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Abstract—Non-physical, linearly increasing and constant current components are induced in marching on-in-time solution of
time domain surface integral equations when initial conditions
on time derivatives of (unknown) equivalent currents are not
enforced properly. This problem can be remedied by solving the
time integral of the surface integral for auxiliary currents that are
deﬁned to be the time derivatives of the equivalent currents. Then
the equivalent currents are obtained by numerically differentiating the auxiliary ones. In this work, this approach is applied to the
marching on-in-time solution of the time domain Poggio-MillerChan-Harrington-Wu-Tsai surface integral equation enforced
on dispersive/plasmonic scatterers. Accuracy of the proposed
method is demonstrated by a numerical example.

I. I NTRODUCTION
Linearly increasing and constant current components are
often observed in marching on-in-time (MOT) solution of
time domain surface integral equations (TD-SIEs) [1]–[4]. The
presence of these spurious components is attributed to the
fact that initial conditions on time derivatives of unknown
equivalent currents are not enforced properly [3], [4]. For
example, the time domain electric ﬁeld integral equation (TDEFIE) expresses the time derivative of the scattered electric ﬁeld in terms of the current and its second-order time
derivative. Consequently, the MOT scheme used for solving
the TD-EFIE has to enforce two initial conditions, one on
the current and another one on its second-order derivative.
However, traditional MOT schemes assume zero initial condition only on the current without considering the possibility of
discontinuous/fast changes in the current’s time derivatives.
In [5], [6], an MOT scheme, which solves the time domain Poggio-Miller-Chan-Harrington-Wu-Tsai surface integral equation (TD-PMCHWT-SIE), is developed for computing ﬁelds scattered from dispersive objects. Like the TDEFIE, the linearly increasing and constant current components
contaminates the MOT solution of this equation. As expected,
these spurious components also affect the frequency response
and might suppress physical resonance modes, especially when
sensitive plasmonic interactions are considered.
In this work, the method developed in [3], is used for eliminating these spurious modes from the solution. This approach
constructs the TD-PMCHWT-SIE in the time integral of the
equivalent currents and uses the traditional MOT scheme to

solve it for these auxiliary unknown variables. Differentiating
these variables in time (during MOT steps) yields a solution
that is free from spurious constant and/or linearly increasing
components.
II. F ORMULATION
Consider an object residing in an unbounded background
medium. Let {ε0 , μ0 } and {ε1 (t), μ1 } represent the permittivity and permeability of the background medium and the
object. Electromagnetic ﬁeld {Einc (r, t), Hinc (r, t)} excites
the object. Using the equivalence theorem and expressing the
scattered ﬁeld in terms of equivalent surface current densities
J(r, t) and M(r, t) on the surface S of the object, one can
construct the TD-PMCHWT-SIE:
n̂(r) × ∂t Einc (r, t) = −n̂(r) × [L0 {μ0 J(r, t)}
− Q0 {ε−1
0 J(r, t)} + K0 {M(r, t)} + L1 {μ1 J(r, t)}
− Q1 {ε̄1 (t) ∗ J(r, t)} + K1 {M(r, t)}]

n̂(r) × ∂t Hinc (r, t) = −n̂(r) × L0 {ε−1
0 M(r, t)}

(1)

− Q0 {μ−1
0 M(r, t)} − K0 {J(r, t)} + L1 {ε1 (t) ∗ M(r, t)}

− Q1 {μ−1
1 M(r, t)} − K1 {J(r, t)} .

Here, n̂(r) is the unit normal vector on S, ε̄1 (t) is the inverse
permittivity function, and

Gm (R, t) ∗ ∂t2 X(r , t)ds
Lm {X(r, t)} =
S
Qm {X(r, t)} = ∇ Gm (R, t) ∗ ∇ · X(r , t)ds (2)
S
Km {X(r, t)} = ∇ ×
Gm (R, t) ∗ ∂t X(r , t)ds
S

for m ∈ {0, 1}. In (3), R = |r − r | and Gm (R, t) is Green
function of the unbounded medium with εm and μm . The
MOT scheme developed in [5], [6] can be used to solve (1)
for unknowns J(r, t) and M(r, t).
TD-PMCHWT-SIE in (1)-(2) involves the second-order time
derivative of equivalent surface current densities due to Lm {·}
operator, which results in non-physical linearly increasing
and constant components in the MOT solution as explained
above. These components can be eliminated through the use of

