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ABSTRACT 

We investigate experimentally and analytically the effect of initial shapes, arc and cosine wave, on the static 

and dynamic behavior of microelectromechanical systems (MEMS) arch resonators. We show that by 

carefully choosing the geometrical parameters and the initial shape of the arch, the veering phenomenon 

(avoided-crossing) among the first two symmetric modes can be strongly activated. To demonstrate this, we 

study electrothermally tuned and electrostatically driven initially curved MEMS resonators. Upon changing 

the electrothermal voltage, we demonstrate high frequency tunability of arc resonators compared to the 

cosine-configuration resonators for the first and third resonance frequencies. For arc beams, we show that 

the first resonance frequency increases up to twice its fundamental value and the third resonance frequency 

decreases until getting very close to the first resonance frequency triggering the veering phenomenon. 

Around the veering regime, we study experimentally and analytically the dynamic behavior of the arc beam 

for different electrostatic loads. The analytical study is based on a reduced order model of a nonlinear Euler-

Bernoulli shallow arch beam model. The veering phenomenon is also confirmed through a finite-element 

multi-physics and nonlinear model.   

 

Keywords: Arch, nonlinearity, vibrations, micro and nano systems, veering, near-crossing, electrothermal 

and electrostatic actuation   
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1. Introduction 

Bistable structures have been the center of focus for several applications, such as energy harvesting [1], 

memory [2], logic [3], and filtering [4]. Bistable structures at the micro and nano scale can be realized by 

intentional fabrication (arches) [3-4] or by tuning a control parameter, as in buckled structures [5].  

Several actuation mechanisms have been used to tune the behavior of bistable structures through axial 

loads, such as electrostatic [6], piezoresistive [7], and electrothermal [4-5]. The static and dynamic buckling 

behavior of different electrothermally actuated bistable structures have been investigated, such as U-shaped 

structures [8], V-shaped structures [9], and clamped-clamped structures [10-11]. Thermal actuation is also 

used to tune the resonance frequencies of bridge structures [5, 12] through controlling their stiffness.  

The variation of the axial load, which accordingly changes the curvature of arch structures, can lead to 

coupling among the different modes of vibration, which can be linear in the case of veering [4] or nonlinear 

in the case of internal resonance [13]. Those modes can be coupled mechanically [14], electrically [15], 

among the structure itself [16], and through internal resonances [15, 17].  In a recent work [4], the veering 

phenomenon among the first two vibrational modes of an electrothermally tuned arch beam was exploited 

and demonstrated experimentally for filtering applications. 

The phenomena of frequency crossing and veering [18-31] have long attracted attention in the classical 

structural dynamics. When two frequencies approach each other as varying a control parameter, they either 

crossover or veer from each other. Crossing occurs mostly among two frequencies of symmetric and 

antisymmetric modes. On veering (avoided-crossing), on the other hand, two frequencies get close to each 

other, as changing a control parameter, and then deviate away from each other. Mathematically, it is due to 

the linear coupling among the two involved modes. In the veering regime, both modes get affected by the 

shape of each other (hybridization) and then each one continues along the path that the other would have 

taken if they would to cross. Veering has been reported to occur among symmetric and anti-symmetric 

modes in cable-spring system [22, 24-25], plates [19], and curved beams [23]. It was also shown to occur 

among the symmetric modes of curved beams [18], sagged cables [24-25], CNTS [31], and curved 

cylinders [27].  Also it was demonstrated in discrete systems in spring [28-29], pendulums [21].  



3 
 

Among the early works, Petyt and Fleischer [18] investigated using the finite element method the variation 

of the frequencies of circular curved beams as varying the subtended angle. They showed the crossover of 

symmetric and antisymmetric frequencies and the veering among the symmetric frequencies. 

 The veering terminology was first dubbed by Leissa [19] who indicated that veering can occur among two 

degenerate modes of a membrane due to numerical discretization errors. On the other hand, Perkins and 

Mote [20] have proven that the avoid-crossing can physically occur in continuous and discrete systems. 

Lacarbonara et al. [30] studied the nonlinear vibrations of a hinged-hinged beam accounting for the 

interaction among the first two modes (first symmetric and antisymmetric). Both crossover and veering 

phenomena are shown as varying the stiffness of the torsional spring at the end of one boundary.  

Veering has been reported recently on micro and nano curved structures and arch beam [4, 31]. The static 

and dynamic behavior of arch beams under electrostatic actuation is well investigated in the literature [31-

39]. At the nanoscale, many studies have investigated the static and dynamic behavior of clamped-clamped 

CNTs (slack). Sazonova et al. [32] reported experimental investigations showing veering and indicated the 

importance of slack on the dynamical behavior of CNTs.   

