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Sparse frequencies data inversion and the role of multiscattered energy
T. Alkhalifah* (KAUST)

Summary
In trying to extract a broad spectrum of model wavenumbers from the data, necessary to build a plausible model
of the Earth, we are, in theory, bounded at the high end by the diffraction resolution limit, which is proportional
to the highest usable frequency in the data. At the low end, and courtesy of our multi-dimensional acquisition,
the principles behind diffraction tomography theoretically extend our range to zero-wavenumbers, mainly
provided by transmissions like diving waves. Within certain regions of the subsurface (i.e. deep), we face the
prospective of having a model wavenumber gap in representing the velocity. Here, I demonstrate that inverting
for multi scattered energy, we can recover additional wavenumbers not provided by single scattering gradients,
that may feed the high and low ends of the model wavenumber spectrum, as well as help us fill in the infamous
intermediate wavenumber gap. Thus, I outline a scenario in which we acquire dedicated sparse frequency data,
allowing for more time to inject more energy of those frequencies at a reduced cost. Such additional energy is
necessary to the recording of more multi-scattered events. The objective of this new paradigm is a high
resolution model of the Earth.
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Introduction
Ever since the advent and promotion of frequency domain waveform inversion (Pratt, 1999), a debate
has emerged on whether inversion in time (Tarantola, 1984) or frequency (or even hybrid, Sirgue et al.
(2008)) is more effective, and efﬁcient. The linear nature of the wave equation allows for a Fourier decomposition of the waveﬁeld, yielding a frequency domain wave equation, referred to as the Helmholtz
wave equation. Thus, we can solve for the waveﬁeld one frequency at a time. This feature was utilized
in downward continuation (Claerbout, 1985), as it helped us reduce the dimensionality of the waveﬁeld. Even in reverse time migration, the reduction of dimensionality allows for practical storage of the
source waveﬁeld in 3D, needed for a fast implementation of the imaging condition. However, solving
the Helmholtz wave equation requires ﬁnding the inverse of a large-sparse matrix, and in 3D, this is
problematic especially for a large image space. Nevertheless, as soon as such an inverse is established
(the Green’s function), it can be used efﬁciently to obtain waveﬁeld solutions for any source, including
the residual waveﬁeld, and more importantly secondary sources (like those from the Born series).
In full waveform inversion (FWI), the single frequency gradient also beneﬁts from features related to
the dimensionality reduction in the waveﬁeld. More importantly, frequency-domain inversion naturally complies with the multi scale strategy of FWI (Bunks et al., 1995) in mitigating the nonlinearity.
However, our updates, including those supported by an approximate Hessian, rarely incorporates multi
scattered energy. Even in reﬂection waveform inversion (RWI), we often include only single-scattered
energy in the wave path background update. However, recently Alkhalifah and Wu (2016) proposed a
multi scattering inversion for both the background and perturbation models (FWI+RWI), done entirely
in the frequency domain. The added background and perturbation information provided by the multi
scattering was obvious in their results. In this study, I focus on the resolution features attained from
multi scattered energy for the case of having data with a few discrete frequencies. The objective of
this study is to promote a new sparse-frequency acquisition and inversion strategy focused on utilizing
multi-scattered energy that is efﬁcient, cost effective and provide credible results.

Resolution and acquisition
For ﬁnite offset data, Sirgue and Pratt (2004) among others highlighted the importance that large offsets
play in improving the resolution range of imaging and inversion. This is because such offsets, like
low frequencies, provide low wavenumber updates necessary to better constrain the long wavelength
part of the model. In fact, unlike low frequencies, large offsets could effectively provide zero model
wavenumber information for practical acquisition parameters. This is reﬂected in the model wavenumber
vector, kδ v , for the FWI gradient, δ v, measured at a point in the model (Thierry et al., 1999):
kδ v = 2

