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Abstract Bayesian estimation/inversion is commonly used to quantify and reduce modeling
uncertainties in coastal ocean model, especially in the framework of parameter estimation.
Based on Bayes rule, the posterior probability distribution function (pdf) of the estimated
quantities is obtained conditioned on available data. It can be computed either directly, us-
ing a Markov Chain Monte Carlo (MCMC) approach, or by sequentially processing the
data following a data assimilation approach, which is heavily exploited in large dimensional
state estimation problems. The advantage of data assimilation schemes over MCMC-type
methods arises from the ability to algorithmically accommodate a large number of uncertain
quantities without significant increase in the computational requirements. However, only ap-
proximate estimates are generally obtained by this approach due to the restricted Gaussian
prior and noise assumptions that are generally imposed in these methods. This contribution
aims at evaluating the effectiveness of utilizing an ensemble Kalman-based data assimilation
method for parameter estimation of a coastal ocean model against an MCMC Polynomial
Chaos (PC)-based scheme. We focus on quantifying the uncertainties of a coastal ocean
ADCIRC model with respect to the Manning’s n coefficients.

Based on a realistic framework of observation system simulation experiments (OSSEs),
we apply an ensemble Kalman filter and the MCMC method employing a surrogate of AD-
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CIRC constructed by a non-intrusive PC expansion for evaluating the likelihood, and test
both approaches under identical scenarios. We study the sensitivity of the estimated pos-
teriors with respect to the parameters of the inference methods, including ensemble size,
inflation factor, and PC order. A full analysis of both methods, in the context of coastal
ocean model, suggests that an ensemble Kalman filter with appropriate ensemble size and
well-tuned inflation provides reliable mean estimates and uncertainties of Manning’s n co-
efficients compared to the full posterior distributions inferred by MCMC.

Keywords Coastal ocean model · Manning’s n coefficients · Parameter estimation ·
Ensemble Kalman filter · Polynomial Chaos ·MCMC

1 Introduction

Coastal and estuarine systems are home to more than half of the human population. Un-
derstanding and forecasting the dynamics of these systems is critical for human resources
sustenance around the world, both economically and ecologically. Coastal inundation during
extreme events, such as hurricanes and tsunamis, is a major cause of destruction to human
lives and their habitats. Even in normal conditions, accurately forecasting coastal ocean
events (e.g., tides and coastal flows) is important for marine activities (e.g., [81,62]).

Coastal ocean modeling is widely utilized to simulate shallow water circulations for the
purposes of conservation, contaminant transport modeling, development of coastal struc-
tures (e.g., bridges, damps and breakwaters), and emergency and economic planing. State-
of-the-art coastal ocean models are generally based on the shallow water equations (SWEs),
which are derived by depth-integrating the Navier-Stokes equations, assuming hydrostatic
pressure and horizontal length scales that are large in comparison to the vertical length scales
[58]. Even with the simplifications, such models contain many parameters, carrying uncer-
tainties on which the accuracy of model prediction strongly depends [81]. Moreover, many
of the parameters cannot be directly measured, or in some situations the relevant data to
estimate these parameters are difficult to collect [13]. The values of these parameters must
therefore be inferred from available data [21].

Quantifying and reducing uncertainties in the model outputs associated with uncertain-
ties in the parameters is essential for reliable and robust coastal ocean simulations and
predictions (e.g., [29,62,74]). Of particular importance is the Manning’s n coefficient of
roughness, introduced in the SWEs through the bottom stress components in the momentum
equation [43,46].

A general framework for inferring model parameter is Bayesian inversion [36,42,47,
72], which is usually performed numerically using Markov Chain Monte Carlo (MCMC)
[34,28,66]. MCMC allows sampling the probability distribution of the unknown parameters
conditioned on available observations, called the posterior, given a prior distribution and
the likelihood of predicting the observations given a set of parameters. MCMC is however
computationally prohibitive for state-of-the-art coastal ocean models. To avoid sampling the
posterior, this approach is often cast as a variational least-squares problem derived using a
Gaussian noise assumption [22,77]. It is then solved deterministically, using an optimiza-
tion algorithm to determine the parameters that best fit the model to the observations [4].
The disadvantage of variational methods is that they can be computationally demanding
and are difficult to implement because they generally require the development of an ad-
joint model [26,4]. Consequently, ensemble data assimilation methods which sequentially
implement the Bayesian inversion problem have become more popular because they are
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non-intrusive and can be implemented with reasonable computational requirements [6,12,
39]. These methods may further provide information about the uncertainty associated with
the predictions [18,37,40]. The Ensemble Kalman filter (EnKF) approach is the most pop-
ular among sequential methods, combining an integration of an ensemble of state vectors in
the forecast step and a Kalman filter update whenever new data becomes available [15,24,
26]. These methods were first developed in the context of state estimation, but have been
extended to include the estimation of the model parameters as well, though this approach is
still not yet widely applied in coastal ocean modeling [62].

There is currently a growing interest in using EnKF methods for parameter estimation of
ocean models, as they have been found to be efficient and robust in many coastal ocean state
estimation applications (e.g., [70,16,3,5]). This is particularly needed as the predictability
of coastal models may in certain situations depend more on the system parameters than the
initial state. Parameter estimation within an EnKF framework is usually achieved through
state space augmentation [19,6]. In this approach, parameters are considered to be part of
the system state, and they are updated via the cross-covariance between the parameters and
the observations as sampled by the ensemble members, similar to the way state variables
are updated. However, it has been suggested that parameter estimation using EnKF may not
perform well with strongly nonlinear systems [49]. This is because EnKFs are formulated
based on Gaussian prior and noise assumptions [7,38,55,71], which may not hold for such
problems.

Few recent studies have evaluated ensemble Kalman-based techniques against the more
sophisticated but computationally demanding Markov Chain Monte Carlo (MCMC) meth-
ods. The comparison of the EnKF for state estimation of the two-dimensional incompress-
ible Navier-Stokes equations in a periodic box against the gold-standard MCMC in [51]
suggests that the bias in the Gaussian approximation may become significant and the co-
variance may misrepresent the dependence between the parameters and the data when the
dynamics are sufficiently nonlinear. [66] also tested parameter estimation in the context of an
idealized 1D deep convection model, comparing an ensemble transform Kalman smoother
(ETKS) with a full Markov Chain Monte Carlo (MCMC) method. Similar conclusions were
drawn; with proper parameter choices, evaluated filters perform well in producing the dis-
tribution’s mean but not an accurate covariance because the model is strongly nonlinear.

To assess the relevance of EnKFs for parameters estimation in the context of realis-
tic coastal ocean modeling, we consider the Advanced Circulation model (ADCIRC) [58]
and conduct observation system simulation experiments (OSSEs) to attempt to recover the
Manning’s n coefficient from a set of initial guesses and available data. To evaluate the
EnKF performance for parameter estimation, we compare the produced posterior distribu-
tions against those resulting from MCMC. Since the implementation of MCMC is too costly
with realistic coastal ocean models, we resort to a polynomial chaos (PC) method to sample
the MCMC posterior distribution with a computationally efficient surrogate model.

PC methods have become one of the standard approaches to propagate and quantify
uncertainties in various disciplines, including mechanical systems (e.g., [53,30,52]), chem-
ical systems (e.g., [65,54,63]), and more recently large scale oceanic systems (e.g., [2,74,
75]). These methods represent the model parameters in terms of a spectral expansion in
an orthogonal polynomial basis according to their probabilistic distributions. This enables
the construction of extremely cost effective surrogate models that can then be used to effi-
ciently sample the statistical properties of some Quantities of Interest (QoIs) of the model
outputs [29,50]. The advantage of using PC based inference over an EnKF is in its ability
to provide the full probability distribution function of the estimated parameters, Gaussian or
not. Nonetheless, PC suffers from ‘the curse of dimensionality’, which makes it diffcult to
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implement in problems with large number of stochastic parameters [2]. Here we show that
with good tuning of the filter parameters, one can accurately recover the reference parame-
ter, even when the posterior pdf is parameterized Gaussian. We further perform sensitivity
experiments to various parameters (e.g., ensemble size and inflation factor) and study their
impact on the posterior pdfs.