In previous works, we demonstrated the tunability of arch shaped beams [5-6] with various actuation 

mechanisms, electrothermal and electrostatic, and for various applications, such as logic [3], memory [40] 

and filtering [4]. These investigations were mainly experimental. Also, the static and dynamics of arches 

under electrostatic excitation have been investigated [37-38, 41-43]; however assuming idealized buckled 

beam configuration as the initial shape. No veering has been reported in these studies.  One can note that 

despite the extensive work on the mechanics of arches, veering of arches has been rarely reported, and with 

no experimental presented data.  There is a lack for consistent analytical and experimental work into the 

veering phenomenon, and particularly, on the forced vibration response of arches before, at, and after 

veering.  Most of the theoretical studies of arch beams assume an initial cosine-wave shape (similar to the 

buckled configuration) except for few studies. For example, the static and dynamics of curved cables/beams 

of an arc shape were investigated in [43-48]. Also, in [43], the exact profile of a micromachined arch after 

fabrication, as scanned optically, was used in the model and was shown to yield better agreement with the 

experimental data. 
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The governing equation of motion of the curved beam under consideration, Fig. 1, describing its transverse 

deflection )̂,̂(ˆ txw  in space and time t̂ is written as [37, 51] 

 2
0

2
ACDC

l

0

0

2

2
0

2

2

2

4

4

2

2

ŵ
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The microbeam is subjected to the following fixed-fixed boundary conditions: 
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The term TH0 ŜN̂N̂   represents the tensile axial load, where 0N̂  is arising from the fabrication process and 

THŜ  denotes the thermal compressive stress given by Eq. (4). � presented the dielectric constant of the medium. 

For convenience, we introduce the nondimensional variables 
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where EIbhlT 4
S   is a time scale. Substituting Eq. (7) into Eq. (5) and Eq. (6), we obtain the nondimensional 

equation of motion of the beam 
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subjected to the nondimensional boundary conditions 
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The parameters appearing in Eq. (8) are defined as   
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3. Experimental Setup 

The experimental validation was conducted on intentionally fabricated arc beams with specific initial shapes. The 

arc beams were fabricated by MEMCAP [52], from SOI wafers with highly conductive Si device layer. To 

determine the resonance frequencies as well as the frequency response of the structures, we use a stroboscopic video 

microscopy from Polytec [53], Fig. 2. 
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The linearized equation of motion describing the small dynamic behavior of the curved beam around the new static 

configuration induced by VTH and governed by Eq. (11) is derived by substituting ),()(),( txwxwtxw ds  into 

Eq. (5) and dropping the terms representing the equilibrium position, the electrostatic force, and the nonlinear terms. 

The outcome equation becomes  
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We resort to the Galerkin discretization to represent the dynamic deflection ),( txwd  and to solve the eigenvalue 

problem of the curved beam under the DC thermal voltage [51]. Toward this, we let 
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where ui(t) (i=0,1,2..n) denotes the nondimensional modal coordinates and �i(x) (i=0,1,2..n) denotes the mode shape 

of the unactuated straight clamped-clamped beam.  

Then, we substitute Eq. (15) into Eq. (13), multiplying the outcome by the mode shape �j and integrating over the 

beam domain (from 0 to 1), which yields the below equation [51] 

 
 

  








































































1

0 2
0

2

2
s

2

j

1

0

n

0i
ii

0s
1

1

0

n

0i
iij

1

0

0s
2

s
1

1

0

n

0i

)iv(
iijj

dx
dx

wd

dx

wd
dxudx

dw

dx

dw
2

dxudx
dx

dw

dx

dw
2

dx

dw
Ndxuu

'

''









            


                                                           (16) 

Using five symmetric modes [12], we compute the Jacobian of the system of the five obtained equations, for each 

VTH, and find the corresponding eigenvalues and mode shapes. Then, we compute the resonance frequencies of the 

resonators, at constant VTH, by taking the square root of these eigenvalues.  

Fig. 4 shows the variation of the first two symmetric resonance frequencies of the curved beams while tuning VTH, 

experimentally and analytically for the two configurations. One can note that for all the case studies, the arc 

configuration shows a good agreement with the experimental results compared to the classically assumed cosine-

wave (buckled) configuration. As shown in Figs. 4(a), 4(b) and 4(c), for the buckled configuration, the first 

resonance frequency increases while increasing VTH and then slows down, almost flattens, as it gets close and passes 

the third resonance frequency. The third resonance frequency decreases slightly with increasing VTH then starts to 

increase when getting close to the first resonance frequency. As noted, the first and third resonance frequencies 

never get too close to each other except for arc beam 3, Fig. 4(c).  

