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Abstract—In this paper, we present an efficient importance
sampling estimator for the evaluation of the outage probability
of multihop systems with amplify-and-forward channel stateinformation-assisted. The proposed estimator is endowed with
the bounded relative error property. Simulation results show
a significant reduction in terms of number of simulation runs
compared to naive Monte Carlo.
Index Terms—Importance sampling, multihop systems,
amplify-and-forward, naive Monte Carlo.

I. I NTRODUCTION
Multihop relaying [1] is a well-known technique to improve
the coverage of communication networks. In this set-up, the
signal is transmitted from the source to the destination by
means of intermediate terminals. This can reduce the effect
of fading or shadowing [1]-[2] and achieve high-data rate
transmission [3]. The performance of communication systems
using amplify-and-forward multihop relaying involves the harmonic mean of the instantaneous singal-to-noise ratio (SNR)
of the hops. Only few papers were able to solve the problem
exactly using some relatively complicated special functions.
In [4], Hasna and Alouini derived the expressions of the
probability density function (PDF) as well as the cumulative
density function (CDF) of the harmonic mean of two independent and identically distributed (i.i.d) Gamma and F variates.
Capitalizing on these results, they determined the outage and
error performance of two-hops system with regenerative and
non-regenerative relays over Nakagami-m fading channels. In
[5], Tsiftsis et al. determined analytical expressions for the
end-to-end outage probability of multihop free-space optical
(FSO) wireless systems using amplify-and-forward (AF) or
decode-and-forward (DF) relays over Gamma-Gamma turbulence channels. In [6], the authors studied the performance
metrics, such as the outage probability, the outage capacity
and the average bit error probability of amplify-and-forward
multihop systems. They expressed these performance metrics
in terms of the multivariable Meijer’s G of Fox’s H functions
in the presence of generalized Gamma fadings. Most of the
other works in the literature exploit the harmonic-geometric
means inequality to determine a lower bound for the outage
probability of multihop links (see [7], [8], and references
therein).
Rare events are events with very small probabilities but their
evaluation is of a paramount importance in many applications.

For instance, we can encounter these events when evaluating
the outage probability of wireless backhauling using FSO
and millimeter wave. Standard numerical integration methods
such as Gauss quadrature or sparse grids quadrature are not
suitable for the estimation of rare event probabilities (see [9,
Chap. 1, Sec. 1.1], [10][Chap. 4, Sec. 4.1], and [11]). In
fact, numerical integration methods require the integrand to
be smooth whereas rare event probabilities are often expressed
using an indicator function. In addition to that, the rare event
region can have a complicated geometry and thereby the
application of these techniques can lead to significant errors
in practice. Another reason for using simulation methods is
that the numerical integration methods suffer from the curse
of dimensionality, i.e. the speed of convergence of the method
deteriorates rapidly if the dimension of the problem increases.
For instance, trapezoidal rule with n points in dimension d has
2
a speed of convergence of the order of n− d , which becomes
very slow when d is large.
Interestingly enough, Monte Carlo (MC) method can be
used to evaluate these outage probabilities. However, it is
widely known that under the constraint of a limited number
of simulation runs, naive MC estimator proves its inefficiency
to estimate rare events probabilities [9]. The IS method
[12] is one of the most used approaches in the evaluation
of small probabilities. By introducing a clever change of
probability measure, given a certain confidence interval, IS
method reduces the number of required simulation runs. Involving the harmonic mean in its expression makes standard
IS approaches fail when evaluating the outage probability
of multihop systems. In fact, the existence of the moment
generating function (MGF) is not guaranteed which makes
IS based on exponential twisting not applicable for this kind
of problem. Other conventional IS methods such as scaling or
shifting may lead to numerical improvement but to prove that
the proposed IS estimator verifies certain theoretical criteria
is not a trivial task. Thereby, in this work, we use a dynamic
IS approach based on [13] to study the outage probability of
multihop systems with AF channel state-information-assisted.
The reminder of this paper is organized as follows. We start by
describing the system model in Section III. We then provide in
Section II a brief description of the proposed approach in order
to estimate the outage probability in our particular set-up. In
Section IV, some selected numerical results are presented to

show the significant improvement that the proposed approach
offers compared to naive MC.
II. S YSTEM M ODEL
In this work, we consider a non regenerative AF system.
The expression of the end-to-end SNR of N -hop systems can
be written as [7]
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For a given threshold γth , the outage probability of this system
is given by
!
N
X
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P (γth ) = P(γend ≤ γth ) = P
≥
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Let Xi = γ1i , i = 1, . . . , N and xth = γ1th . Then, we are
interested in proposing an efficient IS estimator for the right
tail of the sum of the i.i.d RVs {Xi }N
i=1 , i.e.
!
N
X
P (xth ) = P SN =
Xi ≥ xth .
(3)
i=1

