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Abstract 
Recently, applications of nanoparticles have been considered in many branches of petroleum 
engineering, especially, enhanced oil recovery. The current paper is devoted to investigate the problem 
of nanoparticles transport in fractured porous media, numerically. We employed the discrete-fracture 
model (DFM) to represent the flow and transport in the fractured formations. The system of the 
governing equations consists of the mass conservation law, Darcy's law, nanoparticles concentration in 
water, deposited nanoparticles concentration on the pore-wall, and entrapped nanoparticles 
concentration in the pore-throat. The variation of porosity and permeability due to the nanoparticles 
deposition/entrapment on/in the pores is also considered. We employ the multiscale time-splitting 
strategy to control different time-step sizes for different physics, such as pressure and concentration. The 
cell-centered finite difference (CCFD) method is used for the spatial discretization. Numerical examples 
are provided to demonstrate the efficiency of the proposed multiscale time splitting approach. 
 
Introduction 

Nanoparticles have many applications in oil and gas exploration and production. For instance, some 
kinds of nanoparticles may be used as tracers for exploration of oil and gas and some others can be used 
in oilfields. When nanoparticles are absorbed on porous walls, the wettability of the reservoir rocks can 
be changed into the desired one. One kind of polysilicon nanopowder with the range of 10 - 500 nm was 
used in oilfields to enhance water injection by changing wettability of the porous medium [1]. Ju et al. 
[1] conducted experiments and introduced a mathematical model for the nanoparticles transport in 
porous media. Their mathematical model has been suggested based on the model of the particle 
migration through porous media [2]. El-Amin et al. [3-7] developed some models of transport of 
nanoparticles in a two-phase flow in porous media. The problem of nanoparticles transport in 
anisotropic porous media using the multipoint flux approximation was investigated by Salama et al. [8] . 
Chen et al. [9] introduced a numerical simulation of drag reduction effects by hydrophobic nanoparticles 
adsorption method in water flooding processes. Chen et al. [10] introduced the dynamic update of 
anisotropic permeability field during the transport of nanoparticles in the subsurface.  

The fractured geological formations are composed into matrix blocks and fractures. The fractures 
have much higher permeability than matrix blocks, however, they contain a very small volume of fluid 
compare to matrix blocks. In order to treat the large discrepancy in scales of fractures and matrix blocks, 
dual-continua and discrete-fracture models have been employed in this type of modeling [12 - 24]. 
Warren and Root [24] have developed an idealized model to study the behavior flow in fractured porous 
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media based on dual continua models. Dual-Porosity model was used when two porosity values existed 
in the domain. The dual-continua models, such as dual-porosity/dual-permeability model [13, 17, 19, 22, 
24] treat matrix and fractures as two separated domains, that are theoretically in- terconnected by fluid 
mass transfer across their interfaces. In the discrete-fracture-model (DFM) [13,16,20,21,27], fractures 
dimension is taken n-1 when the matrix dimension is n.  

In this work, a DFM multiscale time-stepping strategy is introduced for the problem of nanoparticles 
transport in fractured porous media. A semi-implicit scheme is used for the time discretization, while, 
the cell-centered finite difference (CCFD) technique is used for the spatial discretization. A large time-
step size is used for matrix blocks, while a smaller one is used for fractures. The time-step of fractures 
pressure is partitioned into subtime-steps. Then, we employ a similar time-splitting strategy for 
concentration equations. Furthermore, we select numerical example to illustrate the efficiency of the 
current scheme.  
 
Mathematical Formulation  
Governing equations: This paper considers the problem of nanoparticles transport with an immiscible 
incompressible flow in porous media, the system of governing equations consists of continuity, 
momentum, nanoparticles concentration, deposited nanoparticles con- centration on the pore-wall, and 
entrapped nanoparticles concentration in the pore-throat. In addition to the variation of porosity and 
permeability due to the nanoparticles adhering. The governing equations are, [3-6, 8, 10, 11],  

 
Momentum Conservation (Darcy’s Law):  

                                                                    𝐮𝐮 = −𝐊𝐊∇𝑃𝑃                                                                           (1) 
where K is the permeability tensor 𝑲𝑲 = 𝑘𝑘

𝜇𝜇
𝑰𝑰, I is the identity matrix and k is a positive real number. u, P, 

μ, k are, respectively, velocity, pressure, viscosity and permeability.  
 