On the other hand, and as proven experimentally, for the arc configuration, higher tunability is achieved for both 

resonance frequencies. The first resonance frequency increases as high as twice the fundamental frequency at zero 



 

electrothe

frequency

resonance

frequency

frequency

(avoided-

Fig. 4: Th

beams for 

 
To furthe

frequency

indicates 

the third r

the avoid

carefully 

ermal voltage

y, where both

e frequencies 

y continues alo

y decreases w

-crossing), wh

he variation of t

 (a) Arc beam 1

r verify the av

y as varying 

that veering c

resonance freq

ded-crossing b

to activate or 

e. The third r

h modes devia

get very close

ong the path th

while the third

hich is a mecha

(a)     

the first two sy

1, (b) Arc beam 

voided-crossin

the compress

cannot be activ

quency decrea

behavior. This

avoid the veer

resonance fre

ate from each

e at a critical 

hat the other f

d resonance f

anical way to l

                      

ymmetric resona

2, and (c) Arc b

ng behavior fo

ive load for 

vated for cosin

ases until getti

s presents a w

ring phenome

9 

quency decre

h other. Fig. 4

electrotherma

frequency wou

frequency incr

linearly coupl

        
                     

(c) 
 

ance frequencie

beam 3.  

or arc beam 3,

the same bea

ne-wave config

ing very close

way to choos

non dependin

eases and get

4(c) shows th

al voltage. The

uld have taken

reases. This d

e the two invo

                      

es while varyin

, we analytical

am but with d

guration. Fig. 

e to the first re

se the geomet

g on the target

ts much close

hat for arc be

en, they alter 

n if they crosse

demonstrates 

olved modes.  

        (b) 

 

ng the electroth

lly study the v

different thick

5(b) shows th

esonance frequ

tric parameter

ted application

er to the firs

eam 3 the fir

their direction

ed, i.e., the firs

the veering p

hermal voltage o

variation of th

knesses, Fig. 

hat for a specif

uency. The fig

rs of such cu

n.  

st resonance 

st and third 

ns, and each 

st resonance 

phenomenon 

 

of the curved 

he resonance 

5. Fig. 5(a) 

fic thickness 

gure verifies 

urved beams 



 

Fig. 5:  T

changing t

 
For arc be

problem 

electrothe

veering. T

 

Table 3. Th

The variation of

the nondimensio

eam 3, we inv

associated wi

ermal voltage.

This explains t

he first two sym

(a)           
f the first two 

onal compressiv

vestigate the va

ith Eq. (16). T

. One can note

the increase in

mmetric mode sh
VTH (V) 

0 

3.5 

4.25 

4.5 

                      
symmetric res

ve stress. (a) Co

ariation of the

Table 3 show

e the interchan

n sensitivity, a

hapes for variou
Mode

10 

                     
                      

sonance frequen

osine wave shap

e different mod

s the variatio

nge of mode s

after veering, o

us electrotherma
e 1 

 

 

 

 

     
                     

ncies of Arc be

pe. (b) Arc shap

de shapes arou

n of the first 

shapes among

of the third mo

al voltages corr
Mo

              (b) 
eam 3 for diffe

e. 

und veering by

two symmetr

the first and t

ode compared 

responding to Fi
ode 3 

ferent thickness

y solving the m

ric modes as 

third vibration

to the first mo

ig. 4c. 

 

 

 

 

 

es and while 

mode shapes 

varying the 

nal modes at 

ode. 



 

 

4.55 

4.6 

4.625 

4.75 

5 

6 

7 

8 

9 

11 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

In order t

physics fi

(arc beam

the differ

interfaces

top of the

detailed F

analytical

depicted 

Table 3.  

 
Fig. 6: (a)T

experimen

electrother

to prove the v

finite-element 

m 3) is implem

rent physical d

s are impleme

e anchors to al

FE procedure

l, and finite e

in Figs. 6(b), 

The variation o

ntally, analytical

rmal voltage ob

validity of the

FE simulation

mented in the m

domains in th

ented. For the 

llow passing a

e is presented

element result

6(c) and 6(d)

(b)           

(d)            

of the first two s

lly, and using a

tained by the FE

e different ass

n using the co

model since it 

he developed m

Electric Curre

an electrical cu

d in [12]. A g

ts. The first a

), and 6(e). A

                      

                      

symmetric reson

a finite element 

E model for (b)

12 

umptions mad

ommercial fin

better describ

model, the So

ents module, a

urrent trough a

good agreeme

and third mo

A good agreem

 
(a) 

         
                      

 

       
                      

nance frequenci

model. (b)-(e):

) VTH=0V, (c) VT

de by the ana

nite element so

bes the behavio

olid Mechanics

an electrical p

a conductor an

ent is shown

de shapes for

ment is shown

                      

