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Pairs of various Polyvinylidene fluoride P(VDF)-based polymers are used for fabricating bilayer fractional order capacitors (FOCs). The polymer layers are constructed
using a simple drop casting approach. The resulting FOC has two advantages: It can
be easily integrated with printed circuit boards, and its constant phase angle (CPA) can
be tuned by changing the thickness ratio of the layers. Indeed, our experiments show
that the CPA of the fabricated FOCs can be tuned within the range from -83◦ to -65◦ in
the frequency band changing from 150 kHz to 10 MHz. Additionally, we provide an
empirical formula describing the relationship between the thickness ratio and the CPA,
which is highly useful for designing FOCs with the desired CPA. © 2017 Author(s).
All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
[http://dx.doi.org/10.1063/1.4991659]

Fractional-order capacitors (FOCs) have attracted great interest in recent years since they provide an additional degree of freedom over conventional circuit elements.1–3 This means that they
can enable more accurate circuit representations (i.e., mathematical models) characterizing, and
implementing novel circuit components in a wide spectrum of disciplines: viz. energy-storage and
generation device modelling,4–8 sensor design,9,10 corrosion modeling and characterization,11 neuralsystem modeling,12,13 bio-impedance characterization,14,15 control-system design,16 heat diffusion
control,17 electromagnetic system design18,19 and electronic circuit design.20–23 Recently, we demonstrated a fractional-order oscillator capable of generating oscillations at 10 fold higher frequency
than its integer order counterpart.20 In recent years, many techniques have been developed to realize/fabricate FOCs. However, some of these have high fabrication costs, and others produce FOCs,
which are not portable, power hungry, cannot be integrated with electronic circuits, have a constant
phase angle (CPA) that cannot be tuned, or have large variations in their CPA.1,2,24–28
In this work, we develop a method to fabricate printed circuit board (PCB) - compatible FOCs
with tunable CPA using layered ferroelectric polymers. This new approach is summarized in Fig. 1.
Each layer is made of a ferroelectric polymer that exhibits a fractional order behavior. When two of
such layers (made of two different polymers) are stacked together, the CPA of the resulting bilayer
FOC can be tuned by changing the thickness ratio of the layers. It should be mentioned here that
another advantage of this approach, in addition to being PCB-compatible, is that the CPA can be
easily predicted using serially connected equivalent circuits of the layers.29
To fabricate the films, 200 mg each of the polymers P(VDF), P(VDF-CFE), and P(VDFCFE-TrFE) (hereafter abbreviated as P, CP, and TP, respectively), are dissolved in 2 ml N,NDimethylformamide (DMF) by constantly stirring at room temperature to obtain a 0.1 mg/ml solution
of individual polymers. 10 nm Ti followed by 190 nm Au is deposited on Si/SiO2 wafers via DC
sputter to define the bottoms of the electrodes. Then, polymer solutions are drop-casted onto the
a
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FIG. 1. Schematic describing a bilayer FOC. Top and bottom layers are made of P(VDF) and PVDF-TrFE-CFE, respectively.
The impedance of the bilayer FOC is equal to the sum of the individual layers’ impedances (as shown by two serially connected
FOCs in the middle figure). Figure on the right shows that each layer individually exhibits fractional order behavior with two
different CPAs (red and blue lines). As expected, the bilayer FOC also has a CPA with a value between those of the individual
layers.

Au-deposited, 2 cm × 2 cm Si/SiO2 wafers and dried for 12 hours at 80 ◦ C under a vacuum. A second
layer is deposited directly onto the first layer by using a similar method. The amount of casted polymer
was directly proportional to the thickness of the films. The top Au electrode with a 3-mm circular
form is deposited in a similar fashion using a shadow mask, so a total of nine separated electrodes
are fabricated in a 2 cm × 2 cm area. The sample is flip-bonded on a PCB board with a design that
allows an individual capacitor to provide a separate connection for electrical measurements. The FOC
fabrication process is depicted in Fig. 2.
To show that the fabrication method described above does not introduce significant microstructural changes at the interface that would affect the dielectric properties of the bilayer, diffraction
patterns of single layers and bilayers with different thickness ratios are characterized using the Xray diffraction (XRD) technique. The thickness ratio (TR) is defined as the ratio of the top layer’s
thickness to the total thickness of the bilayer. For the XRD characterization, the top and the bottom
layers are TP and P, respectively and the total thickness is always kept at 50µm. Fig. 3 shows the
normalized XRD spectra for single layers of P and TP (both with thickness 25µm) and bilayers of
TP and P with TR = 0.33, TR = 0.50, and TR = 0.66. The single layer of P shows a broad peak at
20.5◦ , which results from two overlapping peaks corresponding to (200) and (110) crystal planes,
whereas the single layer of TP shows a single narrower peak at 18.2◦ corresponding to (111) plane.
The higher d-spacing in TP is due to the TrFE-CFE molecules merging into the P(VDF) chains. XRD
spectra confirm that the peak intensities for TP-P bilayers change between peak intensities of single
layers P and TP. No additional peaks have been observed, which confirms that no additional complex
molecular structures are generated at the interface between the layers.