The rest of this paper is organized as follows. Section 2 establishes the Bayesian frame-
work for parameter estimation, comprising the parameter inference methodology with the
EnKF and PC-MCMC. Section 3 elaborates in detail the experimental setup. Inference re-
sults are presented and analyzed in section 4. Summary and conclusions are offered in sec-
tion 5.

2 Bayesian inference

Bayes’ rule states that the probability distribution function (pdf) of the unknown parameters
θ conditioned on available data y, can be computed as [68,44]

p(θ | y) =
p(y | θ)ppr(θ)

pY (y)
, (1)

where p(θ | y) is also known as the posterior pdf, p(y | θ) is the likelihood function of
obtaining data y given a parameter value θ , ppr(θ) is the prior distribution which defines
the prior knowledge of the parameters, and pY (y) is a scaling factor, which is the density
function of all possible measurements.

2.1 Parameter estimation with MCMC

The most straightforward way to sample the posterior distribution is to use an MCMC
method [11,28]. These methods iteratively generate a Markov chain in which the parameters
vector θi at a given iteration i depends only on the previous one θi−1. Suppose the current
value of the chain is θi, one draws a proposal parameter θ ′, for instance from a Gaussian
function centered at the current parameter: Q(θi)∼ N(θi,β

2I), and then calculates the ratio
of the likelihood evaluated for the proposed sample θ ′ and the previous sample θi:

r =
L(θ ′)
L(θi)

, (2)

where L(θ) .
= π(θ | y). The new parameter θi+1 is then chosen according to the following

rule:

θi+1 =

{
θ ′ if α < r, ACCEPT,
θi if Otherwise, REJECT.

Here α ∼U(0,1) and β 2 is the variance in the proposal drawing step. β 2 needs to be well-
tuned in order to produce a well-mixed chain [34,61]. In this study, the value of β 2 was
set by trial and error, but more sophisticated techniques could be also used such as adaptive
MCMC [33,8] to achieve an average acceptance ratio between 0.40 and 0.50, which has
been shown to be the optimal acceptance rate for inferring a 1-D Gaussian distribution [69].
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2.2 Parameters estimation with an EnKF

Another mean of estimating π(θ | y) is a filtering approach in which the data are sequentially
assimilated as they become available. The posterior is then computed conditioned on data
available up to the estimation time only, and is updated with the Bayes’ rule every time a
new observation is available, using the most recent estimate as the prior [36].

The Kalman filter (KF) is optimal for state estimation when the system is linear and
its noise is Gaussian [45]. The parameter estimation problem often arises, however, with
a nonlinear system. One popular approach that has been developed in oceanography and
meteorology to cope with the nonlinearity is the Ensemble Kalman filter (EnKF) and its
variants (e.g., [23,12,6,64,39]). The EnKF uses an ensemble of realizations of the state
vector, from which the first two moments are forecasted with the nonlinear model. The
parameters inference is then performed recursively every time new observations become
available, assuming Gaussian distributions.

EnKF methods can be stochastic, updating each ensemble member with perturbed obser-
vations, or deterministic, not requiring observations perturbations [15,78,3,40]. The Singu-
lar Evolutive Interpolated Kalman (SEIK) filter belongs to the class of deterministic EnKFs
and updates the sample mean and covariance of the forecast ensemble as in the KF. The
SEIK filter is implemented in three steps: (1) a sampling step, (2) a forecast step, and (3)
an analysis step. The sampling step generates an ensemble using a second-order resampling
scheme that exactly matches the analyzed state and error covariance. The forecast step uses
the nonlinear model to integrate the sampled ensemble members forward in time. The anal-
ysis step updates the forecast ensemble mean and covariance with incoming observations
exactly as in the KF.

The filter starts from an estimate of the model state, xa
k−1 and a low-rank (r << n) error

covariance, decomposed as Pa
k−1 =Lk−1Uk−1LT

k−1, where Lk−1 is n×r, and Uk−1 is an r×r
positive definite matrix. The SEIK filter then samples the analysis ensemble as

xa,i
k−1 = xa

k−1 +
√

r+1Lk−1(Ω k−1C−1
k−1)

T , i = 1, ...,r+1,

where r+1 is the ensemble size and Ω k−1 is (r+1)× r matrix with orthonormal columns
and zero column sums generated using Householder matrices [39]. The analysis ensemble
members are then integrated with the nonlinear model to obtain the forecast ensemble, x f ,i

k .

Taking the average x f ,i
k of the x f ,i

k as the forecast state, and their sample covariance as the
forecast error covariance, the latter can be decomposed as

P f
k = LkUk−1LT

k , (3)

where

Lk =
[
x f ,1

k ... x f ,r+1
k

]
T, (4)

and

U−1
k = {ρ−1 [(r+1)TT T

]−1
+(LT

k Lk)
−1LT

k QkLk(LT
k Lk)

−1}−1 +[(HL)k]
T R−1

k (HL)k.(5)

Here, T is an (r+1)× r full rank matrix with zero column sums. Rk and Qk are the obser-
vation and model covariance matrices, respectively. H is the observation matrix and ρ is an
inflation factor, which increases the background error covariance and improves the forecast
error when small ensemble sizes are used [64,39]. The term (LT

k Lk)
−1LT

k QkLk(LT
k Lk)

−1
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represents the model error projection on the forecast ensemble. One may also account for the
model error directly by perturbing the forecast model during the integration of the ensemble
members [41].

When an observation yi
k becomes available, the observation operator Hk is applied to

each x f ,i
k in (4) to compute (HL)k. The forecast state is then updated to the analysis state as

xa
k = x f

k +Kk(yo
k−Hkx f

k ), (6)

where Kk is the Kalman gain computed as

Kk = LkUk(HL)T
k R−1

k ,

The analysis error covariance can be expressed as

Pa
k = LkUkLT

k . (7)

The SEIK filter has recently been successfully applied to state estimation in storm surge
forecasting [17,3], providing good estimates of state and error statistics of the system using
small ensembles (O(10)).

[6] suggested that an EnKF could also be used for parameters estimation through joint
state-parameters estimation, also commonly referred to as state augmentation [1,25]. In this
method, a vector of model parameters, w, is appended to the system state, to form the joint
state-parameter vector

x̃k =

[
xk
w

]
.

Given that the evolution of the model parameters is a stationary process, a time evolution
system for the state-parameter augmented state vector is thus constructed as

x̃k =

[
xk
wk

]
=

[
M (xk−1)

wk−1

]
. (8)

The model parameters are not observed, so the corresponding observation operator is defined
as

H̃kx̃ f
k =

[
Hkx f

k
0

]
,

where H̃k := [Hk 0], is the modified observation operator. Following the new augmented
system one may directly apply the SEIK filter steps to jointly estimate both the model state
and unknown parameters, and the associated error statistics.

Joint EnKF estimation has several desirable features. Its implementation is straightfor-
ward and its computational cost is very reasonable. In addition, it provides information about
the uncertainty of the parameter’s estimates. However, several issues in its implementation
should be considered in practice. A specific issue concerns the assumption of stationary pa-
rameters. While the variance in the state variable increases during each forecast step, the
variance in the parameter gradually decreases with the assimilation cycles. This may cause
the ensembles to eventually collapse. The common practice to mitigate this problem is to
use an inflation factor. In this approach, the posterior’s standard deviation is inflated by
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some factor to maintain a finite variance in the ensemble members. [1] suggested that infla-
tion may not be always effective, depending on the characteristics of the parameter being
estimated. Another inherent issue in the joint estimation method is that the parameters are
only observed through the model state. Thus, the model state tends to converge to the true
state much more rapidly than the estimated parameters. This suggests that increasing num-
ber of assimilation cycles may be required to obtain satisfactory estimates of the parameters
[1]. Despite these issues, the joint-state EnKF approach has been successfully implemented
and used in a wide range of problems [6,9,27,1,31].