                      

ies while varyin

: The first three

TH=4.625V, (d) 

lytical model,

oftware COM

ors of the fabr

s, Electric Cu

potential and a

nd to simulate

in Fig. 6(a) 

r different ele

n among the m

 

               (c) 

                (e) 

ng the electroth

e mode shapes o

VTH=4.75, and (

, we conduct 

MSOL [54]. Th

ricated curved

urrents, and H

a ground were

e the Joule’s h

among the ex

ectrothermal v

mode shapes a

hermal voltage o

of the arc beam

(e) VTH=9V. 

a 3D multi-

he arc shape 

d beams. For 

eat Transfer 

e defined on 

heating.  The 

xperimental, 

voltages are 

and those in 

 

 

of arc beam 3 

m for different 



 

5. D
 
Next, we 

the beam 

electrothe

Fig. 7 sh

voltages 

VTH=3.5V

sensitive 

exhibits s

force) an

stretching

Getting m

compared

the third 

exchange

(i.e., same

After the 

and Fig. 

properties

forcing in

nonlinear

vibration 

the stiffne

demonstr

hardening

 

Dynamic Ana

further analyz

m electrostatica

ermal voltage.

hows different

and different 

V. The amplitu

than the third

softening (dom

nd the third m

g; where the qu

much closer to

d to the one of

mode starts to

e energy.  Fig. 

e sensitivity to

veering zone,

7(e) (VTH=6V

s of the first 

nstead of har

rity after veeri

at the third re

ess and the ri

rate that the re

g behavior in t

alysis 

ze the forced 

ally, we study 

  

t frequency re

excitation el

ude of vibratio

d mode to th

minated by th

mode exhibit

uadratic nonli

o the veering r

f the first mod

o take energy 

7(c) displays 

o the electrost

, the third mod

V). Figs. 7(d)

mode before 

rdening behav

ing. One can 

esonance frequ

ise at mid-poi

esponse of the

this regime.  

(a)        

vibration resp

the dynamic 

esponses, obta

ectrostatic vo

on of the first 

he electrostatic

he quadratic no

ts hardening

nearity seems

regime, VTH=4

de as increasin

from the first

equal amplitu

atic force for b

de starts to be 

) and 7(e) dem

veering. Inde

vior. That mea

note that, for

uency at VTH=

int increase m

e first mode h

                     

13 

ponse near the

response befo

ained experim

oltages. Fig. 7

mode is high

c forcing. As 

onlinearity co

(dominated b

 weaker here)

4V, the amplit

ng the electros

t mode. At vee

ude of vibratio

both modes). 

more sensitiv

monstrate tha

eed, it starts 

ans that the c

r the same app

=5V is higher t

more by increa

has weakened

                    
 

                      

e veering phen

ore, at, and af

mentally, of th

7(a) shows the

her than the th

increasing th

oming from th

by the cubic 

.  

tude of vibrati

static force, as

ering, VTH=4.5

on for both m

ve than the firs

at after veerin

to exhibit sof

cubic nonline

plied electrost

than at VTH=4

asing the elect

d after veering

  

                      

nomenon of ar

fter veering; i.

he arc beam fo

e dynamic re

hird mode, as 

he electrostatic

he beam curva

nonlinearity 

ion of the thir

s shown in Fig

5V, both mode

modes for diffe

st mode as sho

ng the third m

ftening behav

earity starts to

tatic force, the

4.5V, contrary 

trothermal vol

g.  The first m

           (b) 

rc beam 3. Wh

.e., for differe

for various ele

sponse before

expected sinc

c voltage, the

ature and the 

coming from

rd mode starts

g. 7(b). This s

es, first and th

rent electrosta

own in Fig. 7(d

mode takes th

vior for high 

o dominate th

e maximum a

to what is exp

ltage. Figs. 7(

mode shows a

hile exciting 

nt values of 

ectrothermal 

e veering at 

ce it is more 

e first mode 

electrostatic 

m mid-plane 

s to increase 

suggests that 

hird, start to 

atic voltages 

d) (VTH=5V) 

he nonlinear 

electrostatic 

he quadratic 

amplitude of 

pected since 

(d) and 7(e) 

also signs of 

 



 

Fig. 7: Fre

VTH=3.5V 

(after veer

 
To simul

voltage, w

the transv

txw ),(

where qi(

either by 

the unactu

Following

of a num

multiplyin

(qM
n

0i
iij





 where  

equency respon

(before veering

ring). 

ate the dynam

we discretize E

verse deflectio




n

i
iiq xt

0

)()( 

(t) (i=0…n) ar

solving the e

uated straight 

g [437, 51], w

merator term is

ng by φj(x) an

t(qc)t(
n

0i
iij





(c)       

nse of arc beam 

g), (b) VTH=4V (

mic response 

Eq. (8) using 

on of the arc be

                      

re the nondim

igenvector pro

beam. 

we first multipl

s much less e

nd integrating a

t(qK)t
n

0i
iij



                     

(3) under diffe

(close to veerin

of the arc be

the Galerkin p

eam is written

                      

mensional mod

oblem associa

ly Eq. (8) by 
expensive than

along the arc b

FeFm)t jj 

14 

                 
                      

(e) 
erent electrostat

ng), (c) VTH=4.5V

eam under ele

procedure, wh

n as [51]  

                      

dal coordinate

ated with Eq. 