θ
ω
cos n,
v
2

(1)

where n is a unit vector in the direction normal to a potential reﬂector, ω is the angular frequency,
θ is the scattering (opening) angle, and v is the velocity. To obtain zero (or near zero) wavenumber
updates in all directions we have two possibilities: low frequencies (near zero), or wave path (θ = π)
updates. Inspired by Sirgue and Pratt (2004), I show in Figure 1 a diagram illustrating the invertible
vertical model wavenumbers as a function of frequency. So the yellow regions are what we may expect
to extract from the data considering the single scattering assumption in the MVA and FWI gradients.
As equation 1 indicates, the middle model wavenumber gap in building our model is often bordered
from the top by the minimum frequency available in the data from scattering at the largest angle. On
the other hand, the gap starts from the maximum velocity resolution we manage to obtain from the
transmission components [e.g. diving waves and/or migration velocity analysis (MVA)]. Speciﬁcally,
gradients provided by wavepath updates adhere to resolution limits governed mainly by the wave path
length. The maximum wavenumber obtained is approximately inversely proportional to the square root
of the length of the wavepath (Alkhalifah, 2016). This intermediate wavenumber gap, of course, varies
between model points, and it tends to increase with depth where the scattering angle for single scattering
reﬂections is limited and the resolution of MVA (or RWI) tends to be low (long wave paths). Both
limitations can be addressed with the help of multi scattering.
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Model wavenumbers

Figure 1 A diagram showing the range of
wavenumbers extracted from the data as
a function of dat frequencies for a number of approaches, like reﬂection FWI,
diving wave FWI, and MVA. The variables θmax and l, correspond to the maximum scattering angle for reﬂections and
the wavepath length of transmissions, respectively, while ω is the angular frequency and v is the velocty at a point in
the model.
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The case for sparse frequencies
This was reasonably demonstrated by Sirgue and Pratt (2004); with multi dimensional acquisition only a
discrete number of frequencies are needed to obtain gradients with a model wavenumber spectrum necessary to develop a plausible Earth model. Having a ﬁne sampling of frequencies inherently embedded
in our conventionally acquired data does not increase our ability to access more information. Its role is to
enhance the signal-to-noise ratio of our resolving power. Thus, in frequency domain implementations,
we tend to group frequencies together to achieve the effect of enhancing the signal-to-noise ratio for
better gradients. This concept is helped by the fact that our typical model of the Earth consists of (or
could be represented by) long wavelength changes and very short wavelength interfaces. A frequency
that produces wavelengths that are in between these two extremes (the background and the interface) can
be used to resolve both the long wavelength information (from the geometrical ray embedded features
of the waveﬁeld) and the short wavelength information from the reﬂections in the data. Actually, the
Helmholtz wave equation directly demonstrates that we can explicitly determine the velocity from the
knowledge of the waveﬁeld, u(x, ω), at any frequency, off course, at the resolution of that frequency.
The upper bound in the model wavenumber for any frequency is given by Huygen’s resolution limit
ω
). The lower bound, actually, extends to zero wavenumber granted we have transmissions
(kmax = 2 v(x)
(direct, diving, or reﬂection wave paths). In the absence of classical transmission energy such extensions
may be provided by multi scattering. Focusing on reﬂectivity, we may also access low wavenumbers
from Born scattering based inversion of wavepaths (RWI).
Multi scattering
The aforementioned and familiar handicap in FWI in the single scattering regime is in accessing the low
and mainly intermediate model wavenumber information embedded in the data. Some low wavenumbers may be provided by diving waves to some limited depth. So we end up utilizing geometrical based
methods like tomography and MVA to obtain the low wavenumber information, and hopefully some of
the middle wavenumber components. Even with strictly zero-offset data of a single frequency, single
scattered energy generally provides velocity model wavelengths conﬁned by the frequency resolution
limit (kmax = 2 ωv ). On the other hand, in multi scattering, and depending on the location of the scattering, we may obtain longer wavelength updates. Figure 2a shows a piece of the SEG Sigsbee model that
contains a canyon within the Salt body with potentially strong scattering off of the salt. The plotted ray
paths of doubly scattered energy show the range of scattering angles possible even for a presumed zerooffset acquisition. Based on equation 1, the range of model wavenumbers resulting from the additional
scattering angles can push the scattering resolution limit to ﬁll the gap from above (Figure 1). Actually, the inverted perturbation image from triple scattering (Figure 3b), corresponding to conventional
acquisition 6 Hz frequency data, is better focussed than the single-scattering case (Figure 3a). This is
a direct result of the ability of triple scattering, through the additional scattering angles, to access more
wavenumbers (especially low ones) that makes the image more compact. I will show that explicitly later.
Also, through multi scattering, we obtain higher resolution in the wavepath (banana shaped) updates
(Figure 2b). As mentioned earlier, the resolution is inversely proportional to the length of the wavepath.
Multi scattering offers such high resolution short wave path updates to the inversion process, and thus,
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helps us ﬁll the model wavenumber gap from below (Figure 1). Even though multi scattering energy may
have low amplitude in the data, the update, if properly scaled, will not suffer from such weak energy.
Multi scattering, thus, enhances our ability to access more of the model wavenumbers hidden in the data
at both ends (high and low).