In the remainder of this paper, {γi }N
i=1 are considered to
follow one of the fading models in Table I where γ(·, ·) is the
lower incomplete Gamma function [14, Eq. (8.350.1)], Qµ (·)
is the generalized Marcum-Q function [15, Eq. (4)], Iν (·) is
the νth order modified Bessel function of the first kind [14,
Sec. (8.431)], and Yµ (·, ·) is the Yacoub’s function defined in
[15, Eq. (20)]. However, as we will show later on, the proposed
approach is valid for any fading model that satisfies (9).
III. P ROPOSED APPROACH
The outage probability in (3) can be re-written in the form
P = E[1(SN ≥xth ) ] where 1(·) is the indicator function. In this
case, the naive MC estimator is given by
P̂M C =

M
1 X
1(SN (ωk )≥xth ) ,
M

(4)

k=1

where M is the number of simulations runs of naive MC,
and {SN (ωk )}M
k=1 are i.i.d. realizations of the RV SN . The
number of required samples should be greater than 100/P so
that P̂M C can estimate P with 10% relative error.
In order to reduce the number of simulation runs for
a fixed accuracy requirement, we use IS approach in this
work. To this end, IS introduces a set of biased PDFs
{fi∗ (x)}N
i=1 so that the outage probability is given by P =
E∗ [1(SN ≥xth ) L(X1 , . . . , XN )] where E∗ [·] is the expected
value w.r.t biased PDFs and the likelihood ratio is given by
L(X1 , . . . , XN ) =

N
Y
fi (x)
∗ (x) .
f
i=1 i

(5)

The IS estimator is thereby given by
M∗

P̂IS =

1 X
1(SN (ωk )≥xth ) L(X1 (ωk ), . . . , XN (ωk )), (6)
M∗
k=1

where M ∗ is the number of samples used to get the IS
estimator, and for each realization, {Xi (ωk )}N
i=1 are sampled
independently according to its corresponding biased PDFs. It
is worthy noting that the choice of the biased PDFs needs to
be made with care. A good choice can lead to a significant
reduction in terms of number of samples whereas a bad choice
can result to worsen the quality of the naive MC estimator by
increasing its variance.
Let s0 = 0 and we define si−1 = X1,N + · · · + Xi−1,N where
i−1
∗
{Xj,N }i−1
j=1 are samples from the biased PDFs {fj (x)}j=1 .
We consider the dynamic importance sampling described in
[13] where the biased PDFs, for 1 ≤ i < N , are defined as
(
fX (x)1(x>a(xth −si−1 ))
, if si−1 ≤ xth
pi fX (x) + qi F̄X (a(xth −s
∗
i−1 ))
fi (x) =
fX (x),
otherwise
(7)
and for i = N , the biased PDF is given by
( fX (x)1
(x>xth −sN −1 )
, if sN −1 ≤ xth
∗
F̄X (xth −sN −1 )
fN (x) =
fX (x),
otherwise

(8)

N −1
where a ∈ (0, 1) and {(pi , qi )}i=1
is a sequence of positive
numbers such that pi + qi = 1.

Proposition 1. Let X = γ1 be a random variable where γ is
one of the fading models presented in Table I. Then, X has
regularly varying tails, i.e. for some α > 0, the complementary
CDF of X, F̄X (x) = P(X ≥ x), satisfies
lim

b→∞

F̄X (ab)
= a−α , ∀a > 0.
F̄X (b)

(9)

Proof. See Appendix A.
To sample from FX (·|Xi > s), we can use the inverse
transform method where the inverse CDF is given by the
following proposition.
Proposition 2. Let U be a sample from the continuous
uniform distribution over the interval (0, 1), then t =
1
is distributed according to FX (·|Xi > s).
Fγ−1 (Fγ ( 1s )U )
Proof. See Appendix B.
Remark 1. If the inverse CDF of the RV γ can not be
determined analytically, Newton-Raphson method [16, Chap.
4] can be used for example to obtain numerically Fγ−1 (·).
An alternative approach is to use the acceptance-rejection
method [17, Sec. 2.2, 2.3]. It is known that, for regularly
varying distributions, the distribution fX has the representation
fX (x) = x−α−1 L(x) [18] where L is a slowly varying
function. Thus, a potential candidate for the proposal density,
when sampling from FX (·|Xi > s) , is the shifted Pareto with
density g(x) = αsα x−α−1 , x ≥ s.
In the following corollary, we characterize the goodness of
the proposed IS approach
Corollary

α

1.

(N −i−1)a− 2 +1
,
α
(N −i)a− 2 +1

([13], Corollary 3.2.2.) Let p∗i
=
qi∗ = 1 − p∗i , and a ∈ (0, 1). Then, the

TABLE I
A SYMPTOTIC PROPERTIES FOR DIFFERENT FADING CHANNELS .
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IS sampling estimator defined in (6) where the biased PDFs
are given in (7) and (8) is nearly asymptotically optimal, i.e.