 201 ww  in

n a dominator

beam, this yiel

                )t(j

                      

tic loads for dif

V (on veering),

ectrostatic for

hich yields a r

                      

es and φi(x) (i

(16) at a cons

n order to redu

r term). Then,

lds n algebraic

                     

          (d) 

 

fferent constant

 (d) VTH=5V (af

rcing and at a

reduced order 

                      

i=0…n) are th

stant electroth

uce the compu

, by substituti

c equation in t

                       

t electrothermal

fter veering) an

a constant ele

model (ROM

                      

he mode shap

hermal voltage

utational costs 

ing Eq. (17) i

terms of qi(t) 

0...n)(j     

 

l voltages. (a) 

nd (e) VTH=6V 

ectrothermal 

M). To do so, 

            (17) 

pes obtained 

e or those of 

(integration 

into Eq. (8), 

            (18) 



 


1

0

ijM 


1

0

ij cc 


1

0

ijK 

)(tFej 

Fm 1j 

N 

Starting b

of the ar

eigenvect

experimen

8(a) and 

using fiv

increasing

results aro

third mod

regime), 

hardening

 ji 1)x()x( 

 ji 1)x()x( 

j
)iv(

i )x()x( 

2( VV ACDC

)x(
1

0 i
j1  
















')t(q
1

0

n

0i
ii 









by computing 

rc beam is ob

tor problem in

ntal results fo

8(c), we show

ve symmetric 

g more the el

ound the first 

de accurately

Fig. 8(d), the

g to softening 

 0 x(w)x(w

 0 x(w)x(w

  0w)x(w1)


1

0

2))( tCosC 

x('')t(q
n

0
ii





2dx)x('
1

0

2







the integrals o

btained by tim

n Eq. (16) ), go

or VTH=3.5V (

w that using e

mode shapes

lectrostatic for

mode. On the

y, Figs. 8(c) a

e ROM was 

behavior whil

(a)         

 2 dx)x  

 2 dx)x  

 2
0 dx)x(       

)( dxxj  

1)x(''w) 0 






(')t(q
n

0i
ii









of Eq. (19) an

me-integrating

ood agreemen

(VDC=15V, VA

either four exa

 of unactuate

rce, we start t

e other hand, t

and 8(d). Incr

able to detect

le failing to ac

                      

15 

                      

(w)x(w1 0

dx)x('w)x( 0





nd then by usin

g Eq. (18). U

t is reported in

C=15V) and V

act mode shap

ed straight be

to have a mis

the ROM was

reasing more 

t the change 

ccurately predi

                 
                      

                     

 dx)x( 2






  

ng the Runge-

Using four sym

n Figs. 8(a) an

VTH=4V (VDC=

pes of the arc

eam yields the

smatch betwee

 able to detect

the electroth

of the nonlin

ict the respons

                      

                     

-Kutta techniq

mmetric mode

nd 8(b) betwee

=10V, VAC=10

 beam under 

e same result

en the experim

t the response

hermal voltag

near behavior 

se around the 

            (b) 

                      

que, the dynam

e shapes (by 

en the simulat

0V), respective

electrotherma

t. For VTH=4V

mental and th

e of the system

ge VTH=5V (a

of the third 

first mode. 

           (19) 

mic response 

solving the 

tions and the 

ely. In Figs. 

al voltage or 

V, Fig. 8(c), 

he analytical 

m around the 

fter veering 

mode from 

 



 

Fig. 8: An

electrother

VAC=15V, 

associated 

unactuated

 

One can n

might be 

the respo

modes as

addition t

in the mo

can be em

which wil

 
6. C

 
In this pa

veering p

varying t

reduced o

veering re

the nonlin

showed t

potentiall

 

Acknowl

This resea

 

 

nalytical and ex

rmal voltages. (

(d) VTH=5V, VD

with Eq. (16) 

d beam. 

note that the R

that the ROM

onse, which ex

s increasing th

to the fabricat

odel to be with

mployed to d

ll be considere

Conclusions 

aper, we show

phenomenon ca

the compressiv

order model, a

egime, the firs

near behavior

that the ROM

ly due to the a

ledgment:  

arch was supp

(c)       
xperimental freq

(a) VTH=3.5V, V

DC=20V and VAC

at a constant e

ROM could n

M does not take

xperimentally 

he electrother

tion imperfecti

h zero slopes. 