2.3 Polynomial chaos-based MCMC (PC-MCMC)

MCMC is computationally prohibitive for realistic coastal ocean models, and can there-
fore only be implemented with some model reduction techniques. The polynomial chaos
(PC) method is an efficient approach in this regard [50,52]. Uncertainty quantification based
on a PC framework could be implemented following different techniques [76]. Due to the
complexity of our coastal ocean model, we adopt a non-intrusive approach that requires no
modification to the model code.

The PC method assumes that the model output X to admit a spectral expansion of the
form

X(ξ ) =
∞

∑
k=0

ckΨk(ξ )∼=
P

∑
k=0

ckΨk(ξ ), (9)

where ξ ∈ Ω ∗ ⊆ Rd are independent random variables, with density Fξ : Rd 7−→ R+, pa-
rameterizing the random inputs, Ψk are d-variate orthogonal polynomials and ck are the PC
coefficients. In this work we use ξ

iid∼ U (−1,1)d so the Ψk are Legendre polynomials.
The expansion (9) is truncated to a certain polynomial order m, such that

P =
(d +m)!

d!m!
−1. (10)

Since {Ψk}P
0 forms an orthogonal system,

〈X ,Ψk〉= ck〈Ψk,Ψk〉, (11)

with

ck =
〈X ,Ψk〉
〈Ψ 2

k 〉
. (12)

Here the moments 〈Ψ 2
k 〉 of the multivariate Legendre polynomials in (12) can be evaluated

analytically [52] while 〈X ,Ψk〉 is obtained from the projection

〈X ,Ψk〉=
∫

Ω∗
X(s)Ψk(s)dFξ (s), k = 0, ...,P.

Thus evaluating ck involves computing the values of a set of P+1 integrals over Ω ∗ ⊆ Rd ,
where Ω ∗ is the image of the sample space over ξ , which can be discretized as finite sums
using an appropriate quadrature formula:∫

Ω∗
X(s)Ψk(s)dFξ (s)=̇

Nq

∑
j=1

w jX(ξ j)Ψk(ξ j). (13)
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Here, ξ j ∈ Ω ∗ and w j are the nodes and weights of the corresponding X , and Nq is the
number of quadrature nodes. The set of integration quadrature nodes comprises the so-called
non-intrusive spectral projection (NISP) sample denoted by

S = {ξ j}
Nq
j=1 ⊂Ω

∗. (14)

Thus, to evaluate (13), one needs to compute X(ξ q) for all ξ q ∈S . Let Π ∈ R(P+1)×Nq be
the NISP projection matrix

Π k, j =
w jΨk(ξ j)

〈Ψ 2
k 〉

, k = 0, ...,P, j = 1, ...,Nq,

and ζ be the vector with coordinates ζ j = X(ξ j). Then the vector of PC coefficients c can
be expressed as Πζ , or in the coordinate form

ck =
Nq

∑
j=1

Π k jζ j =
Nq

∑
j=1

Π k jX(ξ j), k = 0, ...,P. (15)

The complexity of NISP scales with Nq and can increase greatly with the number d of
canonical random variables. Thus the application of this approach is usually computationally
restricted to a limited number of parameters. For a more detailed mathematical formulation
of the NISP method the reader is referred to [2].

3 Experimental setup

3.1 The ADvanced CIRCulation Model (ADCIRC)

The coastal ocean model ADCIRC [57] is used in this study. This model is commonly im-
plemented for simulating coastal and estuarine systems, as well as for analyses of water
elevations and currents [58,62]. The model solves a modified version of the shallow water
equations (SWEs); the continuity equation is replaced by the second-order, hyperbolic gen-
eralized wave continuity equation (GWCE). This prevents spurious oscillations that often
arise from the numerical solution of the original form [60,48]. Together, the reformulation
of the continuity equation and the momentum equation form the governing equations solved
by ADCIRC. This system of equations are spatially discretized on unstructured, triangular
elements and solved using a first-order continuous Galerkin finite element scheme. The time
derivatives are approximated using centered finite differences in the GWCE and forward dif-
ferences in the momentum equations.

A variety of physical domain scales and complex bathymetry structures can be repre-
sented in ADCIRC, including the range of scales necessary to represent the deep ocean
basins and continental shelves, and coastal inland areas [17]. The minimum required inputs
for ADCIRC are the description of the finite element mesh and tidal forcing parameters [35].

ADCIRC has been implemented and validated in many hindcast studies of several storms,
including hurricanes Betsy (1965), Ivan (2004), Dennis (2004), Katrina (2005), Rita (2005)
[80,14,20], Gustav (2008) [21] and Ike (2008) [46]. The model accuracy heavily depends
upon the accuracy of model inputs and parameters. In this study we focus on the characteri-
zation of the bottom friction parameterized via the Manning’s n coefficient.
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3.2 The model discretization

We adopt the experiment of [62], which considers an idealized inlet with an ebb shoal do-
main as shown in Fig. 1. The structure of the domain includes a bay that is connected to
the open ocean on the west side through an inlet with twin jetties. This model domain is a
simplified version of a real ebb shoal, which is a common natural feature of coastal inlets.
The domain contains 1,518 grid nodes and 2,828 elements, and is 4500 m wide and 3000
m long. The bathymetry of the domain is measured from the geoid toward the ocean floor.
The depth of the ocean floor increases linearly from 3.8 m at the left-most boundary to 1 m
at the mouth of the inlet on the west side of the domain. The landlocked area of the domain
has a constant bathymetry of 1 m. The diameter of the ebb shoal is 750 m and the maxi-
mum height at the center of the ebb shoal is 4 m. On the open ocean boundary, ADCIRC is
forced with the principal lunar semi-diurnal M2 tidal constituent with an amplitude of 0.25
m relative to the geoid, and 2 s time step.

Fig. 1 Idealized inlet with ebb shoal domain. The discretization of the domain is represented. Observation
stations are marked with red dots. The color bar represents the bathymetry of the domain measuring down
from the geoid (m).

3.3 Parameterizing a field of Manning’s n coefficient

Instead of estimating the Manning’s n coefficient on each and every node of the domain,
we model the field with low-dimensional parameterizations. This allows us to reduce the
dimension of the parameter estimation problem. Here, we conduct the experiments in two
Manning’s n coefficients settings: (1) The estimation of fields of constant Manning’s n co-
efficients. In this case, we assign a single constant value of Manning’s n coefficient to every
node in the domain, as commonly implemented in coastal ocean models. (2) The estimation
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of two parameters, α and β , which parametrically define a 2-D field of Manning’s n coef-
ficients. In this case, we parameterize the field with two piecewise constants of Manning
values in the open ocean (α) and the bay (β ). The two constants field is parameterized in
such a way that all nodes in the open ocean and land-locked area are assigned constant Man-
ning’s n coefficients, and these increase or decrease linearly for the nodes within the inlet.
This is expressed as

w = αE1 +βE2 +(β −α)E3. (16)

Here w is the model parameter vector containing node-wise Manning’s n coefficients. E1,
E2 and E3, of the same dimension as w, are the parameterization coefficients vectors with
values ranging between 0 and 1. These vectors are referred to as the basis functions in [62].
The parameterized two constants Manning’s field is denoted by nα,β . Note that if α = β , the
two constants Manning’s n field reduces to a constant Manning’s n field.

