for most of

hyperbolic conservation laws in one or multiple dimensions.

2.2 Temporal discretizations

The numerical integration of an IVP (2.2) is typically accomplished by using multi-

stage or multistep methods. Multistage or RK methods use multiple function evalua-

tions F per step and retain the most recent solution from the previous step, whereas
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linear multistep methods use solutions and function evaluations from previous time

steps. Next we briefly describe the main features of these two classes of time integra-

tion methods.

2.2.1 Runge–Kutta methods

The class of RK methods aims to achieve higher accuracy by reevaluating the function

F at intermediate points within a single step, and thus requires more computations

per step. A general s-stage RK method applied to the IVP is usually given by its

Butcher form

yi = un−1 + ∆t
s∑
j=1

aijF (yj), i ∈ {1, . . . , s}

un = un−1 + ∆t
s∑
i=1

biF (yi),

(2.7)

where yi, i ∈ {1, . . . , s} are the stage estimates of u(t) at the node point ci, i.e., ap-

proximations to u(tn−1 +ci∆t), with ci =
∑s

j=1 aij. The stage weights aij, quadrature

weights bi and abscissae ci are represented respectively by a matrix A ∈ Rs×s and

vectors b and c in Rs. If the matrix A is strictly lower triangular, then the method

is explicit; otherwise it is implicit.

2.2.1.1 Linear stability

Consider the scalar linear IVP

u′(t) = λu(t), t ≥ t0

u(t0) = u0,

(2.8)



27

where λ ∈ C. Applying a RK method (2.7) to (2.8) results in

y = un−1e+ zAy,

un = un−1 + zbᵀy,

(2.9)

where y = (y1, y2, . . . , ys)
ᵀ, e = (1, . . . , 1)ᵀ ∈ Rs, and z = λ∆t. Assuming I − zA is

non-singular, then solving (2.9) for un gives

un =
(
1 + zbᵀ(I − zA)−1e

)
un−1. (2.10)

Equivalently, (2.9) can be expressed by the system

 I − zA 0

zbᵀ 1


 y

un

 =

 un−1e

un−1

 , (2.11)

and hence applying Cramer’s rule to obtain un in terms of un−1 yields

un =
det(I − z(A− ebᵀ))

det(I − zA)
un−1. (2.12)

The amplification factor

φ(z) =
det(I − z(A− ebᵀ))

det(I − zA)
= 1 + zbᵀ(I − zA)−1e. (2.13)

in (2.10) and (2.12) is called the stability function of a RK method. For an s-stage

RK method the stability function is the quotient of two polynomials of degree s and

for explicit methods it is simply a polynomial of degree s, since in such case A is

strictly lower triangular and det(I − zA) = 1. The exact solution of (2.8) is given
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by

u(tn+1) = ezu(tn);

therefore a RK method is order p accurate if

φ(z) = ez +O(zp+1), as z → 0.

The region of absolute stability (or linear stability) is the set

R = {z ∈ C : |φ(z)| < 1} (2.14)

in the complex plane, such that if λ∆t ∈ R and <(λ) < 0, then the sequence of

numerical solutions un converges to zero for all initial values u0.

2.2.1.2 Order conditions

There are multiple ways to derive the order conditions of a RK method, see for ex-

ample [2]. Here, we follow Butcher’s graphical representation using rooted trees. The

order conditions are derived by comparing the Taylor expansions of the exact and

numerical solutions, after each component of the expansions is expressed in terms of

elementary weights, elementary differentials and the functions on trees as discussed

in [8]. An elementary weight Φ is a map that takes each rooted tree t to the corre-

sponding algebraic expression Φ(t) which is a summation over the coefficients of the

RK method. Table 2.1 lists the elementary weights for trees of up to degree five; a

general recursive formula can be found in [8, Definition 312A]. The order conditions

are obtained by comparing the elementary weights with the values 1/γ(t), where γ(t)

denotes the density of tree t [8]. Let r(t) be the cardinality of the set of vertices of



29

i tree ti Φ(ti) γ(ti) i tree ti Φ(ti) γ(ti)

0 ∅ 1 0 9 b
b b b b

bTc4 5
1 b bTe 1 10 b

b b b
b

bTC2Ac 10
2 b

b

bTc 2 11 b
b b
b b

bTCAc2 15

3 b
b b

bTc2 3 12
b

b b
b
b

bTCA2c 30
4 b

b
b

bTAc 6 13 b
b
b

b
b

bT (Ac)2 20
5 b

b b b

bTc3 4 14 b
b

b b b

bTAc3 20

6 b
b b
b

bTCAc 8 15 b
b

b b
b

bTACAc 40

7 b
b

b b

bTAc2 12 16 b
b

b
b b

bTA2c2 60

8 b
b

b
b

bTA2c 24 17
b
b

b
b

b

bTA3c 120

Table 2.1: Elementary weights Φ(ti) of trees ti up to order five for a Runge–Kutta
method with Butcher tableau (A, b, c). Here C is a diagonal matrix with components
ci =

∑i−1
j=1 aij and exponents of vectors represent component exponentiation. By

convention Φ(t0) = 1, where t0 denotes the empty tree.

tree t. Then, we say that a RK method is order p accurate if

Φ(t) =
1

γ(t)
, for all trees with r(t) ≤ p.

2.2.2 Linear multistep methods

Instead of evaluating the solution in different stages over a single step, one can use

information from previous steps to construct a numerical solution. At step n, a k-step

LMM applied to (2.2) takes the form

un =
k−1∑
j=0

αju
n−k+j + ∆t

k∑
j=0

βjF (un−k+j). (2.15)

If βk = 0, then the method is explicit; otherwise it is implicit. The computational

cost per step is constant since a single new function evaluation is required; however

a LMM requires more memory storage compared with low-storage RK methods.
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2.2.2.1 Linear stability

When applied to the scalar linear IVP (2.8), method (2.15) reduces to

un =
k−1∑
j=0

φj(z)un−k+j, (2.16)

where

φj(z) = (1− βkz)−1(αj + βjz), j ∈ {0, . . . , k − 1}. (2.17)

It can be easily seen that the exact solution of (2.8) satisfies

u(tn) = enzu0;

therefore the method (2.15) is of order p if

ekz =
k−1∑
j=0

φj(z)ejz +O(zp+1), as z → 0.

The iteration (2.16) can be rewritten as a homogeneous linear difference equation

k∑
j=0

(αj + βjz)un−k+j = 0, (2.18)

where αk = −1. The general solution of (2.18) takes the form un =
∑k

j=0 cjζ
n
j , where

ζj are the roots of the characteristic polynomial

k∑
j=0

(αj + βjz)ζj. (2.19)
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The polynomial (2.19) is called the stability polynomial of a LMM (2.15) and it is

usually denoted by

π(ζ; z) := ρ(ζ)− zσ(ζ), (2.20)

where

ρ(ζ) =
k∑
j=0

α̂jζ
j, σ(ζ) =

k∑
j=0

βjζ
j,

are the characteristic polynomials of the LMM and α̂j = −αj, j ∈ {0, . . . , k}. In

general, the characteristic polynomial (2.20) is of degree k; thus, in order to have k

roots the condition αk ·βk 6= 0 must hold. The region of absolute stability for a LMM

(2.15) is the set of points z ∈ C, such that π(ζ; z) satisfies the root conditions:

|ζj| ≤ 1, for j ∈ {0, . . . , k},

|ζj| < 1, if ζj is a repeated root.

2.2.2.2 Order Conditions

In contrast with Runge–Kutta methods, the order conditions are obtained in a much

simpler way and they are the same for both linear and nonlinear problems. By

plugging the exact solution in (2.15) and taking Taylor expansions around tn−k, it

can be shown that a LMM is order p accurate if

k−1∑
j=0

αj = 1,
k−1∑
j=0

jαj +
k∑
j=0

βj = k,

k−1∑
j=0

αjj
i +

k∑
j=0

βjij
i−1 = ki, i ∈ {2, . . . , p}.

(2.21)
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Chapter 3

Strong-stability-preserving methods

The aim of this chapter is to provide a brief introduction to the topic of this work:

SSP time stepping methods, and in particular, methods that use both upwind and

downwind semi-discrete operators. Rather than giving a complete description of all

details, we mention only the essential concepts that will facilitate the discussion of the

latter chapters. The reader is referred to [31] for a detailed review of the SSP theory,

a collection of the most useful explicit and implicit SSP methods, and a presentation

of their properties.

When numerically solving time-dependent PDEs, our primary consideration is to

maximize the allowed step size relative to the computational cost per step. The step

size depends on two factors: accuracy and stability.

Accuracy. In the MOL approach, the accuracy of a method is determined by the

distribution of spatial errors in the computational domain and their accumulation

over time. The order of accuracy is measured in terms of the order of the global error

in some norm, which by its turn is related to the local truncation errors. For most

numerical schemes, accuracy can be easily derived and analyzed (e.g., from Taylor

series expansions assuming smoothness of the solution). For hyperbolic problems, the

CFL condition dictates that the temporal step size be of the same order as the spatial

step size. This implies that in most cases it is desired that the temporal and spatial

discretizations share the same order of accuracy. Therefore, high order methods both

in space and time are favorable since we are allowed to take larger step sizes in order

to reach a given error bound.
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Stability. In principle, temporal accuracy is not a major issue for IVPs resulting

from hyperbolic problems, since stability requirements largely constrain the temporal

step size. The CFL condition is only a necessary condition for convergence of explicit

methods for hyperbolic PDEs; linear (or absolute) stability may restrict the allowed

step size even more. For smooth solutions of linear differential equations, linear sta-

bility is both necessary and sufficient so that a consistent method converges to the

solution of the PDE. Linear stability is also important for smooth nonlinear problems

because a consistent method with an L2-stable and adequately dissipative lineariza-

tion gives a convergent nonlinear approximation [110]. However, in the presence of

sharp gradients or discontinuities (shocks), linear stability no longer guarantees con-

vergence. An example is the application of Lax-Wendroff scheme to nonlinear scalar

conservation laws as discussed by Majda and Osher [88]. The Lax-Wendroff method is

linearly L2-stable; however, when applied for instance to Burgers’ equation it becomes

unstable (i.e., the numerical scheme explodes after a few iterations) near stagnation

states [88, Theorem A-1]. Therefore, an additional reinforcement of stability with

some nonlinear properties must be sought. These properties usually take the form of

total variation bounds, entropy stability or maximum principle preservation. Hence,

it is desirable to construct numerical methods that not only avoid spurious oscilla-

tions but also preserve a discrete analog of the nonlinear stability properties satisfied

by the solution of a hyperbolic PDE.

The difficulties in directly studying nonlinear stability and obtaining analytic re-

sults of stability for arbitrary time-stepping methods, lead researchers in developing

high-order spatial discretizations that satisfy nonlinear stability properties when cou-

pled with first order Euler method. However, these nonlinear stability properties may

not be preserved if high-order methods are used for time integration. SSP meth-

ods were introduced in order to ensure that the nonlinear properties of the spatial

discretization are inherited by the fully discrete numerical approximation when high-
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order time integration methods are used.

Historically, the search for high order SSP methods was driven from both the

PDE and ODE community. In the following, we mention the main contributions

to SSP theory over the last few decades. We exclude any references to downwind

time-integrators, as these will be covered in Section 3.7.

Pioneer work in the context of the numerical solution of ODEs initiated by Bolley

and Crouzeix [6] and Spijker [106], who studied, respectively, positivity and contrac-

tivity for linear systems of ODEs. It was proved that the maximum allowed step

size at which positivity or contractivity is guaranteed is given by the radius of abso-

lute monotonicity of the stability function. Some years later, Kraaijevanger [35, 71]

studied the optimal threshold factors of absolutely monotonic polynomials and ratio-

nal functions and presented an algorithm for computing optimal functions and their

radius of absolute monotonicity. These works initiated the development of the first

nonlinearly stable optimal explicit and implicit RK methods for linear problems. The

theory was extended to cover the necessary and sufficient conditions for RK methods

to be contractive for nonlinear problems in [72]. In this work, Kraaijevanger presented

the equivalence of contractivity and absolute monotonicity, a comprehensive study of

conditions for conditional and unconditional contractivity, as well optimal contractive

explicit RK methods. Later the SSP theory was applied to positivity preservation

by Horváth [51, 52]. Contractivity of LMMs was studied by Sand [102] and opti-

mal explicit and implicit LMMs for linear and nonlinear ODEs were investigated by

Lenferink [77, 78].

By that time, high-order SSP methods (originally called TVD time discretiza-

tions) were used by Shu in relation to TVD spatial discretizations [103], and by Shu

and Osher in the context of ENO and WENO approximations [104, 105]. Many of

the methods used by Shu and Osher also appeared in Kraaijevanger’s and Lenferink’s

works, marking the importance of SSP methods in both ODE and semi-discrete prob-
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lems. Moreover, a reformulation of RK methods was suggested by Shu and Osher that

simplified the analysis of SSP methods. Optimal SSP methods and bounds on the

allowed step size for semi-discrete problems were proven by Gottlieb and coauthors

[29, 33, 34]. Ruuth and Spiteri developed new classes of optimal SSP RK methods

and studied their properties in [98, 100, 108, 109]. LMMs with monotonicity (TVD)

or boundedness (TVB) properties were investigated by Hundsdorfer and Ruuth [54,

56, 99]. Ferracina and Spijker also studied TVB properties of RK methods in [22].

A major breakthrough of the SSP theory was the connection of the optimal Shu–

Osher representation with the absolute monotonicity of RK methods. This connec-

tion was independently discovered in 2004 by Ferracina and Spijker [20, 21], Higueras

[47], and Ketcheson [61]. It was proved that for a given RK method the largest

step-size bound over all Shu–Osher representations corresponds to the radius of ab-

solute monotonicity of the RK method. Based on this result, optimal contractive

(or monotonically decreasing) time-stepping methods are also optimal SSP methods,

and thus the SSP restriction on the allowed step size is both sufficient and necessary

for strong stability (e.g., monotonicity, contractivity or positivity). Hence, the SSP

theory was unified under a more complete and robust theoretical framework. This

development simplified the optimization problem for search of optimal SSP RK meth-

ods and enabled the extension of the theory to various classes of numerical methods

and problems.

More recently, strong stability of implicit RK methods has been analyzed, and

optimal methods have been derived [23, 66, 87]. A low storage formulation of SSP RK

methods has been studied by Ketcheson [62, 63]. General linear methods with optimal

monotonicity properties have been discussed in [16, 59, 107]. Theoretical results

regarding the existence of arbitrary order explicit SSP LMMs and their maximum

step size restrictions for monotonicity can be found in [91]. SSP RK methods and

IMEX RK methods with high linear order have been also studied [14, 30].
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Many extensions of the SSP theory have been developed for other classes of meth-

ods, that lie outside of the class of classical RK methods and LMMs. Some examples

include IMEX LMMs [55], multirate methods [15], spectral deferred correction meth-

ods [27, 84], hybrid methods [53], multistep multistage methods [7, 64], embedded RK

methods [67], RK methods of maximal effective order [38], multistage multiderivative

methods [11], and dense output formulae for RK methods [65].

3.1 Necessity of SSP methods

Before we discuss the main properties of SSP methods, we demonstrate the effective-

ness of such methods with some numerical tests. The importance of choosing SSP

time discretizations has been demonstrated in the literature by many examples, see

for instance [31, Chapter 1 & Section 3.5] and the references within. Here, we use

two scalar one-dimensional problems to compare some well-known RK methods with

SSP methods of the same order of accuracy. We also compute the increase in the

total variation norm as the CFL number increases and illustrate that SSP methods

have better monotonicity properties at larger CFL numbers.

Figure 3.1a demonstrates the solution to the Buckley–Leverett equation

Ut +
(
F(U)

)
x

= 0, where F(U) =
U2

U2 + a(1− U)2
, a = 1/3,

obtained by the Heun’s three-stage, third-order RK method (RK33):

y1 = un−1 +
1

3
∆tF (un−1),

y2 = un−1 +
2

3
∆tF (y1),

un = un−1 +
1

4
∆tF (un−1) +

3

4
∆tF (y2),
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(a) Buckley–Leverett equation; CFL number ν = 0.11, time T = 0.2.
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(b) Burgers’ equation; CFL number ν = 2.2, time T = 0.16.

Figure 3.1: Comparison of solutions of the Burgers’ and Buckley–Leverett equations
obtained by SSP and non-SSP methods.
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and the optimal three-stage, third-order SSP RK method (SSP33) [31, Section 2.4.2]:

y1 = un−1 + ∆tF (un−1),

y2 = un−1 +
1

4
∆tF (un−1) +

1

4
∆tF (y1),

un = un−1 +
1

6
∆tF (y1) +

1

6
∆tF (y2) +

2

3
∆tF (y2).

The flux derivative is approximated by a second-order TVD finite volume discretiza-

tion by using the van–Leer limiter. We use 500 cells in [0, 1] (i.e., ∆x = 0.002) and the

initial profile is given by a Heaviside function. The numerical solution is plotted at

time T = 0.2 and the CFL number used for both methods is equal to 0.11. As clearly

shown, for the chosen CFL number the non-SSP method develops large oscillations

that result in instability, whereas the SSP method remains stable and converges to the

exact solution. Note that both methods have the same number of stages and order of

accuracy; therefore are equivalent in terms of computational cost and accuracy, but

greatly differ when it comes to nonlinear stability. It is also interesting to examine the

maximum increase of the solution’s total variation. Figure 3.2a shows how the total

variation rises as the CFL number increases. For each CFL number, we compute the

maximum increase of the solution’s total variation over the time interval [0, 5]. The

solution computed with the RK33 method preserves the TVD condition for a CFL

number less than 0.045. On the contrary, the SSP33 method remains TVD for about

twice as large CFL number.

In the second numerical test, we consider the Burgers’ equation Ut+UUx = 0 and

use the classical four-stage, fourth-order RK method (RK44):

y1 = un−1 +
1

2
∆tF (un−1),

y2 = un−1 +
1

2
∆tF (y1),

y3 = un−1 + ∆tF (y2),

un = un−1 +
1

6
∆tF (un−1) +

1

3
∆tF (y1) +

1

3
∆tF (y2) +

1

6
∆tF (y3),
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(a) Buckley–Leverett equation; the vertical axis shows the maximum increase of the total
variation over the time interval [0, 5] for different CFL numbers.
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(b) Burgers’ equation; the vertical axis shows the maximum increase of the total variation
over the time interval [0, 5] for different CFL numbers.

Figure 3.2: Plot of the maximum rise in total variation as a function of the CFL
number. Top: Comparison of third-order SSP and non-SSP methods on Buckley–
Leverett equation (spatial discretization: TVD). Bottom: Comparison of fourth-order
SSP and non-SSP methods on Burgers’ equation (spatial discretization: WENO).
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and the optimal ten-stage, fourth-order SSP RK method (SSP104) [31, Section 2.4.3]:

y1 = un−1,

yi = un−1 +
1

6
∆t

i−1∑
j=1

F (yj), i ∈ {2, . . . , 5},

yi = un−1 +
1

15
∆t

5∑
j=1

F (yj) +
1

6
∆t

i−1∑
j=6

F (yj+5), i ∈ {6, . . . , 10},

un = un−1 +
1

10
∆t

10∑
j=1

F (yj).

The spatial discretization is computed by a fifth-order WENO finite volume method

and we use 200 cells in [0, 1]. The initial profile is chosen to be the sinusoidal wave

u0(x) = 1.5 + sin(2πx). Although the SSP method used in this example has 21
2
times

as many stages than the RK44 method, the TV-norm does not increase more than

5× 10−3 under a CFL number equal to 3.7. The total variation of the solution with

the RK44 method is bounded by the same tolerance, if the CFL number is under

1.2 (see Figure 3.2b). Thus, the SSP104 method is about 19% faster than the RK44

method. The plot in Figure 3.1b shows the behavior of the two methods at time

T = 0.15, shortly before the shock forms, and the CFL number is set to 2.151. The

RK44 method exhibits spurious oscillations resulting in an explosion of the numerical

solution when the solution becomes discontinuous. On the other hand, the SSP104

method accurately captures the shock and creates no oscillations.

3.2 The SSP property

The exact solution of most one-dimensional hyperbolic PDEs (2.1) satisfies a TVD

property

‖U(·, t+ ∆t)‖TV ≤ ‖U(·, t)‖TV, ∆t ≥ 0, (3.1)
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or a TVB property

‖U(·, t)‖TV ≤ B, for a given B > 0.

The total variation of an arbitrary real-valued function q(x) on an interval [a, b] ∈ R,

is defined by

‖q‖TV = sup
P[a,b]

N∑
j=1

|q(xj)− q(xj−1)|,

where the supremum is taken over all partitions P = {x0, . . . , xN} ∈ P [a, b] of the

interval [a, b]. These properties are also important for the numerical solution of PDEs,

not only because they are satisfied by the exact solution, but also because they allow

a proof of convergence for linear and nonlinear scalar problems with discontinuous

solutions. Moreover, for general systems of PDEs imposing these properties on the

numerical solution ensures that no oscillations are developed.

In general we assume that there exists a step size ∆tFE > 0 such that for suitable

semi-discretizations of a PDE, the solution obtained by the forward Euler method

applied to (2.2) satisfies the property

‖u+ ∆tF (u)‖ ≤ ‖u‖, ∀u ∈ Rm, 0 ≤ ∆t ≤ ∆tFE, (3.2)

with respect to some norm, semi-norm or convex functional ‖·‖ : Rm → R. Assuming

that (3.2) holds, the solution u(t) of (2.2) is non-increasing in time with respect to

‖ · ‖, since the right-sided derivative of ‖u(t)‖ satisfies

D+‖u(t)‖ = lim
∆t→0+

‖u(t+ ∆t)‖ − ‖u(t)‖
∆t

≤ lim
∆t→0+

‖u(t) + ∆tu′(t)‖ − ‖u(t)‖+
∑∞

k=2
∆tk

k!
‖u(k)(t)‖

∆t

= lim
∆t→0+

‖u(t) + ∆tF (u(t))‖ − ‖u(t)‖
∆t

≤ 0.
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The property (3.2) is usually referred to as the forward Euler condition (or circle

condition in the case of linear IVPs) and is a sufficient condition for the monotonicity

property

‖u(t+ ∆t)‖ ≤ ‖u(t)‖, ∀∆t ≥ 0. (3.3)

In the case the chosen norm ‖ · ‖ is the TV semi-norm, then the desired property to

preserve is the total variation diminishing and thus the solution of (2.2) satisfies the

TVD property (3.1).

The condition (3.2) by itself is restrictive only to the first-order forward Euler

method, but usually high order spatial discretizations are used for the solution of

PDEs. As mentioned earlier, the CFL condition for hyperbolic PDEs admits a

bounded ratio of temporal and spatial step sizes. Therefore, the forward Euler method

results in first-order global accuracy no matter of the spatial accuracy. Its linear sta-

bility region excludes the whole imaginary axis except the origin; thus it is not suitable

for hyperbolic problems, as seen from a linear stability perspective. We would like to

establish a discrete analogue of (3.3) for the numerical solution un of (2.2) obtained

by a high-order accurate RK method or LMM. Provided that (3.2) holds, then we

say that a RK method (2.7) is SSP if

‖un‖ ≤ ‖un−1‖ (3.4)

holds under a step-size restriction

0 ≤ ∆t ≤ C∆tFE. (3.5)
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Similarly, under the assumption (3.2), a k-step LMM (2.15) is SSP if

‖un‖ ≤ max{‖un−1‖, . . . , ‖un−k‖} (3.6)

holds whenever a step-size restriction (3.5) is satisfied. The coefficient C is called the

SSP coefficient of the method and is usually a property of the time-stepping method,

whereas the forward Euler step size ∆tFE depends on the ODE or semi-discretized

problem. As we will see in Chapter 5, the SSP coefficient may also depend on the

problem for a specific class of LMMs.

In the next two sections, we analyze the conditions under which RK methods and

LMMs satisfy the monotonicity conditions (3.4) and (3.6), respectively. We begin

with the class of RK methods as it has a more involved and interesting SSP theory.

3.3 Monotonicity conditions for Runge–Kutta methods

First, it is convenient for the analysis carried out to express a RK method (2.7) in

the compact form

y = e⊗ un−1 + ∆t(K ⊗ I)F (y),

un = ys+1.

(3.7)

As in (2.7), the vector y = (y1,y2, . . . ,ys+1)T ∈ R(s+1)m represents the stages, and

the vector F (y) = (F (y1),F (y2), . . . ,F (ys),0)T ∈ R(s+1)m denotes the derivatives

of y. The method is defined by the real matrix

K =

 A 0

bT 0

 ∈ R(s+1)×(s+1), (3.8)
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where A ∈ Rs×s and b ∈ Rs are the usual Butcher coefficients of the RK method.

We denote by e the column vector of ones in Rs+1, I ∈ R(s+1)×(s+1) is the identity

matrix and ⊗ stands for the Kronecker product.

The numerical solution is monotone if every stage is monotone, namely

‖yi‖ ≤ ‖un−1‖, 1 ≤ i ≤ s+ 1, (3.9)

under a time-step restriction ∆t ≤ ∆tmax. Assuming that F satisfies the forward

Euler condition (3.2), then we would like to find RK methods of higher order than

one that generate a numerical solution satisfying (3.9) with ∆tmax = C∆tFE. The

SSP coefficient C becomes apparent if we write the RK method (3.7) in the modified

Shu–Osher form [21, 48]

y = v ⊗ un−1 + (α⊗ I)y + ∆t(β ⊗ I)F (y), (3.10)

where α,β ∈ R(s+1)×(s+1) are the Shu–Osher coefficient matrices, I − (α ⊗ I) is

invertible, and consistency requires v + αe = e. If α,β,v are non-negative, then

(3.10) can be rearranged so that every ‖yi‖, i ∈ {1, . . . , s + 1} is written as convex

combinations of the forward Euler method. Assuming that βij = 0 whenever αij = 0,

then by using the triangle inequality we obtain

‖yi‖ ≤ vi‖un−1‖+
s∑
j=1

αij
∥∥yj + ∆t

βij
αij
F (yj)

∥∥.
Hence, if ∆t

βij
αij
≤ ∆tFE for all i, j ∈ {1, . . . , s+ 1}, then by condition (3.2) we have

‖yi‖ ≤ vi‖un−1‖+
s∑
j=1

αij‖yj‖.

Now, let index q to be such that ‖yi‖ ≤ ‖yq‖ for all i ∈ {1, . . . , s + 1}. By con-
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sistency
∑s

j=1 αqj = 1 − vq and if vq 6= 0 then ‖yq‖ ≤ ‖un−1‖. If vq = 0 we have

‖yq‖ ≤
∑s

j=1 αqj‖yj‖. From our assumption ‖yi‖ ≤ ‖yq‖ for all i ∈ {1, . . . , s + 1},

hence ‖yj‖ = ‖yq‖ for every j with αqj 6= 0. Then, we can always take j∗ such that

αqj∗ 6= 0 and vj∗ 6= 0 and apply the argument above. In general v cannot be identical

to zero, otherwise the method will not depend on un−1 and neither to initial data.

This condition implies that the method is well-defined. Therefore, (3.9) holds and

consequently the monotonicity condition (3.4) is satisfied whenever

0 ≤ ∆t ≤ C(α,β)∆tFE. (3.11)

For a given Shu–Osher method (3.10) the coefficient C(α,β) is define as

C(α,β) =


mini,j

αij
βij

, if αij, βij, vi are non-negative for all i, j ∈ {1, . . . , s+ 1}

0, otherwise.

The ratio αij/βij is considered to be infinite if βij = 0.

Notice that a given irreducible RK method (i.e., a method that cannot be ex-

pressed with fewer stages) corresponds to multiple Shu–Osher representations (3.10).

Therefore, we are interested in the Shu–Osher method with the largest possible step

size (3.11). We define the SSP coefficient of the RK method (3.10) to be

CRK := max
α,β

min
i,j

αij
βij

, (3.12)

among all matrices α,β ∈ R(s+1)×(s+1). The relation between the coefficients of the

Butcher form (3.7) and the Shu–Osher form (3.10) can be found by rearranging (3.10),
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as follows:

y = v ⊗ un−1 + (α⊗ I)y + ∆t(β ⊗ I)F (y)(
I − (α⊗ I)

)
y = v ⊗ un−1 + ∆t(β ⊗ I)F (y)

y =
(
(I −α)⊗ I

)−1(
v ⊗ I

)
un−1 + ∆t

(
(I −α)⊗ I

)−1(
β ⊗ I

)
F (y).

Since consistency implies v +αe = e, then v ⊗ I =
(
(I −α)e⊗ I

)
and thus

y = e⊗ un−1 + ∆t
(
(I −α)−1β ⊗ I

)
F (y).

Comparing the above with (3.7) we have

K = (I −α)−1β. (3.13)

The relation (3.13) suggests that the Shu–Osher representation gives a unique Butcher

representation, but the opposite is not true. For example, given a matrix K we can

always obtain the trivial Shu–Osher form by letting α = 0 and β = K. Other

choices exist as well, resulting in different Shu–Osher representations with different

coefficients C(α,β). In the following, we explain how a unique optimal Shu–Osher

representation can be constructed for a given RK method in the Butcher form (3.7).

3.3.1 Absolute monotonicity of Runge–Kutta methods

The SSP coefficient CRK is governed by the radius of absolute monotonicity of a RK

method, as shown in [20, 47]. More precisely, for irreducible RK methods Ferracina

and Spijker provided necessary and sufficient conditions for monotonicity and proved

that the SSP coefficient is equal to the radius of absolute monotonicity [20]. This

theory is a variant to the Kraaijevanger’s theory on contractive RK methods [72].

The definition of absolute monotonicity for RK methods was given in [72, Defini-
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tion 2.4] and is equivalent to the following definition as mentioned in [48].

Definition 3.1. An s-stage RK method (3.7) is said to be absolutely monotonic at

−r, r ≥ 0, if I + rK is non-singular and the following conditions hold

(I + rK)−1K ≥ 0, (I + rK)−1e ≥ 0. (3.14)

The above inequalities are understood component-wise and we assume the same for

similar inequalities throughout this thesis.

Note that Definition 3.1 has a strong connection with absolute monotonicity of

complex-valued functions. Consider a RK method (3.7) applied to the scalar linear

problem u′(t) = λu(t), with λ ∈ C. Assuming that I − zK is non-singular, then this

leads to the recurrence relation

y = Φ(λ∆t)un−1,

where

Φ(z) = (I − zK)−1e. (3.15)

Note that

(Is+1 − zK)−1 =

 (Is − zA)−1 0

zbᵀ(Is − zA)−1 1

 , (3.16)

where the subscript on the identity matrix indicates its size for clarity. Hence, the

last entry of Φ(z) coincides with the stability function (2.13). In general, the stability

function is a rational function P (z)/Q(z), where P and Q are polynomials in the

complex variable z with real coefficients. Absolute monotonicity of rational functions

is given by the following definition.
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Definition 3.2. [72, Definition 2.1] A rational function ψ(z) = P (z)
Q(z)

: C→ C is said

to be absolutely monotonic at a given r ∈ R, if Q(r) 6= 0, and all derivatives of ψ

are non-negative, namely ψ(k)(r) ≥ 0, k ∈ {0, 1, 2, . . . , }. Moreover, ψ is absolutely

monotonic on a given set Ω ⊂ R if ψ is absolutely monotonic at each r ∈ Ω.

Definition 3.2 implies that Φ(z) is absolutely monotonic at −r, if all coefficients

of the Taylor expansion about z = −r are non-negative. Let z = −r + w, with w

sufficiently close to zero. If I + rK is non-singular then so does I − zK. By using

the equality (I − zK)−1K = K(I − zK)−1 we arrive at the Taylor series

(I − zK)−1 =
∞∑
k=0

(
w(I + rK)−1K

)k
(I + rK)−1. (3.17)

Substituting (3.17) in (3.15) for z = −r + w, we obtain

Φ(z) =
∞∑
k=0

(wK(r))k e(r),

where K(r) = (I + rK)−1K and e(r) = (I + rK)−1e. Then, the non-negativity

of K(r) and e(r) imply that Φ(z) is absolutely monotonic at z = −r. Recall that

according to Definition 3.1, the conditions K(r) ≥ 0 and e(r) ≥ 0 are exactly the

conditions for a RK method to be absolutely monotonic. Finally, we can consider the

application of the RK method (3.7) to more general test problems, in particular to

the non-autonomous problem u′(t) = λ(t)u(t), λ(t) ∈ C and to the vectorial linear

problem u(t) = L(t)u, where L(t) ∈ Cm×m. It was proved in [72, Lemma 2.5] that

conditions (3.14) are sufficient for absolute monotonicity of the stability functions

arising in such cases. We can now define the radius of absolute monotonicity of a RK

method in an analogous manner to the definition of radius of absolute monotonicity

of functions.

Definition 3.3. The radius of absolute monotonicity of a RK method (3.7) is defined
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by

R(K) := sup{r ∈ R+ : K is absolutely monotonic at − r}.

Remark 3.1. By [72, Section 3], if a RK method (3.7) is absolutely monotonic at

−r, then it is also absolutely monotonic on the interval [−r, 0]. If there is no r > 0

such that K is absolutely monotonic at −r then R(K) = 0.

The inequalities (3.14) are essential in the determination of the optimal Shu–Osher

representation that corresponds to the SSP coefficient (3.12). Assume that for a given

r ≥ 0, the matrix I + rK is invertible, and define

βr = (I + rK)−1K, (3.18)

vr = (I + rK)−1e. (3.19)

We can rearrange the RK method (3.7) in terms of (3.18), yielding

y = e⊗ un−1 + ∆t(K ⊗ I)F (y)(
I + r(K ⊗ I)

)
y = e⊗ un−1 + r(K ⊗ I)

(
y +

∆t

r
F (y)

)
y =

(
(I + r(K ⊗ I))−1 e⊗ I

)
un−1 + r

(
I + r(K ⊗ I)

)−1
(K ⊗ I)

(
y +

∆t

r
F (y)

)
y =

((
I + rK−1

)−1
e⊗ I

)
un−1 +

(
r(I + rK)−1K ⊗ I

)(
y +

∆t

r
F (y)

)
,

and hence

y = vr ⊗ un−1 + (rβr ⊗ I)

(
y +

∆t

r
F (y)

)
.

Consider the Shu–Osher method (3.10) with arrays v,α,β replaced by vr,αr,βr,

respectively. Then, consistency requires vr + αre = e; thus, (I + rK)(αr − I) = I
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and

αr := r(I + rK)−1K = rβr.

Therefore, if there exists r ≥ 0 such that (I + rK) is invertible and all entries of vr

and βr given by (3.18) are non-negative, then the Shu–Osher method

y = vr ⊗ un−1 + (αr ⊗ I)

(
y +

∆t

r
F (y)

)
(3.20)

has C(α,β) = r. Moreover, from Definition 3.1 the RK method (3.20) is monotone

at −r. In the literature, the Shu–Osher form (3.20) is referred to as the canonical

Shu–Osher form and for a given value of r, the RK method (3.7) corresponds to a

unique Shu–Osher representation (3.20) and vice-versa.