Mass Conservation:  

                                                                    𝛁𝛁 ∙ 𝐮𝐮 = 𝑞𝑞                                                                             (2) 
 
where q is the external mass flow rate.  

Nanoparticles Transport: Assuming that nanoparticles have only one size interval, the transport 
equation of the nanoparticles in porous media is given as. media is given as [1-6, 8, 10, 11, 25],  
 
                                             𝜙𝜙 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+ 𝛻𝛻 ∙ (𝐮𝐮𝐶𝐶 − 𝜙𝜙𝜙𝜙𝛻𝛻𝐶𝐶) = 𝑅𝑅 + 𝑄𝑄𝑐𝑐                                                          (3) 

 
where C is the nanoparticles concentrations. φ is the porosity. D is the Brownian diffusion. Qc is the rate 
of change of particle volume belonging to a source/sink term. R is the net rate of loss of nanoparticles 
which is defined by,  

                                                          𝑅𝑅 = 𝜕𝜕𝜕𝜕𝑠𝑠1
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝜕𝜕𝑠𝑠2
𝜕𝜕𝜕𝜕

                                                                             (4) 
 

Nanoparticles Surface Deposition: The surface depositionis expressed by,  
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                                     𝜕𝜕𝜕𝜕𝑠𝑠1
𝜕𝜕𝜕𝜕

= �
𝛾𝛾𝑑𝑑|𝐮𝐮|𝐶𝐶,                                                𝐮𝐮 ≤ 𝑢𝑢𝑟𝑟

𝛾𝛾𝑑𝑑|𝐮𝐮|𝐶𝐶 − 𝛾𝛾𝑒𝑒|𝐮𝐮 − 𝑢𝑢𝑟𝑟|𝐶𝐶𝑠𝑠1,                 𝐮𝐮 > 𝑢𝑢𝑟𝑟
                                            (5) 

 

where Cs1 is the deposited nanoparticles concentration on the pore surfaces of the porous medium. γd is 
the rate coefficients for surface retention of the nanoparticles. γe is the rate coefficients for entrainment 
of the nanoparticles. ur is the critical velocity of the water phase.  

 Nanoparticles Throat Entrapment: The rate of entrapment of the nanoparticlesis,  

                                                   𝜕𝜕𝜕𝜕𝑠𝑠2
𝜕𝜕𝜕𝜕

= 𝛾𝛾𝑝𝑝𝜕𝜕|𝐮𝐮|𝐶𝐶                                                                                       (6) 
 

where Cs2 is the entrapped nanoparticles concentration in pore throats and γpt is the pore throat 
blocking constants.  

Porosity and Permeability Variations: Solid properties such as porosity and permeability may be 
changed due to nanoparticles pre- cipitation on the walls and throats of the pores. Therefore, it is 
worth to investigate them. The porosity variation may be defined as,  

                     𝜙𝜙 = 𝜙𝜙0 –  𝛿𝛿𝜙𝜙                                     (7)  

where φ0 is the initial porosity and,  

                    𝛿𝛿𝜙𝜙 = 𝐶𝐶𝑠𝑠1 + 𝐶𝐶𝑠𝑠2,                                       (8)  

On the other hand, the change in permeability due to nanoparticles deposition on the pore–walls 
and entrapped in the pore–throats, is represented as [1],  

                                                   𝐊𝐊 = 𝐊𝐊0 �(1 − 𝑓𝑓)𝑘𝑘𝑓𝑓 + 𝑓𝑓 𝜙𝜙
𝜙𝜙0
�
𝑙𝑙
                                                                 (9) 

                                                              𝑓𝑓 = 1 − 𝛾𝛾𝑓𝑓𝐶𝐶𝑠𝑠2                                                                          (10) 
where 𝐊𝐊0 is the initial permeability, 𝑘𝑘𝑓𝑓 is constant for fluid seepage, 𝛾𝛾𝑓𝑓  is the coefficient of flow 
efficiency for the particles and 2.5 ≤ 𝑙𝑙 ≤ 3.5 is constant.  