These two settings of Manning’s n fields are idealized and only reflect bathymetry sur-
face characteristics of the artificial inlet with an ebb shoal. For a more realistic setting where
such parameters vary in space, some data (e.g., bottom surface characteristics) need to be
collected. More sophisticated static data integration techniques, such as kriging [32] and
Gaussian process regression (GPR) [67], can then be used to generate a highly varying 2-D
Manning’s n field conditioned on the data.

3.4 Manning’s n coefficients classification

The model sensitivity greatly varies with the value of the Manning’s n coefficients [62].
To study the sensitivity of the inverted solution to the choice of the prior distribution, we
adopted a systematic Manning’s n coefficients classification approach proposed in [62].

For the case of estimating single constant Manning’s n coefficients, we classify Man-
ning’s n coefficients into five classes. The classes are defined by first running the ADCIRC
model with the smallest Mannings n coefficient, 0.005, as smaller friction coefficients gener-
ate tides with larger amplitudes. The largest mean amplitude of the tides generated at several
locations throughout the domain is computed, and the Mannings n coefficients that generate
tides with mean amplitudes less than 20%, 40%, 60%, 80%, and 100% of this value are then
divided into five classes, each class represents a set of Mannings n coefficients that generate
comparable water elevation data. These classes and their produced mean water elevation
(e.g., at observation station 1) are summarized in Table 1.

Table 1 Mannings n coefficients in idealized inlet with ebb shoal classified by amplitude of corresponding
tidal data at station 1.

Class Mean of tidal amplitude (m) Mannings n

A 0.267989-0.214391 0.005-0.025
B 0.214391-0.160793 0.03-0.04
C 0.160793-0.107195 0.045-0.07
D 0.107195-0.053598 0.075-0.135
E 0.053598-0 0.14-0.2

For the two parameters case, α and β , the classification of Manning’s n coefficients
cannot be archieved as was done in the single coefficient case without substantial computa-
tion since it is not obvious which pair of α and β yields the largest mean tidal amplitude.
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Furthermore, different combinations of α and β may also result in similar maximum wa-
ter elevations, and the solution of the ADCIRC is non-monotonic with respect to the two
constants Manning’s n coefficients. Instead, we select a few pairs of α and β values that
produce maximum tidal amplitudes that are within 20% of those amplitudes that result from
ADCIRC when it is integrated with the true two constants parameterized Manning’s n coef-
ficients as the initial guesses. We chose a single true field n0.005,0.1 in which the coefficient is
set to 0.005 in the deep water of the open ocean and 0.1 in the shallow bay area. The selected
true Manning’s n coefficients represent suitable bottom stress of the deep water (α = 0.005)
and shallow water (β = 0.1) that are commonly used in coastal ocean models, e.g. [10,14].

3.5 Observation System Simulation Experiments (OSSEs)

Observation system simulation experiments (OSSEs) are conducted in this study. Synthetic
observations are obtained by running ADCIRC simulations with specified initial conditions
and Manning’s n coefficients. The specified Manning’s n coefficients are considered to be the
true parameters, and we attempt to recover them from an inaccurate specification based on
the extracted data. We initiate the model simulation with some given estimate of Manning’s
n coefficients, and then apply the SEIK filter and test for convergence of the updated pa-
rameters toward the true parameters after the subsequent assimilation cycles. We also apply
the MCMC method using a PC surrogate of ADCIRC in the same OSSE setting to directly
sample the posterior pdf of the Manning’s n coefficients, and use its results as the reference
solution to evaluate the SEIK estimates. We are interested not only in the parameter esti-
mates, but also in their estimated uncertainties, and more generally in the posterior pdfs. We
further investigate the OSSEs results with uniform and (more challenging) Gaussian priors.

3.5.1 Uniform prior

Here the prior ppr(θ) in (1) follows a uniform distribution U (0.005,0.2), corresponding
to the allowed range of Manning’s n coefficients of ADCIRC. The parameter inference
schemes (i.e. MCMC and the SEIK filter) are initialized by sampling this prior.

For the single coefficient case, we set the true Manning’s n coefficient to a value from
the middle of each of the classes as described in the previous section. The values we attempt
to estimate are 0.015, 0.035, 0.06, 0.105 and 0.17. For each target Manning’s n coefficient,
we first generate the synthetic water elevation data at 15 pre-defined locations representing
the 15 observation stations and perturb them with Gaussian noise of variance 0.01 m. The
observation error covariance matrix R = δ 2Id, with δ 2 = 0.01 and Id is the identity matrix.
For PC-MCMC inference, we initiate the MCMC chain from the middle value of Manning’s
n coefficient n = 0.1025 and sample directly from the uniform prior U (0.005,0.2). For the
EnKF inference, we initiate the model using n = 0.1025 and the initial ensemble members
are drawn from the same uniform prior as PC-MCMC. Assimilation starts after a 12 hour
ramp up period. We assume the data are available every hour over a 5 days period.

In the two coefficients case, α and β , the OSSEs are performed in the same manner as in
the single coefficient case described above. We generate synthetic water elevation data from
a given setting of Manning’s n coefficients and consider these data as the truth. We then try
to recover these values starting from different initial guesses. The inferences are initialized
with uniform priors of the two constants Manning’s n coefficients α and β as outlined in
Table 2.
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Table 2 The random input parameters for ADCIRC.

Parameter Description Distribution

n1 Manning’s n coefficient in the open ocean U (0.005,0.2)
n2 Manning’s n coefficient in the landlocked area U (0.005,0.2)

3.5.2 Gaussian prior

In the Gaussian prior setting, which is more common in a filtering/assimilation framework,
we invert the same perturbed data generated by the true Manning’s n coefficients as in the
previous subsection. We follow [62] and initialize the assimilation from Gaussian priors
with the initial guesses as means and a small standard deviation equal to 0.01. This choice
of prior imitates the situation where the distribution and the support of the prior are not
well-known and one has to initialize the inference from some initial guesses. In this case,
we allow more flexibility for the choice of prior and attempt to improve the accuracy of the
estimation by online tuning of the inference parameters during assimilation.

In the single coefficient case, to estimate a true Manning’s n coefficients of a specific
class, we initialize the model using a value from any of the four remaining classes as the
initial guess. For instance, to recover the true constant Manning’s coefficient of 0.17, we may
initialize the model with Manning’s n coefficients = 0.015, 0.035, 0.06 or 0.105, respectively.
This means 4 experiments for every single true constant coefficient we attempt to estimate,
for a total of 20 experiments for the 5 considered true Manning’s n values, as schematized
in Fig. 2.
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truth (0.17)

Fig. 2 A schematic representation of one of the true constant Mannning’s n coefficients (n = 0.017) and the
different Gaussian priors (with initial guesses from remaining classes as the means) we use in PC-MCMC
and SEIK.

For the two parameters case, we synthesize the observations of water elevation by run-
ning ADCIRC with n0.005,0.1 and attempt to recover this true parameter field while initializ-
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ing our simulation with different initial guesses. The selected initial guesses are n0.005,0.005,
n0.1,0.1, n0.06,0.06 and n0.1,0.005. Thus we evaluate the results from incorrect initial guesses of
either α , β , or α and β .

3.6 Construction of the PC surrogate

To cast ADCIRC uncertainties as stochastic variables, we let n = (n1,n2)
T be the vector of

random model inputs having uniform distribution as specified in Table 2. The inputs ni are
parameterized by ξi ∼U (−1,1) through

ni(ξ ) = µi +σiξi, i = 1,2 (17)

where µi = (1/2)(ai + bi), and σi = (1/2)(bi− ai), so that pi ∼ U (ai,bi) as in Table 2.
Here ai and bi represent the pre-determined minimum and maximum values of a particular
parameter, respectively. At a given time t and a point x ∈ G and given a vector of random
inputs n(ξ ), the model output is represented as

X(t,x,ξ ) = A(t,x;n(ξ )), (18)

where A(t,x;n(ξ )) is the output of a deterministic ADCIRC simulation solved at time t and
point x with the input parameters n(ξ ). Here, X may correspond to any QoIs (e.g., water
height at observation station).