Using [31, Lemma 3.3], it can be proved that if (I + rK)−1 exists for all r in the

range 0 ≤ r ≤ R(K), then (3.18) holds. We can now formally state the following

lemma that shows the relation of the canonical Shu–Osher representation of a RK

method and the radius of absolute monotonicity.

Lemma 3.1. Let K be the Butcher matrix of a RK method (3.7) and let r ≥ 0

be given such that I + rK is non-singular. Consider the canonical Shu–Osher rep-

resentation (3.20) of the method, where αr = rβr and vr, βr are given by (3.18).

Then

r ≤ R(K) if and only if vr ≥ 0,βr ≥ 0.

Consider the case r = R(K). Then if I + rK is invertible, from Lemma 3.1 we

have that vr ≥ 0 and βr ≥ 0 for r = R(K). By taking norms in (3.20) and applying

the triangle inequality, we can easily see that the monotonicity condition (3.4) holds

whenever 0 ≤ ∆t ≤ R(K)∆tFE. As a result, we have the following proposition, which

is similar to [48, Proposition 2.1].
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Proposition 3.1. Consider a RK method (3.7) applied to the IVP (2.2) and assume

that the forward Euler condition (3.2) holds. Let R(K) be the radius of absolute

monotonicity of the method. Then, the method (3.7) admits an optimal Shu–Osher

representation (3.20) with r = R(K), αr = r(I + rK)−1K, vr = (I + rK)−1e and

satisfies ‖un‖ ≤ ‖un+1‖ whenever

0 ≤ ∆t ≤ R(K)∆tFE. (3.21)

Proposition 3.1 gives a sufficient condition for monotonicity, however for irre-

ducible RK method it can be shown that the step size (3.21) is also a necessary

condition for preserving monotonicity, see for example [31, Section 3.5] and [107,

Theorem 2.4]. Therefore, it follows that C(α,β) ≤ R(K) for any Shu–Osher repre-

sentation (3.10). As a result the SSP coefficient (3.12) of a RK method is equal to its

radius of absolute monotonicity, namely

CRK = max
α,β
C(α,β) = R(K).

If a RK method has R(K) > 0, then it can be represented in the canonical Shu–

Osher form (3.20) with r = R(K) and the numerical solution to (2.2) is monotone

under the maximum step-size restriction ∆tmax = R(K)∆tFE. Such representations

are optimal in the SSP sense, as they attain the largest possible SSP coefficient. The

optimal Shu–Osher representation can be expressed as

y = v ⊗ un−1 + (α⊗ I)
(
y +

∆t

CRK

)
F (y), (3.22)

which is exactly the form (3.10) in the case α = CRKβ. Using K = (I − α)−1β, we



52

can express the Shu–Osher matrices in terms of the Butcher coefficients:

α = CRKK(I + CRKK)−1,

β = K(I + CRKK)−1,

v = e−αe.

For more details regarding the SSP theory of RK methods see [31, Chapter 3].

Details regarding the connection of SSP theory and absolute monotonicity can be

found in [21, 22, 47, 107].

3.4 Monotonicity conditions for linear multistep methods

Although in the literature there are different ways to write a LMM, all various forms

are equivalent up to index notation of the method’s terms. Therefore, in contrast

to RK methods, the monotonicity analysis of LMMs is much simpler as they can

be represented in a single form. Recall from Section 2.2.2 that at step n, a k-step

LMM applied to (2.2) takes the form (2.15). We would like to establish a discrete

analogue of (3.3) for the numerical solution un in (2.15). Consider the explicit case

(i.e., βk = 0), and assume F satisfies the forward Euler condition (3.2) and all αj, βj

are non-negative. Then, taking norms and using convexity of ‖ · ‖ yields

‖un‖ ≤
k∑
j=0

αj

∥∥∥un−k+j + ∆t
βj
αj
F (un−k+j)

∥∥∥.
Consistency requires

∑k−1
j=0 αj = 1; thus from (3.2) we have ‖un‖ ≤ maxj ‖un−k+j‖

whenever ∆tβj/αj ≤ ∆tFE for each j ∈ {0, . . . , k − 1}. Hence, the monotonicity

condition (3.6) is satisfied under a step-size restriction

∆t ≤ CLMM∆tFE, (3.23)
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where CLMM = minj αj/βj. The ratio αj/βj is taken to be infinity if βj = 0. The

above also holds for implicit methods under a technical rescaling of the coefficients.

In the implicit case convexity can be used after adjusting the coefficients of (2.15)

by multiplying both sides by 1 − αk, where αk = CLMMβk/(1 + CLMMβk). Under

this rescaling, the coefficients of (2.15) become ᾱj = (1 − αk)αj, j ∈ {0, . . . , k − 1},

ᾱk = αk, β̄j = (1−αk)βj, j ∈ {0, . . . , k}, and hence consistency implies
∑k

j=0 ᾱj = 1.

The reader is referred to [31, Chapter 8] and references therein for a review of SSP

LMMs.

3.5 Other strong stability properties

Until now we have reviewed sufficient and necessary conditions for monotonicity

preservation of the numerical solution in (2.2). Assuming that the forward condi-

tion (3.2) holds in a given convex functional ‖ · ‖, then the step size restriction (3.5)

ensures that the numerical solution is monotonically nonincreasing. However, the

restriction (3.5) is not only related to monotonicity, but also to other stability prop-

erties such as contractivity and positivity. The connection of absolute monotonicity

with contractivity of RK methods was established in [72], whereas in [20] it was shown

to have a strong relation with monotonicity and the Shu–Osher theory. As a result,

under suitable assumptions on the operator F in (2.2), the step size restriction (3.5)

is a sufficient and necessary condition for preserving contractivity and positivity.

A numerical solution is said to be contractive if initial perturbations do not grow

unduly over time. Let un and ũn be two approximations of the solution in (2.2)

obtained with either a RK method (2.7) or a k-step LMM (2.15). In the case of RK

methods, the numerical solution at step n is contractive if

‖un − ũn‖ ≤ ‖un−1 − ũn−1‖, (3.24)
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and in the case of LMMs contractivity takes the form

‖un − ũn‖ ≤ max{‖un−1 − ũn−1‖, . . . , ‖un−k − ũn−k‖}. (3.25)

By assuming that the forward Euler method is contractive, namely

‖u+ ∆tF (u)− (ũ+ ∆tF (ũ)) ‖ ≤ ‖u− ũ‖, ∀u, ũ ∈ Rm, 0 ≤ ∆t ≤ ∆tFE,

and by using the same convexity arguments as in Sections 3.3 and 3.4 we can prove

that (3.24) and (3.5) hold whenever the step-size restriction (3.5) is satisfied.

In many cases the solution of (2.2) describes a physical quantity, e.g., density or

pressure, that must remain positive at all times. The numerical solution un obtained

by applying a RK method to (2.2) is positivity preserving if for given initial data

u0 ≥ 0 we have

un−1 ≥ 0⇒ un ≥ 0. (3.26)

Similarly, if a k-step LMM is used then the numerical approximation remains positive

if

un−1 ≥ 0, . . . un−k ≥ 0⇒ un ≥ 0, ∀n ≥ k. (3.27)

Under the step size requirement (3.5) and the assumption that the forward Euler

method preserves positivity, i.e.,

u+ ∆tF (u) ≥ 0, ∀u ≥ 0, 0 ≤ ∆t ≤ ∆tFE,

we can prove that both (3.26) and (3.27) hold.
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3.6 Bounds and barriers of SSP methods

The connection of strong stability preservation with the absolute monotonicity of RK

methods renders the search for upper bounds in (3.21) a much more tractable task. As

a consequence, the SSP coefficient of RK methods can be studied through algebraic

criteria on the radius of absolute monotonicity. In [72], Kraaijevanger introduced

necessary and sufficient conditions for conditional and unconditional absolute mono-

tonicity. It turns out that a positive SSP coefficient is admissible only on a subclass

of RK methods with non-negative coefficients. Positivity of R(K) is established by

the following theorem.

Theorem 3.1. [72, Theorem 4.2] Consider an irreducible RK method (3.7) with

coefficients K given by (3.8). Then R(K) > 0 if and only if A ≥ 0, b > 0 and

Inc(A2) ≤ Inc(A).

In Theorem 3.1, Inc(A) stands for the incident matrix of A = (aij), and is defined

by

Inc(A)ij =


1, if aij 6= 0,

0, if aij = 0.

Moreover, unconditionally strong stability preservation is only possible for general

linear methods with at most first order of accuracy [106, Theorem 3.1]. For the class

of RK methods, unconditional monotonicity or contractivity requires R(K) =∞ and

it was proved in [72, Theorem 8.3] that this holds only for at most first-order RK

methods. In fact, it is easy to see that the forward Euler condition (3.2) implies

unconditional monotonicity for the implicit Euler method un = un−1 + ∆tF (un). It

is sufficient show that (3.2) yields

‖u‖ ≤ ‖u−∆tF (u)‖, ∀u ∈ Rm, ∀∆t > 0. (3.28)
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Let v = u−∆tF (u), then

(
1 +

∆t

∆tFE

)
u = v +

∆t

∆tFE

(
u+ ∆tFEF (u)

)
.

Taking norms in the above expression and assuming (3.2), it follows that for any

∆t > 0

(
1 +

∆t

∆tFE

)
‖u‖ ≤ ‖v‖+

∆t

∆tFE
‖u‖.

Hence, (3.28) holds and directly implies monotonicity for the implicit Euler method:

‖un‖ ≤ ‖un −∆tF (un)‖ = ‖un−1‖, ∀∆t > 0. (3.29)

The above results suggest that many RK methods and LMMs have SSP coefficient

C = 0, and hence those methods cannot be provable SSP under any positive step size.

Also, it is well known that SSP methods have certain order barriers and bounds on

the SSP coefficient. Algebraic criteria for R(K) = ∞ can be found in [72] and rely

on the concept of M-matrices, see also [48, Proposition 2.8]. Conditional absolute

monotonicity has been studied in [72] and further analyzed in [85], where algebraic

expressions of maximal radius of absolute monotonicity for implicit RK methods were

given. Many numerical experiments, as well as the analysis in [23, 72, 85], suggest

that the SSP coefficient for s-stage implicit RK methods is bounded by 2s and the

maximum value is attained by diagonally implicit methods. The SSP coefficient for

explicit RK methods is even smaller and never greater than the number of stages

of the method [59]. Explicit SSP RK methods can not have order of accuracy more

than four, whereas implicit SSP RK methods can have order up to six. Recently it

was proved that SSP LMMs of arbitrary order exist [91]; however, the bounds on the

SSP coefficient are more strict than RK methods. Explicit s-step SSP LMMs of order
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p > 1 have SSP coefficient CLMM ≤ (s − p)/(s − 1) for s > 1 [77], and implicit SSP

LMMs of order more than one have CLMM ≤ 2 [78]. The latter result is revisited in

Chapter 5 under a more general framework.

3.7 Time-stepping methods with downwinding

Over the last decades, there have been many attempts to enhance the SSP properties

of time-stepping methods. Effort has been put in two directions. Firstly, how to

break the order barriers and improve the SSP properties of optimal methods for a

given number of stages or steps, and order of accuracy. Secondly, how to modify a

given method with C = 0, so that it attains a positive SSP coefficient.

A technique that addresses both of the above goals is to consider an alternative

semi-discretization F̃ that approximates −∇·F(U) in (2.1) and uses downwinding.

The operator F̃ is a downwind-biased spatial discretization in the sense that is sta-

ble backwards in time and it is employed in place of F whenever negative coefficients

appear in the time-stepping method. For example, consider the linear advection equa-

tion with positive velocity discretized in space with first-order finite differences. Then,

the operator F is a lower triangular constant matrix and F̃ is simply its transpose. In

order to preserve monotonicity we must assume that F̃ is strong-stability-preserving

with the forward Euler method under a negative time-step. Therefore, in addition to

(3.2) we also assume that the auxiliary forward Euler condition

‖u−∆tF̃ (u)‖ ≤ ‖u‖, ∀u ∈ Rm, 0 ≤ ∆t ≤ ∆tFE (3.30)

holds.

SSP methods that use both upwind- and downwind-biased discretizations were

first introduced by Shu and Osher [103, 105] and further studied in [34]. The first

optimal explicit SSP RK methods up to fifth order and ten stages were constructed
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in [101], breaking the order barrier for classical explicit SSP RK methods. A two-

stage, second-order family of implicit SSP RK methods with arbitrary larger SSP

coefficient appeared in [60]. Although, downwinding does not give unconditional

monotonicity for implicit RK methods, it results in downwind-biased implicit RK

methods that break the SSP bound which has been observed by classical implicit

SSP RK methods. Gottlieb and Ruuth investigated the additional cost of downwind

methods with WENO and shown that the computational cost is far below twice the

cost of computing the upwind semi-discretization [32]. Further more, monotonicity

properties of downwind RK methods were investigated in detail by Higueras [48]. In

that work, the downwind operator enables a perturbation of existing methods yielding

a larger step size for monotonicity. An algorithm to compute optimal perturbations

for explicit RK methods has been proposed in [60]. Finally, a numerical study of

optimal downwind SSP LMMs and their SSP threshold factors can be found in [59].

In this thesis we adopt the terminology suggested in [48] and refer to downwind-

biased time integrators as perturbed methods. In the foregoing, we review perturbed

RK methods and their optimal representations. Perturbed LMMs and their mono-

tonicity properties we will be thoroughly discussed in Chapter 5.

3.7.1 Perturbed Runge–Kutta methods

A perturbed s-stage RK method is defined by

y = e⊗ un + ∆t(K ⊗ I)F (y) + ∆t(K̃ ⊗ I)
(
F (y)− F̃ (y)

)
, (3.31)

where

K̃ =

 Ã 0

b̃ᵀ 0

 ∈ R(s+1)×(s+1),
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and F̃ (y) = (F̃ (y1), F̃ (y2), . . . , F̃ (ys),0)T ∈ R(s+1)m. Assuming that F (yi) and

F̃ (yi) are Lipschitz continuous in a norm ‖ · ‖ : Rm → R, then F and F̃ are also

Lipschitz continuous. In the special case that F = F̃ , we obtain the underlying RK

method (3.7). If

∆t‖F (y)− F̃ (y)‖ ≤ ε,

for some ε > 0, then a perturbed RK method (3.31) has the same order of accuracy as

the underlying RK method [49]. It is therefore sufficient to impose order conditions

only on the coefficient matrix K when analyzing the order of accuracy of (3.31).

We can replace the difference F (y)−F̃ (y) in (3.31) by F̂ (y) and thus a perturbed

RK method can be expressed in the additive form

y = e⊗ un + ∆t(K ⊗ I)F (y) + ∆t(K̃ ⊗ I)F̂ (y). (3.32)

The numerical solution obtained by applying (3.32) to the problem

u′(t) = F (u) + F̂ (u) = 2F (u)− F̃ (u)

can be viewed as a perturbation of the approximation of method (3.7) to u′(t) = F (u),

when F̃ ≈ F . Alternatively, the class of perturbed RK methods can be viewed as a

specific case of additive RK methods with coefficient matrices (K+K̃, K̃) applied to

u′(t) = F (u)+ F̂ (u), where F̂ = −F̃ . Monotonicity conditions for additive methods

have been studied in [49] and that analysis can be also applied to the subclass of

perturbed RK methods. However, in the present work we follow the perturbation

perspective as introduced in [48] and review the extension of absolute monotonicity

covered in Section 3.3.1 to perturbed RK methods.

In order to construct SSP RK methods of the form (3.31), we need to find a matrix
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K̃ such that the SSP coefficient of the perturbed method is positive and at least as

large as R(K). According to [50, Theorem 3.1] this is always feasible. A natural

way to achieve this is to study the absolute monotonicity conditions of the bivariate

stability function of (3.31) (see [48, Section 3.1]). Definition 3.1 can be extended to

perturbed RK methods as follows.

Definition 3.4. [48, Definition 3.1] An s-stage perturbed RK method (3.31) is said

to be absolutely monotonic at −r, r ≤ 0, if I + r(K + 2K̃) is non-singular and the

following conditions hold:

(
I + r(K + 2K̃)

)−1
(K + K̃) ≥ 0,(

I + r(K + 2K̃)
)−1
K̃ ≥ 0,

(I + r(K + 2K̃)
)−1
e ≥ 0.

(3.33)

The radius of absolute monotonicity of a perturbed RK method (3.31) with coeffi-

cients (K, K̃) is defined as the largest number r such that the inequalities (3.33) are

satisfied:

R(K, K̃) = sup{r ∈ R+ : (K, K̃) is absolute monotonic at − r}.

If there is no r > 0 such that (K, K̃) is absolutely monotonic at −r, then we set

R(K, K̃) = 0. In analogy to Remark (3.1), we have that a perturbed RK method

(K, K̃) is absolutely monotonic at the interval [−r, 0] if and only if the method is

absolutely monotonic at −r and K̃ ≥ 0, K + K̃ ≥ 0.

It is convenient for the analysis of the monotonicity conditions to find the relevant

canonical Shu–Osher form for perturbed methods. Assume that vr ∈ Rs+1, αr, α̃r ∈

R(s+1)×(s+1) are such that vr + (αr + α̃r)e = e and I − (αr + α̃r) is invertible. Then
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(3.31) can be written as

y = vr ⊗ un−1 + (αr ⊗ I)

(
y +

∆t

r
F (y)

)
+ (α̃r ⊗ I)

(
y − ∆t

r
F̃ (y)

)
, (3.34)

where the method’s coefficients are given by (3.33):

vr = (I + r(K + 2K̃)
)−1
e,

αr =
(
I + r(K + 2K̃)

)−1
(K + K̃),

α̃r =
(
I + r(K + 2K̃)

)−1
K̃.

Rearranging (3.34) in the form (3.31), we obtain the Butcher matrices in terms of the

Shu–Osher coefficients:

K =
1

r

(
I − (αr + α̃r)

)−1
(αr − α̃r), K̃ =

1

r

(
I − (α+ α̃r)

)−1
α̃r.

By using the consistency and convexity arguments similarly to Section 3.3, we can

obtain sufficient conditions for monotonicity preservation. The allowed step size for

monotonicity of perturbed RK methods is given by the following Proposition (see also

[48, Proposition 3.9]).

Proposition 3.2. Consider a perturbed RK method of the form (3.34) applied to the

IVP (2.2), and assume that the forward Euler conditions (3.2) and (3.30) hold. If

the inequalities (3.33) are satisfied for r = c > 0, then the monotonicity condition

‖un‖ ≤ ‖un−1‖ holds whenever 0 ≤ ∆t ≤ c∆tFE.

Example 3.1. Consider the two-stage second order RK method with the minimal

truncation error for the solution of the initial value problem (2.2). In the Shu–Osher
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form, the method is written as

y1 = un−1

y2 = y1 +
2

3
∆tF (y1)

un =
5

8
y1 +

3

8
y2 +

3

4
∆tF (y2),

(3.35)

and it can be shown that it has SSP coefficient equal to 0.5. In order to obtain a

larger SSP coefficient we consider the following perturbed method:

y1 = un−1

y2 =
5

6

(
y1 + ∆tF (y1)

)
+

1

6

(
y1 −∆tF̃ (y1)

)
un =

3

4

(
y2 + ∆tF (y2)

)
+

1

4

(
y1 −∆tF̃ (y1

)
.

(3.36)

The above method has SSP coefficient equal to one. Method (3.36) can be understood

as a perturbation of (3.35), since setting F̃ = F gives exactly the underlying method

(3.35). Note that the second stage is the sum of approximations to u(tn + ∆t) and

u(tn−∆t) multiplied by 5/6 and 1/6, respectively. This results in an approximation to

u(tn+ 2
3
∆t) which coincides with the second stage of the method (3.35). Both methods

share the same order of accuracy and due to the sparsity of the perturbation matrix,

the method (3.36) requires only one extra function evaluation (F̃ (y1)). However,

method (3.36) uses both upwind and downwind operators for estimating the stage

values, yielding an improvement of the SSP coefficient by half. Recall that for suitable

spatial discretizations (e.g., WENO), it is possible to compute both F (y1) and F̃ (y1)

without doubling the computational cost [32]. Therefore, the increase in the allowed

step size for monotonicity of the perturbed scheme compensates for the additional

computational cost. Method (3.36) can be written in the perturbed form (3.31),
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where

K =


0 0 0

2/3 0 0

1/4 3/4 0

 and K̃ =


0 0 0

1/6 0 0

3/8 0 0

 .

3.7.2 Optimal perturbations

Given a RK method (3.7), the problem of finding the best possible perturbation K̃

such that R(K, K̃) is as large as possible is more involved than finding R(K). This is

because for an arbitrary RK method, both the perturbed matrix K̃ and R(K, K̃) are

unknown. We are interested in a perturbed method (3.31) (not necessarily unique)

that attains an optimal perturbed SSP coefficient

C̃RK = sup
K̃

R(K, K̃),

for a given RK method (3.7) with coefficient matrixK [50]. Such perturbed methods

are called optimal perturbed RK methods. Provided that the optimal perturbation

K̃ is found, then the corresponding perturbed RK method can be expressed in the

canonical Shu–Osher form (3.34) for r = C̃RK.

When the first explicit optimal perturbed RK methods were numerically found

in [101], it was required that the total number of function evaluations be equal to

the number of stages. For a given number of stages s and order of accuracy, explicit

perturbed RK methods were expressed in the Shu–Osher representation

y1 = un−1

yi =
i−1∑
j=1

αijyj + ∆t


βijF (yj), if j ∈ J+

βijF̃ (yj), if j ∈ J−
1 ≤ i ≤ s+ 1,

un = ys+1,

(3.37)
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where αij ≥ 0, and J+, J− are disjoint subsets of {1, 2, . . . , s} with j ∈ J+ if βij ≥ 0

and j ∈ J− if βij < 0. The SSP coefficient of (3.37) is given by

C̃ := max
α,β

min
i,j

αij
|βij|

.

Note that by construction, it is required that each column of matrix β contains

elements of the same sign.

If now we allow a sign splitting β = β+−β−, where β+,β− ≥ 0, then the method

(3.37) can be expressed as

y = v ⊗ un−1 + (α⊗ I)y + ∆t(β+ ⊗ I)F (y)−∆t(β− ⊗ I)F̃ (y). (3.38)

We can further split the matrix α, by following the zeros pattern in β, i.e.,

α = α+ +α−, where α+
ij = αij, if β+

ij 6= 0 and α−ij = αij, if β−ij 6= 0. The method

(3.38) can be rearranged in a perturbed Shu–Osher form as

y = v ⊗ un−1 +
(
(α+ +α−)⊗ I

)
y+

∆t
(
(β+ − β−)⊗ I

)
F (y) + ∆t(β− ⊗ I)

(
F (y)− F̃ (y)

)
,

and hence it has Butcher matrices given by

K =
(
I − (α+ +α−)

)−1
(β+ − β−), K̃ =

(
I − (α+ +α−)

)−1
β−.

The sign splitting done on matrix β can be also applied directly to the Butcher

matrices of a perturbed method. Define

K+ :=
(
I −α

)−1
β+, K− :=

(
I −α

)−1
β−.

Then, by [48, Lemma 3.8] bothK+ andK− are non-negative, and hence the method
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(3.38) can be also written as a perturbed method (3.31) with coefficients (K, K̃)

given by K = K+ −K− and K̃ = K−. In [48], it was observed that the optimal

fifth-order methods found in [101] have SSP coefficient C̃ = R(K, K̃).

However, the above procedure does not solve the problem of finding an optimal

perturbation of a given RK method method when only the coefficient matrix K is

known. This problem was meticulously studied in [50], where two algorithms for

finding optimal perturbations were proposed. The first algorithm provably converges

to an optimal perturbation for explicit RK methods, whereas the other is an iterated

algorithm that works for both explicit and implicit RK methods. The latter algorithm

uses a sign splitting of the perturbed matrices, but in a rather different way than that

described above. In contrast to the structure of (3.37), these algorithms follow a more

general approach and allow both matricesK and K̃ to have nonzero entries at a given

column.

More details on perturbed RK methods and downwinding can be found in [31,

Chapter 10], the references therein, and in [24, 28, 34, 48–50, 98, 101, 103, 105, 107].
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Chapter 4

High order implicit perturbed methods

As we have seen in Section 3.6, explicit linear methods (including RK methods and

LMMs) have small SSP coefficient and certain order barriers. For explicit RK methods

the SSP coefficient is at most equal to the number of stages, while for explicit LMMs

is always less than one. Typically, implicit methods are known to allow much larger

step sizes that are restricted only on accuracy requirements and not on stability.

However, this is not the case for implicit SSP methods as they also have quite strict

bounds on the SSP coefficient [66]. Therefore, implicit SSP methods do not attain

much larger step sizes for monotonicity than those allowed by explicit methods.

Downwinding has been used to improve the SSP properties of time-stepping meth-

ods and it has been discussed in the previous chapter that perturbed RK methods

attain larger SSP coefficients than their upwind-biased counterparts. Although down-

winding breaks the order barrier for explicit RK methods, the SSP coefficient C̃ of

explicit perturbed RK methods is still bounded by the number of the stages of the

method [60]. The situation is different when it comes to implicit perturbed RK meth-

ods. Such methods can have arbitrarily large SSP coefficient and recently a two-step,

second-order perturbed RK method has been presented in [60].

To date, implicit perturbed RK methods is the only class of time-stepping meth-

ods that are cable of having arbitrary large SSP coefficient and maintain high order

of accuracy. Effort has been put by many researches to construct schemes that are

unconditionally monotonic and methods that lie outside of the class of general linear

methods have been already developed. For example, SSP diagonally split Runge–
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Kutta (DSRK) methods were shown to be unconditionally contractive in the max-

imum norm, and positivity preserving [5, 51, 57]. However, as pointed out in [87],

DSRK methods suffer from order reduction at large step sizes. If the chosen step size

is larger than that typically used for explicit methods, then these methods behave like

first-order implicit methods; hence, this behavior overrules the usefulness of DSRK

methods. SSP multistep and multiderivative RK methods have been studied in [64]

and [11], respectively. Although these methods manage to break the order barrier

for explicit SSP RK methods, in the implicit case the SSP coefficient is still bounded

similarly to traditional SSP implicit methods.

In this chapter, we introduce a novel three-step, third-order implicit perturbed

RK method, for which the maximal SSP coefficient C̃ is shown to be unbounded. We

study the stability properties of both second- and third-order perturbed methods and

demonstrate that they achieve the desired order of accuracy for large CFL numbers.

The performance of these methods is tested on 1D hyperbolic problems.

4.1 Implicit Runge–Kutta methods

Numerical evidences suggest that implicit perturbed RK methods with arbitrarily

large SSP coefficient exist up to order six. Contrary to optimal implicit SSP RK

methods which are diagonally implicit, the perturbed methods found are fully implicit.

However, exact expressions for the methods’ coefficients are generally not known.

Recently, a family of methods parameterized by the SSP coefficient has been proposed

in [60, Section 5]. For reference, the Shu–Osher formulation of this family is given by

y1 =
2

r(r − 2)
un−1 +

2

r

(
y1 +

∆t

r
F (y1)

)
+
r2 − 4r + 2

r(r − 2)

(
y2 −

∆t

r
F̃ (y2)

)
,

y2 = y1 +
∆t

r
F (y1),

un = y2 +
∆t

r
F (y2),

(4.1)
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and has SSP coefficient C̃RK = r for r ≥ 2 +
√

2. We were able to find a new family

of three-stage, third order implicit perturbed RK methods. The method’s coefficients

are more complicated than (4.1), but are still rational functions of the SSP coefficient.

The method can be written in a canonical Shu-Osher form

y1 = 2
r2−5r+6

un−1 +
3(r2+12r−12)
r2(r2−3r+6)

(
y1 +

∆t

r
F (y1)

)
+ 4r4−51r3+222r2−396r+216

r2(r4−8r3+27r2−48r+36

(
y2 +

∆t

r
F (y2)

)
+ r3−6r2+6r
r3−6r2+15r−18

(
y3 −

∆t

r
F̃ (y3)

)
y2 =

3(r−2)
r2

(
y1 +

∆t

r
F (y1)

)
+ r2−3r+6

r2

(
y2 +

∆t

r
F (y2)

)
y3 = y1 +

∆t

r
F (y1)

un = y2 +
∆t

r
F (y2).

(4.2)

For the rest of this chapter, we refer to (4.1) and (4.2) as PRK22 and PRK33, re-

spectively. The PRK33 method can be equivalently expressed in the perturbed form

(3.31), where

K =



k11 k12 k13 0

k21 k22 k13 0

k31 k22 k13 0

k21 k22 k13 0


, K̃ =



0 0 k̃13 0

0 0 k̃13 0

0 0 k̃13 0

0 0 k̃13 0


,

and

k11 =
r2 − 5r + 4

2r
, k12 =

4r4 − 51r3 + 222r2 − 396r + 216

6r(r − 2)(r2 − 3r + 6
,

k13 = −(r − 2)(r2 − 6r + 6)

2(r2 − 3r + 6)
, k21 =

(r − 2)(r − 3)

2r
,

k22 =
2r3 − 17r2 + 54r − 48

2r(r2 − 3r + 6)
, k31 =

r2 − 5r + 6

2r
,

k̃13 =
(r − 2)(r2 − 6r + 6)

2(r2 − 3r + 6)
.
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The SSP coefficient of PRK33 is C̃ = r for any r ≥ 6.

4.2 Stability analysis

To study the linear stability of a perturbed RK method method (3.31), we apply it

to the linear scalar problem u′(t) = λu + λ̃u . Setting F (u) = λu and F̃ (u) = λ̃u in

(3.31), yields the recursion [48]

y = Φ(λ∆t, λ̃∆t)un−1,

where

Φ(z, z̃) = (I − z(K + K̃)− z̃K̃)−1e. (4.3)

The last element of the right-hand-side of (4.3) gives the stability function of a per-

turbed RK method, and can be expressed as

φ(z, z̃) = 1 +
(
zbᵀ + (z − z̃)b̃ᵀ

)(
I − zA− (z − z̃)Ã

)−1

e. (4.4)

The stability function (4.4) maps C × C to C and thus it is hard to visualize the

stability region of a perturbed RK method. Instead, we set F̃ = F and study the

stability function of the underlying method. Even though the underlying method

differs from the original method, the analysis of the first may shed some insight into

the stability properties of the perturbed RK method. Since F and F̃ approximate

the same derivatives, the higher the order of the spatial discretizations the closer the

perturbed method gets to the underlying one. The stability function of the underlying
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method of PRK22 is

φ22(z) =
1 +

2

r
z +

1

r2
z2

1− r − 2

r
z +

r2 − 4r + 2

2r2
z2

.

and for the PRK33, the underlying method has stability function

φ33(z) =
1 +

2

r
z +

1

r2
z2

1− r − 2

r
z +

r2 − 4r + 2

2r2
z2 − r2 − 6r + 6

6r2
z3

.

By definition (see [40, Section IV.3]), a RK method with stability function φ(z) =

P (z)
Q(z)

is A-stable if and only if

|φ(iy)| ≤ 1 ∀y ∈ R, (4.5)

and

φ(z) is analytic for <(z) < 0. (4.6)

One can check that (4.6) is true for any r. Condition (4.5) is equivalent to requiring

that the imaginary axis is fully contained inside the stability region of the method

(I-stability). Therefore, it is sufficient to check if the real-valued polynomial

E(y) = |Q(iy)|2 − |P (iy)|2 = Q(iy)Q(−iy)− P (iy)P (−iy) (4.7)

satisfies E(y) ≥ 0 for all y ∈ R. In the case of PRK22, the polynomial (4.7) is

E(y) =
(r − 4)(r − 2)2y4

r3
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and for the PRK33 method

E(y) =
(−3r2(r2 − 8r + 12) + (r2 − 6r + 6)2y2)y4

36r4
.

Hence, PRK22 is A-stable for r ≥ 4 and straightforward calculations show that

PRK33 is stable for 2 ≤ r ≤ 6. Since we are interested in the values of r for which

the methods are SSP, it turns out that PRK33 is A-stable only for r = 6. The PRK22

method is not L-stable, since

lim
|z|→∞

φ22(z) =
2

2− 4r + r2
;

however, φ22(z) becomes very small for large r. Observe that

lim
|z|→∞

φ33(z) = 0

for any value of r; hence, the PRK33 method is also L-stable for r = 6. For r >

6 PRK33 is A(α)-stable and we were able to compute the angle of the wedge as

a function of r. Figures 4.1 and 4.2 show the stability region of PRK33 and the

region of A(α)-stability for different values of r. It is numerically verified that as r

becomes larger, the angle of the A(α)-stability asymptotically approaches the value

α = 88.2302. Therefore, for r > 6 the stability region of the PRK33 contains almost

the entire left complex plane.

4.3 Numerical tests

Both families of implicit perturbed RK methods have similar stability properties.

Suppose F (u) = Lu and F̃ = L̃u are linear first-order upwind and downwind dis-

cretizations respectively. Then application of methods (4.2) (with some moderate

values of r) to linear scalar problems with periodic boundary conditions exhibits
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(b) r = 8, α = 89.2892o.

Figure 4.1: Stability regions (shaded) and A(α)-stability wedges (striped) of the
PRK33 method (4.2) for r = 6 and r = 8 (left : aspect ratio equal to one, right :
scaled regions).
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Figure 4.2: Stability regions (shaded) and A(α)-stability wedges (striped) of the
PRK33 method (4.2) for r = 10 and r = 12 (left : aspect ratio equal to one, right :
scaled regions).
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dissipative behavior. The reason is basically the same as mentioned in [60]. The

solution can be written as un = φ(z, z̃)un−1, where z = ∆tL, z̃ = ∆tL̃. The matrix-

valued function φ(z, z̃) includes a non-vanishing O(∆t) term that is proportional to

L− L̃ ≈ ∆xuxx. In fact as r increases the coefficient of the difference L− L̃ increases

as well introducing more dissipation. However, the PRK33 method is less dissipa-

tive as shown in Figure 4.3. In this test, we apply the backward Euler method, the

trapezoidal method, and the implicit perturbed RK methods to the advection equa-

tion with discontinuous initial data. The initial condition is u0(x) = 1−H(x− 1/2),

where H(x) is the Heaviside function and we plot the solutions at time t = 1, us-

ing 128 grid cells. For both perturbed methods (4.1) and (4.2) we use r = 8. In

Figure 4.3b a CFL number ν = 8 is used which corresponds to the SSP limit for

the perturbed methods. Since the maximum speed is constant and equal to unity

and ∆tFE = ∆x, the largest allowed step size for monotonicity is ∆tmax = 0.8∆x.

It is worth mentioning that for large CFL numbers the perturbed methods exhibit

the same dissipation, whereas the backward Euler method is more dissipative and the

trapezoidal method generates overshoots and undershoots, since it has SSP coefficient

equal to two.