FIG. 2. Illustration showing a PCB compatible FOC fabrication from bilayer polymer. Photograph showing the final device.
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FIG. 3. Normalized XRD spectra for single layers of P and TP, and a bilayer of TP and P with thickness ratio TR = 0.33, TR =
0.50, and TR = 0.66. XRD spectra are normalized with the main Au (111) peak at 38.3◦ as shown with a star. The inset zooms
to range between 15 ◦ and 25◦ .

Next, it is demonstrated by measurements that the CPA of the bilayer FOC can be tuned by
changing the thickness ratio TR. The impedance of a bilayer FOC is equal to the summation of
the individual layers’ impedances. First, the impedances of the individual capacitors made of single
layers of P, CP, and TP (each of which is 25 µm thick) are measured between 50 kHz and 10 MHz
(logarithmically spaced 200 points) using an Agilent 4294A precision impedance analyzer at 0.1 V.
Standard calibration tests (short, and open circuits) as provided in the manual were performed to
calibrate the instrument. These values are summed in pairs to compute the impedance of the individual
FOCs with bilayers of TP-P, CP-P, and TP-CP with TR = 0.50. Each single layer is 25 µm thick while
the total thickness of each bilayer is 50 µm. Dashed curves in Fig. 4(a) represent the phase angles of

FIG. 4. (a) The measured phase angle versus frequency for FOCs with single layers of P, CP, and TP and bilayers of TP-P,
CP-P, and TP-CP with thickness ratio TR = 0.50. The inset shows the normalized histogram of the phase angle variation. (b)
The measured impedance magnitude versus frequency for FOCs with bilayers of TP-P, CP-P, and TP-CP. The slope of the
lines represents the exponent of the element constant α.
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these computed impedance values. Finally, the impedances of the same bilayer FOCs are measured;
Fig. 4(a) also plots the phase angles of these measured impedance values. The computed and measured
values match well. Fig. 4(a) visually “proves” that both single layer and bilayer capacitors have a
CPA in a frequency band roughly changing from 150 kHz to 10 MHz. This is investigated more
rigorously as described next.
The fractional-order behavior dictates that
Z = Z eiφ = Cf −α e−iαπ / 2
where f is the frequency and C, α, and φ are real frequency-independent constants. Note the simple
relations Z = Cf −α and φ = απ/2. In this formulation, φ represents the CPA of the bilayer FOC.
To estimate the CPA, a constant is fit to the phase angle samples measured between 150 kHz and
10 MHz [Fig. 4(a)] using a least squares algorithm. The CPAs of the FOCs with single layers of P,
CP, and TP are found to be -83◦ , -77◦ , and -65◦ , respectively. Similarly, the CPAs of the FOCs with
bilayers of TP-P, TP-CP, and CP-P are found to be -77◦ , -74◦ , and -82◦ , respectively. Furthermore,
we have plotted the histogram from all samples (5) as shown in Fig. 4(a) an inset, which shows the
deviation of the measured phase angle from a fitted data with least square fit. So, the majority of
phase angle deviation (almost 70%) take place within ±3◦ in the frequency band between 150 kHz
and 10 MHz. If we consider the frequency region between 50 kHz and 10 MHz as a CPZ, then the
deviations become relatively high ±5◦ . Although this is acceptable as in Ref. 30, we believe it does
not meet the expectations of circuit designers. Therefore, we excluded that region from defined CPZ.
It is important to mention here, that the defined CPZ is also consistent with the region where dielectric
relaxation occurs in the polymers.31,32
Another way to estimate the CPA (or α) is to fit the relation log Z = −α log f + log C to the
impedance magnitude samples measured between 150 kHz and 10 MHz using a least squares