emonstrate th

ed in future w

wed that by ch

an be activate

ve load induc

and experimen

st and third mo

r of the first m

M can capture

ctivation of th

port by KAUS

                      
quency respons

VDC=15V and VA

C=20V. The assu

electrothermal v

not accurately 

e into conside

are observed 

rmal voltage 

ions, another p

Experimental

heoretically th

work. 

hoosing carefu

d. High tunab

ced by the ap

ntally the dyna

odes exchange

mode before 

e most of the 

he rotational m

T.  

16 

            
                      
e curves of arc

VAC=15V, (b) VTH

umed exact mo

voltage and SB 

capture the d

eration the con

to affect the 

as seen durin

potential sour

l images sugg

he veering phe

ully the geome

bility for the fir

pplied electrot

amic behavior 

e energy. Afte

veering and s

dynamical b

modes near this

                     
c beam (3) unde

H=4V, VDC=10V

ode shapes are o

(straight beam

dynamic behav

ntribution of th

response. We

ng the experim

rce of error is 

gest that this m

enomenon, ma

etric paramete

rst two symm

thermal voltag

of such reson

er veering, we 

starts to be m

behavior; how

s regime.   

          (d) 
er electrostatic 

V and VAC=10V

obtained by solv

m) mode shapes 

vior near and 

he out-of-plan

e have noticed

ment using th

the clamping 

might not be a

ainly the mul

ers of an initia

etric resonanc

ge. We studie

nator before, at

demonstrated

more sensitive 

wever suffers n

force and diffe

V, (c) VTH=4 V, V

ving the eigenve

refers to those

after veering. 

ne and rotation

d high sensitiv

he high speed

condition that

accurate. Other

ltiple scale me

ally curved ar

ce frequencies 

d theoretically

t, and after ve

d that the third

than the firs

near the veer

 

erent constant 

VDC=15V and 

ector problem 

e of a straight 

One reason 

nal modes in 

vity of such 

d camera. In 

t is assumed 

r techniques 

ethods [30], 

rc beam, the 

is shown as 

y, using the 

ering. In the 

d mode takes 

t mode. We 

ring regime, 



17 
 

7. References 
 
[1]  A. Arrieta, P. Hagedorn, A. Erturk, D. Inman, A piezoelectric bistable plate for nonlinear broadband energy 

harvesting, Applied Physics Letters, 97 (2010) 104102. 

[2]  B. Charlot, W. Sun, K. Yamashita, H. Fujita, H. Toshiyoshi, Bistable nanowire for micromechanical memory, 

Journal of Micromechanics and Microengineering, 18 (2008) 045005. 

[3] M. Hafiz, L. Kosuru, M.I. Younis, Microelectromechanical reprogrammable logic device, Nature 

communications, 7 (2016). 

[4]   A.Z. Hajjaj, M.A. Hafiz, M.I. Younis, Mode Coupling and Nonlinear Resonances of MEMS Arch Resonators 

for Bandpass Filters, Scientific Reports, 7 (2017) 41820. 

[5]  A.Z. Hajjaj, N. Alcheikh, A. Ramini, M.A. Al Hafiz, M.I. Younis, Highly tunable electrothermally and 

electrostatically actuated resonators, Journal of Microelectromechanical Systems, 25 (2016) 440-449. 

[6]  N. Alcheikh, A. Ramini, M.A.A. Hafiz, M.I. Younis, Tunable Clamped–Guided Arch Resonators Using 

Electrostatically Induced Axial Loads, Micromachines, 8 (2017) 14. 

[7]   B. Svilicic, E. Mastropaolo, B. Flynn, R. Cheung, Electrothermally actuated and piezoelectrically sensed silicon 

carbide tunable MEMS resonator, IEEE electron device letters, 33 (2012) 278-280. 

[8]   P. Lerch, C.K. Slimane, B. Romanowicz, P. Renaud, Modelization and characterization of asymmetrical thermal 

micro-actuators, Journal of Micromechanics and Microengineering, 6 (1996) 134. 

[9] J.M. Maloney, D.S. Schreiber, D.L. DeVoe, Large-force electrothermal linear micromotors, Journal of 

Micromechanics and Microengineering, 14 (2003) 226. 

[10] X. Chen, L. Ma, Y. Zheng, D.-W. Lee, Theoretical analysis of postbuckling behavior with experimental 

validation using electrothermal microbeams, Applied Physics Letters, 98 (2011) 073107. 