4.3.1 Convergence test

In order to demonstrate the actual accuracy of the implicit perturbed RK method,

higher order spatial discretizations must be used. Table 4.1 shows the L1-norm error

and the convergence rate of the implicit perturbed RK method on the advection

equation. The initial data is a sine wave u0(x) = sin(2πx) and we use fifth-order

WENO as the spatial discretization with periodic boundary conditions. The solution

is computed at the final time T = 3 (i.e., after three cycles). Both implicit perturbed

RK methods exhibit the desired order of accuracy.
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(b) CFL number ν = 8.0.

Figure 4.3: Comparison of different RK methods to square wave advection. A value
of r = 8 is used in both PRK22 (4.1) and PRK33 (4.2) methods.
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N PRK22 (r = 6) PRK22 (r = 8) PRK33 (r = 6) PRK33 (r = 8)

32 4.39× 10−1 6.25× 10−1 5.62× 10−2 5.49× 10−1

64 1.51× 10−1 1.54 3.95× 10−1 0.66 6.61× 10−3 3.09 6.16× 10−2 3.16
128 3.94× 10−2 1.94 1.19× 10−1 1.74 8.13× 10−4 3.02 7.47× 10−2 3.04
256 9.91× 10−3 1.99 3.04× 10−2 1.97 1.01× 10−4 3.01 9.31× 10−2 3.01
512 2.48× 10−3 2.00 7.62× 10−3 2.00 1.26× 10−5 3.00 1.16× 10−2 3.00

Table 4.1: L1-norms of the error and convergence rate at final time T = 5 for the
advection of a sine wave using fifth-order WENO spatial discretization. The CFL
number is equal to 10

11
r, where r is the SSP coefficient for each method. The number

of spatial points is indicated by N .

4.3.2 Nonlinear scalar problems

Numerical tests have been performed on scalar hyperbolic conservation problems

using a second order TVD spatial discretization and a fifth-order WENO scheme.

The TVD semi-discrete problem can be written as

u′i(t) = − 1

∆x

(
F (u∗

i+ 1
2
)− F (u∗

i− 1
2
)), i ∈ {1, . . . ,m},

where u∗
i± 1

2

are functions of limited extrapolated cell edge states. In particular

u∗
i+ 1

2
= ui +

1

2
θ(ri)(ui+1 − ui)

u∗
i− 1

2
= ui−1 +

1

2
θ(ri−1)(ui − ui−1)

for the upwind operator and

u∗
i+ 1

2
= ui+1 −

1

2
θ(ri+1)(ui+2 − ui+1)

u∗
i− 1

2
= ui −

1

2
θ(ri)(ui+1 − ui)

for the downwind operator. Here, θ(ri) is a limiter function, where ri =
ui − ui−1

ui+1 − ui
.

Since the implicit SSP RK families found allow arbitrary SSP coefficient, we would

like to demonstrate their usefulness with large CFL numbers. Figure 4.4 shows a
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(a) TVD scheme with time integrators: SSP33 and PRK33 (r = 8).
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(b) WENO scheme with time integrators: PRK22 (r = 8) and PRK33 (r = 6).

Figure 4.4: Closeup view of the shock in the solution of Burgers’ equation with (a)
TVD and (b) WENO spatial discretizations. Top: Explicit three-stage third-order
optimal SSP method (SSP33) and the PRK33 method (4.2) (r = 8) are used with CFL
numbers 0.5 and 4.0, respectively. Bottom: The PRK22 method (4.1) (r = 8) and the
PRK33 method (4.2) (r = 6) are used with CFL numbers 6.5 and 5.9, respectively.
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closeup view of the shock in the solution of Burgers’ equation with periodic bound-

ary conditions. Both calculations use grids with ∆x = 1/512 and we consider

the solution after the shock has formed at time t = 0.16. The initial solution is

U(x, 0) = 3/2 + sin(2πx). In Figure 4.4a we use the second-order TVD spatial dis-

cretization described above with two time integration methods: the optimal three-

stage, third-order optimal SSP method (SSP33) and the PRK33 method (4.2) with

r = 8. The SSP33 method has SSP coefficient equal to 1/2 and the SSP coefficient of

PRK33 method is 8. For this particular spatial discretization applied to the Burgers’

equation, it can be shown that the forward Euler method is provable TVD under a

CFL number of νFE = 1/2 [31, Example 1.1]. Therefore, Figure 4.4a shows the solu-

tion with the maximum theoretical CFL numbers for the SSP33 and PRK33 methods.

In Figure 4.4b we use a fifth-order WENO spatial discretization to show that both

implicit perturbed methods perform well under large CFL numbers. Note that in

both Figures 4.4 the solutions obtained are almost indistinguishable, which suggests

that using large CFL number does not cause any additional dissipation.

4.4 Final remarks

It is important to note that increasing the SSP coefficient and consequently allowing

larger CFL numbers increases the difficulty of solving the nonlinear system of equa-

tions. In the numerical tests of this chapter we have used the newton_krylov and

fsolve function from the SciPy package and the fsolve function from Matlab’s

toolbox. In all cases, a good initial estimate was crucial in order the Newton iteration

to converge in a reasonable amount of time. The backward Euler method was used

to provide a good guess, but at the same time this adds extra computational cost

to the solution of the nonlinear system. Accurate and efficient solution of the non-

linear system arising when implicit perturbed RK methods are used is an important

and challenging task that requires further research. Application of known techniques
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for solving nonlinear systems (e.g., quasi-Newton and Jacobian-free methods) can

be useful to test the efficiency and performance of the implicit families of methods.

Moreover, preliminary numerical investigation suggests that implicit SSP perturbed

RK methods with order higher than three and potentially more stages attain arbitrary

large SSP coefficients. Finding exact formulas for the coefficients of these methods

is essential as this will enable the application of high order perturbed RK methods

with a variety of chosen CFL numbers.
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Chapter 5

Strong-stability-preserving additive linear multistep methods

Most LMMs have one or more negative coefficients, so the SSP analysis leads to

an SSP coefficient equal to zero, and thus monotonicity condition (3.6) cannot be

guaranteed by positive step sizes. Typically, numerical methods for hyperbolic con-

servation laws Ut +∇·f(U) = 0 involve upwind-biased semi-discretizations of the

spatial derivatives. In order to preserve monotonicity using LMMs with negative co-

efficients for such semi-discretizations, downwind-biased spatial approximations may

be used. Let F and F̃ be respectively upwind- and downwind-biased approximations

of −∇·f(U). As seen in Chapter 3, a sufficient condition for monotonicity is that

there exists some ∆tFE > 0 such that the forward Euler condition (3.2) is satisfied.

Moreover, it is natural to assume that F̃ satisfies condition (3.30). A LMM that uses

both F and F̃ can be then written as

un =
k−1∑
j=0

αjun−k+j + ∆t
k∑
j=0

(
βjF (un−k+j)− β̃jF̃ (un−k+j)

)
. (5.1)

If all coefficients αj, βj, β̃j are non-negative, then the SSP coefficient of method (5.1)

is [59, Section 3]

C̃LMM = sup
{
r | αj − r(βj + β̃j) ≥ 0

}
= min

j

αj

βj + β̃j
.
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If F and F̃ satisfy (3.2) and (3.30), then the solution given by (5.1) satisfies (3.6)

whenever the time step satisfies

∆t ≤ C̃LMM∆tFE.

Downwind LMMs were originally introduced in [103, 105], with the idea that F

be replaced by F̃ whenever βj < 0. Optimal explicit linear multistep schemes of

order up to six, coupled with efficient upwind and downwind WENO discretizations,

were studied in [32]. Coefficients of optimal upwind- and downwind-biased methods

together with a reformulation of the nonlinear optimization problem involved as a

series of linear programming feasibility problems can be found in [59]. Bounds on the

maximum SSP step size for downwind-biased methods have been analyzed in [60].

Method (5.1) can also be written in the perturbed form

un =
k−1∑
j=0

αjun−k+j + ∆t
k∑
j=0

(
“βjF (un−k+j) + β̃j

(
F (un−k+j)− F̃ (un−k+j)

))
,

(5.2)

where “βj = βj − β̃j. We say method (5.2) is a perturbation of the LMM (2.15) with

coefficients “βj, and the latter is referred to as the underlying method for (5.2). By

replacing F̃ with F in (5.2) one recovers the underlying method. The notion of a

perturbed method can be useful beyond the realm of downwinding for hyperbolic

PDE semi-discretizations. If F satisfies the forward Euler condition (3.2) for both

positive and negative step sizes, then we can simply take F̃ = F . In such cases, the

perturbed and underlying methods are the same, but analysis of a perturbed form of

the method can yield a larger step size for monotonicity, giving more accurate insight

into the behavior of the method. See [46] for a discussion of this in the context of

RK methods, and see Example 5.2 herein for an example using multistep methods.
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As we will see in Section 5.1, the most useful perturbed LMMs (5.2) take a form

in which either βj or β̃j is equal to zero for each value of j ∈ {0, . . . , k}. Thus

C̃LMM = minj{αj/βj, αj/β̃j}, and the class of perturbed LMMs (5.2) coincides with

the class of downwind LMMs in [103, 105].

In this manuscript, we adopt form (5.1) for perturbed LMMs and consider their

application to the more general class of problems (2.2) for which F and F̃ satisfy

forward Euler conditions under different step-size restrictions:

‖u+ ∆tF (u)‖ ≤ ‖u‖, ∀u ∈ Rm, 0 ≤ ∆t ≤ ∆tFE, (5.3a)

‖u−∆tF̃ (u)‖ ≤ ‖u‖, ∀u ∈ Rm, 0 ≤ ∆t ≤ ∆̃tFE. (5.3b)

For a fixed order of accuracy and number of steps, an optimal SSP method is de-

fined to be any method that attains the largest possible SSP coefficient. The choice

of optimal monotonicity-preserving method for a given problem will depend on the

ratio ∆tFE/∆̃tFE. We analyze and construct such optimal methods. We illustrate

by examples that perturbed LMMs with larger step sizes for monotonicity can be

obtained when the different step sizes in (5.3) are accounted for.

The perturbed methods (5.1) are reminiscent of additive methods, and the latter

can be analyzed in a similar way. Consider the problem

u′(t) = F (u(t)) + F̂ (u(t))

where F and F̂ may represent different physical processes, such as convection and

diffusion, or convection and reaction. Additive methods are expressed as

un =
k−1∑
j=0

αjun−k+j + ∆t
k∑
j=0

(
βjF (un−k+j) + β̂jF̂ (un−k+j)

)
,

where F and F̂ may satisfy the forward Euler condition (3.2) under possibly different
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step-size restrictions. We prove that optimal SSP explicit or implicit additive methods

have coefficients βj = β̂j for each j ∈ {0, . . . , k}, hence they lie within the class of

ordinary (not additive) LMMs.

The rest of the chapter is organized as follows. In Section 5.1 we analyze the

monotonicity properties of perturbed LMMs for which the upwind and downwind

operators satisfy different forward Euler conditions. Optimal methods are derived,

and their properties are discussed. Their effectiveness is illustrated by some exam-

ples. Additive LMMs are presented in Section 5.2, where we prove that optimal SSP

additive LMMs are equivalent to the corresponding non-additive SSP LMMs. Mono-

tonicity of IMEX LMMs is also discussed, and finally in Section 5.3 we provide some

final remarks. The material of this chapter is adapted from [36].

5.1 Monotonicity-preserving perturbed linear multistep

methods

The following example shows that using upwind- and downwind-biased operators

allows the construction of methods that have positive SSP coefficients, even though

the underlying methods are not SSP.

Example 5.1. Let u′(t) = F (u(t)) be a semi-discretization of ut + f(u)x = 0, where

F ≈ −f(u)x. Consider the two-step, second-order explicit linear multistep method

un =
1

2
un−2 −

1

4
∆tF (un−2) +

1

2
un−1 +

7

4
∆tF (un−1). (5.4)

The method has SSP coefficient equal to zero. Let us introduce a downwind-biased

operator F̃ ≈ −f(u)x such that (3.30) is satisfied. Then, a perturbed representation
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of (5.4) is

un =
1

2
un−2 +

1

4
∆tF (un−2)− 1

2
∆tF̃ (un−2) +

1

2
un−1 + 2∆tF (un−1)− 1

4
∆tF̃ (un−1),

(5.5)

in the sense that the underlying method (5.4) is retrieved from (5.5) by replacing F̃

with F . The perturbed method has SSP coefficient C̃LMM = 2/9. There are infinitely

many perturbed representations of (5.4), but an optimal one is obtained by simply

replacing F with F̃ at terms with negative coefficients in (5.4), yielding

un =
1

2
un−2 −

1

4
∆tF̃ (un−2) +

1

2
un−1 +

7

4
∆tF (un−1), (5.6)

with SSP coefficient C̃LMM = 2/7.

Remark 5.1. A LMM (2.15) has SSP coefficient CLMM = 0 if any of the following

three conditions hold:

1. αj < 0 for some j;

2. βj < 0 for some j;

3. αj = 0 for some j for which βj 6= 0.

By introducing a downwind operator we can remedy the second condition, but not the

first or the third. Most common methods, including the Adams–Bashforth, Adams–

Moulton, and BDF methods, satisfy condition (1) or (3), so they cannot be made

SSP via downwinding.

We consider a generalization of the perturbed LMMs described previously, by

assuming different forward Euler conditions for the operators F and F̃ (see (5.3)).
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Definition 5.1. A perturbed LMM of the form (5.1) is said to be strong stability

preserving (SSP) with SSP coefficients (C, C̃) if conditions

βj, β̃j ≥ 0, j ∈ {0, . . . , k},

αj − rβj − r̃β̃j ≥ 0, j ∈ {0, . . . , k − 1},
(5.7)

hold for all 0 ≤ r ≤ C and 0 ≤ r̃ ≤ C̃.

By plugging the exact solution in (5.1), setting F̃ (u(tn)) = F (u(tn)) and taking

Taylor expansions around tn−k, it can be shown that a perturbed LMM is order p

accurate if

k−1∑
j=0

αj = 1,
k−1∑
j=0

jαj +
k∑
j=0

(βj − β̃j) = k,

k−1∑
j=0

αjj
i +

k∑
j=0

(βj − β̃j)iji−1 = ki, i ∈ {2, . . . , p}.

(5.8)

The step-size restriction for monotonicity of an SSP perturbed LMM is given by

the following theorem.

Theorem 5.1. Let F and F̃ be given such that the forward Euler conditions (5.3)

are satisfied for some ∆tFE > 0 and ∆̃tFE > 0. Let a consistent perturbed LMM

(5.1) be given with SSP coefficients (C, C̃). Then the numerical solution satisfies the

monotonicity condition (3.6) if

0 ≤ ∆t ≤ min{C∆tFE, C̃ ∆̃tFE}. (5.9)

Proof. Since the method is SSP with coefficients (C, C̃) then conditions (5.7) hold

with r = C and r̃ = C̃. Let α̂j = Cβj and αj = α̂j + α̃j, for j ∈ {0, . . . , k − 1}. Then



86

(5.7) yields α̃j ≥ C̃β̃j and βj ≥ 0, β̃j ≥ 0. Define

αk :=
Cβk + C̃β̃k

1 + Cβk + C̃β̃k
,

and multiply both sides of (5.1) by 1− αk. Rearranging terms, the perturbed LMM

(5.1) can be expressed as

un =
k∑
j=0

(
α∗jun−k+j + ∆tβ∗jF (un−k+j)−∆tβ̃∗j F̃ (un−k+j)

)
, (5.10)

where

α∗j =


(1− αk)αj, if j ∈ {0, . . . , k − 1},

αk, if j = k,

β∗j = (1− αk)βj,

β̃∗j = (1− αk)β̃j,
j ∈ {0, . . . , k}.

Note that 0 ≤ αk < 1, hence the non-negativity of αj, βj, β̃j implies that all α∗j , β∗j , β̃∗j

are also non-negative. We can split α∗j , j ∈ {0, . . . , k − 1} in two parts, such that

α∗j = α̂∗j + α̃∗j , where α̂∗j = (1−αk)α̂j = Cβ∗j , and α̃∗j = (1−αk)α̃j ≥ C̃β̃∗j . Consistency

requires
∑k−1

j=0 αj = 1, hence
∑k

j=0 α
∗
j = 1. Let also α∗k = α̂∗k + α̃∗k, where α̂∗k =

Cβk/(1 + Cβk + C̃β̃k) and α̃∗k = C̃β̃k/(1 + Cβk + C̃β̃k). Thus, the right-hand side of

(5.10) can be expressed as a convex combination of forward Euler steps, yielding

un =
k∑
j=0

α̂∗j

(
un−k+j + ∆t

β∗j
α̂∗j
F (un−k+j)

)
+

k∑
j=0

α̃∗j

(
un−k+j −∆t

β̃∗j
α̃∗j
F̃ (un−k+j)

)
.

Taking norms and using convexity we have

‖un‖ ≤
k∑
j=0

α̂∗j

∥∥∥un−k+j + ∆t
β∗j
α̂∗j
F (un−k+j)

∥∥∥+
k∑
j=0

α̃∗j

∥∥∥un−k+j −∆t
β̃∗j
α̃∗j
F̃ (un−k+j)

∥∥∥.
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Under the step-size restriction ∆t ≤ min{C∆tFE, C̃ ∆̃tFE} we get

∆t
β∗j
α̂∗j
≤ ∆tFE and ∆t

β̃∗j
α̃∗j
≤ ∆̃tFE,

for each j ∈ {0, . . . , k}. Since F and F̃ satisfy (5.3a) and (5.3b) respectively, we have

(1− αk)‖un‖ ≤
k−1∑
j=0

α̂∗j‖un−k+j‖+
k−1∑
j=0

α̃∗j‖un−k+j‖,

and hence

‖un‖ ≤
k−1∑
j=0

αj‖un−k+j‖ ≤ max
0≤j≤k−1

‖un−k+j‖
k−1∑
j=0

αj.

Recall that
∑k−1

j=0 αj = 1 and therefore the monotonicity condition (3.6) follows.

5.1.1 Optimal SSP perturbed linear multistep methods

We now turn to the problem of finding, among methods with a given number of steps

k and order of accuracy p, the largest SSP coefficients. Since C, C̃ are continuous

functions of the method’s coefficients, we expect that the maximal step size (5.9) is

achieved when C = C̃ ∆̃tFE/∆tFE. It is thus convenient to define ξ := ∆tFE/∆̃tFE.

Definition 5.2. For a fixed ξ ∈ [0,∞) we say that a perturbed LMM (5.1) has SSP

coefficient

C(ξ) := sup {r ≥ 0 | monotonicity conditions (5.7) hold with r̃ = ξr}

and its corresponding downwind SSP coefficient is C̃(ξ) = ξ C(ξ).

Whenever the set in Definition 5.2 is empty, then the method is non-SSP; in such

cases we say the method has SSP coefficient equal to zero. In the next definition,

we refer to a perturbed method (5.1) by its coefficients (α,β, β̃), and we write Pk,p
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to denote the set of all methods having at most k steps and satisfying the order

conditions up to (at least) order p.

Definition 5.3. An explicit (implicit) method in Pk,p is called optimal if no explicit

(implicit) method in Pk,p has larger SSP coefficient. Given ξ ∈ [0,∞), we denote the

largest SSP coefficient for explicit (implicit) k-step methods (5.1) of order p by

Ck,p(ξ) := sup
(α,β,β̃)∈Pk,p

{
C(ξ) > 0

∣∣ C(ξ) is the SSP coefficient of an explicit

(implicit) method (5.1) with coefficients (α,β, β̃)
}
.

In the trivial case that the set over which the supremum is taken above is empty, we

write Ck,p(ξ) = 0.

Note that, because the inequalities involved are non-strict, the supremum in the last

definition is always attained by some method.

Next, we prove that for a given SSP perturbed LMM with SSP coefficient

C(ξ), we can construct another SSP method (5.1) with the property that for each

j ∈ {0, . . . , k}, either βj or β̃j is zero. Example 5.1 is an application of this result.

Lemma 5.1. Consider a k-step perturbed LMM (5.1) of order p with SSP coefficient

C(ξ) for a given ξ ∈ [0,∞). Then, we can construct a k-step SSP method (5.1) of or-

der p with SSP coefficient at least C(ξ) that satisfies βjβ̃j = 0 for each j ∈ {0, . . . , k}.

Moreover, both perturbed methods correspond to the same underlying method.

Proof. Suppose there exists a k-step SSP method (5.1) of order p with SSP coefficient

C(ξ) for some ξ ∈ [0,∞), such that βj ≥ β̃j > 0 for j ∈ J1 ⊆ {0, 1, . . . , k} and

β̃j > βj > 0 for j ∈ J2 ⊆ {0, 1, . . . , k}. Clearly J1 ∩ J2 = ∅. Define

β∗j :=


βj − β̃j, if j ∈ J1,

0, if j /∈ J1,

β̃∗j :=


0, if j /∈ J2,

β̃j − βj, if j ∈ J2.
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Observe that conditions (5.7) with r = C(ξ), r̃ = C̃(ξ) and the order conditions

(5.8) are satisfied when βj, β̃j are replaced by β∗j , β̃
∗
j . Therefore, the method with

coefficients (α,β∗, β̃∗) has SSP coefficient at least C(ξ) and satisfies β∗j β̃∗j = 0 for

each j ∈ {0, . . . , k}. Finally, the definition of β∗j and β̃∗j leaves βj − β̃j invariant, thus

substituting F̃ = F in method (5.1) with coefficients (α,β, β̃) or (α,β∗, β̃∗) yields

the same underlying method.

The next Corollary is an immediate consequence of Lemma 5.1.

Corollary 5.1. Let k, p and ξ be given such that Ck,p(ξ) > 0. Then there exists an

optimal SSP perturbed LMMs (5.1) with SSP coefficient Ck,p(ξ) that satisfies βjβ̃j = 0

for each j ∈ {0, . . . , k}.

Optimal explicit k-step SSP perturbed LMMs (5.1) of first order are simply the

explicit Euler method. To see that, first define

γj := αj − rβj − r̃β̃j, for j ∈ {0, . . . , k − 1}. (5.11)

Then, the conditions of order one in (5.8) become

k−1∑
j=0

γj + rβj + r̃β̃j = 1, (5.12)

k−1∑
j=0

j(γj + rβj + r̃β̃j) +
k−1∑
j=0

(βj − β̃j) = k. (5.13)

Multiplying (5.12) by k, subtracting (5.13) and rearranging terms yields

k−1∑
j=0

(k − j)γj + (r(k − j)− 1) βj + (r̃(k − j) + 1) β̃j = 0. (5.14)

Monotonicity conditions (5.7) require that all γj, βj, β̃j are non-negative; thus, the first

and last term in (5.14) are also non-negative. In order (5.14) to hold, the coefficients
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of βj must be non-positive, and therefore r ≤ 1/(k − j). The maximum value r = 1

is attained when j = k − 1, and in such case the only nonzero coefficient in (5.14)

is βk−1. From (5.11) and (5.12) we get that the optimal explicit k-step, first-order

method (5.1) has nonzero coefficients αk−1 = βk−1 = 1 and SSP coefficient Ck,1(ξ) = 1

for all ξ ∈ [0,∞) and k ≥ 1.

Arbitrary large SSP coefficient C(ξ) can be obtained for implicit first-order SSP

methods (5.1). This was shown in [92, 102, 106] for SSP LMMs without downwinding.

An optimal implicit k-step perturbed LMM (5.1) of first order with Ck,1(ξ) = ∞ for

all ξ ∈ [0,∞) and k ≥ 1 has coefficients

αj ≥ 0, βj = β̃j = 0, j ∈ {0, . . . , k − 1}, βk ≥ 0, β̃k ≥ 0

with
k−1∑
j=0

αj = 1, and βk − β̃k = k −
k−1∑
j=0

jαj.

If we consider optimal methods that satisfy βjβ̃j = 0 for each j ∈ {0, . . . , k}, then

β̃k must be set to zero. Otherwise, if βk = 0 then β̃k =
∑k−1

j=0 jαj − k ≤ −1 which

violates the non-negativity of the method’s coefficients.

Based on Corollary 5.1 we have the following upper bound for the SSP coefficient of

any perturbed LMM (5.1) of order greater than one. This extends [60, Theorem 2.2].

Theorem 5.2. Given ξ ∈ [0,∞), any zero-stable perturbed LMM (5.1) of order

greater than one satisfies C(ξ) ≤ 2.

Proof. Consider a second-order optimal SSP perturbed LMM with SSP coefficient

C = C(ξ) and C̃ = ξ C(ξ) for some ξ ∈ [0,∞). Then, from Corollary 5.1 there exists

an optimal method with at least SSP coefficient C and coefficients (α,β, β̃) such that

βjβ̃j = 0 for each j ∈ {0, . . . , k}.
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Suppose ξ > 0 and define δj := βj + ξβ̃j and

σj :=


1, if β̃j = 0,

−1/ξ, if βj = 0,

where j ∈ {0, . . . , k}. Note that the non-negativity of βj, β̃j implies that there is at

least one index j such that δj > 0 (otherwise, βj = β̃j = 0, for each j ∈ {0, . . . , k}, and

the method is not zero-stable1). Also, since either βj or β̃j is zero, then βj− β̃j = σjδj

for each j. Let γj = αj − Cδj for j ∈ {0, . . . , k − 1}. Taking p = 2, r = C, and r̃ = C̃

in (5.8), the second order conditions can be written as

k−1∑
j=0

γj + Cδj = 1, (5.15)

k−1∑
j=0

jγj + (jC + σj)δj = k − σkδk, (5.16)

k−1∑
j=0

j2γj + (j2C + 2jσj)δj = k(k − 2σkδk). (5.17)

Multiplying (5.15), (5.16) and (5.17) by −k2, 2k and −1, respectively and adding all

three expressions gives

k−1∑
j=0

−(k − j)2γj +
(
−C(k − j)2 + 2σj(k − j)

)
δj = 0. (5.18)

Since the method satisfies conditions (5.7) for r = C and r̃ = C̃, then all coefficients

γj and δj are non-negative. Therefore, there must be at least one index j0 such that

the coefficient of δj0 in (5.18) is non-negative. Note that if βj0 = 0, then σj0 < 0;

1Let the first characteristic polynomial of (5.1) be ρ(ζ) = ζk −
∑k−1

j=0 αjζ
j . If βj = β̃j = 0, for

each j ∈ {0, . . . , k}, then a method of at least order one should satisfy ρ(1) = ρ′(1) = 0. Hence, in
such case ζ = 1 is a double root and the root condition for zero-stability is violated.
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hence it can only be that β̃j0 = 0 and βj0 > 0, yielding δj0 > 0. Thus,

−C(k − j0)2 + 2(k − j0) ≥ 0,

which implies

C ≤ 2

k − j0

≤ 2, (5.19)

since k − j0 ≥ 1.

If now ξ = 0, define δj := βj + β̃j and σj := sign(βj − β̃j) for each j ∈ {0, . . . , k}.

Using γj = αj − Cβj and performing the same algebraic manipulations as before we

get

k−1∑
j=0

−(k − j)2γj − C(k − j)2βj + 2(k − j)σjδj = 0. (5.20)

In the sum of (5.20), consider the two sets of indexes J0 = {j | βj = 0} and

J+ = {j | βj > 0}. If βj = 0, then we have σjδj = −β̃j ≤ 0 and therefore

−C(k − j)2βj + 2σj(k − j)δj ≤ 0; these terms are non-positive for all indexes j ∈ J0

and are considered together with terms −(k − j)2γj ≤ 0. As the sum is equal to

zero, then the set J+ must be nonempty. Hence, there is an index j0 ∈ J+ such that

βj0 > 0 and

−C(k − j0)2βj0 + 2(k − j0)σj0δj0 ≥ 0. (5.21)

Since βj0 > 0, then β̃j0 = 0 and σj0δj0 = βj0 > 0. We divide by βj0 in (5.21),

reorganize terms and inequality (5.19) is obtained.

Remark 5.2. For given values k, p, ξ, it may be that there exists no method with

positive SSP coefficients. However, from (5.7) and Theorem 5.2 if a method exists
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with bounded SSP coefficient, then the existence of an optimal method follows since

the feasible region is compact.

The upper bound of the SSP coefficient can be only achieved in the case of implicit

second order SSP perturbed LMM (5.1). In view of the proof of Theorem 5.2, by

taking j0 = k − 1 in (5.19) we have C = C(ξ) = 2. In that case βk−1 > 0 and we can

choose all other terms in (5.18) (or (5.20) if ξ = 0) to be equal to zero. Then, from

(5.15) and (5.16) we obtain that the nonzero coefficients are

αk−1 = 1, βk−1 = βk =
1

2
.

Hence, an optimal k-step, second-order SSP perturbed LMM (5.1) with SSP coeffi-

cient Ck,2(ξ) = 2 for all ξ ∈ [0,∞) and k ≥ 1 is simply the trapezoidal rule. As we

will see later, we can prove that the trapezoidal rule is in fact the unique optimal

second-order SSP perturbed LMM. Therefore, downwinding does not result in any

improvement to the SSP coefficient for the class of implicit second order LMMs.

By combining conditions (5.7) and (5.8), and using (5.11), the problem of find-

ing optimal SSP perturbed LMMs (5.1) can be formulated as a linear programming

feasibility problem:

LP 1. For fixed k ≥ 1, p ≥ 1 and a given ξ ∈ [0,∞), determine whether there exist

non-negative coefficients γj, j ∈ {0, . . . , k − 1} and βj, β̃j, j ∈ {0, . . . , k} such that

k−1∑
j=0

γj + rβj + r̃β̃j = 1,
k−1∑
j=0

j(γj + rβj + r̃β̃j) +
k∑
j=0

(βj − β̃j) = k,

k−1∑
j=0

(γj + rβj + r̃β̃j)j
i +

k∑
j=0

(βj − β̃j)iji−1 = ki, i ∈ {2, . . . , p},

(5.22)

for some value r ≥ 0 and r̃ = ξr.

Expressing (5.22) in a compact form facilitates the analysis of the feasible problem
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LP 1. Let the vector

aj := (1, j, j2, . . . , jp)ᵀ ∈ Rp+1, (5.23)

and denote by a′j the derivative of aj with respect to j, namely

a′j = (0, 1, 2j, . . . , pjp−1)ᵀ.

Define

b±j (x) :=


±xa′k, if j = k,

aj ± xa′j, otherwise.
(5.24)

The conditions (5.22) can be expressed in terms of vectors aj and b±j (·):

k−1∑
j=0

γjaj + r
k∑
j=0

βjb
+
j (r−1) + r̃

k∑
j=0

β̃jb
−
j (r̃−1) = ak. (5.25)

The number of nonzero coefficients of an optimal SSP perturbed LMM is given

by Theorem 5.3. The proof of Theorem 5.3 relies on the following two lemmata.

Lemma 5.2. Consider a matrix

A(r) =

 ψ1(r) . . . ψm(r)

 ∈ Rn×m,

where the columns ψj(r) ∈ Rn, j ∈ {1, . . . ,m} are functions of a variable r ∈ R and

m ≥ n. Let c ∈ Rn and r∗ ∈ R be given. Let each ψj(r) be a continuous function

of r for values in some neighborhood of r∗, and let the system A(r∗)x = c have a
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non-negative solution with at least n strictly positive elements

xi1 , xi2 , . . . , xis , n ≤ s ≤ m.

If the set {ψi1(r∗), . . . ,ψis(r∗)} spans Rn, then there exists ε > 0 such that the system

A(r∗ + ε)x = c has also a non-negative solution.

Proof. Let c ∈ Rn and r∗ ∈ R be given, and assume that A(r∗)x = c has a solution

x ≥ 0 with at least n strictly positive elements

xi1 , xi2 , . . . , xis , n ≤ s ≤ m.

Let S(r) = {ψi1(r), . . . ,ψis(r)} be a subset of the columns of A(r) ∈ Rn×m, and

assume S(r∗) spans Rn. Then, there exists a subset of the columns in S(r∗) that

forms a basis for Rn, so we can permute the columns of A(r) in such a way that the

first n columns are in S(r) and for r = r∗ they are linearly independent. This yields

Ap(r) = [B(r) | N(r)], where B(r∗) ∈ Rn×n has full rank and N(r) ∈ Rn×(m−n).

We can permute the entries of x in the same way, yielding xp = (xB,xN), where

xB ∈ Rn is a strictly positive vector, xN ∈ Rm−n is non-negative, and Ap(r∗)xp = c.

A simple calculation gives xB = B−1(r∗)
(
c−N(r∗)xN

)
. With this motivation we

define x̂B(r) := B−1(r)
(
c − N(r)xN

)
and x̂p(r) := (x̂B(r),xN). Direct calculation

shows that Ap(r)x̂p(r) = c as long as x̂p(r) is well-defined. By continuity, B−1(r∗+ε)

exists for small enough ε > 0, so x̂B(r) is well-defined in some neighborhood of

r∗. Moreover, x̂B(r) is (in some neighborhood of r∗) a continuous function of r, so

continuity implies that x̂B(r∗ + ε) > 0, for ε sufficiently small. Therefore, x̂p(r∗ + ε)
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is non-negative and

Ap(r
∗ + ε)x̂p(r

∗ + ε) =

(
B(r∗ + ε)

∣∣∣ N(r∗ + ε)

) x̂B(r∗ + ε)

xN


= B(r∗ + ε)

(
B−1(r∗ + ε)

(
c−N(r∗ + ε)xN

))
+N(r∗ + ε)xN

= c.

The next lemma is a consequence of Carathéodory’s theorem [95, Theorem 17.1],

which states that a vector x belongs to the convex hull of a set S ⊆ Rn, if and only

if x can be expressed as a convex combination of n+ 1 vectors in S.

Lemma 5.3. Consider a set S = {ψ1, . . . ,ψm} of distinct vectors ψj ∈ Rn, j ∈

{1, . . . ,m}. Let C = conv(S) be the convex hull of S. Then the following statements

hold:

(a) Any nonzero vector in C can be expressed as a non-negative linear combination

of linearly independent vectors in S.

(b) Suppose the vectors in S lie in the hyperplane {(1,v) | v ∈ Rn−1} of Rn. Then

any nonzero vector in C can be expressed as a convex combination of linearly

independent vectors in S.

Proof. Consider a set of distinct vectors S = {ψ1, . . . ,ψm} in Rn. Let a nonzero

vector z ∈ C be given, where C = conv(S) is the convex hull of S. Then there exist

non-negative coefficients λj that sum to unity such that

z =
m∑
j=1

λjψj.

If ψ1, . . . ,ψm are linearly independent, it must be that m ≤ n and both parts (a)

and (b) of the lemma hold trivially. Therefore, assume the vectors in S are linearly
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dependent. Then, we can find µj not all zero and at least one which is positive, such

that

m∑
j=1

µjψj = 0.

Define

ν := min
1≤j≤m

{
λj
µj
| µj > 0

}
=
λj0
µj0

;

then we have νµj ≤ λj for all j ∈ {1, . . . ,m}, where equality holds for at least j = j0.