We use NISP with 6 points Gaussian quadrature rule to compute the spectral expansion
of the model output in the PC basis. With full tensorization in two stochastic dimensions (i.e.
piece-wise Manning’s n coefficients), the construction of the PC model requires 36 model
runs. To confirm that the quadrature ensures good representation of ADCIRC in this specific
case, we generate the PC approximation of the model for different PC order 1 to 6 and
then assess the convergence of these representations. This is shown in Fig. 3 along with the
convergence to the PC coefficients at a selected station and time. According to these results,
the distribution seems to level off at the PC order level m = 6, suggesting that a sixth-order
expansion is sufficient. In addition, we also compute the RMSE between the water elevation
from ADCIRC and its PC-surrogate. The RMSE is less than 5% of the wave amplitude
for all varying Manning’s n coefficients. The error values are summarized in Table 3. Note
that when using PC methods, it is useful to ensure that the posterior distribution is not in a
low probability region of the prior, as the quality of the surrogate may deteriorate in such
region. This is not an issue in our case because the prior is uniform, and the approximation
is suitable for the entire range of the prior.

Table 3 RMSEs between the true model and the surrogate model (water elevations) for the whole simulation
window at a specific observation station and varying Manning’s n coefficients.

Manning’s n coefficients RMSE (at station 1)
Constant Manning’s n = 0.005 0.0053
two constants Manning’s α = 0.063 and β = 0.030 0.0011
two constants Manning’s α = 0.175 and β = 0.063 0.00036
two constants Manning’s α = 0.030 and β = 0.142 0.00052
two constants Manning’s α = 0.142 and β = 0.175 0.00054
Constant Manning’s n = 0.2 0.0024
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Fig. 3 Left panels: Distribution of water elevation generated by random Manning’s n coefficients at the
observed locations at several time steps t, as indicated. Different scales are used in each panels to facilitate
comparison of the different curves. p denotes the highest polynomial degree in the truncated expansion. In
each case, the PC expansion was sampled 106 times to generate the distribution curve. Right panels: PC
coefficients at observed locations at several time steps t.

4 Numerical Results

We present the PC-MCMC and SEIK inference results for the two different prior settings;
uniform U (0.005,0.2) and Gaussian with shifted means and a small variance. For both
settings, we start by assuming the results of the PC-MCMC inference and then use these as
the reference to evaluate those of SEIK.



Title Suppressed Due to Excessive Length 15

4.1 Manning’s n inference from uniform prior

4.1.1 PC-based MCMC Inference with uniform prior

We first infer the Manning’s n coefficients using PC-surrogate ADCIRC with MCMC. The
posterior distribution of estimated Manning’s n coefficients are generated using 200,000
MCMC iterations. The results of estimating single constant Manning’s n coefficients are
presented in Fig. 4. It is shown that MCMC accurately recovers the true Manning’s n coeffi-
cient (Table 4). The mode of the pdf well represents the true Manning’s value. The posterior
pdf as sampled by MCMC exhibits a shape close to a single mode Gaussian pdf. The true
Manning’s n coefficients falls within the 95% confidence intervals as inferred from these
pdfs.

The inference of two constants piece-wise Manning’s n coefficients are shown in Fig. 5.
As with the single coefficient case, PC-MCMC accurately estimates the true Manning’s n
coefficients for all tested values of α and β , as outlined in Table 5. The estimated posterior
for α is not Gaussian but positively skewed. The mass of the distribution is concentrated
near α = 0.005 in all cases. This shape results from the construction of PC surrogate which
assumes a uniform prior with a minimum value of 0.005. In all test cases, the estimated pos-
teriors for β approximately exhibits Gaussian shape with the true Manning’s n coefficients
falling within the 95% confidence intervals of the inferred pdfs, with exceptions of some
cases where the pdf exhibits bimodal distribution (e.g., when the initial guess for β is 0.1,
which is the true β ). For both the single coefficient and two coefficients cases, the estimates
produced by PC-MCMC is clearly not sensitive to the choice of initial guesses, which is
expected for long enough MCMC chains.

4.1.2 SEIK Inference with uniform prior

We infer the same set of true Manning’s n coefficients as in the previous section using the
SEIK filter with initial ensembles sampled from the uniform prior U (0.005,0.2). After the
model ramp up, these initial ensembles are updated following the SEIK filter procedure as
described in section 2.2. Ensembles of 10 members were used in these experiments. The
results of the SEIK filter inference compared to PC-MCMC for the single and two constants
coefficients cases are shown in Fig. 6 and 7, respectively.

For the single coefficient case, the SEIK filter accurately recovers the true Manning’s n
coefficients for all classes, except for class D (i.e. n = 0.105) where the SEIK filter slightly
underestimates the truth. The filter estimate is however within class D and is therefore con-
sidered acceptable. The posterior pdfs inferred by the SEIK filter are narrow compared to
those computed by PC-MCMC. This suggests that the SEIK inference underestimates the
uncertainty about the inferred parameter compared to the gold-standard MCMC, which is
optimal given the same prior.

The inference of the two constant coefficients case shows similar results. α = 0.005
and β = 0.1 are accurately recovered, but with a narrow posterior pdfs compared to the
posterior pdfs resulting from PC-MCMC. In addition, because of the Gaussian assumption,
the SEIK inferred posterior fails to capture the MCMC posterior’s heavy tail and further
assigns positive probability for α < 0.005.

In summary, this section shows that initializing the SEIK filter with uniform priors that
cover the true Manning’s n coefficients allows to accurately recovering the true value of
the Manning’s n coefficient in the single and two coefficients cases using only 10 ensemble
members. The SEIK filter however underestimates the posteriors spread in all cases (as
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Fig. 4 Posterior distributions of the constant Manning’s n coefficients as estimated by PC-MCMC. The green
dashed line represents the true value and the blue dashed line the estimated Manning’s n coefficients, as the
mode of the posterior pdf (red curve). Note that the estimates do not depend on the choice of initialized value
of the MCMC chains if the MCMC chains are sufficiently long.

shown in Tables 4 and 5). The underestimation of the filter solution uncertainty will be
addressed in section 4.3.

4.2 Inference sensitivity to a more challenging Gaussian priors

The OSSEs are conducted here as described in section 3.5.2. For each true Manning’s n
coefficient, we first generate ADCIRC outputs from which the observations are extracted.
These data are then used both in the PC-MCMC and the SEIK filter to infer the truth starting
from inaccurate initial guesses.
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Fig. 5 Posterior distributions of the piece-wise constant Manning’s n coefficients as estimated by PC-MCMC.
The green dashed line represents the true value and the blue dashed line the estimated Manning’s n coeffi-
cients, as the mode of the posterior pdf (red curve). Note that the estimates do not depend on the choice of
initialized value of the MCMC chains if the MCMC chains are sufficiently long.

Table 4 Final estimates, RMSEs between the estimates and the truths and pdfs variance of constant Man-
ning’s n coefficients as estimated by PC-MCMC.

Measures Truth Inference method

PC-MCMC SEIK

Final estimate

0.015 0.014998 0.015011
0.035 0.035344 0.035068
0.06 0.061107 0.059852
0.105 0.105986 0.101681
0.17 0.171362 0.171591

RMSE

0.015 0.001072 1.1363e-05
0.035 0.000456 6.8020e-05
0.06 0.001092 1.4765e-04
0.105 0.001013 0.003318
0.17 0.002637 0.001591

Variance

0.015 5.4278e-05 7.0412e-09
0.035 3.6691e-05 4.0865e-08
0.06 0.000165 1.2371e-07
0.105 0.000140 5.0084e-07
0.17 0.000555 1.7129e-07

4.2.1 PC-based MCMC inference with Gaussian priors

We apply PC-MCMC to infer the same set of true Manning’s n coefficients as in section
4.1.1, but with Gaussian priors of variance 0.0001. The posterior pdfs of the single and two
coefficients cases are presented in Fig. 8 and 9, respectively.