Initial and Boundary Conditions: Consider the computational domain Ω with the boundary ∂Ω 
which is subjected to Dirichlet ΓD and Neumann ΓN boundaries, where ∂Ω = ΓD ∪  ΓN and 
𝛤𝛤𝜙𝜙 ∩  𝛤𝛤𝑁𝑁 =  ø. At the beginning of the injection process, we have,  

    𝐶𝐶 =  𝐶𝐶𝑠𝑠1  =  𝐶𝐶𝑠𝑠2  =  0    in    Ω         at     𝑡𝑡 = 0,                                    (11) 
 

The boundary conditions are given as,  

     𝑃𝑃 = 𝑃𝑃𝐷𝐷
        

on        𝛤𝛤𝐷𝐷,          (12)  

𝐮𝐮 · n = qN,     𝐶𝐶 = 𝐶𝐶0,𝐶𝐶𝑠𝑠1 = 𝐶𝐶𝑠𝑠2 = 0   on   𝛤𝛤𝑁𝑁.        (13)  
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where n is the outward unit normal vector to ∂Ω, 𝑃𝑃𝐷𝐷 is the pressure on 𝛤𝛤𝐷𝐷 and 𝑞𝑞𝑁𝑁 the imposed inflow 
rate on 𝛤𝛤𝑁𝑁 , respectively.  

Discrete Fracture Model: In order to represent the fractures explicitly in fractured porous media, we 
use the discrete-fracture model (DFM) [16,27]. In the DFM, fracture gridcells are simplified as matrix 
gridcell interfaces and fractures are surrounded by matrix blocks. Thus, if matrix gridcells are of n-
dimension, then, fracture gridcells are of (n-1)-dimension. The domain is decomposed into the matrix 
domain, Ωm and fracture domain, Ω𝑓𝑓. The pressure equation in the matrix domain is given by,  

                                                                    −∇ ∙ 𝐊𝐊m∇𝑃𝑃m = 𝑞𝑞𝑚𝑚,                                                            (14) 
Assuming that the pressure along the fracture width are constants, and by integration, the pressure 
equation in the fracture becomes,  

                                                                    −∇ ∙ 𝐊𝐊f∇𝑃𝑃f = 𝑞𝑞f + 𝑄𝑄f,                                                      (15) 
The matrix-fracture interface condition is given by,  

                                                                    𝑃𝑃m = 𝑃𝑃f      on    𝜕𝜕Ωm ∩ 𝜕𝜕Ωf                                              (16) 
where the subscript m represents the matrix domain, while the subscript f represents the fracture domain. 
𝑄𝑄f  is the mass transfer across the matrix-fracture interface. The nanoparticles transport equation in the 
matrix domain may be expressed as,  

                                             𝜙𝜙m
𝜕𝜕𝜕𝜕m
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 ∙ (𝐮𝐮𝐦𝐦𝐶𝐶m − 𝜙𝜙m𝜙𝜙𝛻𝛻𝐶𝐶m) = 𝑅𝑅m + 𝑄𝑄𝑐𝑐,m                                  (17) 
where Cm is the nanoparticles concentrations in the matrix domain. Qc,m is the rate of change of 
particle volume belonging to a source/sink term in the matrix domain. Rm is the net rate of loss of 
nanoparticles in the matrix domain. On the other hand, the nanoparticles transport equation in fractures 
is represented by,  