Let λ̃j = λj − νµj for j ∈ {1, . . . ,m}. By the choice of ν, all coefficients λ̃j are

non-negative and at least one of them is equal to zero. Note that

z =
m∑
j=1

λjψj − ν
m∑
j=1

µjψj =
m∑
j=1

λ̃jψj,

hence z can be expressed as a non-negative linear combination of at mostm−1 vectors

in S. The above argument can be repeated until z is written as a non-negative linear

combination of linearly independent vectors ψ1, . . . ,ψr, r ≤ n. This proves part (a).

For part (b), suppose ψ1, . . . ,ψm are linearly dependent and belong in {(1,v) |

v ∈ Rn−1}. Then, any nonzero vector z ∈ C has the form (1,v)ᵀ, v ∈ Rn−1 and

from part (a) can be written as a non-negative combination of at most n linearly

independent vectors in S with coefficients λ̃j. In addition
∑m

j=1 λ̃j = 1, since the first

component of vector z and all ψj, j ∈ {1, . . . ,m} is equal to unity.

We can now characterize the coefficients of an optimal perturbed LMM as follows.

Theorem 5.3. Let k, p be positive integers such that 0 < Ck,p(ξ) < ∞ for a given

ξ ∈ [0,∞). Then there exists an optimal perturbed LMM (5.1) with SSP coefficient
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Ck,p(ξ) that has at most p nonzero coefficients in the set

{γ0, . . . , γk−1, β0, . . . , βk, β̃1, . . . , β̃k}.

Proof. Let 0 < Ck,p(ξ) < ∞ for given k, p and ξ. Since the inequalities involved in

(5.7) are not strict, then the supremum in Definition 5.3 is always attained by some

method. Consider an optimal LMM (5.1) with coefficients (α,β, β̃) and SSP coeffi-

cient 0 < Ck,p(ξ) <∞, for a given ξ ∈ [0,∞). From Corollary 5.1 an optimal method

can be chosen such that βjβ̃j = 0 for each j ∈ {0, . . . , k}. Using (5.11) we can perform

a change of variables and consider the vector of coefficients x =
(
γ,β, β̃

)
∈ R3k+2,

where x ≥ 0. We will show that x has at most p nonzero coefficients. Suppose to

the contrary that x has at least p+ 1 nonzero coefficients

γi1 , . . . , γim , βj1 , . . . , βjn , β̃l1 , . . . , β̃ls ,

where 0 ≤ i1 < · · · < im ≤ k − 1, 0 ≤ j1 < · · · < jn ≤ k and 0 ≤ l1 < · · · < ls ≤ k,

such that m+ n+ s ≥ p+ 1. Let r̃ = ξr; then the system (5.25) can be written as

A(r)x = ak, (5.26)

where

A(r) =

 a0 . . . ak−1 rb+
0

(
1
r

)
. . . rb+

k

(
1
r

)
ξrb−0

(
1
ξr

)
. . . ξrb−k

(
1
ξr

)
 ,

and the solution x = x(r) depends on r. In particular, the coefficients of an optimal
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method solve (5.26) with r = Ck,p(ξ), and x
(
Ck,p(ξ)

)
≥ 0. Define the set

S(r) =
{
ai1 , . . . ,aim , b

+
j1

(
1
r

)
, . . . , b+

jn

(
1
r

)
, b−l1

(
1
ξr

)
, . . . , b−ls

(
1
ξr

)}
.

Case 1. Assume S(r) spans Rp+1 for r = Ck,p(ξ). By our assumption, x has at

least p + 1 nonzero elements; thus by using Lemma 5.2 there exists ε > 0 such that

the system (5.26) has a non-negative solution x∗ for r = Ck,p(ξ) + ε. This contradicts

the optimality of the method, since we can construct a k-step SSP perturbed LMM

of order p with coefficients given by x∗ and SSP coefficient Ck,p(ξ) + ε.

Case 2. Now, assume that the set S(r) does not span Rp+1 for r = Ck,p(ξ);

therefore, the largest size of a linearly independent subset of S
(
Ck,p(ξ)

)
is p.

Case 2a. If the method is explicit, then βk = β̃k = 0, and from (5.23) and

(5.24) the vectors in set S
(
Ck,p(ξ)

)
lie in the hyperplane {(1, v) | v ∈ Rp} ⊂ Rp+1,

since none of these vectors have index equal to k. Moreover, from the first condition of

(5.22) and equation (5.25) the vector ak lies in the convex hull of S(r) for r = Ck,p(ξ).

Therefore, from part (b) of Lemma 5.3, vector ak can be expressed as a convex

combination of linearly independent vectors in S
(
Ck,p(ξ)

)
. Such a set can have no

more than p elements, so it must be expressible as a convex combination of at most

p vectors in S
(
Ck,p(ξ)

)
.

Case 2b. If the method is implicit, assume without loss of generality that

βk > 0. Again, by using the first condition of (5.22) we have that the sum of the

coefficients in (5.25) divided by (1 + rβk) sum to unity. Therefore, the vector ak/(1 +

rβk) belongs to the convex hull of S(r), for r = Ck,p(ξ), and thus from part (a) of

Lemma 5.3 it can be written as a non-negative linear combination linearly independent

vectors in S
(
Ck,p(ξ)

)
. Again, such a set can have no more than p elements.

Furthermore, uniqueness of optimal perturbed LMMs can be established under

certain conditions on the vectors aj and b±j . The following lemma is a generalization
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of [77, Lemma 3.5].

Lemma 5.4. Consider an optimal perturbed LMM (5.1) with SSP coefficient

C = Ck,p(ξ) > 0 and C̃ = ξ Ck,p(ξ) for a given ξ ∈ [0,∞). Let the indexes

0 ≤ i1 < · · · < im ≤ k − 1, 0 ≤ j1 < · · · < jn ≤ k, 0 ≤ l1 < · · · < ls ≤ k,

where m + n + s ≤ p be such that γi1 , . . . , γim , βj1 . . . , βjn , β̃l1 , . . . , β̃ls are the positive

coefficients in (5.1). Let us also denote the sets I = {0, . . . , k}, J1 = {i1, . . . , im},

J2 = {j1, . . . , jn}, J3 = {l1, . . . , ls}. Assume that the function

F (v) = det
(
v,ai1 , . . . ,aim , b

+
j1

(
1

C

)
, . . . , b+

jn

(
1

C

)
, b−l1

(
1

C̃

)
, . . . , b−ls

(
1

C̃

))

is either strictly positive or strictly negative, simultaneously for all v = ai,

i ∈ I \ (J1 ∪ {k}), v = b+
j (1/C), j ∈ I \ J2 and v = b−l

(
1/C̃
)
, l ∈ I \ J3. Then

(5.1) is the unique optimal k-step SSP perturbed LMM of order p.

Proof. Assume there exists another optimal k-step method (5.1) of order least p with

coefficients (α∗,β∗, β̃∗). Define γ∗i := α∗i −Cβ∗i − C̃β̃∗i , i ∈ {0, . . . , k− 1}, then by the

monotonicity conditions (5.7) and order conditions (5.2) we have

γ∗i ≥ 0, i ∈ {0, . . . , k − 1},

β∗j ≥ 0, β̃∗l ≥ 0, j ∈ {0, . . . , k}, l ∈ {0, . . . , k},
k−1∑
i=0

γ∗i ai + C
k∑
j=0

β∗j b
+
j

(
1

C

)
+ C̃

k∑
l=0

β̃∗l b
−
l

(
1

C̃

)
= ak.

Since the method (5.1) with coefficients (α,β, β̃) is optimal, then ak can be also

written as a non-negative linear combination of vectors in the set

{
ai1 , . . . ,aim , b

+
j1

(
1

C

)
. . . , b+

jn

(
1

C

)
, b−l1

(
1

C̃

)
, . . . , b−ls

(
1

C̃

)}
. (5.27)



101

Consider the first condition in (5.22) and (5.23). In the case the optimal method is

explicit, then the vector ak belongs in the convex hull of the set (5.27). If the optimal

method is implicit, assume without loss of generality that βk > 0 and β̃k = 0. Then,

the vector ak/(1 + Cβk) belongs in the convex hull of the set (5.27). Therefore, from

Lemma 5.3 the vectors in (5.27) are linearly independent. Hence,

0 =det
(
ak,ai1 , . . . ,aim , b

+
j1

(
1

C

)
, . . . , b+

jn

(
1

C

)
, b−l1

(
1

C̃

)
, . . . , b−ls

(
1

C̃

))
=

k−1∑
i=0

γ∗i det
(
ai,ai1 , . . . ,aim , b

+
j1

(
1

C

)
, . . . , b+

jn

(
1

C

)
, b−l1

(
1

C̃

)
, . . . , b−ls

(
1

C̃

))
+

C
k∑
j=0

β∗j det
(
b+
j

(
1

C

)
,ai1 , . . . ,aim , b

+
j1

(
1

C

)
, . . . , b+

jn

(
1

C

)
, b−l1

(
1

C̃

)
, . . . , b−ls

(
1

C̃

))
+

C̃
k∑
l=0

β̃∗l det
(
b−l

(
1

C̃

)
,ai1 , . . . ,aim , b

+
j1

(
1

C

)
, . . . , b+

jn

(
1

C

)
, b−l1

(
1

C̃

)
, . . . , b−ls

(
1

C̃

))
.

By positivity of coefficients γ∗i , β∗j , β̃∗j and the assumptions of the lemma, we have

γ∗i = 0, i /∈ J1, β∗j = 0, j /∈ J2 and β̃∗l = 0, l /∈ J3. Linear independence of the vectors

in (5.27) implies that γ∗i = γi, i ∈ J1 and β∗j = βj, j ∈ J2 and β̃∗l = β̃l, l ∈ J3 and the

statement of the lemma is proved.

Lemma 5.4 can be applied to prove that the trapezoidal rule is the unique optimal

perturbed LMM (5.1) of second order with Ck,2 = 2 for k ≥ 1. The trapezoidal

rule has coefficients βk−1 = βk = 1/2, whereas all other γj, βj, β̃j are equal to zero.

Therefore, according to Lemma 5.4 it is sufficient to check the sign of

F (v) = det
(
v, b+

k−1

(
1
2

)
, b+

k

(
1
2

))
, (5.28)

for all v = ai, i ∈ {0, . . . , k− 1}, v = b+
j (1/2), j ∈ {0, . . . , k− 2} and v = b−l (1/(2ξ)),

l ∈ {0, . . . , k} for all ξ ∈ [0,∞). After some simple calculations we can show that all

determinants (5.28) are strictly positive.
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Fixing the number of steps k, and the order of accuracy p, the feasibility prob-

lem LP 1 has been numerically solved for different values of ξ by using linprog

from MATLAB’s optimization toolbox. Optimal explicit and implicit perturbed LMMs

(not shown here) were found for k ∈ {1, . . . , 50} and p ∈ {1, . . . , 15}. For ξ = 1,

the SSP coefficients of optimal methods coincide with those in [59, Section 3]. All

code to generate the coefficients of SSP perturbed LMMs and SSP IMEX methods dis-

cussed in Section 5.2 is available at https://github.com/numerical-mathematics/

ssp-almm_RR.

Remark 5.3. In all cases we have investigated, the SSP coefficient C(ξ) (see Def-

inition 5.2) is a strictly decreasing function of ξ. Similarly, the corresponding SSP

coefficient C̃(ξ) is strictly increasing. Assume that F and F̃ satisfy (5.3), and fix the

number of stages and order of accuracy. The monotone behavior of C(ξ) and C̃(ξ)

suggests that the optimal perturbed LMM obtained by considering the different step

sizes in (5.3) allows larger step sizes for monotonicity than what is allowed by the

optimal downwind SSP method, obtained just by taking the minimum of the two

forward Euler step sizes. If we use an optimal downwind LMM, then a sufficient

condition for monotonicity is ∆t ≤ C̃LMM∆tFE if ξ < 1, or ∆t ≤ C̃LMM∆̃tFE if ξ > 1.

On the other hand, using a perturbed LMM a sufficient step-size restriction is given

by ∆t ≤ C(ξ)∆tFE = C̃(ξ)∆̃tFE. Since C̃LMM = C(1) < C(ξ) if ξ < 1 and C̃LMM < C̃(ξ)

if ξ > 1, then the perturbed LMM allows larger step sizes. This behavior is shown in

Figure 5.1 for the class of two-step, second-order SSP perturbed LMMs.

Remark 5.4. The dependence of the SSP coefficient C(ξ) with respect to ξ can be

explained in view of inequalities (5.7) and forward Euler conditions (5.3). As the

step-size restriction in (5.3a) becomes more severe, then ξ = ∆tFE/∆̃tFE approaches

zero. However, since r̃ = ξr, inequalities (5.7) depend less on coefficients β̃j enabling

larger SSP coefficients to be obtained. On the other hand, as the step-size restriction

of forward Euler condition (5.3b) is stricter, then ξ tends to infinity and coefficients

https://github.com/numerical-mathematics/ssp-almm_RR
https://github.com/numerical-mathematics/ssp-almm_RR
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β̃j must approach zero in order (5.7) to hold. In other words, the best possible

SSP method in this case would be a method without downwind and thus the SSP

coefficient C(ξ) approaches the corresponding SSP coefficient of traditional LMMs

(2.15). Finally, for a fixed order of accuracy the SSP coefficient C(ξ) tends to C̃LMM

as we increase the number of steps.

5.1.2 Examples

Here we illustrate the effectiveness of perturbed LMMs by presenting two examples.

We consider the following assumptions:

(A1) Condition (3.2) holds only for operator F ;

(A2) Conditions (5.3) hold for F and F̃ under a step-size restriction

∆t ≤ min{∆tFE, ∆̃tFE};

(A3) Conditions (5.3) hold for F and F̃ under different step-size restrictions.

In the literature, traditional SSP LMMs applied to problems satisfying assump-

tion (A1) have been extensively studied, for example see [56, 77, 78] Downwind SSP

LMMs [59, 60, 99, 103, 105] were introduced for problems that comply with assump-

tion (A2), whereas methods for problems satisfying assumption (A3) are the topic

of this work.

Example 5.2. Consider the ODE problem

u′(t) = u(t)2
(
u(t)− 1

)
, t ≥ 0,

u(t0) = u0.

(5.29)

The right-hand side is Lipschitz continuous in u in a close interval containing [0, 1].

Thus, there exists a unique solution and it is easy to see that existence holds for all

t. Therefore, if u(t0) = 0 or u(t0) = 1, then u(t) = 0 or u(t) = 1, respectively, for all
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t. If u0 ∈ [0, 1], uniqueness implies that u(t) ∈ [0, 1] for all t. It can be also shown

that if u ∈ [0, 1], then

0 ≤ u+ ∆t u2(u− 1) ≤ 1 for 0 ≤ ∆t ≤ 4,

0 ≤ u−∆t u2(u− 1) ≤ 1 for 0 ≤ ∆t ≤ 1.

Applying method (5.1) where F = u2(u−1), it is natural to take F̃ = F , and then we

have that (5.3) holds with ∆tFE = 4 and ∆̃tFE = 1. For method (5.4), in practice we

observe that un ∈ [0, 1] whenever ∆t ≤ 8/7. The method has CLMM = 0, so applying

only assumption (A1) above we cannot expect a monotone solution under any step

size. Using assumption (A2), and writing the method in the form (5.6) (notice that

perturbations do not change the method at all in this case, since F̃ = F ) we obtain

a step-size restriction ∆t ≤ C̃LMM min{∆tFE, ∆̃tFE} = 2/7,as C̃LMM = 2/7. Finally,

using assumption (A3) to take into account the different forward Euler step sizes

for F and F̃ , we obtain the step-size restriction ∆tmax = C̃LMM∆tFE = 8/7, which

matches the experimental observation.

An even larger step-size restriction can be achieved by finding the optimal per-

turbed LMM among the class of two-step, second-order perturbed LMMs. In this

case ξ = ∆tFE/∆̃tFE = 4 and the optimal perturbed LMM has SSP coefficient

C2,2(4) = 0.3465, thus the numerical solution is guaranteed to lie in the interval

[0, 1] if the step size is at most ∆tmax = C2,2(4)∆tFE = 1.386. The coefficients of this

method are given by:

α0 = 0.409332709113745, β0 = 0.0, β̃0 = 0.295333645443128,

α1 = 0.590667290886257, β1 = 1.704666354556872, β̃1 = 0.0.

For purely hyperbolic problems the spatial discretizations are usually chosen in

such a way that F and F̃ satisfy (5.3) under the same step-size restriction. However,
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Figure 5.1: Functions C2,2(ξ) and C̃2,2(ξ) for the class of explicit two-step, second-order
perturbed LMMs. The dotted line shows C̃LMM = C2,2(1) for this particular class of
methods.

in many other cases (e.g., advection-reaction problems) this is not the case, as shown

in Example 5.3. First, we mention the following lemma which is an extension of [18,

Proposition 5.4].

Lemma 5.5. Consider the function

f(u) =
n∑
i=1

fi(u),

and assume that there exist εi > 0 such that ||u + τfi(u)|| ≤ ||u|| for 0 ≤ τ ≤ εi,

i ∈ {1, . . . , n}, where || · || is a convex functional. Then ||u + τf(u)|| ≤ ||u|| for

0 ≤ τ ≤ ε, where

ε =

(
n∑
i=1

1

εi

)−1

.

Proof. Let pi(u; εi) := u+ εifi(u), then we have

fi(u) =
pi(u; εi)− u

εi
, for i ∈ {1, . . . , n}.
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Using
∑n

i=1 ε/εi = 1 and the assumption of the lemma, it can be shown that

‖u+ εf(u)‖ =

∥∥∥∥∥u+
n∑
i=1

ε

εi
(pi(u; εi)− u)

∥∥∥∥∥
=

∥∥∥∥∥
n∑
i=1

ε

εi
pi(u; εi)

∥∥∥∥∥
≤

n∑
i=1

ε

εi
‖u‖ = ‖u‖.

The rest of the proof relies on [90, Lemma II.5.1]. If 0 < τ < ε, then there exist

0 < ρ < 1 such that τ = (1− ρ)ε. Then

u+ τf(u) = u+ (1− ρ)εf(u) = ρu+ (1− ρ) (u+ εf(u))

and hence

‖u+ τf(u)‖ − ‖u‖ ≤ ρ‖u‖+ (1− ρ)‖u+ εf(u)‖ − ‖u‖

= (1− ρ) (‖u+ εf(u)‖ − ‖u‖)

≤ ‖u+ εf(u)‖ − ‖u‖.

This implies that ‖u + τf(u)‖ ≤ ‖u + εf(u)‖. If τ = 0 or τ = ε, then the inequality

‖u + τf(u)‖ ≤ ‖u‖ is trivial; hence the result of the lemma holds for all 0 ≤ τ ≤ ε.

Example 5.3. Consider the LeVeque and Yee problem [18, 79]

Ut + f(U)x = s(U), U(x, 0) = U0(x), x ∈ R, t ≥ 0,

where s(U) = −µU(U − 1)(U − 1
2
) and µ > 0. Let ui(t) ≈ U(xi, t); then first-order
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upwind semi-discretization yields

u′(t) = F (u(t)) = D(u(t)) + S(u(t)), u(0) = u0, t > 0,

where

Di(u) = −f(ui)− f(ui−1)

∆x
, Si(u) = s(ui).

Consider also the downwind discretizations

D̃i(u) = −f(ui+1)− f(ui)

∆x
, S̃i(u) = s(ui),

and let F̃ = D̃ + S̃. If u ∈ [0, 1], it can be easily shown that

0 ≤ u+ ∆t S(u) ≤ 1, for 0 ≤ ∆t ≤ ∆tFE =
2

µ
,

0 ≤ u−∆t S̃(u) ≤ 1, for 0 ≤ ∆t ≤ ∆̃tFE =
16

µ
.

Using Lemma 5.5 we then have that

0 ≤ u+ ∆t F (u) ≤ 1, for 0 ≤ ∆t ≤ ∆tFE =
2τ

2 + µτ
,

0 ≤ u−∆t F̃ (u) ≤ 1, for 0 ≤ ∆t ≤ ∆̃tFE =
16τ

16 + µτ
,

where τ > 0 is such that

0 ≤ u+ ∆tD(u) ≤ 1, for 0 ≤ ∆t ≤ τ,

0 ≤ u−∆t D̃(u) ≤ 1, for 0 ≤ ∆t ≤ τ.

Note that ∆tFE < ∆̃tFE for all positive values of µ and τ . Therefore, under assump-
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tions (A1) and (A2) above, the forward Euler step size must be ∆tFE = 2τ/(2 + µτ)

so that the numerical solution is stable. Let

ξ = ∆tFE/∆̃tFE =
16 + µτ

8(2 + µτ)
,

then for all ξ < 1 we have C̃LMM = C(1) < C(ξ); hence not considering SSP perturbed

LMMs will always result in a stricter step-size restriction. Suppose µ is relatively small

so that the problem is not stiff and explicit methods could be used. For instance,

among the class of explicit two-step, second-order LMMs, there is no classical SSP

method and the optimal downwind method has SSP coefficient C̃LMM = 1/2. Let for

example µτ = 2/3, then the step-size bound for downwind SSP methods such that the

solution remains in [0, 1] is ∆t ≤ C̃LMM∆tFE = 0.375τ . Using the optimal two-step,

second-order SSP perturbed LMM with coefficients

α0 = 0.169849709137948, β0 = 0.0, β̃0 = 0.415075145431026,

α1 = 0.830150290862053, β1 = 1.584924854568973, β̃1 = 0.0,

larger step sizes are allowed, since for ξ = 25/32 we have ∆t ≤ C(25
32

) ∆tFE = 0.3928τ .

5.2 Monotonicity of additive linear multistep methods

Following the previous example, it is natural to study the monotonicity properties

of additive methods applied to problems which consist of components that describe

different physical processes. A k-step additive LMM for the solution of the initial

value problem

u′(t) = F (u(t)) + F̂ (u(t)), t ≥ t0,

u(t0) = u0,

(5.30)
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takes the form

un =
k−1∑
j=0

αjun−k+j + ∆t
k∑
j=0

(
βjF (un−k+j) + β̂jF̂ (un−k+j)

)
. (5.31)

The method is explicit if βk = β̂k = 0 and implicit if none of βk or β̂k is equal to zero.

It can be shown that method (5.31) is order p accurate if

k−1∑
j=0

αj = 1,
k−1∑
j=0

jαj +
k∑
j=0

βj = k,

k−1∑
j=0

jαj +
k∑
j=0

β̂j = k,

k−1∑
j=0

αjj
i +

k∑
j=0

βjij
i−1 = ki,

k−1∑
j=0

αjj
i +

k∑
j=0

β̂jij
i−1 = ki, i ∈ {2, . . . , p}.

(5.32)

The operators F and F̂ generally approximate different derivatives and also have

different stiffness properties. We extend the analysis of monotonicity conditions for

LMMs by assuming that F and F̂ satisfy

‖u+ ∆tF (u)‖ ≤ ‖u‖, ∀u ∈ Rm, 0 ≤ ∆t ≤ ∆tFE, (5.33a)

‖u+ ∆tF̂ (u)‖ ≤ ‖u‖, ∀u ∈ Rm, 0 ≤ ∆t ≤ ∆̂tFE, (5.33b)

respectively.

Definition 5.4. An additive LMM (5.31) is said to be strong stability preserving

(SSP) if the following monotonicity conditions

βj, β̂j ≥ 0, j ∈ {0, . . . , k},

αj − rβj − r̂β̂j ≥ 0, j ∈ {0, . . . , k − 1}.
(5.34)

hold for r ≥ 0 and r̂ ≥ 0. For a fixed ξ = r̂/r the method has SSP coefficients



110

(C(ξ), Ĉ(ξ)), where

C(ξ) = sup {r ≥ 0 | monotonicity conditions (5.34) hold with r̂ = ξr} (5.35)

and Ĉ(ξ) = ξ C(ξ).

As in Section 5.1, it is clear that whenever the set in (5.35) is empty then the method

is non-SSP; in such cases we say the method has SSP coefficient equal to zero.

Define the vectors aj and b+
j (·) ∈ Rp+1 as in (5.23) and (5.24). Then, by using

the substitution

γj := αj − rβj − r̂β̂j, for j ∈ {0, . . . , k − 1}, (5.36)

the order conditions (5.32) can be expressed in terms of vectors aj and b+
j :

k−1∑
j=0

(γj + r̂β̂j)aj +
k∑
j=0

rβjb
+
j (r−1) = ak, (5.37a)

k−1∑
j=0

(γj + rβj)aj +
k∑
j=0

r̂β̂jb
+
j (r̂−1) = ak. (5.37b)

The above equations suggest a change of variables. Instead of considering the

method’s coefficients in terms of the column vectors

α = (α0, . . . , αk−1)ᵀ, β = (β0, . . . , βk)
ᵀ, β̂ = (β̂0, . . . , β̂k)

ᵀ,

and the order conditions independent of r and r̂, one can consider the coefficients

γ,β, β̂ under the substitution (5.36). Let r̂ = ξr; then the order conditions can be

written as functions of r. In particular the system of p + 1 equations (5.37a) can be
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written as A(r)x(r) = ak, where

A(r) =

 a0 . . . ak−1 rb+
0 (r−1) . . . rb+

k−1(r−1) rb+
k (r−1)


and x(r) =

(
δ(r),β

)
∈ R2k+1 with δj(r) = γj + ξrβ̂j, j ∈ {0, . . . , k − 1}. Define the

feasible set

P (r) = {x ∈ R2k+1 | A(r)x(r) = ak, x(r) ≥ 0}. (5.38)

For a given ξ, if there exists a k-step, p-order accurate SSP additive LMM (5.31) with

SSP coefficient C(ξ), then P
(
C(ξ)

)
is nonempty.

Consider the class of additive LMMs (5.31) having at most k steps and order

of accuracy at least p, denoted by Ak,p. Since we would like to obtain the method

with the largest possible SSP coefficient, then for a fixed k ≥ 1, p ≥ 1 and a given

ξ ∈ [0,∞), we define optimal additive LMMs as follows.

Definition 5.5. An explicit (implicit) additive LMM (5.34) in Ak,p is called optimal

if no explicit (implicit) method in Ak,p has larger SSP coefficient. Given ξ ∈ [0,∞),

we denote the largest SSP coefficient for k-step explicit (implicit) additive LMMs

(5.31) of order p by

Ck,p(ξ) = sup
(α,β,β̂)∈Ak,p

{
C(ξ) > 0 | C(ξ) is the SSP coefficient of an explicit

(implicit) method (5.31) with coefficients (α,β, β̂)
}
.

In the trivial case that the set over which the supremum is taken above is empty, we

write Ck,p(ξ) = 0.

The following theorem and lemma characterize the coefficients of an optimal ad-
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ditive LMM.

Theorem 5.4. Let k ≥ 1, p ≥ 1 be given such that 0 < Ck,p(ξ) < ∞ for a given

ξ ∈ [0,∞). Then, there exists a k-step optimal SSP additive LMM (5.31) of order p

with at most p nonzero coefficients δj, βi, where δj = αj−Ck,p(ξ)βj, j ∈ {0, . . . , k−1}

and i ∈ {0, . . . , k}.

Proof. Let 0 < Ck,p(ξ) < ∞, where k ≥ 1, p ≥ 1 and ξ ∈ [0,∞) are given. Since

the inequalities involved in (5.34) are not strict, the supremum in Definition 5.5 is

always attained by some method. Consider an optimal k-step SSP additive LMM

(5.31) of order p with SSP coefficient Ck,p(ξ). Define γj = αj − Ck,p(ξ)βj − Ĉk,p(ξ)β̂j

and δj = γj + Ĉk,p(ξ)β̂j for j ∈ {0, . . . , k − 1}. Then the vector x = (δ,β) ∈ R2k+1

belongs to the feasible set (5.38) when r = Ck,p(ξ).

If x has p or fewer nonzero entries, we are done. Suppose x has more than

p nonzero entries and let S(r) be the set of columns of the matrix A(r) in (5.38)

corresponding to the nonzero elements of x.

We distinguish two cases. First, assume that the set S
(
Ck,p(ξ)

)
does not span

Rp+1. Then, similarly to Case 2 of the proof of Theorem 5.3, the vectors ak (explicit

case) and ak/(1+rβk) (implicit case) belong to the convex hull of S(r), for r = Ck,p(ξ).

Then from Lemma 5.3, ak and ak/(1 + Ck,p(ξ)βk) can be written respectively as a

convex and non-negative combination of p vectors in S
(
Ck,p(ξ)

)
. Therefore, there

exists a different method with the SSP coefficient Ck,p(ξ) and at most p non-negative

coefficients δj, j ∈ {0, . . . , k − 1} and βi, i ∈ {0, . . . , k}. On the other hand, if

S
(
Ck,p(ξ)

)
spans Rp+1, then by using Lemma 5.2 there exists ε > 0 and x∗ = (δ∗,β∗)

with non-negative entries such that A(Ck,p(ξ) + ε)x∗ = ak. For each index j in x∗

such that δ∗j > 0, we can choose γ∗j so that β∗j = β̂∗j . Then, x∗ satisfies (5.37b) as

well. But this contradicts the optimality of the method since we have constructed a

k-step SSP additive LMM of order p with coefficients given by x∗ and SSP coefficient

Ck,p(ξ) + ε.
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Lemma 5.6. For a given k ≥ 1, p ≥ 1 an optimal additive LMM (5.31) has βj = β̂j

for all j ∈ {0, . . . , k}.

Proof. Consider an optimal method (5.31) of order p. From Theorem 5.4 at most p

coefficients δj, βi, j ∈ {0, . . . , k− 1}, i ∈ {0, . . . , k} are nonzero. Let v = β− β̂, then

v has at most p nonzero elements. Subtracting the order conditions (5.37) results in

∑
i∈I

viāi = 0,

where I is the set of distinct indexes for which vi’s are nonzero. The vectors āi =

(1, i, . . . , ip−1)ᵀ, i ∈ I are linearly independent (see [45, Chapter 21]), therefore v must

be identically equal to zero. Hence, βj = β̂j for each j ∈ {0, . . . , k}.

The main result of this section relies on Theorem 5.4 and Lemma 5.6 and is given

by the following theorem. Note that Theorem 5.5 refers to the case that both parts

of an additive LMM are either explicit or implicit.

Theorem 5.5. For a given k ≥ 1, p ≥ 1 an optimal additive LMM with SSP coef-

ficient Ck,p and corresponding SSP coefficient Ĉk,p is equivalent to the optimal k-step

optimal SSP LMM (2.15) of order p with SSP coefficient Ck,p + Ĉk,p.

Proof. Consider an optimal method (5.31) of order p with SSP coefficient Ck,p and

Ĉk,p = ξ Ck,p for some ξ ∈ [0,∞). From Lemma 5.6 we have βj = β̂j for each

j ∈ {0, . . . , k}, therefore monotonicity conditions (5.34) yield minj
αj

βj
= Ck,p + Ĉk,p.

Thus the additive LMM is equivalent to the optimal k-step SSP LMM method of

order p with SSP coefficient Ck,p + Ĉk,p.

5.2.1 Monotone IMEX linear multistep methods

Based on Theorem 5.5, it is only interesting to consider Implicit-Explicit (IMEX)

SSP LMMs. Such methods are particularly useful for initial value problems (5.30)
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where F represents a non-stiff or mild stiff part of the problem, and F̂ a stiff term

for which implicit integration is required. The following theorem provides sufficient

conditions for monotonicity for the numerical solution of an IMEX method.

Theorem 5.6. Consider the additive problem (5.30) for which F and F̂ satisfy

(5.33), for some ∆tFE > 0 and ∆̂tFE > 0. Let an IMEX LMM (5.31) with coef-

ficients βk = 0, β̂k 6= 0 be strong-stability-preserving with SSP coefficients (C(ξ), Ĉ(ξ))

for ξ = ∆tFE/∆̂tFE. Then, the numerical solution satisfies the monotonicity condition

(3.6) under a step-size restriction

∆t ≤ min{C∆tFE, Ĉ ∆̂tFE}. (5.39)

Proof. The proof is similar to that of Theorem 5.1.

As in Section 5.1, the minimum step size in (5.39) occurs when C∆tFE = Ĉ ∆̂tFE.

For a given k ≥ 1 and p ≥ 1, we would like to find the largest possible value Ck,p(ξ)

such that an optimal IMEX method is SSP with coefficients (Ck,p, Ck,p ∆tFE/∆̂tFE).

Setting ξ := ∆tFE/∆̂tFE, and combining the inequalities (5.34) and the order condi-

tions (5.32), we can form the following optimization problem:

max
{γ,β,β̂,r}

r, subject to



k−1∑
j=0

γj + r(βj + ξβ̂j) = 1,
k−1∑
j=0

(
γj + r(βj + ξβ̂j)

)
j + βj = k,

k−1∑
j=0

(
γj + r(βj + ξβ̂j)

)
ji + βjij

i−1 = ki, i ∈ {2, . . . , p},

k−1∑
j=0

(βj − β̂j)− β̂k = 0,
k−1∑
j=0

(βj − β̂j)ji − β̂kki = 0, i ∈ {1, . . . , p− 1},

γj ≥ 0, βj ≥ 0, j ∈ {0, . . . , k − 1},

β̂j ≥ 0, j ∈ {0, . . . , k},

r ≥ 0.

(5.40)
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By using bisection in r, the optimization problem (5.40) can be viewed as a sequence

of linear feasible problems, as suggested in [59]. We solved the above problem us-

ing linprog in MATLAB with the active-set algorithm and found optimal IMEX SSP

methods for k ∈ {1, . . . , 50}, p ∈ {1, . . . , 15} and for different values of ξ. Similarly

to additive RK methods [49], we can define the feasibility SSP region of IMEX SSP

methods for a fixed k ≥ 1 and p ≥ 1 by

Rk,p =
{

(r, r̂) | ξ ∈ R+ and monotonicity conditions (5.34) hold for r ≥ 0, r̂ = ξr
}
.

For instance, the feasibility SSP regions for three-step, second-order and six-step,

fourth-order IMEX methods are shown in Figure 5.2.

As mentioned in [55, Section 2.1] the SSP coefficients of IMEX SSP methods in

the case the forward Euler ratio ξ = ∆tFE/∆̂tFE is equal to one are not large. The

same seems to hold when considering SSP IMEX methods for additive problems (5.30)

satisfying (5.33) for any values ξ ≥ 0 (see Figure 5.2). Thus, instead of requiring both

parts of an IMEX method to be SSP, one can impose SSP conditions only on the

explicit part and optimize stability properties (e.g., A-stability or A(α)-stability) for

the implicit method. Second order methods among this class of methods have been

studied in [25], whereas in [55] higher-order IMEX methods with optimized stability

features were constructed based on general monotonicity and boundedness properties

of the explicit component.