FIG. 5. (a) The measured phase angle versus frequency for FOCs with single layers of P and TP and bilayers of TP-P with
thickness ratio TR = 0.33, TR = 0.50, and TR = 0.66. The inset shows the normalized histogram of the phase angle variation. (b)
The measured impedance magnitude versus frequency for the FOCs with single layers of P and TP and bilayers of TP-P with
thickness ratio TR = 0.33, TR = 0.50, and TR = 0.66. The slope of the lines represents the exponent of the element constant α.
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FIG. 6. The CPA versus thickness ratio TR for the FOC with TP-P bilayer. Dotted curve represents the linear equation fit to
the measured CPA.

algorithm. Fig. 4(b) plots the magnitude of the measured impedance values for the same FOCs
with single layers of P, CP, and TP and bilayers of TP-P, TP-CP, and CP-P versus the frequency (in
log10 scale). The line equations obtained upon fitting are provided as an inset of the figure. It is clear
from these equations that for the FOCs with single layers of P, CP, and TP, α values are found to be
0.91, 0.85, and 0.69 (corresponding to CPA values of -82◦ , -77◦ , and -65◦ ) and for the FOCs with
bilayers TP-P, TP-CP, and CP-P, α values are found to be 0.84, 0.79, and 0.88 (corresponding to CPA
values of -76◦ , -72◦ , and -78◦ ), respectively. All these CPA values match well to those obtained from
the fit applied to the measured phase angle samples. Both sets of results demonstrate that the CPA of
a bilayer FOC is between the CPAs of the two FOCs with a single layer of the constituent polymers.
These suggest that one can tune the CPA of a bilayer FOC by changing the thickness ratio TR of the

FIG. 7. Temperature and voltage stability of FOC. a) The measured phase angle from CP versus frequency at different
temperatures. Inset shows the change of mean CPA versus temperature. b) Measured phase angle from CP versus frequency
at different applied voltages. The inset shows the change of mean CPA versus applied voltages.
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layers. Indeed we demonstrate by experiments that a tunable CPA can be achieved by changing TR
as explained next.
Impedances of the individual FOCs with single layers of P and TP and bilayers of TP and P (top
layer is TP, and bottom layer is P) with TR = 0.33, TR = 0.50, and TR = 0.66 are measured between
50 kHz and 10 MHz. The thickness of the single layers is varied between 17µm to 34µm while the
total thickness of the bilayers is 50µm. It should be noted here that the FOC with TP-P bilayer is
chosen for this experiment since the dynamic range of its CPA is higher than that with CP-P or TP-CP
bilayer. Fig. 5(a) plots the phase angles of the measured impedance values. The figure clearly shows
that the CPA of the FOC with TP-P bilayer increases as TR is changed from 0.33 to 0.66. By fitting
a constant to phase angle samples measured between 150 kHz and 15 MHz, the CPA values for the
FOCs with single layers of P and TP and bilayers with TR = 0.33, TR = 0.50, and TR = 0.66 are found
to be -83◦ and -65◦ and -81◦ , -77◦ , and -74◦ , respectively. The inset in Fig. 5(a) shows the histogram
of the variation in the estimated CPA (for all FOCs considered).
Fig. 5(b) plots the magnitude of the impedance for the same FOCs versus the frequency (in log10
scale). The values of the CPA, which are obtained by fitting line equations to the impedance magnitude
samples measured between 150 kHz and 15 MHz, match well with the CPA values obtained by fitting
a constant to the measured phase angle samples.
As shown in Fig. 6, one can come up with a simple but effective empirical relationship between
the CPA and the TR of an FOC with TP-P bilayer. This relationship is obtained by fitting a line
equation to the CPA values obtained as described above. The empirical relation provided in Fig. 6
provides a recipe for designing an FOC with the desired CPA.
Furthermore, the stability of the phase angle of fabricated FOC against temperature and operation
voltage are also tested. Fig. 7(a) plots the phase angle of CP versus frequency at different temperatures.