                                             𝜙𝜙f
𝜕𝜕𝜕𝜕f
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 ∙ (𝐮𝐮f𝐶𝐶f − 𝜙𝜙f𝜙𝜙𝛻𝛻𝐶𝐶f) = 𝑅𝑅f + 𝑄𝑄𝑐𝑐,m,f                                           (18) 
where Cf is the nanoparticles concentrations in the fracture domain. Qc,f is the rate of change of particle 
volume belonging to a source/sink term in the fracture domain. Rf is the net rate of loss of nanoparticles 
in the fracture domain. Qc,f represents the rate of change of particle volume across the matrix-fracture 
interfaces. The interface condition of the nanoparticles concentration is,  

                                                        𝐶𝐶m = 𝐶𝐶f      on    𝜕𝜕Ωm ∩ 𝜕𝜕Ωf.                                                        (19) 
 
The surface deposition in matrix blocks is given by,  

                                 𝜕𝜕𝜕𝜕𝑠𝑠1,m
𝜕𝜕𝜕𝜕

= �
𝛾𝛾𝑑𝑑|𝐮𝐮m|𝐶𝐶m,                                                       𝐮𝐮m ≤ 𝑢𝑢𝑟𝑟

𝛾𝛾𝑑𝑑|𝐮𝐮m|𝐶𝐶m − 𝛾𝛾𝑒𝑒|𝐮𝐮m − 𝑢𝑢𝑟𝑟|𝐶𝐶𝑠𝑠1,m,                 𝐮𝐮m > 𝑢𝑢𝑟𝑟
                             (20) 

 
where Cs1,m is the deposited nanoparticles concentration on the pore surfaces of the matrix domain. 
Similarly, surface deposition in the fracture domain is represented by,  
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                                 𝜕𝜕𝜕𝜕𝑠𝑠1,f
𝜕𝜕𝜕𝜕

= �
𝛾𝛾𝑑𝑑|𝐮𝐮f|𝐶𝐶f,                                                    𝐮𝐮f ≤ 𝑢𝑢𝑟𝑟

𝛾𝛾𝑑𝑑|𝐮𝐮f|𝐶𝐶f − 𝛾𝛾𝑒𝑒|𝐮𝐮f − 𝑢𝑢𝑟𝑟|𝐶𝐶𝑠𝑠1,f,                  𝐮𝐮f > 𝑢𝑢𝑟𝑟
                                     (21) 

 
where Cs1,f is the deposited nanoparticles concentration on the pore surfaces of the fracture domain 
with the interface condition,  

                                                         𝐶𝐶s1,m = 𝐶𝐶s1,f      on    𝜕𝜕Ωm ∩ 𝜕𝜕Ωf.                                                (22) 
Finally, the rate of entrapment of the nanoparticles in the matrix domain is written as,  

                                                                  𝜕𝜕𝜕𝜕𝑠𝑠2,m
𝜕𝜕𝜕𝜕

= 𝛾𝛾𝑝𝑝𝜕𝜕|𝐮𝐮m|𝐶𝐶m                                                            (23) 
where Cs2,m is the entrapped nanoparticles concentration in pore throats of matrix domain. Also, the 
rate of entrapment of the nanoparticles in the fractures is,  

                                                                  𝜕𝜕𝜕𝜕𝑠𝑠2,f
𝜕𝜕𝜕𝜕

= 𝛾𝛾𝑝𝑝𝜕𝜕|𝐮𝐮f|𝐶𝐶f                                                                (24) 
where Cs2,f is the entrapped nanoparticles concentration in pore throats of fracture with the following 
interface condition,  

                                                         𝐶𝐶s2,m = 𝐶𝐶s2,f      on    𝜕𝜕Ωm ∩ 𝜕𝜕Ωf.                                               (25) 
 
Multiscale Time-Splitting and Spatial Discretization  
In the multiscale time-splitting method, we employ a different time step-size for each time derivative 
term as they have different physics. For example, the time-step size for the pressure can be larger than it 
of the nanoparticles concentration. Also, the fractures pressure may have a larger time-step size than one 
for the matrix. So, we may use a small time step-size for the pressure in fractures, and so on. We use the 
CCFD method for the spatial discretization. The CCFD method is locally conservative and equivalent to 
the quadratic mixed finite element method (see Ref. [26]).  