For example, let ξ = ∆tFE/∆̃tFE = 1 and consider the following second order

IMEX methods with two-steps

un =
1

5
un−2 +

4

5
un−1 +

8

5
∆tF (un−1)− 2

5
∆tF̃ (un−2)+

1

5
∆tF̂ (un−2) +

2

5
∆tF̂ (un−1) +

3

5
∆tF̂ (un),

(5.41)
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(a) Three-step, second-order IMEX SSP region.
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(b) Six-step, fourth-order IMEX SSP region.

Figure 5.2: SSP regions of IMEX LMMs. The intersection of the line r̂ = ξr, ξ > 0
with the boundary of the SSP region corresponds to an optimal IMEX LMM with
SSP coefficient C(ξ).
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and three-steps

un =
1

10
un−3 +

9

10
un−1 +

27

20
∆tF (un−1)− 3

20
∆tF̃ (un−3)+

1

20
∆tF̂ (un−3) +

1

5
∆tF̂ (un−2) +

7

20
∆tF̂ (un−1) +

3

5
∆tF̂ (un).

(5.42)

The explicit parts in (5.41) and (5.42) are SSP perturbed LMMs with SSP coefficients

1/2 and 2/3, respectively and the implicit part is an A-stable method.

In order to prove that indeed the implicit part is A-stable, isolate the part of

(5.31) that is solved implicitly, namely

un =
k−1∑
j=0

αjun−k+j + ∆t
k∑
j=0

β̂jF̂ (un−k+j), (5.43)

and define the characteristic polynomial of (5.43) by (2.20). A-stability requires that

the image of the the unit circle is contained entirely in the right half complex plane

under the mapping z = ρ(ζ)/σ(ζ), which implies that <(z(θ)) ≥ 0 for all θ ∈ [0, 2π],

where

z(θ) =
ρ(eiθ)

σ(eiθ)
. (5.44)

Lemma 5.7. The implicit parts of methods (5.41) and (5.42) are A-stable.

Proof. By expanding eiθ into real and complex parts and using trigonometric formulas

to eliminate multiple angels, the real part of (5.44) can be expressed as

< (z(θ)) =
(cos(θ)− 1)2

2 + 4 cos(θ) + 3 cos2(θ)
,
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for method (5.41), and

< (z(θ)) =
4 (4− cos(θ)) (cos(θ)− 1)2

(5 + 3 cos(θ)) (5 + 5 cos(θ) + 8 cos2(θ))
,

for method (5.42). In both cases the numerator and denominator are non-negative

for all values of θ ∈ [0, 2π], hence the boundary of the stability regions lies on the

right half complex plain.

Figure 5.3 shows the stability regions of the implicit parts, given by (5.43), of the

methods (5.41) and (5.42).

5.3 Final remarks

The concepts of additive splitting and downwind semi-discretization can be combined

to yield downwind IMEX LMMs of the form (applying downwinding to the non-stiff

term):

un =
k−1∑
j=0

αjun−k+j + ∆t
k−1∑
j=0

(
βjF (un−k+j)− β̃jF̃ (un−k+j)

)
+ ∆t

k∑
j=0

β̂jF̂ (un−k+j),

where F and F̃ satisfy the forward Euler conditions (5.3) and the explicit part is an

SSP perturbed LMM. Preliminary results show that it is possible to obtain second

order IMEX linear multistep methods with two or three steps, where the implicit part

is A-stable and the explicit part is an optimal SSP perturbed LMM. This generaliza-

tion allows the construction of new IMEX methods with fewer steps for a given order

of accuracy and with larger SSP coefficients (for the explicit component). Moreover,

the best possible IMEX method can be chosen based on the ratio of forward Euler

step sizes of the non-stiff term in (5.30). Also, it is worth investigating the possibility

of obtaining A(α)-stable implicit parts whenever A-stability is not feasible.
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(a) Implicit part of IMEX method (5.41).

-1 1 2 3 4 5
Re(z)

-4

-2

2

4
Im(z)

(b) Implicit part of IMEX method (5.42).

Figure 5.3: Stability regions (shaded areas) of the implicit components of IMEX
methods (5.41) and (5.42).
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Chapter 6

Strong stability preserving explicit linear multistep methods

with variable step size

In the numerical solution of hyperbolic conservation laws, the allowable step size

∆tmax is usually determined by a CFL-like condition, and in particular is inversely

proportional to the fastest wave speed. This wave speed may vary significantly during

the course of the integration, and its variation cannot generally be predicted in ad-

vance. Thus a fixed-step-size code may be inefficient (if ∆tmax increases) or may fail

completely (if ∆tmax decreases). SSP LMM with uniform step size have been studied

by several authors [54, 56, 59, 77, 78, 99]. The contents of this chapter correspond

to [37], where the first variable step-size SSP LMMs have been developed. Here, we

review such methods of order two and three, and in particular we discuss the step size

strategy and the practical application of variable step-size SSP LMMs on hyperbolic

PDEs.

SSP Runge–Kutta methods are used much more widely than SSP LMMs. Indeed,

it is difficult to find examples of SSP LMMs used in realistic applications; this may be

due to the lack of a variable step-size (VSS) formulation. Tradeoffs between Runge–

Kutta and linear multistep methods have been discussed at length elsewhere, but

one reason for preferring LMMs over their Runge–Kutta counterparts in the context

of strong stability preservation stems from the recent development of a high-order

positivity preserving limiter [121]. Use of RK methods in conjunction with the limiter

can lead to order reduction, so LMMs are recommended [31, 121].

There exist two approaches to variable step-size multistep methods [39]. In the
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first, polynomial interpolation is used to find values at equally spaced points, and

then the fixed-step-size method is used. In the second, the method coefficients are

varied to maintain high order accuracy based on the solution values at the given (non-

uniform) step intervals. Both approaches are problematic for SSP methods; the first,

because the interpolation step itself may violate the SSP property, and the second,

because the SSP step size depends on the method coefficients. Herein we pursue the

second strategy.

The rest of the chapter is organized as follows. Sections 6.1-6.3 are adapted from

[37] and contain the theoretical results credited to coauthors in [37]. The author’s

main contribution is related to Section 6.4 in which the LMMs of variable step size

are numerically tested. In Section 6.1.1, we review the theory of SSP LMMs while

recognizing that the forward Euler permissible step size may change from step to step.

The main result, Theorem 6.1, is a slight refinement of the standard monotonicity

result of Section 3.4. In Section 6.1.2 we show how an optimal SSP multistep formula

may be chosen at each step, given the sequence of previous steps. In Section 6.1.3

we provide for convenience a description of the two of the simplest and most useful

methods in this work. In Section 6.2 we review the upper bound on the SSP coefficient

for LMMs with variable step size and discuss optimal formulae for second- and third-

order methods. In Section 6.3 we investigate the relation between the SSP step size,

the method coefficients, and the step-size sequence. We develop step-size strategies

that ensure the SSP property under mild assumptions on the problem. In Section 6.4

we demonstrate the efficiency of the methods with some numerical examples and we

conclude with some final remarks. The proofs of the theorems and lemmata are found

in [37, Section 7 & Section 8].



122

6.1 SSP explicit linear multistep methods

If a fixed numerical step size ∆t is used, an explicit LMM takes the form (2.15), where

βk = 0. Now let the step size vary from step to step so that tn = tn−1 + ∆tn. In order

to achieve the same order of accuracy, the coefficients α, β must also vary from step

to step:

un =
k−1∑
j=0

(
αj,nu

n−k+j + ∆tnβj,nF (un−k+j)
)
. (6.1)

At this point, it is helpful to establish the following terminology. We use the term

multistep formula, or just formula, to refer to a set of coefficients αj (= αj,n), βj

(= βj,n) that may be used at step n. We use the term multistep method to refer to a

full time-stepping algorithm that includes a prescription of how to choose a formula

(αj,n, βj,n) and the step size ∆tn at step n.

For 1 ≤ j ≤ k let

ωj :=
∆tn−k+j

∆tn
> 0 (6.2)

denote the step-size ratios and


Ω0 :=0,

Ωj :=

j∑
i=1

ωi for 1 ≤ j ≤ k.
(6.3)

Note that the values ω and Ω depend on n, but we often suppress that dependence

since we are considering a single step.1 It is useful to keep in mind that Ωj = j if the

step size is fixed. Also the simple relation Ωk = Ωk−1 + 1 will often be used.
1Our definition of ω differs from the typical approach in the literature on variable step-size

multistep methods, where only ratios of adjacent step sizes are used. The present definition is more
convenient in what follows.
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6.1.1 Strong stability preservation

We are interested in IVPs (2.2) whose solution satisfies a monotonicity condition

(3.3). We assume that F satisfies the (stronger) forward Euler condition

‖u+ ∆tF (u)‖ ≤ ‖u‖, for 0 ≤ ∆t ≤ ∆tFE(u), (6.4)

where ‖ · ‖ represents any convex functional and ∆tFE is a function of the solution

u. The discrete monotonicity condition (6.4) implies the continuous monotonicity

condition (3.3).

The primary application of SSP methods is in the time integration of nonlinear

hyperbolic PDEs. In such applications, ∆tFE is proportional to the CFL number

ν = ∆t
a(U)

∆x
(6.5)

where a(U) is the largest wave speed appearing in the problem. This speed depends

on U . For instance, in the case of Burgers’ equation

Ut +

(
U2

2

)
x

= 0,

we have a(U) = maxx |U |. For scalar conservation laws like Burgers’ equation, it is

possible to determine a value of ∆tFE, based on the initial and boundary data, that

is valid for all time. But for general systems of conservation laws, a(U) can grow in

time and so the minimum value of ∆tFE(U) cannot be determined without solving the

initial value problem. We will often write just ∆tFE for brevity, but the dependence

of ∆tFE on the solution u of the semi-discrete problem (2.2) should be remembered

throughout this chapter.

We will develop linear multistep methods (6.1) that satisfy the discrete mono-
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tonicity property (see also (3.6))

‖un‖ ≤ max(‖un−k‖, ‖un−k+1‖, . . . , ‖un−1‖). (6.6)

When using an SSP multistep method, an SSP RK method can be used to ensure

monotonicity of the starting values. In the remainder of this chapter, we focus on

conditions for monotonicity of subsequent steps (for any given starting values).

The following theorem refines a well-known result in the literature, by taking into

account the dependence of ∆tFE on u.

Theorem 6.1. Suppose that F satisfies the forward Euler condition (6.4) and that

the method (6.1) has non-negative coefficients αj,n, βj,n ≥ 0. Furthermore, suppose

that the step size is chosen so that

0 ≤ ∆tn ≤ min
0≤j≤k−1

(
αj,n
βj,n

∆tFE(un−k+j)

)
(6.7)

for each n, where the ratio αj,n/βj,n is understood as +∞ if βj,n = 0. Then the solution

of the initial value problem (2.2) given by the LMM (6.1) satisfies the monotonicity

condition (6.6).

Remark 6.1. The step-size restriction (6.7) is also necessary for monotonicity in the

sense that, for any method (6.1), there exists some F and starting values such that

the monotonicity condition (6.6) will be violated if the step size (6.7) is exceeded.

This result is analogous to the fix step size case (see [31, Theorem 3.3]).

Remark 6.2. Even in the case of the fixed-step-size method (2.15), the theorem above

generalizes results in the literature that are based on the assumption of a constant

∆tFE. It is natural to implement a step-size strategy that uses simply ∆tFE(un−1) in

(6.7), but this will not give the correct step size in general. On the other hand, since

∆tFE usually varies slowly from one step to the next, and since the restriction (6.7)
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is often pessimistic, such a strategy will usually work well.

Since un (and hence ∆tFE) varies slowly from one step to the next, it seems con-

venient to separate the factors in the upper bound in (6.7) and consider the sufficient

condition

0 ≤ ∆tn ≤ Cnµn (6.8)

where the SSP coefficient Cn is

Cn =


max {r ∈ R+ : αj,n − rβj,n ≥ 0} if αj,n ≥ 0, βj,n ≥ 0 for all j;

0 otherwise,
(6.9)

and

µn := min
0≤j≤k−1

∆tFE(un−k+j) (n ≥ k). (6.10)

Note that in general the SSP coefficient varies from step to step, since it depends on

the method coefficients.

6.1.2 Optimal SSP formulae

For a given order of accuracy p, number of steps k, and previous step-size sequence

∆tn−1,∆tn−2, . . . , we say that a multistep formula is optimal if it gives the largest

possible SSP coefficient Cn in (6.8) and satisfies the order conditions. In this section,

we formulate this optimization problem algebraically. We choose to omit the subscript

n on the method coefficients in (6.1) to simplify the notation; thus the linear multistep

formula takes the form

un =
k−1∑
j=0

(
αju

n−k+j + ∆tnβjF (un−k+j)
)
. (6.11)
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The conditions for formula (6.11) to be consistent of order p are

k−1∑
j=0

αj = 1, (6.12a)

k−1∑
j=0

(
Ωm
j αj +mΩm−1

j βj
)

= Ωm
k , 1 ≤ m ≤ p. (6.12b)

Let us change variables by introducing

δj := αj − rβj.

Then the SSP coefficient of the formula is just the largest r such that all δj, βj are

non-negative [59, 77]. In these variables, the order conditions (6.12) become

k−1∑
j=0

(δj + rβj) = 1, (6.13a)

k−1∑
j=0

(
Ωm
j (δj + rβj) +mΩm−1

j βj
)

= Ωm
k , 1 ≤ m ≤ p. (6.13b)

We will refer to a formula by the triplet (ω, δ, β). Given p, k, and a set of step-size

ratios ωj, the formula with the largest SSP coefficient for the next step can be obtained

by finding the largest r such that (6.13) has a non-negative solution δ, β ≥ 0. This

could be done following the approach of [59], by bisecting in r and solving a sequence

of linear programming feasibility problems. The solution of this optimization problem

would be the formula for use in the next step. We do not pursue that approach here.

Instead, we derive families of formulae that can be applied based on the sequence of

previous step sizes.
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6.1.3 Two optimal methods

For convenience, here we list the methods most likely to be of interest for practical

application. These methods are used in the numerical tests of Section 6.4 and are

special cases of more general classes of second- and third-order methods reviewed in

the next section. Recall that µn has been defined in (6.10), and we assume n ≥ k.

The definition of the Ω quantities (with dependence on n suppressed) is given in

(6.2)-(6.3).

6.1.3.1 SSPMSV32

The three-step, second-order method is

un =
Ω2

2 − 1

Ω2
2

(
un−1 +

Ω2

Ω2 − 1
∆tn F (un−1)

)
+

1

Ω2
2

un−3

with SSP step size restriction

∆tn ≤
∆tn−2 + ∆tn−1

∆tn−2 + ∆tn−1 + µn
· µn.

If the step size is constant, this is equivalent to the known optimal second-order

three-step SSP method.

6.1.3.2 SSPMSV43

The four-step, third-order method is

un =
(Ω3 + 1)2(Ω3 − 2)

Ω3
3

(
un−1 +

Ω3

Ω3 − 2
∆tn F (un−1)

)
+

3Ω3 + 2

Ω3
3

(
un−4 +

Ω3(Ω3 + 1)

3Ω3 + 2
∆tn F (un−4)

)
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with SSP step size restriction

∆tn ≤
∑3

j=1 ∆tn−j(∑3
j=1 ∆tn−j

)
+ 2µn

· µn.

If the step size is constant, this is equivalent to the known optimal third-order four-

step SSP method.

6.2 Existence and construction of optimal SSP formulae

In this section we consider the set of formulae satisfying (6.13) for fixed order p,

number of steps k and some step-size sequence Ωj. It is natural to ask whether any

such formula exists, what the supremum of achievable r values is (i.e., the optimal

SSP coefficient C), and whether that supremum is attained by some formula. Here

we discuss how large an SSP coefficient can be, and provide a theorem regarding the

existence of a formula with the maximum SSP coefficient. Practical optimal formulae

of order two and three are also reviewed. The theorems of the present section are

proved in [37, Section 8].

6.2.1 Upper bound on the SSP coefficient and existence of an

optimal formula

In the fixed-step-size case, the classical upper bound C ≤ k−p
k−1

on the SSP coefficient

C for a k-step explicit linear multistep formula of order p with k ≥ p was proved in

[77] together with the existence of optimal methods. The following theorem is an

extension of [77, Theorem 2.2] for the case of LMMs with variable step size.

Theorem 6.2. Suppose that some time-step ratios ωj are given. Then the SSP coef-

ficient for a k-step explicit linear multistep formula with order of accuracy p ≥ 2 is
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bounded by

C(ω, δ, β) ≤


0 if Ωk ≤ p

Ωk−p
Ωk−1

if Ωk > p.

(6.14)

Moreover, suppose there exists a k-step explicit linear multistep formula of order p ≥ 2

with positive SSP coefficient. Then there is a k-step formula of order p whose SSP

coefficient is equal to the optimal one.

6.2.2 Second-order formulae

The bound in Theorem 6.2 is sharp for p = 2, as the following result shows.

Theorem 6.3 (Optimal second-order formulae with k ≥ 2 steps). Suppose that some

time-step ratios ωj are given. Then there exists a second order linear multistep for-

mula with k steps and with positive SSP coefficient if and only if Ωk > 2. In this case,

the optimal formula is

un =
Ω2
k−1 − 1

Ω2
k−1

(
un−1 +

Ωk−1

Ωk−1 − 1
∆tn F (un−1)

)
+

1

Ω2
k−1

un−k, (6.15)

and has SSP coefficient

C(ω, δ, β) =
Ωk − 2

Ωk − 1
. (6.16)

Remark 6.3. If the step size is fixed, method (6.15) with k ≥ 3 is equivalent to the

optimal k-step, second-order SSP method given in [31, Section 8.2.1]

un =
(k − 1)2 − 1

(k − 1)2

(
un−1 +

k − 1

k − 2
∆tF (un−1)

)
+

1

(k − 1)2
un−k (6.17)

with SSP coefficient C = (k − 2)/(k − 1).
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6.2.3 Third-order formulae

Compared to the family of second-order formulae above, the optimal third-order for-

mulae have a more complicated structure. We will eventually focus on two relatively

simple third-order formulae (corresponding to k = 4 and k = 5); therefore the reader

is referred to [37, Section 3.3] for a complete characterization of the optimal third-

order linear multistep formulae, and their SSP coefficients for arbitrary step-size ratios

ωj.

The optimal fixed-step-size SSP method of order 3 and k = 4 or k = 5 steps

has non-zero coefficients {δ0, β0, βk−1} [31, Section 8.2.2]. In the rest of this section

we consider formulae with 4 or 5 steps that generalize the corresponding fixed-step-

size methods. A continuity argument shows that the set of non-zero coefficients is

preserved if the step sizes are perturbed by a small enough amount. Hence we solve

the VSS order conditions (6.13) with p = 3 for r, δ0, β0 and βk−1: by using Ωk−1 > 0,

we obtain that the unique solution is

r =
Ωk−1 − 2

Ωk−1

, (6.18a)

δ0 =
4(Ωk−1 + 1)− Ω2

k−1

Ω3
k−1

, β0 =
Ωk−1 + 1

Ω2
k−1

, βk−1 =
(Ωk−1 + 1)2

Ω2
k−1

. (6.18b)

The resulting VSS formula reads

un =
(Ωk−1 + 1)2(Ωk−1 − 2)

Ω3
k−1

un−1 +
(Ωk−1 + 1)2

Ω2
k−1

∆tnF (un−1)+

3Ωk−1 + 2

Ω3
k−1

un−k +
Ωk−1 + 1

Ω2
k−1

∆tnF (un−k). (6.19)

Proposition 6.1. For

2 < Ωk−1 ≤ 2(1 +
√

2) ≈ 4.828, (6.20)

the SSP coefficient of (6.19) is optimal, and is equal to (6.18a).
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The natural requirement (6.20) also justifies our choice for k: in the fixed-step-size

case we have Ωk−1 = k − 1, and 2 < k − 1 ≤ 2(1 +
√

2) holds if and only if k = 4 or

k = 5.

Remark 6.4. One could develop optimal third-order explicit SSP formulae for k > 5

as well. However, their structure, as indicated by [37, Theorem 4], would be more

complicated, and the analysis performed later in Section 6.3.2 would become increas-

ingly involved. Moreover, [37, Theorem 5] reveals that arbitrarily high-order VSS

SSP explicit linear multistep formulae exist, though they may require a large number

of steps.

6.3 Step-size selection and asymptotic behavior of the step

sizes

To fully specify a method, we need not only a set of multistep formulae but also

a prescription for the step size. When using a one-step SSP method to integrate a

hyperbolic PDE, usually one chooses the step size ∆tn := γ C∆tFE(un−1), where γ is

a safety factor slightly less than unity. For SSP multistep methods, the choice of step

size is more complicated. First, multiple previous steps must be taken into account

when determining an appropriate ∆tFE, as already noted. But more significantly, the

SSP coefficient Cn depends on the method coefficients, while the method coefficients

depend on the choice of ∆tn. These coupled relations result in a step-size restriction

that is a nonlinear function of recent step sizes. In this section we propose a greedy

step-size selection algorithm and investigate the dynamics of the resulting step-size

recursion for the formulae derived in the previous section.

Besides the step-size algorithms themselves, our main result will be that the step

size remains bounded away from zero, so the computation is guaranteed to terminate.

Because the step-size sequence is given by a recursion involving ∆tFE, we will at times

require assumptions on ∆tFE:
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(A1) For all n we have µ− ≤ ∆tFE(un) ≤ µ+ for some µ± ∈ (0,∞).

(A2) For all n we have %FE ≤
∆tFE(un)

∆tFE(un+1)
≤ 1

%FE
for some given value %FE ∈ (0, 1].

Assumption (A1) states that the forward Euler permissible step size remains bounded

and is also bounded away from zero. For stable hyperbolic PDE discretizations,

this is very reasonable since it means that the maximum wave speed remains finite

and non-zero. Assumption (A2) states that the forward Euler step size changes

little over a single numerical time step. Typically, this is reasonable since it is a

necessary condition for the numerical solution to be accurate. It can easily be checked

a posteriori.

6.3.1 Second-order methods

Let us first analyze the three-step, second-order method in detail. Set k = 3 in the

second-order formula (6.15), and suppose that ∆tj > 0 has already been defined for

1 ≤ j ≤ n− 1 with some n ≥ 3. The SSP step-size restriction (6.8) is implicit, since

Cn depends on ∆tn. By (6.16) we have

Cn =
ω1,n + ω2,n − 1

ω1,n + ω2,n

≡ ∆tn−2 + ∆tn−1 −∆tn
∆tn−2 + ∆tn−1

.

Solving for ∆tn in (6.8) gives

∆tn ≤
∆tn−2 + ∆tn−1

∆tn−2 + ∆tn−1 + µn
· µn.

It is natural to take the largest allowed step size, i.e., to define

∆tn :=
∆tn−2 + ∆tn−1

∆tn−2 + ∆tn−1 + µn
· µn. (6.21)
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For the general k-step, second-order formula (6.15), the same analysis leads to the

following choice of step size, which guarantees monotonicity:

∆tn :=

∑k−1
j=1 ∆tn−j(∑k−1

j=1 ∆tn−j

)
+ µn

· µn. (6.22)

Note that this definition automatically ensures Ωk−1,n > 1, and hence Cn > 0 for any

µn > 0.

6.3.1.1 Asymptotic behavior of the step size

Since (6.22) is a nonlinear recurrence, one might wonder if the step size could be driven

to zero, preventing termination of the integration process. The following theorem

shows that, under some natural assumptions, this cannot happen.

Theorem 6.4. Consider the solution of (2.2) by the second-order formula (6.15)

with some k ≥ 3. Let the initial k−1 step sizes be positive and let the subsequent step

sizes ∆tn be chosen according to (6.22). Assume that (A1) holds with some constants

µ±. Then the step-size sequence ∆tn satisfies

k − 2

k − 1
µ− ≤ lim inf

n→+∞
∆tn ≤ lim sup

n→+∞
∆tn ≤

k − 2

k − 1
µ+. (6.23)

As a special case, if ∆tFE(un) is constant, then

∆tn →
k − 2

k − 1
∆tFE (n→ +∞).

Remark 6.5. The asymptotic step size k−2
k−1

∆tFE given above is precisely the allow-

able step size for the fixed-step-size SSP method of k steps.

The proof of Theorem 6.4 is given in [37, Section 9].
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Remark 6.6. Our greedy step-size selection (6.22) for second-order methods is op-

timal in the following sense. Let us assume that there is another step-size sequence,

say ∆t−n , with the following properties:

• the corresponding starting values are equal, that is, ∆t−j = ∆tj > 0 for

j = 1, 2, . . . , k − 1;

• the µn quantities in (6.10) corresponding to the sequences ∆tn and ∆t−n are all

equal to a fixed common constant µ > 0;

• ∆t−n satisfies (6.22) with inequality, that is,

∆t−n ≤
∑k−1

j=1 ∆t−n−j(∑k−1
j=1 ∆t−n−j

)
+ µ
· µ.

Then—as a straightforward modification of the proof of [37, formula (78) in Section

9.2] shows—we have ∆t−n ≤ ∆tn for all n ≥ 1.

6.3.2 Third-order methods

In this section we give our step-size selection algorithm for the 3rd-order 4-step and

5-step SSP formulae (6.19) by following the same approach as in Section 6.3.1.

By using the optimal SSP coefficient Cn =
Ωk−1,n−2

Ωk−1,n
given in Proposition 6.1 we

see that ∆tn = Cnµn in (6.8) if and only if

∆tn =

∑k−1
j=1 ∆tn−j(∑k−1

j=1 ∆tn−j

)
+ 2µn

· µn.

This relation also yields that

Ωk−1,n = 2 +
1

µn

k−1∑
j=1

∆tn−j,
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so Ωk−1,n > 2 is guaranteed by µn > 0. Therefore, (6.20) is equivalent to

k−1∑
j=1

∆tn−j ≤
√

8µn. (6.24)

The definition of ∆tn in Theorem 6.5 below is based on these considerations. The

assumptions of the theorem on the starting values and on the problem (involving the

boundedness of the ∆tFE quantities and that of their ratios) are constructed to ensure

(6.24). As a conclusion, Theorem 6.5 uses the maximum allowable SSP step size (6.8)

together with the optimal SSP coefficient Cn > 0.

Theorem 6.5. Consider the solution of (2.2) by the third-order formula (6.19) with

k = 4 or k = 5. Let the initial k − 1 step sizes be positive and let the subsequent step

sizes ∆tn be chosen according to

∆tn :=

∑k−1
j=1 ∆tn−j(∑k−1

j=1 ∆tn−j

)
+ 2µn

· µn. (6.25)

Assume that (A1), (A2) and the condition

0 < ∆tj ≤ % ·∆tFE(uj) for j = 1, . . . , k − 1 (6.26)

hold with

(%, %FE) =


(

6
10
, 9

10

)
for k = 4,(

57
100
, 962

1000

)
for k = 5.

(6.27)

Then the step-size sequence ∆tn satisfies

k − 3

k − 1
µ− ≤ lim inf

n→+∞
∆tn ≤ lim sup

n→+∞
∆tn ≤

k − 3

k − 1
µ+. (6.28)
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As a special case, if ∆tFE(un) is constant, then

∆tn →
k − 3

k − 1
∆tFE (n→ +∞).

The proof of this theorem is given in [37, Section 9]. From the proof we will see

that it is possible to slightly adjust the simple (%, %FE) values given in (6.27) based

on properties of the problem to be solved; see [37, Figure 5].

Remark 6.7. Our greedy step-size selection (6.25) for the third-order methods in

the above theorem is optimal in the same sense as it is described in Remark 6.6.

6.4 Numerical examples

In this section we investigate the performance of the proposed methods by performing

numerical tests. In Section 6.4.4, the accuracy of our methods is verified by a con-

vergence test on a linear equation with time-varying advection velocity. In Sections

6.4.5–6.4.8 we apply the methods SSPMSV32 and SSPMSV43 to nonlinear hyperbolic

conservation laws in one and two dimensions. All code used to generate the numerical

results in this work is available at https://github.com/numerical-mathematics/

ssp-lmm-vss_RR.

6.4.1 Efficiency

Let N denote the number of steps (excluding the starting steps) used to march with

a k-step variable step-size method from time t0 to a final time t0 + T . If the same

method were used with a fixed step size, the number of steps required would be at

least N ′ = (T −
∑k−1

j=1 ∆tj)/∆tmin, where ∆tmin is the smallest step size used by the

variable step-size method. Thus the reduction in computational cost by allowing a

https://github.com/numerical-mathematics/ssp-lmm-vss_RR
https://github.com/numerical-mathematics/ssp-lmm-vss_RR
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variable step size is given by

s :=
N

N ′
=

∆tmin

∆tavg
,

where ∆tavg := (T −
∑k−1

j=1 ∆tj)/N is the mean step size used by the variable step-size

method.

6.4.2 Spatial discretization

In space, we use the wave-propagation semi-discretizations described in [69]. For

the second-order temporal schemes, we use a spatial reconstruction based on the

TVD monotonized-central-difference (MC) limiter [76]; for the third-order tempo-

ral schemes, we use fifth-order WENO reconstruction. The only exception is the

Woodward–Colella problem, where we use the TVD spatial discretization for both

second- and third-order methods. The second-order spatial semi-discretization is

provably TVD (for scalar, 1D problems) under forward Euler integration with a CFL

number of νFE = 1/2. We use this value in the step-size selection algorithm for all

methods and all problems.

6.4.3 Time-stepping algorithm

The complete time-stepping algorithm is given in Algorithms 1 and 2. We denote by

νn the CFL number at step n. By default we take the initial step size ∆t1 = 0.1. In

order to ensure monotonicity of the starting steps, we use the two-stage, second-order

SSP Runge–Kutta method to compute them, with step size

∆tn := γ C0 ∆tFE(un−1), n = 1, . . . , k − 1,

where C0 = 1 is the SSP coefficient of the Runge–Kutta method and γ = 0.9 is a

safety factor (cf. Section 6.3).
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For our third-order methods we can check conditions (A2) and (6.26) only a poste-

riori. If condition (A2) or (6.26) is violated, then the computed solution is discarded

and the current step is repeated with a smaller step size as described in Algorithm 2.

These step-size reductions can be repeated if necessary, but in our computations the

first reduction was always sufficient so that the new step was accepted. For the nu-

merical examples of this section, the step size and CFL number corresponding to the

starting methods are shown on the right of Figures 6.1 and 6.2.

Algorithm 1 Second-order time-stepping algorithm

Initialization: Choose an initial step size ∆t1 and compute the forward Euler step
size ∆tFE(u0).

Starting procedure:
for n = 1, 2, . . . , k − 1 do
Compute un using the two-stage, second-order SSP Runge–Kutta method with
step size ∆tn.
Find the CFL number νn and compute ∆tFE(un).
Set ∆t← γ C0 ∆tFE(un).
if νn > C0 νFE then

Set ∆tn ← ∆t and repeat the step.
else if n < k − 1 then

Set ∆tn+1 ← ∆t.
else

Set ∆tk based on (6.22).
end if

end for

Main method:
for n = k, . . . , N do
Compute un using the method (6.15) with step size ∆tn.
Compute ∆tn+1 from (6.22).

end for

Remark 6.8. There is no need to check the CFL condition νn ≤ C0 νFE for n ≥ k

(i.e. when the LMM method is used) since it is automatically satisfied by the step

size selection (6.8).

Condition (A2) is violated only when the maximum wave speed changes dramat-

ically between consecutive steps, which may suggest insufficient temporal resolution
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Algorithm 2 Third-order time-stepping algorithm

Initialization: Choose an initial step size ∆t1 and compute the forward Euler step
size ∆tFE(u0).

Starting procedure:
for n = 1, 2, . . . , k − 1 do
Compute un using the two-stage, second-order SSP Runge–Kutta method with
step size ∆tn.
Find the CFL number νn and compute ∆tFE(un).
if condition (A2) or (6.26) does not hold then set

∆tn ←

{
∆tn/2 if at least (A2) is violated;
γ C0 %∆tFE(un) if (6.26) is violated,

and repeat the step.
else

Set ∆t← γ C0 ∆tFE(un).
end if
if νn > C0 νFE then

Set ∆tn ← ∆t and repeat the step.
else if n < k − 1 then

Set ∆tn+1 ← ∆t.
else

Set ∆tk based on (6.25).
end if

end for

Main method:
for n = k, . . . , N do
Compute un using the method (6.19) with step size ∆tn.
if condition (A2) is violated then

Set ∆tn ← ∆tn/2 and repeat step.
else

Compute ∆tn+1 from (6.25).
end if

end for

of the problem. We have found that, for the problems considered herein, omitting

the enforcement of condition (6.26) never seems to change the computed solution in a

significant way. Since these two conditions were introduced only as technical assump-

tions for some of our theoretical results, they could perhaps be omitted in a practical

implementation.
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N SSPMSV32 SSPMSV42 SSPMSV43 SSPMSV53

128 1.50× 10−2 1.83× 10−2 9.20× 10−6 6.08× 10−5

256 4.30× 10−3 1.80 5.34× 10−3 1.78 1.30× 10−6 2.82 8.10× 10−6 2.91
512 1.15× 10−3 1.90 1.44× 10−3 1.89 1.68× 10−7 2.95 1.04× 10−6 2.96
1024 3.01× 10−4 1.93 3.81× 10−4 1.92 2.13× 10−8 2.98 1.32× 10−7 2.98
2048 7.74× 10−5 1.96 9.84× 10−5 1.95 2.67× 10−9 2.99 1.66× 10−8 2.99

Table 6.1: L1-norms of the error at final time t = 5 for the variable-coefficient advec-
tion problem (6.29) for second- and third-order LMMs. For each method, the second
column denotes the convergence order. The number of spatial points is indicated by
N .

6.4.4 Convergence test

We consider the linear advection problem

Ut +

(
2 +

3

2
sin(2πt)

)
Ux = 0, (6.29)

U(x, 0) = sin(2πx), x ∈ [0, 1],

with periodic boundary conditions. We use a spatial step size ∆x = 2−d, d = 6, . . . , 11,

and compute the solution at a final time t = 5 (i.e., after 10 cycles). Table 6.1 shows

the L1-norm of the error at the final time. The solution is computed by using second-

order methods with k = 3, 4 steps and third-order methods with k = 4, 5 steps. All

methods attain the expected order.

6.4.5 Burgers’ equation

We consider the inviscid Burgers’ initial value problem

Ut + UUx = 0,

U(x, 0) =
1

2
+ sin(2πx), x ∈ [0, 1],
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with periodic boundary conditions and 256 grid cells. Figure 6.1a shows the evolution

of the step size, up to a final time t = 0.8. The step size is constant until the shock

forms, and then increases. The dashed curves in Figure 6.1a indicate how the CFL

number νn varies with time for each method. Since νn = CnνFE and νFE = 1/2,

the CFL number after the first few steps is 1/4 and 1/6, for the second- and third-

order LMMs, respectively. Note that these are the theoretical maximum values for

which the solution remains TVD. For the third-order method coupled with WENO

discretization the TVD-norm of the solution does not increase more than 10−4 over

a single time step. The sudden decrease of the step size after the first few steps of

the simulation is due to the switch from the starting (Runge–Kutta) method to the

linear multistep method. For both methods we have s ≈ 0.88.