[11] Y. Kessler, S. Krylov, A. Liberzon, Flow sensing by buckling monitoring of electrothermally actuated double-

clamped micro beams, Applied Physics Letters, 109 (2016) 083503. 

[12] A.Z. Hajjaj, A. Ramini, N. Alcheikh, M.I. Younis, Electrothermally Tunable Arch Resonator, Journal of 

Microelectromechanical Systems, (2017). 

[13] A.H. Ramini, A.Z. Hajjaj, M.I. Younis, Tunable Resonators for Nonlinear Modal Interactions, Scientific 

Reports, 6 (2016). 

[14]  R. Karabalin, M. Cross, M. Roukes, Nonlinear dynamics and chaos in two coupled nanomechanical resonators, 

Physical Review B, 79 (2009) 165309. 

[15]  C. Lan, W. Qin, W. Deng, Energy harvesting by dynamic unstability and internal resonance for piezoelectric 

beam, Applied Physics Letters, 107 (2015) 093902. 

[16]  W.J. Venstra, R. van Leeuwen, H.S. van der Zant, Strongly coupled modes in a weakly driven micromechanical 

resonator, Applied Physics Letters, 101 (2012) 243111. 

[17]  D. Antonio, D.H. Zanette, D. López, Frequency stabilization in nonlinear micromechanical oscillators, Nature 

communications, 3 (2012) 806. 

[18]   M. Petyt, C. Fleischer, Free vibration of a curved beam, Journal of Sound and Vibration, 18 (1971) 17-30. 



18 
 

[19] A.W. Leissa, On a curve veering aberration, Zeitschrift für angewandte Mathematik und Physik ZAMP, 25 

(1974) 99-111. 

[20] N. Perkins, C. Mote, Comments on curve veering in eigenvalue problems, Journal of Sound and Vibration, 106 

(1986) 451-463. 

[21] Cheng SP, and Perkins NC (1992), Closed-form vibration analysis of sagged cable/mass suspensions, ASME J. 

Appl. Mech. 59, 923–928. 

[22] N. Perkins, Closed-form vibration analysis of sagged cable/mass suspensions, Ann Arbor, 1050 (1992) 48109-

42125. 

[23] A. Al-Qaisia, M. Hamdan, On nonlinear frequency veering and mode localization of a beam with geometric 

imperfection resting on elastic foundation, Journal of Sound and Vibration, 332 (2013) 4641-4655. 

[24] G. Rega, Theoretical and experimental nonlinear vibrations of sagged elastic cables, in:  Nonlinear Dynamic 

Phenomena in Mechanics, Springer, 2012, pp. 159-210. 

[25]  G. Rega, Nonlinear vibrations of suspended cables—Part I: Modeling and analysis, Applied Mechanics 

Reviews, 57 (2004) 443-478. 

[26] M. Triantafyllou, G. Triantafyllou, Frequency coalescence and mode localization phenomena: A geometric 

theory, Journal of sound and vibration, 150 (1991) 485-500. 

[27] D. Dawe, Numerical studies using circular arch finite elements, Computers & Structures, 4 (1974) 729-740. 

[28] X. Liu, Behavior of derivatives of eigenvalues and eigenvectors in curve veering and mode localization and 

their relation to close eigenvalues, Journal of Sound and Vibration, 256 (2002) 551-564. 

[29] O. Giannini, A. Sestieri, Experimental characterization of veering crossing and lock-in in simple mechanical 

systems, Mechanical Systems and Signal Processing, 72 (2016) 846-864. 

[30] W. Lacarbonara, H.N. Arafat, A.H. Nayfeh, Non-linear interactions in imperfect beams at veering, International 

Journal of Non-Linear Mechanics, 40 (2005) 987-1003. 

[31] H.M. Ouakad, M.I. Younis, Natural frequencies and mode shapes of initially curved carbon nanotube resonators 

under electric excitation, Journal of Sound and Vibration, 330 (2011) 3182-3195. 

[32] V. Sazonova, Y. Yaish, H. Üstünel, D. Roundy, T.A. Arias, P.L. McEuen, A tunable carbon nanotube 

electromechanical oscillator, Nature, 431 (2004) 284-287. 

[33] H.M. Ouakad, M.I. Younis, Dynamic response of slacked single-walled carbon nanotube resonators, Nonlinear 

Dynamics, 67 (2012) 1419-1436. 

[34] T. Xu, M.I. Younis, Nonlinear dynamics of carbon nanotubes under large electrostatic force, Journal of 

Computational and Nonlinear Dynamics, 11 (2016) 021009. 

[35] T. Xu, L. Ruzziconi, M.I. Younis, Global investigation of the nonlinear dynamics of carbon nanotubes, Acta 

Mechanica, (2016) 1-15. 