Multiscale Time-Splitting Approach for Pressure: Now, let us introduce the time discretization for 
the pressure in the matrix domain. The total time interval [0,T] is divided into Np,m steps, i.e., 0 = t0 < 

t1 < ··· < tNp,m = T and the time step length is ∆𝑡𝑡𝑖𝑖 = 𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖 . Therefore, we divide each subinterval 

(ti,ti+1] into Np,f sub-subintervals as (𝑡𝑡𝑖𝑖 , 𝑡𝑡𝑖𝑖+1] =∪
𝑁𝑁𝑝𝑝,f − 1
𝑗𝑗 = 0 �𝑡𝑡𝑖𝑖,𝑗𝑗 − 𝑡𝑡𝑖𝑖,𝑗𝑗+1�, where ti,0 = ti and ti,Np,f = 

ti+1 and ∆𝑡𝑡𝑖𝑖,𝑗𝑗 = 𝑡𝑡𝑖𝑖+1,𝑗𝑗 − 𝑡𝑡𝑖𝑖,𝑗𝑗. In the following, b refers to the boundary of the matrix gridcells K such 
that its area is |K|, and |b| is its length. nb is a unit normal vector pointing from K to K0 on each interface 
𝑏𝑏 ∈ 𝜕𝜕𝜕𝜕 ∩ 𝜕𝜕𝜕𝜕0. The flux across the boundary b of the gridcell K is denoted by x. dK,b is the distance 
from the central points of the cell K and the cell boundary b. 𝑑𝑑𝐾𝐾,𝐾𝐾0 is distance between the central points 

of the cells K and K0. When b is located on the entire domain boundary, the pressure is provided by 
Dirichlet boundary conditions, 𝑏𝑏 ∈ 𝛤𝛤𝐷𝐷. Otherwise, the Neumann conditions 𝑏𝑏 ∈ 𝜕𝜕𝛺𝛺𝑁𝑁 is used to 
calculate fluxes.  

Multiscale Time-Stepping of the Concentration Equation: On the other hand, as the nanoparticles 
concentrations vary more rapidly than the pressures. We also use a smaller time-step size for the 
concentrations in matrix domain and the smallest time-step size for the concentrations in fractures. The 
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backward Euler time discretization is used for the equations of concentration and the deposited 
nanoparticles concentration on the pore–walls and entrapped nanoparticles concentration in the pore-
throats. Therefore, the system of governing equations is solved based on the multiscale time-splitting 
technique. Now, let us divide the time-step (𝑡𝑡𝑖𝑖,𝑗𝑗, 𝑡𝑡𝑖𝑖,𝑗𝑗+1] of the fractures pressure into Nc,m sub-steps 

such that (𝑡𝑡𝑖𝑖,𝑗𝑗, 𝑡𝑡𝑖𝑖,𝑗𝑗+1] =∪
𝑁𝑁𝑐𝑐,m − 1
𝑗𝑗 = 0 �𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘 − 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘+1�, 𝑡𝑡𝑖𝑖,𝑗𝑗,0 = 𝑡𝑡𝑖𝑖,𝑗𝑗 and 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑁𝑁𝑠𝑠,m = 𝑡𝑡𝑖𝑖,𝑗𝑗+1. This time 

discretization is employed for the saturation in the matrix domain. Moreover, we use a smaller time-step 
size for the fracture saturation. Thus, we partition the time-step, (𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘, 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘+1] into 𝑁𝑁𝑐𝑐,f time sub-steps 

as (𝑡𝑡
𝑖𝑖,𝑗𝑗,𝑘𝑘, 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘+1] =∪

𝑁𝑁𝑐𝑐,f − 1
𝑗𝑗 = 0 �𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘,𝑙𝑙 − 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘,𝑙𝑙+1�, where 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘,0 = 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘 and 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘,𝑁𝑁𝑐𝑐,f = 𝑡𝑡𝑖𝑖,𝑗𝑗,𝑘𝑘+1. 