For the single coefficient case, PC-MCMC successfully recovers the truth starting from
any initial guess (i.e. prior’s mean) and regardless of the class of the true Manning’s n co-
efficient. Our results suggest that considering a sufficiently long MCMC chain (and enough
prior variance), PC-MCMC with Gaussian prior converges to the true solution. The pos-
teriors spread, though small, depends on how far the prior mean is from the truth. This
suggests that MCMC is sensitive to the choice of the Gaussian prior. In other experiments,
not shown here, when the prior is far from the truth and the variance of the prior is very
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Fig. 6 Posterior distributions of the constant Manning’s n coefficients as estimated by SEIK with 10 ensemble
members compared to PC-MCMC. The prior is U (0.005,0.2) for both schemes. The green dashed line
represents the true value. The black curve is the posterior pdf as estimated by SEIK and the red curve the
posterior pdf as estimated by PC-MCMC.

small, MCMC failed to recover the truth. Larger inference window and more iterations may
improve MCMC results in this case. We also found that, although the truth is accurately
estimated for all classes, the posterior spread is larger when the true parameters belong to
the large classes (for instance, the posterior spread of estimating the truth = 0.17 are much
larger than those of truth = 0.015). This is due to the different sensitivity of the model to the
class of constant Manning’s n coefficients as discussed in subsection 3.4.

Similar results are obtained for the two parameters cases (Fig. 9). The truth n0.005,0.1
is accurately estimated with all initial guesses. However, in this case, the posterior spreads
are approximately the same. This is because the initial guesses are selected from a set of
Manning’s n coefficients that produce similar average maximum water elevation as the truth
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Fig. 7 Posterior distributions of the two constants Manning’s n coefficients as estimated by SEIK with 10
ensemble members compared to PC-MCMC. The prior is U (0.005,0.2) for α and β for both schemes. The
green dashed line represents the true value. The black curve is the posterior pdf as estimated by SEIK and the
red curve the posterior pdf as estimated by PC-MCMC.

Table 5 Final estimates, RMSEs between the estimates and the truths and pdfs variance of piecewise Man-
ning’s n coefficients used to parameterize two constants Manning’s field as estimated by PC-MCMC. nα,β

represents the field parameterized by α and β .

Measures Truth Initial guess

PC-MCMC SEIK

Final estimate α = 0.005 0.005505 0.005227
β = 0.1 0.098813 0.098526

RMSE α = 0.005 0.000605 2.2783e-04
β = 0.1 0.000186 0.001473

Variance α = 0.005 7.3667e-06 3.5574e-08
β = 0.1 4.8089e-05 3.8540e-07

(i.e. within 20% of the truth). As a result, the effect of the sensitivity of PC-MCMC to the
prior in the two coefficients case is not as pronounced as in the single coefficient case.

4.2.2 SEIK inference with Gaussian priors

We apply the SEIK filter to estimate the Manning’s n coefficients starting from different
initial guesses using 10 ensemble members. The results of the OSSEs are shown in Fig. 10.
The SEIK filter accurately recovers the Manning’s n coefficient from the correct class in the
cases where the truth lies in any of the three smallest classes, A, B, and C, regardless of the
class of the initial guesses. Values in class D are only recovered when the initial guesses are
from class C and E. For the estimation of a value from class E, the SEIK filter is able to
recover this value only when the initial guess is from the neighboring class (i.e. class D).

In SEIK, the initial ensemble is generated by adding Gaussian noise to the initial guess.
Then the ensemble is updated after every analysis step. By construction, the filter ensem-
ble represents, approximately and based on Gaussian assumptions, the pdf of the parameter
conditional on the available observation. We plot the evolution of the 95% percentile of
Manning’s n coefficient along with their filter estimates, taken as the mean of the ensemble
members (Fig. 10). It is clear that the uncertainties in the parameters decrease as the filter
assimilates more data in time, as one may expect. The truth falls within the 95% estimated
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Fig. 8 Posterior distributions of the constant Manning’s n coefficients as estimated by PC-MCMC initialized
with Gaussian priors with different means. Black dashed lines represent the true values. Colored dashed lines
are the estimated Manning’s n coefficients, or the modes of the posterior distributions. Gray lines and curves
are respectively the posterior distributions from uniform prior and their modes. The estimates are not sensitive
to the choice of the prior if the MCMC chains are sufficiently long. The spread of the posterior distribution is
clearly sensitive to the choice of the prior mean.

confidence interval for low Manning’s n coefficients (e.g., 0.015, 0.035 and 0.06). To es-
timate the parameter in larger classes, a larger ensemble and/or longer simulation window
may be required, which we will examine later.

In the second set of OSSEs we estimate a two constants parameterized field of Man-
ning’s n coefficients. The point estimation of the two constants parameterized Manning’s
n coefficients and their uncertainties are shown in Fig. 11. We obtain accurate estimates
of the parameters for all initial guesses except for the initial guess n0.005,0.005. In this case
β = 0.1 is significantly underestimated. This is similar to the constant coefficient case where
the SEIK filter is not very successful at recovering the large Manning’s value starting from



Title Suppressed Due to Excessive Length 21

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
0

50

100

150

200

250

300

350

400

450

500
true alpha = 0.005

truth
prior: n0.005,0.005
mode
prior: n0.06,0.06
mode
prior: n0.1,0.1
mode
prior: n0.1,0.005
mode
prior: U(0.005,0.2)
mode

0.07 0.08 0.09 0.1 0.11 0.12 0.13
0

50

100

150

200

250

300

350

400

450

500
true beta = 0.1

truth
prior: n0.005,0.005
mode
prior: n0.06,0.06
mode
prior: n0.1,0.1
mode
prior: n0.1,0.005
mode
prior: U(0.005,0.2)
mode

Fig. 9 Posterior distributions of the two constants Manning’s n coefficients as estimated by PC-MCMC
initialized with Gaussian priors with different means. Black dashed lines represent the true values. Colored
dashed lines are the estimated Manning’s n coefficients, or the modes of the posterior distributions. Gray lines
and curves are respectively the posterior distributions from uniform prior and their modes. The estimates are
not sensitive to the choice of the prior when the MCMC chains are sufficiently long.

the smallest guesses. However, for each initial estimate, the initial errors with respect to the
truth are still reduced by at least 80%. In contrast to PC-MCMC, the posterior pdf produced
by SEIK assigns some probability for α values below 0.005 due to Gaussian assumption
on the posterior. However, we observe zero probability for negative values, since the pdfs
spread around the mean estimates are small. For the two constants parameterized case, the
choice of the initial guesses hardly affect the final estimates even when α and/or β for each
guesses are vastly differ. We found no specific relation between the estimation accuracy and
the choice of initial guess for the two constants coefficients case. This is because all initial
guesses produce an average maximum water elevation within 20% of those obtained when
the model is integrated with the true parameters. In this case, one may consider all initial
guesses to be within the same class as the truth in term of produced water elevation, in
analogy to the classification of the single constant coefficients OSSEs.

The accuracy of the estimated water elevation (by MCMC and SEIK) in the single co-
efficient case is directly related to the accuracy of the inferred roughness parameters. This
is due to the monotonic dependence of the water levels on the Mannings n coefficients [62].
Accurate estimates of the Mannings n coefficient produce accurate estimates of water eleva-
tions, and vice versa (not shown). Likewise, we noticed that accurate estimates of the water
elevation in the two coefficients OSSEs were only obtained in the cases where the Mannings
n coefficients α and β were well recovered. Similar findings were reported in [62] to which
we refer the reader for more detailed discussion and analysis.