6.4.6 Woodward–Colella blast-wave problem

Next we consider the one-dimensional Euler equations for inviscid, compressible flow:

ρt + (ρv)x = 0

(ρv)t + (ρv2 + p)x = 0

Et + (v(E + p))x = 0.

Here ρ, v, E and p denote the density, velocity, total energy and pressure, respectively.

The fluid is an ideal gas, thus the pressure is given by p = ρ(γ−1)e, where e is internal

energy and γ = 1.4. The domain is the unit interval with ∆x = 1/512, and we solve

the Woodward–Colella blast-wave problem [119] with initial conditions

ρ(x, 0) = 1, v(x, 0) = 0, and p(x, 0) =


1000 if 0 ≤ x < 0.1,

0.01 if 0.1 ≤ x < 0.9,

100 if 0.9 ≤ x ≤ 1.
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The initial conditions consist of two discontinuities. Reflecting boundary conditions

are used and initial conditions lead to strong shock waves, and rarefactions that

eventually interact with each other. The second-order TVD semi-discretization is

used with both the second- and third-order methods and the solution is computed at

time t = 0.04, after the two shock waves have collided.

Figure 6.1b shows how the step size evolves over time. The maximum wave speed

decreases as the shock waves approach each other, then increases when they collide,

and finally decreases when the shocks move apart. The step size exhibits exactly the

opposite behavior since it is inversely proportional to the maximum wave speed. As

before, the CFL number νn remains close to 1/4 and 1/6 for the second- and third-

order LMMs, respectively. Note that these are the theoretical maximum values for

which the characteristic variables remain TVD. For this problem s ≈ 0.76.

6.4.7 Two-dimensional shallow-water flow

Consider the two-dimensional shallow-water equations

∆tt + (hv)x + (hw)y = 0,

(hv)t + (hv2 +
1

2
gh2)x + (hvw)y = 0,

(hv)t + (hvw)x + (hw2 +
1

2
gh2)y = 0,

where h is the depth, (v, w) the velocity vector and hv, hw the momenta in each

direction. The gravitational constant g is equal to unity. The domain is a square

[−2.5, 2.5] × [−2.5, 2.5] with 250 grid cells in each direction. The initial condition

consists of an uplifted, inward-flowing cylindrically symmetric perturbation given by

h(x, y, 0) = 1 + g(x, y), v(x, y, 0) = −xg(x, y) and w(x, y, 0) = −yg(x, y),
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(a) Burgers’ equation.

0.00 0.01 0.02 0.03 0.04

t

0.000

0.002

0.004

0.006

0.008

0.010

0.012

hn
∆x

SSPMSV32

SSPMSV43

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

νn

0.0000 0.0001 0.0002

t

0.000

0.002

0.004

0.006

0.008

0.010

0.012

hn
∆x

0.0000 0.0001 0.0002

t

0.0

0.1

0.2

0.3

0.4

0.5

νn

SSPMSV32

SSPMSV43

(b) Woodward–Colella blast-wave problem.

Figure 6.1: Evolution of step size for one-dimensional Burgers’ and Euler equations
with second- and third-order LMMs (solid lines). The dashed curves indicate the CFL
number for each method. Figures on the right show a close-up view of the step size
and CFL number at early times. The black marks indicate the starting Runge–Kutta
method’s step sizes.
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where g(x, y) := e
−10

(√
x2+y2−1

)2
. We apply reflecting boundary conditions at the top

and right boundary, whereas the bottom and left boundaries are outflow. The wave

is initially directed towards the center of the domain, and a large peak forms as it

converges there, before subsequently expanding outward. We compute the solution

up to time t = 2.5, after the solution has been reflected from the top and right

boundaries. Figure 6.2a shows how the step size varies in time. It decreases as the

initial profile propagates towards the center of the domain since the maximum wave

speed increases. As the solution expands outwards, higher step sizes are allowed. Note

that at time t ≈ 2 the wave hits the boundaries, so a small decrease in the allowed

step size is observed. Again, the dashed curves indicate the variation of the CFL

number. Now we have the ratio s ≈ 0.62 for both second- and third-order methods.

6.4.8 Shock-bubble interaction

Finally, we consider the Euler equations of compressible fluid dynamics in cylindrical

coordinates. Originally, the problem is three-dimensional but can been reduced to

two dimensions by using cylindrical symmetry. The resulting system of equations is

ρt + (ρv)z + (ρw)r = −ρw
r
,

(ρv)t + (ρv2 + p)z + (ρvw)r = −ρvw
r
,

(ρw)t + (ρvw)z + (ρw2 + p)r = −ρw
2

r
,

(ρE)t + (v(ρE + p))z + (w(ρE + p))r = −(ρE + p)w

r
.

Here, ρ is the density, p is the pressure, E is the total energy, while v and w are the z-

and r-components of the velocity. The z- and r-axis are parallel and perpendicular,

respectively, to the axis of symmetry. The problem involves a planar shock wave

traveling in the z-direction that impacts a spherical low-density bubble. The initial
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conditions are taken from [68]. We consider a cylindrical domain [0, 2]× [0, 0.5] using

a 640 × 160 grid and impose reflecting boundary conditions at the bottom of the

domain and outflow conditions at the top and right boundaries.

Since the fluid is a polytropic ideal gas, the internal energy e is proportional

to the temperature. Initially the bubble is at rest, hence there is no difference in

pressure between the bubble and the surrounding air. Therefore, the temperature

inside the bubble is high resulting in large sound speed c =
√
γ(γ − 1)e, where

γ = 1.4. Consequently, this results in reduced step sizes right after the shock wave

hits the bubble at t ≈ 0.05, as shown in Figure 6.2b. The efficiency ratio s is about

0.82.

6.5 Final remarks

As suggested by Theorems 6.4 and 6.5, for all tests the CFL number remains close

to k−p
k−1

νFE, where k and p are the steps and order of the method, respectively. The

numerical results verify that the step size is approximately inversely proportional

to the maximum wave speed and the proposed step-size strategy successfully chooses

step sizes closely related to the maximum allowed CFL number. In practice, we expect

that conditions (A2) and (6.26), which were introduced only as technical assumptions

for some of our theoretical results, could usually be omitted without impacting the

solution.

Finally, [37] includes some additional results regarding the derivation of optimal

k-step, third-order formulae and their SSP coefficients, and also a discussion about

the stability and convergence of LMMs with variable step size.
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(a) Shallow-water equations.
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(b) Shock-bubble interaction problem.

Figure 6.2: Evolution of step size for two-dimensional shallow-water and Euler equa-
tions with second- and third-order LMMs (solid lines). The dashed curves indicate
the CFL number for each method. Figures on the right show a close-up view of the
step size and CFL number at early times. The black marks indicate the starting
Runge–Kutta method’s step sizes.
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Chapter 7

Boundary conditions for perturbed SSP methods

Although time integrators with upwind- and downwind-biased operators have been

introduced at the same time the first SSP methods were developed, they have been

mostly studied from a theoretical point of view. Several practical difficulties related

to the treatment of boundary conditions arise when perturbed methods are applied

to hyperbolic problems. First, in contrast to upwind methods, perturbed methods

consist of semi-discretizations that rely on an extended stencil and therefore require

solution values which are usually mathematically not known. For example, consider

the one-dimensional acoustics equations

 p

v


t

+

 0 K0

1/ρ0 0


 p

v


x

= 0 (7.1)

on a bounded domain [a, b]. Here, K0 is the bulk modulus of compressibility of the

material, ρ0 is the density and p and v are the pressure and the velocity of the acoustic

wave, respectively. The problem can be decomposed into left- and right-going waves

U1
t − c0U

1
x = 0 U2

t + c0U
2
x = 0, (7.2)

where c0 =
√
K0/ρ0 is the sound speed. For the right-going wave we must specify a

boundary condition

U2(a, t) = b(t)U1(a, t) + g1(t),
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at x = a, whereas no boundary conditions should be imposed on the right boundary

at x = b, otherwise the problem will be ill-posed. Let uni be an approximation of

U2(xi, tn), i = 0, . . . ,m, n ≥ 0 over a grid a = x0 < x1 < · · · < xN−1 < xN = b and

assume that finite differences are used to approximate the spatial derivatives. If we

use an upwind method then we only need values at the left of xi to compute un+1
i .

Since the conditions at the left boundary are specified, if a CFL condition is satisfied

then a stable and consistent method is convergent. However, using a downwind-biased

method we need values at the left and at the right of xi to update uni to the next step.

Values at the right of xN are not given by the physical description of the problem,

hence they have to be imposed numerically. Moreover, as we will see in Section 7.1,

the choice of such values may potentially violate stability properties, such as the TVD

condition.

In the framework of finite volume methods, a boundary layer is usually introduced

beyond the computational domain since the spatial operators require neighboring

information at the boundary cells. Instead of developing special formulas near the

boundaries, which will depend both on the physical boundary conditions and the

numerical method, the domain is extended to include additional cells, called ghost

cells. The values of these cells are updated at each step based on the nature of the

boundary conditions and affect the values of interior cells near the boundary. One can

consider the possibility of using an upwind method only for updating the boundary

values, whereas use the perturbed method for the interior cells. But for instance, if

perturbed LMMs are used then this switch of methods may cause artificial dispersion

waves generated at the boundary and propagated into the computational domain

affecting the numerical solution elsewhere [81, Section 10.12.2]. Therefore, caution

must be taken regarding the techniques used at the boundary layer in order to obtain

accurate and stable values at the ghost cells.

Until now, practical implementation of perturbed methods has been limited to
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problems with periodic boundary conditions. In such cases the usage of these meth-

ods is straightforward and the downwind-biased semi-discretization can be used with

ease. For other boundary conditions, and in particular for nonreflecting boundary

conditions, the usage of perturbed time integrators is challenging. At an outflow

boundary, values at ghost points neighboring the boundary cells must be specified

and usually little or no information is given by the physical problem on which values

to assign. One choice is to use extrapolation on values from the interior domain.

Zero-order extrapolation at the right boundary of a one-dimensional problem can be

expressed as

unN+i = unN , i ∈ {1, . . . , nGC},

where nGC is the number of ghost cells, usually works well for most one-dimensional

problems, as it does not cause any spurious reflections of the outgoing waves at the

artificial boundary. However, this approach may cause reflections in multidimensional

problems, due to waves existing the computational domain in an oblique angle (in

contrast to waves normal to the boundary in one-dimensional problems) [81].

Usually, the information available at the boundaries is determined by the physical

description of the problem and not in terms of the characteristic variables. However,

information on the physical quantities usually provides sufficient insight on the char-

acteristic structure at the boundaries and allows to impose appropriate conditions

resulting in a well-posed problem. Therefore, we can use information from character-

istics and set ghost values based on solution values from the interior domain and the

local characteristic structure of the problem.

In Section 7.1, we study the necessary conditions for TVD preservation when

perturbed methods are coupled with second-order TVD spatial discretizations. We

show that zero-order extrapolation at an outflow boundary is necessary to maintain
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monotonicity for scalar linear and nonlinear problems and linear systems. Going

on step further, we suggest a technique that accurately treats nonreflecting bound-

ary conditions (e.g. inflow or outflow boundary conditions) when perturbed methods

coupled with high-order finite volume discretizations are applied to hyperbolic conser-

vation laws. This technique is based on the approximation of nonlinear characteristic

boundary conditions which has been applied to multidimensional Euler equations

by Thompson [113, 114]. Thompson’s approach was later extended to compress-

ible 3D Navier-Stokes equations to obtain the Navier-Stokes characteristic boundary

conditions (NSCBC) [93]. For one-dimensional problems the NSCBC method works

well as it is based to a local one-dimensional inviscid (LODI) relations and assumes

that the waves are normal to the boundary. However, for nonlinear multidimensional

hyperbolic problems may generate spurious wave reflections at outflow boundary con-

ditions. A remedy to this drawback is to replace the one-dimensional characteristic

decomposition at the boundary with a nonlinearmultidimensional characteristic anal-

ysis. This improvement has been proposed by Liu and Vasilyev [83], where 2D char-

acteristic nonreflecting boundary conditions were proposed and the acoustic waves

generated in nonlinear flows were sufficiently damped in order to avoid spurious re-

flections at outflow boundaries. The novelty of this chapter is the application of the

above techniques to perturbed methods in a wave propagation finite volume frame-

work. This approach is suitable for multidimensional nonlinear systems of hyperbolic

PDEs, because it accurately captures the flow physics and is suitable to dimension-

by-dimension spatial discretization. Section 7.2 reviews how periodic and reflecting

boundary conditions are treated. In Section 7.3 we discuss the characteristic analysis

of nonreflecting boundary conditions to one- and two-dimensional hyperbolic prob-

lems. Finally, in Section 7.4 convergence tests on Euler equations show that this

approach results in high-order treatment of nonreflecting boundaries and is compared

to classical techniques such as zero-order extrapolation.
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7.1 TVD preservation

As seen in Section 2.1.1, the notion of TVD has been introduced by Harter [41]

in order to measure whether a numerical solution to a hyperbolic PDE is preserves

monotonicity. Monotonicity preservation is acquired if the total variation of the

numerical solution is non-increasing. For one-step methods we require that (2.5)

holds. In this section we examine the conditions under which a RK method is TVD

when different boundary conditions are imposed.

Consider the one-dimensional system of hyperbolic conservation laws

Ut + F(U)x = 0,

U(x, t0) = U0,

(7.3)

where U : R × R+ → Rm and F : Rm → Rm. We assume that U and F are

sufficiently smooth (i.e. we require at least that Ut and F(U) are continuous), and

partition the spatial domain into grid cells Ci = (xi− 1
2
, xi+ 1

2
). Then, integration in

the finite volume framework over a control volume cell gives

d

dt

∫ x
i+1

2

x
i− 1

2

U(x, t)dx = −
(
F
(
U(xi+ 1

2
, t)
)
−F

(
U(xi− 1

2
, t)
))
. (7.4)

Define ui(t) to be a discrete approximation to the cell average of U(x, t) over the cell

Ci at time t, i.e.

ui(t) ≈
1

∆x

∫ x
i+1

2

x
i− 1

2

U(x, t)dx,

where ∆x denotes a uniform cell size. Also let Fi± 1
2
represent the numerical fluxes

across the interfaces xi± 1
2
, obtained by the data {ui(t)} such that

Fi± 1
2
≈ F

(
U(xi± 1

2
, t)
)
.
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Then, the discrete analog of (7.4) is a semi-discrete system of ODE equations

u′i(t) = − 1

∆x

(
Fi+ 1

2
− Fi− 1

2

)
, (7.5)

which is coupled since usually Fi± 1
2
depends on multiple cell averages across interfaces

xi± 1
2
.

In order to obtain a high-order accurate spatial scheme, one has to piecewisely

approximateF(U(xi± 1
2
, t)) accurately enough. At each step, we consider cell averages

ui(t) as initial data, hence the hyperbolic system (7.3) consists of discontinuities at

interfaces xi− 1
2
, and therefore a series of local Riemann problems. Given left and

right values ui−1 and ui, respectively across the interface xi− 1
2
, the solution to the

local Riemann problem provides a value ū(ui−1,ui). Hence, it is natural to define

the numerical flux at xi− 1
2
by

Fi− 1
2

:= F
(
ū(ui−1,ui)

)
.

Therefore, the spatial accuracy of the method hinges on how accurately the Riemann

problem is solved. In order to obtain second-order TVD methods it is sufficient to

reconstruct a piecewise linear system of polynomials p(x, tn) from cell averages uni at

time tn

p(x, tn) = uni + σi(x− xi), xi− 1
2
≤ x < xi+ 1

2
, (7.6)

where xi is the center point of cell Ci, and σi is the slope of the linear polynomial at cell

Ci. The reconstructed polynomial p(x, tn) locally approximates U(x, tn), and more

importantly is conservative since its overage over the cell Ci is exactly ui regardless

of the slope σi. For the linear scalar problem ut+aux = 0, with a > 0, we can use the

methods of characteristics to obtain p(x, tn+1) = p(x − a∆t, tn), and therefore after
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averaging we can directly find the numerical solution at time tn+1:

un+1
i =

1

∆x

∫ x
i+1

2

x
i− 1

2

p(x− a∆t, tn)dx.

For general hyperbolic problems, the polynomial (7.6) provides the input data for

the Riemann problem at each interface. Better piecewise polynomial approximations

(other than linear piecewise approximation) will give order of accuracy greater than

two at regions that the solution is smooth. In the literature, a variety of approaches

have been developed leading to the PPM by Collela and Wooward [13], ENO schemes

by Harten, Engquist, Osher and Chakravarthy [42–44] and WENO schemes by Shu,

Osher, Jiang, Liu and Chan [58, 82, 104].

The purpose of this section is to establish a definition of the total variation on

bounded domains and find suitable boundary conditions such that the upwind and

downwind spatial discretizations are TVD. Hence, we focus on linear polynomials.

The analysis below is related to the wave propagation analysis presented in [69].

Define

uR
i− 1

2

:= lim
x→x+

i− 1
2

p(x, tn), uL
i− 1

2

:= lim
x→x−

i− 1
2

p(x, tn).

Then, by using the linear reconstruction (7.6) the Riemann problem to be solved at

interface xi− 1
2
and at time tn consists of a left initial state

uL
i− 1

2
= uni−1 +

∆x

2
σi−1, (7.7)

and right state

uR
i− 1

2
= uni −

∆x

2
σi. (7.8)
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Let ũi− 1
2

:= ū
(
uL
i− 1

2

,uR
i− 1

2

)
to be an approximation of U(xi− 1

2
, tn). We would like to

derive a formula for Fi− 1
2

= F(ũi− 1
2
) based on a wave propagation approach. For

simplicity, consider first the case of constant-coefficient linear hyperbolic problem

Ut + AUx = 0, (7.9)

with initial data

U(x, t0) =


Ul, if x < 0,

Ur, if x > 0.

(7.10)

The hyperbolicity of the problem implies that A ∈ Rm×m is diagonalizable with

real eigenvalues. Let λp and rp denote the p-th eigenvalue and its corresponding right

eigenvector. The solution to the Riemann problem consists of m jump discontinuities;

each of them is proportional to rp and propagates along the ray x = λpt. We refer

to these discontinuities as waves and denote them withW p. The jump on the initial

data Ur −Ul can be decomposed into eigenvectors of A

Ur −Ul =
m∑
p=1

αprp =
m∑
p=1

W p,

and hence the solution U(x, t) at an arbitrary point can be written as

U(x, t) = Ul +
∑

p:λp<x/t

W p

= Ur −
∑

p:λp≥x/t

W p.

Consequently, having initial data
(
uL
i− 1

2

,uR
i− 1

2

)
at interface xi− 1

2
the jump in u can
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be expressed as

uR
i− 1

2
− uL

i− 1
2

=
m∑
p=1

αp
i− 1

2

rp
i− 1

2

=
m∑
p=1

W p

i− 1
2

(
uL
i− 1

2
,uR

i− 1
2

)
.

The Riemann solution along xi− 1
2
is

ũi− 1
2

= ū(uL
i− 1

2
,uR

i− 1
2
) = uL

i− 1
2

+
∑
p:λp<0

W p

i− 1
2

= uR
i− 1

2
−
∑
p:λp≥0

W p

i− 1
2

.

Define

(x)+ = max(x, 0), (x)− = min(x, 0).

Then, the numerical flux Fi− 1
2
is given by

Fi− 1
2

= F(ũi− 1
2
) = AuR

i− 1
2
−
∑
p:λp≥0

AW p

i− 1
2

= AuR
i− 1

2
−

m∑
p=1

(λp
i− 1

2

)+W p

i− 1
2

,

and similarly

Fi+ 1
2

= AuL
i+ 1

2
+

m∑
p=1

(λp
i+ 1

2

)−W p

i+ 1
2

.

As a result, the semi-discrete scheme (7.5) in the case of linear problem becomes

u′i(t) = − 1

∆x

(
m∑
p=1

(λp
i+ 1

2

)−W p

i+ 1
2

+
m∑
p=1

(λp
i− 1

2

)+W p

i− 1
2

+ A
(
uL
i+ 1

2
− uR

i− 1
2

))
. (7.11)

The first two terms in (7.11) represent the net effect of waves propagating to
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the left and right at interfaces xi+ 1
2
and xi− 1

2
, respectively, and hence contribute to

the information received in cell Ci. Solving the Riemann problem at each interface

means that we can obtain the waves W p

i± 1
2

and speeds λp
i± 1

2

through an eigenvalue

decomposition of the matrix A. This is also valid in the case that (7.3) is nonlinear

by using the following numerical fluxes

Fi− 1
2

= F(uR
i− 1

2
)−

m∑
p=1

(λp
i− 1

2

)+W p

i− 1
2

,

Fi+ 1
2

= F(uL
i+ 1

2
) +

m∑
p=1

(λp
i+ 1

2

)−W p

i+ 1
2

in the semi-discrete form (7.5). The same also holds if (7.3) can be written in an

non-conservative form, provided that the Jacobian
∂F(u)

∂u
is hyperbolic and we can

approximate the physically meaningful solution to the Riemann problem. Therefore,

the quantities

A±∆qi− 1
2

=
m∑
p=1

(λp
i− 1

2

)±W p

i− 1
2

, (7.12)

can be understood as single entities and represent the fluctuations at interface xi− 1
2
.

Note that in the case of linear problems A±∆qi− 1
2

= A±∆qi− 1
2
, where A+ contains the

positive values of A, whereas the negative ones are replaced by zeros, and conversely

for A−; hence A = A+ + A−. The last term in (7.11) denotes the total fluctuation

A∆qi = A
(
uL
i+ 1

2
− uR

i− 1
2

)
(7.13)

resulting from internal Riemann problems within the cell Ci. Note that (7.13) can

be understood as the total sum of left- and right- going fluctuations resulting from a
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Riemann problem with initial data
(
uR
i− 1

2

,uL
i+ 1

2

)
[69], and hence can be expressed as

A∆qi =
m∑
p=1

(
λp
(
uR
i− 1

2
,uL

i+ 1
2

))±
W p
(
uR
i− 1

2
,uL

i+ 1
2

)
,

for a general hyperbolic problem. Adopting the fluctuation notations (7.12) and

(7.13), then (7.11) can be written as

u′i(t) = − 1

∆x

(
A−∆qi+ 1

2
+A+∆qi− 1

2
+A∆qi

)
. (7.14)

For linear systems with constant coefficients we can define an estimate of the total

variation using the characteristic structure of the system. Substituting (7.7) and (7.8)

in (7.14) we obtain

u′i(t) = − 1

∆x

(
A−
(
ui+1 − ui −

∆x

2
(σi+1 − σi)

)
+

A+

(
ui − ui−1 +

∆x

2
(σi − σi−1)

))
.

(7.15)

Let R−1 be the left eigenvector matrix of A and defineWi = R−1ui to be the charac-

teristic variables. Then, multiplying (7.15) by R−1 and denoting by σ̃i = R−1σi the

projection of the slope limiters of the linear reconstruction to the characteristic field,

we have

W ′
i (t) = − 1

∆x

(
Λ−
(
Wi+1 −Wi −

∆x

2
(σ̃i+1 − σ̃i)

)
+

Λ+

(
Wi −Wi−1 +

∆x

2
(σ̃i − σ̃i−1)

))
.

(7.16)

The above is a set of m uncoupled scalar linear semi-discrete problems of the charac-

teristic variables W p, p ∈ {1, . . . ,m}, with W (t) = (W 1(t), . . . ,Wm(t))T. If each of

these problems is TVD, then it follows that un = RW n at time tn also satisfies the
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TVD property. In order to define the total variation of a grid function u ∈ Rm we

use the L1-norm of W = R−1u and set

‖u‖WTV :=
∞∑

i=−∞

‖R−1ui −R−1ui−1‖1.

Then, it can be shown that ‖u‖WTV =
∑m

p=1 ‖W ‖TV and by using the wave propagation

framework we also obtain that ‖u‖WTV =
∑

i

∑
p ‖W

p

i− 1
2

‖1 [80].

It is therefore sufficient to study the total variation of methods applied to scalar

linear hyperbolic equations ut + aux = 0, subject to given boundary conditions.

Based on the sign of a we get for a > 0 the following upwind- and downwind-biased

operators, respectively

Gi(u) = − a

∆x

(
ui − ui−1 +

∆x

2
(σi − σi−1)

)
, (7.17a)

G̃i(u) = − a

∆x

(
ui+1 − ui −

∆x

2
(σi+1 − σi)

)
. (7.17b)

If a < 0, then the upwind-biased operatorGi(u) is given by (7.17b) and the downwind-

biased operator G̃i(u) by (7.17a). It is convenient to express (7.17a) and (7.17b) in

terms of cell average differences. Hence, instead of using slope limiters, we can replace

the slope σi with an approximation of ux. Since we would like to control the slope of

the linear reconstruction at each cell we use a limited difference of the cell averages

across each interface. There is a jump ∆ui− 1
2

= ui− ui−1 across the interface xi− 1
2
so

we define

δi− 1
2

=


φ(θi− 1

2
)∆ui− 1

2
, if a > 0,

φ(θ−1
i+ 1

2

)∆ui− 1
2
, if a < 0,
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and

δ̃i− 1
2

=


φ(θ−1

i+ 1
2

)∆ui− 1
2
, if a > 0,

φ(θi− 1
2
)∆ui− 1

2
, if a < 0,

where φ(θ) is a flux-limiter function and

θi− 1
2

=
∆ui− 3

2

∆ui− 1
2

. (7.18)

Therefore, for a > 0 the operators (7.17a) and (7.17b) become

Gi(u) = − a

∆x

(
ui − ui−1 +

1

2
(δi+ 1

2
− δi− 1

2
)

)
, (7.19a)

G̃i(u) = − a

∆x

(
ui+1 − ui −

1

2
(δ̃i+ 1

2
− δ̃i− 1

2
)

)
, (7.19b)

and similarly for a < 0.

The total variation is usually defined in the absence of boundary conditions. Here,

we give definitions of the total variation of a grid function on a bounded domain with

periodic, nonreflective or reflective boundary conditions.

Definition 7.1. The total variation of a periodic grid function u ∈ RN is given by

‖u‖PTV =
N∑
i=1

|ui − ui−1|,

where u0 = uN .

In the presence of outflow or inflow boundary conditions we define the total variation

semi-norm as follows.

Definition 7.2. The total variation of a compactly supported grid function u ∈ RN

is given by

‖u‖NR
TV =

N∑
i=2

|ui − ui−1|.
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Consider now the one-dimensional linear acoustics equations (7.1) on a bounded do-

main with reflecting boundary conditions. Let

A =

 0 K0

1/ρ0 0


be the constant coefficient matrix of the system (7.1). Since A is diagonalizable with

real eigenvalues, then A = RΛR−1 where

R =

[
r1

∣∣∣∣ r2

]
=

[
−Z0 Z0

1 1

]

is the matrix of right eigenvectors and Z0 = ρ0c0 is the impedance of the medium.

Assume u is an approximation of the conservative variable U = (p, v)ᵀ. Then, u can

be expressed as

u = W 1r1 +W 2r2, (7.20)

whereW 1 andW 2 are approximations of the left- and right-going characteristic waves,

respectively. In the case of reflecting boundary conditions, the total variation of the

acoustics equations’ solution is given by the following definition.

Definition 7.3. Let the grid function u ∈ R2N given by (7.20) be the numerical

solution to the acoustics equations (7.1) with reflecting boundary conditions. The

total variation of u is defined as

‖u‖RTV =
2∑
p=1

‖W p‖NR
TV + |W 1

1 −W 1
0 |+ |W 2

N+1 −W 2
N |,
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and the reflective boundary conditions take the form:

W 1
0 = −W 2

1 , W 1
N+1 = −W 2

N ,

W 2
0 = −W 1

1 , W 2
N+1 = −W 1

N .

(7.21)

Remark 7.1. Observe that Definition (7.3) can be extended to linear one-dimensional

hyperbolic problems

Ut +BUx = 0, (7.22)

with reflecting boundary conditions, where the matrix B has zero diagonal and pos-

itive off-diagonal entries. This particular choice of matrix B includes many linear

hyperbolic problems, for example acoustics and elastic waves.

Using the total variation definitions above we can now prove that methods of

the form (7.15) are TVD for scalar hyperbolic problems with periodic or outflow

boundary conditions and for 2 × 2 constant-coefficient linear systems (7.22) with

periodic, outflow or reflective boundary conditions. Recall the following theorem by

Harten [80, Theorem 6.1]:

Theorem 7.1. Consider a general method of the form

un+1
i = uni − Cn

i−1(uni − uni−1) +Dn
i (uni+1 − uni ) (7.23)

over one time step, where the coefficients Cn
i−1 and Dn

i are arbitrary values (which

may be linear or nonlinear functions of un). Then,

‖un+1‖TV ≤ ‖un‖TV
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provided the following conditions hold

Cn
i−1 ≥ 0, Dn

i ≥ 0, Cn
i +Dn

i ≤ 1, (7.24)

for all indexes i.

For linear scalar problems, it is sufficient to prove that the application of the

forward Euler method to the semi-discrete problems

u′i(t) = Gi(u), u′i(t) = G̃i(u), (7.25)

whereGi(u) and G̃i(u) are given by (7.19a) and (7.19b), respectively, gives a numerical

solution which is TVD. Consider, for example, the operator Gi(u) in the case a > 0.

Then the method used to update the solution from time tn to tn+1 can be written in

the form (7.23) with

Cn
i−1 = ν +

ν

2

(
φ(θi+ 1

2
)

θi+ 1
2

− φ(θi− 1
2
)

)
,

Dn
i = 0.

(7.26)

where ν =

∣∣∣∣a∆t

∆x

∣∣∣∣ is the CFL number. Similarly, if a < 0 then

Cn
i−1 = 0,

Dn
i = −ν − ν

2

(
φ(θi+ 1

2
)

θi+ 1
2

− φ(θi− 1
2
)

)
.

(7.27)

Due to symmetry, the operator G̃i(u) has coefficients (7.27) if a > 0, and coefficients

(7.26) if a < 0. Provided the CFL condition 0 ≤ ν ≤ 1
2
holds, then applying the
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conditions (7.24) reveals that the bound

∣∣∣∣φ(θ1)

θ1

− φ(θ2)

∣∣∣∣ ≤ 2

should also hold for all values of θ1 and θ2 [80, Section 6.12]. The above inequality

can be further simplified to

0 ≤ φ(θ)

θ
≤ 2 and 0 ≤ φ(θ) ≤ 2. (7.28)

The following theorems describe the TVD conditions related to hyperbolic con-

servation laws with given boundary conditions.

Theorem 7.2. Consider the linear scalar hyperbolic problem ut + aux = 0 on

a bounded domain with periodic boundary conditions. Assume that spatial semi-

discretizations result in the IVPs (7.25), with Gi(u) and G̃i(u) given by (7.19). Con-

sider the numerical solutions obtain by

un+1 = un + ∆tĜ(un),

where Ĝ is either the operator G or G̃. Then, the numerical solutions are TVD

provided that the CFL condition 0 ≤ ν ≤ 1
2
holds and the limiting function φ(θ)

satisfies (7.28).

Proof. For both upwind-biased (Ĝ = G) and downwind-biased (Ĝ = G̃) operators we

have by Definition 7.1 that

‖un+1‖PTV =
N∑
j=1

∣∣un+1
i − un+1

i−1

∣∣
≤Cn

−1

∣∣un0 − un−1

∣∣+ (1−Dn
0 ) |un1 − un0 |+ |un2 − un1 |+ . . .

+
∣∣unN−1 − unN−2

∣∣+ (1− Cn
N−1)

∣∣unN − unN−1

∣∣+Dn
N

∣∣unN+1 − unN
∣∣ .
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Periodicity yields

un−1 = unN−1, un0 = uN , unN+1 = un1 , unN+2 = un2 ;

hence from (7.18) we get θ± 1
2

= θN± 1
2
. This implies that Cn

−1 = Cn
N−1 and Dn

0 = Dn
N ;

therefore
∣∣un0 − un−1

∣∣ =
∣∣unN − unN−1

∣∣ and ∣∣unN+1 − unN
∣∣ = |un1 − un0 |. It then follows

that ‖un+1‖PTV ≤ ‖un‖PTV.

Theorem 7.3. Consider the linear scalar hyperbolic problem ut + aux = 0 on

a bounded domain with outflow boundary conditions. Assume that spatial semi-

discretizations result in the IVPs (7.25), with Gi(u) and G̃i(u) given by (7.17). Con-

sider the numerical solution obtain by

un+1 = un + ∆tG(un), or (7.29a)

un+1 = un + ∆tG̃(un). (7.29b)

Then, the solution is TVD provided that zero-order extrapolation is imposed at the

ghost cells, i.e. u0 = u1 and uN+1 = uN , the CFL condition 0 ≤ ν ≤ 1
2
holds and the

limiting function φ(θ) satisfies (7.28).

Proof. Consider the iterations (7.29) written in the form (7.23). The CFL restriction

0 ≤ ν ≤ 1
2
and the fact that the limiting function φ(θ) satisfies (7.28) imply that

the coefficients Cn
i and Dn

i satisfy (7.24) for all i ∈ {0, . . . N}. Therefore, from

Definition 7.2 we have that

‖un+1‖NR
TV =

N∑
j=2

∣∣un+1
i − un+1

i−1

∣∣
≤Cn

0 |un1 − un0 |+ (1−Dn
1 ) |un2 − un1 |+ |un3 − un2 |+ . . .

+
∣∣unN−1 − unN−2

∣∣+ (1− Cn
N−1)

∣∣unN − unN−1

∣∣+Dn
N

∣∣unN+1 − unN
∣∣ .
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If a > 0, then the method (7.29a) has Dn
i = 0 for all i, and moreover Cn

0 6= 0; hence we

must impose un0 = un1 , i.e. zero-order extrapolation on the left boundary, in order for

method to be TVD. Since Dn
1 ≥ 0 and Cn

N−1 ≥ 0, we have that ‖un+1‖NR
TV ≤ ‖un‖NR

TV.

On the other hand, if a < 0 then all Cn
i = 0 and Dn

N 6= 0; therefore, a necessary condi-

tion for TVD preservation is unN+1 = unN , that is zero-order extrapolation on the right

boundary. Similarly, for the numerical solution obtained by the downwind-biased

method (7.29b), zero-order extrapolation must be imposed at the right boundary if

a > 0 and at the left boundary if a < 0. Any other boundary condition will result to

an increase in the total variation.

Remark 7.2. Theorems 7.2 and 7.3 can be extended to general scalar hyperbolic

problems ut + f(u)x = 0 by replacing the constant speed a by f ′(u), and determining

the upwind and downwind direction based on the sign of f ′(ui) at the i-th cell.

Theorem 7.4. Consider the numerical solution u to the acoustics equations (7.1) on

a bounded domain with reflecting boundary conditions. Let (7.20) be the characteristic

decomposition of u, whereW 1 andW 2 are approximations of the characteristic waves.

