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Objective

Come up with an efficient O(N) algorithm for
the solution of the variable-coefficient Poisson
equation in higher dimensions:

∇ · κ(~x)∇u = f (1)

Key ideas are the following:
•Based on the resulting block tridigonal linear
system that arises in the Discrete Poisson
problem on a Cartesian product mesh, solve it
using Block Cyclic Reduction.

•Approximate each block in a Hierarchical
Matrix format.

•Leverage H2-Matrix arithmetic operations in
the inner steps of Block Cyclic Reduction.

Abstract

Hierarchical matrix approximations are a promising
tool for approximating low-rank matrices given
the compactness of their representation and the
economy of the operations between them. Integral
and differential operators have been the major
applications of this technology, but they can be
applied into other areas where low-rank properties
exist. Such is the case of the Block Cyclic Reduction
algorithm, which is used as a direct solver for the
constant-coefficient Poisson equation. We explore
the variable-coefficient case, also using Block Cyclic
reduction, with the addition of Hierarchical Matrices
to represent matrix blocks, hence improving the
otherwise O(N 2) algorithm, into an efficient O(N)
algorithm.

Figure 1: Each block is different from each other, and
represented in an H2-Matrix format.

Motivation

Block Cyclic Reduction formulated in terms of
Schur complements preserves the block-tridiagonal
structure through the recursive algorithm, while
revealing low-rank properties in the intermediate
steps.

Block Cyclic Reduction

Block Cyclic Reduction is a recursive algorithm for
block tridiagonal linear systems that exploits an
odd-even (red-black) numbering of the unknowns,
to reduce the problem size at each step.
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Figure 2: 1D example for n = 15.

Hierarchical matrices

Based on the framework proposed by Hackbusch
[1999], and Hackbusch, Khoromskij & Sauter [1999],
there are two choices of Hierarchical formats:

•H-Matrix: G|t̂×ŝ ≈ AbB
∗
b

•H2-Matrix: G|t̂×ŝ ≈ VbSbW
∗
b

Figure 3: H vs H2 Matrix approximation.

The most important difference in practice
is that H2-matrices enable matrix-matrix
multiplication in O(nk2), and matrix
inversion in O(nk2 log2 n) complexity, where
k is the rank of the matrix approximation.
These complexity estimates are superior than its
corresponding H-Matrix counterparts.

Fundamental reduction operation
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Schur complement formulation

After ordering, matrix structure yields the following
form:
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Blocks compression into H2 form

A fundamental criterion in compressing a dense (and
low-rank) matrix into an accurate H2 format is
the admissibility condition. Two forms have been
explored, that yield the following structures:

Figure 4: Matrix structure with different admissibility
conditions. Blue indicates a low-rank block, a dense block is
shown on red.

Key result

Since Block Cyclic Reduction requires n steps,
and every step can be performed with at most
O(nk2 log2 n) operations, this results in an
efficient O(N) overall algorithm for solving
the linear system, instead of the O(N 2) if using
cyclic reduction with standard (dense) matrix-block
arithmetic.

Preliminary results

Initial assessments expose a candidate structure
to represent blocks, but implications on different
Poisson equation coefficients have to be further
explored. For instance, highly oscillatory coefficients
that degrades the spectral properties of the blocks.

Figure 5: κ(x, y) = sin(8πx) sin(8πy) + 2

Future work

3D Discrete Poisson equation

•Using finite differences, the discrete Poisson
problem in 3D, also leads to a
block-tridiagonal linear system.

•Sampling n points per dimension, yields a matrix
of size N ×N , where N = n3.