Fig. 12 and 13 compare the posterior pdfs of the Manning’s n coefficient as estimated by
SEIK with 10 ensemble members and MCMC for a constant field and two constants param-
eterized field, respectively. The pdfs produced by SEIK are much narrower in comparison
to those estimated by MCMC. SEIK also underestimates the truth in most cases compared
to MCMC which experiences no difficulty in recovering the true parameters. Furthermore,
one can clearly observe the dominant Gaussian shape of the pdfs estimated by SEIK, as one
might expect. The MCMC posterior distributions cover the wide range of Manning’s n co-
efficients and their means are clearly centered at the true values. In this specific setting, the
SEIK filter with small ensemble sizes does not provide a good description of the uncertainty
of the estimated parameters. It also estimates values below the range of possible values as
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Fig. 10 Estimates of various Manning’s n fields parameterized by a single value using 10 ensemble members.
From top to bottom, left to right the true Manning’s n value is 0.015, 0.035, 0.06, 0.105 and 0.17. The
uncertainty of the estimates are represented by opaque color band (95th percentile) around the mean.

specified by the prior due to its Gaussian assumption, even though we do not observe likely
probability for negative values.

4.3 SEIK tuning

4.3.1 Effect of increasing ensemble size

The SEIK filter should benefit from increased ensemble size [39,79]. However, increasing
the number of ensemble members means increased computational cost; for instance dou-
bling the size of the ensemble means doubling the number of required model runs, which in
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Fig. 11 Estimates of two constants piecewise Manning’s n coefficients, α (left) and β (right). The uncertainty
of the estimates are represented by opaque color band (95th percentile) around the mean.

the case of ADCIRC significantly increases the computational load. This section examines
the SEIK filter performance with respect to the ensemble size.

For the constant Manning’s n coefficient case, we use the SEIK filter with ensemble sizes
of 10, 20, 100, 200, 300 and 400, and compare the parameter posterior focusing on both the
mean of the ensemble and the uncertainty as estimated from the spread of the ensemble and
represented by the 95th percentile of the parameter. The posterior distributions estimated
with different ensemble sizes and initial guess equal to 0.06 are plotted in Fig. 14.

With 100 ensemble members, the filter performance significantly improves in compar-
ison to using only 10 members. This can be for example clearly seen in the case where we
choose the initial guess from class C to estimate the truth in class E (Fig. 14). The final
estimate has increased from 0.1510 with 10 members to 0.1645 with 100 members, which
has less than 3.5% relative error (Table 7). However, with 100 members, the truth in class
E still lies outside the 95% confidence interval of the pdf as estimated from class C. An
ensemble size of 300 members or more is needed in order for the estimate to fall within the
95% confidence interval of the estimate (when the initial guess is 0.06). No other significant
improvement is observed for increasing ensemble size beyond 300 members. In the case of
estimating small Manning’s n coefficients with the guess from a larger class, increasing the
ensemble improves the estimate. Nevertheless, using 100 ensemble members is sufficient
to recover the truth in a smaller class. Clearly, recovering the truth in larger classes from
smaller classes is more accurate with increased ensemble size. We also notice faster conver-
gence toward the truth with increased ensemble sizes. In term of computational complexity,
using 100 members costs approximately ten times the execution time of running the SEIK
filter using 10 ensemble members. This could be consequent for a large scale model such as
ADCIRC. Thus, increasing the ensemble size does not seem to be the most efficient strategy
to improve the estimation of low dimensional representations of Manning’s n coefficients.
Also, the computational time of PC-MCMC with 200,000 iterations is approximately twice
the computational time of SEIK with 10 members. In more realistic applications with a
spatially varying Mannings n coefficients, the PC method may become unpractical, and an
EnKF-like inference scheme will be more attractive in this case. A summary of the execu-
tion time of SEIK inference with 10 and 100 members, and PC-MCMC is provided in Table
6.

For the case of two constants parameterized Manning’s n field, we compare the esti-
mated α and β obtained with 10 and 100 ensemble members. The results are shown in Fig.
15. As expected, we found clear improvement in estimating the parameters, especially β
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Fig. 12 Comparison of the posterior pdfs of the smallest and the largest class of constant Manning’s n coef-
ficients as estimated by SEIK with 10 ensemble members (at the end of the assimilation period) and MCMC.
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Fig. 13 Comparison of the posterior pdfs of two constants Manning’s n coefficients as estimated by SEIK (at
the end of the assimilation period) and MCMC. Distributions of α are plotted in the left panels and those of
β in the right panels
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Table 6 The computational complexity of different inference methods. The PC-MCMC and filtering codes
are written in matlab. The codes are executed on Intel Xeon(R) CPU X5550 @2.67GHz × 8 processor and
the memory of 23.5 GiB.

Inference method Execution time

PC-MCMC 21,414.58 sec

SEIK (10 members) 11,176.25 sec

SEIK (100 members) 103,611.67 sec

Table 7 Final estimates, RMSEs between the estimates and the truths and pdfs variance of constant Man-
ning’s n coefficients as estimated by SEIK with 100 members starting from initial guess = 0.06.

Measures Initial guess

0.015 0.035 0.105 0.017

Final estimate 0.015003 0.034949 0.093383 0.164566

RMSE 3.3684e-06 5.0988e-05 0.011616 0.005433

Variance 6.3893e-09 3.3541e-08 3.7095e-07 1.1795e-06

when using 100 ensembles, in comparison to using only 10 ensembles, which underesti-
mates the truth for all initial guesses (Table 8). However, the spread of the pdfs in the case
of 100 members does not significantly differ from those obtained in the 10 members case.
Both estimate a variance of the same order of magnitude (e.g., O(10−8) for α and O(10−7)
for β ). PC-MCMC posterior pdfs exhibit much larger variances (O(10−5)). Compared to
PC-MCMC, the SEIK filter accurately recovers the truth, but underestimates the associated
uncertainty by as much as two orders of magnitude. This indicates that the SEIK filter fails
to accurately describe the uncertainty of the inferred parameters. This likely explains the
cause of SEIK’s inability to recover some parameter, e.g., Manning’s n values from class E.
Covariance inflation is expected to improve the SEIK filter performance in that regard. This
will be investigated in the next section.

Table 8 Final estimates, RMSEs between the estimates and the truths and pdfs variance of piecewise Man-
ning’s n coefficients used to parameterize two constants Manning’s field as estimated by SEIK with 100
members. nα,β represents the field parameterized by α and β .

Measures Truth Initial guess

n0.005,0.005 n0.06,0.06 n0.1,0.1 n0.1,0.005

Final estimate α = 0.005 0.005481 0.005081 0.005103 0.005211
β = 0.1 0.093857 0.099733 0.099327 0.099168

RMSE α = 0.005 0.000481 8.1378e-05 0.000103 0.000211
β = 0.1 0.088857 0.094733 0.094327 0.094168

Variance α = 0.005 3.9019e-08 4.8122e-08 4.7767e-08 4.5681e-08
β = 0.1 2.4972e-07 4.4970e-07 4.2556e-07 4.1742e-07
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Fig. 14 Comparison of the posterior pdfs as estimated by SEIK for constant Manning’s n coefficient with
three different ensemble sizes and initial guess = 0.06. Left panels: the 95th percentile over time. Right
panels: the posterior pdfs at the end of the assimilation period.

4.3.2 The effect of inflation

In the previous section we showed that increasing the ensemble size is effective, however
large ensembles are needed to accurately recover the true parameter, resulting in increased
computational cost. Another way to enhance the robustness of an EnKF is to inflate the
forecast error covariance [6,59]. Covariance inflation is now considered to be an important
auxiliary technique for successful implementation of an EnKF.