Results and Discussion  
In order to investigate the efficiency of the numerical scheme and to get physical insight, we present two 
numerical examples. A domain of dimensions (10 m, 10 m, 1 m) is employed for Examples 1 and 2. The 
physical and computational parameters are given in Table 1.  

Table 1: Physical and computational parameters of Examples 1-2. 

 

In this first example, we simulate the injection of nanoparticles-water suspension with a rate of 0.15 pore 
volume injection (PVI) until 0.45 pore volume (PV). In the first example, the domain is composed of 
two perpendicular fractures with different orientation. The nanoparticles concentration in the water is 
𝑐𝑐0 = 0.1 at the well at left-bottom corner of the fractured domain. The permeability in the fractures is 
105 md and in the matrix is 100 md. The total number of gridcells of matrix and fractures, is 816. Also, 
Table 1 shows the outer (matrix pressure) time-step size 𝛥𝛥𝑡𝑡 =  0.16 and other levels of the multiple 
sub-timing numbers, namely, Np,f = 1, Nc,m = 1 and Nc,f = 5. Fig. 1 shows the nanoparticles 
concentration distribution in the domain. From this figure, we may observe that the nanoparticles move 
rapidly inside the fractures, then they imbibe into the matrix at the internal side. Moreover, the 
distribution of the concentration of deposited nanoparticles, cs1 is illustrated in Fig. 2. It can be seen 
from this figure that cs1 in fractures is much higher than it in matrix blocks. A similar behavior about 
cs2 can be seen in Fig. 3. Also, the pressure distribution is shown in Fig. 4. 
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In the second example, we construct a network composed of multiple interconnected fractures in the 
porous medium. The distribution of the nanoparticles concentration is shown in Fig. 5. Moreover, the 
distribution of the deposited nanoparticles concentration is presented in Fig. 6, while, the distribution of 
the entrapped nanoparticles concentration in pore-throats is shown in Fig. 7.  

Summary 
In this work, we investigated the transport of nanoparticles in fractured porous media using the DFM 
multiscale time-stepping method. We employed a semi-implicit time scheme for time discretization, and 
the CCFD method was used for the spatial discretization. A large time-step size is used for transport in 
matrix blocks, while a smaller one is used for fractures. The time-step of the pressure in fractures is 
partitioned into smaller subtime-steps. Similarly, the concentration, deposited concentration, and 
entrapped concentration have a bigger time-stepping in matrix blocks, while fine ones in fractures. We 
provided two numerical examples with different configu- rations to show the efficiency of the proposed 
scheme. The nanoparticles-water suspension transfers rapidly through the fractures. So, exist of fractures 
in the reservoir may enhance the water distribution and therefore the oil recovery of the fractured 
medium.  
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Figures 
 

 

 
 

Fig. 1- Distribution of nanoparticles concentration at 0.45 PV: Example 1 

 

 
 

Fig. 2 - Distribution of deposited nanoparticles concentration on the pore-wall at 0.45 PV: Example 1 
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Fig. 3 - Distribution of entrapped nanoparticles concentration in the pore-throat at 0.45 PV: Example 1 

 

 

Fig. 4 - Distribution of pressure at 0.45 PV: Example 1 
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Fig. 5 - Distribution of nanoparticles concentration at 0.35 PV: Example 2 

 
 

 
Fig. 6 - Distribution of the deposited nanoparticles concentration on pore-walls at 0.35 PV: Example 2 
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Fig. 7 - Distribution of the entrapped nanoparticles concentration in pore-throats at 0.35 PV: Example 2 
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