Assume that W 1 and W 2 are computed by

W n+1 = W n + ∆tĜ(W n),

where Ĝ is either the operator G or G̃ given by (7.19). Then the solution u is TVD

provided that the CFL condition 0 ≤ ν ≤ 1
2
holds and the limiting function φ(θ)

satisfies (7.28).

Proof. Since W 1 and W 2 are scalar grid functions, then it holds from Definition 7.2

and (7.23) that

‖W p,n+1‖NR
TV ≤‖W p,n‖NR

TV + Cp,n
0 |W

p,n
1 −W p,n

0 | −D
p,n
1 |W

p,n
2 −W p,n

1 | −

Cp,n
N−1

∣∣W p,n
N −W p,n

N−1

∣∣−Dp,n
N

∣∣W p,n
N+1 −W

p,n
N

∣∣ , (7.30)
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where the superscript index n indicates the time step and p = 1, 2 denotes the left-

and right-going waves. Using the reflecting boundary conditions (7.21) and (7.23) we

have that

W 1,n+1
0 = −W 2,n+1

1 = −W 2,n
1 + C2

0(W 2
1 −W 2

0 )−D2
1(W 2

2 −W 2
1 ),

W 2,n+1
N+1 = −W 1,n+1

N = −W 1,n
N + C1

N−1(W 1
N −W 1

N−1)−D1
N(W 1

N+1 −W 1
N).

Hence

∣∣W 1,n+1
1 −W 1,n+1

0

∣∣ ≤(1− C1,n
0 − C2,n

0 )
∣∣W 1,n

1 −W 1,n
0

∣∣+
D1,n

1

∣∣W 1,n
2 −W 1,n

1

∣∣+D2,n
1

∣∣W 2,n
2 −W 2,n

1

∣∣ (7.31)

and

∣∣W 2,n+1
N+1 −W

2,n+1
N

∣∣ ≤(1−D1,n
N −D

2,n
N )

∣∣W 2,n
N+1 −W

2,n
N

∣∣+
C1,n
N−1

∣∣W 1,n
N −W 1,n

N−1

∣∣+ C2,n
N−1

∣∣W 2,n
N −W 2,n

N−1

∣∣ . (7.32)

From Definition 7.3 and inequalities (7.30)-(7.32) we have that

‖un+1‖RTV ≤ ‖un‖RTV.

7.2 Periodic and reflecting boundary conditions

From Theorems 7.2-7.4, we see that periodic and reflecting boundary conditions pre-

serve the total variation for one-dimensional scalar problems and 2 × 2 hyperbolic

systems, whenever a TVD spatial discretization is chosen.

Periodic boundary conditions can be applied with ease in multidimensional sys-

tems of equations. By periodicity, the ghost values at the lower side of a boundary
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should agree with the values of the interior cells at the upper boundary side, and

vice-versa. For a 2D problem, at the beginning of step n we set

un1−i,j = unN−1+i,j and unN+i,j = uni,j, for i ∈ {1, . . . , nGC}, j ∈ {1, . . . , Ny}

at the boundaries in the x-direction and similarly for the ghost cells in the y-direction.

The key idea behind reflecting boundary conditions is that at a solid boundary

the velocity should be zero. This can be easily accomplished for a variety of systems

of equations by simply reflecting all components of u at a solid boundary and then

negating the component that corresponds to the x- or y-component of velocity or

momentum.

By updating the ghost cells in the above manner, we avoid modifying the numerical

scheme near the boundaries, and therefore the same method is used in both interior

and ghost cells. Notice that values at ghost cells must be obtained before computing

the numerical fluxes.

7.3 Nonreflecting boundary conditions

The problem of imposing nonreflecting boundary conditions is often more challenging

than other boundary conditions as it gives rise to additional difficulties. Firstly, one

has to be cautious regarding well-posedness of the problem in the case characteristics

are both leaving or entering the computational domain at the boundary. Secondly,

there is usually no analytic description of the problem’s variables at an outgoing

boundary, whereas some information is needed in order to determine the amplitude

of the waves propagating inside the domain. Moreover, in order to maintain high

order of accuracy at the boundary simple techniques such as extrapolation are in-

sufficient and hence advanced strategies are required. In this section, we describe

in detail a high-order treatment of nonreflecting boundary conditions for one- and
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two-dimensional hyperbolic systems. Although our original motivation is to establish

a technique applicable to RK methods that use both upwind- and downwind-biased

spatial discretizations, it is worth mentioning that this technique can be also use with

classical RK methods and LMMs.

7.3.1 One-dimensional problems

Consider the one-dimensional conservation law

Ut + F(U)x = 0, (7.33)

where U ∈ Rm is the vector of conservative variables and F : Rm → Rm is the

flux vector. We are interested in extracting information about the system from the

characteristic variables. But first, it is convenient to rewrite the system (7.33) in an

alternative form as a primitive system:

Qt + AQx = 0, (7.34)

where A is an m×m matrix. The vector U contains the primitive variables and it is

not unique. Let P and S be m×m matrices such that [113]

∂U

∂t
= P

∂Q

∂t
, Pij =

∂Ui
∂Qj

,

∂F
∂x

= S
∂Q

∂x
, Sij =

∂Fi
∂Qj

.

Then the systems (7.33) and (7.34) are related by A = P−1S. Since the system (7.34)

is hyperbolic, we can obtain the eigenvalue decomposition

A = RΛR−1,
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where Λ ∈ Rm×m is a diagonal matrix containing the complete set of real eigenvalues

λ1 ≤ · · · ≤ λm of A. The columns of R and the rows of R−1 are the right and left

eigenvectors of A, respectively. In case of nonlinear systems the matrices Λ, R and

R−1 are functions of the vector Q. Multiplying equation (7.34) by R−1 gives

R−1Qt + ΛR−1Qx = 0. (7.35)

Let li be the i-th left eigenvector. Then the liner combination

liQt + λiliQx = 0, i ∈ {1, . . . ,m},

can be expressed in the characteristic form

li
dQ

dt
= 0, i ∈ {1, . . . ,m},

provided that the characteristic curve x = X(t) has
dX

dt
= λi [118].

If there exist a new variable V given by the differential form1

dVi = li dQ, i ∈ {1, . . . , n}, (7.36)

then the system (7.35) can be expressed as a decoupled system of wave equations

∂Vi
∂t

+ λi
∂Vi
∂x

= 0, i ∈ {1, . . . , n}. (7.37)

Following the notation in [93, 113, 114], we denote by Li the amplitude variation of
1Note that it is not always possible to obtain V in a close form and this happens only if the

matrix A is constant (e.g. acoustics equations) or no more than two differentials appear on the
right-hand-side of (7.36) [113, 118]. Otherwise the differential form (7.36) is not integrable, e.g.
Euler equations.
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the characteristic wave Vi at a given location, namely

Li = λi
∂Vi
∂x

, (7.38)

or

Li = λili
∂Q

∂x
, (7.39)

if the characteristic variable V cannot be obtained. Therefore, at the boundaries the

spatial variation in the amplitude of the characteristic waves plays a critical role in de-

termining the boundary conditions. In particular, isolating the spatial derivatives in

the original system (2.1) and expressing them in terms of the Li’s turns to be advan-

tageous in obtaining accurate and high order boundary conditions. This approach has

been used in the Navier-Stokes characteristic boundary conditions (NSCBS) method

by Poinsot and Lele [93] for treating boundary conditions in multi-dimensional vis-

cous Navier-Stokes equations, but is also applicable to any hyperbolic conservation

system. The main idea of the NSCBS technique is to treat variations of wave am-

plitudes by excluding viscous terms and examining a local one-dimensional inviscid

(LODI) problem.

The values of the Li’s expressions (7.38) or (7.39) are determined based on the

sign of the characteristic velocity λi. In case of outflow characteristics, interior val-

ues can be used to calculate the spatial derivatives and for inflow characteristics

some approximation of the wave amplitudes has be to obtained from outside of the

domain. Well-posedness of the problem is maintained, since at the boundary only

waves entering the domain are specified either from inflow conditions or by far-field

assumptions.

Since the outgoing wave amplitudes are determined by interior values, one-sided

finite differences can be used to approximate the spatial derivatives. Preferably, the
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spatial discretization at the boundaries has the same order of accuracy as the spatial

discretization used in the interior domain. For example, in the numerical applications

of Section 7.4 we have used a fifth-order WENO spatial discretization of the interior

domain and fifth-order finite difference for the spatial derivatives at the inflow or

outflow boundaries. The Li’s that correspond to inflow waves can be determined by

known information on a physical inlet boundary. At a nonreflecting outlet boundary,

the Li’s can be set to zero; this approach corresponds to perfectly non-reflecting

boundary conditions [113, 114] and here we have adopted this approach. Other

alternatives, is the use of far-filed information at a nonreflecting outflow boundary

(see [93, Section 3.2]).

As soon as the values of Li’s are approximated the resulting ODE system at

the boundaries is advanced in time. When using upwind-biased time integrators the

same method can be applied to the ODE system at the boundary, however this is not

possible for downwind-biased RK methods since only one-sided spatial discretizations

can be used. However, the underlying method can be used at the boundary and hence

for computational efficiency the Li’s are evaluated only as many times as the number

of stages of the (explicit) RK method. Note that starting values at the boundary

are needed, but since in most cases the initial data are given in terms of analytic

functions, then initial values at boundary ghost cells can be easily obtained.

Remark 7.3. Even though the discussion of the current section mostly concerns

the accurate treatment of outflow boundary conditions, one has to be careful when

imposing time-dependent inflow boundary conditions. As pointed out in [9], RK

methods are prone to decrease the overall accuracy to second order, if time-dependent

boundary conditions are applied in a convectional way. Instead, accurate boundary

conditions at intermediate stages can be obtained by applying the RK method to a

specific ODE system given in terms of derivatives of the time-dependent function at

the boundary. In this way, the boundary conditions for the intermediate stages are
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based on a Taylor series expansion of the given time-dependent function. [9].

Example 7.1. The one-dimensional shallow water equations

 h

hv


t

+

 hv

hv2 + 1
2
gh2


x

= 0,

can be expressed in primitive variables U = (h, u)ᵀ as

 h

v


t

+

 v h

g v


 h

v


x

= 0,

where h is the height, v is the velocity and g the gravitational constant. The flux

derivative can be decomposed to

F ′(U) =

 u h

g u

 =

 −
√
h

g
1√

h

g
1


 u−

√
gh 0

0 u+
√
gh


 −

1

2

√
g

h

1

2

√
g

h
1

2

1

2

.

The characteristic form of the problem is
d

dt
(v±2

√
gh) = 0; hence, the characteristic

waves V1 = v − 2
√
gh and V2 = v + 2

√
gh are constant along characteristic curves

with slopes λ1 = v −
√
gh and λ2 = v +

√
gh, respectively. The amplitude variations

of the characteristic waves are given by

L1 = λ1
∂V1

∂x
=
(
v −

√
gh
)(

vx −
√
g

h
hx

)
L2 = λ2

∂V2

∂x
=
(
v +

√
gh
)(

vx +

√
g

h
hx

)
.
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Defining

d1 ≈ hx =
1

2

√
g

h

(
−L1

λ1

+
L2

λ2

)
d2 ≈ vx =

1

2

(
L1

λ1

+
L2

λ2

)
,

the ODE system to be solved at the boundary is given by

 h

hv


t

= −

 hd1 + vd2

(v2 + gh)d1 + 2hvd2

 .
Example 7.2. The one-dimensional Euler equations can be expressed in the primitive

conserved variables U = (ρ, v, p)ᵀ by


ρ

v

p


t

+


v ρ 0

0 v 1/ρ

0 γp v



ρ

v

p


x

= 0,

where ρ, v and p are the density, velocity and pressure of the fluid and γ the ratio of

specific heats. The left eigenvectors are given by

l1 =


0

1/2

−1/(2cρ)

 , l2 =


1

0

−1/c2

 , l3 =


0

1/2

1/(2cρ)

 ,

and correspond to the eigenvalues λ1 = v − c, λ2 = v and λ3 = v + c. The amplitude
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variations of the characteristic waves are given by

L1 = λ1
∂V1

∂x
= (v − c)(px − ρcvx),

L2 = λ2
∂V2

∂x
= v(c2ρx − px),

L3 = λ3
∂V3

∂x
= (v + c)(px + ρcvx).

Letting


d1

d2

d3

 ≈


∂(ρv)

∂x
∂(c2ρv)

∂x
+ (1− γ)v

∂p

∂x

v
∂v

∂x
+

1

ρ

∂p

∂x

 =


1

c2

(
L2 + 1

2
(L1 + L3)

)
1

2
(L1 + L3))

1

2ρc
(−L1 + L3))


the ODE system to be solved at the boundary is given by


ρ

ρv

E


t

= −


d1

vd1 + ρd3

1

2
v2d1 +

d2

γ − 1
+ ρvd3

 ,

where E =
p

γ − 1
+

1

2
ρv2 is the total energy.

7.3.2 Two-dimensional problems

The treatment of nonreflecting boundary conditions of the previous section can be

extended to multidimensional problems by considering each boundary separately. At

a given boundary, by using a local characteristic analysis we can recast a multidi-

mensional hyperbolic system in terms of waves propagating normal to the boundary.

All spatial derivatives normal to the boundary correspond to algebraic expressions

of the amplitude variations of the characteristic waves (Li’s). Therefore, by deriving

the one-dimensional characteristic form of the problem we can approximate all Li’s
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and consequently the spatial derivatives normal to the boundary. Spatial derivatives

parallel to the boundary can be then approximated by finite differences, and hence

the PDE system at the boundary can be reduced to an IVP and solved by a time

integration method.

However, the case of multidimensional systems is very different from the one-

dimensional case when it comes to nonreflecting boundary conditions. As quoted by

Poinsot and Lele [93]:

Extending boundary conditions derived and tested in one-dimensional sit-

uations to multi-dimensional cases requires substantial modifications to

take into account transverse terms at the boundaries.

Although the NSCBC approach remains well-posed for multidimensional problems

and prevents numerical oscillations, it provides a nonreflecting treatment of outflow

boundaries which is exact only in one-dimensional problems. In multidimensional

problems waves that reach the boundaries at an oblique angle are not perfectly trans-

mitted, and hence the NSCBC method leads to small levels of reflection for these

waves [93].

A modification of the NSCBC technique that diminishes nonphysical reflected

waves at outflow boundaries was proposed by Liu and Vasilyev [83]. At a given

boundary in a 2D hyperbolic problem, we consider a nonlinear multidimensional

analysis [74]. Then, the acoustic characteristic waves are damped by multiplying

the source terms in the corresponding differential equations by damping coefficients

ranging from zero to unity. Optimal damping coefficients in the case of acoustic

plane waves and for general two-dimensional flows have been studied in [83]. We

have implemented this idea in the context of finite volume methods and perturbed

time integrators applied on hyperbolic problems.
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Example 7.3. Consider the two-dimension Euler equations



ρ

ρv

ρw

E


t

+



ρv

ρv2 + p

ρvw

(E + p)v


x

+



ρw

ρwv

ρw2 + p

(E + p)w


y

= 0, (7.40)

where we impose outflow boundary conditions at the upper boundary in the x-

direction. The 2D characteristic analysis results in [17, 83]

∂W1

∂t
+ λ1∇W1 = −ρc2∂w

∂y
,

∂W2

∂t
+ λ2∇W2 = 0, (7.41)

∂W3

∂t
+ λ3∇W3 = −1

ρ

∂p

∂y
,

∂W4

∂t
+ λ4∇W4 = −ρc2∂w

∂y
, (7.42)

where the characteristic variables are defined by

dW1 = dp− ρcdv, dW2 = c2dρ− dp,

dW3 = dw, dW4 = dp+ ρcdv,

and the vector characteristic speeds are given by

λ1 = (v − c, w), λ2 = λ3 = (v, w), λ4 = (v + c, w).

We introduce damping coefficients {β1, β2} ∈ [0, 1] in the source terms of the first and

last equations of (7.41), such that are replaced by

∂W1

∂t
+ λ1∇W1 = −β1ρc

2∂w

∂y
, (7.43)

∂W4

∂t
+ λ4∇W4 = −β2ρc

2∂w

∂y
. (7.44)
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Denote the amplitude variations of the characteristic waves by

Li = λi∇Wi, i ∈ {1, . . . , 4},

and the source terms in (7.41) by Ii, i ∈ {1, . . . , 4}. Let Ki = Li−Ii, and approximate

the spatial derivatives in the Ki terms such that



D1

D2

D3

D4


≈



1

c2

(
K2 +

1

2
(K1 +K4)

)
1

2
(K1 +K4)

1

2ρc
(−K1 +K4)

K3


.

Then, the ODE system to be solved at the boundary is given by



ρ

ρv

ρw

E


t

= −



D1

vD1 + ρD3

wD1 + ρD4

1

2
(v2 + w2)D1 +

D2

γ − 1
+ ρvD3 + ρwD4


.

In the case of a subsonic outflow boundary we set L1 = 0 and approximate all normal

derivatives to the given boundary by one-sided finite differences using values from the

interior domain. If the outflow boundary is supersonic, then all normal derivatives

in the Li’s are approximated from interior values. Both Li and Ii terms contain

derivatives parallel to the given boundary (derivatives in the y-direction) and can be

approximated by either the spatial discretization used in the interior domain or by

finite differences.
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7.4 Numerical applications

In this section, we demonstrate the effectiveness of the technique described previously

on problems with inflow and outflow boundary conditions. We perform convergence

tests on one- and two-dimensional Euler equations, and in addition, we illustrate that

the modification of the NSCBS method (by performing a nonlinear multidimensional

characteristic analysis and damping the acoustic waves) gives much better results since

reflected waves are significantly damped at outflow boundaries. For all numerical tests

we have used the Clawpack software [12, 89], in which zero-order extrapolation is

the default outflow boundary condition. We have implemented the outflow boundary

technique described in this chapter by providing customized boundary routines in

Clawpack and the examples below show that this technique outperforms zero-order

extrapolation.

7.4.1 Convergence tests

To check the accuracy of the NSCBS method for one-dimensional problems, we com-

puted the numerical solution of Euler equations


ρ

ρv

E


t

+


ρv

ρv2 + p

(E + p)v


x

= 0

for an ideal gas. We choose initial data with a sinusoidal initial density

ρ(x, 0) = 1 + 0.2 (sin(2πx) + sin(4πx)) ,
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and constant velocity and pressure set to v = 1 and p = 2. It can be shown that the

exact solution for the density is given by

ρ(x, t) = 1 + 0.2 (sin (2π(x− vt)) + sin (4π(x− vt))) , (7.45)

whereas the velocity and pressure remain constant at all times. We use WENO for

the spatial discretization and the optimal perturbed explicit 4-stage, 4th-order RK

method for the time integration. The SSP coefficient of the time-stepping method is

7487223
8000000

[48]. Inflow conditions are implemented at the left boundary, and at the right

boundary we compare the zero-order extrapolation with the outflow boundary condi-

tions described in Section 7.3. Figure 7.1a shows the density and pressure computed

at a grid with 600 cells at final time t = 2, when zero-order extrapolation and out-

flow boundary conditions are used. Spurious oscillations are visible when zero-order

extrapolation is used at the right boundary that thus the error close to the boundary

is dominant (see Figure 7.1b). On the other hand, if outflow characteristic boundary

conditions are implemented, the error at the right boundary is of the same order as

the error in the interior domain.

Table 7.1 shows the L1-norm error when the two approaches for outflow boundary

conditions are used. The overall error should be at least forth order since a fifth-

order accurate method in space and a fourth-order accurate method in time are

used. However, if zero-order extrapolation is chosen at the outflow boundary, the

convergence rate is reduced to two. Using the characteristic boundary conditions we

retrieve the desired order of accuracy.

An extension of the above test problem to two dimensions is used to test the

accuracy of the characteristic outflow boundary conditions in 2D Euler equations

(7.40). We use the same spatial and temporal methods as before, with initial density

ρ(x, y, 0) = 1 + 0.2 sin (4π(x+ y)), and the values v = 1.5, w = 1, p = 2 for the
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Figure 7.1: Top: Comparison of numerical and exact solution for the density and
pressure with zero-order extrapolation and outflow boundary conditions. Bottom:
Density error distribution with zero-order extrapolation and outflow boundary con-
ditions.
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N PRK44 (extrap) PRK44 (outflow)
Error (L1-norm) Order Error (L1-norm) Order

40 7.074× 10−2 6.530× 10−2

80 4.495× 10−3 3.976 2.782× 10−3 4.553
160 5.966× 10−4 2.914 1.033× 10−4 4.751
320 1.312× 10−4 2.185 3.527× 10−6 4.872
640 3.227× 10−5 2.024 1.395× 10−7 4.661
1280 8.060× 10−6 2.001 6.538× 10−9 4.415

Table 7.1: L1-norms of the error and convergence rate at final time T = 2 for the
1D Euler equations using fifth-order WENO spatial discretization and the optimal
explicit perturbed RK44 method. The number of spatial cells is indicated by N .

velocities in each direction and the pressure. The exact solution for the density is

given by

ρ(x, y, t) = 1 + 0.2 sin (4π(x+ y − t(v + w))) . (7.46)

Inflow boundary conditions are imposed at the lower boundaries, and we compare

the zero-order extrapolation with the NSCBC outflow boundary conditions at the

upper boundaries. Figure 7.2a shows the density profile and density error distribution

at time T = 2 with 160 grid cells in each direction. The error when zero-order

extrapolation is used is much larger and clustered near the upper boundaries. On the

other hand, with the characteristic boundary conditions the error at the boundaries

is no longer dominant and is about 2000 times smaller. Figure 7.2b shows the density

error along the diagonal ray. As clearly shown zero-order extrapolation creates a

large error at the upper corner of the domain, which is significantly reduced if the

NSCBC outflow boundary conditions are implemented. Finally Table 7.2 shows a

convergence test for the 2D Euler equation’s problem. Similarly with the 1D case,

zero-order extrapolation reduces the overall accuracy to second order and fourth-order

convergence is achieved with the characteristic boundary conditions.
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Figure 7.2: Top: Comparison of density error with zero-order extrapolation and
outflow characteristic boundary conditions. Bottom: Density error along the diagonal
with zero-order extrapolation and outflow characteristic boundary conditions.
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N PRK44 (extrap) PRK44 (outflow)
Error (L1-norm) Order Error (L1-norm) Order

20× 20 2.617× 10−3 1.051× 10−3

40× 40 5.294× 10−4 2.305 2.790× 10−4 5.236
80× 80 1.297× 10−4 2.029 4.903× 10−7 5.830

160× 160 3.235× 10−5 2.004 9.642× 10−9 5.668
320× 320 8.095× 10−6 1.998 4.413× 10−10 4.450
640× 640 2.026× 10−7 1.999 2.864× 10−11 3.946

Table 7.2: L1-norms of the error and convergence rate at final time t = 2 for the
2D Euler equations using fifth-order WENO spatial discretization and the optimal
explicit perturbed RK44 method. The number of spatial cells is indicated by N .

7.4.2 Euler 2D equations with outflow boundary conditions

In order to illustrate the effectiveness of the modification to the NSCBC technique

reviewed in Section 7.3.2, we numerically solve a cylindrical acoustic waves problem.

This problem demonstrates the creation of acoustic waves propagating out of the

computational domain in various angles of incidence and is a benchmark problem for

outflow boundary conditions. The cylindrical acoustic wave problem was solved in

[83] with compressible Navier-Stokes equations. Here, we use the two-dimensional

Euler equations (7.40) with the multidimensional nonreflecting boundary conditions

of Section 7.3.2. The computational domain is chosen to be the rectangular domain

[−2, 2]× [−4, 4] and the initial conservative variables are

ρ0 = 1 + p̄, mx,0 = my,0 = 0, E0 =
1

γ(γ − 1)
+

p̄

γ − 1
,

where mx and my denote the momentum in the x- and y-direction, respectively and

p̄ = 10−3 exp

(
− ln(2)

(
x2 + y2

0.04

))

is a localized pressure perturbation of the Gaussian distribution [83]. The initial per-

turbation is located at the center of the computational domain at time t = 0 and

propagates towards the boundaries at later times. Ideally the boundaries should be
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transparent and the oblique waves generated should leave the domain without reflec-

tions. Figure 7.3a shows the density at time t = 4 in the case zero-order extrapolation

is imposed at the boundaries. Strong nonphysical reflected waves are generated that

propagate in the interior of the domain as the cylindrical acoustic waves hit the

boundaries. If now the multidimensional characteristic boundary conditions are im-

posed at the outflow boundaries, these reflections are drastically damped as depicted

in Figure 7.3b. In this numerical test we have used the values β1 = 0.6 and β2 = 1

for the damping coefficients in the source terms of (7.43).
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Figure 7.3: Top: Cylindrical acoustic wave propagation with zero-order extrapola-
tion at outflow boundaries. Bottom: Cylindrical acoustic wave propagation with
multidimensional characteristic outflow conditions.
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Chapter 8

Concluding Remarks

In this chapter, we mention the main contributions of this thesis and give directions

for future work.

8.1 Implicit perturbed Runge–Kutta methods

We have introduced the first family of third-order implicit RK methods that attains

arbitrarily large SSP coefficient. This family of methods is parameterized by the SSP

coefficient C̃. For C̃ = 6, the method is A-stable and for C̃ > 6 the methods are

A(α)-stable with angle α ≥ 88.2302. We studied the stability and convergence of this

method and demonstrated its efficiency in providing accurate results with large CFL

numbers. Numerical results indicate that implicit methods of order higher than three

with large SSP coefficient exist; however, exact expressions for the coefficients are not

yet known. We plan to search for other families of implicit RK methods with arbitrary

large SSP coefficient as well as to determine whether diagonally implicit methods with

more stages exist. An important drawback of using implicit methods is the large

computational cost involved in solving the coupled system of equations, especially

when such implicit methods are applied to nonlinear IVPs. Preliminary results show

that the condition number of the Jacobian in the Newton iteration increases as the

SSP coefficient and CFL number become larger. The efficient implementation of

implicit perturbed methods is ongoing work.
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8.2 SSP additive LMMs

We have investigated a generalization of the LMMs with upwind- and downwind-

biased operators introduced in [103, 105], by considering problems in which the down-

wind operator satisfies a forward Euler condition with different step-size restriction

than that of the upwind operator. We expressed the perturbed LMMs in an additive

form and analyzed their monotonicity properties. By optimizing in terms of the up-

wind and downwind Euler step sizes, methods with larger SSP step sizes are obtained

for such problems. We studied additive problems in the same framework, and we have

shown that when both parts of the method are explicit (or both parts are implicit),

the optimal additive SSP methods lie within the class of traditional (non-additive)

SSP linear multistep methods. Finally, we have seen that IMEX SSP methods for

additive problems allow relatively small monotonicity-preserving step sizes.

However, removing the SSP constraints from the implicit part and allowing upwind

and downwind-biased discretizations for the operator solved explicitly yields new

methods that may have better stability properties than the IMEX methods already

existing in the literature. Work on optimizing the stability properties of the IMEX

methods is ongoing and will be presented in a future work. Analysis of SSP perturbed

LMMs with variable step sizes and monotonicity properties of perturbed LMMs with

special starting procedures can also be studied.

8.3 SSP LMMs with variable step size

The methods presented in Chapter 6 are the first adaptive multistep methods that

provably preserve any convex monotonicity property satisfied under explicit Euler

integration. We have provided a step-size selection algorithm—yielding an optimal

step-size sequence ∆tn—that strictly enforces this property while ensuring that the

step size is bounded away from zero. The methods are proved to converge at the
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expected rate for any IVP satisfying the forward Euler condition.

The existence of methods of arbitrary order has been proven in [37]; however, the

optimal methods for orders at least three seem to have a complicated structure. It

would be useful to develop adaptive (and possibly suboptimal) multistep SSP methods

of order higher than three having a simple structure. In [3], a grid-independent

construction of variable step size LMMs has been presented that uses a polynomial

formulation to support time adaptivity. This formulation is not based on extending

classical LMMs; instead fixed step size formulae are obtained as a special case within

this framework. In Chapter 6, we have seen how to obtain variable step size methods

by using the existing SSP LMMs. It will be interesting to investigate whether is

possible to obtain new variable step size LMMs by using the methodology in [3].

8.4 Boundary conditions for perturbed methods

We performed a rigorous analysis of the TVD preservation of perturbed methods

applied to boundary value problems. We proved that zero-order extrapolation is

a necessary condition for TVD preservation with outflow boundary conditions, and

that periodic and reflecting boundary conditions preserve the total variation for scalar

hyperbolic problems and 2× 2 linear systems.

Moreover, we implemented a stable and high accurate approach for perturbed

methods applied to finite volume semi-discretizations. We have shown that this tech-

nique gives the desired order of accuracy with nonreflecting boundary conditions in 1D

and 2D problems and performs much better compared to other approaches frequently

used in the literature (e.g. zero-order extrapolation).

Further research on this topic may include the evaluation of the computation

cost that comes with the characteristic wave analysis at the boundaries, especially in

multidimensional problems. The computation of ghost cell’s values requires a solution

of a small IVP compared to the problem solved in the interior domain; however,
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it is most costly than zero-order extrapolation. Finally, one-sided finite differences

have been used to approximate the spatial derivatives normal to the boundary, and

central finite differences for the parallel terms in 2D problems. This works well in

one-dimensional problems, but it may be problematic for multidimensional problems

which consist of shocks moving along the boundary. In such cases, it is recommended

to use the spatial discretization of the interior domain (e.g. WENO) or a WENO-type

interpolation to approximate derivatives parallel to a given boundary.



190

BIBLIOGRAPHY

[1] Albada, G. van, Leer, B. van, and Roberts Jr, W., A comparative study of
computational methods in cosmic gas dynamics, Upwind and High-Resolution
Schemes, Springer, 1997, pp. 95–103.

[2] Albrecht, P., The Runge-Kutta theory in a nutshell, SIAM J. Numer. Anal.
33 (1996), pp. 1712–1735.

[3] Arévalo, C. and Söderlind, G., Grid-Independent Construction of Multistep
Methods, Journal of Computational Mathematics 35 (2017), p. 672.

[4] Balsara, D. S., Rumpf, T., Dumbser, M., and Munz, C.-D., Efficient, high
accuracy ADER-WENO schemes for hydrodynamics and divergence-free mag-
netohydrodynamics, J. Comput. Phys. 228 (2009), pp. 2480–2516.

[5] Bellen, A. and Torelli, L., Unconditional contractivity in the maximum norm
of diagonally split Runge-Kutta methods, SIAM J. Numer. Anal. 34 (1997),
pp. 528–543.

[6] Bolley, C. and Crouzeix, M., Conservation de la positivité lors de la discrétisa-
tion des problèmes d’évolution paraboliques, RAIRO Anal. Numér. 12 (1978),
pp. 237–245, iv.

[7] Bresten, C., Gottlieb, S., Grant, Z., Higgs, D., Ketcheson, D. I., and Németh,
A., Explicit strong stability preserving multistep Runge-Kutta methods,
Math. Comp. 86 (2017), pp. 747–769.

[8] Butcher, J., Numerical methods for ordinary differential equations, John
Wiley & Sons Inc, 2008.

[9] Carpenter, M. H., Gottlieb, D., Abarbanel, S., and Don, W. S., The theoretical
accuracy of Runge-Kutta time discretizations for the initial-boundary value
problem: a study of the boundary error, SIAM J. Sci. Comput. 16 (1995),
pp. 1241–1252.

[10] Chakravarthy, S. and Osher, S., High resolution applications of the Osher
upwind scheme for the Euler equations, 6th Computational Fluid Dynamics
Conference Danvers, 1983, p. 1943.

http://dx.doi.org/10.1007/978-3-642-60543-7_6
http://dx.doi.org/10.1007/978-3-642-60543-7_6
http://dx.doi.org/10.1137/S0036142994260872
http://search.ebscohost.com/login.aspx?direct=true&db=aqh&AN=123886741&site=ehost-live
http://search.ebscohost.com/login.aspx?direct=true&db=aqh&AN=123886741&site=ehost-live
http://dx.doi.org/10.1016/j.jcp.2008.12.003
http://dx.doi.org/10.1016/j.jcp.2008.12.003
http://dx.doi.org/10.1016/j.jcp.2008.12.003
http://dx.doi.org/10.1137/S0036142994267576
http://dx.doi.org/10.1137/S0036142994267576
http://dx.doi.org/10.1051/m2an/1978120302371
http://dx.doi.org/10.1051/m2an/1978120302371
http://dx.doi.org/10.1090/mcom/3115
http://books.google.com/books?vid=ISBN978-1-119-12150-3
http://dx.doi.org/10.1137/0916072
http://dx.doi.org/10.1137/0916072
http://dx.doi.org/10.1137/0916072
http://dx.doi.org/10.2514/6.1983-1943
http://dx.doi.org/10.2514/6.1983-1943


191

[11] Christlieb, A. J., Gottlieb, S., Grant, Z., and Seal, D. C., Explicit strong
stability preserving multistage two-derivative time-stepping schemes, J. Sci.
Comput. 68 (2016), pp. 914–942.

[12] Clawpack Development Team, Clawpack software, Version 5.4.0, 2017.

[13] Colella, P. and Woodward, P. R., The Piecewise Parabolic Method (PPM)
for Gas-Dynamical Simulations, Journal of Computational Physics 54 (Sept.
1984), pp. 174–201.

[14] Conde, S., Gottlieb, S., Grant, Z. J., and Shadid, J. N., Implicit and Implicit-
Explicit Strong Stability Preserving Runge-Kutta Methods with High Linear
Order, arXiv preprint arXiv:1702.04621 (2017).

[15] Constantinescu, E. M. and Sandu, A., Multirate timestepping methods for
hyperbolic conservation laws, J. Sci. Comput. 33 (2007), pp. 239–278.

[16] Constantinescu, E. M. and Sandu, A., Optimal explicit strong-stability-
preserving general linear methods, SIAM J. Sci. Comput. 32 (2010), pp. 3130–
3150.

[17] Deconinek, H., Hirsch, C., and Peuteman, J., Characteristic decomposition
methods for the multidimensional Euler equations, Tenth international con-
ference on numerical methods in fluid dynamics, Springer, 1986, pp. 216–221.

[18] Donat, R., Higueras, I., and Martínez-Gavara, A., On stability issues for IMEX
schemes applied to 1D scalar hyperbolic equations with stiff reaction terms,
Mathematics of Computation 80 (2011), pp. 2097–2126.

[19] Dörfler, W., Findeisen, S., andWieners, C., Space-time discontinuous Galerkin
discretizations for linear first-order hyperbolic evolution systems, Comput.
Methods Appl. Math. 16 (2016), pp. 409–428.

[20] Ferracina, L. and Spijker, M. N., Stepsize restrictions for the total-variation-
diminishing property in general Runge-Kutta methods, SIAM J. Numer. Anal.
42 (2004), pp. 1073–1093.

[21] Ferracina, L. and Spijker, M. N., An extension and analysis of the Shu-Osher
representation of Runge-Kutta methods, Math. Comp. 74 (2005), pp. 201–219.