Inserting (3) into (1) and integrating the resulting equation in
time twice yield the TD-PMCHWT-SIE in unknown P(r, t)
and Q(r, t):
n̂(r) × ∂t−1 Einc (r, t) = −n̂(r) × [L0 {μ0 P(r, t)}
− Q0 {ε−1
0 P(r, t)} + K0 {Q(r, t)} + L1 {μ1 P(r, t)}
− Q1 {ε̄1 (t) ∗ P(r, t)} + K1 {Q(r, t)}]
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Electric current density [A/m]

auxiliary surface current densities P(r, t) and Q(r, t) deﬁned
as
(3)
∂t2 P (r, t) = J (r, t) , ∂t2 Q (r, t) = M (r, t) .
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(4)

n̂(r) × ∂t−1 Hinc (r, t) = −n̂(r) × [L0 {ε0 (t) ∗ Q(r, t)}

− Q0 {μ−1
0 Q(r, t)} − K0 {P(r, t)} + L1 {ε1 (t) ∗ Q(r, t)}

− Q1 {μ−1
1 Q(r, t)} − K1 {P(r, t)} .

MOT scheme solving (1)
MOT scheme solving (4)
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where Δt is time step size and Pjn and Qjn are the unknown
current coefﬁcients. Inserting (5) into (4) and Galerkin testing
the resulting equations at discrete times iΔt yield the MOT
matrix system:
i−1
Zi−j Ij , i = 1, .., Nt .
(6)
Z 0 Ii = V i −
j=1

Here, Ii and Vi store the unknown coefﬁcients and the tested
incident ﬁelds, respectively, and Zi−j are the MOT matrices.
Ii , i = 1, .., Nt are obtained in an iterative fashion via
time marching. Then, coefﬁcients of J(r, t) and M(r, t) are
computed from Pjn and Qjn using numerical differentiation.
It should be noted here that (i) Zi−j are same as the matrices
obtained from the MOT discretization of (1) and computed
using the numerical scheme described in [5], [6], and (ii)
P(r, t) and Q(r, t) obtained by solving (6) are contaminated
by spurious components. However these are eliminated from
J(r, t) and M(r, t) by the numerical differentiation applied
to P(r, t) and Q(r, t) [see (3)]. The numerical differentiation
is implemented using a ﬁnite difference scheme whose order
is larger than or equal to the order of T (t) not to introduce
additional errors.
III. N UMERICAL R ESULTS
Transient ﬁelds scattered from a gold sphere are computed
by two MOT schemes solving (1) and (4). The sphere has
a radius of 50 nm and is centered at the origin in free
space. Time domain permittivity and Green function associated
with gold are obtained using the method described in [6].
The electric ﬁeld of the incident plane wave Einc (r, t) =
√
x̂ cos(2πf0 t̄) exp(−t̄2 /σ 2 ), where t̄ = t − t0 − ẑ · r ε0 μ0 ,
t0 = 3.5σ, σ = 3/(2πfbw ), fbw = 600 THz, and f0 = 900
THz. Unknowns are discretized using Ns = 714 RWG basis

Extinction efficiency

denotes integration in time. To numerically
Here,
solve (4), ﬁrst P(r, t) and Q(r, t) are approximated using RaoWilton-Glisson functions fn (r) and Lagrange interpolation
functions T (t) as
N t N s
Pjn T (t − jΔt)fn (r)
(5)
P (r, t) =
j=1
n=1
N t  N s
Qjn T (t − jΔt)fn (r)
Q (r, t) =
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Fig. 1. One of the coefﬁcients of the electric current density expansion
computed by the two MOT schemes solving (1) and (4).
Mie series
MOT scheme solving (1)
MOT scheme solving (4)
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Fig. 2. Extinction cross sections obtained from Fourier transformed electric
and magnetic surface current densities, which are computed by the two MOT
schemes.

functions and simulations are carried out for Nt = 600 time
steps with Δt = 0.066 fs.
Fig. 1 compares one of the coefﬁcients of the electric
current density expansion computed by the MOT schemes
by solving (1) and (4). It is clear the latter result is free
from linearly increasing and constant components. Fig. 2
compares extinction cross sections which are obtained from
Fourier transformed electric and magnetic surface current
densities that are computed by the two MOT schemes. It is
clearly shown that the solution free from spurious components
produces more accurate frequency domain results.
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