TABLE I. A comparison of the different type of FOCs with this work.
CPA, φ
[degree]

FOC Type

FOC origin

LEB
[Krishna et al.]

electrochemical

-5, -15

FT
[Haba et al.]

fractal structures

RC ladders
[Roy et al.]

CPZ [Hz]

Pros and cons

9×103 3×105

large dimension,
liquid electrolyte,
not PCB compatible

-36, -44, -45

3×103 106

equivalent capacitor,
PCB compatible,
fractal shapes and iterations
control the phase angle

resistors and
capacitors in
ladders

-30, -45, -60

0.1 103

needs large components,
equivalent capacitor,
PCB compatible

CMOS-based emulator
[Tsirimokou et al.]

operational
transconductance
amplifier and
grounded
capacitors

-20, -45, -75

101 103

equivalent capacitor,
power hunger,
PCB compatible

Composite
[John et al.]

RC-ladder
equivalent capacitors
due to fillers

2.3×105 2×107

equivalent capacitor,
PCB compatible,
filler ratio controls the CPA

Composite
[Elshurafa et al.]

RC-ladder
equivalent
capacitors due to
fillers

-30, -35, -45,
-55, -67

5×104 2×106

equivalent capacitor,
PCB compatible,
filler ratio controls the CPA

Bi layer polymer
(This work)

polymer dielectric
bilayers

-65, -71, -74,
-76, -77,-78,
-81, -82 -83

1.5×105 1×107

actual capacitor,
PCB compatible,
thickness ratio dependent CPA

-45, .... -75, -85
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FIG. 8. The derived pseudo-capacitance versus frequency from 150 kHz up to 10 MHz for CP for various thickness at constant
CPA as shown inset.

The phase angle changed by 2.5◦ for a change of temperature from 20◦ C to 40◦ C. This corresponds
to a 0.125◦ /1◦ C which is acceptable compared to state of the art. Temperature sensitivity of CPA of
the ferroelectric polymer based FOC could be explained with phenomena of dielectric relaxations
where the abundant dipoles in the polymers undergo relaxations with the presence of an external
electric field. Temperature also affects the motion of dipoles, so the overall dielectric properties
of polymer: real and imaginary part of dielectric constant, relaxation time and its distribution, and
as well as phase angle is changing with temperature.32 Furthermore, we tested the applied voltage
sensitivity of CPA of the same FOC. As clearly seen from Fig. 7(b), no significant change in CPA
is observed between applied 5mV and 1V (Minimum and maximum limit of the An Agilent 4294A
instrument).
The approach proposed in this paper addresses most disadvantages of existing methods developed
for fabricating FOCs as given in comparison table in Table I. First, the proposed fabrication process
is straightforward and cheap, whereas the nanocomposite-based fabrication methods1,2 are expensive
and complicated. The FOCs fabricated using the method proposed here are PCB compatible, while
liquid-based electrochemical FOCs28 cannot be easily integrated with electronic circuits. The CPA of
the fractal FOCs cannot be tuned and has large variations/ripples.30 Also, external power is required
to use the OTA based emulator FOCs, however, proposed FOC is passive device.27 The impedance
approximation methods making use of the resistor and capacitor (RC) networks to approximate
fractional order behavior, require a large number of circuit elements to design and fabricate the
FOC.25,33 Whereas, the FOC proposed here is a single-component.
In summary, P(VDF)-based polymers with bilayer structures are used to fabricate PCB compatible FOCs. A simple solution using the drop cast approach to form the layers facilitates the
manipulation of the effective dielectric properties. Our approach ultimately controls the FOCs’ CPAs
between -65◦ to -83◦ . Deriving an empirical relationship between thickness ratio of the layers and the
CPA provides immense freedom for designing FOC with the desired CPA. The structural composition
of the bilayer polymer dielectric is investigated using XRD, which confirms that the peak intensities
of P and TP are proportional to the thickness ratio. No additional peaks are observed confirming that
no additional complex molecular structures are generated at the interface. The low cost and straightforward fabrication method proposed here produces a PCB compatible FOC with a tunable CPA in a
wide band of operation frequency. It is important to mention that pseudo-capacitance and as well as
impedance magnitude of FOCs could be tuned at fixed CPA by manipulating the overall thickness of
final film without changing the thickness ratio of layers as shown in Fig. 8. These properties render
these layered ferroelectric polymer-based FOCs one of the top potential candidates for advanced
electronic applications.
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