[22] Ferracina, L. and Spijker, M. N., Stepsize restrictions for total-variation-
boundedness in general Runge-Kutta procedures, Appl. Numer. Math. 53
(2005), pp. 265–279.

http://dx.doi.org/10.1007/s10915-016-0164-2
http://dx.doi.org/10.1007/s10915-016-0164-2
http://dx.doi.org/10.5281/zenodo.262111
http://dx.doi.org/10.1016/0021-9991(84)90143-8
http://dx.doi.org/10.1016/0021-9991(84)90143-8
https://arxiv.org/abs/1702.04621
https://arxiv.org/abs/1702.04621
https://arxiv.org/abs/1702.04621
http://dx.doi.org/10.1007/s10915-007-9151-y
http://dx.doi.org/10.1007/s10915-007-9151-y
http://dx.doi.org/10.1137/090766206
http://dx.doi.org/10.1137/090766206
http://dx.doi.org/10.1007/BFb0041793
http://dx.doi.org/10.1007/BFb0041793
http://dx.doi.org/10.1090/S0025-5718-2011-02463-4
http://dx.doi.org/10.1090/S0025-5718-2011-02463-4
http://dx.doi.org/10.1515/cmam-2016-0015
http://dx.doi.org/10.1515/cmam-2016-0015
http://dx.doi.org/10.1137/S0036142902415584
http://dx.doi.org/10.1137/S0036142902415584
http://dx.doi.org/10.1090/S0025-5718-04-01664-3
http://dx.doi.org/10.1090/S0025-5718-04-01664-3
http://dx.doi.org/10.1016/j.apnum.2004.08.024
http://dx.doi.org/10.1016/j.apnum.2004.08.024


192

[23] Ferracina, L. and Spijker, M. N., Strong stability of singly-diagonally-implicit
Runge-Kutta methods, Appl. Numer. Math. 58 (2008), pp. 1675–1686.

[24] Ferracina, L. and Spijker, M., Computing optimal monotonicity-preserving
Runge-Kutta methods, tech. rep., 2005.

[25] Gjesdal, T., Implicit-explicit methods based on strong stability preserving
multistep time discretizations, Applied Numerical Mathematics 57 (2007),
pp. 911–919.

[26] Godunov, S. K., A difference method for numerical calculation of discon-
tinuous solutions of the equations of hydrodynamics, Mat. Sb. (N.S.) 47 (89)
(1959), pp. 271–306.

[27] Gottlieb, S., Ketcheson, D. I., and Shu, C.-W., High order strong stability
preserving time discretizations, Journal of Scientific Computing 38 (2009),
pp. 251–289.

[28] Gottlieb, S., On high order strong stability preserving Runge-Kutta and multi
step time discretizations, J. Sci. Comput. 25 (2005), pp. 105–128.

[29] Gottlieb, S. and Gottlieb, L.-A. J., Strong stability preserving properties of
Runge-Kutta time discretization methods for linear constant coefficient oper-
ators, J. Sci. Comput. 18 (2003), pp. 83–109.

[30] Gottlieb, S., Grant, Z., and Higgs, D., Optimal explicit strong stability pre-
serving Runge-Kutta methods with high linear order and optimal nonlinear
order, Math. Comp. 84 (2015), pp. 2743–2761.

[31] Gottlieb, S., Ketcheson, D., and Shu, C.-W., Strong stability preserving
Runge-Kutta and multistep time discretizations, World Scientific Publishing
Co. Pte. Ltd., Hackensack, NJ, 2011, pp. xii+176.

[32] Gottlieb, S. and Ruuth, S. J., Optimal strong-stability-preserving time-
stepping schemes with fast downwind spatial discretizations, J. Sci. Comput.
27 (2006), pp. 289–303.

[33] Gottlieb, S. and Shu, C.-W., Total variation diminishing Runge-Kutta
schemes, Math. Comp. 67 (1998), pp. 73–85.

[34] Gottlieb, S., Shu, C.-W., and Tadmor, E., Strong stability-preserving high-
order time discretization methods, SIAM Rev. 43 (2001), pp. 89–112.

http://dx.doi.org/10.1016/j.apnum.2007.10.004
http://dx.doi.org/10.1016/j.apnum.2007.10.004
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.547.8700
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.547.8700
http://dx.doi.org/10.1016/j.apnum.2006.09.001
http://dx.doi.org/10.1016/j.apnum.2006.09.001
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=sm&paperid=4873&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=sm&paperid=4873&option_lang=eng
http://dx.doi.org/10.1007/s10915-008-9239-z
http://dx.doi.org/10.1007/s10915-008-9239-z
http://dx.doi.org/10.1007/s10915-004-4635-5
http://dx.doi.org/10.1007/s10915-004-4635-5
http://dx.doi.org/10.1023/A:1020338228736
http://dx.doi.org/10.1023/A:1020338228736
http://dx.doi.org/10.1023/A:1020338228736
http://dx.doi.org/10.1090/mcom/2966
http://dx.doi.org/10.1090/mcom/2966
http://dx.doi.org/10.1090/mcom/2966
http://dx.doi.org/10.1142/7498
http://dx.doi.org/10.1142/7498
http://dx.doi.org/10.1007/s10915-005-9054-8
http://dx.doi.org/10.1007/s10915-005-9054-8
http://dx.doi.org/10.1090/S0025-5718-98-00913-2
http://dx.doi.org/10.1090/S0025-5718-98-00913-2
http://dx.doi.org/10.1137/S003614450036757X
http://dx.doi.org/10.1137/S003614450036757X


193

[35] Griend, J. A. van de and Kraaijevanger, J. F. B. M., Absolute monotonicity of
rational functions occurring in the numerical solution of initial value problems,
Numer. Math. 49 (1986), pp. 413–424.

[36] Hadjimichael, Y. and Ketcheson, D. I., Strong-stability-preserving additive
linear multistep methods, arXiv preprint arXiv:1601.03637 (2016).

[37] Hadjimichael, Y., Ketcheson, D. I., Lóczi, L., and Németh, A., Strong stability
preserving explicit linear multistep methods with variable step size, SIAM J.
Numer. Anal. 54 (2016), pp. 2799–2832.

[38] Hadjimichael, Y., Macdonald, C. B., Ketcheson, D. I., and Verner, J. H.,
Strong stability preserving explicit Runge-Kutta methods of maximal effec-
tive order, SIAM J. Numer. Anal. 51 (2013), pp. 2149–2165.

[39] Hairer, E., Nørsett, S. P., and Wanner, G., Solving ordinary differential
equations. I, Second, vol. 8, Springer Series in Computational Mathematics,
Nonstiff problems, Springer-Verlag, Berlin, 1993, pp. xvi+528.

[40] Hairer, E. and Wanner, G., Solving ordinary differential equations. II, vol. 14,
Springer Series in Computational Mathematics, Stiff and differential-algebraic
problems, Second revised edition, paperback, Springer-Verlag, Berlin, 2010,
pp. xvi+614.

[41] Harten, A., High resolution schemes for hyperbolic conservation laws, J. Com-
put. Phys. 49 (1983), pp. 357–393.

[42] Harten, A., Engquist, B., Osher, S., and Chakravarthy, S. R., Uniformly high-
order accurate essentially nonoscillatory schemes. III, J. Comput. Phys. 71
(1987), pp. 231–303.

[43] Harten, A. and Osher, S., Uniformly high-order accurate nonoscillatory
schemes. I, SIAM J. Numer. Anal. 24 (1987), pp. 279–309.

[44] Harten, A., Osher, S., Engquist, B., and Chakravarthy, S. R., Some results
on uniformly high-order accurate essentially nonoscillatory schemes, Appl. Nu-
mer. Math. 2 (1986), pp. 347–377.

[45] Higham, N. J., Accuracy and Stability of Numerical Algorithms, SIAM, 2002.

[46] Higueras, I., Positivity properties for the classical fourth order Runge-Kutta
method, Proceedings of the MCalv6(5) Conference, vol. 33, Monogr. Real Acad.
Ci. Exact. Fís.-Quím. Nat. Zaragoza, Acad. Cienc. Exact. Fís. Quím. Nat.
Zaragoza, Zaragoza, 2010, pp. 125–139.

http://dx.doi.org/10.1007/BF01389539
http://dx.doi.org/10.1007/BF01389539
https://arxiv.org/abs/1601.03637
https://arxiv.org/abs/1601.03637
http://dx.doi.org/10.1137/15M101717X
http://dx.doi.org/10.1137/15M101717X
http://dx.doi.org/10.1137/120884201
http://dx.doi.org/10.1137/120884201
http://books.google.com/books?vid=ISBN3-540-56670-8
http://books.google.com/books?vid=ISBN3-540-56670-8
http://dx.doi.org/10.1007/978-3-642-05221-7
http://dx.doi.org/10.1016/0021-9991(83)90136-5
http://dx.doi.org/10.1016/0021-9991(87)90031-3
http://dx.doi.org/10.1016/0021-9991(87)90031-3
http://dx.doi.org/10.1137/0724022
http://dx.doi.org/10.1137/0724022
http://dx.doi.org/10.1016/0168-9274(86)90039-5
http://dx.doi.org/10.1016/0168-9274(86)90039-5
http://www.amazon.com/Accuracy-Stability-Numerical-Algorithms-Nicholas/dp/0898715210%3FSubscriptionId%3D0JYN1NVW651KCA56C102%26tag%3Dtechkie-20%26linkCode%3Dxm2%26camp%3D2025%26creative%3D165953%26creativeASIN%3D0898715210
http://unizar.es/acz/05Publicaciones/Monografias/MonografiasPublicadas/Monografia33/125.pdf
http://unizar.es/acz/05Publicaciones/Monografias/MonografiasPublicadas/Monografia33/125.pdf


194

[47] Higueras, I., On strong stability preserving time discretization methods, J.
Sci. Comput. 21 (2004), pp. 193–223.

[48] Higueras, I., Representations of Runge-Kutta methods and strong stability
preserving methods, SIAM J. Numer. Anal. 43 (2005), pp. 924–948.

[49] Higueras, I., Strong stability for additive Runge-Kutta methods, SIAM J.
Numer. Anal. 44 (2006), pp. 1735–1758.

[50] Higueras, I., Ketcheson, D. I., and Kocsis, T. A., Optimal perturbations of
Runge-Kutta methods, arXiv preprint arXiv:1505.04024 (2015).

[51] Horváth, Z., On the unconditional positivity of diagonally split Runge-
Kutta methods, Advances in difference equations (Veszprém, 1995), Gordon
and Breach, Amsterdam, 1997, pp. 311–320.

[52] Horváth, Z., Positivity of Runge-Kutta and diagonally split Runge-Kutta
methods, Appl. Numer. Math. 28 (1998), Eighth Conference on the Numerical
Treatment of Differential Equations (Alexisbad, 1997), pp. 309–326.

[53] Huang, C., Strong stability preserving hybrid methods, Appl. Numer. Math.
59 (2009), pp. 891–904.

[54] Hundsdorfer, W. and Ruuth, S. J., On monotonicity and boundedness prop-
erties of linear multistep methods, Math. Comp. 75 (2006), pp. 655–672.

[55] Hundsdorfer, W. and Ruuth, S. J., IMEX extensions of linear multistep meth-
ods with general monotonicity and boundedness properties, J. Comput. Phys.
225 (2007), pp. 2016–2042.

[56] Hundsdorfer, W., Ruuth, S. J., and Spiteri, R. J., Monotonicity-preserving
linear multistep methods, SIAM J. Numer. Anal. 41 (2003), pp. 605–623.

[57] In’t Hout, K. J., A note on unconditional maximum norm contractivity of diag-
onally split Runge-Kutta methods, SIAM J. Numer. Anal. 33 (1996), pp. 1125–
1134.

[58] Jiang, G.-S. and Shu, C.-W., Efficient implementation of weighted ENO
schemes, J. Comput. Phys. 126 (1996), pp. 202–228.

[59] Ketcheson, D. I., Computation of optimal monotonicity preserving general
linear methods, Mathematics of Computation 78 (2009), pp. 1497–1513.

[60] Ketcheson, D. I., Step sizes for strong stability preservation with downwind-
biased operators, SIAM Journal on Numerical Analysis 49 (2011), pp. 1649–
1660.

http://dx.doi.org/10.1023/B:JOMP.0000030075.59237.61
http://dx.doi.org/10.1137/S0036142903427068
http://dx.doi.org/10.1137/S0036142903427068
http://dx.doi.org/10.1137/040612968
https://arxiv.org/abs/1505.04024
https://arxiv.org/abs/1505.04024
http://dx.doi.org/10.1016/S0168-9274(98)00050-6
http://dx.doi.org/10.1016/S0168-9274(98)00050-6
http://dx.doi.org/10.1016/j.apnum.2008.03.030
http://dx.doi.org/10.1090/S0025-5718-05-01794-1
http://dx.doi.org/10.1090/S0025-5718-05-01794-1
http://dx.doi.org/10.1016/j.jcp.2007.03.003
http://dx.doi.org/10.1016/j.jcp.2007.03.003
http://dx.doi.org/10.1137/S0036142902406326
http://dx.doi.org/10.1137/S0036142902406326
http://dx.doi.org/10.1137/0733055
http://dx.doi.org/10.1137/0733055
http://dx.doi.org/10.1006/jcph.1996.0130
http://dx.doi.org/10.1006/jcph.1996.0130
http://dx.doi.org/10.1090/S0025-5718-09-02209-1
http://dx.doi.org/10.1090/S0025-5718-09-02209-1
http://dx.doi.org/10.1137/100818674
http://dx.doi.org/10.1137/100818674


195

[61] Ketcheson, D. I., An algebraic characterization of strong stability preserv-
ing Runge-Kutta schemes, Master Thesis, Brigham Young University, Provo,
Utah, USA, 2004.

[62] Ketcheson, D. I., Highly efficient strong stability-preserving Runge-Kutta
methods with low-storage implementations, SIAM J. Sci. Comput. 30 (2008),
pp. 2113–2136.

[63] Ketcheson, D. I., Runge-Kutta methods with minimum storage implementa-
tions, J. Comput. Phys. 229 (2010), pp. 1763–1773.

[64] Ketcheson, D. I., Gottlieb, S., and Macdonald, C. B., Strong stability pre-
serving two-step Runge-Kutta methods, SIAM J. Numer. Anal. 49 (2011),
pp. 2618–2639.

[65] Ketcheson, D. I., Lóczi, L., Jangabylova, A., and Kusmanov, A., Dense Output
for Strong Stability Preserving Runge–Kutta Methods, J. Sci. Comput. 71
(2017), pp. 944–958.

[66] Ketcheson, D. I., Macdonald, C. B., and Gottlieb, S., Optimal implicit strong
stability preserving Runge-Kutta methods, Appl. Numer. Math. 59 (2009),
pp. 373–392.

[67] Ketcheson, D. I., MacDonald, C. B., and Ruuth, S. J., Spatially partitioned
embedded Runge-Kutta methods, SIAM J. Numer. Anal. 51 (2013), pp. 2887–
2910.

[68] Ketcheson, D. I., Mandli, K. T., Ahmadia, A. J., Alghamdi, A., Quezada de
Luna, M., Parsani, M., Knepley, M. G., and Emmett, M., PyClaw: accessible,
extensible, scalable tools for wave propagation problems, SIAM Journal on
Scientific Computing 34 (2012), pp. C210–C231.

[69] Ketcheson, D. I., Parsani, M., and LeVeque, R. J., High-order wave propa-
gation algorithms for hyperbolic systems, SIAM J. Sci. Comput. 35 (2013),
A351–A377.

[70] Kolgan, V. P., Application of the principle of minimizing the derivative to the
construction of finite-difference schemes for computing discontinuous solutions
of gas dynamics, J. Comput. Phys. 230 (2011), Translated from the Russian
by Konstantin Kabin and Valeriy Tenishev, pp. 2384–2390.

[71] Kraaijevanger, J. F. B. M., Absolute monotonicity of polynomials occurring
in the numerical solution of initial value problems, Numer. Math. 48 (1986),
pp. 303–322.

http://dx.doi.org/10.1137/07070485X
http://dx.doi.org/10.1137/07070485X
http://dx.doi.org/10.1016/j.jcp.2009.11.006
http://dx.doi.org/10.1016/j.jcp.2009.11.006
http://dx.doi.org/10.1137/10080960X
http://dx.doi.org/10.1137/10080960X
http://dx.doi.org/10.1007/s10915-016-0331-5
http://dx.doi.org/10.1007/s10915-016-0331-5
http://dx.doi.org/10.1016/j.apnum.2008.03.034
http://dx.doi.org/10.1016/j.apnum.2008.03.034
http://dx.doi.org/10.1137/130906258
http://dx.doi.org/10.1137/130906258
http://dx.doi.org/10.1137/110856976
http://dx.doi.org/10.1137/110856976
http://dx.doi.org/10.1137/110830320
http://dx.doi.org/10.1137/110830320
http://dx.doi.org/10.1016/j.jcp.2010.12.033
http://dx.doi.org/10.1016/j.jcp.2010.12.033
http://dx.doi.org/10.1016/j.jcp.2010.12.033
http://dx.doi.org/10.1007/BF01389477
http://dx.doi.org/10.1007/BF01389477


196

[72] Kraaijevanger, J. F. B. M., Contractivity of Runge-Kutta methods, BIT 31
(1991), pp. 482–528.

[73] Kurganov, A. and Levy, D., A third-order semidiscrete central scheme for
conservation laws and convection-diffusion equations, SIAM J. Sci. Comput.
22 (2000), pp. 1461–1488.

[74] Laney, C. B., Computational gasdynamics, Cambridge University Press, Cam-
bridge, 1998, pp. xiv+613.

[75] Lax, P. and Wendroff, B., Systems of conservation laws, Comm. Pure Appl.
Math. 13 (1960), pp. 217–237.

[76] Leer, B. van, Towards the ultimate conservative difference scheme. IV. A
new approach to numerical convection, Journal of Computational Physics 23
(1977), pp. 276–299.

[77] Lenferink, H. W. J., Contractivity preserving explicit linear multistep meth-
ods, Numer. Math. 55 (1989), pp. 213–223.

[78] Lenferink, H. W. J., Contractivity-preserving implicit linear multistep meth-
ods, Math. Comp. 56 (1991), pp. 177–199.

[79] LeVeque, R. J. and Yee, H. C., A study of numerical methods for hyperbolic
conservation laws with stiff source terms, Journal of Computational Physics
86 (1990), pp. 187–210.

[80] LeVeque, R. J., Finite Volume Methods for Hyperbolic Problems, Cambridge
Texts in Applied Mathematics, Cambridge University Press, 2002.

[81] LeVeque, R. J., Finite difference methods for ordinary and partial differential
equations, Steady-state and time-dependent problems, Society for Industrial
and Applied Mathematics (SIAM), Philadelphia, PA, 2007, pp. xvi+341.

[82] Liu, X.-D., Osher, S., and Chan, T., Weighted essentially non-oscillatory
schemes, J. Comput. Phys. 115 (1994), pp. 200–212.

[83] Liu, Q. and Vasilyev, O. V., Nonreflecting boundary conditions based on
nonlinear multidimensional characteristics, International journal for numerical
methods in fluids 62 (2010), pp. 24–55.

[84] Liu, Y., Shu, C.-W., and Zhang, M., Strong stability preserving property
of the deferred correction time discretization, J. Comput. Math. 26 (2008),
pp. 633–656.

http://dx.doi.org/10.1007/BF01933264
http://dx.doi.org/10.1137/S1064827599360236
http://dx.doi.org/10.1137/S1064827599360236
http://dx.doi.org/10.1017/CBO9780511605604
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1016/0021-9991(77)90095-X
http://dx.doi.org/10.1016/0021-9991(77)90095-X
http://dx.doi.org/10.1007/BF01406515
http://dx.doi.org/10.1007/BF01406515
http://dx.doi.org/10.2307/2008536
http://dx.doi.org/10.2307/2008536
http://dx.doi.org/10.1016/0021-9991(90)90097-K
http://dx.doi.org/10.1016/0021-9991(90)90097-K
https://books.google.com.sa/books?id=QazcnD7GUoUC
http://dx.doi.org/10.1137/1.9780898717839
http://dx.doi.org/10.1137/1.9780898717839
http://dx.doi.org/10.1006/jcph.1994.1187
http://dx.doi.org/10.1006/jcph.1994.1187
http://dx.doi.org/10.1002/fld.2011
http://dx.doi.org/10.1002/fld.2011
http://books.google.com/books?vid=ISSN0254-9409
http://books.google.com/books?vid=ISSN0254-9409


197

[85] Lóczi, L. and Ketcheson, D. I., Rational functions with maximal radius of
absolute monotonicity, LMS J. Comput. Math. 17 (2014), pp. 159–205.

[86] Lowrie, R. B., Roe, P. L., and Leer, B. van, A space-time discontinuous
Galerkin method for the time-accurate numerical solution of hyperbolic con-
servation laws, 12th Computational Fluid Dynamics Conference, 1995, p. 1658.

[87] Macdonald, C. B., Gottlieb, S., and Ruuth, S. J., A numerical study of di-
agonally split Runge-Kutta methods for PDEs with discontinuities, J. Sci.
Comput. 36 (2008), pp. 89–112.

[88] Majda, A. and Osher, S., A systematic approach for correcting nonlinear
instabilities. The Lax-Wendroff scheme for scalar conservation laws, Numer.
Math. 30 (1978), pp. 429–452.

[89] Mandli, K. T., Ahmadia, A. J., Berger, M., Calhoun, D., George, D. L., Had-
jimichael, Y., Ketcheson, D. I., Lemoine, G. I., and LeVeque, R. J., Clawpack:
building an open source ecosystem for solving hyperbolic PDEs, PeerJ Com-
puter Science 2 (2016), e68.

[90] Martin, R. H., Nonlinear Operators and Differential Equations in Banach
Spaces, John Wiley & Sons Inc, 1976.

[91] Németh, A. and Ketcheson, D., Existence and optimality of strong stability
preserving linear multistep methods: a duality-based approach, arXiv preprint
arXiv:1504.03930 (2015).

[92] Nevanlinna, O. and Liniger, W., Contractive methods for stiff differential
equations, Part I, BIT (Nordisk Tidskrift for Informationsbehandling) 18
(1978), pp. 457–474.

[93] Poinsot, T. J. and Lele, S. K., Boundary conditions for direct simulations of
compressible viscous flows, J. Comput. Phys. 101 (1992), pp. 104–129.

[94] Qiu, J., Dumbser, M., and Shu, C.-W., The discontinuous Galerkin method
with Lax-Wendroff type time discretizations, Comput. Methods Appl. Mech.
Engrg. 194 (2005), pp. 4528–4543.

[95] Rockafellar, R. T., Convex Analysis, Princeton University Press, 1996.

[96] Roe, P. L., Some contributions to the modelling of discontinuous flows, Large-
scale computations in fluid mechanics, Part 2 (La Jolla, Calif., 1983), vol. 22,
Lectures in Appl. Math. Amer. Math. Soc., Providence, RI, 1985, pp. 163–193.

http://dx.doi.org/10.1112/S1461157013000326
http://dx.doi.org/10.1112/S1461157013000326
http://dx.doi.org/10.2514/6.1995-1658
http://dx.doi.org/10.2514/6.1995-1658
http://dx.doi.org/10.2514/6.1995-1658
http://dx.doi.org/10.1007/s10915-007-9180-6
http://dx.doi.org/10.1007/s10915-007-9180-6
http://dx.doi.org/10.1007/BF01398510
http://dx.doi.org/10.1007/BF01398510
http://dx.doi.org/10.7717/peerj-cs.68
http://dx.doi.org/10.7717/peerj-cs.68
http://www.amazon.com/Nonlinear-Operators-Differential-Equations-Mathematics/dp/0471573639%3FSubscriptionId%3D0JYN1NVW651KCA56C102%26tag%3Dtechkie-20%26linkCode%3Dxm2%26camp%3D2025%26creative%3D165953%26creativeASIN%3D0471573639
http://www.amazon.com/Nonlinear-Operators-Differential-Equations-Mathematics/dp/0471573639%3FSubscriptionId%3D0JYN1NVW651KCA56C102%26tag%3Dtechkie-20%26linkCode%3Dxm2%26camp%3D2025%26creative%3D165953%26creativeASIN%3D0471573639
https://arxiv.org/abs/1504.03930
https://arxiv.org/abs/1504.03930
http://dx.doi.org/10.1007/BF01932025
http://dx.doi.org/10.1007/BF01932025
http://dx.doi.org/10.1016/0021-9991(92)90046-2
http://dx.doi.org/10.1016/0021-9991(92)90046-2
http://dx.doi.org/10.1016/j.cma.2004.11.007
http://dx.doi.org/10.1016/j.cma.2004.11.007
http://www.amazon.com/Analysis-Princeton-Landmarks-Mathematics-Physics/dp/0691015864%3FSubscriptionId%3D0JYN1NVW651KCA56C102%26tag%3Dtechkie-20%26linkCode%3Dxm2%26camp%3D2025%26creative%3D165953%26creativeASIN%3D0691015864
http://adsabs.harvard.edu/abs/1985ams..conf..163R


198

[97] Roe, P. L., Characteristic-based schemes for the Euler equations, Annual
review of fluid mechanics, Vol. 18, Annual Reviews, Palo Alto, CA, 1986,
pp. 337–365.

[98] Ruuth, S. J., Global optimization of explicit strong-stability-preserving
Runge-Kutta methods, Math. Comp. 75 (2006), pp. 183–207.

[99] Ruuth, S. J. and Hundsdorfer, W., High-order linear multistep methods
with general monotonicity and boundedness properties, J. Comput. Phys. 209
(2005), pp. 226–248.

[100] Ruuth, S. J. and Spiteri, R. J., Two barriers on strong-stability-preserving time
discretization methods, Proceedings of the Fifth International Conference on
Spectral and High Order Methods (ICOSAHOM-01) (Uppsala), vol. 17, 2002,
pp. 211–220.

[101] Ruuth, S. J. and Spiteri, R. J., High-order strong-stability-preserving Runge-
Kutta methods with downwind-biased spatial discretizations, SIAM J. Numer.
Anal. 42 (2004), pp. 974–996.

[102] Sand, J., Circle contractive linear multistep methods, BIT 26 (1986), pp. 114–
122.

[103] Shu, C.-W., Total-variation-diminishing time discretizations, SIAM J. Sci.
Statist. Comput. 9 (1988), pp. 1073–1084.

[104] Shu, C.-W., Essentially non-oscillatory and weighted essentially non-
oscillatory schemes for hyperbolic conservation laws, Advanced numerical ap-
proximation of nonlinear hyperbolic equations, vol. 1697, Lecture Notes in
Math. Berlin: Springer, 1998, pp. 325–432.

[105] Shu, C.-W. and Osher, S., Efficient implementation of essentially nonoscilla-
tory shock-capturing schemes, Journal of Computational Physics 77 (1988),
pp. 439–471.

[106] Spijker, M. N., Contractivity in the numerical solution of initial value prob-
lems, Numer. Math. 42 (1983), pp. 271–290.

[107] Spijker, M. N., Stepsize conditions for general monotonicity in numerical
initial value problems, SIAM J. Numer. Anal. 45 (2007), pp. 1226–1245.

[108] Spiteri, R. J. and Ruuth, S. J., A new class of optimal high-order strong-
stability-preserving time discretization methods, SIAM J. Numer. Anal. 40
(2002), pp. 469–491.

http://dx.doi.org/10.1090/S0025-5718-05-01772-2
http://dx.doi.org/10.1090/S0025-5718-05-01772-2
http://dx.doi.org/10.1016/j.jcp.2005.02.029
http://dx.doi.org/10.1016/j.jcp.2005.02.029
http://dx.doi.org/10.1023/A:1015156832269
http://dx.doi.org/10.1023/A:1015156832269
http://dx.doi.org/10.1137/S0036142902419284
http://dx.doi.org/10.1137/S0036142902419284
http://dx.doi.org/10.1007/BF01939367
http://dx.doi.org/10.1137/0909073
http://dx.doi.org/10.1007/BFb0096355
http://dx.doi.org/10.1007/BFb0096355
http://dx.doi.org/10.1016/0021-9991(88)90177-5
http://dx.doi.org/10.1016/0021-9991(88)90177-5
http://dx.doi.org/10.1007/BF01389573
http://dx.doi.org/10.1007/BF01389573
http://dx.doi.org/10.1137/060661739
http://dx.doi.org/10.1137/060661739
http://dx.doi.org/10.1137/S0036142901389025
http://dx.doi.org/10.1137/S0036142901389025


199

[109] Spiteri, R. J. and Ruuth, S. J., Non-linear evolution using optimal fourth-order
strong-stability-preserving Runge-Kutta methods, Math. Comput. Simulation
62 (2003), Nonlinear waves: computation and theory, II (Athens, GA, 2001),
pp. 125–135.

[110] Strang, G., Accurate partial difference methods. II. Non-linear problems, Nu-
mer. Math. 6 (1964), pp. 37–46.

[111] Sweby, P. K., High resolution schemes using flux limiters for hyperbolic con-
servation laws, SIAM J. Numer. Anal. 21 (1984), pp. 995–1011.

[112] Takakura, Y., Direct-expansion forms of ADER schemes for conservation laws
and their verification, J. Comput. Phys. 219 (2006), pp. 855–878.

[113] Thompson, K. W., Time-dependent boundary conditions for hyperbolic sys-
tems, J. Comput. Phys. 68 (1987), pp. 1–24.

[114] Thompson, K. W., Time-dependent boundary conditions for hyperbolic sys-
tems. II, J. Comput. Phys. 89 (1990), pp. 439–461.

[115] Titarev, V. A. and Toro, E. F., ADER: arbitrary high order Godunov ap-
proach, Proceedings of the Fifth International Conference on Spectral and High
Order Methods (ICOSAHOM-01) (Uppsala), vol. 17, 2002, pp. 609–618.

[116] van Leer, B., Towards the ultimate conservative difference scheme. V - A
second-order sequel to Godunov’s method, Journal of Computational Physics
32 (July 1979), pp. 101–136.

[117] Van Leer, B., Towards the ultimate conservative difference scheme. IV. A new
approach to numerical convection, Journal of computational physics 23 (1977),
pp. 276–299.

[118] Whitham, G. B., Linear and nonlinear waves, Pure and Applied Mathematics
(New York), Reprint of the 1974 original, A Wiley-Interscience Publication,
John Wiley & Sons, Inc., New York, 1999, pp. xviii+636.

[119] Woodward, P. and Colella, P., The numerical simulation of two-dimensional
fluid flow with strong shocks, Journal of Computational Physics 54 (1984),
pp. 115–173.

[120] Zahran, Y. H., Central ADER schemes for hyperbolic conservation laws, J.
Math. Anal. Appl. 346 (2008), pp. 120–140.

http://dx.doi.org/10.1016/S0378-4754(02)00179-9
http://dx.doi.org/10.1016/S0378-4754(02)00179-9
http://dx.doi.org/10.1007/BF01386051
http://dx.doi.org/10.1137/0721062
http://dx.doi.org/10.1137/0721062
http://dx.doi.org/10.1016/j.jcp.2006.05.013
http://dx.doi.org/10.1016/j.jcp.2006.05.013
http://dx.doi.org/10.1016/0021-9991(87)90041-6
http://dx.doi.org/10.1016/0021-9991(87)90041-6
http://dx.doi.org/10.1016/0021-9991(90)90152-Q
http://dx.doi.org/10.1016/0021-9991(90)90152-Q
http://dx.doi.org/10.1023/A:1015126814947
http://dx.doi.org/10.1023/A:1015126814947
http://dx.doi.org/10.1016/0021-9991(79)90145-1
http://dx.doi.org/10.1016/0021-9991(79)90145-1
http://dx.doi.org/10.1016/0021-9991(77)90095-X
http://dx.doi.org/10.1016/0021-9991(77)90095-X
http://dx.doi.org/10.1002/9781118032954
http://dx.doi.org/10.1016/0021-9991(84)90142-6
http://dx.doi.org/10.1016/0021-9991(84)90142-6
http://dx.doi.org/10.1016/j.jmaa.2008.05.032


200

[121] Zhang, X. and Shu, C.-W., On maximum-principle-satisfying high order
schemes for scalar conservation laws, J. Comput. Phys. 229 (2010), pp. 3091–
3120.

http://dx.doi.org/10.1016/j.jcp.2009.12.030
http://dx.doi.org/10.1016/j.jcp.2009.12.030

	Examination Committee Page
	Copyright
	Abstract
	Acknowledgements
	List of Abbreviations
	List of Figures
	List of Tables
	Introduction
	Motivation
	Outline

	Numerical methods for hyperbolic PDEs
	Finite volume spatial discretizations
	TVD schemes
	WENO schemes

	Temporal discretizations
	Runge–Kutta methods
	Linear stability
	Order conditions

	Linear multistep methods
	Linear stability
	Order Conditions



	Strong-stability-preserving methods
	Necessity of SSP methods
	The SSP property
	Monotonicity conditions for Runge–Kutta methods
	Absolute monotonicity of Runge–Kutta methods

	Monotonicity conditions for linear multistep methods
	Other strong stability properties
	Bounds and barriers of SSP methods
	Time-stepping methods with downwinding
	Perturbed Runge–Kutta methods
	Optimal perturbations


	High order implicit perturbed methods
	Implicit Runge–Kutta methods
	Stability analysis
	Numerical tests
	Convergence test
	Nonlinear scalar problems

	Final remarks

	Strong-stability-preserving additive linear multistep methods
	Monotonicity-preserving perturbed linear multistep methods
	Optimal SSP perturbed linear multistep methods
	Examples

	Monotonicity of additive linear multistep methods
	Monotone IMEX linear multistep method s

	Final remarks

	Strong stability preserving explicit linear multistep methods with variable step size
	SSP explicit linear multistep methods
	Strong stability preservation
	Optimal SSP formulae
	Two optimal methods
	SSPMSV32
	SSPMSV43


	Existence and construction of optimal SSP formulae
	Upper bound on the SSP coefficient and existence of an optimal formula
	Second-order formulae
	Third-order formulae

	Step-size selection and asymptotic behavior of the step sizes
	Second-order methods
	Asymptotic behavior of the step size

	Third-order methods

	Numerical examples
	Efficiency
	Spatial discretization
	Time-stepping algorithm
	Convergence test
	Burgers' equation
	Woodward–Colella blast-wave problem
	Two-dimensional shallow-water flow
	Shock-bubble interaction

	Final remarks

	Boundary conditions for perturbed SSP methods
	TVD preservation
	Periodic and reflecting boundary conditions
	Nonreflecting boundary conditions
	One-dimensional problems
	Two-dimensional problems

	Numerical applications
	Convergence tests
	Euler 2D equations with outflow boundary conditions


	Concluding Remarks
	Implicit perturbed Runge–Kutta methods
	SSP additive LMMs
	SSP LMMs with variable step size
	Boundary conditions for perturbed methods

	Bibliography