1(SN ≥xth ) L2 (X1 , . . . , XN )



TABLE II
I NVERSE TRANSFORM SAMPLING FOR W EIBULL AND G AMMA FADINGS .

Weibull

Inverse CDF
X=

1
β

log

X=

Gamma

1
1−(1−exp(−(βs)−α ))u
1

 
1 u
βγ −1 α,γ α, βs

i− 1

α

where γ −1 (·, ·) is the inverse of the lower incomplete
Gamma function.
When estimating small probabilities, an important metric
to measure the performance of the proposed estimator is the
relative error of the estimator. The relative error of naive MC
is given by
Cη
ε=
P

r

P (1 − P )
,
M

√
µ
π (h2 −H 2 ) µ2µ−1
Γ(µ)Γ(µ+ 1
)Ω2µ
2

≤ (1 + )N .

In this section, we show some selected numerical simulations when the fading distribution is either Weibull or Gamma.
In table II, X is sampled according to F (·|Xi > s) provided
that u is sampled from the uniform distribution U(0, 1).
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where Cη is a constant that corresponds to a (1 − η)%
confidence interval. For instance, if η = 5% then, Cη = 1.96.
The relative error of IS estimator is defined as
s 

Cη V∗ 1(SN ≥xth ) L (X1 , . . . , XN )
∗
ε =
,
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Fig. 1. Outage probability of N -hop system over i.i.d Weibull fading channels
with Es /N0 = 10 dB, α = 2 , and β = 4. Number of samples M = 107
and M ∗ = 104 .

where V∗ [·] is the variance w.r.t the new probability measure.
For a fixed accuracy requirement ε = ε∗ = ε0 , the required
number of simulation runs of both naive MC and IS is

2
Cη
M = P (1 − P )
,
(13)
P ε0



 Cη 2
M ∗ = V∗ 1(SN ≥xth ) L (X1 , . . . , XN )
.
(14)
P ε0
In Fig. 1 (repectively Fig. 2), we plot the outage probability
of N -hop system over i.i.d Weibull (respectively Gamma)
fading channels against the threshold γth using naive MC
(blue curve) with M = 107 and the proposed IS (red curve)
with M ∗ = 104 . For the Weibull fading parameters, we chose
α = 2 and β = 4 and we consider two different number
of hops N ∈ {4, 8}. As for the Gamma fading, we chose
α = 1.5 and β = 3 for N ∈ {3, 6}. In this section, we
assume that the length of each hop is the same, that is the total
distance between the transmitter and the receiver depends on

x4µ
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Outage Probability
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Proposed IS
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30

V. C ONCLUSION
In this work, we presented an efficient IS estimator for
the estimation of the outage probability of a certain class
of fading channels. Being endowed with the bounded relative
error property, the proposed approach results in a significant
gain in terms of number of simulation runs compared to naive
MC method.
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Fig. 2. Outage probability of N -hop system over i.i.d Gamma fading channels
with Es /N0 = 10 dB, α = 1.5 , and β = 3. Number of samples M = 107
and M ∗ = 104 .

the number of hops in the system. We can clearly see that,
unlike naive MC estimator who seems to be inaccurate as the
outage probability becomes smaller, the proposed IS estimator
provides an accurate estimation of the outage probability
despite of using 103 less samples than naive MC.

A PPENDIX A
P ROOF OF P ROPOSITION 1
Proof. We start by writing the asymptotic expression of the
CDF of the fading given in Table I in the following compact
form
Fγ (x) ∼ Cxα .
x→0

(A.1)

where C and α are both non-negative constants.
We then express the CDF of X as function of the CDF of γ

 

1
1
= 1 − Fγ
. (A.2)
FX (x) = P(X ≤ x) = P γ ≥
x
x
Therefore, F̄X (x) = Fγ ( x1 ).
Using this expression, we can write
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Fγ ( ab
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F̄X (ab)
= lim
=
lim
= a−α . (A.3)
b→∞ Fγ ( 1 )
δ→0 Fγ (δ)
b→∞ F̄X (b)
b

1010

Simulation runs

We can see clearly that the use of the proposed IS results in a
significant improvement compared to naive MC. For instance,
if we take N = 4 and we consider γth = 34 dB, then using
IS results in a reduction of terms of number of samples of
the order of 106 . Similar conclusions can be drawn for the
Gamma fading scenario.
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Fig. 3. Number of required simulation runs for 5% relative error for N -hop
system over i.i.d Weibull fading channels with Es /N0 = 10 dB, α = 2, and
β = 4.