(a)

(b)

Figure 2 A diagram of the potential wavepaths for zero-offset acquisition of doubly scattered energy in
a piece of the SEG Sigsbee model, for updates focussed on the scattering, perturbation, part (a), and for
the wavepath part (b). The dot along the Salt surface in a) points out where multi scattering angles are
highlighted.

(a)

(b)

Figure 3 The optimized images from a single frequency data corresponding to a) single scattering, and
b) triple scattering.

Analysis of the mutiscattering gradient resolution
Scattering angle ﬁltering allows us to extract energy from the gradient corresponding to certain scattering
angles, translating to particular resolution (wavenumber) components in the model (Alkhalifah, 2015).
We will use the scattering angle ﬁlter to verify whether the multi scattered image (Figure 3b) provides
additional wavenumber components over the single-scattering image (Figure 3a). If we isolate energy in
the single-scattering optimized gradient (Figure 3a) corresponding to scattering angles higher than 160
and 178 degrees, we obtain the ﬁltered versions shown in Figures 4a and 4b, respectively. While the
160 degree gradient shows features consistent with the general trend of the true model (Figure 2a) at a
longer wavelength, the 178 degree gradient (at even a longer wavelength) looks erroneous. This reﬂects
the fact that the single-scattering gradient does not include such wavelengths (i.e. low wavenumbers).
On the other hand, the triple scattered optimized gradient (Figure 3b), given by Figures 4c and 4d, for
160 and 178 degrees scattering angle ﬁlter, respectively, has the general trend of both consistent with the
true model.

(a)

(b)

(c)

(d)

Figure 4 The optimized perturbation gradient in Figure 3a for single scattering ﬁltered to allow only
scattering angles above a) 160, and b) 178 degrees to survive. The same ﬁlter applied to the triple
scattering gradient (Figure 3b) for c) 160, and d) 178 degrees.
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Acquiring multi scattered energy
The biggest challenge in utilizing multi scattered energy is in our ability to record them. In many cases,
doubly scattered waves tend to be an order magnitude lower than its single scattering counterpart. Even
if we manage to fully focus such energy to its scattering positions, our limited recording surface guarantees that a big portion of the double (or multi scattered) energy will never be recorded or recovered.
One obvious option to overcome this limitation is to inject more energy inside the Earth that allows
us to recover more multi-bounce waves with conventional aperture acquisition. Obviously, this maybe
provided by high-energy sources and having a lot of them. This leads me to promote the possibility
of a seismic acquisition that focuses on increasing the amount of energy injected into the Earth for a
limited set of frequencies. If a recorded event is buried in noise, it does not mean it was not recorded.
It, however, would be harder to recover it from the noise, unless, enough of these recorded scattered
energy can be focused back to their scattering point. If that happens, we can also map the wavepaths,
and thus, achieve wavepath updates. In this case, we can optimize the update to ﬁt the data for multi
scattering, and that is equivalent to imposing a full Hessian on the update (Alkhalifah and Wu, 2016).
Such an acquisition can be accomplished by running the vibrator at a single frequency for the duration
of the sweep. Having many of those vibrators running simultaneously, at different frequencies (probably
5 or 7), the energy for the individual sources can be easily deblended if the sweep is long enough. This
is a simple property of the Fourier decomposition. A correlation of the sweep signal of every individual
frequency with the recorded data, followed by a Fourier transform of the single frequency isolates the
energy corresponding to that frequency (Alkhalifah, 2014). The point here is that some frequencies are
somewhat redundant (and possibly useless). If our assumption of the Earth is given by smooth variations
bordered by abrupt changes, the few sparse frequencies that fall in between these two variations provides
most of the information needed to build a velocity model.
Conclusion
Building a high resolution model of the Earth, represented by a broad spectrum of model wavenumbers
needed to achieve such resolution, requires a discrete number of acquired data frequencies, reasonable
offsets (not necessarily ﬁne or regular), and the inclusion of multi-scattering in the update. This fact leads
me to promote an acquisition and inversion strategy that I will explain in more detail in the presentation
and show additional results.
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