[36]  Y. Zhang, Y. Wang, Z. Li, Y. Huang, D. Li, Snap-through and pull-in instabilities of an arch-shaped beam under 

an electrostatic loading, Journal of Microelectromechanical Systems, 16 (2007) 684-693. 

[37]  H.M. Ouakad, M.I. Younis, The dynamic behavior of MEMS arch resonators actuated electrically, International 

Journal of Non-Linear Mechanics, 45 (2010) 704-713. 



19 
 

[38] S.A. Alkharabsheh, M.I. Younis, Statics and dynamics of MEMS arches under axial forces, Journal of 

Vibration and Acoustics, 135 (2013) 021007. 

[39]  S. Krylov, B.R. Ilic, D. Schreiber, S. Seretensky, H. Craighead, The pull-in behavior of electrostatically 

actuated bistable microstructures, Journal of Micromechanics and Microengineering, 18 (2008) 055026. 

[40]  M.A.A. Hafiz, L. Kosuru, A. Ramini, K.N. Chappanda, M.I. Younis, In-Plane MEMS Shallow Arch Beam for 

Mechanical Memory, Micromachines, 7 (2016) 191. 

[41]  H.M. Ouakad, M.I. Younis, On using the dynamic snap-through motion of MEMS initially curved microbeams 

for filtering applications, Journal of Sound and Vibration, 333 (2014) 555-568. 

[42]  A. Ramini, M.L. Bellaredj, M.A. Al Hafiz, M.I. Younis, Experimental investigation of snap-through motion of 

in-plane MEMS shallow arches under electrostatic excitation, Journal of Micromechanics and Microengineering, 26 

(2015) 015012. 

[43] A.M. Bataineh, M.I. Younis, Dynamics of an Imperfect Microbeam Considering its Exact Shape, in:  ASME 

2014 International Design Engineering Technical Conferences and Computers and Information in Engineering 

Conference, American Society of Mechanical Engineers, 2014, pp. V004T009A010-V004T009A010. 

[44] W. Lacarbonara, A. Paolone, F. Vestroni, Elastodynamics of nonshallow suspended cables: linear modal 

properties, Journal of Vibration and Acoustics, 129 (2007) 425-433. 

[45] W. Lacarbonara, G. Rega, Resonant non-linear normal modes. Part II: activation/orthogonality conditions for 

shallow structural systems, International Journal of Non-Linear Mechanics, 38 (2003) 873-887. 

[46] L. Virgin, R. Wiebe, S. Spottswood, T. Eason, Sensitivity in the structural behavior of shallow arches, 

International Journal of Non-Linear Mechanics, 58 (2014) 212-221. 

[47] Y. Chandra, R. Wiebe, I. Stanciulescu, L.N. Virgin, S.M. Spottswood, T.G. Eason, Characterizing dynamic 

transitions associated with snap-through of clamped shallow arches, Journal of Sound and Vibration, 332 (2013) 

5837-5855. 

[48] J. Yang, Y. Hu, S. Kitipornchai, Electro-dynamic behavior of an electrically actuated micro-beam: Effects of 

initial curvature and nonlinear deformation, Computers & Structures, 96 (2012) 25-33. 

[49] C.D. Lott, T.W. McLain, J.N. Harb, L.L. Howell, Modeling the thermal behavior of a surface-micromachined 

linear-displacement thermomechanical microactuator, Sensors and Actuators A: Physical, 101 (2002) 239-250. 

[50] Y. Okada, Y. Tokumaru, Precise determination of lattice parameter and thermal expansion coefficient of silicon 

between 300 and 1500 K, Journal of applied physics, 56 (1984) 314-320. 

[51]  M.I. Younis, MEMS linear and nonlinear statics and dynamics, Springer Science & Business Media, 2011. 

[52] [Online].MEMSCAP: http://www.memscap.com/. 

[53] [Online].Polytec: http://www.polytec.com/us/. 

[54] [Online]. COMSOL https://www.comsol.com/. 

 

 



 The effect of the initial shape, arc and cosine wave, is investigated theoretically and experimentally 

on the static and dynamic behavior of microelectromechanical systems (MEMS) resonators.  

 An electrothermally tuned and electrostatically driven initially curved MEMS resonators is used to 

study the activation of veering phenomenon. 

 By carefully choosing the geometrical parameters and the shape of the initial curvature for arc 

beams, the first resonance frequency increases up to twice its fundamental value and the third 

resonance frequency decreases until getting very close to the first resonance frequency triggering 

the veering phenomenon.  

 Around the veering regime, the dynamic behavior of the arc beam for different electrostatic loads is 

investigated experimentally and analytically. The analytical study is based on a reduced order model 

of a nonlinear Euler-Bernoulli shallow arch beam model.  

 