We perform the same OSSEs as in the previous section for the idealized inlet ebb shoal
using 10 ensemble members, with inflation factors, ρ = 1.1, 1.2, 1.5 and 2. Fig. 16 shows
the performance of the SEIK filter in recovering the true constant Manning’s n coefficient
0.17 from an initial guess of 0.015 with several inflation factors. Significant improvement
is observed when using inflation and the largest class of Manning’s n coefficient are now
accurately recovered from an initial guess from the smallest class. With inflation, the esti-
mates further converge much faster toward the true values; convergence is reached before
the 60th assimilation cycle in all cases except for the case with the smallest inflation, ρ =
1.1. Inflating the covariance also widens the ensemble spread around the mean, as expected.
The range of the posterior pdf remains positive, which is consistent with the range of the
Manning’s n coefficients in all tested cases. On top of accurately recovering the true Man-
ning’s n coefficient, the SEIK filter with a well-tuned inflation significantly improves the
posterior pdf. The variances of the posterior pdfs produced by the SEIK filter with inflation
are approximately the same order of magnitude as those produced by PC-MCMC. An infla-
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Fig. 15 Top row: sensitivity of the posterior distribution as it results from SEIK for the case of piecewise
Manning’s n coefficient in the open ocean (α) to different ensemble sizes. Left column: the 95th percentile
over time, Right panels: the pdf of the posterior at the end of the simulations. Bottom row: comparison of the
posterior distribution as it results from SEIK for piecewise Manning’s n coefficient in the landlocked area (β )
with different ensemble sizes. Left panels: the 95th percentile over time, Right panels: the pdf of the posterior
at the end of the simulations. All experiments start from the initial guess α = 0.1 and β = 0.1.

tion factor of 1.2 is sufficient to recover the posterior pdf, i.e. for the truth to fall within the
95% confidence interval of the estimated posterior.

The results of estimating the two constants parameterized Manning’s n field using the
SEIK filter with inflation are shown compared to using SEIK without inflation in Fig. 17
and 18. We see similar improvements as in the constant coefficient cases. Fig. 19 and 20
compare the posterior pdfs of the Manning’s n coefficients as estimated by the SEIK filter
with an inflation factor ρ = 1.2, 1.5 and 2.0 for the single and two constants parameterized
fields. An inflation factor of 1.2 is sufficient for the SEIK filter to accurately recover the
true Manning’s coefficients from all classes. However, an inflation factor of 2.0 is required
in most cases to obtain posterior’s variance that is of the same order of magnitude as those
produced by PC-MCMC. Using inflation imposes larger ensemble spread and also improves
the mean estimates in all cases. However, in the two constant coefficients case, the SEIK
filter with inflation assigns probability to negative values of α , because of its Gaussian
framework.

5 Discussion and Conclusions

We investigate the effectiveness of estimating the Manning’s n coefficients in the coastal
ocean model, ADCIRC, using an ensemble Kalman filter, namely the SEIK filter. The fil-
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ter performance was evaluated by comparing its estimated posterior distributions to those
resulting from an MCMC method. To enable the implementation of MCMC with an ideal-
ized ADCIRC coastal ocean model, we resorted to the polynomial chaos (PC) approach to
construct a surrogate model of ADCIRC. PC allows likelihoods to be evaluated at a fraction
of the time required for a full evaluation with ADCIRC. A non-intrusive spectral projection
scheme was used to derive the PC representation of the water elevation of ADCIRC. Using
the PC expansion, we created a surrogate model for an idealized inlet with ebb shoal con-
figuration. A degree 6 PC model was found to be adequate for producing the desired model
response to changes in the Manning’s n coefficients. PC-MCMC avoids the restriction of the
Gaussian posteriors required in ensemble Kalman filters.

We conduct OSSEs in which synthetic water elevation data is generated from various
fields of Manning’s n coefficients. We then attempt to recover these fields from incorrect ini-
tial guesses using both PC-MCMC and EnKF methods. We fist investigate the sensitivity of
the inference methods to the choice of prior. For the uniform prior case with a support cover-
ing the range of possible Manning’s n coefficients, both PC-MCMC and SEIK successfully
recover the true coefficients in the single and two constants Mannning’s settings. The SEIK
filter however produces much smaller posterior’s spread compared to PC-MCMC, implying
an underestimation of the parameter’s uncertainty.

We further explore the sensitivity of the inference to more challenging Gaussian priors.
In this case, PC-MCMC still accurately recover the truth in all tested scenarios. However, the
posterior’s variance varies with the priors, depending on how for the prior’s mean is from
the truth. The MCMC chains required larger number of iterations to converge when the
prior was further away from the truth. For the constant field, the SEIK filter has difficulty
recovering the Manning’s field of large values from small initial guesses. We show that
increasing the number of ensemble members improves the filter results. The accuracy of the
filter estimates increases by more than 200% when the ensemble size is increased from 10
to 100 and the truth lies within the 95% confidence interval of the estimate when we use
300 members (or more). For the two constants parameterized field of both domains, the use
of a small ensemble size is enough to recover the true parameters in every test case. Since
the increase of ensemble size requires more computation, we also investigate the impact
of inflation of the background error covariance on the filter performance. In this case, the
estimates converge to the truth much faster, even when the filter is implemented with 10
members. The estimates are also accurate regardless of the choice of the initial guesses. The
use of inflation widens the posterior distribution of the parameter produced by the SEIK
filter and makes it more comparable to that of PC-MCMC.

The SEIK filter shows good capability to accurately recover the true parameters, con-
sistent with the results of [51]. Using inflation improves the estimation, convergence and
distribution spread. However, over-inflation can cause the SEIK filter to enable negative
Manning’s n coefficients due to the Gaussian assumption, and thus the filter needs to be
well tuned. In contrast to the study of [66], who estimated 10 parameters of a simple deep
convection model using 10,000 ensemble members, we successfully obtained good approx-
imations of posterior pdfs using small ensemble sizes with SEIK (only 10 members) and
reasonable inflation.

To conclude, while the PC-based approach coupled with MCMC is well-suited for pa-
rameter estimation problems with low dimension stochastic systems, its efficiency may still
be limited to real-time coastal ocean forecasting, which often includes a large number of
parameters. Sequential data assimilation schemes could provide a robust alternative to com-
pute the pdfs. Despite their inherent Gaussian assumption, our results suggest that the SEIK
filter with enough tuning of the ensemble size and the inflation factor may produce reliable
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estimates of the pdf mean and variance that are close to those of MCMC. This supports
the idea of using an ensemble Kalman-type filter for parameter estimation in the context of
large-scale realistic coastal ocean models, and for providing useful information about the as-
sociated uncertainties at reasonable computational cost. The parameter estimation problem
of large dimensional spatially varying parameters with the SEIK filter will be explored. We
will assess the relative merits of this approach by contrasting with more elaborate PC-based
methods [56,73].
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Fig. 16 Comparison of the posterior distribution as it results using SEIK for constant Manning’s n coefficient
between SEIK without and with inflation factor (1.1, 1.2, 1.5 and 2.0 respectively), initial guess = 0.015. Left
panels: the 95th percentile over time, Right panels: the pdf of the posterior at the end of the simulations.
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Fig. 17 Comparison of the posterior distribution as it results using SEIK for two constant piecewise Man-
ning’s n coefficients between SEIK with and without inflation in the open ocean area. Left panels: the 95th

percentile over time, Right panels: the posterior pdfs at the end of the assimilation period.
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Fig. 18 Comparison of the posterior pdfs as it results using SEIK for two constant piecewise Manning’s n
coefficients between SEIK with and without inflation in the land-locked area. Left panels: the 95th percentile
over time, Right panels: the posterior pdfs at the end of the assimilation period.
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Fig. 19 Comparison of the posterior pdfs of classes of constant Manning’s n coefficients as estimated by
SEIK with different inflation (at the end of assimilation period) and MCMC.
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Fig. 20 Comparison of the posterior pdfs of two constant piecewise Manning’s n coefficients as estimated by
SEIK (at the end of the assimilation period) and MCMC. Right panels: the distributions of α , Left panels: the
distribution of β .