To have a clearer look at the performance of the IS estimator, we turn our attention to Fig. 3 where we plot the
number of required simulation runs M and M ∗ of naive MC
and IS, respectively, for the Weibull case. We fix the accuracy
requirement to ε0 = 5% and we take Cη = 1.96. As a
consequence of the bounded relative error, we can see that
the number of samples needed by IS remains almost constant,
contrary to naive MC where we can see that the number of
samples tends to grow rapidly. The gain in term of number of
samples can be determined by taking the ratio G = M/M ∗ .

A PPENDIX B
P ROOF OF P ROPOSITION 2
Let V be a sample from the continuous uniform distribution
over the interval (0, 1). We aim to find t > s that satisfies
Z t
fX (x)
1(x≥s) dx.
(B.1)
V =
F̄
X (s)
0
From this equation, we can write
Z t
F̄X (s)V =
fX (x)dx = FX (t) − FX (s).
(B.2)
s

Thus, the expression of t is given by
−1
t = FX
(FX (s) + (1 − FX (s))V ) .

(B.3)

Sine FX (z) = 1 − Fγ ( z1 ), we have
1
.
(B.4)
Fγ−1 ((1 − FX (s))(1 − V ))
Since 1 − V = U can also be seen as a sample from the
continuous uniform distribution over the interval (0, 1) and
FX (z) = 1 − Fγ ( z1 ), we get
t=

t=

1
.
Fγ−1 Fγ ( 1s )U

(B.5)

R EFERENCES
[1] J. Boyer, D. D. Falconer, and H. Yanikomeroglu, “Multihop diversity in wireless relaying channels,” IEEE Transactions on Communications, vol. 52, no. 10, pp. 1820–
1830, Oct 2004.
[2] M. O. Hasna and M.-S. Alouini, “Outage probability of
multihop transmission over nakagami fading channels,”
IEEE Communications Letters, vol. 7, no. 5, pp. 216–
218, May 2003.
[3] A. K. Dinnis and J. S. Thompson, “Increasing high data
rate coverage in cellular systems using relaying,” in IEEE
60th Vehicular Technology Conference, VTC2004-Fall,
vol. 5, Sept 2004, pp. 3424–3428.
[4] M. O. Hasna and M.-S. Alouini, “Harmonic mean and
end-to-end performance of transmission systems with
relays,” IEEE Transactions on Communications, vol. 52,
no. 1, pp. 130–135, Jan 2004.
[5] T. A. Tsiftsis, H. G. Sandalidis, G. K. Karagiannidis,
and N. C. Sagias, “Multihop Free-Space optical communications over strong turbulence channels,” in 2006 IEEE
International Conference on Communications, vol. 6,
June 2006, pp. 2755–2759.
[6] F. Yilmaz, O. Kucur, and M.-S. Alouini, “A unified
framework for the statistical characterization of the SNR
of amplify-and-forward multihop channels,” in 2010 17th
International Conference on Telecommunications, April
2010, pp. 324–330.
[7] G. K. Karagiannidis, D. A. Zogas, N. C. Sagias, T. A.
Tsiftsis, and P. T. Mathiopoulos, “Multihop communications with fixed-gain relays over generalized fading channels,” in IEEE Global Telecommunications Conference,
2004. GLOBECOM ’04, vol. 1, Nov 2004, pp. 36–40.
[8] G. K. Karagiannidis, T. A. Tsiftsis, and R. K.

[9]
[10]

[11]

[12]
[13]

[14]

[15]

[16]
[17]
[18]

Mallik, “Bounds for multihop relayed communications
in nakagami-m fading,” IEEE Transactions on Communications, vol. 54, no. 1, pp. 18–22, Jan 2006.
G. Rubino and B. Tuffin, Rare Event Simulation Using
Monte Carlo Methods. Wiley Publishing, 2009.
J. Morio and M. Balesdent, Estimation of Rare Event
Probabilities in Complex Aerospace and Other Systems:
A Practical Approach. Elsevier Science, 2015.
S.-K. Au and J. L. Beck, “Estimation of small failure
probabilities in high dimensions by subset simulation,”
Probabilistic Engineering Mechanics, vol. 16, no. 4, pp.
263–277, 2001.
J. A. Bucklew, Introduction to Rare Event Simulation.
New York, NY, USA: Springer, 2004.
P. Dupuis, K. Leder, and H. Wang, “Importance sampling
for sums of random variables with regularly varying
tails,” ACM Trans. Model. Comput. Simul., vol. 17, no. 3,
Jul. 2007.
I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals,
Series, and Products, Seventh Edition ed. Amsterdam:
Elsevier/Academic Press, 2007.
M. D. Yacoub, “The κ − µ distribution and the η − µ
distribution,” IEEE Antennas and Propagation Magazine,
vol. 49, no. 1, pp. 68–81, Feb 2007.
W. Gautschi, Nonlinear Equations. Boston: Birkhäuser
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